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Abstract: This paper is the first in a series on graphical calculus for quantum vertex
operators. We establish in great detail the foundations of graphical calculus for ribbon
categories and braided monoidal categories with twist. We illustrate the potential of this
approach by applying it to various categories of quantum group modules, in particular to
derive an extension of the linear operator equation for dynamical fusion operators, due
to Arnaudon, Buffenoir, Ragoucy and Roche, to a system of linear operator equations
of ¢g-KZ type.
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Introduction

Graphical calculus provides a diagrammatic framework for performing topological com-
putations with morphisms in monoidal categories. This amounts to a functorial identifica-
tion of such morphisms with oriented diagrams colored by the corresponding monoidal
category. Topological moves in the diagrams translate to algebraic relations between
the morphisms, thereby providing graphical insight into intricate algebraic identities.
The structure of the category determines the class of diagrams and their allowed local
graphical moves.

The goal of this paper is threefold. Firstly, we establish and fine-tune the foundations
of the existing graphical calculus for ribbon categories. In the literature, contradictory
conventions occur and the existing definitions often do not fully fit into the surrounding
categorical setup. It is our aim to describe in full detail and rigor the required concepts
and their functorial interpretations. To this end, we reconcile the original definition of the
Reshetikhin—Turaev functor [26] with its more commonly used definition from Turaev’s
book [29], which leads to a precise distinction between fusing and bundling of colored
parallel strands in diagrams. The subtle difference between the two definitions lies in
the fact that [26] takes as coloring category any ribbon category C, whereas [29] departs
from a strict ribbon category D. In case D is the strictification of C, the diagrammatic
category in [26] becomes a subcategory of the one in [29], and bundling of parallel
strands only makes sense in the category with colors from the strictification of C.

Secondly, we extend the graphical calculus to a class of categories with less structure,
namely braided monoidal categories D equipped with a twist automorphism. This gives
rise to an analog of the Reshetikhin—Turaev functor, allowing to perform diagrammatic
computations with morphisms in D involving D-colored ribbon-braid graph diagrams.
On the level of representations of a quantum group U, (g), this allows to extend the
graphical calculus from the ribbon category Mg of finite-dimensional U, (g)-modules to
the category, denoted by M, which we will introduce in Definition 1.3. The category M
is a braided monoidal category with twist, which encompasses the g-analog of the BGG
category O and in particular contains the Verma modules M, . We carefully establish the
braiding and twist for M. This requires the description of the universal R-matrix and
Drinfeld’s ribbon element, as well as their fundamental properties, within appropriate
completions of multi-tensor products of U, (g). The category M is no longer a ribbon
category by the lack of duality.

Thirdly, we provide tools to perform graphical computations with a special class of
morphisms, called quantum vertex operators, in the module category M. These quantum
vertex operators are U, (g)-intertwiners of the form ¢ : M — M, ® V, where the
auxiliary spaces M, , M, are irreducible Verma modules and the spin space V is finite-
dimensional. The terminology is motivated by the analogy with vertex operators in
Wess-Zumino-Witten (WZW) conformal field theory. In case V is itself a multifold
tensor product of finite-dimensional U, (g)-modules Vi, ..., Vi, then we will refer to ¢
as a k-point quantum vertex operator if it can be written as a composition of k individual
quantum vertex operators, with each of the V; occurring once as the spin space.

A quantum vertex operator is uniquely labeled by its expectation value, which is a
weight vector in the spin space. We introduce the following natural graphical notation
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for the coupon colored by the quantum vertex operator ¢ : M, — M, ® V, with
expectation value v € V, in the diagrammatic category:

v
_—

1 A

@)

Analogous graphical notations for k-point vertex operators will be given in Fig. 41. These
notations will prove particularly useful in the sequel [6] of this paper, when we extend
the graphical calculus to the parametrizing spaces of the quantum vertex operators.

Other important classes of quantum vertex operators are those with auxiliary spaces in
M4, which relate to multivariate orthogonal polynomials [11,23], and (quantum) vertex
operators with auxiliary spaces taken from the category of (quantum) Harish-Chandra
modules, cf. e.g. [27].

This novel framework of graphical calculus for quantum vertex operators promises
to be of great value for future research in representation theory of quantum groups and
its applications to quantum integrable systems and multivariate special functions. Its
power lies in the fact that it allows one to derive intricate algebraic relations between
morphisms in the considered categories in an insightful fashion, based on topological
considerations rather than tedious algebraic computations. This paper is the first in
a series aimed at demonstrating this potential, by providing purely graphical proofs
for algebraic identities. These include both known g-difference equations that were
obtained in previous literature through lengthy algebraic calculations [17], as well as
novel generalizations of such equations. This will be initiated in Sect.3, where we
derive for each fixed generic highest weight the consistent system of quantum Knizhnik—
Zamolodchikov (g-KZ) type equations for dynamical fusion operators, which describe
the fusion of a k-point vertex operator. These equations are of crucial importance in the
sequel to this paper [6], where we revisit Etingof’s and Varchenko’s [17] normalized
generalized trace functions, which arise from the k-point quantum vertex operators upon
applying twisted cyclic boundary conditions. Concretely, we will give in [6] completely
transparent, graphical proofs of the dual Macdonald—Ruijsenaars (MR) and the dual
quantum Knizhnik—Zamolodchikov—Bernard (¢-KZB) equations for generalized trace
functions, which were obtained in [17] through intricate algebraic derivations. This
approach will in fact give rise to novel, mutually commuting, dual MR type g-difference
operators, in addition to the ones obtained in [17]. This leads to a supplementary class of
eigenvalue equations for the generalized trace functions, one for each component of the
parametrizing spin space. This provides additional conserved quantities to the associated
quantum integrable system, thereby turning it into a quantum superintegrable system.
The latter can be regarded as a quantization of the classical superintegrable system on
moduli spaces of flat connections over surfaces, as constructed in [2] in the case where
the surface is a punctured torus.

Another important result of our upcoming paper [6] will be the introduction of a
dynamical twist functor. This tensor functor translates the action of a morphism in Mg
on the spin space of a k-point quantum vertex operator to an action on its expectation
value, thereby allowing to assign to each morphism of Mgy a dynamical counterpart.
In particular, it maps R-matrices to the corresponding dynamical R-matrices from [14].
We will extend the graphical calculus in [6] by including graphical notations for the
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dynamical twist functor and the dynamical R-matrices, which will subsequently be used
in the derivation of the dual MR and ¢-KZB equations.

Classical KZB operators form a system of mutually commuting first order differential
operators for correlation functions of WZW conformal field theory on a torus [4,18].
They are expressed in terms of position variables on a torus and dynamical variables from
the regular part of G/Adg, with G the underlying Lie group. The space of dynamical
variables can be regarded as the base of a Lagrangian fibration of the moduli space of
flat connections on a torus. In case the torus degenerates to a cylinder, such that the
corresponding elliptic functions degenerate to trigonometric functions, the dynamical
variables remain in G/Adg, leading to trigonometric versions of KZB operators. Both
in the elliptic and the trigonometric case, the class of KZB operators has a natural
quantum analog, consisting of mutually commuting g-difference operators that relate to
the representation theory of the corresponding quantum affine algebra U, ().

Quantum KZ and quantum KZB equations are solved by matrix coefficients or twisted
traces of compositions of quantum vertex operators [17,19]. The derivation of the g-KZ
equations follows the following steps. First of all, one derives an operator-valued g-KZ
equation for a single quantum vertex operator using the quantum Casimir of the quantum
affine algebra [19, Theorem 5.1]. Subsequently, one obtains operator g-KZ equations for
compositions of quantum vertex operators [19, Theorem 5.2]. Finally, one resolves the
terms interacting with the outer auxiliary spaces by considering matrix coefficients or
taking a twisted trace, as in [19, Theorem 5.3] and [15]. The last step should be thought
of as imposing boundary conditions on the associated spin chain model. See [13], [27,
Section 6] and [28, Subsection 2.1] for this approach in the semiclassical limit with the
position variables sent to infinity. In this case one obtains topological KZB equations for
compositions of asymptotic vertex operators when twisted cyclic or reflecting boundary
conditions are imposed.

From this perspective, this paper deals with the quantum group version when high-
est weight to highest weight boundary conditions are imposed, in the limit where the
position variables are sent to infinity. As a result, the role of the quantum affine alge-
bra U, (@) is taken over by U, (g). We provide proofs entirely involving the graphical
calculi with colorings from the braided monoidal category M with twist, from the rib-
bon category Mg and, after imposing the boundary conditions, from the symmetric
tensor category of finite-dimensional h*-graded vector spaces. The outcome is a system
of linear equations for dynamical fusion operators, extending the Arnaudon-Buffenoir-
Ragoucy-Roche equation from [1,14], which may be viewed as the topological limit of
the g-KZB equations for the generalized trace functions from [17] when the geometric
parameters are sent to infinity deep in the positive Weyl chamber.

The outline of the paper is as follows. In Sect. 1 we first recall some preliminaries on
quantum groups, monoidal categories and categories of quantum group representations.
This is where we give precise definitions for the categories M and Mgy that are studied
throughout the paper. In Sects. 1.4 and 1.5 we will explain how topological extensions
of multifold tensor products of quantum groups can be constructed in such a way that
they allow to define a braiding and a twist on the category M. Duality in Mg will
be touched upon in Sect. 1.6. Section?2 is dedicated to the foundations of the graphical
calculus. Sections 2.1 and 2.2 establish the definitions of the diagrams that will serve
as the building blocks for the respective graphical calculi. In Sect. 2.3 we recall how
one can assign to each monoidal category a strict monoidal category, and how the latter
inherits structure from the former. Sections 2.4 and 2.5 explain how to assign colors to the
diagrams in a functorial fashion, and contain the Reshetikhin—Turaev functor for ribbon
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categories in the sense of [26] and its analog for braided monoidal categories with twist.
It is explained how the two graphical calculi can be fit together in Sect. 2.6. Sections 2.7
and 2.8 are concerned with the relation between fusing and bundling of parallel strands.
Graphical notations for the quantum vertex operators will be introduced in Sect. 3.1.
Finally, we derive the topological g-KZ equations, first as operator equations for k-point
quantum vertex operators in Sect. 3.2 and subsequently as linear operator equations for
dynamical fusion operators in Sect. 3.3.

1. Quantum Groups and Their Representations

1.1. The quantized universal enveloping algebra U,(g). Let g be a semisimple finite-
dimensional Lie algebra over C with Cartan matrix A = (a;;);, j=1,...,-. The matrix A is
symmetrizable, i.e. there exists a diagonal matrix D = diag(d;);=1,... ,, with mutually
coprime and positive integer entries d;, such that DA is a symmetric matrix. Let b be a
Borel subalgebra of g, and ) a Cartan subalgebra contained in b. We write I1 = {o; :
i =1,...,r} for the corresponding set of simple roots of the root system ® C h* of g
relative to b, and ®* for the set of positive roots. We write Q = ZIT for the root lattice,
A for the lattice of integral weights and A* C A for the set of dominant integral weights.
Furthermore we set QF = Z,I1. Let {h; : i = 1,...,r} be the linearly independent
subset of f defined by o ;(h;) = a;;. Define a non-degenerate symmetric bilinear form
(-,-) on b* by (@, orj) 1= d;a;j. It satisfies (o, ) = 2 for all short roots « € ®. It is,
up to a constant multiple, the bilinear form on h* obtained by dualizing the restriction
of the Killing form of g to fh x . In particular it is the complex bilinear extension of a
scalar product on €@;_,; Rey;. Hence there exists a basis {x; : i = 1,...,r} of h such
that

v) =Y px)vx)
i=1

for u,v € h*. In what follows we identify h* with § as linear spaces via the map
= Z{Zl ((x;)x;. The isomorphism satisfies o; + d;h; fori =1,...,r.
Fix t € C with Im(t) > 0. For ¢ € C and positive integers m > k we write

. :M V:me |:mj| :%
[C]q q —6171 , [m]q el:[][ ]q’ k . [k]q'[m _k]q!’

where g€ := 7.
The quantized universal enveloping algebra or quantum group U, := U,(g) is the
unital associative C-algebra generated by the elements ¢”, with & € b, together with E;

and F;, withi =1, ..., r, subject to the relations

=1, ¢"¢" =¢"", ¢"E; =q¢“"PEq", ¢"F =q*WFq",
1—a;
dih —d;h; ij
q i —q —a 1—a;jj—k
[EiaFj]:Sl/ C]i_ E ( 1)k|: l]i| . Ei Ui EjElk
ql

1—a;;

=2 ”k[ kaij] JETEE =0 D
ql
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forany h, W’ e handi, j=1,...,r.
U, is a Hopf algebra with comultiplication A, counit € and antipode S determined
by the relations

AE)=E®q¢"™M +1QE, AF)=F®1+q %" eF, AG"hH=¢"4q",
e(E)) =0, e(F;) =0, el =1,

S(E;) = —Eiq~ %M, S(F;) = —q%" F, Sg" =q7"
(1.2)

Here we follow the original Drinfeld [8] convention! for the comultiplication, which is
alsoused in [12,17]. In [3,24] the opposite comultiplication A°’ = P o A is used, where
P is the permutation map P : Uq‘?z — Uq®2 a®b— bRa.

Denote by p € A half the sum of the positive roots. Then

g X = $2(X)q** (1.3)

forany X € Uy.

Let g = n* @ h @ n~ be the triangular decomposition of g relative to the choice ®*
of positive roots, so that b = n* @ . We write b~ = h & n~ for the negative Borel
subalgebra. Let U 0 .= U, (h) be the quantum Cartan subalgebra of U, (g), which is
generated by the elements ¢, i € b, and denote by U* := U, (n) the subalgebras of
U,(g) generated by the sets {E; : i = 1,...,r}and {F; : i = 1,...,r} respectively.
The quantized Borel subalgebras are defined by

Uy(b) :=U'U°, U, (67):=UU".
h

For B € Q% we write UT[B] for the set of elements X € U¥ satisfying ¢" Xq =" =
gPMWX forall h € b.

1.2. Braided monoidal categories with twist and ribbon categories. We recall in this
subsection some basic notions on monoidal and ribbon categories, which we will use to
describe various module categories over U, (g).

Consider a monoidal category D = (D, ®, 1, a, £, r) with tensor product ®, unit
object 1, associativity constraint a, and left and right unit constraints £ and r. We will
omit the associators and unit constraints in formulas, since the way in which the removing
and adding of unit objects and the re-bracketing of tensor products is performed has no
effect on the outcome, due to Mac Lane’s coherence theorem.

