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Appendix 1 Shift-problem lessons about geometric 
proof

In appendix 1 we present the first version of the shift-problem 
worksheets, which were developed in the fall 2008 and used in the first 
exploratory teaching experiment with an 11th grade classroom (Chapter 
1). The following pages contain the three shift-problem worksheets, 
alongside the problems (and accompanied instruction) that were 
replaced in the regular textbook. We have highlighted some of these 
modifications, which include changes in the question-posing in order 
to foster argumentation, conjecturing, validation activity and re-
formulation of the problems in order to become more accessible to the 
students. The students’ worksheets are A3-format and there is space 
for the students to write their answers.



Appendix 1

Original textbook lesson (4th out of 12 lessons)

Task 1.1
Given the right triangle ABC with = 90°, = 15 and =8.The line DF is a perpendicular bisector of line segment AC and, 
E is the intersection point of DF and BC. F is the intersection point 
of the perpendicular line to BC that goes through B and DF. 
Calculate BF.

Worked-out example
Given a quadrilateral ABCD with AB//CD and AD//BC. Show that 
AB=CD and AD=BC

Solution
Draw the quadrilateral ABCD with the diagonal AC1 = 1  ( )2 = 2  ( )=   ( ), =   =
Task 1.2
Given a quadrilateral ABCD with AB//CD and AD//BC. Show that the diagonals AC and BD intersect 
each other in the middle.

Task 1.3
Given a quadrilateral ABCD with AB=CD and BC=AD. Show that =
Task 1.4
Given the triangle ABC and the equilateral triangles ACQ and BCP.
Prove that AP = BQ.

Task 1.5

Given the circle and the middle point M and the chord AB. Segment 
MN is perpendicular to AB. Prove that AN = BN.
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Appendix 1

Shift-problem lesson 1

I expect from your group that you can give, by each problem, a clear and correct mathematical poof. 
This means that in all problems: justify each step; use only mathematical arguments; work together 
because three people think better than only one! Write clearly your answer in a way that everyone can 
follow and understand your reasoning.

Task 1.1
In most of the problems involving congruence of triangles you don't know the measures of all three 
sides or angles of the triangles. But even so, in some of these situations, it is possible to prove that the 
triangles are congruent. For example:
a  “Two triangles are congruent if they have one equal side and two equal angles” 
b “Two triangles are congruent if they have two equal sides and the angle between these sides is equal”
Prove that both statements are true for every triangle.

Task 1.2
Given the triangle ABC and the equilateral triangles ACQ and 
BCP.
Prove that AP = BQ. 

Task 1.3
Given the circle and the middle point M and the chord AB.
Segment MN is perpendicular to AB. Prove that AN = BN.

Task 1.4
Given the right triangle ABC with = 90°, =15 and = 8. The line DF is a perpendicular bisector of 
segment and point E is the intersection point of DF and BC. 
Point F is the intersection point of the perpendicular line to BC
that goes through B and DF
Is it possible to calculate the length of the line segment BF with 
the given information? Justify your answer.
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Appendix 1

Original textbook lesson (7th & 8th lessons out of 12)

Task 2.1
In a previous task you developed a conjecture about the three line 
bisectors of a triangle. We formulate this conjecture in the 
following theorem:  

“The three line bisectors of the sides of a triangle go through one 
point”. 

In this task you are going to prove this theorem. 
a. Formulate what is “Given” and what “To prove”. Use the 

figure
b. Complete the proof in your workbook. 

Task 2.2
Prove the following theorem: 

“The intersection point of the three line bisectors of the sides of a triangle is the center of the 
circumscribed circle of the triangle”.

Task 2.3
In a previous task you have developed a conjecture about the three angle bisectors in a triangle. 
We formulate this conjecture in the following theorem:

“The three angle bisectors intersect each other in one point”. Complete the proof in your workbook. 

Task 2.4
Prove the following theorem: 

“The intersection point of the three angle bisectors of a triangle is the center of the inscribed circle of 
the triangle”.

