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ABSTRACT

Let f be a Laurent polynomial in d commuting variables with integer
coefficients. Associated to f is the principal algebraic Z%-action ay on a
compact subgroup X; of T2’ determined by f. Let N > 1 and restrict
points in Xy to coordinates in NZ®. The resulting algebraic NZ%-action is
again principal, and is associated to a polynomial gy whose support grows
with N and whose coefficients grow exponentially with N. We prove that
by suitably renormalizing these decimations we can identify a limiting
behavior given by a continuous concave function on the Newton polytope
of f, and show that this decimation limit is the negative of the Legendre
dual of the Ronkin function of f. In certain cases with two variables,
the decimation limit coincides with the surface tension of random surfaces
related to dimer models, but the statistical physics methods used to prove
this are quite different and depend on special properties of the polynomial.

1. Introduction

Letd>1and f € Z[xlﬂ, e ,xil] be a Laurent polynomial with integer coef-
ficients in d commuting variables. We write

flz,...,xq) = f(x) = Z Fln)x™,

nezd

where x™ = z7" .-z}

and f(n) € Z for all n € Z¢ and is nonzero for only
finitely many n € Z<.
Denote the additive torus R/Z by T. Use f to define a compact subgroup X

of T2 by

(1.1) Xf:i= {t S 'H‘Zd : Z f(n)thrn =0 forallme Zd}.

nezd

By its definition this subgroup is invariant under the natural shift-action o of Z%
on TZ" defined by 6™(t)m = tm-n. Hence the restriction ay of o to Xy gives
an action of Z¢ by automorphisms of the compact abelian group X r. We call
(X, ay) the principal algebraic Z%-action defined by f.

Such Z%-actions serve as a rich class of examples and have been studied in-
tensively. An observation of Halmos [19] shows that oy automatically preserves
Haar measure py on Xy. It is known that the topological entropy of af coin-
cides with its measure-theoretic entropy with respect to py. For nonzero f this
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common value was computed in [24] to be the logarithmic Mahler measure of f,
defined as

1 1
(12) ) [ gl T s ds
0 0

(when f = 0 the entropy is infinite).

It will be convenient to identify the Laurent polynomial ring Z[mlﬂ, . ,:1:3[1]
with the integral group ring Z[Z?], where the monomial x® corresponds
ton € Z% Thus f € Zzi',...,zF"] is identified with its coefficient func-
tion jA’: 7% — 7. When emphasizing the behavior of coefficients we will always
use the notation f

Principal algebraic Z?-actions are special cases of algebraic Z%-actions,
which we define as actions of Z? by automorphisms of a compact abelian group.
Modules over the integral group ring Z[Z?] arise naturally as Pontryagin duals
of algebraic Z?-actions: an algebraic Z?-action on X induces a Z[Z?-module
structure on the discrete dual group X, and conversely if M is a Z|Z4-module
there is an induced algebraic Z%-action on its compact dual group M (see [36,
Chap. II] for a detailed description). In §6 we give a concrete account of this
correspondence for the algebraic actions we study here.

Fix a principal algebraic Z%-action (X, af). Let N > 1 and ry: TZ' — TNZ
be the map restricting the coordinates of a point to only those in the sublat-
tice NZ. We call the image rn(X) the Nth decimation of Xy, although
this is considerably more brutal that the term’s original meaning since only
every Nth coordinate in each coordinate direction survives. Clearly ry(Xy¢) is
again a compact abelian group, and it is invariant under the natural shift action
of NZ4 on TNZ*,

Using commutative algebra applied to contracted ideals in integral extensions,
we show in §6 that rn (X) is a principal algebraic N Z%-action with some defin-
ing polynomial gy € Z[NZ]. Typically both the support of gn grows with N
and its coefficient function gn grows exponentially in N. Our goal in this paper
is to prove that with suitable renormalizations the concave hulls of the result-
ing functions converge uniformly on the Newton polytope of f to a continuous
decimation limit D¢. Furthermore, D; can be computed via Legendre duality
using a well-studied object called the Ronkin function of f.

The analytical parts of our analysis apply to Laurent polynomials with com-
plex coefficients. For such an f € C[Z%] we define its Nth decimation fivy



258 E. ARZHAKOVA ET AL. Isr. J. Math.
by

N-1 N-1
(1.3) fivy (@1, .o za) o= H e H f(eQMkl/N:cl, . ,ekad/N:rd).

k1=0  kq=0

Since f(yy is unchanged after multiplying each of its variables by an arbitrary
Nth root of unity, it follows that it is a polynomial in the Nth powers of the x;,
i.e., that fin) € C[NZ4]. Decimations of polynomials have appeared in many
contexts, including Purbhoo’s approximations to shapes of complex amoebas
[33], Boyd’s proof that the Mahler measure of a polynomial is continuous in its
coefficients [5], and dimer models in statistical physics [22].

For most f € Z[Z4] the generator gy of the Nth decimation of X coincides
with f(yy. But under special circumstances characterized in §6, involving the
support of f and the Galois properties of the coefficients of the polynomials
occurring in the factorization of f over the algebraic closure of the rationals, it
can happen that f(yy is a power g3 of gn. Our results give a way to explicitly
compute the exponent ey and provide a way to determine the renormalized
behavior of gy from that of fxy.

To give a simple example when d = 1, let f(z) = 22 — 2. Then since f is
already in Z[2Z] we have that g2(x) = f(z), while

fioy (@) = f(2)f (=) = f(x)* = g2(2)*.

In Example 8.8 we show that the exponents for this case are ey = 1 if NV is
odd, while ey = 2 if N is even.

For f € C[Z) let supp f = {n € Z¢ : f(n) # 0} denote its support. The
Newton polytope N; of f is the convex hull in R? of supp f. It is well-
known that if f and g are in C[Z9], then N, is the Minkowski sum N7 + A,
Since f(ny is the product of N ¢ polynomials all of whose Newton polytopes
are Ny, it follows that Ny, = NANG.

The Ronkin function R;: R? — R of 0 # f € C[Z9] is defined by

1 1
(1_4) Rf(ula---;ud) ;:/ / 10g|f(eule2”sl,...,e“deQMSd)|d31---dsd.
0 0

By [32] this is a convex function on R?. Letting (r,u) = ryu; +- - - +rquq denote
the usual inner product on R, then R has a Legendre dual R} defined by

R;(I') = sup{(r,u) — Ry(u) :u € Rd}’

which turns out to be a convex function on Ny (and is co off Ny).
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To describe rescaling of polynomials g € C[Z%] it is convenient to extend the
domain of § from Z? to R¢ by declaring its value to be 0 off supp g.
Let ¢: R? — C. For any a > 0 define the rescaling operator E, on ¢ by

(Eadp)(r) = ¢(ar)

for all r € RY. When dealing with concave functions it is often convenient
to use the extended range R = R U {—occ}, with the usual algebraic rules for
handling —oc and with the convention that log0 = —occ. Then log |¢|: RY — R,
and we define its concave hull CH(log|¢|) to be the infimum of all affine
functions on R that dominate log|g|.

Definition 1.1: Let f € C[Z%] and f(y) be its Nth decimation. Define the Nth
logarithmic rescaling Ly f of f by

1

LNf::ENd(Nd

log| f)1)-

Clearly Ly f(r) = —oco if r ¢ Ny, and is finite at every extreme point of Ny and
at only finitely many other points in Ny. The Nth renormalized decima-
tion Dy f of f is the concave hull CH(Ly f) of Ly f. By our previous remark,
Dn f equals —oo off Ny and is finite at every point of Ny.

With these preparations we can now state one of our main results.

THEOREM 1.2: Let 0 # f € C[ZY]. Then the Nth renormalized decima-
tions Dy f of f are concave polyhedral functions on the Newton polytope Ny
of f that converge uniformly on Ny as N — oo to a continuous concave limit
function Dy called the decimation limit of f. Off Ny both Dy f and Dy are
equal to —oo. Furthermore D, = —Rj, where R} is the Legendre dual of the
Ronkin function Ry of f.

The proof of this theorem uses two main ideas: Mahler’s fundamental esti-
mate [29] relating the largest coefficient of a polynomial to its Mahler measure
and support, and a method used by Boyd [5], applied to decimations along
powers of 2, to prove that for polynomials whose support is contained in a
fixed finite subset of Z® the Mahler measure is a continuous function of their
coefficients.

If f € Z[Z% the decimation limit of f contains dynamical information
about oy.
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COROLLARY 1.3: Let 0 # f € C[Z9]. Then the maximum value of the dec-
imation limit Dy on the Newton polytope Ny equals the logarithmic Mahler
measure m(f) of f defined in (1.2). In particular, if f € Z[Z%) then this maxi-
mum value equals the entropy of the principal algebraic Z%-action o -

Duality allows us to compute the decimation limit of a product of two poly-
nomials. Suppose that ¢,1: R? — R both have finite supremum. Define their
tropical convolution ¢ ® ¥ by

(¢ ®9)(r) := sup{e(s) + ¢(r —s) : s € R}
This is the tropical analogue of standard convolution, but using tropical (or
max-plus) arithmetic in R.
COROLLARY 1.4: Let f and g be nonzero polynomials in C[Z%]. Then
D¢y = Dy ® Dy.
Thus decimation limits live in the tropics.

ACKNOWLEDGMENT. The authors are grateful to Hanfeng Li for several sug-
gestions and clarifications.

2. Examples

Here we give some examples to illustrate the phenomena we are investigating.
They use either one or two variables, and for these we denote the variables by x
and y rather than z; and z5. Let Qn = {62”’“/1\[ : 0 < k < N} denote the
group of Nth roots of unity.