A left duality for a monoidal category D is an assignment of a triple (V*, ey, ty) to
each V € D, consisting of an object V* € D and of morphisms ey : V*® V — 1 and
ty : 1 - V ® V* satisfying

(ey @idyx)(idy* ® ty) =idyx,  (idy ® ey)(ty ® idy) = idy.

We call ey the evaluation morphism of V, and ¢y the injection morphism of V.

hd;h; hd; h;
! Drinfeld used generators X; = Eje T Yi=e T F; and h;, and defined the algebra over C[[/]]
h/2

withg = e
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Remark 1.1. We follow here the conventions set in [7]. Other common notations for
the morphisms ey, ty are evy, coevy (see e.g. [10]) and dy, by (see [21,22,29]). The
injection morphisms are also called co-evaluation morphisms.

Left duality allows one to define the dual A* € Homp(W*, V*) of a morphism A €
Homp(V, W) by

A* = (ew ®idy) (idwr ® A ® idy=)(idwr ® 1y). (1.4)

In a similar way, a right duality for a monoidal category D is an assignment of a
triple (V*, ¢y, Ty) for each V € D consisting of an object V* € D and of morphisms
ey :VV*— landTy : 1 — V* ® V satisfying

(ey ®idy)(idy ®7y) =idy,  (idy» ® ey)(y ® idy+) = idy~.

A monoidal category with a left and right duality is said to be rigid.
A monoidal category D is said to be braided with commutativity constraint ¢ =

(cv,w)v.wep if the cy w are isomorphisms V ® W S WV satisfying

(B® A)cy,w =cy',w(A® B),
cu.vew = (dy ® cy,w)(cy,v ® idw), (1.5)
cugv.w = (cu.w ®1dy)(dy ® cy.w)

for A € Homp(V, V') and B € Homp(W, W’). The latter two identities are called
the hexagon identities. Recall the well-known fact that the hexagon relations and the
naturality of the commutativity constraint result in the braid form of the Yang-Baxter
equation

(cv,w ®idy)(idy ® cy,w)(cy,v ® idw)
= (idw ® cy,v)(cy,w ®idy)(idy ® cv,w). (1.6)

Definition 1.2. Let D be a braided monoidal category. We call a natural automorphism
0 = (Oy)yep of idp a twist for D if it satisfies

Ovew = (Ov ® Ow)cw,vev,w
forall V, W € D.

A ribbon category [9] is a braided monoidal category D with twist 6 and left duality
satisfying the compatibility condition

0y = Oy
forall V e D.
A ribbon category D admits a right duality, turning it into arigid category: for V € D,
the right dual is (V*, ¢y, Ty) with (see [26])

ey =eycyy+(Oy ®idyx), Ty = (idys ® Oy)cyysty. (1.7)
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1.3. Categories of Uy (g)-modules. Let Mody, be the category of left U;-modules. The
representation map for M € Mody, will be denoted by 7. For any M, N € Mody,
we write Homy, (M, N) for the corresponding morphism space. We call morphisms in
Mody, intertwiners, or Ug-linear maps.

The weight space M[u] of M € Mody, of weight u € h* is

Mlpl:={meM|q"m= q”(h)m Vh e b}
Let us write
wis(M) = {u € b* | M[u] # {0}}

for the set of weights of M. Note that M := P, M[u] is a Ug-submodule of M.
We endow M’ with a compatible semisimple h-action by

hlmp = n)idypy  (n € b).

We will say that M € Mody, is h-semisimple if M’ = M. A linear basis of an b-
semisimple U,-module M is said to be homogeneous if it is of the form

B | vewts(M), ie€l)

with {bf”) }ier, linear bases of the weight spaces M[v] for all v. Throughout the whole
paper, we will write By, to denote a homogeneous basis for an h-semisimple U,-module
M.

A U,-module M is said to be locally U*-finite if for all m € M the U*-submodule
of M generated by m: is finite-dimensional.

Definition 1.3. We denote by M the full subcategory of Mody, consisting of the b-
semisimple locally U*-finite U, -modules.

The representation category M is abelian. Furthermore, M is amonoidal subcategory
of the monoidal category of complex vector spaces, with the Ug-action on M @ N
(M, N € M) defined by

TuenN(X) = (ty @ IN)(A(X)) (X € Uy).

As unit object 1 we take the one-dimensional vector space C endowed with the U,-
action X -1 := e(X)Afor X € U, and A € C. Recall that the associativity isomorphisms
armN: (LQOM)®N — L ® (M Q@ N) amount to repositioning of brackets in pure
tensors, and the left and right constraints £37 : 1@ M — M andry : M ® 1 — M are
themaps A @m +—> Amandm Q@ A+ Am for . € Candm € M.

Definition 1.4. We consider the following full subcategories of M:

(1) Madm: the Uz-modules M in M satistying

(a) dim(M[u]) < oo forall u € h*,

(b) wts(M) C | Jf_ {x; — Q*) for certain A; € h* and k € Z.
(2) O: the finitely generated U,-modules in M.
(3) Miq: the finite-dimensional U,-modules in M.
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We call My the subcategory of admissible U,-modules in M. It is an abelian,
monoidal subcategory, closed under taking submodules.

The representation category O is the quantum group analog of the Bernstein-Gelfand-
Gelfand category relative to b. Since U, is Noetherian, O is abelian and closed under
taking submodules, but it is not monoidal. A standard argument using the PBW theorem
for U, shows that O is a subcategory of Mqm (cf. [20, §1.1]). The cyclic U, -submodules
of modules M € M lie in O.

The representation category Mjpq is a semisimple, abelian, monoidal subcategory of
M. 1tis a subcategory of O, and O is a bimodule category over Mgq. The ribbon algebra
structure of U, provides additional structures on the representation categories, which
will be discussed in the upcoming subsections.

For A € b* denote by C; = Cl1, the one-dimensional U, (b)-module defined by

E;1, =0and thx = q)‘(h)lk foranyi =1,...,r and h € h. The induced module
M; =Ind" C
A n Uq(b) A

is the Verma module with highest weight A. Let us denote its representation map by ;.
We write m), ;= 1 ®u, (b) 1), € M,[A], which is a highest weight vector for M. In
particular, m;, is a cyclic vector for M, and wts(M;) = A — Q*. The Verma modules
M, (A € b*) are the standard modules in category O.

The Verma module M, has a unique irreducible quotient, which we denote by L, . By
abuse of notation the push-forward of the highest weight vector m; € M, to L, is again
denoted by m;. The {L; };ep+ exhaust the simple U,-modules in O up to isomorphism,
and {L, },ea+ is a complete set of representatives of the isoclasses of simple U,-modules
in Mygq. In particular, wts(V) C A forall V € Mg.

The Verma module (M, ;) is irreducible if and only if

h+p,a¥)¢Zoy Vaed (1.8)

where ¥ = % We will call a weight A € h* generic if the more stringent conditions

Ma'V¢Z NYaed

hold true. The set of generic weights is denoted by hfeg. It is stable under translation by

integral weights. As a consequence, if A € f);‘eg then M, ., is irreducible for all v € A.

1.4. The universal R-matrix and braiding. In this subsection we discuss how Drinfeld’s
[8] universal R-matrix R for U, gives rise to a commutativity constraint for the monoidal
category M (see Definition 1.3).

Drinfeld defined the universal R-matrix as an element of Uy, (g)@Uh (g), where ®
is the tensor product completed over formal power series in &, with Uy (g) the C[[/]]-
complete algebra generated by h;, E;, F; with relations determined by (1.1) and ¢ =
"2, To describe the universal R-matrix in the category M we require a completion of
U 592 that is suitable for the tensor products in M. For this we will follow Lusztig [24].

Let ht : Q" — Z, be the height function, ht(}";_, ¢;e;) := Y ;_, ;. Fork € Z-¢
and £ € Z, consider the subspace

k
HY =Y (U Ve uTuUr @ USMY) (1.9)
j=I
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of Uq®k with UJ := @gc o+ h(p)=¢ UT[B]. 1t defines a filtration of left ideals
Ut = HP DU D 2P S

such that [, ez, Hgk) = {0}. Define the topology on U, ,?k by requiring that the subsets

{(X + Hék) | £ € Z.} form a basis of open neighborhoods of X for each X Uf’k It

defines a metric topology, which turns U f’k into a topological associative algebra (cf.
[24, §4.1.1]).
Consider the inverse limit space

WUEY = 1lim U /1P

with its natural metric topology. It provides an explicit realization of the completion of
UZ*, with the associated continuous embedding US* < (U¥) defined by

X X+HS, o x+HE, ).

We will use the standard infinite sum notation for elements in (U, f" )~ For example, if
Xp € U-UOUHBY @ ULV (B € 0*), then we will write

> X

BeQ*

for the sequence in (U(;@k)N whose ¢ entry is equal to ZﬁEQ*:ht(ﬂ)d Xp+ Hék).

By extending the multiplication of U, q@’k to (U ggk ) by continuity, (U, q@’k ) becomes a
complete topological associative algebra.

Lemma 1.5. For M; € M (1 < i < k) there exists a unique algebra map
U — EndM; ® - @ Mp), X+ Xupy.m,

satisfying the following two properties:

(1) Xpty....mp = (T, ® -+~ @ g )(X) for any X € US¥,
(2) form; € M; (1 <i <k) the map

(Uq®k)N—> M@ - ®@Mg: Xt Xpy . m(m @ ®my)

yeeey

is continuous, with the discrete topology on M1 ® - - - @ M.

Proof. Fixm; € M; (1 <i < k).Since U* acts locally finitely on M; for each i, we have

Hgk)(ml ® - -- ® my) = 0 for £ sufficiently large. The result now follows immediately.
0

We now recall the definition of Lusztig’s [24, Chpt. 4] quasi R-matrix in the present
context. The mapping defined on generators as

ANE)=1®E+E ®q %", AF)=¢"@F+Fel, AghHh=4¢"®q¢"
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extends uniquely to an algebra homomorphism A : U, - U; ® Uy, and defines a
new comultiplication of Uq.2 Both comultiplications A and A extend continuously to
algebra homomorphisms (Uq)~—> Uy ® qu Lusztig [24, Thm. 4.1.2] defines the quasi
R-matrix R as the unique element

R:= )Y RpeWU (1.10)
BeQ*
with Rp =1 ® 1 and Rg € U*[B]1 ® U [—B] (B € Q%) satisfying
RAX)=AX)R (1.11)
in (Ufz)~ for any X € U,°>.
The quasi R-matrix R is invertible in (U f’z)N, with inverse
——1 N . 1= _
R =) SeidRpE@ @)=Y ((desHRp1eqg?), (1.12)
BeQ* BeO*
see [24, Cor. 4.1.3] for details. Note that the 8-terms in the sums (1.12) lie in U Bl ®
U~ [—B]. Furthermore, in (Uq®3) we have
. — —13 B —23
(ARINMR) = Y Ry (10" ®HR",
BeQ*

deMH® =Y Rydeq¢ohHR"
BeQ*

(1.13)

by [24, Prop. 4.2.2], where we use the standard tensor-leg notations to indicate the choice
of embedding of (U$?) into (US?).

We now follow [3, §3] for relating Lusztig’s quasi R-matrix to Drinfeld’s R-matrix
in the present context. It requires the following extension of Lemma 1.5.

Consider the functor For® : M>** — Vec, with Vec the category of complex vector
spaces, mapping (My, ..., M) = M| ® --- @ My for M; € M and (Y1, ..., ¥g) —
Y1 ® -+ - ® Yy for morphisms y; € Hoqu (M;, N;). Consider the algebra

U® .= End(For®)

of natural endomorphisms of For®. It consists of sequences {om,.... M} ;e m Of com-
plex linear endomorphisms ¢y, ... p, of M| ® - - - ® My satisfying

,,,,,

W1 ®---®@Yr)oom,..M, = ONy,...N, © (U1 Q-+ Yy)

for all ; € Hoqu (M;, Nj).
Lemma 1.5 provides an algebra map

kN~ k
WEH > u®, X {Xuy.mIem (1.14)
2 When Uy is defined over C(g) with ¢ an indeterminate, then A = (1 ® t) o A ot with ¢ : Uy — Uy

Lusztig’s involution.
3 Ttis in fact ﬁ_l which corresponds to Lusztig’s ® in [24, Thm. 4.1.2].
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Its restriction to U (;@k is injective. For X € (U, (;@kf we will sometimes denote the cor-

responding element { Xy, . M Imem € U ® simply by X again, if no confusion can
arise.

By (1.14), the quasi R-matrix ReU f’zf thus provides the element

,,,,,

{Runmvem €UP
consisting of complex linear automorphisms Ry of M ® N.

Definition 1.6. Define « € /® by
kv N I mpmen ) = ¢ idpgaeny
for M,N € Mand i, v € h*, and R € U® by
R :=«R. (1.15)

Note that k37, y represents the action of

r o

g Tl sen _ n(z ;_';(xln ® x;«)) (1.16)

i=1 n=0
on M ® N (recall that ¢ = e7). Observe furthermore that
AP(X) =kAX)k™',  XeU, (1.17)

as identities in /@ . The element R (see (1.15)) is Drinfeld’s [8] universal R-matrix of
Uy, considered as element in the completion U/ @ of U 53’2. It is clearly a unit in /%.

Define an algebra map A : YV — U@ by

(A = omem, (@ eV, M; e M).

It is consistent with the extended comultiplication A : (U,) — (U, ® U,) as de-
fined before. The properties (1.11) and (1.13) of the quasi R-matrix and (1.17) now
immediately translate to the following familiar properties of the universal R-matrix R.
Proposition 1.7.(1) We have A°P(X) = RAX)R™ inU® forall X € Uy,.

(2) InU we have

(A ®id)(R) = RPR?, (id® A)(R) = RPR2,
For M, N € M consider the linear map
cuN ‘= PuNRun - MON —- NQM,

with Pyy vy : M ® N — N ® M the linear map defined by Py vy (m ® n) :=n @ m for
m € M and n € N. By Proposition 1.7(1), the map ¢y y is a U;-linear isomorphism.
Definition 1.6 and Proposition 1.7(2) then directly imply the following result.

Corollary 1.8. The monoidal category (M, ®, 1, a, £,r) is a braided monoidal cat-
egory with commutativity constraint ¢ = (cym,N)m, NeM- In particular, the monoidal
subcategories Magm and Mgq are braided.
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The restriction of the commutativity constraint ¢ of M to the subcategory O turns O
into a braided bimodule category over Mgq (see [5] for the notion of braided (bi)module
categories).