Task 2.5
In the diagram is given the triangle ABC and the circumscribed circle with regard to the side BC. The 
middle point NA of the circle is the intersection point of the external angle bisectors B and C.
Prove that the line bisectors through A and the external angle bisectors through B and C go 
through one point.
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Appendix 1

Shift-problem lessons 2 & 3

Make clear, in all tasks, your line of reasoning to the others. For this, you should always:
justify each step; discuss with each other in a constructive way; write clear all your solutions

Task 2.1
The following theorem is true for any triangle:  “The three line bisectors from each side of the triangle 
intersect each other in a single point”.
Check this theorem through constructing some examples. There are three situations that can occur 
with regard to the intersection point: it can lie inside the triangle, it can lie outside and it can lie on the 
side. Give in your answer at least one example for each situation and explain in which conditions that 
will occur. 

Task 2.2
In this task you are going to prove the theorem from the previous task. In task 2.1 you have explained 
a theorem through examples; probably you also presented some reasons in your justification. But, this 
doesn’t really count as a mathematical proof. In a mathematical proof you should use mathematical 
theoretical arguments based on mathematical definitions and properties. 
Prove (using mathematical arguments) the theorem: “The three line bisectors from each side of the 
triangle intersect each other in one point”.

Task 2.3
Look critical (but constructive) to the proof constructed by a group of fellow students with regard to 
task 2.2 and evaluate it. Here are some aspects that you should attend to:
- Is the proof correct and clear? 
- Are all the steps in the proof justified? 
- Are the arguments valid?
Use other pen color in order to remain clear what the original proof is and what are your remarks and 
corrections. Write the name of the group that you looked to and what you think about it.

Task 2.4
Prove the following theorem: “The three angle bisectors intersect each other in one point”. 

Task 2.5
In the diagram is given the triangle ABC and the circumscribed circle with regard to the side BC. The 
middle point NA of the circle is the intersection point of the external angle bisectors B and C. Prove 
that the line bisectors through A and the external angle bisectors through B and C go through one 
point.
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Appendix 1

Original textbook lesson (11th out of 12)

In task 3.1 you are going to prove that in the case point C lies outside the circle through A,B and D than + < 180°.

From:
if C lies inside the circle that goes through A,B and D, than + > 180° and,
If C lies outside the circle that goes through A,B and D, than, + < 180°,
It follows that C lies on the circle if + = 180°.
With this the inverse theorem of the cyclic quadrilateral is proved.

Task 3.1
Given the points A, B and D and the circle that go through these points. Point C lies outside the 
quadrilateral ABCD. You are going to prove that for the quadrilateral ABCD is true that + <180°. Complete the proof in your workbook.

Task 3.2
Given two circles that intersect each other in points A and 
B. The line k goes through A and, the line l goes through B.
The points C, D, E and F are the intersect points of the 
lines k and l with the circles. Prove that CF // DE.

Task 3.3
In task 3.2 you have proved that CF // DE for a particular situation. Imagine that the line l turns around 
point B; E will come between A and D. This becomes a new situation. Do you think that CF // DE?
Prove your conjecture or give a counter example.

Task 3.4
Given an arbitrary quadrilateral ABCD and the four 
internal angle bisectors, These line bisectors form a 
quadrilateral EFGH. Prove that EFGH form a cyclic 
quadrilateral.
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Appendix 1

Shift-problem lesson 4

The following tasks are about reasoning and proving. As we already have previously agreed: 
- write on what is ‘given’ and what you must ‘prove’; justify each step; reason mathematically, 

using definitions and theorems
Further, it is expected that in all tasks you:
- discuss with each other and in a constructive way; three people can get more results than only one;
- write clearly your solutions and reasoning, to ensure that everyone who read it can understand it.

Task 3.1
Given two circles that intersect each other in points A and 
B. The line k goes through A and, the line l goes through B.
The points C, D, E and F are the intersect points of the 
lines k and l with the circles. Prove that CF // DE.