Example 2.1: Let d = 1 and f(z) = 22 — 2 — 1 = (x — \)(z — p), where
A= (1++/5)/2 and u = (1 —+/5)/2. Then
fivy(z) = H fwx) = H (wz — N)(wz — p)

wENN wENN
= (@~ W)@ — ) =22V — ()N + (),
Hence
0 if r=0or 2,
(Lnf)(r) = ]1, log |A\N + uN| ifr=1,

—00 otherwise.
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Since Ly f(1) — logA as N — oo, the concave hulls Dy f converge uniformly
on Ny =[0,2] to the decimation limit

r

rlog A ifogr<
Dy(r) =49 (2—r)log\ if1<r<

L,
2,

—00 otherwise,

which is shown in Figure 1(a).
To compute the Ronkin function Ry, recall Jensen’s formula that for
every ¢ € C we have that

1
(2.1) / log |€2™ — ¢| ds = max{0,log ||} := log™ |¢].
0

Thus

1
R¢(u) = /0 log |f(e“e2ﬂ5)| ds

1 1

= / log [e“e®™ — \| ds + / log [e“e®™* — 1| ds
0 0

=2u+logt e Al +log™ e “pl,

whose polygonal graph is depicted in Figure 1(b). It is then easy to verify using
the definition of Legendre transform that D, = —Rj.

Finally, the decimation limits D,_ and D,_, are computed similarly, and
shown in Figures 1(c) and 1(d). It is easy to check using the definition of
tropical convolution that Dy ® Dy—;, = Dz x)(z—u) = Dy, in agreement with
Corollary 1.4.

More generally, if f(z) = [TjZ,(z — A;j) and [A1] > [A2| > -+ > |\, then a
computation similar to that in Example 2.1 shows that (Ly f)(m) = 0 and that
(Ly f)(Kk) converges to log [A\1Aa ... Ap—g| for K =0,1,...,m — 1, and this gives
uniform convergence of Dy f to Dy on Ny = [0, m]. However, if some roots of f
have equal absolute value, then convergence is more delicate, or may even fail,

as the next two examples show.
Example 2.2: Let d =1 and
flz) =2t —4a® — 227 — 4z + 1,

which is irreducible in Z[Z]. The roots of f are A = 14+/2+ V2v2 + 2 ~ 4.611,
p=1+v2—V2v2+2~0217, and 1 — vV2£iv/2v2 — 2 = 27 where 6 is
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log A t Dy (r) 2log A +
T Ry (u)
1 2
w ! l u
- - log |l log A

(@ > (b)

log A DI,A(T)
1
Y T T T
1
—log A De—pu(r)
(c) (d)

Figure 1. Graphs in Example 2.1.

irrational. Simple estimates show that (Ly f)(k) converges for k = 0,1, 3,4 with
limits 0, log A, log A, 0, respectively. However, the dominant term controlling the
behavior of (Ly f)(2) is

1
N log |2AY cos (2N ).

Since 6 is irrational, the factor cos(2r N6) occasionally becomes very small, and
so convergence is in question.

In fact, (Ly f)(2) does converge, but the proof requires a deep result of Gel-
fond [17, Thm. III, p. 28] on the diophantine properties of algebraic numbers
on the unit circle (see [2, Thm. 3.1] for a more accessible treatment). According
to this result, if £ is an algebraic number (such as €27 above) such that |¢| = 1
and ¢ is not a root of unity, and if ¢ > 0, then |¢™ — 1] > e "¢ for all but
finitely many n. From this it is easy to deduce that |e?™V¢ —j| > e~ N¢ for
almost every N, and hence that (1/N)log|cos(2rN6)| — 0 as N — oo. This
convergence is illustrated in Figure 2(a).
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Both (Ly f)(1) and (L f)(3) converge to log A, and clearly

limsup(Ly f)(2) < log A.
N—00
Hence any lack of convergence of (Ly f)(2) would not affect the limiting behavior
of the concave hull Dy f, nor uniform convergence of Dy f to Dy on [0,4]. Thus
such diophantine issues are covered up by taking concave hulls.

2log2 +
log A

Figure 2. (a) Convergence in Example 2.2, and (b) lack of con-
vergence in Example 2.3.

The next example shows that if we allow the coefficients of f to be arbitrary
complex numbers instead of integers, then (Ly f)(k) can badly fail to converge
at some k.

Example 2.3: Let d = 1 and f(z) = (z — 2e2™)(x — 2e=2™) | where we will
determine . Then (Ly f)(0) = 2log2 and (Lyf)(2) =0 for all N > 1, while

(Lnvf)(1) = jlv log |2V - 2 cos(27N6)|.

It is possible to construct an irrational # and a sequence N; — oo such

that o log|cos(2mN;0)| — —oc as j — oco. Hence using this value of § to
J

define f we see that (Ly f)(1) does not converge, as depicted in Figure 2(b),

although the concave hulls Dy f do converge uniformly to Dy.

Using arguments similar to those above, it is possible to give an elementary
direct proof of Theorem 1.2 in the case d = 1.
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Example 2.4: Let d = 2 and f(x,y) = 1 + 2 +y. Then f(y) is a polynomial
in 2V and yV of degree N? in each variable. For example,

fisy(@,y)
_$25+5$20y5+5$20+10$15 10 605$15y5+10$15+10$10 15

+ 190521 %1% + 1905205 + 10210 + 52°9%° — 60525y 4 190525y '°
— 6052°y° + 52° + 4?° + 5y%° + 10y + 10y*° + 53° + 1.

The Nth logarithmic rescaling Ly f of f is finite at points in the unit simplex
A = Ny whose coordinates are integer multiples of 1/N. Thus its concave
hull Dy f is a polyhedral surface over A, and as N — oo these surfaces converge
uniformly on A to the graph of the concave decimation limit D;. Figure 3(a)
shows the polyhedral surface D5 f corresponding to the calculation of f(5y above,
and Figure 3(b) depicts the limiting smooth surface for Dy.

For this example it is possible to derive an explicit formula for Dy. Clearly
Dy (r, s) is symmetric in r and s, so we may assume that s <. Let

(2.2) Ay ={(r,s) e A:s<rands<(1-r)/2},
(2.3) Ay={(r,s) e A:s<rands>(1-r)/2}.
For (r,s) € Ay UAg with r + s < 1 define

b(r,s) = csclm(r + s)] sin(ms).

Then it turns out that 0 < b(r,s) < 1 for (r,s) € A; while 1 < b(r,s) < o©
for (r,s) € Aq.

Using Legendre duality and calculations of Ry by Lundqvist [25], in Appen-
dix A we show that that if (r, s) € Ay then

n+1
(2.4) Z b(r,s)" sin[nmw(1 — r)] — slogb(r, s),
while if (r,s) € Ag then
o n+1
(2.5) Dy(r,s) Z b(r,s) "sin[nm(1 —7)] + (1 — r — s) log b(r, s).

We will prove in Corollary 1.3 that the maximum value of Dy equals the
entropy of ay, which is the logarithmic Mahler measure m(f) of f defined
n (1.2). In this example, the maximum value is attained at (1/3,1/3), which
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is in both A; and A,. Either formula therefore applies, and each gives Smyth’s
calculation [37] that

3v3 o= x3(n)  3v3
2. 1 = Ds(1/3,1/3) = = L(2, x3) ~ 0.32
(2.6) m(l+z+y) = Dp(1/3,1/3) =" 2 1 L(2:x3) = 0.3230,

where xs is the nontrivial character of Z/3Z and L(s,x3) is the L-function
associated with ys.

Unlike the previous example, some decimation limits exhibit non-smooth be-
havior.

Figure 3. (a) Polyhedral approximation Ds f, and (b) limiting
smooth surface Dy for f(x,y) =1+ x + y in Example 2.4.
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Example 2.5: Let d =2 and

flz,y)=5+z+a +y+y "t

The decimation limit Dy is depicted in Figure 4(a). The non-smooth peak at
the origin is due to a “hole” in the amoeba of f, as defined in §4 and shown in
Figure 4(b).

Figure 4. (a) The decimation limit for the polynomial
flx,y) =5+x+ 2! +y+y ! from Example 2.5, and (b) the
“hole” in its amoeba causing the peak.

As in the previous example, the decimation limit describes the surface tension
for a physical model, in this case dimer tilings of the square-octagon graph (see
[22, Fig. 3]).

Remark 2.6: Dimer models have a long history in statistical physics. A par-
ticularly important instance involves f(z,y) = 1 + « + y from Example 2.4,
and has been studied in enormous detail by many authors, including Kenyon,
Okounkov, and Sheffield [22].

To describe this model, let H{ denote the regular hexagonal lattice in R2.
We can assign the vertices of H alternating colors red and black, much like a
checkerboard. A perfect matching on H is an assignment of each red vertex
to a unique adjacent black vertex, these forming an edge or dimer. A perfect
matching is equivalent to a tiling of R? by three types of lozenges, one type
for each of the three edges incident to each vertex. Using a natural height
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function, such a lozenge tiling gives a surface, and the study of the statistical
properties of such random surfaces has resulted in many remarkable discoveries
(see Okounkov’s survey [31] or Gorin’s detailed account of lozenge tilings [18]).

Kasteleyn discovered that by cleverly assigning signs to the edges of I, he
could compute the number of perfect matchings on a finite approximation using
periodic boundary conditions by a determinant formula. Furthermore, this
determinant can be explicitly evaluated to have the form of a decimation of
f(z,y) = 1+ x4+ y. Each of the three terms of f corresponds to one of the
three types of lozenges in the random tiling. Then according to [22, §3.2] the
logarithmic scaling limit D¢ (r, s) counts the growth rate of perfect matchings
for which the frequencies of the three lozenge types are r, s, and 1 —r — 5. As
such, it is called the surface tension for this model.

The two-variable polynomials with integer coefficients arising from such dimer
models, such as the preceding two examples, define curves of a very special
type called Harnack curves. For these there are probabilistic interpretations of
the coefficients of decimations. The additional structure enables one to show
that the individual nonzero coefficients of f(ny grow at a rate predicted by Dy.
Example 2.3 shows this can fail if complex coefficients are allowed. But whether
or not this is true for every polynomial in Z[Z%] for all d > 1 appears to be quite
an interesting problem (see Question 9.2 for a precise formulation).

3. Convex functions and Legendre duals

We briefly review some basic facts about convex functions and their Legendre
duals. Rockafellar’s classic book [34] contains a comprehensive account of this
theory.

