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Abstract: This paper is the first in a series on graphical calculus for quantum vertex
operators. We establish in great detail the foundations of graphical calculus for ribbon
categories and braided monoidal categories with twist. We illustrate the potential of this
approach by applying it to various categories of quantum group modules, in particular to
derive an extension of the linear operator equation for dynamical fusion operators, due
to Arnaudon, Buffenoir, Ragoucy and Roche, to a system of linear operator equations
of q-KZ type.

Contents

1. Quantum Groups and Their Representations . . . . . . . . . . . . . . . . 5
1.1 The quantized universal enveloping algebra Uq(g) . . . . . . . . . . . 5
1.2 Braided monoidal categories with twist and ribbon categories . . . . . 6
1.3 Categories of Uq(g)-modules . . . . . . . . . . . . . . . . . . . . . . 8
1.4 The universal R-matrix and braiding . . . . . . . . . . . . . . . . . . 9
1.5 The ribbon element and twisting in category M . . . . . . . . . . . . 13
1.6 Dual representations . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

2. Graphical Calculus . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
2.1 Ribbon graphs and ribbon graph diagrams . . . . . . . . . . . . . . . 16
2.2 Ribbon-braid graphs and ribbon-braid graph diagrams . . . . . . . . . 17
2.3 Strictifications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
2.4 Graphical calculus for D-colored ribbon-braid graphs . . . . . . . . . 22
2.5 The Reshetikhin—Turaev functor . . . . . . . . . . . . . . . . . . . . 25
2.6 Colored ribbon graph subdiagrams in BD . . . . . . . . . . . . . . . 29
2.7 Fusion morphisms . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31
2.8 Bundling of strands . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

3. q-KZ Equations for k-point Dynamical Fusion Operators . . . . . . . . . 38
3.1 k-point quantum vertex operators and their graphical representation . . 38

http://crossmark.crossref.org/dialog/?doi=10.1007/s00220-024-04984-x&domain=pdf
http://orcid.org/0000-0001-5222-3431


149 Page 2 of 56 H. De Clercq, N. Reshetikhin, J. Stokman

3.2 The topological operator q-KZ equations . . . . . . . . . . . . . . . . 43
3.3 The topological q-KZ equations for the k-point dynamical fusion operator 48

Introduction

Graphical calculus provides a diagrammatic framework for performing topological com-
putations with morphisms in monoidal categories. This amounts to a functorial identifica-
tion of such morphisms with oriented diagrams colored by the corresponding monoidal
category. Topological moves in the diagrams translate to algebraic relations between
the morphisms, thereby providing graphical insight into intricate algebraic identities.
The structure of the category determines the class of diagrams and their allowed local
graphical moves.

The goal of this paper is threefold. Firstly, we establish and fine-tune the foundations
of the existing graphical calculus for ribbon categories. In the literature, contradictory
conventions occur and the existing definitions often do not fully fit into the surrounding
categorical setup. It is our aim to describe in full detail and rigor the required concepts
and their functorial interpretations. To this end, we reconcile the original definition of the
Reshetikhin–Turaev functor [26] with its more commonly used definition from Turaev’s
book [29], which leads to a precise distinction between fusing and bundling of colored
parallel strands in diagrams. The subtle difference between the two definitions lies in
the fact that [26] takes as coloring category any ribbon category C, whereas [29] departs
from a strict ribbon category D. In case D is the strictification of C, the diagrammatic
category in [26] becomes a subcategory of the one in [29], and bundling of parallel
strands only makes sense in the category with colors from the strictification of C.

Secondly, we extend the graphical calculus to a class of categories with less structure,
namely braided monoidal categories D equipped with a twist automorphism. This gives
rise to an analog of the Reshetikhin–Turaev functor, allowing to perform diagrammatic
computations with morphisms in D involving D-colored ribbon-braid graph diagrams.
On the level of representations of a quantum group Uq(g), this allows to extend the
graphical calculus from the ribbon categoryMfd of finite-dimensionalUq(g)-modules to
the category, denoted by M, which we will introduce in Definition 1.3. The category M
is a braided monoidal category with twist, which encompasses the q-analog of the BGG
category O and in particular contains the Verma modules Mλ. We carefully establish the
braiding and twist for M. This requires the description of the universal R-matrix and
Drinfeld’s ribbon element, as well as their fundamental properties, within appropriate
completions of multi-tensor products of Uq(g). The category M is no longer a ribbon
category by the lack of duality.

Thirdly, we provide tools to perform graphical computations with a special class of
morphisms, called quantum vertex operators, in the module categoryM. These quantum
vertex operators are Uq(g)-intertwiners of the form φ : Mλ → Mμ ⊗ V , where the
auxiliary spaces Mλ, Mμ are irreducible Verma modules and the spin space V is finite-
dimensional. The terminology is motivated by the analogy with vertex operators in
Wess-Zumino-Witten (WZW) conformal field theory. In case V is itself a multifold
tensor product of finite-dimensional Uq(g)-modules V1, . . . , Vk , then we will refer to φ

as a k-point quantum vertex operator if it can be written as a composition of k individual
quantum vertex operators, with each of the Vi occurring once as the spin space.

A quantum vertex operator is uniquely labeled by its expectation value, which is a
weight vector in the spin space. We introduce the following natural graphical notation
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for the coupon colored by the quantum vertex operator φ : Mλ → Mμ ⊗ V , with
expectation value v ∈ V , in the diagrammatic category:

v
μ λ

V

Analogous graphical notations for k-point vertex operators will be given in Fig. 41. These
notations will prove particularly useful in the sequel [6] of this paper, when we extend
the graphical calculus to the parametrizing spaces of the quantum vertex operators.

Other important classes of quantum vertex operators are those with auxiliary spaces in
Mfd, which relate to multivariate orthogonal polynomials [11,23], and (quantum) vertex
operators with auxiliary spaces taken from the category of (quantum) Harish-Chandra
modules, cf. e.g. [27].

This novel framework of graphical calculus for quantum vertex operators promises
to be of great value for future research in representation theory of quantum groups and
its applications to quantum integrable systems and multivariate special functions. Its
power lies in the fact that it allows one to derive intricate algebraic relations between
morphisms in the considered categories in an insightful fashion, based on topological
considerations rather than tedious algebraic computations. This paper is the first in
a series aimed at demonstrating this potential, by providing purely graphical proofs
for algebraic identities. These include both known q-difference equations that were
obtained in previous literature through lengthy algebraic calculations [17], as well as
novel generalizations of such equations. This will be initiated in Sect. 3, where we
derive for each fixed generic highest weight the consistent system of quantum Knizhnik–
Zamolodchikov (q-KZ) type equations for dynamical fusion operators, which describe
the fusion of a k-point vertex operator. These equations are of crucial importance in the
sequel to this paper [6], where we revisit Etingof’s and Varchenko’s [17] normalized
generalized trace functions, which arise from the k-point quantum vertex operators upon
applying twisted cyclic boundary conditions. Concretely, we will give in [6] completely
transparent, graphical proofs of the dual Macdonald–Ruijsenaars (MR) and the dual
quantum Knizhnik–Zamolodchikov–Bernard (q-KZB) equations for generalized trace
functions, which were obtained in [17] through intricate algebraic derivations. This
approach will in fact give rise to novel, mutually commuting, dual MR type q-difference
operators, in addition to the ones obtained in [17]. This leads to a supplementary class of
eigenvalue equations for the generalized trace functions, one for each component of the
parametrizing spin space. This provides additional conserved quantities to the associated
quantum integrable system, thereby turning it into a quantum superintegrable system.
The latter can be regarded as a quantization of the classical superintegrable system on
moduli spaces of flat connections over surfaces, as constructed in [2] in the case where
the surface is a punctured torus.

Another important result of our upcoming paper [6] will be the introduction of a
dynamical twist functor. This tensor functor translates the action of a morphism in Mfd
on the spin space of a k-point quantum vertex operator to an action on its expectation
value, thereby allowing to assign to each morphism of Mfd a dynamical counterpart.
In particular, it maps R-matrices to the corresponding dynamical R-matrices from [14].
We will extend the graphical calculus in [6] by including graphical notations for the
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dynamical twist functor and the dynamical R-matrices, which will subsequently be used
in the derivation of the dual MR and q-KZB equations.

Classical KZB operators form a system of mutually commuting first order differential
operators for correlation functions of WZW conformal field theory on a torus [4,18].
They are expressed in terms of position variables on a torus and dynamical variables from
the regular part of G/AdG , with G the underlying Lie group. The space of dynamical
variables can be regarded as the base of a Lagrangian fibration of the moduli space of
flat connections on a torus. In case the torus degenerates to a cylinder, such that the
corresponding elliptic functions degenerate to trigonometric functions, the dynamical
variables remain in G/AdG , leading to trigonometric versions of KZB operators. Both
in the elliptic and the trigonometric case, the class of KZB operators has a natural
quantum analog, consisting of mutually commuting q-difference operators that relate to
the representation theory of the corresponding quantum affine algebra Uq (̂g).

Quantum KZ and quantum KZB equations are solved by matrix coefficients or twisted
traces of compositions of quantum vertex operators [17,19]. The derivation of the q-KZ
equations follows the following steps. First of all, one derives an operator-valued q-KZ
equation for a single quantum vertex operator using the quantum Casimir of the quantum
affine algebra [19, Theorem 5.1]. Subsequently, one obtains operator q-KZ equations for
compositions of quantum vertex operators [19, Theorem 5.2]. Finally, one resolves the
terms interacting with the outer auxiliary spaces by considering matrix coefficients or
taking a twisted trace, as in [19, Theorem 5.3] and [15]. The last step should be thought
of as imposing boundary conditions on the associated spin chain model. See [13], [27,
Section 6] and [28, Subsection 2.1] for this approach in the semiclassical limit with the
position variables sent to infinity. In this case one obtains topological KZB equations for
compositions of asymptotic vertex operators when twisted cyclic or reflecting boundary
conditions are imposed.

From this perspective, this paper deals with the quantum group version when high-
est weight to highest weight boundary conditions are imposed, in the limit where the
position variables are sent to infinity. As a result, the role of the quantum affine alge-
bra Uq (̂g) is taken over by Uq(g). We provide proofs entirely involving the graphical
calculi with colorings from the braided monoidal category M with twist, from the rib-
bon category Mfd and, after imposing the boundary conditions, from the symmetric
tensor category of finite-dimensional h∗-graded vector spaces. The outcome is a system
of linear equations for dynamical fusion operators, extending the Arnaudon-Buffenoir-
Ragoucy-Roche equation from [1,14], which may be viewed as the topological limit of
the q-KZB equations for the generalized trace functions from [17] when the geometric
parameters are sent to infinity deep in the positive Weyl chamber.

The outline of the paper is as follows. In Sect. 1 we first recall some preliminaries on
quantum groups, monoidal categories and categories of quantum group representations.
This is where we give precise definitions for the categories M and Mfd that are studied
throughout the paper. In Sects. 1.4 and 1.5 we will explain how topological extensions
of multifold tensor products of quantum groups can be constructed in such a way that
they allow to define a braiding and a twist on the category M. Duality in Mfd will
be touched upon in Sect. 1.6. Section 2 is dedicated to the foundations of the graphical
calculus. Sections 2.1 and 2.2 establish the definitions of the diagrams that will serve
as the building blocks for the respective graphical calculi. In Sect. 2.3 we recall how
one can assign to each monoidal category a strict monoidal category, and how the latter
inherits structure from the former. Sections 2.4 and 2.5 explain how to assign colors to the
diagrams in a functorial fashion, and contain the Reshetikhin–Turaev functor for ribbon
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categories in the sense of [26] and its analog for braided monoidal categories with twist.
It is explained how the two graphical calculi can be fit together in Sect. 2.6. Sections 2.7
and 2.8 are concerned with the relation between fusing and bundling of parallel strands.
Graphical notations for the quantum vertex operators will be introduced in Sect. 3.1.
Finally, we derive the topological q-KZ equations, first as operator equations for k-point
quantum vertex operators in Sect. 3.2 and subsequently as linear operator equations for
dynamical fusion operators in Sect. 3.3.

1. Quantum Groups and Their Representations

1.1. The quantized universal enveloping algebra Uq(g). Let g be a semisimple finite-
dimensional Lie algebra over C with Cartan matrix A = (ai j )i, j=1,...,r . The matrix A is
symmetrizable, i.e. there exists a diagonal matrix D = diag(di )i=1,...,r , with mutually
coprime and positive integer entries di , such that DA is a symmetric matrix. Let b be a
Borel subalgebra of g, and h a Cartan subalgebra contained in b. We write � = {αi :
i = 1, . . . , r} for the corresponding set of simple roots of the root system � ⊂ h∗ of g
relative to h, and �+ for the set of positive roots. We write Q = Z� for the root lattice,
� for the lattice of integral weights and �+ ⊂ � for the set of dominant integral weights.
Furthermore we set Q± = Z±�. Let {hi : i = 1, . . . , r} be the linearly independent
subset of h defined by α j (hi ) = ai j . Define a non-degenerate symmetric bilinear form
〈·, ·〉 on h∗ by 〈αi , α j 〉 := diai j . It satisfies 〈α, α〉 = 2 for all short roots α ∈ �. It is,
up to a constant multiple, the bilinear form on h∗ obtained by dualizing the restriction
of the Killing form of g to h × h. In particular it is the complex bilinear extension of a
scalar product on

⊕r
i=1 Rαi . Hence there exists a basis {xi : i = 1, . . . , r} of h such

that

〈μ, ν〉 =
r

∑

i=1

μ(xi )ν(xi )

for μ, ν ∈ h∗. In what follows we identify h∗ with h as linear spaces via the map
μ 	→ ∑r

i=1 μ(xi )xi . The isomorphism satisfies αi 	→ di hi for i = 1, . . . , r .
Fix τ ∈ C with Im(τ ) > 0. For c ∈ C and positive integers m ≥ k we write

[c]q := qc − q−c

q − q−1 , [m]q ! :=
m

∏


=1

[
]q ,
[

m
k

]

q
:= [m]q !

[k]q ![m − k]q ! ,

where qc := ecτ .
The quantized universal enveloping algebra or quantum group Uq := Uq(g) is the

unital associative C-algebra generated by the elements qh , with h ∈ h, together with Ei
and Fi , with i = 1, . . . , r , subject to the relations

q0 = 1, qhqh
′ = qh+h′

, qh Ei = qαi (h)Eiq
h, qh Fi = q−αi (h)Fiq

h,

[Ei , Fj ] = δi j
qdi hi − q−di hi

qdi − q−di
,

1−ai j
∑

k=0

(−1)k
[

1 − ai j
k

]

qdi
E

1−ai j−k
i E j E

k
i

=
1−ai j
∑

k=0

(−1)k
[

1 − ai j
k

]

qdi
F

1−ai j−k
i Fj F

k
i = 0 (1.1)
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for any h, h′ ∈ h and i, j = 1, . . . , r .
Uq is a Hopf algebra with comultiplication �, counit ε and antipode S determined

by the relations

�(Ei ) = Ei ⊗ qdi hi + 1 ⊗ Ei , �(Fi ) = Fi ⊗ 1 + q−di hi ⊗ Fi , �(qh) = qh ⊗ qh,

ε(Ei ) = 0, ε(Fi ) = 0, ε(qh) = 1,

S(Ei ) = −Eiq
−di hi , S(Fi ) = −qdi hi Fi , S(qh) = q−h .

(1.2)

Here we follow the original Drinfeld [8] convention1 for the comultiplication, which is
also used in [12,17]. In [3,24] the opposite comultiplication �op = P ◦� is used, where
P is the permutation map P : U⊗2

q → U⊗2
q : a ⊗ b 	→ b ⊗ a.

Denote by ρ ∈ � half the sum of the positive roots. Then

q2ρX = S2(X)q2ρ (1.3)

for any X ∈ Uq .
Let g = n+ ⊕ h ⊕ n− be the triangular decomposition of g relative to the choice �+

of positive roots, so that b = n+ ⊕ h. We write b− = h ⊕ n− for the negative Borel
subalgebra. Let U 0 := Uq(h) be the quantum Cartan subalgebra of Uq(g), which is
generated by the elements qh , h ∈ h, and denote by U± := Uq(n

±) the subalgebras of
Uq(g) generated by the sets {Ei : i = 1, . . . , r} and {Fi : i = 1, . . . , r} respectively.
The quantized Borel subalgebras are defined by

Uq(b) := U+U 0, Uq(b
−) := U 0U−.

For β ∈ Q± we write U±[β] for the set of elements X ∈ U± satisfying qh Xq−h =
qβ(h)X for all h ∈ h.

1.2. Braided monoidal categories with twist and ribbon categories. We recall in this
subsection some basic notions on monoidal and ribbon categories, which we will use to
describe various module categories over Uq(g).