Let us finally consider the familiar expression of the inverse of R involving the
antipode S in the present context. Some care is needed, since the antipode S : U, — U,
is not continuous with respect to the metric topology on U, that we introduced at the
beginning of this subsection. But § ® id and id ® S~! are continuous as maps

Ur@UT > (USY

where U* ® U~ is provided with the subspace topology of U q®2. We extend both maps
to continuous maps Ut @ U~ — (Uf’z)N, where Ut ® U~ is the closure of UT ® U~
in (Uf’z)N. In particular, we may act by S ® idandid ® S~'on R € U, @ U_.

The explicit expression (1.12) for §,1 then gives the identities
S®iR) =R~ =({d®S™H(R)

in U, where the action of S ® id and id® S~ on U+ @ U~ is formally extended to
elements in « Ut ® U~ using (1.16). For example, (S ® id)(R) € UP stands for

(SQiDRNuNm@n):= Y ¢ “ ' P(S@id)(Rp)
BeQ*
(m®n) (me M[ul, n € N[v])

for M, N € M.

1.5. The ribbon element and twisting in category M. By a classical result of Drinfeld
[9], the braided monoidal category Mjyq is a ribbon category. So Myg admits left and
right duality, which we recall in the next subsection, and a compatible twist, which is
defined in terms of the action of Drinfeld’s [9] ribbon element ¢ of U, . The aim of this
subsection is to provide a natural extension of the twist to M, turning M into a braided
monoidal category with twist (see Definition 1.2).

Letm : U,QU, — U, be the opposite multiplication map defined by m°P (a®@b) =
bafora, b € Uy, and extend it continuously to amap m°? : (U, ® Uq)~ — Uy )~ Define
the quasi ribbon element ¥ € (Uq)~ by

Ti=mP((d®sHR D)= 74 (1.18)
peQ*
where, by (1.12),
g = qPmP((S® STH(Rp)) € UTUU*IB)). (1.19)

Define y € UV by

2 .
yu i = g idy
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for M € M and u € h*. Formally, y)y is the action of q2p+2§:1 *? on M. Drinfeld’s [9]
ribbon element ¥ in the present context is now defined by

9 i=y9 =¢*mP((d® S THR™) eu?.
In the following proposition we give some basic properties of 9.

Proposition 1.9.(1) 9 € UV is invertible. Its inverse is ' = q~>u, withu € UD
the Drinfeld element

u:=m((id ® S)(R)).

(2) Forany X € (Uq)N one has ¥ X = X0, viewed as identity in the algebra U"V.
(3) One has the identity A(9) = (9 @ 9)R*'R inU®.

Proof. The algebraic computations leading to these properties, which can be performed
in any quasi-triangular Hopf algebra H, are due to Drinfeld [9]. The steps of the algebraic
derivation can also be found in [21, Prop. VIII.4.1 & Prop. VIIL.4.5]. The only additional
check needed here is that at each step in this derivation the infinite sum manipulations
are allowed in the present choice of completion serving the representation category M.
This is a direct check, which we leave to the reader. m]

As an alternative proof of part (1) of Proposition 1.9 one can use [24, Prop. 6.1.7], which
shows that the quasi ribbon element ¥ is invertible in (U;) with inverse

T = Y g BB B (0 ® 5)(Rp).
peo*

By parts (1) and (2) of Proposition 1.9, 9 € ) defines an isomorphism 9, €
Enqu (M) for each M € M, called the quantum Casimir operator on M (cf. [24,
§6.1]). By Proposition 1.9(3) we conclude:

Corollary 1.10. (97) pre M is a twist for the braided monoidal category M.
We also recover the following familiar result.

Proposition 1.11. Suppose that M € O is a highest weight module of highest weight
A € b*. Then

O = g MM idy,. (1.20)
Proof. This follows from Corollary 1.10, (1.18), (1.19) and the fact that 9 = 1. |

1.6. Dual representations. In this subsection we introduce the left duality of Mg, turn-
ing Mg into a ribbon category with twist (9v)yeam,,. We first define dual representa-
tions for U,-modules M from the representation category Magm.

The full linear dual M* of M € Mg is a U;-module with Uy -action defined by

(m=(X) f)(m) := f (7w (S(X))m) (1.21)

for f e M*, X € Uyandm € M. For u € h* and f € M* we have [ € M*[—pu]if
and only if f |y, = 0 forall v # . Hence M*[—p] =~ M[u]*, and the weight spaces
of M* are finite-dimensional.
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The restricted dual M° € Moqu of M € Mg is the U,-submodule of M* defined
by

M° = @ M*[u].

uebh*

The U;-module M° is an f-semisimple U;-module with finite-dimensional weight
spaces. In the remainder of the paper we will identify the weight spaces M°[u] = M*[u]
with M[—u]*. Note that in general M° ¢ Mgm, since the required condition on
the weights (see Definition 1.4(1b)) does not have to hold true for M°. For instance,
M3 & Magn forall & € b*.

Given a homogeneous basis By of M € Mg and a basis element b € 3, define
the dual vector b* € M° by requiring that

b*(b) = 8y (1.22)

for all b’ € By. Clearly {b*}5ep,, is a homogeneous basis for M°. It is called the
homogeneous basis of M° dual to Bys. If M € O is a highest weight module of highest
weight A with highest weight vector m € M[A], then we will write m* for the unique
linear functional in M°[—A] such that m*(m) = 1.

We now consider the above-mentioned notion of dual representation for
finite-dimensional modules in M, which form the subcategory Mgq. If V is finite-
dimensional, then V° is the full linear dual V* of V, and the dual representation V* lies
in Mgq again. In this case the assignment V — V* gives rise to the left dual of V, with
the evaluation and injection morphisms the U, -linear maps defined by

ey :V'QV —>1:fQuve f(v), (1.23)
il—>VeV* il Y beb (1.24)
bEBV

Note that the dual A* € Homy, (V*, U*) of a morphism A € Homy, (U, V) is simply
its dual as a C-linear map.
We have the following well-known theorem of Drinfeld [9].

Theorem 1.12. The braided monoidal category Mgy = (Mg, ®, 1,a,L,r,¢), en-
dowed with the left duality (V*, ey, ty), becomes a ribbon category with twist (v ) v e M-

A straightforward computation shows that the evaluation morphism ¢y and co-
evaluation morphism 7y of the right duality of the ribbon category Mgy are explicitly
given by

e H=f(P), W= e b (1.25)
bEBv

forve Vand f e V*.
For later purposes we recall the definition of the partial quantum trace over V € Mjgq.

Definition 1.13. For V € Mg and M, M’ € M the partial quantum trace

qTI‘Q//IvM/ : HOqu (M ® V7 M/ ® V) N HOqu (M, M/)
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over V is defined by

qTry M (W) 1= (idy @)W @ idy-)(idy @ tv)

for ¥ € Homy, (M ® V, M ® V), where weidentify M @ 1> M and M’ @ 1 >~ M’
using the right unit constraint maps.

In terms of a homogeneous basis By of V the partial quantum trace of the intertwiner
¥ € Homy, M ® V., M "® V) over V is explicitly given by the formula

gl M (W) = 3 (idy ® v W (idy ® Ty (2.

UEBV

2. Graphical Calculus

In this section we will outline the notations and basic principles of the graphical cal-
culus for strict braided monoidal categories with twist and strict ribbon categories. The
formulations and terminology in this section follow closely [26] and [29, Chpt. I].

2.1. Ribbon graphs and ribbon graph diagrams. A central concept in graphical calculus
is the notion of a ribbon graph. A ribbon graph consists of bands, annuli and coupons,
which are defined as follows.

Let I be the unit interval [0, 1] in R and S! the unit circle in R%. We take the right-
handed coordinate system in R? with the x-axis drawn horizontally from left to right,
and the z-axis vertically from bottom to top. The y-axis thus points away from the reader.

A band is a homeomorphic image of I x I in R? x I. The homeomorphic images
of I x {0} and I x {1} are called the bases of the band, and the homeomorphic image
of {%} x I the core of the band. An annulus is the homeomorphic image of S!' x I'in

R? x I. The homeomorphic image of S' x {%} is called its core. A coupon is a band
with one base designated as the top base, and the opposite base as the bottom base.

For an oriented surface € in R3, we call the side of the surface with the surface
normal sticking out the white side of the surface, and the opposite side the shaded side.
For k, ¢ € Z, a (k, £)-ribbon graph 2 is an oriented surface in R2 x [0, 1] consisting
of a union of a finite number of bands, annuli and coupons, such that

(1) Coupons and annuli lie in RZ x (0, 1).

(2) Q meets the planes R? x {0} and R? x {1} in the segments [i — %, i+ %] x {0} x {0}
(1<i<k)and[j — %, j+ %] x {0} x {1} (1 < j < £). These segments are bases
of bands. The white side is up at these bases. The bases of bands which are not one
of these segments, are lying on bases of coupons.

(3) The only nontrivial intersections between the bands, annuli and coupons are the
intersections of the bases of bands with the bases of coupons.

(4) The cores of the bands and annuli are oriented.

A (k, £)-ribbon graph without coupons is called a (k, £)-ribbon tangle.

We call the bases of bands lying on R? x {0} and R? x {1} the bottom and top extremal
bases, respectively. More generally, we say that a base of a band of a ribbon graph 2 is
a bottom base of Q if it is either a bottom extremal base or if it lies on the top base of a
coupon. Otherwise, we call it a fop base (in that case, it is either a top extremal base or
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Fig. 1. (3,2)-ribbon graph diagram

it lies on a bottom base of a coupon). From now on we will call the core of a band in a
ribbon graph its strand. The intersection of the bases of the band with its strand will be
called the bases of the strand.

We will be concerned with isotopy classes of (k, £)-ribbon graphs. Isotopy refers to
ambient isotopy in R? x I fixing R? x {0} and R? x {1}, preserving the orientation of
the graph surface, preserving the splitting in bands, annuli and coupons, and preserving
the orientations of the cores of the bands and annuli.

A ribbon graph in standard position (see [29, §2.1]) has its coupons lying in the strip
R x {0} x (0, 1) with the white sides up and with the top base of each coupon lying above
its bottom base. Furthermore, the surface normal of a ribbon graph in standard position is
required to take values in the half-space R x R_o x R (i.e., the white side is tilted towards
the reader). The projections onto R x {0} x I along the y-axis of the cores of its bands
and annuli are only allowed to have transversal double crossings at interior points of the
projected cores, and are only allowed to have a finite number of local maxima and local
minima. The resulting diagrams, enriched with the over-and undercrossing information
at the double crossings, are called ribbon graph diagrams. Note that an extremal base
of a subdiagram of a ribbon graph diagram is a top (respectively bottom) extremal base
if and only if it is a local maximum (respectively local minimum) of its strand.

In the (k, £)-ribbon graph diagrams, the k bottom extremal bases will lie on R x {0} x
{0} (the “floor”), while the £ top extremal bases lie on R x {0} x {1} (the “ceiling”). We
omit the floor and the ceiling when drawing the ribbon graph diagrams, if no confusion
can arise. Figure 1 is an example of a (3, 2)-ribbon graph diagram with one coupon.

The projections of the (k, £)-ribbon tangles are called (k, £)-ribbon tangle diagrams.
Isotopy of (k, £)-ribbon tangles can then be described in terms of the associated ribbon
graph diagrams by planar isotopies and a number of elementary local moves, see Rel;—
Reljgin [26, §5] for the complete list. It includes the framed Reidemeister moves depicted
in Figs.2, 3 and 4.

In order to describe the isotopy of ribbon graphs in terms of the associated ribbon
graph diagrams, one needs to add three elementary moves between the coupons and the
projected cores of the bands and the annuli, see Rel;j—Rel;3 in [26, §5].

2.2. Ribbon-braid graphs and ribbon-braid graph diagrams. A (k, £)-ribbon-braid graph
is a (k, £)-ribbon graph L without annuli such that:
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Fig. 4. Reidemeister I’

(1) Each band of L has a top base and a bottom base. The orientation of the strands is
from the top base towards the bottom base.

(2) L is isotopic to a ribbon graph whose strands intersect the plane R? x {z} in at most
one point for all z € 1.

Note that (k, £)-ribbon-braid graphs without coupons only exist when k = ¢, in which
case we call them k-ribbon-braids.

We say that a ribbon-braid graph L is in standard position if L is in standard position

as aribbon graph and if each strand in the associated ribbon graph diagram moves down
besides a finite number of the full twists depicted in Fig. 5.
The ribbon graph diagram of a ribbon-braid graph in standard position is called a ribbon-
braid graph diagram. Note that in the realm of ribbon-braid graph diagrams, a full twist
should be viewed as a single elementary diagram, which does not dissect into the smaller
elementary diagrams for ribbon graph diagrams (the crossing, cup and cap).

If the ribbon-braid graph L admits a ribbon-braid graph diagram without full twists,
then we call L a braid graph, and its associated diagram a braid graph diagram.
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Fig. 5. Full twists
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Fig. 6. Moving diagrams through full twists

For ribbon-braid graphs the orientations of the strands are determined by the under-
lying unoriented ribbon-braid graph, so they might as well be ignored. However, since
we will regularly consider ribbon-braid subgraphs of ribbon graphs, and at some point
rotate the diagrams by 90 degrees, we will keep adding the orientation of the strands to
the diagrams for the convenience of the reader.

Isotopies between braid graphs are described in terms of the associated ribbon-braid
graph diagrams by the elementary moves Rels—Rel7 and Rel;;—Rel;, from [26, §5]. The
relations Rels—Rel;7 in [26, §5] are the second and third Reidemeister moves (see Figs. 2
and 3), which describe the elementary moves between the strands in the braid graph
diagram. Relj;—Reljs from [26, §5] describe the elementary moves between coupons
and strands.

The description of the isotopies between ribbon-braid graphs in terms of the ribbon-
braid graph diagrams involve the additional non-elementary move describing how a
ribbon-braid graph diagram L can be transported through full twists, which is depicted
in Fig. 6,
as well as the elementary move that full twists may be pulled over and under a crossing,
see Fig. 7 for examples.

2.3. Strictifications. A monoidal category D = (D, ®, 1, a, £, r) is said to be strict if
the associator a and unit constraints £, r are trivial. D-coloring ribbon(-braid) graphs
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Fig. 7. Moving full twists through crossings

requires the strictification of D, which is a tensor equivalence assigning to D a strict
monoidal category D" (cf. [25] and [21, §XL5]).