Let R denote R U {oo}, with the standard conventions about arithmetic op-
erations and inequalities involving co. Let ¢: R — R be a function, and define
its epigraph by

epig:={(u,t):u € RLt € R, and t > ¢(u)} € R? x R.

Then ¢ is defined to be convex provided that epi ¢ is a convex subset of R% x R.
A function ¢: R* — R is called concave if —1): R? — R is convex.
The effective domain of a convex function ¢ is defined by

dom¢ := {u e R?: ¢(u) < oo}.



268 E. ARZHAKOVA ET AL. Isr. J. Math.

By allowing ¢ to take the value oo, we may assume that it is defined on all
of R?, enabling us to combine convex functions without needing to take into
account their effective domains. A convex function is closed if its epigraph is
a closed subset of R? x R. This property normalizes the behavior of a convex
function at the boundary of its effective domain, and holds for all convex (and
concave) functions that arise here.

Suppose that ¢: R — R is convex. Its Legendre dual (or, more accurately,
its Legendre—Fenchel dual) ¢* is defined for all r € R? by

(3.1) ¢*(r) := sup{(r,u) — ¢(u) : u € R%}.

The Legendre dual ¢* is also a convex function, and provides an alternative
description of epi ¢ in terms of its support hyperplanes. Furthermore, Legendre
duality states that ¢** = ¢ for closed convex functions.

The Legendre dual of a concave function ¢: R? — R is similarly defined as

(3.2) Y*(r) = inf{(r,u) — ¢(u) : u € R},

Then ¢ = —1) is convex, and a simple manipulation shows that their Legendre
duals are related by ¢*(r) = —¢*(—r).

4. Amoebas and Ronkin functions

Let 0 # f € C[Z9]. Put C* = C ~ {0} and define
V(f) = {2 € (C): f(z) =0},

Let Log: (C*)¢ — R? be the map Log(21,...,zq4) = (log|z1],...,log|z4|)-
In 1993 Gel'fand, Kapranov, and Zelevinsky [16] introduced the notion of the
amoeba Ay of f, defined as

Ag = Log(V(f)) Cc R%

The amoeba of 14+x+y is depicted in Figure 5(a). The complement A =R¢ A,
of Ay consists of a finite number of connected components, all convex. The un-
bounded components are created by “tentacles” of A¢. Unfortunately, biological
amoebas look nothing like their mathematical namesakes.

Closely related to A is the Ronkin function R; of f, introduced by Ronkin
[35] in 2001, and defined earlier in (1.4). The Ronkin function of 1 + x + y is
shown in Figure 5(b).
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(a)

Figure 5. (a) The amoeba of 1 + x + y, and (b) its Ronkin function .

The Ronkin function of a polynomial f is known to be a convex function
on R? and affine on each connected component of A (see [32] for all properties
of Ry and Ay used here). Moreover, on each connected component of A§ the
(constant) gradient of Ry is contained in Ny NZ?, and the convex hull of these
values equals Ny. From this we conclude that the Legendre dual R} of R; has
effective domain Ny.

5. Decimation limits of polynomials

In this section we prove Theorem 1.2, one of our main results, and Corollaries 1.3
and 1.4. If 0 # f € C[Z%) we will show that the Nth renormalized decimation
Dnf = CH(Lnf) converges uniformly on N} to a continuous concave limit
function Dy, and that Df = fR;.

The first ingredient in our proof is the basic estimate of Mahler relating the
largest coefficient of a polynomial to its Mahler measure and its support. Let
us begin with some terminology. For 0 # g € C[Z?] define its height H(g) by
H(g)=max{ |g(k)| : k € Z¢}. The Mahler measure of g is M(g) = exp(m(g)),
where m(g) is the logarithmic Mahler measure defined in (1.2).

PROPOSITION 5.1 (Mahler [29]): Suppose that 0 # g € C[Z%] and that

suppg C [0,C —1]* Nz
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Then
(5.1) 279“H(g) < M(g) < C*H(g).

Proof. Let k = (k1,...,kq) € suppg. Then by [29, Eqn. (3)],

aoor< (“0 ) () (0 M.

Since each binomial coefficient is bounded above by 2¢, the first inequality
n (5.1) follows.

To prove the second inequality, observe that for all real numbers s1,...,sq
we have that

(5.2) |g(e®™,..., ™) < Y [g(k)| < |[0,C — 1Y N2 - H(g) = C*H(g).
keZd

Hence

1 1
M(g) exp|:/ / 10g|g(e2ﬂ—isl,---,627risd)|d51~-~d5d
0 0
CH(g)

Consider (C*)? as a group under coordinate-wise multiplication. Define the
action of z € (C*)? on f € C[Z%] by (z - f)(x1,...,74) = f(z171,...,2aTa).
This action is commutative since

z- (2 f)=(22) f=2"(zf),
and also z- (fg) = (z- f)(z - g) for all f,g € C[Z%]. Hence the map f + z- f is
a ring isomorphism of C[Z%]. Furthermore, (z - f) (k) = z¥ f(k) for all k € Z4,
and so N, = Ny for all z € (C*)%.
Recall that Qx denotes the group of Nth roots of unity. For w € Q4, C (C*)?

we call w - f the rotate of f by w. Then fy) = Hweﬂ% w - f is the product

of all rotates of f by elements in Q4.
If g,h € C[Z%] then it is well known that Ny, = N, + N}, (the Minkowski
sum), and trivially Ry, = Ry + Ry. By our previous remarks,

Nf(N): Z No.g = Z Nf:Nde.

wed, wed,

Also, Ru.f = Ry, and hence Ry, = Nde.
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For u € R? put e* = (e*,...,e"e). Then (¢" - fY (k) = e**f(k). Commu-
tativity of the action of (C*)? on f then shows that (e - f)ny = € - (fin))-
Also

Ry(w) = log M(e* - ) = = Tog M((e* - /)in)

Observe that

1

Nd 10g M(eu : f(N})

log H(e™ - f(y) = max{(u,k) + log | fn (k)| : k € 29},
indicating a connection with Legendre duals.

Proof of Theorem 1.2. Let 0 # f € C[Z%]. Fix m € Z% and let g(x) = x™ f(x).
It is straightforward to verify that

(Dng)(r) = (DN f)(r — m)

for all r € R?. Therefore by adjusting f by suitable monomial, we may assume
that supp f C [0, B — 1]2N Z% for some B > 1. Then

supp(e™ - fiy) C [0, NYB —1)]*NzZ* C [0,N'B —1]*nZ*

for every u € R?. By Proposition 5.1,

1 1
R¢(u) = Na o8 M(e™ - finy) < Nd {log[(N?B)*] + log H(e™ - f(ny)}
log|(V4B)] 1 "
= N + oy kmeé%§{<u,k> + log | fiwvy ()|},
where the error term by := N~ %log[(NYB)? — 0 as N — oo, uniformly
for u € R4

An opposite inequality is based on the following fundamental observation,
used both by Boyd [5] and Purbhoo [33] for different purposes. As we noticed
before, f(ny is a polynomial in the Nth powers of the variables. Therefore
ENﬁm is again a polynomial to which we can apply Prop. 5.1, but with im-
proved constants since the support has now shrunk by a factor of N. This
improvement is crucial.

Specifically,

supp(e® - fny) C [0, N4B - 1)]" N (NZY),

so that
supp(En (" - finy)) C [0, N1 (B - 1)) nz.
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Applying Prop. 5.1,

H(e" - finy) = H(En(e® - finy)) <2V BM(En(e® - fiy))

(5.3) s .
:2dN BM(e“~f)N

Hence

dN91Blog?2

vt Hlog M £) = aw + Ry(w)

1
N log H(e" - finy) <

where again the error term ay := (dBlog2)/N — 0 uniformly for u € R%. We

can summarize these estimates as

(5.4) R¢(u) — ]éd Eéé%x{@l k) + log |f(N (k¥)[}| € max{an,bn} — 0

as N — oo uniformly in u € R%.
Next we relate the first max occurring in (5.4) with the Nth normalized
decimation Dy f. We have that

1

ya max{(u ko) + log | oy (k)|

(o () ¢ v 1)
(o () + el (L))
(o (5)) + 0 (1)

)

=max{(u,r) + Dy f(r)} = —(Dn f)*(—u).

reRrd

k
Nd
+

Hence by (5.4), —(Dn f)*(—u) converges to R¢(u) uniformly for u € R?, or
equivalently,

(5.5) (Dnf)*(u) = —Ry(—u) uniformly for u € R%

If ¢ and 1 are concave functions on R? such that |¢p(u) — ¥(u)| < ¢ for
all u € RY, it is easy to check from the definitions that ¢* and 1)* have the same
effective domain, and that [¢*(r) — ¥*(r)| < € for all r € dom ¢* = dom ¢*.
Applying this to (5.5) and using duality we finally obtain that

(Dnf)™ =Dnf — —Rj

uniformly on Ny, completing the proof.
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Proof of Corollary 1.3. By Theorem 1.2, Legendre duality, and (3.2),

—m(f) = —=Rs(0,0) = D}(0,0) = inf —Dy(r,s) =~ sup Dy(r,s).
(r,5)EN} (r,8)ENF

We remark that differentiability of D¢ at the maximum value is not assumed
for Legendre duality to apply here, and Example 2.5 provides a case when
differentiability fails.

Proof of Corollary 1.4. Let f and g be nonzero polynomials in C[Z?]. Clearly
ng = Rf + Rg.

By [34, Thm. 16.4], the Legendre dual of the sum ¢+ of two convex functions

is their infimal convolution defined for r € R? by

inf{¢(s) + ¢(r —s) : s € R},

Applying this with ¢ = —Ry and ¢ = —R,, using Thm. 1.2, and taking negatives
we obtain that Dyy = Dy ® D,,.