Consider a monoidal category D = (D,⊗,1, a, 
, r) with tensor product ⊗, unit
object 1, associativity constraint a, and left and right unit constraints 
 and r . We will
omit the associators and unit constraints in formulas, since the way in which the removing
and adding of unit objects and the re-bracketing of tensor products is performed has no
effect on the outcome, due to Mac Lane’s coherence theorem.

A left duality for a monoidal category D is an assignment of a triple (V ∗, eV , ιV ) to
each V ∈ D, consisting of an object V ∗ ∈ D and of morphisms eV : V ∗ ⊗ V → 1 and
ιV : 1 → V ⊗ V ∗ satisfying

(eV ⊗ idV ∗)(idV ∗ ⊗ ιV ) = idV ∗ , (idV ⊗ eV )(ιV ⊗ idV ) = idV .

We call eV the evaluation morphism of V , and ιV the injection morphism of V .

1 Drinfeld used generators Xi = Ei e
− hdi hi

4 , Yi = e
hdi hi

4 Fi and hi , and defined the algebra over C[[h]]
with q = eh/2.
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Remark 1.1. We follow here the conventions set in [7]. Other common notations for
the morphisms eV , ιV are evV , coevV (see e.g. [10]) and dV , bV (see [21,22,29]). The
injection morphisms are also called co-evaluation morphisms.

Left duality allows one to define the dual A∗ ∈ HomD(W ∗, V ∗) of a morphism A ∈
HomD(V,W ) by

A∗ := (eW ⊗ idV ∗)(idW ∗ ⊗ A ⊗ idV ∗)(idW ∗ ⊗ ιV ). (1.4)

In a similar way, a right duality for a monoidal category D is an assignment of a
triple (V �, ẽV , ι̃V ) for each V ∈ D consisting of an object V � ∈ D and of morphisms
ẽV : V ⊗ V � → 1 and ι̃V : 1 → V � ⊗ V satisfying

(̃eV ⊗ idV )(idV ⊗ ι̃V ) = idV , (idV � ⊗ ẽV )(̃ιV ⊗ idV � ) = idV � .

A monoidal category with a left and right duality is said to be rigid.
A monoidal category D is said to be braided with commutativity constraint c =

(cV,W )V,W∈D if the cV,W are isomorphisms V ⊗ W
∼−→ W ⊗ V satisfying

(B ⊗ A)cV,W = cV ′,W ′(A ⊗ B),

cU,V⊗W = (idV ⊗ cU,W )(cU,V ⊗ idW ),

cU⊗V,W = (cU,W ⊗ idV )(idU ⊗ cV,W )

(1.5)

for A ∈ HomD(V, V ′) and B ∈ HomD(W,W ′). The latter two identities are called
the hexagon identities. Recall the well-known fact that the hexagon relations and the
naturality of the commutativity constraint result in the braid form of the Yang-Baxter
equation

(cV,W ⊗ idU )(idV ⊗ cU,W )(cU,V ⊗ idW )

= (idW ⊗ cU,V )(cU,W ⊗ idV )(idU ⊗ cV,W ). (1.6)

Definition 1.2. Let D be a braided monoidal category. We call a natural automorphism
θ = (θV )V∈D of idD a twist for D if it satisfies

θV⊗W = (θV ⊗ θW )cW,V cV,W

for all V,W ∈ D.

A ribbon category [9] is a braided monoidal category D with twist θ and left duality
satisfying the compatibility condition

θ∗
V = θV ∗

for all V ∈ D.
A ribbon categoryD admits a right duality, turning it into a rigid category: for V ∈ D,

the right dual is (V ∗, ẽV , ι̃V ) with (see [26])

ẽV = eV cVV ∗(θV ⊗ idV ∗), ι̃V = (idV ∗ ⊗ θV )cVV ∗ ιV . (1.7)
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1.3. Categories of Uq(g)-modules. Let ModUq be the category of left Uq -modules. The
representation map for M ∈ ModUq will be denoted by πM . For any M, N ∈ ModUq

we write HomUq (M, N ) for the corresponding morphism space. We call morphisms in
ModUq intertwiners, or Uq -linear maps.

The weight space M[μ] of M ∈ ModUq of weight μ ∈ h∗ is

M[μ] := {m ∈ M | qhm = qμ(h)m ∀ h ∈ h}.
Let us write

wts(M) = {μ ∈ h∗ | M[μ] �= {0}}
for the set of weights of M . Note that M ′ := ⊕

μ∈h∗ M[μ] is a Uq -submodule of M .
We endow M ′ with a compatible semisimple h-action by

h|M[μ] := μ(h)idM[μ] (μ ∈ h∗).

We will say that M ∈ ModUq is h-semisimple if M ′ = M . A linear basis of an h-
semisimple Uq -module M is said to be homogeneous if it is of the form

{b(ν)
i | ν ∈ wts(M), i ∈ Iν}

with {b(ν)
i }i∈Iν linear bases of the weight spaces M[ν] for all ν. Throughout the whole

paper, we will write BM to denote a homogeneous basis for an h-semisimpleUq -module
M .

A Uq -module M is said to be locally U+-finite if for all m ∈ M the U+-submodule
of M generated by m is finite-dimensional.

Definition 1.3. We denote by M the full subcategory of ModUq consisting of the h-
semisimple locally U+-finite Uq -modules.

The representation categoryM is abelian. Furthermore,M is a monoidal subcategory
of the monoidal category of complex vector spaces, with the Uq -action on M ⊗ N
(M, N ∈ M) defined by

πM⊗N (X) := (πM ⊗ πN )(�(X)) (X ∈ Uq).

As unit object 1 we take the one-dimensional vector space C endowed with the Uq -
action X ·λ := ε(X)λ for X ∈ Uq and λ ∈ C. Recall that the associativity isomorphisms
aL ,M,N : (L ⊗ M) ⊗ N → L ⊗ (M ⊗ N ) amount to repositioning of brackets in pure
tensors, and the left and right constraints 
M : 1⊗ M → M and rM : M ⊗ 1 → M are
the maps λ ⊗ m 	→ λm and m ⊗ λ 	→ λm for λ ∈ C and m ∈ M .

Definition 1.4. We consider the following full subcategories of M:

(1) Madm: the Uq -modules M in M satisfying
(a) dim(M[μ]) < ∞ for all μ ∈ h∗,
(b) wts(M) ⊆ ⋃k

i=1{λi − Q+} for certain λi ∈ h∗ and k ∈ Z+.
(2) O: the finitely generated Uq -modules in M.
(3) Mfd: the finite-dimensional Uq -modules in M.
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We call Madm the subcategory of admissible Uq -modules in M. It is an abelian,
monoidal subcategory, closed under taking submodules.

The representation categoryO is the quantum group analog of the Bernstein-Gelfand-
Gelfand category relative to b. Since Uq is Noetherian, O is abelian and closed under
taking submodules, but it is not monoidal. A standard argument using the PBW theorem
forUq shows thatO is a subcategory ofMadm (cf. [20, §1.1]). The cyclicUq -submodules
of modules M ∈ M lie in O.

The representation category Mfd is a semisimple, abelian, monoidal subcategory of
M. It is a subcategory of O, and O is a bimodule category over Mfd. The ribbon algebra
structure of Uq provides additional structures on the representation categories, which
will be discussed in the upcoming subsections.

For λ ∈ h∗ denote by Cλ = C1λ the one-dimensional Uq(b)-module defined by
Ei1λ = 0 and qh1λ = qλ(h)1λ for any i = 1, . . . , r and h ∈ h. The induced module

Mλ = Ind
Uq

Uq (b)
Cλ

is the Verma module with highest weight λ. Let us denote its representation map by πλ.
We write mλ := 1 ⊗Uq (b) 1λ ∈ Mλ[λ], which is a highest weight vector for Mλ. In
particular, mλ is a cyclic vector for Mλ, and wts(Mλ) = λ − Q+. The Verma modules
Mλ (λ ∈ h∗) are the standard modules in category O.

The Verma module Mλ has a unique irreducible quotient, which we denote by Lλ. By
abuse of notation the push-forward of the highest weight vector mλ ∈ Mλ to Lλ is again
denoted by mλ. The {Lλ}λ∈h∗ exhaust the simple Uq -modules in O up to isomorphism,
and {Lλ}λ∈�+ is a complete set of representatives of the isoclasses of simpleUq -modules
in Mfd. In particular, wts(V ) ⊂ � for all V ∈ Mfd.

The Verma module (Mλ, πλ) is irreducible if and only if

〈λ + ρ, α∨〉 /∈ Z>0 ∀α ∈ �+, (1.8)

where α∨ = 2α
〈α,α〉 . We will call a weight λ ∈ h∗ generic if the more stringent conditions

〈λ, α∨〉 /∈ Z ∀α ∈ �

hold true. The set of generic weights is denoted by h∗
reg. It is stable under translation by

integral weights. As a consequence, if λ ∈ h∗
reg then Mλ+ν is irreducible for all ν ∈ �.

1.4. The universal R-matrix and braiding. In this subsection we discuss how Drinfeld’s
[8] universal R-matrixR forUq gives rise to a commutativity constraint for the monoidal
category M (see Definition 1.3).

Drinfeld defined the universal R-matrix as an element of Uh(g)̂⊗Uh(g), where ̂⊗
is the tensor product completed over formal power series in h, with Uh(g) the C[[h]]-
complete algebra generated by hi , Ei , Fi with relations determined by (1.1) and q =
eh/2. To describe the universal R-matrix in the category M we require a completion of
U⊗2
q that is suitable for the tensor products in M. For this we will follow Lusztig [24].

Let ht : Q+ → Z+ be the height function, ht(
∑r

i=1 
iαi ) := ∑r
i=1 
i . For k ∈ Z>0

and 
 ∈ Z+ consider the subspace

H(k)

 :=

k
∑

j=1

(

U⊗( j−1)
q ⊗U−U 0U+


 ⊗U⊗(k− j)
q

)

(1.9)
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of U⊗k
q with U+


 := ⊕

β∈Q+:ht(β)≥
 U
+[β]. It defines a filtration of left ideals

U⊗k
q = H(k)

0 ⊇ H(k)
1 ⊇ · · · ⊇ H(k)


 ⊇ · · ·

such that
⋂


∈Z+
H(k)


 = {0}. Define the topology on U⊗k
q by requiring that the subsets

{X + H(k)

 | 
 ∈ Z+} form a basis of open neighborhoods of X for each X ∈ U⊗k

q . It
defines a metric topology, which turns U⊗k

q into a topological associative algebra (cf.
[24, §4.1.1]).

Consider the inverse limit space

(U⊗k
q )˜:= lim←−U⊗k

q /H(k)



with its natural metric topology. It provides an explicit realization of the completion of
U⊗k
q , with the associated continuous embedding U⊗k

q ↪→ (U⊗k
q )˜defined by

X 	→ (X + H(k)
0 , . . . , X + H(k)


 , . . .).

We will use the standard infinite sum notation for elements in (U⊗k
q )˜. For example, if

Xβ ∈ U−U 0(U+[β]) ⊗U⊗(k−1)
q (β ∈ Q+), then we will write

∑

β∈Q+

Xβ

for the sequence in (U⊗k
q )˜ whose 
th entry is equal to

∑

β∈Q+:ht(β)<
 Xβ + H(k)

 .

By extending the multiplication of U⊗k
q to (U⊗k

q )˜ by continuity, (U⊗k
q )˜ becomes a

complete topological associative algebra.

Lemma 1.5. For Mi ∈ M (1 ≤ i ≤ k) there exists a unique algebra map

(U⊗k
q )˜ → End(M1 ⊗ · · · ⊗ Mk), X 	→ XM1,...,Mk

satisfying the following two properties:

(1) XM1,...,Mk = (πM1 ⊗ · · · ⊗ πMk )(X) for any X ∈ U⊗k
q ,

(2) for mi ∈ Mi (1 ≤ i ≤ k) the map

(U⊗k
q )˜ → M1 ⊗ · · · ⊗ Mk : X 	→ XM1,...,Mk (m1 ⊗ · · · ⊗ mk)

is continuous, with the discrete topology on M1 ⊗ · · · ⊗ Mk.

Proof. Fixmi ∈ Mi (1 ≤ i ≤ k). SinceU+ acts locally finitely on Mi for each i , we have
H(k)


 (m1 ⊗ · · · ⊗ mk) = 0 for 
 sufficiently large. The result now follows immediately.
��

We now recall the definition of Lusztig’s [24, Chpt. 4] quasi R-matrix in the present
context. The mapping defined on generators as

�(Ei ) = 1 ⊗ Ei + Ei ⊗ q−di hi , �(Fi ) = qdi hi ⊗ Fi + Fi ⊗ 1, �(qh) = qh ⊗ qh
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extends uniquely to an algebra homomorphism � : Uq → Uq ⊗ Uq , and defines a
new comultiplication of Uq .2 Both comultiplications � and � extend continuously to
algebra homomorphisms (Uq)

˜→ (Uq ⊗Uq)
˜. Lusztig [24, Thm. 4.1.2] defines the quasi

R-matrixR as the unique element

R :=
∑

β∈Q+

Rβ ∈ (U⊗2
q )˜ (1.10)

with R0 = 1 ⊗ 1 and Rβ ∈ U+[β] ⊗U−[−β] (β ∈ Q+) satisfying

R�(X) = �(X)R (1.11)

in (U⊗2
q )˜ for any X ∈ Uq

3.

The quasi R-matrix R is invertible in (U⊗2
q )˜, with inverse

R−1 =
∑

β∈Q+

(S ⊗ id)(Rβ)(qβ ⊗ 1) =
∑

β∈Q+

(id ⊗ S−1)(Rβ)(1 ⊗ q−β), (1.12)

see [24, Cor. 4.1.3] for details. Note that the β-terms in the sums (1.12) lie in U+[β] ⊗
U−[−β]. Furthermore, in (U⊗3

q )˜we have

(� ⊗ id)(R) =
∑

β∈Q+

R13
β (1 ⊗ qβ ⊗ 1)R23

,

(id ⊗ �)(R) =
∑

β∈Q+

R13
β (1 ⊗ q−β ⊗ 1)R12

(1.13)

by [24, Prop. 4.2.2], where we use the standard tensor-leg notations to indicate the choice
of embedding of (U⊗2

q )˜ into (U⊗3
q )˜.

We now follow [3, §3] for relating Lusztig’s quasi R-matrix to Drinfeld’s R-matrix
in the present context. It requires the following extension of Lemma 1.5.

Consider the functor For(k) : M×k → Vec, with Vec the category of complex vector
spaces, mapping (M1, . . . , Mk) 	→ M1 ⊗ · · · ⊗ Mk for Mi ∈ M and (ψ1, . . . , ψk) 	→
ψ1 ⊗ · · · ⊗ ψk for morphisms ψi ∈ HomUq (Mi , Ni ). Consider the algebra

U (k) := End(For(k))

of natural endomorphisms of For(k). It consists of sequences {ϕM1,...,Mk }Mi∈M of com-
plex linear endomorphisms ϕM1,...,Mk of M1 ⊗ · · · ⊗ Mk satisfying

(ψ1 ⊗ · · · ⊗ ψk) ◦ ϕM1,...,Mk = ϕN1,...,Nk ◦ (ψ1 ⊗ · · · ⊗ ψk)

for all ψi ∈ HomUq (Mi , Ni ).
Lemma 1.5 provides an algebra map

(U⊗k
q )˜ → U (k), X 	→ {XM1,...,Mk }Mi∈M. (1.14)

2 When Uq is defined over C(q) with q an indeterminate, then � = (

ι ⊗ ι
) ◦ � ◦ ι with ι : Uq → Uq

Lusztig’s involution.
3 It is in fact R−1

which corresponds to Lusztig’s � in [24, Thm. 4.1.2].
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Its restriction to U⊗k
q is injective. For X ∈ (U⊗k

q )˜ we will sometimes denote the cor-

responding element {XM1,...,Mk }Mi∈M ∈ U (k) simply by X again, if no confusion can
arise.

By (1.14), the quasi R-matrix R ∈ (U⊗2
q )˜ thus provides the element

{RM,N }M,N∈M ∈ U (2)

consisting of complex linear automorphisms RM,N of M ⊗ N .

Definition 1.6. Define κ ∈ U (2) by

κM,N |M[μ]⊗N [ν] := q〈μ,ν〉idM[μ]⊗N [ν]

for M, N ∈ M and μ, ν ∈ h∗, and R ∈ U (2) by

R := κR. (1.15)

Note that κM,N represents the action of

q
∑r

i=1 xi⊗xi =
r

∏

i=1

(
∞
∑

n=0

τ n

n! (x
n
i ⊗ xni )

)

(1.16)

on M ⊗ N (recall that q = eτ ). Observe furthermore that

�op(X) = κ�(X)κ−1, X ∈ Uq (1.17)

as identities in U (2). The element R (see (1.15)) is Drinfeld’s [8] universal R-matrix of
Uq , considered as element in the completion U (2) of U⊗2

q . It is clearly a unit in U (2).

Define an algebra map � : U (1) → U (2) by

(�(ϕ))M1,M2 := ϕM1⊗M2 (ϕ ∈ U (1), Mi ∈ M).