The objects of DS are the tuples (Vi, ..., Vi) of objects V; € D for some k € Z,.
By convention, there is a unique object of length zero, which we denote by . The
morphisms of D! with source S = (V1, ..., Vi) and target T = (W, ..., W) are

HomDm(S, T):= HomD(V1 QW3- )N, Wi(W(W®--- )))(2.1)

with composition and identity inherited from D. When k = 0 respectively £ = 0, the
source respectively target in the right-hand side of (2.1) should be read as 1.

The category D" is a strict monoidal category (DS, X, ) with unit object ¢ and
tensor product X defined on objects by

Vi, o VORI (W, o, W) = (Ve e, Vi, WL, W),

On morphisms the tensor product X is defined by taking the tensor product of the asso-
ciated morphisms in D, (pre)composed with an appropriate composition of associators
in order to place the brackets in the right order.

The functor f%r : DS — D, defined on objects S = (Vi, ..., V) by

FRES)=Vi®@ (Ve (Vs ), Fyw =1
and on morphisms A € Homps« (S, T') by
FH(A) = A,
where A is now viewed as morphism in Homp (f%r(S ), }'%r(T)), defines an equivalence
of monoidal categories.* A quasi-inverse of F3 is given by the functor G5§ : D — D"
mapping V € D to the object (V) € D™ of length 1 and mapping A € Homp(V, W)

to A, considered as element of Hompsi ((V'), (W)). From now on we omit the sublabels
D in F%r and g;g if no confusion can arise.

We have F*% o G = idp and
J :idpsw —> G o P
with J = (Js)gepsr consisting of functorial isomorphisms
Js € Hompsu (S, (F*(S))) 2.2)
representing id zr (g). Note that for S, 7 € D™ and A € Homps: (S, T) we have
JroAoJgt = (G o FN)(A) (2.3)

as morphisms in Homps: ((F37(S)), (F*"(T))). We call the Js the fusion morphisms
of D.

4 Note, however, that unless D is a strict monoidal category, the monoidal functor U is not strict.
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Remark 2.1. The fusion morphisms Jg satisfy the 2-cocycle property
](fStr(S))&T o (JS X ld]‘) = JS&T = Jsg(]:str(T)) o (lds X JT) (24)

for S, T € D®". Here we have suppressed the G*"-images of associators which map the
left-hand side of the formula to Hompst (S XT,(FYSKX T))).

If the order in which to consider k-fold tensor products of objects Vi, ..., Vy in Disclear
from the context, then we will leave out the brackets and denote the resulting object by
the standard multi-tensor product notation V| ® - - - ® V. For our purposes, the preferred
order will always be from right to left, i.e. as prescribed by the definition of the functor
F In case D is a module category, we use the same convention for pure tensors in
FU((V, o V).

A left duality for the monoidal category D extends to a left duality for DS, The left
dual (8%, e¥", (§") of an object S € D" is defined by

V)* = Q, (V],.,Vk)* = (Vk*,...,Vl*),
with evaluation morphism e‘(“t‘ﬁl v € Hompsu (V, ..., V[, Vi, ..., Vi), @) repre-
sented by the morphism
ey, (ide* Qey,_, ®idy,) - - (idvk*®...®vz* R ey, Qidy,g..9v;) 2.5)

inHomp(V ®---® V" ® V1 ® - -- ® Vi, 1) and the injection morphism

str

l(vl """" Vi) S HOmDslr(Q), (V], ey Vk, Vk*’ ey Vl*))
represented by the morphism
(dvi@--vi_ @ty ®idyy g..gvy) - (dy; @ Ly, @ idys)ty, (2.6)

in Homp(1, Vi ® --- @ Vi ® V' ® --- ® V["). For the object of length zero we set
e;" :=idg and (" := idg. A similar remark applies to right duality.
A commutativity constraint ¢ = (cv,w)y,wep for the monoidal category D also
extends to D', The associated commutativity constraint ¢** = (cfgth) s.Tepst of DS
str

consists of the morphisms c¢s'; € Homp (S X 7', T' X S) representing

ces), ey € Homp (F(S) @ FU(T), FU(T) @ FU(S))

up to an appropriate (pre)composition with associators to place the brackets in the right
order. If the braided monoidal category D has a twist 8 = (fy)ye<p, then the strict
braided monoidal category D*" has a unique twist 6% = (0§")gepse such that the
automorphism 65" € Endps:(S) is represented by Oz (s) € Endp(F*(S)) for all
S e D,

In what follows, we will denote an element (V) of length 1 in D" simply by V if no
confusion can arise.
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Fig. 8. A colored ribbon-braid graph diagram

Wh

2.4. Graphical calculus for D-colored ribbon-braid graphs. Assume that D is a mo-
noidal category. A D-colored (k, £)-ribbon-braid graph is a (k, £)-ribbon-braid graph
with its bands colored by objects from D and its coupons colored by appropriate mor-
phisms from D%, For a given coupon, we require the following compatibility be-
tween its color and the colors of the bases of the strands on the coupon (we use the
convention that the bases of a band inherit the color of its band). If the coupon has
k bases of bands lying on its bottom base, colored by Vi, ..., Vi in counterclock-
wise order, and £ bases of bands lying on its top base, colored by Wy, ..., Wy in
clockwise order, then an admissible coloring of the coupon is a choice of a mor-
phism A € Homps((Vi,..., Vi), (Wi, ..., Wp)). For coupons with no bands at-
tached to the bottom base (respectively top base) the labeling is by morphisms from
Hompsir (@, Wi,..., W[)) (respectively Hompstr ((Vl, s Vi), @)). The coupons with-
out any bands attached are labeled by morphisms from the commutative ring Endpsi (9).

D-colored ribbon-braid graph diagrams are defined in a similar manner. An example is
giveninFig. 8. Its couponis colored by amorphism A € HomDstr((W[, W), (V3, Vi, Va4,
Ve)).

I)sotopies between D-colored ribbon-braid graphs are ribbon-braid graph isotopies
preserving the colors of the bands and coupons. The description of isotopies of ribbon-
braid graphs in terms of the associated ribbon-braid graph diagrams (see Sect. 2.2)
extends to D-colored ribbon-braid graphs in the obvious manner.

We define the category Bp of D-colored ribbon-braid graphs as follows. The class
of objects of Bp is the class of objects of D%, For objects § = (Vi,..., V) and
T = (Wq,..., W) in Bp, the class of morphisms Homg, (S, T') consist of the iso-
topy classes of D-colored (k, £)-ribbon-braid graphs with the bottom extremal bases
colored counterclockwise by Vi, ..., Vi and the top extremal bases colored clockwise
by Wi, ..., We. The isotopy class of the D-colored ribbon-braid graph shown in Fig. 8
thus represents a morphism (V2, Wa, Vs, Wy) — (Vq, Va, V3, V4, Vs, Vi) in Bp.

Composition is defined by vertical stacking of the D-colored ribbon-braid graphs.

The identity morphism id,, BD is the empty graph, while iy Bp ) for k > 1 is the D-
colored (k, k)-ribbon- brald graph with k parallel vertical bands colored from left to right
by Vi,..., Vk.
__ The category Bp is a strict monoidal category with unit object ¥ and tensor product
Xp,, defined on objects by concatenation of the tuples of objects from D", and on
morphisms by placing the ribbon-braid graphs next to each other. We will omit the
sublabel and simply write X if no confusion arise. Note that the tensor products X and
X are identical on the objects of Bp.
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Vi Vi Wi

Fig. 9. ciD with S = (Vy,..., V) and T = (W), ..., Wp).

Vltp Vklté)‘/kt

vy v:] Vi

Fig. 10. 67 with S = (Vi,..., Vi)

Bp is braided with commutativity constraint cBp = (CIE?%)S,TEIBD given by Fig.9.

If one of the two objects (or both) is ¥, then the commutativity constraint is the
identity morphism. Note that the functoriality of ¢®? is immediate for morphisms in
Bp without coupons. For morphisms involving coupons it is a consequence of the two
elementary moves involving coupons (Relj;—Relj> in [26, §5]). The definition of cBo
automatically guarantees that the hexagon identities are satisfied.

Finally, the strict braided monoidal category Bp has a twist 08P = (Q;ED)SQBD with

the functorial isomorphisms QISBD : § —> S defined by QMB D= ing and Fig. 10. Note
the distinction between the notations 6 for the twist in the category Bp and ¢ for the
ribbon element in /1) defined in Sect. 1.5.

Functoriality is immediate by Fig. 6. The identity

Bp _ pBpghBpy Bp Bp
GSQT_(GS X0, )CT sCs.T

follows from a straightforward computation in Bp.

Theorem 2.2 . For any braided monoidal category D = (D, ®, 1,a,4,r, c,0) with
twist, there exists a unique strict braided tensor functor

A Bp > DV
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wy o Win
Wiy ... YW

A | wl\{/ 4/11’,,, W,’\{/ 4/11/',’, wa\{/ 4/ 4/ :
2 [ e o e o (N T Y

U ... Uy

Fig. 11. Dot-equalities involving coupons

satisfying the following properties:
(1) For an object S in Bp, ]-'%r(S) = S, with S now viewed as object in D",

(2) ]—‘g maps Q?D 10 03" for all S € Bp.
(3) }'g maps a D-colored coupon to its color.

The fact that ]—'%r is a strict braided tensor functor in particular implies that
]:br ( c ) _ cstr
s, T S, T

for all objects S, T € Bp.

The proof of Theorem 2.2 follows [26]: if the functor is well defined then it is clearly
unique. In order to show that it is well defined one has to prove that it is constant on
Reidemeister equivalence classes and respects the elementary moves involving coupons
and the full twist, which is not difficult.

If D is braided monoidal with twist and L, L’ are two (isotopy classes of) D-colored
ribbon-braid graphs in Bp, then we write

L=1L

if f%r (L) = .7-'% (L). Dot-equality allows to “melt” coupons in the way as described in
Fig. 11.

Furthermore, any D-colored ribbon-braid graph is dot-equal to a coupon. We also
write f = L for amorphism f in D" and a D-colored ribbon-braid graph L if Ly = L,
with L ¢ the coupon colored by f.

An example of an identity between morphisms in D" obtained from graphical iden-
tities in the category Bp is the Yang-Baxter identity for the commutativity constraint
c,

(idy» ® cy,y)(cy,y» @ idy/)(idy ® cy’ y»)
= (cyr,y» ®idy)(Ady’ ® cy y»)(cy,yr @ idy»).

It is the }'%r -image of the Reidemeister move identity in Bp for three bands labeled by
V, V' and V" respectively, viewed as identity in D (cf. Figs.2 and 9).

In Sect.3 we apply the graphical calculus of ribbon-braid graphs to the braided
monoidal module category M with twist defined in Sect. 1.3, which contains category
O of Uy (9).

Remark 2.3. In an analogous manner one can define for a braided monoidal category
(D, ®,1,a,¢,r,c) the strict braided monoidal category Bp of D-colored braid graphs
and show that there exists a unique strict braided tensor functor ‘7:1) Bp — D

mapping S € Bp to S, viewed as object in D%, and a D-colored coupon to its color. If
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vV, +1) v, -1

Vv v v |4

(V,+1) V,-1)

Fig. 12. Rules for base-colorings of colored bands

D has a twist, then there exists a natural faithful strict tensor functor Z : Bp — Bp
such that the graphical calculi match:

Fbr — fgoIbr.

2.5. The Reshetikhin—Turaev functor. For aribbon category D, the Reshetikhin—Turaev
functor from [26] provides an extension of }"Zb)r to a strict braided tensor functor from
the category of D-colored ribbon graphs to D', We will recall its definition in this
subsection.

We start with a monoidal category D = (D, ®, 1, a, £, r) with left duality. A D-
colored ribbon graph is aribbon graph with the bands and annuli colored by objects from
D and coupons colored by appropriate morphisms from D%, Before we can describe
the admissible colors of the coupons, we need to explain how the coloring of a band
within a ribbon graph determines a coloring of its two bases by pairs (V,€) (V € D,
€ € {£1}). V is simply the color assigned to the band, and € € {£1} is determined by
the rule that if the base is a bottom (respectively top) base, then ¢ = +1 if and only if
the orientation of the core of the band is directed towards (respectively away from) the
base. This rule is depicted by Fig. 12, where we have added the horizontal line in order
to indicate whether the base is a top or a bottom base.

Note that with this rule, the orientation and the color of a band in a D-colored ribbon
graph can be uniquely recovered from the pairs of colors of its bases (recall here that the
unoriented ribbon graph already determines whether a base of a band is a bottom base
or a top base). Furthermore, the two bases of a band have the same sign if and only if
one base is a top base and the other a bottom base.

If a coupon in a ribbon graph with D-colored bands and annuli has k bases of bands
lying on its bottom base, with colors (V1, 81), ..., (Vk, 8k) enumerated in counterclock-
wise order, and £ bases of bands lying on its top base, with colors (W1, €1), ..., (We, €)
enumerated in clockwise order, then we require that the coupon is colored by a morphism

A € Hompse (V' ..., VIO, (WS, ..., WeY)

where V*! := V and V™! := V* for V e D. Isotopies of D-colored ribbon graphs are
isotopies of ribbon graphs preserving the colors of the bands, annuli and coupons.

In the same way we can now introduce (isotopies of) D-colored ribbon graph di-
agrams. The description of isotopies of ribbon graphs in terms of their diagrams ex-
tends in the obvious way to D-colored ribbon graphs. The pictures of D-colored ribbon
graphs that we will present, will always be pictures of the associated D-colored rib-
bon graph diagrams. An example of a D-colored ribbon graph diagram, obtained by
D-coloring the (3, 2)-ribbon graph diagram of Fig. 1, is given in Fig. 13. In this diagram
A € Homps: ((V1, V5, (Wi, W5, W5)).
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Vi W

Fig. 13. A colored ribbon graph diagram

The category Ribp of D-colored ribbon graphs is now defined as follows. The objects
are ¥ and k-tuples ((V1, 81), ..., (Vk, 8k)) of pairs (V;, §;) consisting of objects V; € D
and signs §; € {%1}. We call such a k-tuple an object of length k, and we view
as the single object of length 0. For objects S = ((V1,681), ..., (Vk,8)) and T =
(W1, €1), ..., (W, €p)) of length k € Z-g and £ € Z- respectively, the class of
morphisms Homgjp, (S, T) consists of the isotopy classes of D-colored ribbon graphs
with bottom extremal bases colored counterclockwise by (V1, 81), ..., (Vi, &) and top
extremal bases colored clockwise by (Wy, €1), ..., (Wy, €¢). Fork = 0 or £ = 0 one
should replace S respectively T by @ and construct the corresponding class of morphisms
in analogy to Sect. 2.4. For example, the source of the D-colored (3, 2)-ribbon graph in
Fig. 13 is the tuple ((V1, +1), (W2, +1), (V2, —1)) and its target is (W7, +1), (W3, —1)).

