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Chapter 1

Introduction

The purpose of physics is to describe natural phenomena in a mathematical language.

Such a description should have two main features: an internal consistency and a predic-

tive power. The requirement of internal consistency is rather obvious. The successful

description should be cleared of any contradictions or paradoxes. The predictive power

of physics means that the description should point to unambiguous results that are ver-

ifiable by experiments. The importance of the predictive power caused specialization

among physicists and division into two large classes (by no means disjoint): the experi-

mental physicists and the theoretical. The experimental physicists conduct experiments

which discover new phenomena and verify the theoretical predictions. The theoreti-

cal physicists provide quantitative description for already known phenomena and try to

encapsulate a newly encountered situation into the existing mathematical framework1.

This thesis focuses on theoretical research.

Within the theoretical physics we can still distinguish two approaches. The first one is

a pursuit towards the mythological Atoms, the smallest constituents of nature2. The

premise of this approach is that once the Atoms are known and we understand interac-

tions between them then we know everything. Everything follows from this Theory of

Everything (ToE) [1, 2]. As for now such a theory is not known and it is actually even

disputed whether such a theory can exist at all [3]. The closest candidate for the ToE

is the Standard Model of the elementary particles. Without going into details, the mere

fact that the Standard Model cannot fully encompass the gravity signals that we are not

quite there yet. The concept of the ToE leads also to an intriguing question. How can it

be that, without knowing the ToE, we can still describe some things?
1Which leads from time to time to unexpected discoveries like Dirac’s prediction of the positron
2The idea of an atom goes back at least to the ancient Greek’s time and to Democritus who first

coined the term “Atom”, a physically indivisible and indestructible object out of which all matter is
composed.
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Chapter 1. Introduction 2

An answer to this question comes from the history of physics itself and specifically from a

history of the pursuit towards the ToE. The first significant candidate for the Democritus

Atoms were chemical elements (called atoms as it was believed that they are indeed the

Democritus Atoms) discovered at the breakthrough of the 18th and the 19th century.

More than one hundred years later it was discovered that atoms are in fact divisible and

consist of nucleus and electrons. Later, in the 60’s of the previous century, quarks were

discovered, the constituents of the nucleus and along with a few other particles, like the

electron and the photon the building blocks of the Standard Model. Important for our

discussion is the concept of a hierarchical structure. The fact that lack of knowledge of

quarks did not stop us from an exploration and description of a rich world of chemical

reactions, or from providing an astonishing agreement between the measurements and

the predictions of atomic spectra in the early years of quantum mechanics. The hierarchy

of physical theories is enforced by a protection mechanism: the macroscopic theories are

blind to many microscopic details3. Partial explanation of this protection is provided

through the Renormalization Group logic [4, 5].

Therefore instead of following the reductionist ideas in the search of the ToE we can turn

around and study how a microscopic theory relates to the macroscopic one. This is the

second approach in the theoretical physics and this the point of view that we adopt in

this thesis.

The indifference of a macroscopic description to many microscopic details has an im-

portant consequence. It implies that microscopic theories cannot on their own faithfully

explain macroscopic behavior, instead they provide a possible realization. For example,

we could imagine substituting quarks with completely different particles still without

modifying properties of chemical elements. The history of superconductivity provides

another instructive example. Despite having a theory of everything it took physicists

almost 30 years to find a mechanism behind the conventional superconductors. Recently

also 30 years have passed since discovery of high temperature superconductors and we are

almost as far as we were 30 years ago from understanding them. Therefore tracing the

implications of the microscopic theories at the macroscopic level is not merely collecting

stamps and involves serious difficulties [6–8].

Usually these difficulties are connected with emergence of an unexpected behavior. An

example of an emergent phenomenon is the description of the electrons in metal as

essentially free particles. That such a description is emergent turned out really only

after discovery of the BCS theory of superconductors [9, 10]. In a nutshell, a BCS theory

says the electrons in metals are nothing like free particles and the free particle picture
3Here words microscopic and macroscopic are relative to the system we consider. If we want to

describe gas of particles, microscopic means theory describing motion and interactions between all the
particles, macroscopic means description in terms of few parameters characterizing the gas as a whole.
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emerges only at large enough temperatures. A quite well understood group of emergent

phenomena arises in a context of spontaneous symmetry breaking which we will describe

in the following sections.

Studying emerging phenomena in physical systems containing many interacting particles

is notoriously hopeless. On the other hand uncovering the universal features of emer-

gence, or laws of emergence, is essential to deepen our understanding of the nature. In

order to achieve this it is vital to have at hands an exactly solvable microscopic model,

where at least in principle, the transition between “micro” and “macro” can be traced

rigorously. Even better when such model is also realizable experimentally and theoretical

predictions can be verified. And the 1D Bose gas, the main character of this dissertation

is such a model.

Elaboration of the ideas of emergence rings through the rest of this chapter, and the rest

of this dissertation. But let us start from the beginning.

1.1 The 3D Bose gas and the Bose-Einstein condensation

Before we dwell into the one-dimensional world it is useful to study a few properties of 3D

gases. So let us take a gas-filled container of volume V . The number of gas particles, N ,

is large and we assume that the gas is in equilibrium. There is, on average, no flow of the

density from one place to another and the whole gas has a well-defined temperature T .