It is consistent with the extended comultiplication � : (Uq)
˜ → (Uq ⊗ Uq)

˜ as de-
fined before. The properties (1.11) and (1.13) of the quasi R-matrix and (1.17) now
immediately translate to the following familiar properties of the universal R-matrix R.

Proposition 1.7. (1) We have �op(X) = R�(X)R−1 in U (2) for all X ∈ Uq.
(2) In U (3) we have

(� ⊗ id)(R) = R13R23, (id ⊗ �)(R) = R13R12.

For M, N ∈ M consider the linear map

cM,N := PM,NRM,N : M ⊗ N → N ⊗ M,

with PM,N : M ⊗ N → N ⊗ M the linear map defined by PM,N (m ⊗ n) := n ⊗m for
m ∈ M and n ∈ N . By Proposition 1.7(1), the map cM,N is a Uq -linear isomorphism.
Definition 1.6 and Proposition 1.7(2) then directly imply the following result.

Corollary 1.8. The monoidal category (M,⊗,1, a, 
, r) is a braided monoidal cat-
egory with commutativity constraint c = (cM,N )M,N∈M. In particular, the monoidal
subcategories Madm and Mfd are braided.
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The restriction of the commutativity constraint c of M to the subcategory O turns O
into a braided bimodule category over Mfd (see [5] for the notion of braided (bi)module
categories).

Let us finally consider the familiar expression of the inverse of R involving the
antipode S in the present context. Some care is needed, since the antipode S : Uq → Uq
is not continuous with respect to the metric topology on Uq that we introduced at the
beginning of this subsection. But S ⊗ id and id ⊗ S−1 are continuous as maps

U+ ⊗U− → (U⊗2
q )˜,

where U+ ⊗U− is provided with the subspace topology of U⊗2
q . We extend both maps

to continuous maps U+ ⊗U− → (U⊗2
q )˜, where U+ ⊗U− is the closure of U+ ⊗U−

in (U⊗2
q )˜. In particular, we may act by S ⊗ id and id ⊗ S−1 on R ∈ U+ ⊗U−.

The explicit expression (1.12) for R−1
then gives the identities

(S ⊗ id)(R) = R−1 = (id ⊗ S−1)(R)

in U (2), where the action of S ⊗ id and id ⊗ S−1 on U+ ⊗U− is formally extended to
elements in κ U+ ⊗U− using (1.16). For example, (S ⊗ id)(R) ∈ U (2) stands for

((S ⊗ id)(R))M,N (m ⊗ n) : =
∑

β∈Q+

q−〈μ,ν−β〉(S ⊗ id)(Rβ)

(m ⊗ n) (m ∈ M[μ], n ∈ N [ν])
for M, N ∈ M.

1.5. The ribbon element and twisting in category M. By a classical result of Drinfeld
[9], the braided monoidal category Mfd is a ribbon category. So Mfd admits left and
right duality, which we recall in the next subsection, and a compatible twist, which is
defined in terms of the action of Drinfeld’s [9] ribbon element ϑ of Uq . The aim of this
subsection is to provide a natural extension of the twist to M, turning M into a braided
monoidal category with twist (see Definition 1.2).

Letmop : Uq⊗Uq → Uq be the opposite multiplication map defined bymop(a⊗b) =
ba for a, b ∈ Uq , and extend it continuously to a map mop : (Uq ⊗Uq)

˜ → (Uq)
˜. Define

the quasi ribbon element ϑ ∈ (Uq)
˜ by

ϑ := mop((id ⊗ S−1)(R−1
)
) =

∑

β∈Q+

ϑβ (1.18)

where, by (1.12),

ϑβ := qβmop((S ⊗ S−1)(Rβ)) ∈ U−U 0(U+[β]). (1.19)

Define γ ∈ U (1) by

γM |M[μ] := q〈μ,μ+2ρ〉idM[μ]
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for M ∈ M and μ ∈ h∗. Formally, γM is the action of q2ρ+
∑r

i=1 x
2
i on M . Drinfeld’s [9]

ribbon element ϑ in the present context is now defined by

ϑ := γϑ = q2ρmop((id ⊗ S−1)(R−1)
) ∈ U (1).

In the following proposition we give some basic properties of ϑ .

Proposition 1.9. (1) ϑ ∈ U (1) is invertible. Its inverse is ϑ−1 = q−2ρu, with u ∈ U (1)

the Drinfeld element

u := mop((id ⊗ S)(R)).

(2) For any X ∈ (Uq)
˜ one has ϑX = Xϑ , viewed as identity in the algebra U (1).

(3) One has the identity �(ϑ) = (ϑ ⊗ ϑ)R21R in U (2).

Proof. The algebraic computations leading to these properties, which can be performed
in any quasi-triangular Hopf algebra H , are due to Drinfeld [9]. The steps of the algebraic
derivation can also be found in [21, Prop. VIII.4.1 & Prop. VIII.4.5]. The only additional
check needed here is that at each step in this derivation the infinite sum manipulations
are allowed in the present choice of completion serving the representation category M.
This is a direct check, which we leave to the reader. ��
As an alternative proof of part (1) of Proposition 1.9 one can use [24, Prop. 6.1.7], which
shows that the quasi ribbon element ϑ is invertible in (Uq)

˜ with inverse

ϑ
−1 =

∑

β∈Q+

q−〈β,β〉q−2βmop((id ⊗ S)(Rβ)
)

.

By parts (1) and (2) of Proposition 1.9, ϑ ∈ U (1) defines an isomorphism ϑM ∈
EndUq (M) for each M ∈ M, called the quantum Casimir operator on M (cf. [24,
§6.1]). By Proposition 1.9(3) we conclude:

Corollary 1.10. (ϑM )M∈M is a twist for the braided monoidal category M.

We also recover the following familiar result.

Proposition 1.11. Suppose that M ∈ O is a highest weight module of highest weight
λ ∈ h∗. Then

ϑM = q〈λ,λ+2ρ〉idM . (1.20)

Proof. This follows from Corollary 1.10, (1.18), (1.19) and the fact that ϑ0 = 1. ��

1.6. Dual representations. In this subsection we introduce the left duality of Mfd, turn-
ing Mfd into a ribbon category with twist (ϑV )V∈Mfd . We first define dual representa-
tions for Uq -modules M from the representation category Madm.

The full linear dual M∗ of M ∈ Madm is a Uq -module with Uq -action defined by

(πM∗(X) f )(m) := f (πM (S(X))m) (1.21)

for f ∈ M∗, X ∈ Uq and m ∈ M . For μ ∈ h∗ and f ∈ M∗ we have f ∈ M∗[−μ] if
and only if f |M[ν] = 0 for all ν �= μ. Hence M∗[−μ] � M[μ]∗, and the weight spaces
of M∗ are finite-dimensional.
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The restricted dual M◦ ∈ ModUq of M ∈ Madm is the Uq -submodule of M∗ defined
by

M◦ :=
⊕

μ∈h∗
M∗[μ].

The Uq -module M◦ is an h-semisimple Uq -module with finite-dimensional weight
spaces. In the remainder of the paper we will identify the weight spaces M◦[μ] = M∗[μ]
with M[−μ]∗. Note that in general M◦ �∈ Madm, since the required condition on
the weights (see Definition 1.4(1b)) does not have to hold true for M◦. For instance,
M◦

λ �∈ Madm for all λ ∈ h∗.
Given a homogeneous basis BM of M ∈ Madm and a basis element b ∈ BM , define

the dual vector b∗ ∈ M◦ by requiring that

b∗(b′) = δb,b′ (1.22)

for all b′ ∈ BM . Clearly {b∗}b∈BM is a homogeneous basis for M◦. It is called the
homogeneous basis of M◦ dual to BM . If M ∈ O is a highest weight module of highest
weight λ with highest weight vector m ∈ M[λ], then we will write m∗ for the unique
linear functional in M◦[−λ] such that m∗(m) = 1.

We now consider the above-mentioned notion of dual representation for
finite-dimensional modules in M, which form the subcategory Mfd. If V is finite-
dimensional, then V ◦ is the full linear dual V ∗ of V , and the dual representation V ∗ lies
in Mfd again. In this case the assignment V → V ∗ gives rise to the left dual of V , with
the evaluation and injection morphisms the Uq -linear maps defined by

eV : V ∗ ⊗ V → 1 : f ⊗ v 	→ f (v), (1.23)

ιV : 1 → V ⊗ V ∗ : 1 	→
∑

b∈BV

b ⊗ b∗. (1.24)

Note that the dual A∗ ∈ HomUq (V
∗,U∗) of a morphism A ∈ HomUq (U, V ) is simply

its dual as a C-linear map.
We have the following well-known theorem of Drinfeld [9].

Theorem 1.12. The braided monoidal category Mfd = (Mfd,⊗,1, a, 
, r, c), en-
dowedwith the left duality (V ∗, eV , ιV ), becomesa ribboncategorywith twist (ϑV )V∈Mfd .

A straightforward computation shows that the evaluation morphism ẽV and co-
evaluation morphism ι̃V of the right duality of the ribbon category Mfd are explicitly
given by

ẽV (v ⊗ f ) = f
(

q2ρv
)

, ι̃V (1) =
∑

b∈BV

b∗ ⊗ q−2ρb (1.25)

for v ∈ V and f ∈ V ∗.
For later purposes we recall the definition of the partial quantum trace over V ∈ Mfd.

Definition 1.13. For V ∈ Mfd and M, M ′ ∈ M the partial quantum trace

qTrM,M ′
V : HomUq (M ⊗ V, M ′ ⊗ V ) → HomUq (M, M ′)
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over V is defined by

qTrM,M ′
V (�) := (idM ′ ⊗ ẽV )(� ⊗ idV ∗)(idM ⊗ ιV )

for � ∈ HomUq (M ⊗ V, M ′ ⊗ V ), where we identify M ⊗ 1 � M and M ′ ⊗ 1 � M ′
using the right unit constraint maps.

In terms of a homogeneous basis BV of V the partial quantum trace of the intertwiner
� ∈ HomUq (M ⊗ V, M ′ ⊗ V ) over V is explicitly given by the formula

qTrM,M ′
V (�) =

∑

v∈BV

(idM ′ ⊗ v∗)�(idM ⊗ πV (q2ρ)v).

2. Graphical Calculus

In this section we will outline the notations and basic principles of the graphical cal-
culus for strict braided monoidal categories with twist and strict ribbon categories. The
formulations and terminology in this section follow closely [26] and [29, Chpt. I].

2.1. Ribbon graphs and ribbon graph diagrams. A central concept in graphical calculus
is the notion of a ribbon graph. A ribbon graph consists of bands, annuli and coupons,
which are defined as follows.

Let I be the unit interval [0, 1] in R and S
1 the unit circle in R

2. We take the right-
handed coordinate system in R

3 with the x-axis drawn horizontally from left to right,
and the z-axis vertically from bottom to top. The y-axis thus points away from the reader.

A band is a homeomorphic image of I × I in R
2 × I . The homeomorphic images

of I × {0} and I × {1} are called the bases of the band, and the homeomorphic image
of { 1

2 } × I the core of the band. An annulus is the homeomorphic image of S1 × I in
R

2 × I . The homeomorphic image of S1 × { 1
2 } is called its core. A coupon is a band

with one base designated as the top base, and the opposite base as the bottom base.
For an oriented surface � in R

3, we call the side of the surface with the surface
normal sticking out the white side of the surface, and the opposite side the shaded side.
For k, 
 ∈ Z+ a (k, 
)-ribbon graph � is an oriented surface in R

2 × [0, 1] consisting
of a union of a finite number of bands, annuli and coupons, such that

(1) Coupons and annuli lie in R
2 × (0, 1).

(2) � meets the planes R2 × {0} and R
2 × {1} in the segments [i − 1

3 , i + 1
3 ] × {0} × {0}

(1 ≤ i ≤ k) and [ j − 1
3 , j + 1

3 ] × {0} × {1} (1 ≤ j ≤ 
). These segments are bases
of bands. The white side is up at these bases. The bases of bands which are not one
of these segments, are lying on bases of coupons.

(3) The only nontrivial intersections between the bands, annuli and coupons are the
intersections of the bases of bands with the bases of coupons.

(4) The cores of the bands and annuli are oriented.

A (k, 
)-ribbon graph without coupons is called a (k, 
)-ribbon tangle.
We call the bases of bands lying onR2 ×{0} andR2 ×{1} the bottom and top extremal

bases, respectively. More generally, we say that a base of a band of a ribbon graph � is
a bottom base of � if it is either a bottom extremal base or if it lies on the top base of a
coupon. Otherwise, we call it a top base (in that case, it is either a top extremal base or
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Fig. 1. (3,2)-ribbon graph diagram

it lies on a bottom base of a coupon). From now on we will call the core of a band in a
ribbon graph its strand. The intersection of the bases of the band with its strand will be
called the bases of the strand.

We will be concerned with isotopy classes of (k, 
)-ribbon graphs. Isotopy refers to
ambient isotopy in R

2 × I fixing R
2 × {0} and R

2 × {1}, preserving the orientation of
the graph surface, preserving the splitting in bands, annuli and coupons, and preserving
the orientations of the cores of the bands and annuli.

A ribbon graph in standard position (see [29, §2.1]) has its coupons lying in the strip
R×{0}×(0, 1) with the white sides up and with the top base of each coupon lying above
its bottom base. Furthermore, the surface normal of a ribbon graph in standard position is
required to take values in the half-spaceR×R<0 ×R (i.e., the white side is tilted towards
the reader). The projections onto R × {0} × I along the y-axis of the cores of its bands
and annuli are only allowed to have transversal double crossings at interior points of the
projected cores, and are only allowed to have a finite number of local maxima and local
minima. The resulting diagrams, enriched with the over-and undercrossing information
at the double crossings, are called ribbon graph diagrams. Note that an extremal base
of a subdiagram of a ribbon graph diagram is a top (respectively bottom) extremal base
if and only if it is a local maximum (respectively local minimum) of its strand.

In the (k, 
)-ribbon graph diagrams, the k bottom extremal bases will lie onR×{0}×
{0} (the “floor”), while the 
 top extremal bases lie on R× {0} × {1} (the “ceiling”). We
omit the floor and the ceiling when drawing the ribbon graph diagrams, if no confusion
can arise. Figure 1 is an example of a (3, 2)-ribbon graph diagram with one coupon.

The projections of the (k, 
)-ribbon tangles are called (k, 
)-ribbon tangle diagrams.
Isotopy of (k, 
)-ribbon tangles can then be described in terms of the associated ribbon
graph diagrams by planar isotopies and a number of elementary local moves, see Rel1–
Rel10 in [26, §5] for the complete list. It includes the framed Reidemeister moves depicted
in Figs. 2, 3 and 4.

In order to describe the isotopy of ribbon graphs in terms of the associated ribbon
graph diagrams, one needs to add three elementary moves between the coupons and the
projected cores of the bands and the annuli, see Rel11–Rel13 in [26, §5].

2.2. Ribbon-braidgraphsand ribbon-braidgraphdiagrams. A (k, 
)-ribbon-braidgraph
is a (k, 
)-ribbon graph L without annuli such that:
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Fig. 2. Reidemeister III

Fig. 3. Reidemeister II

Fig. 4. Reidemeister I’

(1) Each band of L has a top base and a bottom base. The orientation of the strands is
from the top base towards the bottom base.

(2) L is isotopic to a ribbon graph whose strands intersect the plane R2 × {z} in at most
one point for all z ∈ I .

Note that (k, 
)-ribbon-braid graphs without coupons only exist when k = 
, in which
case we call them k-ribbon-braids.

We say that a ribbon-braid graph L is in standard position if L is in standard position
as a ribbon graph and if each strand in the associated ribbon graph diagram moves down
besides a finite number of the full twists depicted in Fig. 5.
The ribbon graph diagram of a ribbon-braid graph in standard position is called a ribbon-
braid graph diagram. Note that in the realm of ribbon-braid graph diagrams, a full twist
should be viewed as a single elementary diagram, which does not dissect into the smaller
elementary diagrams for ribbon graph diagrams (the crossing, cup and cap).

If the ribbon-braid graph L admits a ribbon-braid graph diagram without full twists,
then we call L a braid graph, and its associated diagram a braid graph diagram.
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Fig. 5. Full twists

Fig. 6. Moving diagrams through full twists

For ribbon-braid graphs the orientations of the strands are determined by the under-
lying unoriented ribbon-braid graph, so they might as well be ignored. However, since
we will regularly consider ribbon-braid subgraphs of ribbon graphs, and at some point
rotate the diagrams by 90 degrees, we will keep adding the orientation of the strands to
the diagrams for the convenience of the reader.

Isotopies between braid graphs are described in terms of the associated ribbon-braid
graph diagrams by the elementary moves Rel5–Rel7 and Rel11–Rel12 from [26, §5]. The
relations Rel5–Rel7 in [26, §5] are the second and third Reidemeister moves (see Figs. 2
and 3), which describe the elementary moves between the strands in the braid graph
diagram. Rel11–Rel12 from [26, §5] describe the elementary moves between coupons
and strands.