Composition is defined by vertically stacking the D-colored ribbon graphs. Note that
this is well defined since attaching a bottom extremal base of a band with color (V, §) to
a top extremal base of a band with the same color (V, §) is guaranteeing compatibility
of the color of the bands and of the orientation of their strands. The identity morphism
id((vy,81),....(Vi.,8,)) 18 represented by k parallel vertical bands with the k bottom extremal
bases colored counterclockwise by (V1, 81), ..., (Vi, &) (as aresult, the k top extremal
bases are colored clockwise by (V1, 81), . . ., (Vk, k) and the orientation of the i th gtrand
is from top to bottom if and only if §; = +1).

The category Ribp is a strict monoidal category with unit object ¥ and tensor prod-
uct XRjp,, defined on objects by concatenation of the tuples of pairs (V, §), and on
morphisms by placing the D-colored ribbon graphs next to each other. We will sim-
ply write X if no confusion can arise. Ribp is braided with commutativity constraint
RPD = (¢§P) s rerivp given by Fig. 14.

Note here that the color and the orientation of the bands, as well as the pairs of colors
of the top extremal bases, are completely determined by the pairs of colors of the bottom
extremal bases. In fact, the pair attached to the top extremal base of a band is the same
as the pair at its bottom extremal base.

Ribp l;ib'p)

The monoidal category Ribp admits a left duality. The left dual (S*, eg L
to an object § € Ribp is defined by

=0, (V1,80 ..., Vi, 8)* = ((Vie, =8k, - .., (Vi, =81)),

R

with the morphisms el;ibD and ¢ SibD defined by Fig. 15.
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N

(V1,01)  (Vi,0r) (Wi,e1) (Wi, ep)

Fig. 14. LS D with § = ((V1,81), ..., Vi, k) and T = (Wq, €1), ..., (We, €p))

(V1,61) (Vi 6k)

(V1,01)  (Vi,0k)

Ribp

Fig. 15. €8 " and (§°P for § = (V1 81), ..., (Vi 8¢))

As before, the color and the orientation of the bands, as well as the pairs of colors
of the extremal bases which are uncolored in Fig. 15, are determined by the pairs of
colors of the extremal bases that are colored in Fig. 15. Note that the pair attached to an
uncolored base in Fig. 15 now has opposite sign compared to the base on the opposite
side of its band.

If a morphism S — T in Ribp is represented by a D-colored ribbon tangle diagram
L, then its dual is the D-colored ribbon tangle diagram obtained from L by rotating it
by 180 degrees while preserving the orientations and the colors of its strands and annuli.
This has the effect that top (respectively bottom) bases in L become bottom (respectively
top) bases in the rotated diagram. Furthermore, the sign is flipped in the pairs of colors
assigned to the bases of the bands. This simple description of the dual of a morphism
does not work for morphisms in Ribp involving coupons, due to the rule that the bottom
base of a coupon in a D-colored ribbon graph diagram should always be below its top
base.

It is clear from the previous paragraph that (S*)* = S for all § € Ribp, and

Ribp _ RlbD Ribp\* __ Ribp Ribp\* __  Ribp

(ST) = Cgx 1% (es77) =157, (ts7P) =ege ™.
The bralded monoidal category Ribp with left duality is a ribbon category with twist
gRibD — ( )SERIbD the collection of functorial isomorphisms BRIbD DS = S,

defined for ob]ec_ts of length > 0 by Fig. 16.
Furthermore, 0X°P := idg. Indeed, functoriality is immediate for morphisms repre-
sentable by D-colored ribbon tangle diagrams. For morphisms involving coupons this

is a consequence of the three elementary moves involving coupons, see Relj;—Rel;j3 in
[26, §5]. The two identities

Ribp _ ,Ribp pRibpy Ribp RlbD Ribp Ribp
eng_(e &97— ) TS ST ’ (95 ) 9

follow from a straightforward computation in Ribp.



149 Page 28 of 56 H. De Clercq, N. Reshetikhin, J. Stokman

(V1,61)  (Vie, 0k)

Fig. 16. 05" for § = ((Vi,81), ..., (Vi &)

Theorem 2.4. [Reshetikhin—Turaev [26]] For any ribbon category D, there exists a
unique strict braided tensor functor

FR i Ribp — D

satisfying the following properties:

(1) FRY((V1,80), -, (Vi 80)) = (V3 , v,
(2) For objects S = ((V1, +1), ..., (Vk, +1)) € Ribp only involving (+1)-signs,
RT , Ribpy __str RT , Ribpy __ str RT pRibp\ __ pstr
Fp (eg ") = e]—'%T(S)’ Fp g 7)) = L]__%T(S), Fp 05 7)) = Of%T(S).(2.7)

(3) F%T maps a D-colored coupon to its color.

The fact that ]-"%T is a strict braided tensor functor in particular implies that

PR (esr”) = C:S;%T(S),]-'%T(T)
for all objects S, T € Ribp.

Recall that a ribbon category D is automatically rigid (see Sect. 1.2). The right dual
of D provides a right dual (§*, 25", T§") for each § € D", with evaluation morphism
e : X §* — ( and injection morphism 75" : f — $* X S obtained recursively from
the evaluation morphisms ey : V® V* — 1 and injection morphismsTy : 1 — V*QV
for V e D (cf. Sect. 2.3). A straightforward computation in Ribp together with (2.5)
implies that

RT . Ribp _ ~str RT , Ribp _~str
ID Cwe—1)..i—) T €vivr ID -y = v v (248

The images under ]—'%T of elshbp and LlshbD can now easily be computed for any object
S € Ribp using (2.7) and (2.8) (note for instance that in Ribp the evaluation and
injection morphisms colored by objects of length k can be written as compositions of
elementary D-ribbon tangles involving evaluation and injection morphisms colored by
objects of length 1).

Note that ]—'%T(L*) = ]—'%T(L)* if L € Homgip, (S, T') has source and target con-
taining only (+1)-signs. In particular,

FRIOL D)) = 635", 2.9)
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(V1,61) (Vi) (We, —er) (Wi, —ex)  (Vi,01)  (Vi,0k) (We,—er) (Wi, —e1)

Fig. 17. A € Hompser (((V1, 81), .. -, Vi, 81)), (W, €1), .. ., (We, €0)))

lev | lev] v v vy Yv
2 1 o 1S

Fig. 18. The D-colored ribbon-braid graph diagrams representing C-colored local maxima and minima

Then f%T(Q?ibD) can be computed for any object S using (2.7), (2.9) and the compati-
bility of the twist with the tensor product.
The following result is now immediate.

Proposition 2.5. Let D be a ribbon category. There exists a unique strict braided tensor
functor Ip : Bp — Ribp satisfying

(1) Ip((Vi, ..., Vi) = ((V1,+1), ..., (Vi, +1)),

(2) For S, T € Bp and L € Homp,, (S, T) we set Zp(L) to be L, viewed as morphism
in Homgib, (Xp(S), Ip(T)) (in other words, the D-colored ribbon-braid graph di-
agram representing L is viewed as D-colored ribbon graph diagram in such a way
that the extremal bases all have (+1)-signs).

The functor Lp is faithful and compatible with the two “graphical calculus” functors
}'%T and f%r, in the sense that

Fp = Fp' o Ip.

If D is aribbon category and L, L’ are two (isotopy classes of) D-colored ribbon graphs
in Ribp, then we write L = L' if FR' (L) = FR'(L). This is compatible with the
dot-equality we defined earlier for D-colored ribbon-braid graphs.

So besides the possibility to “melt” coupons (cf. Fig. 11) and viewing D-colored
ribbon graphs as coupons, one can now also move coupons through local maxima and
minima at the cost of changing its color by its dual, see Fig. 17 for one of the cases.

2.6. Colored ribbon graph subdiagrams in Bp. Consider the set-up with D a braided
monoidal category with twist, and C a full braided monoidal subcategory of D admitting
a compatible left duality, turning it into a ribbon category. Examples relevant for this
paper are (C, D) = (Mgq, M) and (C, D) = (Mg, Madm)- In this case we will draw
D-colored ribbon-braid graph diagrams containing C-colored ribbon graph diagrams,
and interpret them as D-colored ribbon-braid graph diagrams by the following local
rules:

(1) A strand colored by V € C and oriented upwards (i.e., the bottom and top base are
colored by (V, —1)), stands for the strand colored by V* and oriented downwards.
(2) The C-colored ribbon graph diagrams e?&t”f]), e?&%’fl), l}({‘l/t,)f_]) and [}(2‘1/1?51) stand for

the D-colored ribbon-braid graph diagrams depicted in Fig. 18.
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N

(V;9)

Fig. 19. C-colored overcrossing

N

M
(V,9)

Fig. 20. C-colored undercrossing

Ly

Fig. 21. The D-colored ribbon-braid graph diagram representing the C-colored twist

(3) A C-colored coupon ((Vy, 81), ..., (Vk, 8k)) = (W1, €1), ..., (W, €)) colored by
the morphism A € Homcsu((V]‘s‘, e V,f"), Wi, ..., W;‘Z)) stands for the coupon

$
VIV = (WO WEY

colored by A, now viewed as morphism in D5,

These rules provide an interpretation of any D-colored ribbon-braid graph diagram L
with C-colored ribbon graph subdiagrams as a D-colored ribbon-braid graph diagram.
For instance, the crossings depicted in Figs. 19 and 20 for M € D,V € C and § € {£1}

slabf/l Ilt;b‘% respectively, while Ggibfl) stands for the D-colored ribbon-

braid graph diagram given in Fig.21.

Applying an isotopy (of colored ribbon graph diagrams) to a C-colored ribbon graph
subdiagram of a ribbon-braid graph diagram L results in a D-colored ribbon-braid graph
diagram L’, which may not be isotopic to L as D-colored ribbon-braid graph diagram,
but still satisfies

stand for ¢ and ¢

L=1L".

Note that isotopies of D-colored ribbon-braid graph diagrams with entangled C-colored
ribbon graph diagrams include the moves of pulling coupons, local maxima and local
minima in C-colored strands through mixed crossings, like in Fig.22 (which should be
read as equality in Bp).

It is an instructive exercise to check these identities in Bp. For Fig. 22 for instance, this
amounts to expressing the diagram in the left-hand side as a D-colored ribbon-braid
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) \/(V«,é) (V;9) \/ (V,=9)

Fig. 22. Moving a local maximum through a mixed crossing

Va

Fig. 23. Zip coupon

graph diagram using the rules (1)—(3), then applying the second Reidemeister move (cf.
Fig. 3) to the two parallel strands colored by M and V ~?, then pulling the strand colored
by M over the coupon colored by the evaluation morphism, and finally rewriting it again
as D-colored ribbon-braid graph diagram with a C-colored ribbon graph subdiagram.

2.7. Fusion morphisms. Let D be a braided monoidal category with twist.

For § = (Vi,...,Vx) € D we introduce Fig.23 (respectively Fig.24) for the
coupon J%D (respectively ]I]ED) in Bp colored by the fusion morphism
Js € Hompsu (S, FSU(S)) (respectively J g 1). In other words, in their graphical no-
tation we shrink the coupon to a vertex. The incoming directions of the strands at the
vertex determine how their bases are connected to the bases of the coupon. The ribbon-
braid graph diagram J]ED zips k vertical parallel strands labeled by V1, ..., Vi to asingle
strand labeled by V] ® - - - ® Vi. The 2-cocycle identity (2.4) shows that Fig. 23 is dot-
equal to zipping the k parallel strands labeled by Vi, ..., Vi step by step, irrespective
of the order in which the neighboring strands are zipped. A similar remark can be made
about ]I]ED and unzipping. Note that

JIED o HIED = id(]_‘str(s)), HIED o JIED = ldS

The naturality of the braiding and the twist allows to move the zip and unzip diagrams
from Figs. 23 and 24 through a crossing and through a full twist in Bp. For instance, we

have the equalities in Bp depicted in Figs.25 and 26.

For S, T € D%, the elementary diagrams idI;BD, CJEDT and G;BD can be re-expressed

in the graphical calculus as diagrams labeled by objects of length one by means of the
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Fig. 24. Unzip coupon

Wy

Fig. 25. Moving the unzip diagram through crossings

1{ klt@kt

Fig. 26. Moving the unzip diagram through full twists

following dot-equalities:
. Bp . B . B B
ldSD = ]ISD old]__%r(s) OJSD’
B . Bp S B B Bp 7B
cs’t = (Ir"WIs7) o ey aery © Ts™ R8I, (2.10)

Bp . 1Bp Bp Bp
07 =1 oef%r(s)oqﬂs.
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Fig. 28. Zipping strands at coupons

i Vi

]:str (S)

Fig. 29. Figure 26 represented as colored ribbon graph diagram

The second identity in (2.10) is depicted in Fig.27, the others have similar graphical
presentations.

Now let § = (Vi,...,Ve), T = (Wi, ..., Wy) € DM and A € Hompw (S, T).
Zipping the parallel strands at the top and bottom base of the coupon labeled by A is
dot-equal to the coupon labeled by (G o F*%)(A) by (2.3), as depicted in Fig. 28.

Suppose now that D is a ribbon category, and consider the above identities in
Bp as identities in Ribp via the functor Zp. Then the D-colored ribbon-braid graph
diagram in the left-hand side of Fig.26 can alternatively be represented by the D-
colored ribbon graph diagram depicted in Fig. 29, viewed as morphism (F(S), +1) —
((V1,+1), ..., (Vg,+1)) in Ribp.
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Vk e 2 Vl

Fig. 30. Zip coupon with opposite orientation

Fig. 31. Unzip coupon with opposite orientation

Let S = (Vi,..., Vx) € D, Besides the coupons

ib B
Tty Vst = IDTSD) (Vi +1), . (Vi +1) = (FY(S), +1)
and I{VP, ) ) = Ip(IgP) in Ribp, still depicted by Figs.23 and 24, we have

two additional zipping and unzipping coupons

TP byt (Vi =) (Vi = 1) = (F5(8), =),

T 1y vty | FES), =) = (Vi =), ..., (Vi, =1)),

in Ribp, where the coupon is colored by the appropriate morphism in D" represented
by the D-morphism idZ) As before, we shrink these coupons to a single vertex

Vk*®...®vl*'
and depict them by Figs. 30 and 31 respectively.
Note that
Ribp . /7Ribp *
H((V1,+l) ,,,,, Ve, +1)) — (J((Vk,—l) ----- (Vl,—l))) ’
Ribp - (yRibp *
LVe-1)revio=1) = TV a1y i)

which lead to dot-equalities allowing to (un)zip local maxima and minima in D-colored
ribbon graph diagrams. For instance, as a special case of the dot-equality depicted in
Fig. 17, we then have Fig. 32.