Task 3.2 
In task 3.1 you have proved that CF // DE for a particular 
situation. Imagine that the line l turns around point B; E
will come between A and D. This becomes a new situation. 
Do you think that CF // DE? Prove your conjecture or give 
a counter example.

Task 3.3
Given an arbitrary quadrilateral ABCD and the four 
internal angle bisectors, These line bisectors form a 
quadrilateral EFGH. Prove that EFGH form a cyclic 
quadrilateral.

Task 3.4 (same task as task 1.4 )
This task is already known to you from the first worksheet. Perhaps in that time you could not solve it. 
If that is the case, now you have a second chance to do it! If you were already successful the first time, 
now try to find a second different way to solve it!
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Appendix 2 Levels of reasoning for geometric 
proof

Building on the essential characteristics of the four levels of 
activity in an emergent modeling process we construed four 
levels of reasoning that could come to the fore when students 
solve problems collaboratively. In this thesis we outline the four 
levels tailored to the topic: geometric proof (Chapters 2 and 3).
A detailed description is given in appendix 2.



Appendix 2
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Appendix 2

Empirical-
based 
reasoning 

In geometric proof, the task setting involves geometric figures (theoretical constructs) that, at 
this level, can be confused with the spatial-graphical features (reality, traces on paper), and 
the corresponding activity in the task may be essentially empirical. The reference of students’ 
arguments is the spatial-graphical features (including students’ work) that are used as a 
material object. Students’ expression is tied to the material world and involves wording and 
actions that are carried out in this world: measuring or guessing by sight, rotating, 
superposing or other movements. 
The wording or actions could – in an empirical sense - include parts of key ideas for the 
proof and may serve the students’ purpose to explore and understand the task. 
For the students, the validity of the arguments takes place within the material world of 
Geometry I.

Relational 
reasoning 

This level of reasoning is about relations between the specific situation of the task setting and 
the mathematical notions. The reference of the students’ arguments can be the theory needed 
to solve the task, but contextualized in the specific situation of the task setting. The students 
recognize the difference between the geometric meaning of the diagram and the spatial-
graphical features but they are not completely aware of these differences or of their 
theoretical importance in solving the task. It may also include reference to approaches and 
solutions to similar tasks solved previously.  
The students’ expression involves general statements and it may serve the students’ purpose 
of convincing themselves and the others. Their wording and actions could include parts of 
key ideas for the proof which, at this level, might be expressed through mathematical terms 
and notions but they probably have a more pseudo-mathematical character.
Students look for the validity of their arguments beyond the world of Geometry I and this 
involves reasoning in both Geometry worlds I and II. 

Theoretical
-based 
reasoning 

At this level the diagrams in the task setting are general, definition-based and not confused 
with the spatial-graphical features. The students’ references are relationships stated by 
definitions and theorems; students elaborate on key ideas and other relationships that are 
required to solve the task on a theoretical level. 
Students express their reasoning within a defined system of properties using general 
statements, and it may serve the students’ purpose of proving towards formal proof.  Their 
wording is not yet formally expressed; it contains personal ‘mathematical’ terms and 
notations and does not necessarily make explicit reference to the status of definitions, 
theorems and mathematical properties. 
For the students, the validity of their arguments is in the defined system of properties of 
Geometry II.