The description of the isotopies between ribbon-braid graphs in terms of the ribbon-
braid graph diagrams involve the additional non-elementary move describing how a
ribbon-braid graph diagram L can be transported through full twists, which is depicted
in Fig. 6,
as well as the elementary move that full twists may be pulled over and under a crossing,
see Fig. 7 for examples.

2.3. Strictifications. A monoidal category D = (D,⊗,1, a, 
, r) is said to be strict if
the associator a and unit constraints 
, r are trivial. D-coloring ribbon(-braid) graphs
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Fig. 7. Moving full twists through crossings

requires the strictification of D, which is a tensor equivalence assigning to D a strict
monoidal category Dstr (cf. [25] and [21, §XI.5]).

The objects of Dstr are the tuples (V1, . . . , Vk) of objects Vi ∈ D for some k ∈ Z+.
By convention, there is a unique object of length zero, which we denote by ∅. The
morphisms of Dstr with source S = (V1, . . . , Vk) and target T = (W1, . . . ,W
) are

HomDstr
(

S, T ) := HomD
(

V1 ⊗ (V2 ⊗ (V3 ⊗ · · · )),W1 ⊗ (W2 ⊗ (W3 ⊗ · · · ))),(2.1)

with composition and identity inherited from D. When k = 0 respectively 
 = 0, the
source respectively target in the right-hand side of (2.1) should be read as 1.

The category Dstr is a strict monoidal category (Dstr,�,∅) with unit object ∅ and
tensor product � defined on objects by

(V1, . . . , Vk) � (W1, . . . ,W
) := (V1, . . . , Vk,W1, . . . ,W
).

On morphisms the tensor product � is defined by taking the tensor product of the asso-
ciated morphisms in D, (pre)composed with an appropriate composition of associators
in order to place the brackets in the right order.

The functor F str
D : Dstr → D, defined on objects S = (V1, . . . , Vk) by

F str
D (S) := V1 ⊗ (V2 ⊗ (V3 ⊗ · · · )), F str

D (∅) := 1

and on morphisms A ∈ HomDstr (S, T ) by

F str
D (A) := A,

where A is now viewed as morphism in HomD
(F str

D (S),F str
D (T )

)

, defines an equivalence
of monoidal categories.4 A quasi-inverse of F str

D is given by the functor Gstr
D : D → Dstr

mapping V ∈ D to the object (V ) ∈ Dstr of length 1 and mapping A ∈ HomD(V,W )

to A, considered as element of HomDstr ((V ), (W )). From now on we omit the sublabels
D in F str

D and Gstr
D if no confusion can arise.

We have F str ◦ Gstr = idD and

J : idDstr
∼−→ Gstr ◦ F str,

with J = (JS)S∈Dstr consisting of functorial isomorphisms

JS ∈ HomDstr (S, (F str(S))) (2.2)

representing idF str(S). Note that for S, T ∈ Dstr and A ∈ HomDstr (S, T ) we have

JT ◦ A ◦ J−1
S = (Gstr ◦ F str)(A) (2.3)

as morphisms in HomDstr
(

(F str(S)), (F str(T ))
)

. We call the JS the fusion morphisms
of D.

4 Note, however, that unless D is a strict monoidal category, the monoidal functor F str is not strict.



Graphical Calculus for Quantum Vertex Operators Page 21 of 56 149

Remark 2.1. The fusion morphisms JS satisfy the 2-cocycle property

J(F str(S))�T ◦ (JS � idT ) = JS�T = JS�(F str(T )) ◦ (idS � JT ) (2.4)

for S, T ∈ Dstr. Here we have suppressed the Gstr-images of associators which map the
left-hand side of the formula to HomDstr

(

S � T, (F str(S � T ))
)

.

If the order in which to consider k-fold tensor products of objects V1, . . . , Vk inD is clear
from the context, then we will leave out the brackets and denote the resulting object by
the standard multi-tensor product notation V1 ⊗· · ·⊗Vk . For our purposes, the preferred
order will always be from right to left, i.e. as prescribed by the definition of the functor
F str. In case D is a module category, we use the same convention for pure tensors in
F str((V1, . . . , Vk)).

A left duality for the monoidal category D extends to a left duality for Dstr. The left
dual (S∗, estr

S , ιstr
S ) of an object S ∈ Dstr is defined by

∅∗ := ∅, (V1, . . . , Vk)
∗ := (V ∗

k , . . . , V ∗
1 ),

with evaluation morphism estr
(V1,...,Vk )

∈ HomDstr ((V ∗
k , . . . , V ∗

1 , V1, . . . , Vk),∅) repre-
sented by the morphism

eVk (idV ∗
k

⊗ eVk−1 ⊗ idVk ) · · · (idV ∗
k ⊗···⊗V ∗

2
⊗ eV1 ⊗ idV2⊗···⊗Vk ) (2.5)

in HomD(V ∗
k ⊗ · · · ⊗ V ∗

1 ⊗ V1 ⊗ · · · ⊗ Vk,1) and the injection morphism

ιstr
(V1,...,Vk ) ∈ HomDstr (∅, (V1, . . . , Vk, V

∗
k , . . . , V ∗

1 ))

represented by the morphism

(idV1⊗···⊗Vk−1 ⊗ ιVk ⊗ idV ∗
k−1⊗···⊗V ∗

1
) · · · (idV1 ⊗ ιV2 ⊗ idV ∗

1
)ιV1 (2.6)

in HomD(1, V1 ⊗ · · · ⊗ Vk ⊗ V ∗
k ⊗ · · · ⊗ V ∗

1 ). For the object of length zero we set
estr
∅ := id∅ and ιstr

∅ := id∅. A similar remark applies to right duality.
A commutativity constraint c = (cV,W )V,W∈D for the monoidal category D also

extends to Dstr. The associated commutativity constraint cstr = (cstr
S,T )S,T∈Dstr of Dstr

consists of the morphisms cstr
S,T ∈ HomDstr (S � T, T � S) representing

cF str(S),F str(T ) ∈ HomD(F str(S) ⊗ F str(T ),F str(T ) ⊗ F str(S))

up to an appropriate (pre)composition with associators to place the brackets in the right
order. If the braided monoidal category D has a twist θ = (θV )V∈D, then the strict
braided monoidal category Dstr has a unique twist θ str = (θ str

S )S∈Dstr such that the
automorphism θ str

S ∈ EndDstr (S) is represented by θF str(S) ∈ EndD(F str(S)) for all
S ∈ Dstr.

In what follows, we will denote an element (V ) of length 1 in Dstr simply by V if no
confusion can arise.
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Fig. 8. A colored ribbon-braid graph diagram

2.4. Graphical calculus for D-colored ribbon-braid graphs. Assume that D is a mo-
noidal category. A D-colored (k, 
)-ribbon-braid graph is a (k, 
)-ribbon-braid graph
with its bands colored by objects from D and its coupons colored by appropriate mor-
phisms from Dstr. For a given coupon, we require the following compatibility be-
tween its color and the colors of the bases of the strands on the coupon (we use the
convention that the bases of a band inherit the color of its band). If the coupon has
k bases of bands lying on its bottom base, colored by V1, . . . , Vk in counterclock-
wise order, and 
 bases of bands lying on its top base, colored by W1, . . . ,W
 in
clockwise order, then an admissible coloring of the coupon is a choice of a mor-
phism A ∈ HomDstr

(

(V1, . . . , Vk), (W1, . . . ,W
)
)

. For coupons with no bands at-
tached to the bottom base (respectively top base) the labeling is by morphisms from
HomDstr

(∅, (W1, . . . ,W
)
)

(respectively HomDstr
(

(V1, . . . , Vk),∅
)

). The coupons with-
out any bands attached are labeled by morphisms from the commutative ring EndDstr (∅).

D-colored ribbon-braid graph diagrams are defined in a similar manner. An example is
given in Fig. 8. Its coupon is colored by a morphism A ∈ HomDstr

(

(W1,W2), (V3, V1, V4,

V6)
)

.
Isotopies between D-colored ribbon-braid graphs are ribbon-braid graph isotopies

preserving the colors of the bands and coupons. The description of isotopies of ribbon-
braid graphs in terms of the associated ribbon-braid graph diagrams (see Sect. 2.2)
extends to D-colored ribbon-braid graphs in the obvious manner.

We define the category BD of D-colored ribbon-braid graphs as follows. The class
of objects of BD is the class of objects of Dstr. For objects S = (V1, . . . , Vk) and
T = (W1, . . . ,W
) in BD, the class of morphisms HomBD (S, T ) consist of the iso-
topy classes of D-colored (k, 
)-ribbon-braid graphs with the bottom extremal bases
colored counterclockwise by V1, . . . , Vk and the top extremal bases colored clockwise
by W1, . . . ,W
. The isotopy class of the D-colored ribbon-braid graph shown in Fig. 8
thus represents a morphism (V2,W2, V5,W1) → (V1, V2, V3, V4, V5, V6) in BD.

Composition is defined by vertical stacking of the D-colored ribbon-braid graphs.
The identity morphism idBD

∅ is the empty graph, while idBD
(V1,...,Vk )

for k ≥ 1 is the D-
colored (k, k)-ribbon-braid graph with k parallel vertical bands colored from left to right
by V1, . . . , Vk .

The category BD is a strict monoidal category with unit object ∅ and tensor product
˜�BD defined on objects by concatenation of the tuples of objects from Dstr, and on
morphisms by placing the ribbon-braid graphs next to each other. We will omit the
sublabel and simply write ˜� if no confusion arise. Note that the tensor products ˜� and
� are identical on the objects of BD.
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Fig. 9. cBDS,T with S = (V1, . . . , Vk ) and T = (W1, . . . ,W
).

Fig. 10. θ
BD
S with S = (V1, . . . , Vk )

BD is braided with commutativity constraint cBD = (cBD
S,T )S,T∈BD given by Fig. 9.

If one of the two objects (or both) is ∅, then the commutativity constraint is the
identity morphism. Note that the functoriality of cBD is immediate for morphisms in
BD without coupons. For morphisms involving coupons it is a consequence of the two
elementary moves involving coupons (Rel11–Rel12 in [26, §5]). The definition of cBD

automatically guarantees that the hexagon identities are satisfied.
Finally, the strict braided monoidal category BD has a twist θBD = (θ

BD
S )S∈BD with

the functorial isomorphisms θ
BD
S : S ∼−→ S defined by θ

BD
∅ = idBD

∅ and Fig. 10. Note
the distinction between the notations θ for the twist in the category BD and ϑ for the
ribbon element in U (1) defined in Sect. 1.5.

Functoriality is immediate by Fig. 6. The identity

θ
BD
S˜� T

= (θ
BD
S

˜� θ
BD
T )cBD

T,Sc
BD
S,T

follows from a straightforward computation in BD.

Theorem 2.2 . For any braided monoidal category D = (D,⊗,1, a, 
, r, c, θ) with
twist, there exists a unique strict braided tensor functor

Fbr
D : BD → Dstr
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Fig. 11. Dot-equalities involving coupons

satisfying the following properties:

(1) For an object S in BD, Fbr
D (S) := S, with S now viewed as object in Dstr.

(2) Fbr
D maps θ

BD
S to θ str

S for all S ∈ BD.
(3) Fbr

D maps a D-colored coupon to its color.

The fact that Fbr
D is a strict braided tensor functor in particular implies that

Fbr
D

(

cBD
S,T

) = cstr
S,T

for all objects S, T ∈ BD.
The proof of Theorem 2.2 follows [26]: if the functor is well defined then it is clearly

unique. In order to show that it is well defined one has to prove that it is constant on
Reidemeister equivalence classes and respects the elementary moves involving coupons
and the full twist, which is not difficult.

If D is braided monoidal with twist and L , L ′ are two (isotopy classes of) D-colored
ribbon-braid graphs in BD, then we write

L
.= L ′

if Fbr
D (L) = Fbr

D (L ′). Dot-equality allows to “melt” coupons in the way as described in
Fig. 11.

Furthermore, any D-colored ribbon-braid graph is dot-equal to a coupon. We also
write f

.= L for a morphism f in Dstr and a D-colored ribbon-braid graph L if L f
.= L ,

with L f the coupon colored by f .
An example of an identity between morphisms in Dstr obtained from graphical iden-

tities in the category BD is the Yang-Baxter identity for the commutativity constraint
c,

(idV ′′ ⊗ cV,V ′)(cV,V ′′ ⊗ idV ′)(idV ⊗ cV ′,V ′′)

= (cV ′,V ′′ ⊗ idV )(idV ′ ⊗ cV,V ′′)(cV,V ′ ⊗ idV ′′).

It is the Fbr
D -image of the Reidemeister move identity in BD for three bands labeled by

V , V ′ and V ′′ respectively, viewed as identity in D (cf. Figs. 2 and 9).
In Sect. 3 we apply the graphical calculus of ribbon-braid graphs to the braided

monoidal module category M with twist defined in Sect. 1.3, which contains category
O of Uq(g).

Remark 2.3. In an analogous manner one can define for a braided monoidal category
(D,⊗,1, a, 
, r, c) the strict braided monoidal category BD of D-colored braid graphs
and show that there exists a unique strict braided tensor functor ̂Fbr

D : BD → Dstr

mapping S ∈ BD to S, viewed as object in Dstr, and a D-colored coupon to its color. If
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Fig. 12. Rules for base-colorings of colored bands

D has a twist, then there exists a natural faithful strict tensor functor Ibr : BD → BD
such that the graphical calculi match:

̂Fbr
D = Fbr

D ◦ Ibr.

2.5. TheReshetikhin—Turaev functor. For a ribbon categoryD, the Reshetikhin–Turaev
functor from [26] provides an extension of Fbr

D to a strict braided tensor functor from
the category of D-colored ribbon graphs to Dstr. We will recall its definition in this
subsection.

We start with a monoidal category D = (D,⊗,1, a, 
, r) with left duality. A D-
colored ribbon graph is a ribbon graph with the bands and annuli colored by objects from
D and coupons colored by appropriate morphisms from Dstr. Before we can describe
the admissible colors of the coupons, we need to explain how the coloring of a band
within a ribbon graph determines a coloring of its two bases by pairs (V, ε) (V ∈ D,
ε ∈ {±1}). V is simply the color assigned to the band, and ε ∈ {±1} is determined by
the rule that if the base is a bottom (respectively top) base, then ε = +1 if and only if
the orientation of the core of the band is directed towards (respectively away from) the
base. This rule is depicted by Fig. 12, where we have added the horizontal line in order
to indicate whether the base is a top or a bottom base.

Note that with this rule, the orientation and the color of a band in a D-colored ribbon
graph can be uniquely recovered from the pairs of colors of its bases (recall here that the
unoriented ribbon graph already determines whether a base of a band is a bottom base
or a top base). Furthermore, the two bases of a band have the same sign if and only if
one base is a top base and the other a bottom base.

If a coupon in a ribbon graph with D-colored bands and annuli has k bases of bands
lying on its bottom base, with colors (V1, δ1), . . . , (Vk, δk) enumerated in counterclock-
wise order, and 
 bases of bands lying on its top base, with colors (W1, ε1), . . . , (W
, ε
)

enumerated in clockwise order, then we require that the coupon is colored by a morphism

A ∈ HomDstr
(

(V δ1
1 , . . . , V δk

k ), (W ε1
1 , . . . ,W ε



 )
)

where V +1 := V and V−1 := V ∗ for V ∈ D. Isotopies of D-colored ribbon graphs are
isotopies of ribbon graphs preserving the colors of the bands, annuli and coupons.

In the same way we can now introduce (isotopies of) D-colored ribbon graph di-
agrams. The description of isotopies of ribbon graphs in terms of their diagrams ex-
tends in the obvious way to D-colored ribbon graphs. The pictures of D-colored ribbon
graphs that we will present, will always be pictures of the associated D-colored rib-
bon graph diagrams. An example of a D-colored ribbon graph diagram, obtained by
D-coloring the (3, 2)-ribbon graph diagram of Fig. 1, is given in Fig. 13. In this diagram
A ∈ HomDstr

(

(V1, V ∗
2 ), (W1,W ∗

2 ,W ∗
3 )

)

.
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Fig. 13. A colored ribbon graph diagram

The category RibD ofD-colored ribbon graphs is now defined as follows. The objects
are ∅ and k-tuples ((V1, δ1), . . . , (Vk, δk)) of pairs (Vi , δi ) consisting of objects Vi ∈ D
and signs δi ∈ {±1}. We call such a k-tuple an object of length k, and we view ∅
as the single object of length 0. For objects S = ((V1, δ1), . . . , (Vk, δk)) and T =
((W1, ε1), . . . , (W
, ε
)) of length k ∈ Z>0 and 
 ∈ Z>0 respectively, the class of
morphisms HomRibD (S, T ) consists of the isotopy classes of D-colored ribbon graphs
with bottom extremal bases colored counterclockwise by (V1, δ1), . . . , (Vk, δk) and top
extremal bases colored clockwise by (W1, ε1), . . . , (W
, ε
). For k = 0 or 
 = 0 one
should replace S respectively T by ∅ and construct the corresponding class of morphisms
in analogy to Sect. 2.4. For example, the source of the D-colored (3, 2)-ribbon graph in
Fig. 13 is the tuple ((V1, +1), (W2, +1), (V2,−1)) and its target is ((W1, +1), (W3,−1)).