2.8. Bundling of strands. Let D be a braided monoidal category with twist. In the pre-
vious subsection we showed how the coupons colored by fusion morphisms can be used
to zip k parallel strands colored by objects V1, ..., Vi in Bp into a single strand colored
by their tensor product Vi ® - - - ® Vi € D. It will also be convenient to use a graphical
notation for the k parallel strands colored by Vi, ..., Vi as a single bundle of strands
colored by the k-tuple (V1, ..., Vi) € DY,
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]:str(s)

Fig. 32. Moving the zip coupon through a local maximum

The formal construction and justification of this concept make use of the strict braided
monoidal category Bps: with colors from the strictified braided monoidal category D,
Its objects are @ and k-tuples (Si, ..., Sk) of objects S; € D, while the morphisms
are isotopy classes of D*'-colored ribbon-braid graphs. Consider the functor

VD N BD — B'Dslr
defined on objects by
Vp (@) := 0, Vo((Vi, ..., Vi) = ((V1), ..., (Vk)),

and on morphisms by mapping a D-colored ribbon-braid graph diagram L to the DS"-
colored ribbon-braid graph diagram obtained from L by replacing for each strand its
color V. € D by (V) € D, Clearly Vp is a strict braided, twist preserving, tensor
functor and an embedding of categories. We will identify objects and morphisms in Bp
with their Vp-images in Bpst.

Consider the strict braided, twist preserving tensor functor

FY = i 0 Fiyae : Bpuwr — DV,

It implements the graphical calculus for the braided monoidal category D with twist
in terms of D*"-colored ribbon-braid graphs, and it is compatible with the graphical
calculus introduced in Sect. 2.4, in the sense that

Fi =F%oVp.

We can thus view morphisms in Bp as morphisms in Bps« represented by DS -colored
ribbon-braid graph diagrams with all its strands colored by objects in D% of length 1,
and extend the notion of dot-equality to D*"-colored ribbon-braid graph diagrams L, L’
by declaring L = L' if and only if f%r(L) = fg(L/).

Let S = (Vi,...,Vy)and T = (Wy, ..., W) be two objects in D", and denote by
(S) and (T) the corresponding objects in Bpsr of length 1. The elementary morphisms

. B Nig B Nig E str . .
id 57;" S Cs) ET) and 65 " are thus represented by the D"-colored ribbon-braid graph

diagrams depicted in Figs. 33, 34 and 35 respectively.

In the graphical calculus for D these elementary morphisms in Bpse are dot-equal
to the identity, crossing and twist morphisms in Bp relative to two bundles of strands
colored by Vi, ..., Vy and Wy, ..., W, respectively, i.e.

. Bpstr .. Bpstr _Bp . BpS S 4BD

1d(S) = ldVD(S) = 1dS = 1dVl X... ﬁldvk ,

BDstr - ]Bsttr _ E’D

C$).1) = Vp($).Vvp(1) = 8.7 @11

BDstr - BDslr _ ]BD
9(5) _QVD(S)_QS ’
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S+

Fig. 33. DS"-colored strand

AN
AN

Fig. 34. DS"-colored crossing

ts
Fig. 35. DS"-colored full twist

iy Ve - W Vi

Fig. 36. Bundling colored strands

This can be proven using (2.10), with the role of D replaced by its strictified category
DY, For instance, the first equality in (2.10) then implies

BDstr ° idBDStr ° I[]BDSII' -dBDStr _ idB'DSlr

]Bpslr . Bp BDstr _ _
J oidg” ol = Jvps 2 1dyps) © Iupes) = 1 vhR.B1)) ()

N Vp(S)

as morphism in Bpse, and hence we obtain the first line of (2.11), which is graphically
represented by Fig. 36.

Finally note that, since D is strict, a D*"-colored ribbon-braid graph diagram L
is dot-equal to the diagram obtained from L by removing strands colored by #. The
following proposition formalizes the procedure of interpreting a Df-colored ribbon
graph diagram as a D-colored ribbon graph diagram with its strands replaced by bundles
of strands.

Proposition 2.6. There exists a unique strict braided, twist preserving, tensor functor

Z/{D : BDstr — IBD
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satisfying
Sty Sp) > ST X - XS, (Sj € D) (2.12)
for k > 0 and mapping a coupon (S, ..., Sx) — (T1, ..., Ty) in Bpse colored by
A€ Hom(psu)m((Sl, e S, (T, - .., Tg))

to the coupon S{ X --- K S — T1 X -.- KR Ty in Bp colored by A, now viewed as
morphism in Hompsu (S X -+ X Sg, Ty W - - - X Ty). Furthermore, Up o Vp = idp,,
and F¥ oUp = F2.

Proof. The assignment (2.12) means that one removes from the k-tuple (S1, ..., Sx)
of tuples S; € D" the {#’s and views the remaining sequence as an ordered tuple with
entries being objects from D (i.e., one forgets the partitioning of the total sequence in
sub-sequences). Note that in case all S; are equal to # € D, formula (2.12) assigns
the unit object @ € Bp to (Sy, ..., Sx). Furthermore, the fact that Up is a strict tensor
functor forces ¥ € Bpsr to be mapped to ¥ € Bp. Hence on objects, Up is uniquely
determined, and it respects the tensor products of objects.

If the strict braided, twist preserving, functor Up exists, then it is also clearly uniquely
determined on morphisms. Indeed, its action on coupons is already prescribed, and its
action on colored crossings and twists is determined by the requirement that /p preserves
the braiding and twist. In particular,

Up(id B*) =id5>,  Up(ely) = coh.  Up(O)™) =057 (2.13)
for §, T e D", Existence of Up now follows from the fact that these assignments on
morphisms respect the local moves capturing isotopies of colored ribbon-braid graph
diagrams. It is immediate that {/p o Vp = idp,,, while the fact that .7-"% oUp equals fg
on colored crossings and twists follows from (2.11) and (2.13) (the check that they are
equal on coupons is trivial). O

Remark 2.7. Note that Up is not a quasi-inverse of Vp. Indeed, consider the isomor-
phisms

Bpse =B str
va(‘sl)@ . @Hvz‘(sk) D (S, LS = Vpolp)(St, ..., Sk)
for (S1, ..., Sk) € Bps (S; € D). Then it follows from the definitions that a colored
ribbon-braid graph diagram L : (Sy, ..., Sx) — (T1, ..., Tx) only satisfies

BDslr ~ I~ BDsr _ ]Bstlr i~ ~ IBDSr
(HV’D(TI)IX o |X|HV’D(tTk)) oL=(polp)(L)o (HVD(SI)IX’ o IX]IVD(lSk))

if it doesn’t contain any coupons.

Assume now that D is aribbon category. The embedding Vp of Bp into Bps: generalizes
in the obvious manner to Ribp. It provides a strict ribbon functor Vp : Ribp — Ribpst
mapping ((V1, 1), - .., (Vk, &) to ((V1),61), ..., (Vk), 8k)). It is an embedding of
categories, and we identify objects and morphisms from Ribp with their Vp-images in
Ribpstr.

The strict ribbon functor Up also generalizes in the obvious manner to a strict ribbon
functor Up : Ribps: — Ribp. Note that it maps the object (S, §) of length 1 in Ribpse,
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with § = (Vq, ..., Vi) € D, to the object ((V1, 8), ..., (Vi, 8)) of length k in Ribp,
and Up o Vp = idRipp, - The strict tensor functor

f%T = %rsu o ngtr : Risttr — DStr
is the version of the Reshetikhin—Turaev functor from [29, Thm. 1.2.5]. Then
FR o Up = FRT, (2.14)

which now signifies that a strand in Ribpsr with one of its two bases colored by (S, §),
with S = (V1, ..., Vi), is dot-equal to the corresponding bundle of k parallel strands,
with the corresponding k bases colored by (V1, §), ..., (Vk, §). For instance, the evalua-
tion morphism e%lb@ and the injection morphism t%‘bD for S = ((Vy, +1), ..., (Vi, +1))

. Rib st Rib s
(see Fig. 15) are dot-equal to ¢ lfl)l and L(Sl,}_’])l )

The proof of (2.14) now uses the four zip and unzip morphisms

Ribystr

J((l(v?)[’_,_l)’_._,((Vk)’_,_l)) : (((Vl)» +1)’ s ((Vk)7 +l)) g (Sv +1)’
Rib str

J(((‘Z),—l),..-,((Vl),—l)) : (((Vk)v _l)’ RN ((V1)7 _1)) g (S» _1)7
Ribystr

LYWty & (S D) = (VD) +1), .., (Ve), +1),

Risttr

Ty 1o ((V—1y (s =1) = (Vi), =1, ..., (Vi), =1)

in Ribpst, cf. Sect. 2.7.

As a final step, the bundling of strands can be performed in the mixed graphical calcu-
lus associated to a braided monoidal category D with twist and a full ribbon subcategory
C (see Sect. 2.6). The reason why this works boils down to the fact that the bundling
procedures for Ribe and Bp, as discussed in this subsection, are compatible with the
canonical embeddings C < D and C*% <« DS of categories. We leave the details
to the reader. The mixed graphical calculus in this paper will only involve bundling of
C-colored strands.

3. ¢-KZ Equations for k-point Dynamical Fusion Operators

3.1. k-point quantum vertex operators and their graphical representation. In this sub-
section we introduce k-point quantum vertex operators, which are built from intertwiners
M, — M, ® V with A, u € h* and V e Myy. We first recall the parametrization of
such spaces of intertwiners, following [16,17].

Let AV be the symmetric monoidal category of h*-graded vector spaces. The tensor
product of two h*-graded vector spaces M = @Meh* M[u]land N = Gauef)* Nlu]is

M®N =P M e NIul, (M ® N[l := ) Ml —vli® Nlvl.
uebh* veh*

The unit object of N is taken to be C = C[0]. The commutativity constraint is
(P N) M, NeN - Let Nagm be the full subcategory of h*-graded vector spaces with finite-
dimensional graded components, and let Vg be the full subcategory of finite-dimensional
h*-graded vector spaces. Both Nygm and Njg are symmetric monoidal subcategories of
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N. In fact, Niq is a symmetric tensor category, with as evaluation and injection mor-
phisms the standard ones from the symmetric tensor category of finite-dimensional
vector spaces. We will come back to this point in Sect. 3.2.

One can think of A as the symmetric monoidal category of semisimple h-modules
by viewing a semisimple h-module M as the h*-graded space with graded components

Mlul:=meM |h-m=puh)m Vhebh}.
This viewpoint provides a forgetful functor
Figto M - NV

mapping M € M to its underlying h*-graded vector space M := P uehr Mu] viewed
as semisimple h-module. F& maps the morphism ¢ € Homy, (M, N) to ¢ viewed as

morphism M — N of h*-graded vector spaces. The functor F'™ restricts to functors

Madm = Nadm and Mg — Njq. Note that F€t is a strict tensor functor, but it does

not respect the braiding (see Sect. 3.3 for a further discussion of the properties of F''2t),
Fix A € h* and V € Myy. Consider the h*-graded vector space

Inty v := @ Homy, (M., M), ® V).
neh*

So the graded component Inty_y[n] is the morphism space Hoqu My, M), ® V) in
the representation category Myam. We call M;, M, _, the auxiliary spaces and V the
spin space of ¢ € Int;_y[u].

Definition 3.1. The morphism
(v :Inhy -V
of h*-graded vector spaces defined by
(@M pen)ry =Y m}_, ®idv) (@™ (m;))
Heh*
is called the expectation value map of weight A relative to V.
For V, W € Mjq and A € Homy, (V, W) define the morphism ASPIn ¢ HomN(Int;hv,
Int;\,w) by

ASpin((¢(M))/LEb*) = ((idM;ﬁH & A)(p(u))ueh*'

Then (-),,v is functorial in V € My, in the sense that

(AP, w = A((#)av) 3.1)

for A € Homy, (V, W) and ¢ € Int; v.
We recall the following well-known fact (see e.g. [12,16] for further details).

Proposition 3.2. For L € h;keg and V. € Myq the expectation value map (), v :
Inty v — V is an isomorphism of b*-graded vector spaces. In particular, Homy, (M,
M;—, ® V) = {0} unless u € wts(V) C A, and Int, v € Niq.



149 Page 40 of 56 H. De Clercq, N. Reshetikhin, J. Stokman

Let A € b, and V € M;zq. We denote the inverse of the isomorphism (-), v by

reg

V — Int, v, v @) (3.2)

Ifv = (U(“))uEh* is the decomposition of v € V in h*-graded components, then
¢y = (¢)If(m)u€b* with qb;f(m € Int, v [u] the unique U -intertwiner M; — M;_, ® V
satisfying

v (my) =my_, ® v + Lo,

Here lower order terms refers to terms in €9
order on h*. Then (3.1) implies that

v<hep M, _,[v]® V with < the dominance

ASpin(]j;f — ¢f(v) (33)

for A € Homy, (V, W) andv € V.

We now consider the case that V = F*(S) with § = (V1, ..., Vx) € M. In this

case the above considerations provide for A € h;‘eg a multilinear map

V] X ++0 X Vk —> Int)hj.‘slr(s), (U], P 'Uk) = ¢;1®m®vk

which descends to an isomorphism

fStr(S) ;> Il’lt)\’]:str(s)

of h*-graded vector spaces. Composition of intertwiners provides an alternative way of
parametrizing Int, zsw(g)y. The key construction from [17] is as follows.