Remark 5.2: Our estimate (5.4) can be expressed in the language of tropical-
ization of polynomials (see [26, §3.1] for background and motivation). Let

0 # 900 = 3 glixk e Clz),
kezd

Define the tropicalization of ¢ to be the function trop g: R — R given by
(trop g)(u) = max{(u, k) +log [g(k)[},
kezd
which is a polyhedral convex function. Then by (5.4) we see that

1
(5.6) ;4 trop fivy — Ry uniformly on R,

N
so that the normalized tropicalization of f(yy converges uniformly to the Ronkin
function of f. Figure 6(a) depicts this polyhedral approximation for

fley) =1+z+y

and N =5 (compare with Figure 5(b)). The tropical variety of this polyhedral
approximation is the projection to the plane of the vertices and edges of its
graph, and is shown in Figure 6(b). These tropical varieties converge in the
Hausdorff metric to the amoeba of f as N — oo (compare with Figure 5(a)).
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(a) (b)

Figure 6. (a) Tropical approximation to the Ronkin function
of 1 + x4y, and (b) its corresponding tropical variety .

Remark 5.3: In [33] Purbhoo used decimations for a different purpose, namely
to find a computational way to detect whether or not a point is in the amoeba of
a given polynomial. Call a polynomial lopsided if it has one coefficient whose
absolute value strictly exceeds the sum of the absolute values of all the other
coefficients. Let f € Z[Z%) and u € R%. Clearly if e*- f is lopsided then u ¢ Ay.
Purbhoo used decimations to amplify size differences among the coefficients.
More precisely, he proves that given € > 0 there is an Ny, depending only on &
and the support of f, such that if N > Ny and the distance from u to Ay
is greater than e then e" - f/ny is lopsided. Since f and f(y) have the same
amoeba, this gives an effective algorithm for approximating the complement
of Ay.

One direct consequence of [33] is that the normalized tropicalizations in (5.6)
converge to the Ronkin function off the amoeba of f, while our result is that this
convergence is uniform on all of R, Roughly speaking, Purbhoo is concerned
with the coefficients of e f for points u off the amoeba, while our focus is on u
within the amoeba.

Remark 5.4: Let F' be a lower-dimensional face of the Newton polytope N
of f, and put flr =3, cp fA(n)xn. Clearly the restriction of Dy to F is just
the decimation limit of f|r, or in symbols D¢|r = Dy),. By Corollary 1.3, this
generalizes [24, Rem. 5.5], which gave a dynamical proof of the inequality due

to Smyth [38, Thm. 2] that m(f) > m(fr) for every face F' of Ny.
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6. Decimations of principal actions and contracted ideals

We return to decimations of principal algebraic Z?-actions, and in this section
show that they are again principal. The proof uses machinery from commutative
algebra, including contractions of ideals.

Suppose that X is a compact, shift-invariant subgroup of TZ". Using Pon-
tryagin duality we can obtain an alternative description of X as follows (for a
comprehensive account see [36, Chap. II]).

As a discrete abelian group the Pontryagin dual of TZ" is the direct sum of Z¢
copies of Z, which we suggestively write as @ .54 Zx* = Z[Z%]. The (additive)
dual pairing between TZ" and Z[Z%] is given by

(tg) = 3 heglk) €T.
kezd
Multiplication by the inverses of each of the variables z; on Z[Z%] gives a Z9-
action that is dual to the natural shift action o on TZ" defined earlier.

Since X is shift-invariant, {g € Z[Z%] : (t,g) = 0 for all t € X'} is an ideal a
in Z[Z%], and the dual group of X equals Z[Z%]/a. Conversely, if a is an ar-
bitrary ideal in Z[Z9], then the compact dual group X, of Z[Z%]/a is a shift-
invariant subgroup of TZ". Thus there is a one-to-one correspondence between
shift-invariant compact subgroups of TZ and ideals in Z[Z%]. When a is the
principal ideal (f) generated by f, then X, = Xy as defined above, explaining
the terminology “principal actions”.

Fix N > 1 and recall the restriction map ry: TZ 5 TNZ' from §1. Let
f € Z[Z%). Then the Nth decimation 7y (Xy) is a compact subgroup of TNz
that is invariant under the shift-action of NZ¢. By our previous discussion, the
dual group of rx (X ) has the form Z[NZ?/ay, where ay is an ideal in Z[NZ4].
The following result identifies this ideal.

LEMMA 6.1: Let f € Z[Z% and N > 1. Then the dual group of rn(Xy) is
Z[NZ%/ayn, where an = (f) N Z[NZ4).

Proof. Let
by ={g €ZINZY : (t,g) =0 for all t € ry(X;)}.

If g € ay, then for every t € Xy we have that 0 = (t,g) = (rn(t),g), so
that g € by. Conversely, if g € by and t € Xy, then g annihilates the restriction
of t to every coset of NZ?, and hence annihilates ¢, so that g € ay.
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The ideal (f) N Z[NZ? defining rx(X;) is called the contraction of (f)
to Z[NZ%). The main result of this section is that this contraction is always
principal.

PROPOSITION 6.2: Let f € Z[Z% and N > 1. Then the contracted ideal
(f) NZ[NZ4 is a principal ideal in Z[NZ4).

We begin by briefly sketching the necessary terminology and machinery from
commutative algebra, all of which is contained in [1] or can be easily deduced
from material there.

For brevity let
R=7Z[NZ% and S =2[Z%.

Both R and S are unique factorization domains, and therefore both are in-
tegrally closed [1, Prop. 5.12]. Furthermore, S is integral over R since each
variable x; in S satisfies the monic polynomial yV — :E;V € Rly].

A prime ideal p in an integral domain has height one if there are no prime
ideals strictly between 0 and p. In a unique factorization domain the prime
ideals of height one are exactly the principal ideals generated by irreducible
elements. A proper ideal ¢ in an integral domain is primary if whenever ab € q
then either a € q or b™ € q for some n > 1. In this case its radical

{a:a" € q for some n > 1}

is a prime ideal, say p, and then q is called p-primary. Examples show that in
general a power of a prime ideal need not be primary, that a primary ideal need
not be the power of a prime ideal, and that even if an ideal has prime radical
it need not be primary. The notion of primary ideal, although the correct one
for decomposition theory, is quite subtle. However, in our situation things are
much simpler.

LEMMA 6.3: Let P be a unique factorization domain, and let r € P be irre-
ducible. Then the principal ideal p = (r) is prime, and the p-primary ideals are
exactly the powers p™ of p for n > 1.

Proof. Tt is clear that p is prime. To prove that p™ = (r™) is p-primary, suppose
that ab € p™, but a ¢ p™. Then r | b, so b™ € p", showing that p” is primary.
Clearly the radical of p™ is p, and so p™ is p-primary.
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Conversely, suppose that q is a p-primary ideal. Since the radical of q is p, it
follows that ™ € q for some n > 1. Choose n to be the minimal such power,
so that p” C q. Suppose that p™ # q, and let a € q ~ p". Write a = '™,
where r { ¢. Clearly m < n — 1, and so ™ ¢ q by minimality of n. Since q
is primary, there is a k > 1 such that ¢¥ € q C p. But this contradicts r { c.
Hence p" = q.

If a is an ideal in S, we denote its contraction aN R to R by a®. If g is a
p-primary ideal in S, then p© is prime and ¢ is pS-primary in R.

One of the important results in commutative algebra, essential to developing
a dimension theory using chains of prime ideals, is the so-called “Going Down”
theorem [1, Thm. 5.16]. Its hypotheses are satisfied in our situation, and it
says the following. Suppose that pg C p1 C po is a chain of prime ideals in R,
and that there is a prime ideal g2 in S with q5 = p,. Then there is a chain
do S g1 & g2 of prime ideals in .S such that q5 = p, for j = 0,1,2. From this
it follows that prime ideals in S of height one contract to prime ideals in R of
height one. In other words, if h € S is irreducible, then (h)s N R is a principal
ideal (g)r in R generated by an irreducible polynomial ¢ in R.

Proof of Proposition 6.2. First suppose that f € S is irreducible. As we just
showed, there is an irreducible g € R such that (f)s N R = (g)r. Furthermore,
if n > 1 then (f™)s is (f)s-primary, and so (f")s N R is (g) g-primary, hence
equals (g¥) g for some k > 1.

The result is obvious if f = 0, so suppose that 0 # f € S, and let

=g

be its factorization in S into powers of distinct irreducibles f;. Then there are
irreducible polynomials g; € R and k; > 1 such that

(f")s N R = (g} )n.
Hence
(lsNR=(f"---fi)sNR=((f{")sN---(f')s)NR
=({(ff)sNR)N---N((fi")s N R)
= (g"VrN - N (g R = (LCM(g1, ..., ¢")) R,

proving that (f)s N R is principal.
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Remarks 6.4: (1) It is possible for distinct principal prime ideals in S to con-
tract to the same prime ideal in R. As a simple example, let d = 1, N = 2,
fi(z) = 22 — 2 — 1, and fa(z) = 22 + © — 1. Then each is irreducible in S,
but both (fi)s and (fa)s contract in R = Z[2Z] to (z* — 32% + 1), where
2t — 322 + 1 is irreducible in Z[2Z] (but of course not in Z[Z]). In the proof
this is accounted for by using the least common multiple LCM in the last line
of the displayed equation above.

(2) A polynomial is primitive if the greatest common divisor of its coefficients
is 1. If 0 # f € S is a nonconstant primitive polynomial with factorization

A

into powers of distinct irreducible polynomials, then by Gauss’s Lemma each
fj is primitive as well. Furthermore, (f;)s N R = (g;)r, where each g; is
nonconstant and primitive. It then follows from the proof that (f)s N R is
generated by a primitive element of R.

(3) There is a completely different proof of Prop. 6.2 using entropy that is valid
for all polynomials in S except for those of a very special and easily determined
form. Recall that the entropy of oy is the logarithmic Mahler measure m(f)
defined in (1.2). A generalized cyclotomic polynomial in S is one of the
form x"c(xX), where c is a cyclotomic polynomial in one variable and k # 0.
Smyth [38] proved that m(f) = 0 if and only if f is, up to sign, a product
generalized cyclotomic polynomial. Assume that f € S is not such a polynomial,
so that the entropy of ay is strictly positive. A simple argument using cosets
of NZ® shows that rx(Xy) also has positive entropy. Now 7y (X;) = Xqy by
Lemma 6.1, where ay = (f)sNR. But an ideal a in R for which the shift action
of NZ% on X, has positive entropy must be principal [24, Thm. 4.2].