Formal 
expressed 
reasoning

This level can be connected with the third geometric paradigm (Geometry III), which, at 
upper-secondary level, will probably only be developed in most students at the level of 
expression. The reference of students’ arguments is relationships stated by definitions and 
theorems. The students are not only using theoretical knowledge but demonstrating, or 
referring to, how this knowledge is used within the norms of the mathematical community. 
Students express awareness of the theoretical perspective; they use general statements in their 
wording that may serve their purpose of constructing a formal proof in a deductive way; the 
arguments refer to mathematical properties connecting premise and conclusions. Students’ 
wording involves mathematical terms and notations that meet the mathematical practices of 
the mathematical community. 
For the students, validity is stated within the well-defined world of Geometry II.
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Appendix 3 Shift-problem lessons about 
geometric proof 

In appendix 3 we present the fifth version of the shift-
problem worksheets, which were developed in the fall 2010
and used in the teaching experiment with three 11th grade 
classes (Chapters 3 and 4). The original worksheets are A3-
format and there is space on them for students to write their 
answers.
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Appendix 3

Shift-problem lesson 1
Motivating and reasoning in geometry

In these lesson series you will be proving mathematical theorems. You are going to do this in a small group. 
Make sure that everyone is involved. Be critical (but constructive) to each other.  Challenge each other to get 
explanations and arguments that become more clear and sharp through discussion.
You got a hand-out that you can use if you need to find a certain definition or theorem. If you get stuck, you 
can find there a few hints that can help you to move forward.

Task 1

Are all triangles isosceles? If the answer was “yes” this would make geometry much easier. The next proof is 
not correct….. It is your job to trace the error. 

Given: An arbitrary triangle ABC
To prove: ABC is isosceles, that means |AC| = |BC|
Proof step: Motivation:

1: Consider Q the intersection point of the
line bisector given ABC of angle ACB
and the perpendicular line bisector of side AB

2: |AQ| = |BQl                                    Q on the perpendicular line bisector from AB
3: < ACQ = < BCQ Q on the perpendicular line bisector from C
4: |CQ| = |CQ|
5: Thus: |AC| = |BC| Triangles ACQ and BCQ are congruent                        
6: Thus triangle ACB is isosceles. because of steps 2, 3 and 4

Task 2

Given the triangle ABC ACQ and 
BCP.

Prove that AP = BQ. 

Task 3

Given a circle with centre M and chord AB. The line segment MN is 
perpendicular to AB.
Prove that AN=BN

Task 4
Look critically (but in a constructive way) at the proof given by a fellow group to Task 2 and comment on it. 
Aspects to be considered: is the proof correct? Are all steps well explained? Are the arguments valid?
Write down the proof of the other group of students and your commentary to their proof.
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Appendix 3

Shift-problem lesson 2
Conjectures thinking and investigating with GeoGebra

You are going to investigate special relationships in geometric figures with the computer program GeoGebra. 
These conjectures, even when they seem very strong, are only a beginning. You’ll be later on proving them. 
So, don’t forget to write enough information about what you found because you will need it later. Save the 
constructions that you make with GeoGebra to use it when needed. 

Task 5

a Draw an arbitrary triangle ABC and two angle bisectors 
with GeoGebra. Investigate whether the third line 
bisector passes through the other two bisectors. 

b Explain your findings.

Task 6

a Draw a circle and the points A, B, C and D on the circle with GeoGebra, so that you get a quadrilateral 
ABCD. Calculate with GeoGebra A+ C and B+ D. What conjectures can you make?

b Draw a quadrilateral ABCD and the circle through 
points A, B and D (point C doesn’t need to be on the 
circle) with GeoGebra. Calculate A+ C.
Move point C in so that:

A + C is smaller than 180º   
A + C is bigger than 180º
A + C is equal to 180º

What conjectures can you make?

c A quadrilateral that has all its vertices on a circle is called cyclic quadrilateral.
What conjectures can you make about cyclic quadrilaterals based on your answers to questions a and b?

Task 7

a Draw two circles and the intersection points A and B with 
GeoGebra. Draw lines l and k that go through the intersection 
points A and B. Name the intersection points of the two lines 
with the circles C, D, E and F.

b Drag point E. What happens with the lines ED and CF?
Formulate a conjecture about the relation between these lines.