Corollary 3.3. Let A € bi, and S = (V1,..., Vi) € MY, There exists a unique
multilinear map

Vl X oo X Vk — Int)h]_‘str(s), (Ul’ R Uk) — ¢;L)| ..... Vg (34)
such that for weight vectors vy € Vg[ve), the k-point quantum vertex operator ¢, €
Int; 7w 5)[X,vel is defined by

(p)ljl ..... Yk . (¢;} ® idV2®"-®Vk) . (¢;/]z:i ® lde)d);j:’ (35)

with g :=Aand hj =X —vj —---— v for0 < j <k

For § = (V1,..., Vi) € My letus write S := (Vi, ..., Vi) € N Note that the
multilinear map (3.4) descends to a morphism

fStr(§) — Int)»’fslr(s), V1 ®: QU = ¢;1’m’vk (36)

of finite-dimensional h*-graded vector spaces.
Consider the endomorphism jg(A) of F3(S), defined by

JsM@I ® -+ @ vg) 1= (B, )5 ) (3.7

(we set jy(A) := idy). Note that jiy)(A) = idy for all V € My, and we have the
identity

Uls-ees Vk _ ¢1S(A)(Ul®"'®vk) (38)
expressing a k-point quantum vertex operator as a 1-point quantum vertex operator. We

call js(&) the k-point dynamical fusion operator of weight X relative to S.
The following result can be derived from [16, §2.5].
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Proposition 3.4. Let 1. € b, and let S = (Vy, ..., Vi) € MY be an object of length

reg

k > 0. Then js(A) € Endpr(F*U(S)) is an automorphism.

We will now introduce lifts of the k-point quantum vertex operator (]5;51 """ Y (see (3.5))
to M and of the k-point dynamical fusion operator js(A) to N|". The choice of
lift determines how ¢;‘ """ % and jg(1) will be interpreted as coupons in the graphical
calculus.

For § € M{{ and A € h*, consider the h*-graded vector space

Int, s := P Hom ys0 (M, My R 5).
ueb*

Then Int s — Int, 7 (s), with the isomorphism mapping ® = (CID(“)),Leh* to

(fj\[/r[(q)(m))ueh*~
For A € bl S = (Vi,..., Vi) € M and v € Vy (1 < £ < k) we write

@, % € Inty g for the pre-image of ¢} € Int; zw (s, under this isomorphism.

Note that for weight vectors vy € V;[v,], the morphisms

Gt i @) Bl ) @) Dol (9

and they span Int; s by Proposition 3.2, Proposition 3.4 and (3.8). We also refer to
@' as k-point quantum vertex operators of weight 1.
For A € b}, and S = (Vi, ..., Vi) € M}y, let us denote by

reg
Js(1) € Hompze (S, FHU(S))

the isomorphism representing js(A) € Endp(F3(S)), which we will also refer to as
the k-point dynamical fusion operator of weight A relative to S. We also view Jg (1) as
amap Vi X - X Vi > V] ® - - ® Vi, defined by

JsMD @1, w) = s 01 © - @ wp). (3.10)
The strictified version of the identity (3.8) then becomes the identity
J;pin(q)K1 ,,,,, Uk) _ q)Zs(k)(vl ,,,,, k) 3.11)

in Hom s (My, My _y, v, B F¥7(S)).

Formula (3.11) generalizes as follows. Let A € h;"eg, S=Wi,..., V) € M and
k > 0. Consider the decomposition

SZSIIX"'&SZ, S] = (ij,1+ls ij,1+2a~~-vvmj)
in M with 0 =mo <my < --- <mg =k. Then
(Js; B+ B Js )P0 (@)1 = @)t

with wj := Js(h — V41 — =+ = V) WUn_y415 - - - Um) € FHI(S)).
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A
Fig. 37. M) -colored strand

Vi
+
+ A
0

Fig. 38. ®-colored coupon

LetA e b’ and S = (V,..., Vi) € /\/lf;g. From (3.5) and (3.8) it follows that

reg
Is) = Ty, Fu (v, vy W (dyy B v, vy (W),
Ts() = Jpseqy,

where Jiy,, .. v, (A —hy) € Hompsse (§, (]—'S“(h, e Vs, ﬁ)) is representing the

endomorphism jy, .. v, ;)(* — hy) € Endpr(F*(S)) defined by
JVi iy =) (W1 @ ... Q@ ) = jivy,..viep (A — V) (M1 ® ... @ Vp—1) ® g

forve € Vo (1 < £ < k) and vg € Vi[vi] (cf. e.g. [17, (2.11)]). It follows from (3.12)
that the k-point dynamical fusion operator can be written as composition of 2-point
dynamical fusion operators. Combining both formulas in (3.12) for k£ = 3 leads to the
2-cocycle condition for the 2-point dynamical fusion operator,

Jvi, vaevs) M) (Ady, B v, v3) (1) = Jvievs, vs) M) J vy, vy) (A — h3),

reflecting the fact that the order in which the neighboring CDK’I in (3.9) are fused pairwise,
is irrelevant.

Dynamical 2-point fusion operators were introduced and studied in e.g. [1,16]. They
arise as the action of a universal fusion element in a suitable completion of U f’z. The
latter fact follows from a linear equation for the 2-point dynamical fusion operator which
is due to Arnaudon, Buffenoir, Ragoucy and Roche [1]. We re-derive it graphically in
Sect. 3.3.

We will now introduce in B 4 graphical notations for coupons colored by quantum
vertex operators. Since ribbon-braid graph diagrams involving quantum vertex operators
tend to become quite long in the vertical direction, we will rotate them counterclockwise
over 90 degrees. Vertical strands pointing downwards thus become horizontal strands
oriented from left to right.

In the graphical notations for quantum vertex operators, the coupon colored with the
0-point quantum vertex operator id s, ) € Inty g will be denoted by Fig.37. This leads to
Fig.38 as the coupon in B o4 colored by ® € Inty s[A — u] = HomM;gm(MA, M, KS)

(3.12)

.....

with § = (V1, ..., Vk) € M;Y, while the coupon in B (s colored by ® is depicted by
Fig. 39.

For a 1-point quantum vertex operator ¢} € Hom M (M;,, M,, ¥ V) with expec-
tation value v € V[A — 1] we denote the coupon colored by @} as in Fig. 40.

By (3.9) the coupon in B 5 colored by the k-point quantum vertex operator CID;}Ll
(ve € Vy[ve]) equals the ribbon-braid graph diagram depicted by Fig.41.
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S
+
— {0}

Fig. 39. ®-colored coupon in B 5 sstr

|4
_—

1 A

(@)

Fig. 40. @} -colored coupon

Vie

Va

i
_

Ao A1 A2 Ak—1 A=A

Fig. 41. <I>;il """ Yk _colored coupon
o
S D
q()\+;t+2p,)\—u)q) - 9\/%—# ?\
>/ /

1

Fig. 42. Resolving full twists in the Verma strands

3.2. The topological operator q-KZ equations. The topological operator ¢g-KZ equa-
tions are consistency equations for k-point quantum vertex operators, which we derive
using the graphical calculus for the strict braided monoidal category M (Theorem
2.2).

Proposition 3.5. For any S € M, A, 1 € b, and ® € Hom e (Mj, My, B S) we
have the dot-equality depicted in Fig. 42.

Proof. Recall the twist (937) pyrepr of M, defined in terms of the ribbon element ¢ of
U, (see Sect. 1.5). By Propositions 1.9 and 1.11 we have
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o =

P
+
=

Fig. 43. Moving the twist through &

S
g2 = :_ 1) ezlﬁ
< 5 1

By Fig. 6, the right-hand side, viewed as element in B 5 ¢sw, equals

S

NS Y 1

v

The statement now follows from the identity in B 5 ¢s- depicted by Fig. 43, which follows
from the elementary move of pushing the coupon colored by ® over the S-colored strand.
O

As a corollary we have for k = 1 the following topological analog of the operator g-KZ
equation from [19, Thm. 5.1]. Recall the partial quantum trace defined in Definition
1.13.

Corollary 3.6. (Topological operator q-KZ equation) Let ) € bfeg, V e Mg and
v € V[v]. Then

M;,.VOM, _,

(2(A+p)—v,V>¢;L’ =cv.m;_, qT1y, ((idv ® ¢;\))CMA,V)

q

in HOqu (M)», M)Lfv &® V)

The following proposition will be instrumental in deriving the topological operator g-KZ
equations for arbitrary k-point quantum vertex operators.

Proposition 3.7. For 1; € by, Si € MY and ®; € Hom s (M), My, ®S;), let
us write S := S1 X §> X S3 and set

O =(P| X idszg&)(@z X idg,)®3 € HomMih'm(M)‘3’ M;, X S). (3.13)

Then we have the dot-equality depicted in Fig. 44.

Proof. Assume first that all objects S; are of length > 0. By the definition of @, it
suffices to show the dot-equality depicted in Fig. 45.
By (3.13) and Proposition 3.5 the left-hand side of Fig.45 is dot-equal to
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S

Ss
S S3
So Sy
gMthet2e =) =
>
S1 Ao A3
o So Az

Fig. 44. Resolving full twists in the Verma strands of ®

Sa

Sa

>

Sy

gMthet2p o= ) =

Ao So A3

Fig. 45. Making @ explicit in Fig. 44

S3

SN BT N\

Ao M o As

By the second Reidemeister move (see Fig. 3) on the strands colored by S> and S3, this
equals

S3
A
52 E 52
d
51 @ /ﬁl_ 2 /\2 53 @
s ¥ / 3
Ao M Ao A3

in B 5sw. Pulling the cups and caps colored by S, through the crossing, this equals
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S, S
s
A FA+2p, A= A1) [ —1 : R
gt 2 1>(1dMA0 X Csy 5, Nidg, ) = P
- >
52 Xo s
Ao So A3

Fig. 46. Composing the identity in Fig. 44 with cgzl s

Sy

: /\q) S‘g / \<_>
8 GRS s

G ]2 (O

o At So A2 A3

in B psw. Finally, upon pulling the coupons colored by ®; and $3 underneath respec-
tively over the Sp-colored strand, this equals the right-hand side of Fig.45 in B s.
When S; = @ and/or S3 = @ and S is of length > 0, the proposition follows from a
straightforward adjustment of the above proof. Finally, when S, = @ the proposition is
trivial. O

Now let us precompose the identity in Proposition 3.7 with cg; 5, - On the right-hand
side of Fig. 44, this amounts to pulling the S>-colored strand over the § 1-colored strand
on the far left side of the diagram. This leads to the dot-equality depicted in Fig. 46. We
will now use this identity as the starting point for deriving the topological operator g-KZ
equations for quantum vertex operators. We formulate and prove these as identities in
o > to emphasize their topological nature.
From now on we omit identity morphisms in tensor products of morphisms if it does

not cause confusion. For S, T € M;gm and V € Mgq we write

qrey” Hom s (SR V, TR V) — Hom,sr (S, T)
for the unique linear map that sends W € Hom Mt (SXV, T X V) to the morphism in
Hom/‘/l;‘;fjrm (S, T) representing qTrf,m(S)’FH(T)(\I/) € Homy, (F3U(S), FSU(T)).

Theorem 3.8. (Topological operator ¢g-KZ equations for quantum vertex operators)
Let ) € bloy, S=(V1,..., Vi) € M and v; € Vi[vi). Set hj =L —vjpg — -+ — 1
for 0 < j < k, with the convention that Ay = .

.....

the linear equations

hi+hi 1420 hi—hi) —1 1 Ul Uk
A ey v ey O

M. V;R®M; RSO
ZCVi,MAOqTrVi

| L (3.14)
(v, B eyl eyl @5 ew, v
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in Hom y s (My, My, ®ViRSD) fori =1,.... k where S == (Vi, ..., Vi1, Vi1,
1

..., Vi). Here C;i-,vl .. 'C\_/fl,VH (resp. C;kl,v,- cee C;illavi) should be read as the identity
wheni =1 (resp. i = k).
Proof. For fixed 1 <i < k we now apply Fig. 46 to the quantum vertex operators

O = @K:‘:I‘.,UFI c HomMzt({m(M;Li_l, My, Vi, ..., Vic1)),

D) = @K’l € Hom e (M, (M3, Vi), (3.15)

with the convention that ®; = idy, (resp. 3 = idy, ) when i = 1 (resp. i = k). The
corresponding decomposition § = §1 X S X S5 of S'is

Si=W . Vic), S=W0), S3=Vie, -, Vi)
with S| = @ (resp. S3 = ) wheni = 1 (resp. i = k). Note that the resulting morphism
& = (¢ Nidg,xs,) (P2 Midg;) P3
is the k-point quantum vertex operator @K"""”", in view of (3.9). Finally, the set of

shifted weights (Lo, A1, A2, A3) in Fig.46 is (A9, Aj—1, Ai, A). The right-hand side of
Fig. 46 then becomes the M>"-colored ribbon-braid graph diagram depicted by

Vi

UL

and Fig. 46 then reduces to the identity

(Ai+Ai—142p A —Ai—1) .—1 V1
q ViV P

MA’ViIZ’M)»OIX’S(i) . -1 Ul Vg
= CVi,MquTer. ((]dVi ‘X (C(Vi+1 ,,,,, Vk)aViq>)\ ))CM*’V')
in Hom y s (M, My, ® V; K S@). This implies (3.14) since
adm
CV (V1. Vic) = €V, Vi €V, Viea 7 CV, Vs CVittsn Vi), Vi = CVia,ViCVia, Vi * " OV,

by the hexagon identities (1.5). O

The equations (3.14) are called the topological operator q-KZ equations for k-point
quantum vertex operators. Operator g-KZ equations were derived algebraically in [19,
Thm. 5.2] in the context of g-analogs of WZW conformal blocks. The semiclassical
limit of Theorem 3.8 is discussed in [27, Cor. 6.2] and [28, §2.1].
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S T

Fig. 47. Coupon in B 5rsw colored by Pg 1

3.3. The topological q-KZ equations for the k-point dynamical fusion operator. Tak-
ing the highest weight to highest weight component in the topological operator g-KZ
equations (3.14) leads to topological g-KZ equations for the k-point dynamical fu-
sion operator. We derive these using the graphical calculus for the symmetric monoidal
category N of h*-graded vector spaces and its symmetric tensor subcategory Nfg of
finite-dimensional h*-graded vector spaces.

Recall that the braiding (P, n) p. nen” Of the symmetric monoidal category N con-
sists of the flip operators Py, v € Hompr (M @ N, N ® M). The braiding (Ps, 1) s repnse
of the symmetric monoidal category A" thus consists of the isomorphisms Ps 7 €
Homp/se (S X T, T X S) representing the flip operators Pfj\‘}(S), Ty We will depict
the coupon in B arse colored by the braiding Ps r by Fig. 47.