Composition is defined by vertically stacking the D-colored ribbon graphs. Note that
this is well defined since attaching a bottom extremal base of a band with color (V, δ) to
a top extremal base of a band with the same color (V, δ) is guaranteeing compatibility
of the color of the bands and of the orientation of their strands. The identity morphism
id((V1,δ1),...,(Vk ,δk )) is represented by k parallel vertical bands with the k bottom extremal
bases colored counterclockwise by (V1, δ1), . . . , (Vk, δk) (as a result, the k top extremal
bases are colored clockwise by (V1, δ1), . . . , (Vk, δk) and the orientation of the i th strand
is from top to bottom if and only if δi = +1).

The category RibD is a strict monoidal category with unit object ∅ and tensor prod-
uct ˜�RibD defined on objects by concatenation of the tuples of pairs (V, δ), and on
morphisms by placing the D-colored ribbon graphs next to each other. We will sim-
ply write ˜� if no confusion can arise. RibD is braided with commutativity constraint
cRibD = (cRibD

S,T )S,T∈RibD given by Fig. 14.
Note here that the color and the orientation of the bands, as well as the pairs of colors

of the top extremal bases, are completely determined by the pairs of colors of the bottom
extremal bases. In fact, the pair attached to the top extremal base of a band is the same
as the pair at its bottom extremal base.

The monoidal category RibD admits a left duality. The left dual (S∗, eRibD
S , ι

RibD
S )

to an object S ∈ RibD is defined by

∅∗ := ∅, ((V1, δ1), . . . , (Vk, δk))
∗ := ((Vk,−δk), . . . , (V1,−δ1)),

with the morphisms eRibD
S and ι

RibD
S defined by Fig. 15.
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Fig. 14. cRibD
S,T with S = ((V1, δ1), . . . , (Vk , δk )) and T = ((W1, ε1), . . . , (W
, ε
))

Fig. 15. eRibD
S and ι

RibD
S for S = ((V1, δ1), . . . , (Vk , δk ))

As before, the color and the orientation of the bands, as well as the pairs of colors
of the extremal bases which are uncolored in Fig. 15, are determined by the pairs of
colors of the extremal bases that are colored in Fig. 15. Note that the pair attached to an
uncolored base in Fig. 15 now has opposite sign compared to the base on the opposite
side of its band.

If a morphism S → T in RibD is represented by a D-colored ribbon tangle diagram
L , then its dual is the D-colored ribbon tangle diagram obtained from L by rotating it
by 180 degrees while preserving the orientations and the colors of its strands and annuli.
This has the effect that top (respectively bottom) bases in L become bottom (respectively
top) bases in the rotated diagram. Furthermore, the sign is flipped in the pairs of colors
assigned to the bases of the bands. This simple description of the dual of a morphism
does not work for morphisms in RibD involving coupons, due to the rule that the bottom
base of a coupon in a D-colored ribbon graph diagram should always be below its top
base.

It is clear from the previous paragraph that (S∗)∗ = S for all S ∈ RibD, and
(

cRibD
S,T

)∗ = cRibD
S∗,T ∗ ,

(

eRibD
S

)∗ = ι
RibD
S∗ ,

(

ι
RibD
S

)∗ = eRibD
S∗ .

The braided monoidal category RibD with left duality is a ribbon category with twist
θRibD = (θ

RibD
S )S∈RibD the collection of functorial isomorphisms θ

RibD
S : S

∼−→ S,
defined for objects of length > 0 by Fig. 16.
Furthermore, θ

RibD
∅ := id∅. Indeed, functoriality is immediate for morphisms repre-

sentable by D-colored ribbon tangle diagrams. For morphisms involving coupons this
is a consequence of the three elementary moves involving coupons, see Rel11–Rel13 in
[26, §5]. The two identities

θ
RibD
S˜� T

= (θ
RibD
S

˜� θ
RibD
T )cRibD

T,S cRibD
S,T ,

(

θ
RibD
S

)∗ = θ
RibD
S∗

follow from a straightforward computation in RibD.
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Fig. 16. θ
RibD
S for S = ((V1, δ1), . . . , (Vk , δk ))

Theorem 2.4. [Reshetikhin–Turaev [26]] For any ribbon category D, there exists a
unique strict braided tensor functor

FRT
D : RibD → Dstr

satisfying the following properties:

(1) FRT
D (((V1, δ1), . . . , (Vk, δk))) = (V δ1

1 , . . . , V δk
k ).

(2) For objects S = ((V1, +1), . . . , (Vk, +1)) ∈ RibD only involving (+1)-signs,

FRT
D (eRibD

S ) = estr
FRT

D (S)
, FRT

D (ι
RibD
S ) = ιstr

FRT
D (S)

, FRT
D (θ

RibD
S ) = θ str

FRT
D (S)

. (2.7)

(3) FRT
D maps a D-colored coupon to its color.

The fact that FRT
D is a strict braided tensor functor in particular implies that

FRT
D

(

cRibD
S,T

) = cstr
FRT

D (S),FRT
D (T )

for all objects S, T ∈ RibD.
Recall that a ribbon category D is automatically rigid (see Sect. 1.2). The right dual

of D provides a right dual (S∗, ẽ str
S , ι̃ str

S ) for each S ∈ Dstr, with evaluation morphism
ẽ str
S : S � S∗ → ∅ and injection morphism ι̃ str

S : ∅ → S∗ � S obtained recursively from
the evaluation morphisms ẽV : V ⊗V ∗ → 1 and injection morphisms ι̃V : 1 → V ∗⊗V
for V ∈ D (cf. Sect. 2.3). A straightforward computation in RibD together with (2.5)
implies that

FRT
D (eRibD

((Vk ,−1),...,(V1,−1))) = ẽ str
(V1,...,Vk ), FRT

D (ι
RibD
((Vk ,−1),...,(V1,−1))) = ι̃ str

(V1,...,Vk ). (2.8)

The images under FRT
D of eRibD

S and ι
RibD
S can now easily be computed for any object

S ∈ RibD using (2.7) and (2.8) (note for instance that in RibD the evaluation and
injection morphisms colored by objects of length k can be written as compositions of
elementary D-ribbon tangles involving evaluation and injection morphisms colored by
objects of length 1).

Note that FRT
D (L∗) = FRT

D (L)∗ if L ∈ HomRibD (S, T ) has source and target con-
taining only (+1)-signs. In particular,

FRT
D (θ

RibD
(V,−1)) = (θ str

(V ))
∗. (2.9)
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Fig. 17. A ∈ HomDstr (((V1, δ1), . . . , (Vk , δk )), ((W1, ε1), . . . , (W
, ε
)))

Fig. 18. The D-colored ribbon-braid graph diagrams representing C-colored local maxima and minima

Then FRT
D (θ

RibD
S ) can be computed for any object S using (2.7), (2.9) and the compati-

bility of the twist with the tensor product.
The following result is now immediate.

Proposition 2.5. LetD be a ribbon category. There exists a unique strict braided tensor
functor ID : BD → RibD satisfying

(1) ID((V1, . . . , Vk)) := ((V1, +1), . . . , (Vk, +1)),
(2) For S, T ∈ BD and L ∈ HomBD (S, T ) we set ID(L) to be L, viewed as morphism

in HomRibD (ID(S), ID(T )) (in other words, the D-colored ribbon-braid graph di-
agram representing L is viewed as D-colored ribbon graph diagram in such a way
that the extremal bases all have (+1)-signs).

The functor ID is faithful and compatible with the two “graphical calculus” functors
FRT
D and Fbr

D , in the sense that

Fbr
D = FRT

D ◦ ID.

If D is a ribbon category and L , L ′ are two (isotopy classes of) D-colored ribbon graphs
in RibD, then we write L

.= L ′ if FRT
D (L) = FRT

D (L ′). This is compatible with the
dot-equality we defined earlier for D-colored ribbon-braid graphs.

So besides the possibility to “melt” coupons (cf. Fig. 11) and viewing D-colored
ribbon graphs as coupons, one can now also move coupons through local maxima and
minima at the cost of changing its color by its dual, see Fig. 17 for one of the cases.

2.6. Colored ribbon graph subdiagrams in BD. Consider the set-up with D a braided
monoidal category with twist, and C a full braided monoidal subcategory of D admitting
a compatible left duality, turning it into a ribbon category. Examples relevant for this
paper are (C,D) = (Mfd,M) and (C,D) = (Mfd,Madm). In this case we will draw
D-colored ribbon-braid graph diagrams containing C-colored ribbon graph diagrams,
and interpret them as D-colored ribbon-braid graph diagrams by the following local
rules:

(1) A strand colored by V ∈ C and oriented upwards (i.e., the bottom and top base are
colored by (V,−1)), stands for the strand colored by V ∗ and oriented downwards.

(2) The C-colored ribbon graph diagrams eRibC
(V,+1), e

RibC
(V,−1), ι

RibC
(V,+1) and ι

RibC
(V,−1) stand for

the D-colored ribbon-braid graph diagrams depicted in Fig. 18.
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Fig. 19. C-colored overcrossing

Fig. 20. C-colored undercrossing

Fig. 21. The D-colored ribbon-braid graph diagram representing the C-colored twist

(3) A C-colored coupon ((V1, δ1), . . . , (Vk, δk)) → ((W1, ε1), . . . , (W
, ε
)) colored by
the morphism A ∈ HomCstr ((V δ1

1 , . . . , V δk
k ), (W ε1

1 , . . . ,W ε



 )) stands for the coupon

(V δ1
1 , . . . , V δk

k ) → (W ε1
1 , . . . ,W ε



 )

colored by A, now viewed as morphism in Dstr.

These rules provide an interpretation of any D-colored ribbon-braid graph diagram L
with C-colored ribbon graph subdiagrams as a D-colored ribbon-braid graph diagram.
For instance, the crossings depicted in Figs. 19 and 20 for M ∈ D, V ∈ C and δ ∈ {±1}
stand for cRibD

V δ,M
and cRibD

M,V δ respectively, while θ
RibC
(V,−1) stands for the D-colored ribbon-

braid graph diagram given in Fig. 21.
Applying an isotopy (of colored ribbon graph diagrams) to a C-colored ribbon graph

subdiagram of a ribbon-braid graph diagram L results in a D-colored ribbon-braid graph
diagram L ′, which may not be isotopic to L as D-colored ribbon-braid graph diagram,
but still satisfies

L
.= L ′.

Note that isotopies of D-colored ribbon-braid graph diagrams with entangled C-colored
ribbon graph diagrams include the moves of pulling coupons, local maxima and local
minima in C-colored strands through mixed crossings, like in Fig. 22 (which should be
read as equality in BD).
It is an instructive exercise to check these identities in BD. For Fig. 22 for instance, this
amounts to expressing the diagram in the left-hand side as a D-colored ribbon-braid
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Fig. 22. Moving a local maximum through a mixed crossing

Fig. 23. Zip coupon

graph diagram using the rules (1)–(3), then applying the second Reidemeister move (cf.
Fig. 3) to the two parallel strands colored by M and V−δ , then pulling the strand colored
by M over the coupon colored by the evaluation morphism, and finally rewriting it again
as D-colored ribbon-braid graph diagram with a C-colored ribbon graph subdiagram.

2.7. Fusion morphisms. Let D be a braided monoidal category with twist.
For S = (V1, . . . , Vk) ∈ Dstr we introduce Fig. 23 (respectively Fig. 24) for the

coupon J
BD
S (respectively I

BD
S ) in BD colored by the fusion morphism

JS ∈ HomDstr (S,F str(S)) (respectively J−1
S ). In other words, in their graphical no-

tation we shrink the coupon to a vertex. The incoming directions of the strands at the
vertex determine how their bases are connected to the bases of the coupon. The ribbon-
braid graph diagram J

BD
S zips k vertical parallel strands labeled by V1, . . . , Vk to a single

strand labeled by V1 ⊗ · · · ⊗ Vk . The 2-cocycle identity (2.4) shows that Fig. 23 is dot-
equal to zipping the k parallel strands labeled by V1, . . . , Vk step by step, irrespective
of the order in which the neighboring strands are zipped. A similar remark can be made
about IBD

S and unzipping. Note that

J
BD
S ◦ I

BD
S

.= id(F str(S)), I
BD
S ◦ J

BD
S

.= idS .

The naturality of the braiding and the twist allows to move the zip and unzip diagrams
from Figs. 23 and 24 through a crossing and through a full twist in BD. For instance, we
have the equalities in BD depicted in Figs. 25 and 26.

For S, T ∈ Dstr, the elementary diagrams idBD
S , cBD

S,T and θ
BD
S can be re-expressed

in the graphical calculus as diagrams labeled by objects of length one by means of the
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Fig. 24. Unzip coupon

Fig. 25. Moving the unzip diagram through crossings

Fig. 26. Moving the unzip diagram through full twists

following dot-equalities:

idBD
S

.= I
BD
S ◦ idBD

F str
D (S)

◦ J
BD
S ,

cBD
S,T

.= (

I
BD
T

˜� I
BD
S

) ◦ cBD
F str

D (S),F str
D (T )

◦ (J
BD
S

˜�J
BD
T ),

θ
BD
S

.= I
BD
S ◦ θ

BD
F str

D (S)
◦ J

BD
S .

(2.10)
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Fig. 27. Zipping strands at crossings

Fig. 28. Zipping strands at coupons

Fig. 29. Figure 26 represented as colored ribbon graph diagram

The second identity in (2.10) is depicted in Fig. 27, the others have similar graphical
presentations.

Now let S = (V1, . . . , Vk), T = (W1, . . . ,W
) ∈ Dstr and A ∈ HomDstr (S, T ).
Zipping the parallel strands at the top and bottom base of the coupon labeled by A is
dot-equal to the coupon labeled by (Gstr ◦ F str)(A) by (2.3), as depicted in Fig. 28.

Suppose now that D is a ribbon category, and consider the above identities in
BD as identities in RibD via the functor ID. Then the D-colored ribbon-braid graph
diagram in the left-hand side of Fig. 26 can alternatively be represented by the D-
colored ribbon graph diagram depicted in Fig. 29, viewed as morphism (F str(S), +1) →
((V1, +1), . . . , (Vk, +1)) in RibD.
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Fig. 30. Zip coupon with opposite orientation

Fig. 31. Unzip coupon with opposite orientation

Let S = (V1, . . . , Vk) ∈ Dstr. Besides the coupons

J
RibD
((V1,+1),...,(Vk ,+1)) := ID(J

BD
S ) : ((V1, +1), . . . , (Vk, +1)) → (F str(S), +1)

and I
RibD
((V1,+1),...,(Vk ,+1)) := ID(I

BD
S ) in RibD, still depicted by Figs. 23 and 24, we have

two additional zipping and unzipping coupons

J
RibD
((Vk ,−1),...,(V1,−1)) : ((Vk,−1), . . . , (V1,−1)) → (F str(S),−1),

I
RibD
((Vk ,−1),...,(V1,−1))) : (F str(S),−1) → ((Vk,−1), . . . , (V1,−1)),

in RibD, where the coupon is colored by the appropriate morphism in Dstr represented
by the D-morphism idDV ∗

k ⊗···⊗V ∗
1

. As before, we shrink these coupons to a single vertex

and depict them by Figs. 30 and 31 respectively.
Note that

I
RibD
((V1,+1),...,(Vk ,+1))

.= (

J
RibD
((Vk ,−1),...,(V1,−1))

)∗
,

I
RibD
((Vk ,−1),...,(V1,−1))

.= (

J
RibD
((V1,+1),...,(Vk ,+1))

)∗
,

which lead to dot-equalities allowing to (un)zip local maxima and minima in D-colored
ribbon graph diagrams. For instance, as a special case of the dot-equality depicted in
Fig. 17, we then have Fig. 32.

2.8. Bundling of strands. Let D be a braided monoidal category with twist. In the pre-
vious subsection we showed how the coupons colored by fusion morphisms can be used
to zip k parallel strands colored by objects V1, . . . , Vk in BD into a single strand colored
by their tensor product V1 ⊗ · · · ⊗ Vk ∈ D. It will also be convenient to use a graphical
notation for the k parallel strands colored by V1, . . . , Vk as a single bundle of strands
colored by the k-tuple (V1, . . . , Vk) ∈ Dstr.
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Fig. 32. Moving the zip coupon through a local maximum

The formal construction and justification of this concept make use of the strict braided
monoidal category BDstr with colors from the strictified braided monoidal category Dstr.
Its objects are ∅ and k-tuples (S1, . . . , Sk) of objects S j ∈ Dstr, while the morphisms
are isotopy classes of Dstr-colored ribbon-braid graphs. Consider the functor

VD : BD → BDstr

defined on objects by

VD(∅) := ∅, VD((V1, . . . , Vk)) := ((V1), . . . , (Vk)),

and on morphisms by mapping a D-colored ribbon-braid graph diagram L to the Dstr-
colored ribbon-braid graph diagram obtained from L by replacing for each strand its
color V ∈ D by (V ) ∈ Dstr. Clearly VD is a strict braided, twist preserving, tensor
functor and an embedding of categories. We will identify objects and morphisms in BD
with their VD-images in BDstr .