Task 8
a Draw a circle with diameter AB with GeoGebra and take a 

point C on the circle. Your drawing should have the same 
elements as in the figure alongside. 

b Check if the construction you made is correct: points A and B
are fixed on the circle and point C must move along the circle.

c Triangle ABC has a special property. Formulate a conjecture 
about it.

d Calculate ACB with GeoGebra. Does this result correspond 
to what you expected? The theoretical result is known as the 
theorem of Thales. In the following lesson you will prove this 
theorem. 

178



Appendix 3

Shift-problem lesson 3
Reasoning and proving

Task 9
a Prove that each point, equidistant from the legs of an angle, lies on the angle bisector.
b Prove that the conversely statement is also true.

Task 10

Look at the triangle in the figure. The angle bisector 
from A and the angle bisector from B intersect each 
other in a point S.
a Prove that point S lies on the angle bisector 

from C.
b Prove that the intersection point of the angle 

bisectors of a triangle is the center of the 
inscribed circle of the triangle.

Task 11
Look at triangle ABC in the figure. The internal 
angle bisector through A and the external angle 
bisectors through B and C are given in the figure 
with equal marks. 
a Prove that the three line bisectors go through 

one point.
b Prove that this point is the center of an 

inscribed circle. 
c Below you see an answer given by a group of 

students to question a. What suggestions can 
you think of to improve their work?

Task 12

In the figure you see an arbitrary parallelogram 
ABCD and the four internal angle bisectors. 

Conjecture: 
If ABCD is a parallelogram, then the internal angle
bisectors form a rectangle EFGH.

Prove this conjecture.

179



Appendix 3

Shift-problem lesson 4
Proving on your own

Task 13
a Which three cyclic quadrilaterals do you recognize in the figure 

1? Explain.

b In the figure 2 you see three half circles. The sum of the 
diameters of the two small circles equals the diameter of the 
bigger one. BD is the common tangent line to the small half 
circles. 
Look for the main theme of the figure. This means, do you see 
some familiar relations? It is present several times on the 
figure! 

c Prove that DEBF is a cyclical quadrilateral. 

Task 14
Given two circles and two lines l and m through the intersection 
points A en B of the circles.  
Prove that CF // DE.

Task 15
See the figure. Points P, Q and R lie on the sides of triangle ABC.
Points A, P and R define a circle c1 and points B, Q and P define a 
circle c2. These two circles intersect each other inside the triangle 
ABC in point S. Points C, R and Q define a circle c3.

a Prove that circle c3 also goes through point S.
Suggestion: Look for the main theme in the figure. This means: 
what familiar ideas do you recognize? And which associations 
can you make between what you recognize and what you are 
trying to prove?

b Look critically (but in a constructive way) at the proof given by 
a fellow group to Task 15a and comment on it. Aspects to be 
considered: is the proof correct? Are all steps well explained? 
Are the arguments valid?
Write down the proof of the other group of students and your 
commentary to their proof.

Task 16
Given any quadrilateral ABCD and the four internal angle
bisectors,

Conjecture: If ABCD is a quadrilateral, then the internal angle of 
vertices A, B, C and D form a cyclic quadrilateral.

Prove this conjecture.
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Appendix 4A Assignment geometric proof

In the pre- and post-test assignments (see also Chapter 4), the 
same tasks were given to the students before the course began 
and about one week following completion. A test with 5 
items was developed for each course to measure students’ 
learning of the content covered during the intervention 
period. The complexity of the assignment increased along 
with the tasks, with the last task being the most complex. The 
tests for geometric proof is set out in appendix 4A. 



Appendix 4A
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Appendix 4A

Assignment geometric proof

Task 1
The external angle of a triangle is the angle between the side of 
the triangle and the extension of the adjacent side.  In the figure, 
angle B2 is one of the external angles of triangle ABC.
Prove that the measure of an exterior angle at a vertex of a 
triangle equals the sum of the measures of the interior angles at 
the other two vertices of the triangle.

Task 2
Given parallelogram ABCD and the equilateral triangles ADR and 
CSD. Prove that BS = BR.