.. B B . . .
Note that it is dot-equal to both ¢ %" and (c;”5™") !, since N*V is symmetric.

The dual V* of V € My is the linear dual of V, with p-graded component V*[u]
the linear functionals on V vanishing at V[v] (v # —pu). The evaluation and injection
morphisms ey : V¥® V — Cand iy : C — V ® V* of N are the standard ones, see
(1.23) and (1.24). The forgetful functor F fret . Afpq — Niq thus preserves left duality.

The twist 6 = (Ov)yen;, of Niq is trivial: Oy = idy for all V € Njq. As a conse-

quence, for an fsd“-colored ribbon tangle graph D, the associated morphism fjlf/Tm (D)
fd

only depends on the isotopy class of D as NVji"-colored tangle graph. The evaluation and
injection morphisms associated to the right duality of the ribbon category Ny are

ey VRV > C:o® f > f(v)
TV:(C—>V*®V:1»—>ZU*®U, (3.16)

UEBV

where By is a basis for V and {v* | v € By} is the corresponding dual basis of V*.
The strict tensor functor Fet : MST — AU satisfies

F(cg 7)) = Ps7Rsr € Hompyae (SR T, T K S), (3.17)
where R 7 € Endsse (S X T') is the morphism representing

FIE (R s (s), (1)) € Endpr (F(S) @ F(D)).
For the twist (s) ge Aqst of M5 (see Corollary 1.10), we have

Flet(9g) = g,
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R
sV Vr

Fig. 48. Fe(cg 1)

2p

L)

Fig. 49. Ffrety)

Fig. 50. 78 @)

where ¥ € End prsu(S) is the endomorphism representing F fret (9 e (sy) €End s (F(8)).
The restriction of F1™ to MY preserves left duality, while for S € M;T we have by
(1.25),

Fr @) =2s((¢*)s Ridgr),  F'@) = (idg+ K (g >")s)Ts,

where ¢g and Ty are the opposite evaluation and injection morphisms of V" and the
endomorphism (g** )s € End s (8) is representing the action of g+ on F*U(S)
(which clearly preserves the h*-grading).

It follows that in the graphical calculus for A, the morphisms ffrgt(cS,T) (S, T e
M) in NS are dot-equal to Fig. 48, where we have omitted the sublabels of R 7 in
the coloring of the coupon, as well as the underlining in the colors of the strands.
Similarly, for S € M3 the morphisms F18 (&) and F1™8'(Ts) in NS are dot-equal to
Figs. 49 and 50 respectively.

To incorporate the evaluation map into the graphical calculus, we introduce the fol-
lowing notations. Let M € N. Recall the 1-dimensional U,(b)-module C, = Cl,,
which we now view as h*-graded vector space with only one nontrivial graded compo-
nent C, [v], of degree v € h*. A homogeneous vector m € M[v] defines a morphism

ay, € Hompr (C,, M), oy (1)) :=m.
For M € N and f € M[v]* let

By € Homp (M, C,)
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e

Fig. 51. o)

Fig. 52. f;

Fig. 54. By

be the unique morphism satisfying 8¢ (m) = f(m)1, form € M[v].Notethat B |y, =
0 for u # v, and we set M*[—v] := {Bf} remv). The restricted dual of M € N is
defined to be

M° = @ M*[ul e N.

uebh*

This is to be compared with the construction of the restricted dual for U,-modules
discussed in Sect. 1.6.

In the A -graphical calculus, boundary right (resp. left)spin coupons in N -colored
ribbon-braid graphs are coupons colored by morphisms «, (resp. B) for M € Niq,
appearing respectively on the far left— and far right-hand side of the diagram. We depict
the boundary spin coupons by omitting the strand colored by the 1-dimensional h*-
graded vector space C,, replacing the rectangle by a circle, and denoting the color of
the coupon by the associated homogeneous vector m (resp. f), see Figs.51 and 52.
Recall the notation m,, for the highest weight vector of the Verma module M, defined
in Sect. 1.3, and mj for its unique dual vector (see Sect. 1.6). We denote the boundary
right and left coupons colored by oy, and ﬂm;, where m; and mj are now viewed as
homogeneous vectors in M, € N and My € N respectively, as in Figs.53 and 54.

Definition 3.9. For any X, u € h;“eg and S € /\/l‘t?g, we define the map
(> : HomMng(MA, Mﬂ X S) — Homebsr(C;\, (CM |X|§)
by
(®) := (Bms Hidg) 0 P 0 orm,

This is consistent with the definition of the expectation value as given in Definition 3.1.
Indeed, using the natural identification

Hompr(C;, C, ® F(S)) =~ Hompr (Co—yy, FP(S))
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S
> ) o
o—> A
o
Fig. 55. (®)
s s § . 8
R = -
—>— =0 —>>—70
A A A

Fig. 56. Leading component of R

s s . S ~ S
R21 - 1947
o> o
A A A

Fig. 57. Leading component of R2!

the morphism underlying (®) € Homesd[r (Cy,C, K S)isay € Hompr(Crpy, FU(S))

with the vector m € F(S)[A — ] equal to the expectation value of the U,-linear
intertwiner representing ® € Hom M (M;., M, X §). Note that the coupon in B prsr

colored by the morphism (®) € Hom st (C;, C,, ) S) is dot-equal to the N*-colored
ribbon-braid graph diagram depicted in Fig. 55, where we use the convention to denote
the color S of the spin-strand by S, if no confusion can arise.

Lemma 3.10. For any A € hfeg and S € MY, one has the dot-equalities in B s
represented by Figs. 56 and 57, where R*' stands for the endomorphism (R?") M;,S in
Endpse (M), X S) representing the b-linear endomorphism (R*h) M. }-su(is) of
M, ® FU(S).

Proof. The dot-equalities in Figs. 56 and 57 are implied by the identities

Rty Fse(s) (@m;, @ idpsi(s) = om; ® 75y (@),
(Bm: ® idpse(s) (R*)ag, 7o) = By ® Tmses) (),

which follow from the expressions (1.10) and (1.15) for R, together with the fact that
RpeUTBIQU[-Bl(BeQNandRog=1Q L. O

We are now in the position to derive the topological g-KZ equations for the dynamical
fusion operator Jg (1) from Sect. 3.1 using the A"*"-graphical calculus and the topological
operator g-KZ equations for k-point quantum vertex operators from Theorem 3.8.

The starting point is the following identity, obtained by applying the expectation
value map () : HomM:tdrm (M, My, K S) — Hom/v—fsdtr (Cy;, Cyy ®S) from Definition
3.9 to the identity in Proposition 3.7.

Proposition 3.11. For ; € by, Si € MY and @; € Hom yqse (M, M, X S;), let
us write S := 81 X S, X S3 and set

® = (@) Widg,ms,) (P2 Wids,) D3 € Hom pgse (Myz, My, K S).
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Then we have
q<}\.]+}t2+2p,}t2—)\.l)<¢> — (Rzl)ﬂ’&(qko+A3+2p)&(R2l)£& <CD>, (318)
viewed as identity in HomNFA" (Cys, Cyy ®S).

Proof. From Proposition 3.7 we get

q(A1+)\2+2/),A2—A1) <q)> -

o S, s

Upon applying Lemma 3.10, the right-hand side is dot-equal to the A/ -colored ribbon-
braid graph diagram

So
2p
a 21\—1
S3 (R )
S3
S5 Sy 52
S1 A .
o ) ot i o
Ao S I_I Az

In B prse one can now pull the strand colored by S» through the red strand and through
several of the occurring coupons, leading to dot-equality with the A"-colored ribbon-
braid graph diagram

Here we have used the fact that modulo dot-equality, the coupon depicted by a solid
crossing can be replaced by either an over-crossing or an under-crossing in A/, such that
the strand labeled by S> can really be thought of as a contractable loop. Recalling that

the twist is trivial in the category fsdtr , one can eliminate the closed loop colored by

Str

S up to dot-equality. After simplifying the graphics in NVg" by removing any double
crossings, we obtain dot-equality with the diagram
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This diagram is mapped to the right-hand side of (3.18) by FP which completes the
proof. O

We now use (3.18) to derive asymptotic g-KZ equations for the highest weight to highest
weight components of k-point quantum vertex operators.

For . € h* and M € Mygn, let (qze(k))ﬂ € Endar(M) be the map acting as
q<2(“p)_“’“>idM[M] on M[u]. Informally, 6 (1) is the element A+p — % Yo xi2 e U(h).
This is not be confused with the notation ? for the ribbon element defined in Sect. 1.5.
Recall also the notation « for the element in 2/ that relates the R-matrix to the quasi
R-matrix (see Definition 1.6).

Proposition 3.12. Let 1 € b}, and S = (Vi,...,Vk) € M. Fix weight vectors

reg
v; € Vi[vi] and set Aj := . — viz1 — -+ — v for 0 <i<k, Wlth the convention that

Ak = A
The highest weight to highest weight component

(CDKI ’’’’ Uk) € HOm‘/\/‘fs(}r ((C)w CA*ZE Ve X §)

of the k-point quantum vertex operator ;""" € Hom e (M., My, v, B S) sat-
aam
isfies the operator q-KZ equations

Aithi_1+20,hi—Ai_ Ul seees Vk
q(l i—1FT2P, A i 1><q))L )

_ (3.19)
= Ry Ry AR, - R (@)
fori=1,...,k where Af(k) € Endesdtr (S) is defined by
AS) =ty eyt L @ P vyt (3.20)

Here we have simplified the notation by omitting the underlining of sublabels in the

formulas.

Proof. We apply (3.18) to the three quantum vertex operators @ := @vl """ Uy =
@) and ®3 = ;""" (compare with the proof of Theorem 3.8). Then S =

(Vl,..., Vi), S = (V), S35 = (Vizt, ..., Vi) and & = CDK‘ """ Y. The weights
(Ao, A1, A2, A3) in (3.18) become (Ag, Aj—1, Aj, A).
With these choices, equation (3.18) reduces to

q<)\i+)»,',1+2p,)x,‘—)x,’,1)(@Kl qqqqq Vk > (RZI)S v, (qZ(A+p) Zlé W)V (R2 )V Sg< Ul ,,,,, Uk>

in Homes&r ((C)H (CAO X §)

Note that the endomorphisms (qw‘“’)_Zi Y¢)y, and A;S (L) of F5U(S) act in the
same way on F*"(S)[Y_, v¢]. Furthermore, the image of ((DK‘ """ %) lies in C;, ®
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FU(S[Y, vel and (Rzl)(,il’ s, preserves Cy, ® F*(S)[3-, vel, so we conclude that the

operator (qz(“")_ZlZ Y¢)y; in the right-hand side of (3.21) may be replaced by Ais(k).
We thus have

q<)ui+)ni_1+2p,)n,‘f)»,'_|><<D;il vvvvv Uk) — (RZI)SI,VI'A?()\)(RZI)%{‘%<(DK]7".’Uk>

in Hom /s (C,, Cyy, X S). The result now follows, since we have

RMYs,vi = Ry v - RMvvi,

(3.22)
R*Yv,.55 = Ry, vy - Ry, v,

in End e (S) by (3.17) and the hexagon identities. |

We now translate the equations (3.19) to topological g-KZ type equations for the
dynamical k-point fusion operators.

Theorem 3.13. (Topological g-KZ equations for dynamical k-point fusion operators)
Let A € b;“eg and S = (Vi, ..., Vi) € M. Fori =1, ..., k we have

J_s(2»)(6129(”)V,-'<\7fv,»+1 o "‘\Z?vk

- o (3.23)
=R v Ry v AT OORPHY - (RPDY, Ts()

as identity in Hompsse (S, FU(S)), with Af (A) and the R-matrices in the right-hand
side of (3.23) viewed as endomorphisms of F>(S).

Proof. Fix weight vectors v; € V;[v;] fori =1, ..., k. By definition of the dynamical
fusion operator jg(A) (see (3.7)), we conclude from (3.19) that

q(2(1+,0*11i+1*"'*Vk)*viyvi)js()\)(vl ®- - @)
=Ry Ry v AR, R s @ - @ w)

as identity in F®(S). The left-hand side can be rewritten in terms of operators that do
not depend on the weights v;:

2

> Vil

q(2()»+p—vz'+1—---—\)k)—vz'J}i)vl ® U = (q29()~))vi,(‘7i .. ~/<‘7kav1 ® - Q v

As a result we obtain

JsO@P Py, gy

_ _ ) (3.24)
= R v Ry AR, - R, isO)

as identity in Endas(F(S)). This immediately implies the desired result. O

As a special case we obtain the following equations for the dynamical 2-point fusion
operator, the first of which (equation (3.25)) is originally due to Arnaudon, Buffenoir,
Ragoucy and Roche [1] (see also [16]).
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Corollary 3.14. For any Vi, Vo, € Mg and A € bfeg, the dynamical 2-point fusion
operator jy, vy)(A) € Endpr (V1 ® Vo) satisfies

Jon v @ Py, = Ry, vk @ Py v ). (3.25)
as well as

D)y, 2Nyl RV, danm ). (3.26)

Jon, vy (M) (g K‘jf\,z = (q
Proof. Equation (3.25) is the case i = k = 2 of (3.23), while (3.26) is the case i = 1
and k = 2 of (3.23). |

Remark 3.15. By (3.12) and (3.22), equation (3.25) (resp. (3.26)) for the dynamical 2-
point fusion operator implies the topological g-KZ equation (3.23) for i = k (resp.
i = 1) and arbitrary k > 2.

The topological ¢g-KZ equations (3.23) for k > 2 and 1 < i < k are a direct
consequence of the topological ¢g-KZ equation

) 20 )
Jvi v, v (M) (g (A))Vz"vz,w

2O ey RV o vavg (V)

= R*Yvi vy, @
for dynamical 3-point fusion operators (which corresponds to the case k =3 andi =2
of equation (3.23)).

Conclusion

In this paper we have laid the foundations of graphical calculus for ribbon categories and
braided monoidal categories with twist, by refining and generalizing the Reshetikhin—
Turaev functor. We have applied this graphical framework to categories of U,;-modules,
in order to obtain topological g-KZ equations satisfied by dynamical fusion operators.
In our upcoming paper [6], which will serve as a sequel to the present paper, we will
exploit the full potential of the graphical calculus, by introducing a rigorous process for
dynamicalization of morphisms in M3], and by deriving purely graphical proofs of the
dual g-KZB and dual Macdonald-Ruijsenaars equations satisfied by normalized traces
of k-point quantum vertex operators.
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