7. Absolutely irreducible factorizations and Gauss’s Lemma

Suppose that f € Z[Z%] is nonconstant and irreducible. Its factorization into
absolutely irreducible polynomials in an extension field of Q will play a decisive
role. A generalization of Gauss’s Lemma to number fields enables us to deal
with the algebraic properties of the coefficients of the factors.

Two polynomials in C[Z?] are distinct if one is not a nonzero scalar multiple
of the other. An element ¢ € C[Z9] is adjusted if 0 is an extreme point of its
Newton polytope Ny, and is monic if it is both adjusted and (E(O) =1.
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A polynomial in C[Z?] is absolutely irreducible if it is irreducible in the
unique factorization domain C[Z?]. Hence every non-unit f € C[Z4] has some
factorization f = ¢ --- ¢, into absolutely irreducible factors ¢;. The method
of Galois descent [10] shows that, after multiplying the factors by suitable con-
stants, there is a finite normal extension K of Q such that each ¢; € K([Z4], and
also that the coefficients of the ¢; generate K, so that K is the splitting field
of f. Furthermore an elementary argument shows that if f is adjusted, then we
can multiply the ¢; by units in K[Z%] so that each ¢; is monic, N, C Ny, and
= F0)61-- 6.

Remarks 7.1: (1) When d = 1 this factorization is into the linear factors guar-
anteed by the fundamental theorem of algebra.

(2) A simple sufficient condition for ¢ to be absolutely irreducible is that
Ny is not the nontrivial Minkowski sum of two integer polytopes (see [15] for
applications of this idea).

(3) There are reasonably good factoring algorithms which, on input f, pro-
duce a monic irreducible polynomial in Z[z] with root 6§ and an absolutely
irreducible ¢ € Q(0)[Z%) such that f = o1(¢)o2(¢) - 0,(¢), where the o, are
all the distinct field embeddings of Q(6) into C (see [12] for an overview of these
methods).

The following shows that, unlike factoring, divisibility is not affected when
passing to an extension field.

LEMMA 7.2: Suppose that L is an extension of the field K and that f, g € K[Z4).
Then f divides g in K[Z%] if and only if f divides g in L[Z].

Proof. For the nontrivial direction, suppose there is an h € L[Z?] such that
fh = g. Equating coefficients of like monomials gives a system of K-linear
equations in the coefficients of h. Since this system has a solution over L,

Gaussian elimination shows that this (unique) solution is actually over K, and
so h € K[Z4].

PROPOSITION 7.3: Let f € Z[Z%] be nonconstant, adjusted, and irreducible
in Z[Z4]. Then there is a finite normal extension field K of Q and monic ab-
solutely irreducible polynomials ¢1, ..., ¢, € K[Z%] such that f = f(O)gbl coe Oy
and Ny, C Ny for 1 < j < r. Furthermore, the Galois group Gal(K : Q) acts
transitively on the set of factors ¢;, and these factors are pairwise distinct.
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Proof. Our earlier discussion shows there is a factorization f = f(O)q[)l Ry
over the splitting field K of f, where each ¢; is monic and Ny, C N for
1 < j < r. Suppose that 0 € Gal(K : Q). Since o(f) = f, it follows that o
must permute the absolutely irreducible factors up to multiplication by units.
But if o(¢;) = cx™¢s, then n = 0 since the factors are adjusted and ¢ = 1
since they are monic. Hence o permutes the factors themselves. If there were a
proper subset of factors that is invariant under Gal(K : Q), then their product
would be in Q[Z9] since its coefficients are invariant under Gal(K : Q). But
then ¢ would be a proper divisor of f in Q[Z? by Lemma 7.2, contradicting
irreducibility of f by Gauss’s Lemma. A similar argument shows that each
factor appears with multiplicity one.

We now give a brief sketch of the extension of Gauss’s Lemma to number
fields and the consequences we use. Let K be a finite extension of Q, and Ok
be the ring of algebraic integers in K. A fractional ideal a in K is a nonzero
Ok-submodule such that there is an integer b for which ba C Og. Fractional
ideals can be added and multiplied, with Ok being the multiplicative identity.
A fractional ideal contained in Ok is an ideal in the usual ring-theoretic sense.
The pivotal result is that the set of fractional ideals form a group, the set of
principal fractional ideals (those of the form Ogf for some 3 € K) form a
subgroup, and the quotient of these groups is a finite abelian group called the
class group which measures how far Ok is from being a principal ideal domain.

Let ¢ € K[Z9]. Define the content cx(4) to be the factional ideal in K
generated by the coefficients of ¢. Say that ¢ is primitive if ¢x(¢) = Ok. It is
easy to check that although content depends on the ambient field K, primitivity
does not: if ¢ € K[Z9] and ¢ € L[Z%], then cx(¢) = Ok if and only if ¢r.(¢) = OL.
For a proof of the following version of Gauss’s Lemma, see [8, Chap. 6, Lemma
2.1], or the more leisurely account in [27, Thm. 8.2].

THEOREM 7.4 (Gauss’s Lemma for number fields): Let K be a number field
and ¢,v € K[Z%). Then

cx(PV) = ek (P)ex (1)

In particular, if ¢, € Og[Z%] then ¢v is primitive if and only if both ¢ and v
are primitive. If ¢, € Ox[Z?] are primitive, and if ¢ = B for some 8 € K,
then B is a unit in Og.
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Remark 7.5: Suppose that f € Z[Z9] is primitive and that N > 1. Let
(v = e¥™/N which is a unit in Q((x). Hence each rotate w - f, where w € Q%
is primitive in Q({x)[Z%]. The preceding theorem then shows that the prod-
uct fiyy of these rotates is also primitive in Q(¢x)[Z%], and hence in Z[Z%]
(since primitivity is independent of ambient field), a fact we already observed
in Remark 6.4(2).

8. Decimated polynomials and decimated actions

Let f € Z[Z] be irreducible. Here we explain the relationship between the Nth
decimation f(yy of f and the generator gy of the contracted ideal (f) NZ[NZ]
that defines the Nth decimation rn(Xy) of (Xf,ar). Roughly speaking, gn
is a constant times the product of all distinct rotates by elements of Q4 of
the absolutely irreducible factors ¢; of f as described in Proposition 7.3. Each
rotate appears with the same multiplicity ey that can be computed from the ¢;.
Thus f< Ny = cgy, and an application of Gauss’s Lemma shows that we may
take ¢ = 1. Furthermore, there is an integer Q(f), that can also be computed
from the ¢;, such that finy = gy for all N relatively prime to Q(f). Examples
will illustrate the two sources of the multiplicity ey .

27i/N

In what follows we let (y =€ , which is a generator of Q.

LEMMA 8.1: If f € Z[Z%) then fyy € ZINZ“).

Proof. Since fny = HwEQ%w - f, it follows that fny = w - fin) for every
w € Q4. Suppose that ﬁm (k) # 0. Then since

Fivy (&) = (@ - finy) (k) = w fra (k),
we see that
wE=1

for every w € Q%;, and hence k € NZ%. Thus fny € Q((w)[NZ].

The Galois group G = Gal(Q(¢y) : Q) acts on Q% coordinate-wise. If
o € G, then o(w - f) = o(w) - f since f has integer coeflicients. Thus o
permutes the rotates of f, and so o(f(ny) = f(ny for every o € G. It fol-
lows that the coefficients of f(y) are both rational and algebraic integers, and
so finy € Z[NZA).
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LEMMA 8.2: Let f € Z[Z%] and gn be a generator of the contracted ideal
(f) NZ[NZ?). Then gy divides f(ny in Z[NZ?].

Proof. Since [ is one of the factors in forming fyy, it follows that f divides f(x,
in Q(¢n)[Z). Hence f divides fyy in Q[Z?] by Lemma 7.2. The coefficients
of finy/f are both rational and algebraic integers, and so f(n)/f € Z[74).
Hence f(ny € (f) NZ[NZ?), and it is thus divisible by the generator gx.

Remark 8.3: Since the generator of a principal ideal is unique only up to units,
it will be convenient to have a convention to pick a generator. In what follows
we will assume that f is adjusted and that f(()) > 0. Then clearly fyy has
the same properties. By the previous lemma, we can also assume that gy is

adjusted, that NV, C Ny, and that gn(0) > 0.

Ny
Before continuing, we remark that if f is a constant integer n, then

d

fovy =n

while gn = n. Let us call a polynomial f € Z[Z?] nonconstant if | supp f| > 1,
and it is these we now turn to.

Let f € Z[Z%) be adjusted. Define its support group I'y to be the subgroup
of Z% generated by supp f. It is easy to check that the support group is inde-
pendent of which extreme point of Ny is used to adjust f. We say that f is full
if Iy = Z%.

The following shows that in some cases, including f(z,y) = 1+ z + y from
Example 2.4, fn) = gy for all N > 1.

PROPOSITION 8.4: Let f € Z[Z%] be adjusted, irreducible, and full. Further
assume that f is absolutely irreducible in C[Z%]. Then f(ny = gy for every
N> 1.

Proof. Since the map f + w - f is a ring isomorphism of C[Z9], each w - f is
absolutely irreducible. Suppose that w - f = w’ - f. Since

it follows that wk = (w’)* for all k € supp f, hence for all k € I'y = Z4, and so
w = w’. Thus the rotates of w - f for w € O, are pairwise distinct absolutely
irreducible polynomials in C[Z%] whose product is fovy-
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By Lemma 8.2, gy divides f(x) in C[Z?]. Hence some rotate w- f divides gy.
Since gy € Z[NZ4, it is invariant under all rotations in Q% . Hence gy is
divisible by all rotates w - f, and so gy and f(y) have the same absolute
factorizations in C[Z?], and hence fivy = cgn for some constant ¢ € C.
Recalling our conventions in Remark 8.3, comparing constant terms shows
that ¢ = f(O)Nd/ﬁN(O) € Q. But f(ny and gy are both primitive in Z[NZ4],
and so ¢ = =41, and our convention on positivity of constant terms then
gives ¢ = 1.

