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Summary

Research literature includes various examples of ideal learning processes where students 

gradually expand their mathematical knowledge supported by carefully constructed 

instructional materials and corresponding teacher support. However, little of this has 

trickled down to everyday practice. The difference between advice offered in educational 

research and what is feasible in regular classrooms shaped by textbooks and mandatory 

curricula is still too great. In our research, we developed a more pragmatic approach - shift-

problem lessons - with a view to creating conditions in which students are supported in 

expanding their mathematical knowledge and an instructional model that is doable for 

teachers in regular school settings. The core element of this approach comprises replacing 

a small part of the textbook lessons, with problem-centered collaborative group work. In

addition, during the course of our research, we developed and applied a framework of 

levels of reasoning to analyze student reasoning during their interaction in these lessons, or 

more generally, when involved in problem-centered collaborative group work. In doing so 

we arrived at our understanding of the way students reason and learn in shift-problem 

lessons as being informative for studying mathematical learning in regular classrooms.

The main goal of this thesis is to research if and how shift-problem lessons can 

contribute to improving the quality of the mathematical activity and corresponding 

learning processes of regular-classroom students. In this respect, we studied both student 

activity in shift-problem lessons and the effect of shift-problem lessons on student 

progress. The central research question that fits our aim is: To what extent can shift-

problem lessons contribute to improving the quality of the mathematical activity and 

corresponding learning processes of regular-classroom students? To address this issue, we 

formulated four sub-questions, which we have answered in four chapters in this thesis. We 

base our research on the domain-specific instruction theory of realistic mathematics 

education (RME) and we build on theoretical constructs that are compatible with a social 

constructivist view on learning; namely: problem solving activity, reflective discourse, and 

collaborative learning and reasoning.

Approaches to mathematical instruction involving collaborative learning tasks 

prepared for problem solving are not new. The literature provides excellent examples of 
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mathematical lessons where students’ mathematical activity develops through meaningful 

tasks and mathematical discussions. The central learning activities observed in these 

lessons (e.g. problem solving activity, reflection and collaborative learning) are usually 

accompanied by carefully constructed instructional sequences, which are embedded in

appropriate socio-mathematical norms. Translating these examples into practice, however,

appears very challenging for regular classrooms shaped by textbooks and mandatory 

curricula. This thesis therefore discusses the need to create a more pragmatic instructional 

model to narrow down this difference. In line with the literature, we also envision creating 

an appropriate learning setting in which problem solving, reflection and mathematical 

reasoning flourish, but instead of offering a carefully constructed prototypical instructional 

sequence, we tailor the mathematical tasks and student interaction to the learning setting 

that already exists in the classroom. In the Netherlands, as in many other countries, this is 

shaped at pre-university level by conventional textbooks, pre-determined lesson plans and 

final exams, which may prevent teachers from deviating from their daily practice. 

For our study, we designed an intervention for 11th grade students meant to be 

feasible for teachers and, at the same time, create opportunities for students to engage in 

problem solving and creative mathematical thinking. We tried to achieve our aim by: 

- limiting the intervention to a small part of the lessons of a textbook chapter; 

- adhering to the teachers’ curriculum resources as much as possible by inserting 

tasks adapted from the textbook;

- creating a problem-oriented classroom atmosphere supported by students 

working collaboratively in line with the process model (Dekker & Elshout-Mohr, 

1998, 2004).