Task 3
Two circles with center M and N intersect each other in points B
and D. AB and BC are diameters. Prove that the points A, D and C
are collinear.

Task 4
Given the right triangle ABC with 90B . Point D is on the 
circumscribed1 circle of triangle ABC in such a way that

BAC CAD . Prove that AB = AD.

Task 5
Given the quadrilateral ABCD. The line segments AB and DC
intersect at point P and the line segments AD and BC intersect at
point Q. The angle bisectors of APD and BQA intersect at 
point S. Prove that the four points A, B, C and D lie on a circle. 

1 In geometry, the circumscribed circle or circumcircle of a polygon is a circle that passes through all the 
vertices of the polygon
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Appendix 4B Assignment integral calculus

In the teaching experiment reported in Chapter 4 we used 
pre- and post-test assignments (the same tasks were given to 
the students before the course began and about one week 
following completion). A test with 5 items was developed for 
each course to measure students’ learning of the content 
covered during the intervention period. The test for integral 
calculus proof is given in appendix 4B.
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Appendix 4B

Assignment integral calculus

Task 1

The figure shows the graphs of and 1

2
y x . The line x = 2 is 

also drawn.  These three lines enclose a triangle OAB. If the vertical 
line of triangle OAB (line x=2) is moved to the right, the area of the 
triangle becomes, of course, bigger. 
a. Calculate the area of triangle OAB for x= 2.
b. Describe in what way the area of triangle OAB changes if the 

vertical line is being moved to the right. Use in your 
description one or more of the following ways: words, a 
sketch of the graph, a formula or a table.

Task 2
On the right, the graph of a derivative function f’ is drawn and below 
you see three possible graphs of the function f.
a. Which of the following graphs (I, II or III) can be the graph 

of function f ? Explain why you think that.

          
I                                               II                                              III

In general the graph of the derivative function gives information about the shape of the graph of the function 
itself. 
b. Imagine that you must help another student to construct the graph of a function from the graph of 

the derivative function. Give at least two hints for constructing it in a clever way. 

Task 3
A car starts to brake at t = 0. From that moment on, the formula 
for the speed of the car is v(t) = 0.7 (t - 6)2. Between t = 0 and t=6
the car drove a certain distance. At what time did the car first 
completed half of that distance?

Task 4

Given is the derivative function . There are two possible initial functions h of which the 
graph is tangent to the x- axis. What are the two formulas for h?

Task 5
Given a function f and a number k, with k = 0, 1, 2, 3, ….. Is the following equality true or not true? Explain. 

( ) ( )
b k

b

a
a k

f x dx f x k dx

2y x

 

2'( ) 4h x x x
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Appendix 4C Shift-problem lessons about
integral calculus

In appendix 4C we present the fifth version of the shift-
problem worksheets for integral calculus, which were 
developed in the fall 2010 and used in the teaching 
experiment with three 11th grade classes (Chapter 4). The 
original worksheets are A3-format and there is space on
them for the students to write their answers.
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Appendix 4C

Shift-problem lesson 1
Velocity, distance and area

This worksheet is intended as an introduction to the subject: integral calculus.
Here you will face velocity-time graphs and distance-time graphs, which are topics that you already know. At 
the end of this lesson you should be able to answer the following question:

What is the relation between a velocity-time graph, the area under the graph and the distance-time graph?

Task 1
A train runs on a railroad track. Every minute, the speed is measured. The graph below shows the results of 
the measurements during a 40-minute drive. From the velocity- time graph is possible to deduce how far the 
travel was and to construct a distance-time graph.

a How many minutes did it take the train to travel 15 km? Explain.

b Did the train travel more or less than 35 km in 40 minutes? Explain.

c Sketch the distance-time graph. That is, a 
graph that represents the distance traveled 
against time.