Consider the strict braided, twist preserving tensor functor

˜Fbr
D := F str

Dstr ◦ Fbr
Dstr : BDstr → Dstr.

It implements the graphical calculus for the braided monoidal category D with twist
in terms of Dstr-colored ribbon-braid graphs, and it is compatible with the graphical
calculus introduced in Sect. 2.4, in the sense that

Fbr
D = ˜Fbr

D ◦ VD.

We can thus view morphisms in BD as morphisms in BDstr represented by Dstr-colored
ribbon-braid graph diagrams with all its strands colored by objects in Dstr of length 1,
and extend the notion of dot-equality to Dstr-colored ribbon-braid graph diagrams L , L ′
by declaring L

.= L ′ if and only if ˜Fbr
D (L) = ˜Fbr

D (L ′).
Let S = (V1, . . . , Vk) and T = (W1, . . . ,W
) be two objects in Dstr, and denote by

(S) and (T ) the corresponding objects in BDstr of length 1. The elementary morphisms

id
BDstr

(S) , c
BDstr

(S),(T ) and θ
BDstr

(S) are thus represented by the Dstr-colored ribbon-braid graph
diagrams depicted in Figs. 33, 34 and 35 respectively.

In the graphical calculus for D these elementary morphisms in BDstr are dot-equal
to the identity, crossing and twist morphisms in BD relative to two bundles of strands
colored by V1, . . . , Vk and W1, . . . ,W
 respectively, i.e.

id
BDstr

(S)

.= id
BDstr

VD(S)
= idBD

S = idBD
V1

˜� · · · ˜�idBD
Vk

,

c
BDstr

(S),(T )

.= c
BDstr

VD(S),VD(T )
= cBD

S,T ,

θ
BDstr

(S)

.= θ
BDstr

VD(S)
= θ

BD
S .

(2.11)
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Fig. 33. Dstr-colored strand

Fig. 34. Dstr-colored crossing

Fig. 35. Dstr-colored full twist

Fig. 36. Bundling colored strands

This can be proven using (2.10), with the role of D replaced by its strictified category
Dstr. For instance, the first equality in (2.10) then implies

J
BDstr

VD(S)
◦ idBD

S ◦ I
BDstr

VD(S)
= J

BDstr

VD(S)
◦ id

BDstr

VD(S)
◦ I

BDstr

VD(S)
= id

BDstr

((V1)�···�(Vk ))
= id

BDstr

(S)

as morphism in BDstr , and hence we obtain the first line of (2.11), which is graphically
represented by Fig. 36.

Finally note that, since Dstr is strict, a Dstr-colored ribbon-braid graph diagram L
is dot-equal to the diagram obtained from L by removing strands colored by ∅. The
following proposition formalizes the procedure of interpreting a Dstr-colored ribbon
graph diagram as a D-colored ribbon graph diagram with its strands replaced by bundles
of strands.

Proposition 2.6. There exists a unique strict braided, twist preserving, tensor functor

UD : BDstr → BD
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satisfying

(S1, . . . , Sk) 	→ S1 � · · · � Sk (S j ∈ Dstr) (2.12)

for k > 0 and mapping a coupon (S1, . . . , Sk) → (T1, . . . , T
) in BDstr colored by

A ∈ Hom(Dstr)str
(

(S1, . . . , Sk), (T1, . . . , T
)
)

to the coupon S1 � · · · � Sk → T1 � · · · � T
 in BD colored by A, now viewed as
morphism in HomDstr (S1 � · · · � Sk, T1 � · · · � T
). Furthermore, UD ◦ VD = idBD
and Fbr

D ◦ UD = ˜Fbr
D .

Proof. The assignment (2.12) means that one removes from the k-tuple (S1, . . . , Sk)
of tuples S j ∈ Dstr the ∅’s and views the remaining sequence as an ordered tuple with
entries being objects from D (i.e., one forgets the partitioning of the total sequence in
sub-sequences). Note that in case all S j are equal to ∅ ∈ Dstr, formula (2.12) assigns
the unit object ∅ ∈ BD to (S1, . . . , Sk). Furthermore, the fact that UD is a strict tensor
functor forces ∅ ∈ BDstr to be mapped to ∅ ∈ BD. Hence on objects, UD is uniquely
determined, and it respects the tensor products of objects.

If the strict braided, twist preserving, functorUD exists, then it is also clearly uniquely
determined on morphisms. Indeed, its action on coupons is already prescribed, and its
action on colored crossings and twists is determined by the requirement thatUD preserves
the braiding and twist. In particular,

UD
(

id
BDstr

(S)

) = idBD
S , UD

(

c
BDstr

(S),(T )

) = cBD
S,T , UD

(

θ
BDstr

(S)

) = θ
BD
S (2.13)

for S, T ∈ Dstr. Existence of UD now follows from the fact that these assignments on
morphisms respect the local moves capturing isotopies of colored ribbon-braid graph
diagrams. It is immediate that UD ◦VD = idBD , while the fact that Fbr

D ◦UD equals ˜Fbr
D

on colored crossings and twists follows from (2.11) and (2.13) (the check that they are
equal on coupons is trivial). ��
Remark 2.7. Note that UD is not a quasi-inverse of VD. Indeed, consider the isomor-
phisms

I
BDstr

VD(S1)
˜� · · · ˜� I

BDstr
VD(Sk )

: (S1, . . . , Sk) 	→ (VD ◦ UD)(S1, . . . , Sk)

for (S1, . . . , Sk) ∈ BDstr (Si ∈ Dstr). Then it follows from the definitions that a colored
ribbon-braid graph diagram L : (S1, . . . , Sk) → (T1, . . . , Tk) only satisfies

(

I
BDstr

VD(T1)
˜� · · · ˜� I

BDstr
VD(Tk )

) ◦ L = (VD ◦ UD)(L) ◦ (

I
BDstr

VD(S1)
˜� · · · ˜� I

BDstr
VD(Sk )

)

if it doesn’t contain any coupons.

Assume now thatD is a ribbon category. The embeddingVD ofBD intoBDstr generalizes
in the obvious manner to RibD. It provides a strict ribbon functor VD : RibD → RibDstr

mapping ((V1, δ1), . . . , (Vk, δk)) to (((V1), δ1), . . . , ((Vk), δk)). It is an embedding of
categories, and we identify objects and morphisms from RibD with their VD-images in
RibDstr .

The strict ribbon functor UD also generalizes in the obvious manner to a strict ribbon
functor UD : RibDstr → RibD. Note that it maps the object (S, δ) of length 1 in RibDstr ,
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with S = (V1, . . . , Vk) ∈ Dstr, to the object ((V1, δ), . . . , (Vk, δ)) of length k in RibD,
and UD ◦ VD = idRibD . The strict tensor functor

˜FRT
D := F str

Dstr ◦ FRT
Dstr : RibDstr → Dstr

is the version of the Reshetikhin–Turaev functor from [29, Thm. I.2.5]. Then

FRT
D ◦ UD = ˜FRT

D , (2.14)

which now signifies that a strand in RibDstr with one of its two bases colored by (S, δ),
with S = (V1, . . . , Vk), is dot-equal to the corresponding bundle of k parallel strands,
with the corresponding k bases colored by (V1, δ), . . . , (Vk, δ). For instance, the evalua-
tion morphism eRibD

˜S
and the injection morphism ι

RibD
˜S

for ˜S = ((V1, +1), . . . , (Vk, +1))

(see Fig. 15) are dot-equal to e
RibDstr

(S,+1) and ι
RibDstr

(S,+1) .
The proof of (2.14) now uses the four zip and unzip morphisms

J
RibDstr

(((V1),+1),...,((Vk ),+1)) : (((V1), +1), . . . , ((Vk), +1)) → (S, +1),

J
RibDstr

(((Vk ),−1),...,((V1),−1)) : (((Vk),−1), . . . , ((V1),−1)) → (S,−1),

I
RibDstr

(((V1),+1),...,((Vk ),+1)) : (S, +1) → (((V1), +1), . . . , ((Vk), +1)),

I
RibDstr

(((Vk ),−1),...,((V1),−1)) : (S,−1) → (((Vk),−1), . . . , ((V1),−1))

in RibDstr , cf. Sect. 2.7.
As a final step, the bundling of strands can be performed in the mixed graphical calcu-

lus associated to a braided monoidal category D with twist and a full ribbon subcategory
C (see Sect. 2.6). The reason why this works boils down to the fact that the bundling
procedures for RibC and BD, as discussed in this subsection, are compatible with the
canonical embeddings C ↪→ D and Cstr ↪→ Dstr of categories. We leave the details
to the reader. The mixed graphical calculus in this paper will only involve bundling of
C-colored strands.

3. q-KZ Equations for k-point Dynamical Fusion Operators

3.1. k-point quantum vertex operators and their graphical representation. In this sub-
section we introduce k-point quantum vertex operators, which are built from intertwiners
Mλ → Mμ ⊗ V with λ,μ ∈ h∗ and V ∈ Mfd. We first recall the parametrization of
such spaces of intertwiners, following [16,17].

Let N be the symmetric monoidal category of h∗-graded vector spaces. The tensor
product of two h∗-graded vector spaces M = ⊕

μ∈h∗ M[μ] and N = ⊕

μ∈h∗ N [μ] is

M ⊗ N :=
⊕

μ∈h∗
(M ⊗ N )[μ], (M ⊗ N )[μ] :=

⊕

ν∈h∗
M[μ − ν] ⊗ N [ν].

The unit object of N is taken to be C = C[0]. The commutativity constraint is
(PM,N )M,N∈N . Let Nadm be the full subcategory of h∗-graded vector spaces with finite-
dimensional graded components, and letNfd be the full subcategory of finite-dimensional
h∗-graded vector spaces. Both Nadm and Nfd are symmetric monoidal subcategories of
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N . In fact, Nfd is a symmetric tensor category, with as evaluation and injection mor-
phisms the standard ones from the symmetric tensor category of finite-dimensional
vector spaces. We will come back to this point in Sect. 3.2.

One can think of N as the symmetric monoidal category of semisimple h-modules
by viewing a semisimple h-module M as the h∗-graded space with graded components

M[μ] := {m ∈ M | h · m = μ(h)m ∀ h ∈ h}.
This viewpoint provides a forgetful functor

F frgt : M → N
mapping M ∈ M to its underlying h∗-graded vector space M := ⊕

μ∈h∗ M[μ] viewed

as semisimple h-module. F frgt maps the morphism φ ∈ HomUq (M, N ) to φ viewed as
morphism M → N of h∗-graded vector spaces. The functor F frgt restricts to functors
Madm → Nadm and Mfd → Nfd. Note that F frgt is a strict tensor functor, but it does
not respect the braiding (see Sect. 3.3 for a further discussion of the properties of F frgt).

Fix λ ∈ h∗ and V ∈ Mfd. Consider the h∗-graded vector space

Intλ,V :=
⊕

μ∈h∗
HomUq (Mλ, Mλ−μ ⊗ V ).

So the graded component Intλ,V [μ] is the morphism space HomUq (Mλ, Mλ−μ ⊗ V ) in
the representation category Madm. We call Mλ, Mλ−μ the auxiliary spaces and V the
spin space of φ ∈ Intλ,V [μ].
Definition 3.1. The morphism

〈·〉λ,V : Intλ,V → V

of h∗-graded vector spaces defined by

〈(φ(μ))μ∈h∗〉λ,V :=
∑

μ∈h∗
(m∗

λ−μ ⊗ idV )(φ(μ)(mλ))

is called the expectation value map of weight λ relative to V .

For V,W ∈ Mfd and A ∈ HomUq (V,W ) define the morphism Aspin ∈ HomN
(

Intλ,V ,

Intλ,W
)

by

Aspin((φ(μ))μ∈h∗
) := (

(idMλ−μ ⊗ A)φ(μ)
)

μ∈h∗ .

Then 〈·〉λ,V is functorial in V ∈ Mfd, in the sense that

〈Aspinφ〉λ,W = A
(〈φ〉λ,V

)

(3.1)

for A ∈ HomUq (V,W ) and φ ∈ Intλ,V .
We recall the following well-known fact (see e.g. [12,16] for further details).

Proposition 3.2. For λ ∈ h∗
reg and V ∈ Mfd the expectation value map 〈·〉λ,V :

Intλ,V → V is an isomorphism of h∗-graded vector spaces. In particular, HomUq (Mλ,

Mλ−μ ⊗ V ) = {0} unless μ ∈ wts(V ) ⊂ �, and Intλ,V ∈ Nfd.
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Let λ ∈ h∗
reg and V ∈ Mfd. We denote the inverse of the isomorphism 〈·〉λ,V by

V → Intλ,V , v 	→ φv
λ. (3.2)

If v = (v(μ))μ∈h∗ is the decomposition of v ∈ V in h∗-graded components, then

φv
λ = (φv(μ)

λ )μ∈h∗ with φv(μ)

λ ∈ Intλ,V [μ] the unique Uq -intertwiner Mλ → Mλ−μ ⊗ V
satisfying

φv(μ)

λ (mλ) = mλ−μ ⊗ v(μ) + l.o.t.

Here lower order terms refers to terms in
⊕

ν<λ−μ Mλ−μ[ν]⊗V with ≤ the dominance
order on h∗. Then (3.1) implies that

Aspinφv
λ = φ

A(v)
λ (3.3)

for A ∈ HomUq (V,W ) and v ∈ V .
We now consider the case that V = F str(S) with S = (V1, . . . , Vk) ∈ Mstr

fd . In this
case the above considerations provide for λ ∈ h∗

reg a multilinear map

V1 × · · · × Vk → Intλ,F str(S), (v1, . . . , vk) 	→ φ
v1⊗···⊗vk
λ

which descends to an isomorphism

F str(S)
∼−→ Intλ,F str(S)

of h∗-graded vector spaces. Composition of intertwiners provides an alternative way of
parametrizing Intλ,F str(S). The key construction from [17] is as follows.

Corollary 3.3. Let λ ∈ h∗
reg and S = (V1, . . . , Vk) ∈ Mstr

fd . There exists a unique
multilinear map

V1 × · · · × Vk → Intλ,F str(S), (v1, . . . , vk) 	→ φ
v1,...,vk
λ (3.4)

such that for weight vectors v
 ∈ V
[ν
], the k-point quantum vertex operator φ
v1,...,vk
λ ∈

Intλ,F str(S)[∑
ν
] is defined by

φ
v1,...,vk
λ := (φ

v1
λ1

⊗ idV2⊗···⊗Vk ) · · · (φvk−1
λk−1

⊗ idVk )φ
vk
λk

, (3.5)

with λk := λ and λ j := λ − ν j+1 − · · · − νk for 0 ≤ j < k.

For S = (V1, . . . , Vk) ∈ Mstr
fd let us write S := (V1, . . . , Vk) ∈ N str

fd . Note that the
multilinear map (3.4) descends to a morphism

F str(S) → Intλ,F str(S), v1 ⊗ · · · ⊗ vk 	→ φ
v1,...,vk
λ (3.6)

of finite-dimensional h∗-graded vector spaces.
Consider the endomorphism jS(λ) of F str(S), defined by

jS(λ)(v1 ⊗ · · · ⊗ vk) := 〈φv1,...,vk
λ 〉λ,F str(S) (3.7)

(we set j∅(λ) := id1). Note that j(V )(λ) = idV for all V ∈ Mfd, and we have the
identity

φ
v1,...,vk
λ = φ

jS(λ)(v1⊗···⊗vk )
λ (3.8)

expressing a k-point quantum vertex operator as a 1-point quantum vertex operator. We
call jS(λ) the k-point dynamical fusion operator of weight λ relative to S.

The following result can be derived from [16, §2.5].
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Proposition 3.4. Let λ ∈ h∗
reg and let S = (V1, . . . , Vk) ∈ Mstr

fd be an object of length
k > 0. Then jS(λ) ∈ EndN (F str(S)) is an automorphism.

We will now introduce lifts of the k-point quantum vertex operator φ
v1,...,vk
λ (see (3.5))

to Mstr and of the k-point dynamical fusion operator jS(λ) to N str
fd . The choice of

lift determines how φ
v1,...,vk
λ and jS(λ) will be interpreted as coupons in the graphical

calculus.
For S ∈ Mstr

fd and λ ∈ h∗, consider the h∗-graded vector space

Intλ,S :=
⊕

μ∈h∗
HomMstr

adm
(Mλ, Mλ−μ � S).