The following example shows that when the polynomial is not full there can
be multiplicity ey > 1.

Example 8.5: Let d =2 and f(x,y) = 1+ + y?. Since N is not a nontrivial
Minkowski sum of integer polytopes, we see that f is absolutely irreducible.
Suppose that NN is odd. Since —1 ¢ Qy, all rotates w- f for w € Q% are distinct,
and the same arguments as in the previous proposition show that fny = gy-

However, if N is even, then —1 € Qu and the rotate of f by (w1,ws2) equals
that by (w1, —w2). As we will see in Proposition 8.7, the product of the distinct
rotates of f equals gy, and so f(n) = g% when N is even.

Next we characterize when rotates can coincide.

LEMMA 8.6: Let ¢ € C[Z] be adjusted, and T, be its support group. Then the
dual of the stabilizer group Sy (¢) := {w € Q% : w - ¢ = ¢} is Z¢/(Ty + NZ9).
Two rotates of ¢ differ by a multiplicative unit in C[Z%] if and only if they are
equal. IfT, has finite index K in Z%, then Sy(¢) is trivial for every N relatively
prime to K.

Proof. Suppose that w € Sx(¢). Since (k) = (w - ¢)" (k) = w¥e(k), it follows
that w¥ = 1 for every k € supp¢. Hence w annihilates Iy as well as N A
thus their sum. Conversely, every w annihilating I';, + NZ¢ must be in Sy(¢).
Hence the annihilator of Sn(¢) equals I'y + N Z%, and so its dual group is
72T, + NZY).

The multiplicative units in C[Z¢] have the form c¢x® for some ¢ € C, so the
second statement is obvious since ¢ is adjusted.

Suppose that I'y has finite index K in Z4. If N is relatively prime to K, then
multiplication by N on Z?/T is injective, hence surjective. Thus modulo T}
every element in Z? is a multiple of N, and hence Iy + N Z7¢ =74,
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PROPOSITION 8.7: Let f € Z[Z% be adjusted and irreducible, and further
assume that f is absolutely irreducible in C[Z%]. Then

fony =98, where ey = [Sn(f)| = |Z7/(Ty + NZ7)|.

Proof. Recall our conventions in Remark 8.3. Since gy divides f(yy, it must be
divisible by at least one (absolutely irreducible) rotate of f. Invariance of gy
by every rotate in Q‘]i\, shows that gy is therefore divisible by the product h
of all the distinct rotates of f. The arguments in Lemmas 8.1 and 8.2 apply
to show that h € (f) NZ[NZ9]. Thus gy divides h in C[Z9] as well, and
so gy = ch for some ¢ € C. Evaluating constant terms shows that ¢ € Q.
Since gy is irreducible in Z[NZ?|, it is primitive. Each rotate of f is primitive
in Q(¢n)[Z4], and so h is primitive by Theorem 7.4. Hence ¢ = 41, and then
¢ = 1 follows from our sign conventions. By Lemma 8.6, each rotate of f is
repeated exactly ey times, and so f< Ny = 9.

When f is absolutely irreducible, the only source of multiplicity ey > 1 is its
support group. However, if f has several absolutely irreducible factors, a new
source of multiplicity can occur, namely that one factor could rotate to another
factor. This possibility is illustrated in the following three examples.

Example 8.8: Let d = 1 and
flz) =1-222 = (1 +V22)(1 — V22) = ¢1(2) 2 (2).
Let 0 € Gal(Q(v/2) : Q) be given by o(v/2) = —v/2. Then
o(¢1) = ¢2 = (=1) - ¢1.

Now f(ny is the product of Cgv - for 0 < j < N and k£ = 1,2. If N is
odd, then —1 ¢ Qu and so all 2N factors are distinct. Our earlier arguments
then show that f(ny = gn. However, if N is even, then —1 € Qy, and the
set of rotates of ¢; coincide with the set of those of ¢2, and so fin) = g3 for
even N. Here f is an irreducible polynomial with a pair of roots whose ratio is
a nontrivial root of unity.

The commingling of absolutely irreducible factors under rotations can happen

in more subtle ways.
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Example 8.9: Let d =1 and f(x) = 1 — 22 + 422 — 32% + 2%, which is full and
irreducible in Z[Z]. Let A = (1 ++/5)/2, p = (1 —+/5)/2, and ¢ = (5. The
absolutely irreducible factorization of f is

fla)= (1= a)(1 = ¢Aa)(1 = Cua)(1 = Cuz) = ¢1(a)p2(2)ds(2)pa ().

Note that ¢3 - ¢; = ¢» and that ¢ - ¢3 = ¢4. If N is relatively prime to 5, then
¢ ¢ Qy, and so all 4N rotates are distinct and f(y)y = gn as before. However,
if 5| NV then ¢ € Qx and each rotate is repeated twice, and so fyy = g% in
this case.

What is driving this example is the inclusion Q(v/5) C Q(¢), and so the Galois
automorphism /5 — —/5 of Q(\/ 5) is the restriction of the automorphism

¢ = (% of Q(O).

Remark 8.10: Trreducible polynomials in Z[z] having distinct roots whose ra-
tio is a root of unity, such as those in the previous two examples, are called
degenerate. Such polynomials have an extensive literature (see for instance
[14, §1.1.9]), and appear in the celebrated Skolem—Mahler—Lech Theorem that
the set of indices at which a recurring sequence of integers vanishes is, modulo
a finite set, the union of arithmetic progressions [4].

There is a simple way to detect whether f(x) € Z[x] is degenerate. Introduce
a new variable ¢, and compute the resultant g(x) € Z[x] of the polynomials
f(tx) and f(¢) with respect to ¢, which can be done efficiently using rational
arithmetic. The roots of g(x) are the ratios of all pairs of roots of f. Thus f(x) is
degenerate if and only if g(x) contains a nontrivial cyclotomic factor. Applying
this to f(z) from the previous example gives

g(z) = (2—1)°(z* —42®+- 622 + o+ 1) (2* + 23 +62% — 4o+ 1) (z* +2® +2° + 2 +1).

The last factor reveals that f(z) has two roots whose ratio is a nontrivial 5th
root of unity.

Example 8.11: Let d = 2 and
fla,y) =1—z—y—ay+a®+y°

which is full and irreducible in Z[Z?]. Let ( = (3. The absolutely irreducible
factorization of f is

flzy) = A+ Ca+ Cy) 1+ Ca+(y) = d1(z,y)d2(z,y).
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Here ¢; is mapped to ¢2 by the element ¢ in Gal(Q(¢) : Q) mapping ¢ to (2,
and also o(¢1) = ¢2 = ((,¢?) - ¢1. By the now familiar arguments, if N is
relatively prime to 3 then ¢ ¢ Qn, and so all rotates are distinct and hence
fvy = gn. However, if 3 divides N, then distinct rotates are repeated twice,
and so f(ny = g&- For instance

fi3y = (1+ 323 + 3y + 325 — 212393 + 3y3 + 2% + 323y5 + 3253 + y9)2 = g%.
With these examples in mind, we come to the main result of this section.

THEOREM 8.12: Let f € Z[Z% be irreducible, which we may assume is ad-
justed with positive constant term. For every N > 1 there is an irreducible
gn € Z[NZ% and en > 1 such that

(f)zza NZ[NZ) = (9N)z[Nza) and iy = IN' -

The multiplicity ey can be computed from the absolutely irreducible factoriza-
tion of f in C[Z?). If the support of f generates a finite-index subgroup of Z?,
then there is an integer Q(f), which can also be computed from the absolutely
irreducible factors of f, such that ey = 1 for every N that is relatively prime

to Q(f). Finally,
(%) za) N ZINZY) = (9K ) 2Nz
for every k > 1.

Proof. Recall our conventions in Remark 8.3. Let K be the splitting field of f,
and f = J?(O)qbl -+ ¢, be the factorization of f using monic absolutely irre-
ducible ¢; € K[Z?] from Proposition 7.3. Let ® = {¢1,...,¢,}. Since the ¢;
are monic, Gal(K : Q) permutes the elements of ®, and this action is transitive
by irreducibility of f.

Now fix N>1. Then K({n) is a normal extension of Q. Let G=Gal(K({x):Q).
Consider the set Q% x ®. The group Q% acts on this set via

W (w,05) = (Ww, ;).

The group G also acts on this set via 0+ (w, ¢;) = (0(w),o(¢;)). More precisely,
o € G acts on the first coordinate using its restriction to Q(¢x) and on the
second coordinate using its restriction to K. These actions combine to give an
action of the semidirect product G x Q¢ defined using the action of G on Q%,
so that cw = o(w)o.
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Define an equivalence relation ~ on Q4 x ® by (w, ¢;) ~ («’, ¢,) if and only
ifw-¢; =w - ¢p. It is routine to verify that G x Q4 preserves equivalence
classes. Since Gal(K : Q) acts transitively on @, it follows that G x Q% acts
transitively on Q4 x ®. Hence all equivalence classes have the same cardinality,
say ex > 1. Pick one representative (w, ¢;) from each equivalence class, and
let gn be the product of the corresponding polynomials w - ¢;.

Observe that by its construction gy is invariant under G x Q%. Invariance
under Q4, implies that gy € K(Cy)[NZ?], and invariance under G further im-
plies that gy € Q[NZ]. Then transitivity of G x Q% on Q% x ® shows that gy
is irreducible in Q[NZ4].

We have that finy = f(O)Nd gz . Let ¢ be the least positive integer such
that ¢gn € Z[NZ], so that gy := qgn is primitive. Then

Fovy = (FON /o) g5

But both f< ~) and g]eVN are primitive with positive constant terms, and hence
fovy = g5

We now turn to computing ey. Each of the absolutely irreducible factors ¢;
has the same support since they are all Galois conjugates. Let I'y denote the
common support group of each. By Lemma 8.6, each contributes multiplicity
|Z4/(Ty + NZ4)|. Further multiplicity arises if one factor can be rotated by an
element of Q‘]i\, to another. This property divides ® into equivalence classes,
with all classes having the same cardinality s. It then follows that

en = |Z%/(Ty + NZ%)|s.