Tip: Look globally first at the speed-time graph 
and indicate at which points the buttons (fast) 
and acceleration (hard) brakes were used. What 
impact do they have on the distance-time graph?

d Explain how the questions a and b can be 
answered with the help of the graph you 
sketched in question c.
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Appendix 4C

Task 2
Two trains run on two parallel railroad tracks. In the figure below, the velocity-time graphs of the two trains 
is given. Which train did travel the longest distance? Explain your answer using the two given graphs.

Task 3
The figures below show the velocity-time graphs of two trains which have traveled different paths.
a Find, in both situations, which trajectory is the longest one: the trajectory of train A or train B. 

Explain how you can deduct that information from the graphs.

b Construct a velocity-time graph for a situation 
where train A and train B travel at different 
speeds but drive the same distance. Explain.

Task 4
Read again the introduction of this worksheet. What is 
your answer to the question posed there?
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Appendix 4C

Shift-problem lesson 2
Varying area and distance

Task 5
In the figure, the graph of a function f and the region
bounded by the graph of f, the x-axis, the vertical line x =
0 and x = a are given.

In the figure you see the area that corresponds to a = 3.

If you slide the line x = a to the right, starting at x = 0.5, 
then you get different values for the area of the shaded 
region.
The variation of the area can be described by the 
function A:

Here, it is true that: A(0) = 0 and A

We restrict ourselves to values of a with

a Fill in the table with the approximate values of the area function A(a).
b Sketch the graph of function A between 0 and 3.

Between 0 and a Approximation for

between 0 en 0,5 5,5

between 0 and 1 11,5

between 0 and 1,5 …….

between 0 and 2 …….

between 0 and 2,5 …….

between 0 and 3 …….

c Use the integral notation to give A(3), A(4)  and A(5)  

( ) ( )
a

o

A a f x dx

40 a

( ) ( )
a

o

A a f x dx
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Appendix 4C

Task 6
In the figures A, B and C you see three colored regions, in which the variable is a. Assume that the value of a
is between 0 and 8.

For each picture belongs therefore an area function.

Which graph on the six cards I - VI (see bottom of page) represents the area function of each figure? Explain 
your choice.
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Appendix 4C

Task 7
In the figure you can see that the shaded area changes 
as you take on different values for a,
In this way you get a new function: the integral 
function. This function can be represented by:

a The values of the integral function can be 
approximated using the middle sums. For 
example if you have a step size of 0.32 it is true 
that: I(0) = 0 en I
Use the diagram to verify this.

b Sketch the graph of the integral function between 
0 and 2

Tip: first create a table

“Area” between 0 and a Approximation 
with step 0.32

(middle sum)

between 0 and 0,9

between 0 and 1,6

..........

( ) ( )
a

o

I a f x dx

( ) ( )
a

o

I a f x dx

0 2a
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Shift-problem lesson 3
Integration and antiderivative

In this lesson you will explore expressions that can represent the area function with VU-Graph.

Task 8
a Using VU- Graph, plot the graph of f(x)=3x.

The area of the surface between the graph of f(x), the x-axis, the line x = 0 and the line x = a is given by the 
formula:

If you move the line x = a one step to the right, you get a new value for the integral.

b Calculate with VU- Graph these values for a equal to 
1, 2, 3, 4 and 5 and fill in the table. 

c What kind of function fits the values of the table?
Enter a formula that fits there and plot the graph by 

this formula.

d Plot the graph of the area function between 0 and 5 
and compare the graphs you now get with the ones 
that you got in the previous question.

e Change the lower limit of the integral by starting with
the numbers 0, 1 and 2 (the upper limit remains 5). 
Explain the graphs of the area function you get.

between 0 and a Approximation for

between 0 and 1

between 0 and 2

between 0 and 3

between 0 and 4

between 0 and 5

f Go to the option ‘primitive’ and check in the option "constant c adjust". Plot the graph of the function 
area function between 1 and 5. Which formula you need to enter to make the graphs of the primitive and 
the area function coincide? Explain.

Task 9
What are the formulas for the area function of the four 
functions in the table?