Then Intλ,S
∼−→ Intλ,F str(S), with the isomorphism mapping � = (�(μ))μ∈h∗ to

(F str
M(�(μ)))μ∈h∗ .
For λ ∈ h∗

reg, S = (V1, . . . , Vk) ∈ Mstr
fd and v
 ∈ V
 (1 ≤ 
 ≤ k) we write

�
v1,...,vk
λ ∈ Intλ,S for the pre-image of φ

v1,...,vk
λ ∈ Intλ,F str(S) under this isomorphism.

Note that for weight vectors v
 ∈ V
[ν
], the morphisms

�
v1,...,vk
λ ∈ Intλ,S[∑
ν
] = HomMstr

adm
(Mλ, Mλ−∑


 ν

� S)

decompose as

�
v1,...,vk
λ := (�

v1
λ1

� id(V2,··· ,Vk )) · · · (�vk−1
λk−1

� idVk )�
vk
λk

, (3.9)

and they span Intλ,S by Proposition 3.2, Proposition 3.4 and (3.8). We also refer to
�

v1,...,vk
λ as k-point quantum vertex operators of weight λ.
For λ ∈ h∗

reg and S = (V1, . . . , Vk) ∈ Mstr
fd , let us denote by

JS(λ) ∈ HomN str (S,F str(S))

the isomorphism representing jS(λ) ∈ EndN (F str(S)), which we will also refer to as
the k-point dynamical fusion operator of weight λ relative to S. We also view JS(λ) as
a map V1 × · · · × Vk → V1 ⊗ · · · ⊗ Vk , defined by

JS(λ)(v1, . . . , vk) := jS(λ)(v1 ⊗ · · · ⊗ vk). (3.10)

The strictified version of the identity (3.8) then becomes the identity

J spin
S

(

�
v1,...,vk
λ

) = �
JS(λ)(v1,...,vk )
λ (3.11)

in HomMstr
adm

(Mλ, Mλ−∑


 ν

� F str(S)).

Formula (3.11) generalizes as follows. Let λ ∈ h∗
reg, S = (V1, . . . , Vk) ∈ Mstr

fd and
k > 0. Consider the decomposition

S = S1 � · · · � S
, S j := (Vm j−1+1, Vm j−1+2, . . . , Vm j )

in Mstr
fd with 0 = m0 < m1 < · · · < m
 = k. Then

(JS1 � · · · � JS

)spin(�

v1,...,vk
λ

) = �
w1,...,w


λ

with w j := JS(λ − νm j+1 − · · · − νk)(vm j−1+1, . . . , vm j ) ∈ F str(S j ).
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Fig. 37. Mλ-colored strand

Fig. 38. �-colored coupon

Let λ ∈ h∗
reg and S = (V1, . . . , Vk) ∈ Mstr

fd . From (3.5) and (3.8) it follows that

JS(λ) = J(V1,F str(V2,...,Vk ))(λ)(idV1 � J(V2,...,Vk )(λ)),

JS(λ) = J(F str(V1,...,Vk−1),Vk )(λ)J(V1,...,Vk−1)(λ − hk)
(3.12)

where J(V1,...,Vk−1)(λ−hk) ∈ HomN str
(

S, (F str(V1, . . . , Vk−1), Vk)
)

is representing the
endomorphism j(V1,...,Vk−1)(λ − hk) ∈ EndN (F str(S)) defined by

j(V1,...,Vk−1)(λ − hk)(v1 ⊗ . . . ⊗ vk) := j(V1,...,Vk−1)(λ − νk)(v1 ⊗ . . . ⊗ vk−1) ⊗ vk

for v
 ∈ V
 (1 ≤ 
 < k) and vk ∈ Vk[νk] (cf. e.g. [17, (2.11)]). It follows from (3.12)
that the k-point dynamical fusion operator can be written as composition of 2-point
dynamical fusion operators. Combining both formulas in (3.12) for k = 3 leads to the
2-cocycle condition for the 2-point dynamical fusion operator,

J(V1,V2⊗V3)(λ)(idV1 � J(V2,V3)(λ)) = J(V1⊗V2,V3)(λ)J(V1,V2)(λ − h3),

reflecting the fact that the order in which the neighboring �
vi
λi

in (3.9) are fused pairwise,
is irrelevant.

Dynamical 2-point fusion operators were introduced and studied in e.g. [1,16]. They
arise as the action of a universal fusion element in a suitable completion of U⊗2

q . The
latter fact follows from a linear equation for the 2-point dynamical fusion operator which
is due to Arnaudon, Buffenoir, Ragoucy and Roche [1]. We re-derive it graphically in
Sect. 3.3.

We will now introduce in BM graphical notations for coupons colored by quantum
vertex operators. Since ribbon-braid graph diagrams involving quantum vertex operators
tend to become quite long in the vertical direction, we will rotate them counterclockwise
over 90 degrees. Vertical strands pointing downwards thus become horizontal strands
oriented from left to right.

In the graphical notations for quantum vertex operators, the coupon colored with the
0-point quantum vertex operator id(Mλ) ∈ Intλ,∅ will be denoted by Fig. 37. This leads to
Fig. 38 as the coupon in BM colored by � ∈ Intλ,S[λ − μ] = HomMstr

adm
(Mλ, Mμ � S)

with S = (V1, . . . , Vk) ∈ Mstr
fd , while the coupon in BMstr colored by � is depicted by

Fig. 39.
For a 1-point quantum vertex operator �v

λ ∈ HomMstr
adm

(Mλ, Mμ � V ) with expec-
tation value v ∈ V [λ − μ] we denote the coupon colored by �v

λ as in Fig. 40.
By (3.9) the coupon in BM colored by the k-point quantum vertex operator �

v1,...,vk
λ

(v
 ∈ V
[ν
]) equals the ribbon-braid graph diagram depicted by Fig. 41.
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Fig. 39. �-colored coupon in BMstr

Fig. 40. �v
λ-colored coupon

Fig. 41. �
v1,...,vk
λ -colored coupon

Fig. 42. Resolving full twists in the Verma strands

3.2. The topological operator q-KZ equations. The topological operator q-KZ equa-
tions are consistency equations for k-point quantum vertex operators, which we derive
using the graphical calculus for the strict braided monoidal category Mstr (Theorem
2.2).

Proposition 3.5. For any S ∈ Mstr
fd , λ,μ ∈ h∗

reg and � ∈ HomMstr
adm

(Mλ, Mμ � S) we
have the dot-equality depicted in Fig. 42.

Proof. Recall the twist (ϑM )M∈M of M, defined in terms of the ribbon element ϑ of
Uq (see Sect. 1.5). By Propositions 1.9 and 1.11 we have
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Fig. 43. Moving the twist through �

Φ
S

λ
μ

q〈λ+μ+2ρ,λ−μ〉Φ =̇

By Fig. 6, the right-hand side, viewed as element in BMstr , equals

Φ
S

λμ

The statement now follows from the identity in BMstr depicted by Fig. 43, which follows
from the elementary move of pushing the coupon colored by � over the S-colored strand.

��
As a corollary we have for k = 1 the following topological analog of the operator q-KZ
equation from [19, Thm. 5.1]. Recall the partial quantum trace defined in Definition
1.13.

Corollary 3.6. (Topological operator q-KZ equation) Let λ ∈ h∗
reg, V ∈ Mfd and

v ∈ V [ν]. Then

q〈2(λ+ρ)−ν,ν〉φv
λ = cV,Mλ−ν qTrMλ,V⊗Mλ−ν

V

(

(idV ⊗ φv
λ)cMλ,V

)

in HomUq (Mλ, Mλ−ν ⊗ V ).

The following proposition will be instrumental in deriving the topological operator q-KZ
equations for arbitrary k-point quantum vertex operators.

Proposition 3.7. For λi ∈ h∗
reg, Si ∈ Mstr

fd and �i ∈ HomMstr
adm

(Mλi , Mλi−1 � Si ), let
us write S := S1 � S2 � S3 and set

� := (�1 � idS2�S3)(�2 � idS3)�3 ∈ HomMstr
adm

(Mλ3 , Mλ0 � S). (3.13)

Then we have the dot-equality depicted in Fig. 44.

Proof. Assume first that all objects S j are of length > 0. By the definition of �, it
suffices to show the dot-equality depicted in Fig. 45.
By (3.13) and Proposition 3.5 the left-hand side of Fig. 45 is dot-equal to
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Fig. 44. Resolving full twists in the Verma strands of �2

Fig. 45. Making � explicit in Fig. 44

λ1

S2

λ1
λ2

Φ1

S1

λ0

S2

S3

Φ3
λ3

S3
Φ2

λ2

By the second Reidemeister move (see Fig. 3) on the strands colored by S2 and S3, this
equals

λ1

S2

λ1
λ2

Φ1

S1

λ0

S2

S3

Φ3
λ3

S3
Φ2

λ2

in BMstr . Pulling the cups and caps colored by S2 through the crossing, this equals
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Fig. 46. Composing the identity in Fig. 44 with c−1
S2,S1

λ1

S2

λ1
λ2

Φ1

S1

λ0

S2

S3

Φ3
λ3

S3
Φ2

λ2S2

S3

in BMstr . Finally, upon pulling the coupons colored by �1 and �3 underneath respec-
tively over the S2-colored strand, this equals the right-hand side of Fig. 45 in BMstr .
When S1 = ∅ and/or S3 = ∅ and S2 is of length > 0, the proposition follows from a
straightforward adjustment of the above proof. Finally, when S2 = ∅ the proposition is
trivial. ��
Now let us precompose the identity in Proposition 3.7 with c−1

S2,S1
. On the right-hand

side of Fig. 44, this amounts to pulling the S2-colored strand over the S1-colored strand
on the far left side of the diagram. This leads to the dot-equality depicted in Fig. 46. We
will now use this identity as the starting point for deriving the topological operator q-KZ
equations for quantum vertex operators. We formulate and prove these as identities in
Mstr

adm, to emphasize their topological nature.
From now on we omit identity morphisms in tensor products of morphisms if it does

not cause confusion. For S, T ∈ Mstr
adm and V ∈ Mfd we write

qTrS,T
V : HomMstr

adm
(S � V, T � V ) → HomMstr

adm
(S, T )

for the unique linear map that sends � ∈ HomMstr
adm

(S � V, T � V ) to the morphism in

HomMstr
adm

(S, T ) representing qTrF
str(S),F str(T )

V (�) ∈ HomUq (F str(S),F str(T )).

Theorem 3.8. (Topological operator q-KZ equations for quantum vertex operators)
Let λ ∈ h∗

reg, S = (V1, . . . , Vk) ∈ Mstr
fd and vi ∈ Vi [νi ]. Set λ j := λ − ν j+1 − · · · − νk

for 0 ≤ j < k, with the convention that λk = λ.
The k-point quantum vertex operator �

v1,...,vk
λ ∈ HomMstr

adm
(Mλ, Mλ0 � S) satisfies

the linear equations

q〈λi+λi−1+2ρ,λi−λi−1〉c−1
Vi ,V1

· · · c−1
Vi ,Vi−1

�
v1,...,vk
λ

= cVi ,Mλ0
qTr

Mλ,Vi�Mλ0 �S(i)

Vi

(

(

idVi � (c−1
Vk ,Vi

· · · c−1
Vi+1,Vi

�
v1,...,vk
λ )

)

cMλ,Vi

) (3.14)
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inHomMstr
adm

(

Mλ, Mλ0 �Vi �S(i)
)

for i = 1, . . . , k, where S(i) := (V1, . . . , Vi−1, Vi+1,

. . . , Vk). Here c
−1
Vi ,V1

· · · c−1
Vi ,Vi−1

(resp. c−1
Vk ,Vi

· · · c−1
Vi+1,Vi

) should be read as the identity
when i = 1 (resp. i = k).

Proof. For fixed 1 ≤ i ≤ k we now apply Fig. 46 to the quantum vertex operators

�1 := �
v1,...,vi−1
λi−1

∈ HomMstr
adm

(Mλi−1 , (Mλ0 , V1, . . . , Vi−1)),

�2 := �
vi
λi

∈ HomMstr
adm

(Mλi , (Mλi−1 , Vi )),

�3 := �
vi+1,...,vk
λ ∈ HomMstr

adm
(Mλ, (Mλi , Vi+1, . . . , Vk)),

(3.15)

with the convention that �1 = idMλ0
(resp. �3 = idMλ ) when i = 1 (resp. i = k). The

corresponding decomposition S = S1 � S2 � S3 of S is

S1 = (V1, . . . , Vi−1), S2 = (Vi ), S3 = (Vi+1, . . . , Vk)

with S1 = ∅ (resp. S3 = ∅) when i = 1 (resp. i = k). Note that the resulting morphism

� := (�1 � idS2�S3)(�2 � idS3)�3

is the k-point quantum vertex operator �
v1,...,vk
λ , in view of (3.9). Finally, the set of

shifted weights (λ0, λ1, λ2, λ3) in Fig. 46 is (λ0, λi−1, λi , λ). The right-hand side of
Fig. 46 then becomes the Mstr-colored ribbon-braid graph diagram depicted by

Vi

Φ
v1,...,vk
λ

λ

(V1, . . . , Vi−1)

(Vi+1, . . . , Vk)

Vi

λ0

and Fig. 46 then reduces to the identity

q〈λi+λi−1+2ρ,λi−λi−1〉c−1
Vi ,(V1,...,Vi−1)

�
v1,...,vk
λ

= cVi ,Mλ0
qTr

Mλ,Vi�Mλ0 �S(i)

Vi

(

(

idVi � (c−1
(Vi+1,...,Vk ),Vi

�
v1,...,vk
λ )

)

cMλ,Vi

)

in HomMstr
adm

(

Mλ, Mλ0 � Vi � S(i)
)

. This implies (3.14) since

cVi ,(V1,...,Vi−1) = cVi ,Vi−1cVi ,Vi−2 · · · cVi ,V1 , c(Vi+1,...,Vk ),Vi = cVi+1,Vi cVi+2,Vi · · · cVk ,Vi
by the hexagon identities (1.5). ��
The equations (3.14) are called the topological operator q-KZ equations for k-point
quantum vertex operators. Operator q-KZ equations were derived algebraically in [19,
Thm. 5.2] in the context of q-analogs of WZW conformal blocks. The semiclassical
limit of Theorem 3.8 is discussed in [27, Cor. 6.2] and [28, §2.1].
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Fig. 47. Coupon in BN str colored by PS,T

3.3. The topological q-KZ equations for the k-point dynamical fusion operator. Tak-
ing the highest weight to highest weight component in the topological operator q-KZ
equations (3.14) leads to topological q-KZ equations for the k-point dynamical fu-
sion operator. We derive these using the graphical calculus for the symmetric monoidal
category N of h∗-graded vector spaces and its symmetric tensor subcategory Nfd of
finite-dimensional h∗-graded vector spaces.

Recall that the braiding (PM,N )M,N∈N of the symmetric monoidal category N con-
sists of the flip operators PM,N ∈ HomN (M⊗N , N ⊗M). The braiding (PS,T )S,T∈N str

of the symmetric monoidal category N str thus consists of the isomorphisms PS,T ∈
HomN str (S � T, T � S) representing the flip operators PF str

N (S),F str
N (T ). We will depict

the coupon in BN str colored by the braiding PS,T by Fig. 47.

Note that it is dot-equal to both c
BN str

S,T and (c
BN str

T,S )−1, since N str is symmetric.
The dual V ∗ of V ∈ Nfd is the linear dual of V , with μ-graded component V ∗[μ]

the linear functionals on V vanishing at V [ν] (ν �= −μ). The evaluation and injection
morphisms eV : V ∗ ⊗ V → C and ιV : C → V ⊗ V ∗ of Nfd are the standard ones, see
(1.23) and (1.24). The forgetful functor F frgt : Mfd → Nfd thus preserves left duality.

The twist θ = (θV )V∈Nfd of Nfd is trivial: θV = idV for all V ∈ Nfd. As a conse-
quence, for an N str

fd -colored ribbon tangle graph D, the associated morphism FRT
N str

fd
(D)

only depends on the isotopy class of D as N str
fd -colored tangle graph. The evaluation and

injection morphisms associated to the right duality of the ribbon category Nfd are

êV : V ⊗ V ∗ → C : v ⊗ f 	→ f (v)

ι̂V : C → V ∗ ⊗ V : 1 	→
∑

v∈BV

v∗ ⊗ v, (3.16)

where BV is a basis for V and {v∗ | v ∈ BV } is the corresponding dual basis of V ∗.
The strict tensor functor F frgt : Mstr → N str satisfies

F frgt(cS,T ) = PS,TRS,T ∈ HomN str (S � T , T � S), (3.17)

where RS,T ∈ EndN str (S � T ) is the morphism representing

F frgt(RF str(S),F str(T )

) ∈ EndN (F str(S) ⊗ F str(T )).