Next, we determine sufficient conditions on N so that ey = 1. Assume
that I has finite index in Z?. Clearly Ty C Ty, and so I'y also has finite
index. By Lemma 8.6, if N is relatively prime to the index [Z? : Ty] of T}, then
|Z4/(Ty + NZ4)| = 1.

To analyze when one ¢; can rotate to another, we need to consider the
group 2k of roots of unity in the splitting field K of f. This is a finite cyclic
group, and so equals ©,, for some n > 1. Now [Q((,) : Q] = ¢(n), where ¢
denotes the Euler function. Since Q(¢,) C K, it follows that ¢(n) < [K : Q].
A simple argument shows that ¢(n) > /n/2 for alln > 1, and so n < 4[K : Q]?.
Hence if N is relatively prime to (4[K : Q]?)!, then Qy N Qx = {1}. For such
an N suppose that w-¢; = ¢; for some w € leiv- For each k € supp ¢; = supp ¢;
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we have that w ¢; (k) = aj (k), and so
Wk = 6;(k)/di(k) € O N Qi = {1}.
But this implies that ¢; = ¢;.

Putting these together, we let Q(f) = [Z¢ : Ty](4[K : Q]?)!, and conclude that
if N is relatively prime to Q(f) then ey = 1.

9. Remarks and Questions

Here we make some further remarks and ask several questions related to deci-

mations.

9.1. MORE GENERAL LATTICES. Let us call a finite-index subgroup of Z? a
lattice. We have used the sequence {NZ?} of lattices to define decimation,
but these definitions easily extend to all lattices. Let A € Z% be a lattice, and
let Q4 denote the dual group of Z¢/A, which has cardinality [Z¢: A], the index
of A in Z?. Define f5), = [loeq, w - f, and

(9.1) Laf = B ) (. 4 lo8Fin]).

1
[Z4: A]
For a sequence {An} of lattices, let us say Ay — oo if for every r > 0 we have
that {n € Ay : ||n|| < r} = {0} for all large enough N.

If we replace the “square” lattices NZ¢ with “rectangular” lattices of the
form

Av=aVzZa. - 24Pz,
then a straightforward modification of our proof shows that CH(La, f) — Dy
uniformly on Ny provided that ag\],c) — o0 as N — oo for each 1 <k < d.

However, the analogous question for general lattices is much more subtle,
since the rescaling argument that is basic to our proof has no obvious extension.
Nevertheless, in recent unpublished work Hanfeng Li has been able to establish
the uniform convergence of CH(Lx, f) to Dy for every sequence {Ax} of lattices
with Ay — oo.

We can also investigate decimations by lattices with different limiting be-
havior. Let C(Z?) denote the set of subgroups of Z¢. We can give a topology
to C(Z%) by declaring two subgroups to be close if they agree on a large ball
around 0. For example, in this topology Ay — {0} means that Ay — oo as
above. This is a special case of the Chabauty topology on the set C(G) of closed
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subgroups of a locally compact group G. This topology is named after Claude
Chabauty, who in 1950 introduced it [9] to generalize Mahler’s compactness cri-
terion [28] for lattices in R? to lattices in locally compact groups. The Chabauty
space C(G) has been investigated by many authors, for instance by Cornulier
[11] when G is abelian. Even for familiar groups their Chabauty space can be
intricate to analyze. For example, Hubbard and Pourezza [20] used a tricky
argument to prove that C(IR?) is homeomorphic to the four-dimensional sphere.

Question 9.1: Let A be a subgroup of Z? of infinite index. Suppose that {Ax}
is a sequence of lattices such that Ay — A as N — oo. Do the functions

CH(La f) always converge on Ny, and if so what is the limit function in terms
of f and A?

9.2. EXPONENTIAL SIZE OF DECIMATION COEFFICIENTS. In Example 2.3 we
saw that if f € C[Z] is allowed to have complex coefficients, then some of the
coefficients of f/ny may have exponential size drastically different from that
predicted by Dy. However, if f € Z[Z] is restricted to have integer coefficients,
then this behavior cannot happen, as indicated by Example 2.2. More pre-
cisely, using the diophantine results of Gelfond mentioned there, one can show
that if f € Z[Z] has supp f = {0,1,...,r} and € > 0, then for all sufficiently
large N we have that |]?(N>(k:N)| is between eN(Ps(F)%e) for each 0 < k < r for
which finy (kN) # 0.

This raises the intriguing question of whether this extends to f € Z[Z%
for d > 2, i.e., do all nonzero coefficients of fny have the approximate exponen-
tial size predicted by Dy. The following gives a precise quantitative formulation.

Question 9.2: Let f € Z[Z%]. Fix ro € Ny, and let ¢ > 0. Are there § > 0
and Ny > 1 such that if N > Ny and r € N~9Z% N N} with ||r — 1o < 6,
and if Lyf(r) # —oo, then |Lyf(r) — Ds(r)] < €? Can ¢ and Ny be chosen
uniformly for ro € Ny?

Some evidence for a positive answer comes from polynomials in two variables
related to dimer models, as discussed in Remark 2.6. Using the additional ma-
chinery afforded by the physical interpretation of the related partition function
and the resulting subadditivity, the exponential size of the coefficients can be
shown to obey the estimates in the question. In particular, this applies to
f(z,y) =1+ x4y, although we do not know of any direct argument for this.
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9.3. CONTINUITY OF exp[Dy] IN THE COEFFICIENTS OF f. Start by fixing a
cube By, = {—n,...,n}¢ C Z¢. We can identify a polynomial f € C[Z4] whose
support is in B,, with its coefficient function f € CB~. Boyd [5] showed that
the function CP» — [0, 00) given by Fe M(f) = exp[m(f)] is continuous in
the coefficients of f.

Recalling that m(f) is the maximum value of Dy, this suggests looking at
exp[Dy], which is a nonnegative upper semicontinuous function on B, (the
discontinuities occur at the boundary of Ny C B,,). A function ¢: B, — R is
upper semicontinuous if and only if its subgraph {(u,t) € B, x R: ¢t < ¢(u)}
is closed in B,, x R. The space USC(B,,) of all upper semicontinuous functions
on B, carries a natural topology by declaring two elements to be close if their
subgraphs are close in the Hausdorff metric on closed subsets of B, x R (see [3]
for details).

Question 9.3: Is the map J?—> exp[D¢] from CP to USC(B,,) continuous?
f

9.4. NONPRINCIPAL ACTIONS. Decimation makes sense for every algebraic Z%-
action (indeed for every algebraic action of a countable residually finite group).
Suppose that a is an ideal in Z[Z%), and let X, be the dual group of Z[Z%]/a as
described in §6 with its associated algebraic Z?-action aq. The commutative al-
gebra there shows that the Nth decimation rn(X,) is defined by the contracted
ideal a N Z[NZ4]. However, there is no obvious replacement for gn to measure
growth when a is not principal,

Question 9.4: If a is a nonprincipal ideal in Z[Z?], are there objects related to
the contractions a N Z[NZ] which can be normalized to converge to a limiting
object?

If a is not principal, then the Z?-shift action aq on X, has zero entropy.
However, by restricting the shift to iterates close to lower dimensional sub-
spaces of R? the action can have positive entropy [6, §6]. This suggests that
Question 9.1 may be relevant here.

Examining concrete examples may shed some light on this question. These
include the case of commuting toral automorphisms (see [21, §6] for many such
examples), the Z2-action defined by multiplication by 2 and by 3 on T (cor-
responding to a = (z — 2,y — 3)), and the so-called space helmet example
[13, Example 5.8] (corresponding to a = (1 + 2 + y, z — 2)).
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An important example of a different character is due to Ledrappier [23], which
corresponds to the nonprincipal ideal (1 + z + y,2) C Z[Z?]. This example
has zero entropy as a ZZ2-action, but strictly positive entropy along every 1-
dimensional subspace of R? (see [6, Example 6.4] for the explicit description).
Another curious feature of this example is decimation self-similarity. Because
(14+z+y)? =1+22" +y* when taken mod 2, the 2"th decimation of the
example, when rescaled by 2", is just the original action.

9.5. COMPUTING ENTROPY USING DECIMATIONS. In his elegant proof that
Mahler measure is continuous in the coefficients of polynomials f € C[Z9],
Boyd [5] side-stepped delicate issues about logarithmic singularities of log | f|
by instead computing decimations of f along powers of 2 using the Graeffe
root-squaring algorithm. This enabled him to compute M(f) to any prescribed
accuracy using only a finite number of arithmetic operations on the coefficients
of f.

This suggests a new approach to computing the entropy of algebraic actions
using decimations and contracted ideals.

To describe this approach, let a be an ideal in Z[Z?], and a4 be its associated
algebraic Z?-action. Define the length of g € Z[Z] to be

Lig)i= 3 150l
kezd
For a subset b of Z[Z%] put L(b) := min{L(g): 0 # g € b}. By convention we
define L({0}) := co. We define the asymptotic length A(a) of the ideal a by

1
A(a) := limsup log L(a N Z[NZ%)).
N—00 Nd
The following shows that for some principal ideals the asymptotic length
equals the entropy of the associated action.

PROPOSITION 9.5: Suppose that f € Z[Z9)] is absolutely irreducible, adjusted,
and has support that generates Z<. Then A((f)) = h(ay).