The process model is constructed around four key activities: show, explain, justify and re-

construct one’s own work, which can be performed by the students when solving problem-

centered tasks in a group. These four activities can be fostered by the individual himself, 

but they can also be stimulated by the students as a group through regulating activities, e.g. 

asking for explanations, justifications, or reconstructions. This implies that the students’

texts differ from those in the textbook as the mathematical tasks are not direct applications 

of recently reviewed theory and are neither preceded by worked-out problems, nor framed 

in step-by-step procedural guidelines. We called this intervention shift-problem lessons.
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In Chapter 1 we formulate the essential features of these lessons designed to foster 

problem solving activity, creative mathematical thinking and reflection. Moreover, we 

attempt to characterize the forms of reasoning and learning processes emerging in these 

lessons. The sub-question addressed is: In what way does working with shift-problem 

lessons in a regular classroom lead to mathematical reasoning and proving by the 

students? In answering this question, we analyzed the interaction of a small group

observed in a teaching experiment conducted in one 11th grade class. We selected three 

episodes that we considered illustrative for the whole dataset and analyzed in detail the 

type of learning processes that occurred in these episodes. The results of this analysis 

showed that the mathematical tasks coupled with the interactive setting could create a

micro-learning ecology (Cobb, Confrey, diSessa, Lehrer, & Schauble, 2003) in which 

students develop both social norms and forms of mathematical activity that are different 

from those observed in regular lessons and described in the literature (Lithner, 2000, 2004, 

2008; Mayer, 2002). Moreover, we found that three main learning processes occurred in 

the micro-learning ecology created by the intervention, which may have enriched the 

students’ mathematical knowledge (they typify 9 of the 18 episodes and feature in 7 other 

episodes): (i) strengthening their relational framework and grounding their mathematical 

knowledge in terms that are more meaningful to the students’ knowledge; (ii) reflection 

through mathematical discussion and reasoning; (iii) involvement. We also found that the 

students’ attempts to solve the problems were limited in some cases even though they 

appeared to possess the factual knowledge needed to solve the task. The students did not

recognize or use the key ideas to successfully solve a mathematical proof. Some elements 

of mathematical proof and deductive reasoning are not natural to a student repertoire and it 

is still not clear how these elements should be developed in order that they are recognized 

and utilized in mathematical proofs (Harel & Sowder, 2007). The literature states that this 

lack of epistemological knowledge could be a consequence of students not being able to 

link their personal ideas to what they expect to produce as formal proof (Raman, 2003). 

During the course of our research we came to realize that the way students reason 

and learn in shift-problem lessons provided information on how students’ reasoning 

unfolds during problem solving activity in a collaborative setting. Observing the students’

collaborative discourse in shift-problem lessons suggested that differences in the students’ 
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statements and arguments could be a catalyst for students making connections between 

their pseudo-mathematical and mathematical knowledge, and what is experientially real to 

them. We therefore sought to identify levels of reasoning that could help us analyze such 

processes. In Chapter 2 we therefore address the sub-question: How do students reason 

when solving problem-centered tasks collaboratively? The reasoning-levels framework 

that we developed is founded on the domain-specific instruction theory of realistic 

mathematics education; in particular, the levels of activity in the emergent modeling

heuristic (Gravemeijer, 1999, 2008) that provide a general description of mathematical 

activity in carefully planned long-term reinvention processes. We use the emergent 

modeling levels of activity as the starting point for our thinking on the students’ levels of 

reasoning in an enrichment process. In this respect, we refer to the link with directly 

accessible informal knowledge at the first level of activity; the support provided by the 

informal knowledge to reasoning with more mathematical knowledge on the second level: 

referential activity; the focus on mathematical relations at the third level: general activity;

and a more formal mathematical level that subsequently develops. That is, the fourth level: 

formal activity. Building on these characteristics of activity levels in an emergent modeling

process, we identified four levels of reasoning that could come to the fore when students 

collaboratively solve problems in regular classrooms: 

- Empirical-based reasoning, which involves students’ reasoning solely in 

connection with the task-setting situation; 

- Relational reasoning, which focuses on the students’ interpretations of the task 

setting, which comprises connections between elements of the task setting and 

mathematical notions, including pseudo-mathematics; 

- Theoretical-based reasoning, which focuses on the mathematical relations, 

concepts and the properties involved;

- Formal expressed reasoning, which refers to students thinking independently of the 

situation-specific imagery of the task setting in question. 