Check your answer with VU-Graph

f(x)

6x

8x

4,5x

-4,5x

.

O(a) f (x) dx
o

a

a

dxxf
0

)(

a

dxx
0

........)6(

.......)8(
0

a

dxx

.......)5,4(
0

a

dxx

0

( 4,5 ) ........
a

x dx

( ) (3 )
a

o

O a x dx

To check your formula, select the option area function
and the option primitive in the menu above. Here you 
can enter the formula. Then click on play and ensure that 
the interval is between 0 and 5.

Start Vu-Graph and choose VU-Graph plus and then the option Area
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Task 10
What are the analytical expression for the area 
function of the region bounded by the x-as, the y-as 
and the function in the table?

Check your answers with VU-Graph.

f(x)

x2

3x2

4x3

ex

1/x

Task 11
For each function f in the table, find a general 
formula for the integral function f(x)

ax

ax2

ax3

axn

aex

a/x

Task 12

In the graph you can see the velocity of a car against time. The formula for the velocity is v(t) = 3t
With this information you can determine the traveled distance at any time t = a. The function s that describes 

the traveled distance by the car at time t = a with is:

a. What formula describes the traveled distance 
of the car from t = 0 until t = a?

b. What will be the formula that describes the 
traveled distance when you start counting from 
time t = 2?

a

dxxf
0

)(

0 8a

0

( ) ( )
a

s a v t dt

a

dxxf
0

)(
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Shift-problem lesson 4
Task 13

Given the function 

The region V is situated above the line y = 1, and is enclosed by the line y = 1 and the graph of f. The region
W lies below the line y = 1, and is enclosed

by the line y = 1 and the graph of f. In the 
figure part of the graph is drawn.

Which of the following expressions can NOT
be the region of V and W together? Explain. 
You can draw a picture to support your 
explanation.

Task 14
The region V is enclosed by the graph of  , the x-as, the y-as and the lines x=8 and y=8. The line x = a divides 

region V into two sub-regions V1 and V2. By sliding the line x = a, the areas of V1 and V2 will vary.

a Which of the following expressions can 
be the expression for the area of V1 and 
which one cannot? Explain. You may use
a sketch of the graph in your explanation.

b Line x = a slides in such a way that it divides the region V in the sub-regions V1 and V2 so that the area A
of both regions compare as A(V1):A(V2)=2:1. 
Find the equation that describes this relationship.

165)( 23 xxxxf

2 3

0 2

3

0

2 3

0 2

2 3

0 2

( ) ( )

( )

( ( ) 1) ( ( ) 1)

( ( ) 1) (1 ( ))

f x dx f x dx

f x dx

f x dx f x dx

f x dx f x dx

a

dxxf
0

)(

a

dxxf
1

)(8

88

0

)()(
a

dxxfdxxf

a

dxxf
0

))(8(

a

dxxfdx
1

1

0

)(8

2

8
)(

x
xf
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Task 15
The graph shows the speed of a car that brakes 
against time. With this information you can 
determine the distance the car traveled, at any time
t = a ( ), from the moment he began to 
slow down (t = 0).

The function s describing the distance traveled by 
the car for is:

Another car that runs at the same speed, starts four 
seconds later braking and follow exactly the same 
pattern as the first car, which is described through 
the graph.

Which expression alongside describes the distance
traveled by the second car at any time t = a, from 
the moment he began to slow down (t = 4)? 
Explain with the help of the graph above.

Task 16
Which of the following expressions are correct? Explain.

0 8a

0 8a

0

( ) ( )
a

s a v t dt

4

0

( )
a

v t dx

4

0

( )
a

v t dx

4

4

( 4)
a

v t dx

4

4

( 4)
a

v t dx

1
2 2

0 1

( 1)
a a

x dx x dx

2

0 2

2
a a

xdx x dx

4
3 3

5 1

( 1) ( 5)
a a

x dx x dx

2

0

a a

a

xdx x adx
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