Proof. First note that by Theorem 8.12, (f)NZ[NZ%] = (f(n))znz4- Choose By
so that supp f C {—Bo,...,Bo}%, and put B = 2By + 1. By (5.3) applied to
the case u = 0, we see that

d

H(fny) < 2INTIB ()N

3



292 E. ARZHAKOVA ET AL. Isr. J. Math.

and hence
d—1 d
Thus
1 d 1
v 08 LU NZINEY) < - Tog L fwy)
d d—1
< dlog(N®B) 4+ dN* *'Blog2 N
Nd
and so letting N — oo we conclude that A((f)) < m(f) = h(ay).
To prove the reverse inequality, let gfy) be an arbitrary nonzero element in
(fy NZ[NZ". Then M(g) > 1. Furthermore, M(gfny) < L(gf(ny) by (5.2).
Hence

m(f)’

MY = M(f) < M(9IM(fiwy) = M(gfixy) < Ligfow).
Thus .
h(ay) = m(f) = Nd log M(f(ny) < log L(gf(ny),

and so .
M) = limint o log L((f) N ZINZ) > h(ay).

Under the assumptions on f in the above result there is actually convergence
to h(ays). However, convergence can fail if the exponents ey in Theorem 8.12 are
at least 2 infinitely often. To give a simple example, let d = 1 and f(z) = 2% —2.
If N is odd then gy (x) = 22N — 2N while if N is even then gy (z) = 2™ —21V/2,
Thus (1/N)log L({f) N Z[NZ?)) converges to ; log2 along even N and to log 2
along odd N.

More seriously, Proposition 9.5 can fail when the support of f does not gen-
erate a finite-index subgroup of Z¢. Take for instance f = 2, so that A({f)) =0

but h(ay) = log?2.

Question 9.6: What are necessary and sufficient conditions on f € Z[Z9] so

that A((f)) = h(ay)?

According to [24, Lem. 4.3], to compute the entropy of general algebraic Z9-
actions it suffices to compute those defined by prime ideals. The case of principal
prime ideals is part of Question 9.6. By [24, Thm. 4.2], if p is a nonprincipal
prime ideal in Z[Z4] then h(ay,) = 0.

Question 9.7: If p is a nonprincipal prime ideal in Z[Z%], does A(p) = 07
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This approach to entropy suggests a formulation for algebraic actions of (not
necessarily commutative) residually finite groups. Let I' be a countable dis-
crete group. For each element f in the integral group ring Z[I'| there is an
associated principal algebraic I'-action oy dual to the standard left-action of I’
on Z[I'|/Z[T]f. Assume now that I' is residually finite, and let H denote the
collection of all finite-index subgroups of I'. We say that H — oo in H if for
every finite subset K C I' we have eventually H N K C {1p}. The quotient
maps I' = I'/H for H € H provide sofic approximations to I" for computing
sofic entropy h(ay) of ay. There is an obvious extension of length L to this
situation.

We confine our attention to those f which genuinely involve all of I'. To
do this, let f € Z[I'] have support A = supp f. Say that f has finite index
if A7'A := {b'a : a,b € A} generates a finite-index subgroup of I'. This
property is invariant under left translation by elements of I'.

Question 9.8: With the previous notations, does

1
lim su
Hosee |T/H]

for every finite-index f € Z[I'|?

log L(Z[T)f N ZH]) = h(ay)

Appendix A. Computing the decimation limit of 1 +x + y

There are few explicit calculations of the logarithmic Mahler measure, or more
generally of the Ronkin function, of polynomials in Z[Z9] when d > 2. Depend-
ing on the relative sizes of the coefficients, evaluation of the integrals involved
typically requires the torus to be subdivided into a large number of subregions
with complicated boundaries, and so simple formulas in terms of familiar func-
tions are rare.

Here we treat the case f(z,y) = 1 + = 4+ y from Example 2.4, where these
calculations can be carried out, resulting in the formulas (2.4) and (2.5) for Dy.

Smyth [37] first computed the logarithmic Mahler measure m(f) = Rf(0, 0) to
have the value in (2.6). Twenty years later Maillot [30, §7.3], aided by Cassigne,
computed the entire Ronkin function R¢(u,v), providing in his long memoir a
concrete example of the canonical height of a hypersurface. Their result involves
the Bloch—Wigner dilogarithm function, which is an alternative formulation of
the series representation in our formulas. Lundqvist [25] gave the formulas for
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the partial derivatives of Ry we use here. He also investigated the polynomial
1+ 2+ y+ 2z, and showed that the second order partial derivatives of its Ronkin
function can be expressed in terms of standard elliptic functions.

Let A = Ny be the unit simplex, and denote its interior by A°. Let Ay be the
amoeba of f, as shown in Figure 5, and A} be its interior. To evaluate R}*(r, s)
for (r,s) € A°, we need to know the value of (u,v) € A} at which the partial
derivatives of Ry(u,v) with respect to u and v equal r and s, respectively. For-
tunately, there is a simple relationship that was established by Lundqvist [25],

whose treatment we follow.

LEMMA A.1: Let (u,v) € AS, so that 1, e*, and €V form the sides of a non-
degenerate triangle. Let wr and ms be the angles in this triangle shown in
Figure 7(a). Then

OR; B OR;
90 (u,v) =r and ; (

(A1)

(a) (b)

Figure 7. Determining partial derivatives from angles and sides.
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Proof. We will compute the partial derivatives by differentiating the integrand

in
(u,v) / / log |1 + €"e®™ + €"e®™?| df d¢p
= Re [/ / log(1 + e“e®™ 4 eve?™ %) df dg | .
o Jo

In the last line log represents a local inverse to exp, which is well-defined up to
the addition of an integral multiple of 27i. After taking partial derivatives, we
will get a result that is independent of this multiple.

By symmetry, it suffices to compute OR;/0u. Differentiating the integrand

8Rf el 271'19
=R dfdo]|.
ou u U € |:/ / 1+ eue27r19 + eve2mid ¢
Rewriting the integrals as contour integrals, we see that
el 271'10
dod
/ / 1+ eue27r19 + eve 2migp ¢
/ / 1 d dw
= z
(271'7:)2 ‘z‘:eu le:ev ]. + z + w w
1 / 1 / dz dw
- 2mi fwl=ev 270 J|pjzen 2 = (=1 —w) | w

The inner integral is the winding number of the circle of radius e* around
—1—w = —1 —¢e"e?™? and so has value 1 if |1 + e¥e?™®| < e* and 0

if |1 4 €Ye?™®| > e“ (these are mistakenly reversed in [25]). A glance at Fig-

gives

ure 7(b) shows that the value is 1 for an interval of ¢ of length 27r, and 0
otherwise. Since (1/27i)(dw/w) is normalized Lebesgue measure d¢, we obtain
that (ORy/0u)(u,v) =r.

To compute the decimation limit Dy, we need to express u and v in terms
of r and s. Let a = e* and b = ¢” be the sides of the triangle in Figure 7(a).
By the law of sines,

a b 1 1

sintr  sinms  sinw(l—r—s) sinw(r+s)’
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and hence

A2 = _ u(rs) _ sin7r
(A.2) a=ualr,s)=e PN
(Ag) b= b(’l’, S) — GU(T’S) _ SIN TS

sin(r +s)’
For (u,v) € Aj} it follows from the definition (3.1) that

—R(u,v) = inf Re(u,v)—ru— sv,
7 (u,v) o (u,v)

and by calculus the infimum is attained at the (u,v) given by (A.1). Thus for
(r,s) € A° we have that

(A4) Dy(r,s) = —Rj (u(r, s),v(r,8)) = Rp(u(r, s),v(r.s)) —ru(r,s) —swv(r,s),
where u(r, s) and v(r, s) are determined by (A.2) and (A.3).

Remark A.2: Observe that the functions u(r, s) and v(r, s) in (A.2) and (A.3)

are real analytic on A°. Also, Ry(u,v) is real analytic on Aj}. Together these
show that D(r, s) is real analytic on A°.

It remains to compute Rf(u,v). By symmetry it suffices to assume that v > v.
Using Jensen’s formula (2.1), we see that

1,1
R (u,v) = /0 /0 log |1 + €™ + ¢?e2™?| df d
1,1 _ _
=u+ / / log le™™ + eV T2 | 627”6| df d¢
o Jo

1
=u+ / log™ [e™% + "~ “e*™?| dg.
0

Note that [e™" + e""%e?™®| > 1 if and only if |1 4 eYe?™*?| > e“, and another
glance at Figure 7(b) shows this occurs exactly when —w(1—r) < 27¢ < w(1—r).
Hence

3(1-r) .
Ry(u,v) = u+ / logle ™ + ev7“62md’| d¢

— ; (1-7)

2(1-7) .
:u—(l—r)u—i—/ log |1 + e'e®™®| d¢

é(l—r)

2 (1=7) .
— ru+/ log |1 + e%e*™ | dep.
7§(177‘)
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First suppose that e’ < 1, which corresponds to (r,s) € AJ, where A, is
defined in (2.2). The series expansion of log(1 + z) for 1 4 z in the domain of
integration converges uniformly, and the imaginary part vanishes by symmetry.
Hence

(1-7r) —1)nt+1 )
Rf(u,v) —ru+ /2 Z ( ) e g2ming de

2(1=7) n=1 n
n+1 1
=ru-+ Z . sin[mn(l —r)].

Recalling that e*("™®) = b(r, s) = (sin7s)/sin[x(r + s)], we conclude that

D¢ (r,s) = Re(u(r, s),v(r,s)) —ru(r,s) —sv(r,s)
(A5) > (_1)n+1
= b " si 1—7)] —slogld .
; 2 (r,s)" sin[rn(l —r)] — s log[b(r, s)]
Now suppose that ¥ > 1, which corresponds to (r,s) € A%, where Ay is
defined by (2.3). Then log |1 + €”e®™*®| = v + log |1 + e~Ye~2™¢|. Calculating
as before,

3(1-r) (71)n+1

Re(u,v) =ru+ (1 —r)v _|_/ o~ p—2ming d

71(177‘) n—1
n+1
=ru+ 1—rv+z b(r,s) " sin[mn(1l — r)].
Thus for (r,s) € A% we find that
n+1
(A.6) Dj(r,s) = Z b(r, s) " sin[rn(l —r)] + (1 — r — s) log[b(r, s)].

Finally, note that on the overlap A; N Ay inside A°, we have that b(r,s) = 1
and so the series in (2.2) and (2.3) converge and agree, hence give the value
of Dy(r,s) by continuity of the Legendre transform.
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