We examined the practical usefulness of these levels of reasoning by studying a group of 

three students collaboratively solving geometric proof tasks in an 11th grade classroom

during shift-problem lessons. We tailored the levels of reasoning to this topic by taking 
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into account specific frameworks in the field of geometric proof. Our results showed that 

the reasoning-levels developed for geometric proof are reliable (inter-rater agreement 87%)

and make it possible to identify the levels of reasoning of individual utterances, which 

allows for an in-depth analysis of enrichment processes. It allows us to see the different 

meanings in students’ reasoning when they are solving problems, including pseudo-

mathematical notions. The latter, according to Van Oers (2002) and other researchers who 

observed similar stages in the development of meaning (Vinner, 1983, Thompson & 

Silverman, 2008; Pijls & Dekker, 2011), may be considered a transitional stage. Moreover, 

the categories capture the dynamics between empirical and theoretical domains, which 

have been referred by several researchers, for the most part in general terms (see for 

instance Laborde, 2004; Jones, 2000). 

The analyses presented in Chapter 2 showed that the reasoning patterns of this group 

of three students when progressing through the tasks contrasted with the expectations on 

which textbooks seem to be based, namely, students progress through the tasks at formal 

level. In other words, students are expected to approach the task from a theoretical 

perspective using theoretical notions and, then go through the solving process, step-by-

step, maintaining the theoretical level in accordance with the steps laid out in the worked-

out examples and worked-out solutions. In Chapter 3, we therefore examined the question: 

At which levels do regular-classroom students reason in a learning setting that fosters 

reasoning and discussion? To examine this issue, we analyzed the data from six groups of 

three students during four shift-problem lessons in a teaching experiment conducted in 

three regular Dutch 11th grade classrooms (at different schools). 77 episodes were 

identified (one episode details each attempt to solve a certain task). Our results with regard 

to the students’ reasoning (which cover 63 episodes) show that in 53% of the cases 

students’ reasoning patterns involved a variety of levels. In other words, the students were 

approaching and discussing solutions to the tasks at levels of reasoning that changed 

during the solution process. The findings indicate that - at least in this setting - the actual 

process of the students trying to become acquainted with new or undeveloped 

mathematical notions was quite different from the one expected by conventional textbooks 

and teacher-centered education. A more detailed analysis of a number of episodes, which 

we regarded as paradigmatic cases, provided us with more insight into students’

205



Summary

enrichment process. Our analysis showed that the students started with their fragmented 

and pseudo-formal knowledge and by comparing and making connections between their 

shallow and pseudo-mathematical knowledge and what is experientially real and 

meaningful to them, they began to develop a more coherent and better founded knowledge.

Moreover, the enrichment process was embedded in interactive, collaborative student 

activity (in most episodes the students acted in line with the process model), which is 

something the teacher can facilitate. As far as teacher involvement is concerned, we 

noticed that although teachers ceased stressing the process model over the course of the 

intervention, they continued to encourage the students to think for themselves by providing 

regular support and hints. 

We consider the insights into the potential enrichment processes described in the 

chapters referred to above as valuable information yielded by our research on the shift-

problem lessons approach but, we also wished to know whether the shift-problem lessons

themselves could provide a contribution. In Chapter 4 we therefore examined the effect of 

learning arrangements that combine shift-problem lessons with regular lessons (SPLA). 

We extended the idea of shift-problem lessons to a different mathematical topic: integral 

calculus and, following a design research method similar to the one used for geometric 

proof, we developed an instructional sequence on integral calculus, which is a topic also 

covered in the 11th grade. The question that we addressed here is: What are the effects of 

shift-problem learning arrangements on the students’ learning outcomes with respect to 

geometric proof and integral calculus in the 11th grade? In answering this question, we

used a switching-replications design method (Shadish, Cook, & Campbell, 2002) and 

applied an untreated control group design with dependent pre-test and post-test samples. 