For the twist (ϑS)S∈Mstr of Mstr (see Corollary 1.10), we have

F frgt(ϑS) = ϑS,
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Fig. 48. F frgt(cS,T )

Fig. 49. F frgt (̃eS)

Fig. 50. F frgt (̃ιS)

whereϑS ∈EndN str(S) is the endomorphism representingF frgt(ϑF str(S))∈EndN (F str(S)).
The restriction of F frgt to Mstr

fd preserves left duality, while for S ∈ Mstr
fd we have by

(1.25),

F frgt(̃eS) = êS
(

(q2ρ)S � idS∗
)

, F frgt(̃ιS) = (

idS∗ � (q−2ρ)S
)

ι̂S,

where êS and ι̂S are the opposite evaluation and injection morphisms of N str
fd and the

endomorphism (q±2ρ)S ∈ EndN str
fd

(S) is representing the action of q±2ρ on F str(S)

(which clearly preserves the h∗-grading).
It follows that in the graphical calculus for N str, the morphisms F frgt(cS,T ) (S, T ∈

Mstr) in N str are dot-equal to Fig. 48, where we have omitted the sublabels of RS,T in
the coloring of the coupon, as well as the underlining in the colors of the strands.
Similarly, for S ∈ Mstr

fd the morphisms F frgt(̃eS) and F frgt(̃ιS) in N str
fd are dot-equal to

Figs. 49 and 50 respectively.
To incorporate the evaluation map into the graphical calculus, we introduce the fol-

lowing notations. Let M ∈ N . Recall the 1-dimensional Uq(b)-module Cν = C1ν ,
which we now view as h∗-graded vector space with only one nontrivial graded compo-
nent Cν[ν], of degree ν ∈ h∗. A homogeneous vector m ∈ M[ν] defines a morphism

αm ∈ HomN (Cν, M), αm(1ν) := m.

For M ∈ N and f ∈ M[ν]∗ let

β f ∈ HomN (M,Cν)
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Fig. 51. αm

Fig. 52. β f

Fig. 53. αmλ

Fig. 54. βm∗
λ

be the unique morphism satisfyingβ f (m) = f (m)1ν form ∈ M[ν]. Note thatβ f |M[μ] =
0 for μ �= ν, and we set M∗[−ν] := {β f } f ∈M[ν]∗ . The restricted dual of M ∈ N is
defined to be

M◦ :=
⊕

μ∈h∗
M∗[μ] ∈ N .

This is to be compared with the construction of the restricted dual for Uq -modules
discussed in Sect. 1.6.

In the N -graphical calculus, boundary right (resp. left)spin coupons in N -colored
ribbon-braid graphs are coupons colored by morphisms αm (resp. β f ) for M ∈ Nfd,
appearing respectively on the far left– and far right-hand side of the diagram. We depict
the boundary spin coupons by omitting the strand colored by the 1-dimensional h∗-
graded vector space Cν , replacing the rectangle by a circle, and denoting the color of
the coupon by the associated homogeneous vector m (resp. f ), see Figs. 51 and 52.
Recall the notation mλ for the highest weight vector of the Verma module Mλ defined
in Sect. 1.3, and m∗

λ for its unique dual vector (see Sect. 1.6). We denote the boundary
right and left coupons colored by αmλ and βm∗

λ
, where mλ and m∗

λ are now viewed as
homogeneous vectors in Mλ ∈ N and M◦

λ ∈ N respectively, as in Figs. 53 and 54.

Definition 3.9. For any λ,μ ∈ h∗
reg and S ∈ Mstr

fd , we define the map

〈·〉 : HomMstr
adm

(Mλ, Mμ � S) → HomN str
fd

(Cλ,Cμ � S)

by

〈�〉 := (βm∗
μ

� idS) ◦ � ◦ αmλ .

This is consistent with the definition of the expectation value as given in Definition 3.1.
Indeed, using the natural identification

HomN (Cλ,Cμ ⊗ F str(S)) � HomN (Cλ−μ,F str(S))
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Fig. 55. 〈�〉

Fig. 56. Leading component of R

Fig. 57. Leading component of R21

the morphism underlying 〈�〉 ∈ HomN str
fd

(Cλ,Cμ � S) is αm ∈ HomN (Cλ−μ,F str(S))

with the vector m ∈ F str(S)[λ − μ] equal to the expectation value of the Uq -linear
intertwiner representing � ∈ HomMstr

adm
(Mλ, Mμ � S). Note that the coupon in BN str

colored by the morphism 〈�〉 ∈ HomN str (Cλ,Cμ � S) is dot-equal to the N str-colored
ribbon-braid graph diagram depicted in Fig. 55, where we use the convention to denote
the color S of the spin-strand by S, if no confusion can arise.

Lemma 3.10. For any λ ∈ h∗
reg and S ∈ Mstr

fd , one has the dot-equalities in BN str

represented by Figs.56 and 57, where R21 stands for the endomorphism (R21)Mλ,S in

EndN str (Mλ � S) representing the h-linear endomorphism (R21)Mλ,F str(S) of
Mλ ⊗ F str(S).

Proof. The dot-equalities in Figs. 56 and 57 are implied by the identities

RMλ,F str(S)(αmλ ⊗ idF str(S)) = αmλ ⊗ πF str(S)(q
λ),

(βm∗
λ
⊗ idF str(S))(R21)Mλ,F str(S) = βm∗

λ
⊗ πF str(S)(q

λ),

which follow from the expressions (1.10) and (1.15) for R, together with the fact that
Rβ ∈ U+[β] ⊗U−[−β] (β ∈ Q+) and R0 = 1 ⊗ 1. ��

We are now in the position to derive the topological q-KZ equations for the dynamical
fusion operator JS(λ) from Sect. 3.1 using theN str-graphical calculus and the topological
operator q-KZ equations for k-point quantum vertex operators from Theorem 3.8.

The starting point is the following identity, obtained by applying the expectation
value map 〈·〉 : HomMstr

adm
(Mλ3 , Mλ0 � S) → HomN str

fd
(Cλ3 ,Cλ0 � S) from Definition

3.9 to the identity in Proposition 3.7.

Proposition 3.11. For λi ∈ h∗
reg, Si ∈ Mstr

fd and �i ∈ HomMstr
adm

(Mλi , Mλi−1 � Si ), let
us write S := S1 � S2 � S3 and set

� := (�1 � idS2�S3)(�2 � idS3)�3 ∈ HomMstr
adm

(Mλ3, Mλ0 � S).
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Then we have

q〈λ1+λ2+2ρ,λ2−λ1〉〈�〉 = (R21)S1,S2(q
λ0+λ3+2ρ)S2(R21)−1

S2,S3
〈�〉, (3.18)

viewed as identity in HomN str
fd

(Cλ3 ,Cλ0 � S).

Proof. From Proposition 3.7 we get

S2

S1

λ0

S2

S3

Φ
λ3

S2

S3

S1

λ3

q〈λ1+λ2+2ρ,λ2−λ1〉〈Φ〉 =̇
S2

R
R21 R

(R21)−1q2ρ

λ0

Upon applying Lemma 3.10, the right-hand side is dot-equal to the N str-colored ribbon-
braid graph diagram

S2

S1

λ0

S2

S3

Φ
λ3

S2

S3

S1

λ3

S2

R

(R21)−1q2ρ

λ0

qλ0+λ3

In BN str one can now pull the strand colored by S2 through the red strand and through
several of the occurring coupons, leading to dot-equality with the N str-colored ribbon-
braid graph diagram

λ1 λ2

Φ1
λ0

S2

Φ3
λ3

Φ2

S3

S1

R
S2

S1

qλ0+λ3

S2

S2

(R21)−1

q2ρ

S2

S2

S1

S3

S3 S3

Here we have used the fact that modulo dot-equality, the coupon depicted by a solid
crossing can be replaced by either an over-crossing or an under-crossing in N , such that
the strand labeled by S2 can really be thought of as a contractable loop. Recalling that
the twist is trivial in the category N str

fd , one can eliminate the closed loop colored by
S2 up to dot-equality. After simplifying the graphics in N str

fd by removing any double
crossings, we obtain dot-equality with the diagram
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λ1 λ2

Φ1
λ0

Φ3
λ3

Φ2

(R21)−1

S1

S2

S1

S2
qλ0+λ3+2ρ

S3

S2

S3

S2

S3

R21

This diagram is mapped to the right-hand side of (3.18) by ˜Fbr
N , which completes the

proof. ��
We now use (3.18) to derive asymptotic q-KZ equations for the highest weight to highest
weight components of k-point quantum vertex operators.

For λ ∈ h∗ and M ∈ Madm, let (q2θ(λ))M ∈ EndN (M) be the map acting as
q〈2(λ+ρ)−μ,μ〉idM[μ] on M[μ]. Informally, θ(λ) is the element λ+ρ− 1

2

∑r
i=1 x

2
i ∈ U (h).

This is not be confused with the notation ϑ for the ribbon element defined in Sect. 1.5.
Recall also the notation κ for the element in U (2) that relates the R-matrix to the quasi
R-matrix (see Definition 1.6).

Proposition 3.12. Let λ ∈ h∗
reg and S = (V1, . . . , Vk) ∈ Mstr

fd . Fix weight vectors
vi ∈ Vi [νi ] and set λi := λ − νi+1 − · · · − νk for 0 ≤ i < k, with the convention that
λk = λ.

The highest weight to highest weight component

〈�v1,...,vk
λ 〉 ∈ HomN str

fd
(Cλ,Cλ−∑


 ν

� S)

of the k-point quantum vertex operator �
v1,...,vk
λ ∈ HomMstr

adm
(Mλ, Mλ−∑


 ν

� S) sat-

isfies the operator q-KZ equations

q〈λi+λi−1+2ρ,λi−λi−1〉〈�v1,...,vk
λ 〉

= (R21)Vi−1,Vi · · · (R21)V1,Vi A
S
i (λ)(R21)−1

Vi ,Vk
· · · (R21)−1

Vi ,Vi+1
〈�v1,...,vk

λ 〉 (3.19)

for i = 1, . . . , k, where AS
i (λ) ∈ EndN str

fd
(S) is defined by

AS
i (λ) := κ−1

V1,Vi
· · · κ−1

Vi−1,Vi
(q2θ(λ))Vi κ

−1
Vi ,Vi+1

· · · κ−1
Vi ,Vk

. (3.20)

Here we have simplified the notation by omitting the underlining of sublabels in the
formulas.

Proof. We apply (3.18) to the three quantum vertex operators �1 := �
v1,...,vi−1
λi−1

, �2 =
�

vi
λi

and �3 = �
vi+1,...,vk
λ (compare with the proof of Theorem 3.8). Then S1 =

(V1, . . . , Vi−1), S2 = (Vi ), S3 = (Vi+1, . . . , Vk) and � = �
v1,...,vk
λ . The weights

(λ0, λ1, λ2, λ3) in (3.18) become (λ0, λi−1, λi , λ).
With these choices, equation (3.18) reduces to

q〈λi+λi−1+2ρ,λi−λi−1〉〈�v1,...,vk
λ 〉 = (R21)S1,Vi (q

2(λ+ρ)−∑


 ν
)Vi (R21)−1
Vi ,S3

〈�v1,...,vk
λ 〉

(3.21)

in HomN str
fd

(Cλ,Cλ0 � S).

Note that the endomorphisms (q2(λ+ρ)−∑


 ν
)Vi and AS
i (λ) of F str(S) act in the

same way on F str(S)[∑
 ν
]. Furthermore, the image of 〈�v1,...,vk
λ 〉 lies in Cλ0 ⊗
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F str(S)[∑
 ν
] and (R21)−1
Vi ,S3

preserves Cλ0 ⊗F str(S)[∑
 ν
], so we conclude that the

operator (q2(λ+ρ)−∑


 ν
)Vi in the right-hand side of (3.21) may be replaced by AS
i (λ).

We thus have

q〈λi+λi−1+2ρ,λi−λi−1〉〈�v1,...,vk
λ 〉 = (R21)S1,Vi A

S
i (λ)(R21)−1

Vi ,S3
〈�v1,...,vk

λ 〉

in HomN str
fd

(Cλ,Cλ0 � S). The result now follows, since we have

(R21)S1,Vi = (R21)Vi−1,Vi · · · (R21)V1,Vi ,

(R21)Vi ,S3 = (R21)Vi ,Vi+1 · · · (R21)Vi ,Vk

(3.22)

in EndN str
fd

(S) by (3.17) and the hexagon identities. ��
We now translate the equations (3.19) to topological q-KZ type equations for the

dynamical k-point fusion operators.

Theorem 3.13. (Topological q-KZ equations for dynamical k-point fusion operators)
Let λ ∈ h∗

reg and S = (V1, . . . , Vk) ∈ Mstr
fd . For i = 1, . . . , k we have

JS(λ)(q2θ(λ))Vi κ
−2
Vi ,Vi+1

· · · κ−2
Vi ,Vk

= (R21)Vi−1,Vi · · · (R21)V1,Vi A
S
i (λ)(R21)−1

Vi ,Vk
· · · (R21)−1

Vi ,Vi+1
JS(λ)

(3.23)

as identity in HomN str (S,F str(S)), with AS
i (λ) and the R-matrices in the right-hand

side of (3.23) viewed as endomorphisms of F str(S).

Proof. Fix weight vectors vi ∈ Vi [νi ] for i = 1, . . . , k. By definition of the dynamical
fusion operator jS(λ) (see (3.7)), we conclude from (3.19) that

q〈2(λ+ρ−νi+1−···−νk )−νi ,νi 〉 jS(λ)(v1 ⊗ · · · ⊗ vk)

= (R21)Vi−1,Vi · · · (R21)V1,Vi A
S
i (λ)(R21)−1

Vi ,Vk
· · · (R21)−1

Vi ,Vi+1
jS(λ)(v1 ⊗ · · · ⊗ vk)

as identity in F str(S). The left-hand side can be rewritten in terms of operators that do
not depend on the weights ν j :

q〈2(λ+ρ−νi+1−···−νk )−νi ,νi 〉v1 ⊗ · · · ⊗ vk = (q2θ(λ))Vi κ
−2
Vi ,Vi+1

· · · κ−2
Vi ,Vk

v1 ⊗ · · · ⊗ vk .

As a result we obtain

jS(λ)(q2θ(λ))Vi κ
−2
Vi ,Vi+1

· · · κ−2
Vi ,Vk

= (R21)Vi−1,Vi · · · (R21)V1,Vi A
S
i (λ)(R21)−1

Vi ,Vk
· · · (R21)−1

Vi ,Vi+1
jS(λ)

(3.24)

as identity in EndN (F str(S)). This immediately implies the desired result. ��
As a special case we obtain the following equations for the dynamical 2-point fusion

operator, the first of which (equation (3.25)) is originally due to Arnaudon, Buffenoir,
Ragoucy and Roche [1] (see also [16]).
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Corollary 3.14. For any V1, V2 ∈ Mfd and λ ∈ h∗
reg, the dynamical 2-point fusion

operator j(V1,V2)(λ) ∈ EndN (V1 ⊗ V2) satisfies

j(V1,V2)(λ)(q2θ(λ))V2 = (R21)V1,V2κ
−1
V1,V2

(q2θ(λ))V2 j(V1,V2)(λ), (3.25)

as well as

j(V1,V2)(λ)(q2θ(λ))V1κ
−2
V1,V2

= (q2θ(λ))V1κ
−1
V1,V2

(R21)−1
V1,V2

j(V1,V2)(λ). (3.26)

Proof. Equation (3.25) is the case i = k = 2 of (3.23), while (3.26) is the case i = 1
and k = 2 of (3.23). ��
Remark 3.15. By (3.12) and (3.22), equation (3.25) (resp. (3.26)) for the dynamical 2-
point fusion operator implies the topological q-KZ equation (3.23) for i = k (resp.
i = 1) and arbitrary k ≥ 2.

The topological q-KZ equations (3.23) for k > 2 and 1 < i < k are a direct
consequence of the topological q-KZ equation

j(V1,V2,V3)(λ)(q2θ(λ))V2κ
−2
V2,V3

= (R21)V1,V2κ
−1
V1,V2

(q2θ(λ))V2κ
−1
V2,V3

(R21)−1
V2,V3

j(V1,V2,V3)(λ)

for dynamical 3-point fusion operators (which corresponds to the case k = 3 and i = 2
of equation (3.23)).

Conclusion

In this paper we have laid the foundations of graphical calculus for ribbon categories and
braided monoidal categories with twist, by refining and generalizing the Reshetikhin–
Turaev functor. We have applied this graphical framework to categories of Uq -modules,
in order to obtain topological q-KZ equations satisfied by dynamical fusion operators.
In our upcoming paper [6], which will serve as a sequel to the present paper, we will
exploit the full potential of the graphical calculus, by introducing a rigorous process for
dynamicalization of morphisms in Mstr

fd , and by deriving purely graphical proofs of the
dual q-KZB and dual Macdonald–Ruijsenaars equations satisfied by normalized traces
of k-point quantum vertex operators.
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