This enabled us to conduct a quasi-experimental study (N=109); the six classes were left in 

their entirety and used as each other’s control group. The results showed a small, but not 

significant, positive overall effect in the case where shift-problem lessons were worked 

with. Specifically, we found an insignificant positive effect for the shift-problem group in 

the geometric proof lessons, and a significant positive effect for the shift-problem group in 

the integral calculus lessons. The results indicate that implementing the SPLA 

characteristics in four lessons was not enough to foster enrichment processes that 
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significantly affect the students’ achievements. Presumably, four lessons were not enough 

to measure the effects on the students’ performance. 

Further analyses of each topic showed that the students in the shift-problem lessons 

condition with regard to the integral calculus course - SPLA(I) could reason at higher 

levels at the end of the course than the students in the regular condition - RLA(I). The 

analyses also showed that, in general, the students experienced more difficulty when 

attempting to solve the complex tasks in the geometric proof assignment than in the 

integral calculus assignment. An analysis of the groups’ solutions to the tasks relating to 

the SPLA condition revealed that the students’ success in solving the tasks followed a 

different pattern in both courses. During the integral calculus course the students’ effective 

engagement in the tasks was average and remained more or less constant during the course.

As a rule, the students also engaged in the learning activities envisaged by the tasks. In the 

geometric proof course, however, the students’ effective engagement in the tasks decreased 

dramatically during the course. One possible explanation could be that the learning 

activities in integral calculus were more attuned to students’ pre-knowledge than the 

learning activities in geometric proof. On the basis of this quasi-experimental study, we 

therefore conclude that the shift-problem lessons have potential but they place considerable 

demands on the quality of the design, in particular, concerning the extent to which the 

tasks are tailored to the students’ actual knowledge.

Reflecting on the primary issue that motivated our research into shift-problem 

lessons, we see the gap between the ideal learning processes found in the literature where

students gradually expand their mathematical knowledge supported by carefully

constructed instructional materials, and the everyday classroom practice shaped by 

textbooks, mandatory curriculum and final exams. We ask ourselves to what extent the 

alternative instruction model we created has shed light on this matter and contributed to 

bridging this gap. We believe this research has deepened our understanding but also 

acknowledge that the effects of the intervention, bearing the results of the quasi-

experimental study in mind, were relatively minor. First, the realization that the fact that 

students develop scattered and in part pseudo-mathematical knowledge in regular 

classrooms implies there is a need for enrichment processes, in which students fill in gaps, 

reconstruct and ground their knowledge by making connections between their pseudo-
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mathematical and mathematical knowledge, and what is experientially real. Second, we 

found that the enrichment processes could be fostered and made visible through problem-

centered collaborative group work, which regular-classroom teachers could reasonably be 

expected to implement. We learned that a problem-centered classroom culture can be 

advanced by deviating from the intensive scaffolding that textbooks offer, combined with 

promoting collaborative group work with the aid of the process model. Third, the 

intervention that we called: shift-problem lessons, showed that it can potentially enhance

enrichment processes although it also places considerable demand on the quality of the 

design, in particular, concerning the extent to which the tasks should be tailored to the 

actual knowledge of the students. Fourth, the reasoning levels that we developed helped us 

analyze students’ collaborative discourse during shift-problem lessons (or, more generally,

in problem-centered lessons), and examine how formal mathematics could emerge from 

students’ mathematical activity. 

Our research findings suggest that the notion of shift-problem lessons and the 

analytical framework we developed could become tools for teachers to observe, analyze

and support enrichment processes in regular-classroom lessons and, consequently,

contribute to teachers assisting their students more effectively. Further research is required 

to examine this assumption but it seems plausible to us that by observing students’

reasoning and the reasoning patterns emerging from students’ discussions, teachers will 

become more aware of how students think and how their thinking is fostered by the 

learning activities they participate in.
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