System is in a well-defined thermodynamic state. Microscopically the particles move and

collide but at larger scales there is not much happening. The great insight of Gibbs was

that in such a situation the probability that the system is in a given state depends only

on the energy of the state. Thus the probability of the system to be in a configuration

A is equal to [11]

P (A) =
1

Z e
−(EA−hNA)/T , (1.1)

where Z, a partition function, defined as

Z =
∑

B

e−β(EB−hNB), (1.2)

guarantees the proper normalization of the probability P (A). The summation is per-

formed over all possible states of the gas. Here EA and NA are the energy and the

number of particles in a configuration A. The chemical potential h allows us to implic-

itly set the number of particles instead of fixing it from the beginning4.
4We use letter "h" which is usually reserved for the Planck’s constant. Since we adopt system of

units where ~ = 1 this choice should never lead to any confusion.
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Let us specialize to the gas of bosonic atoms of equal mass m. We assume that the

gas is dilute enough that we can neglect interactions between the atoms. Then the

energy is equal to the sum of kinetic energies. Denoting by n~k,A number of particles with

momentum ~k in a state A we write

EA =
∑

~k

n~k,Aε(k), NA =
∑

~k

n~k,A, (1.3)

where ε(k = |~k|) = k2/(2m) is the kinetic energy. Using the Gibbs expression (1.1)

the probability of the gas to be in a state A, specified by set of momentum occupation

numbers n~k,A, is given by

P (A) =
1

Z
∏

~k

e
−n~k,A(ε(k)−h)/T

. (1.4)

Since the momentum modes are independent the total probability P (A) can be written

as a product over probabilities of single momenta

P (A) =
∏

~k

P (n~k,A), P (n~k) =
1

Z~k
e−n~k(ε(k)−h)/T , (1.5)

with a new (partial) partition function

Z~k =
∞∑

n~k=0

e−n~k(ε(k)−h)/T . (1.6)

Now let us ask the following question: what is the average occupation of the momentum
~k at a given temperature T?

Before considering the general case it is instructive to first consider the classical limit.

In the classical limit the probability of occupation of a single momentum mode is small.

To put it another way the probability that a given mode is unoccupied is close to 1. This

implies that

1 ≈ P (n~k = 0) =
1

Z~k
, (1.7)

and therefore Zk ≈ 1. The probability that there is a single particle then equals

P (n~k = 1) = e−(ε(k)−h)/T , (1.8)

and assuming that the probability of any larger occupation than one is negligible, P (nk >
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1) ≈ 0 we obtain that average number of particles with momentum k follows the Boltz-

mann distribution

〈n~k〉cl =
∞∑

n~k=0

n~kP (n~k) = e−(ε(k)−h)/T . (1.9)

The chemical potential h should be chosen such that
∑

~k
〈n~k〉cl = N . With this constraint

in mind the momentum distribution is a function of temperature T and particle number

N .

Let us now move to the general case when we do not assume that occupation numbers

are small. Therefore instead of approximating the partition function Z~k we write

Z~k =
∞∑

n~k=0

e−n~k(ε(k)−µ)/T =
∞∑

n~k=0

(
e−(ε(k)−µ)/T

)n~k
=

1

1− e−(ε(k)−h)/T
(1.10)

and the average occupation follows from the equality 〈n~k〉 = T ∂
∂h logZ~k,

〈n~k〉 =
1

e(ε(k)−h)/T − 1
. (1.11)

This is the Bose-Einstein distribution. The classical case is recovered at large tempera-

tures. The transition between the classical and general expression is a smooth transition.

As the temperature is decreased the classical formula becomes a worse and worse ap-

proximation to the general one.

In the derivation of formula (1.10) it is crucial to assume that the chemical potential is

smaller than or equal to zero. Otherwise the geometric series cannot be summed and

we cannot assign probabilities to states of the system. On the other hand we see that

the chemical potential is a decreasing function of temperature. This is required for the

equality N =
∑

k〈nk〉 to hold. Therefore let us assume that at a certain temperature,

let us call it Tc, the chemical potential h equals to zero. This temperature can be easily

computed as follows

At T = Tc the following equality holds

N

V
=

1

V

∑

~k

1

eε(k)/Tc − 1
. (1.12)

Assuming that the summand is a smooth function of momentum we can approximate the

summation by an integration up to terms proportional to inverse powers of the (large)
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volume V . We obtain

N

V
=

1

(2π)3

∫

V

d3k

eε(k)/Tc − 1
+O(1/V ), (1.13)

Writing the integral in terms of dimensionless variables and using equality (B.7) in Ap-

pendix B we obtain

Tc =
(2π)2

2m
α2/3

(
N

V

)2/3

, α = ζ(3/2)Γ(3/2) ≈ 0.736. (1.14)

At temperatures lower than Tc eq. (1.13) does not have solutions. However the equality

N =
∑

k〈nk〉 must still be fulfilled. The resolution to this apparent paradox is the

assumption that the summation over nk can be replaced by integration. Indeed note that

if nk has a discontinuity around k = 0 the integral does not capture it (d3k = 4πk2dk

for spherically symmetric functions). Therefore at T < Tc the integral captures only the

k 6= 0 part of the distribution. The k = 0 part can be written as

〈nk=0〉 = N


1− 1

N

∑

~k 6=0

〈n~k〉


 , (1.15)

and, after expressing the summation as an integral and using the definition of the critical

temperature Tc (1.14), it yields

〈nk=0〉 = N

(
1−

(
T

Tc

)3/2
)
. (1.16)

Thus we see that at temperatures below the critical temperature Tc bosonic particles

condense in a single momentum state which acquires a macroscopic occupation. This

phenomenon is called Bose-Einstein condensation5 (BEC). This natural tendency of

bosonic particles at low temperatures to form BEC survives also in a presence of repulsive

interactions [12], however with lower Tc.

The BEC phenomenon was theoretically predicted by Einstein in 1926 and experimen-

tally realized for the first time in 1995 [13], [14]. Bose-Einstein condensate rapidly started

to be created in laboratories around the world (for a review from the “early days” of BEC

in atomic gases see [15]) and became a standard manifestation of the quantum nature of

the world.
5It is probably worth emphasizing that a Bose-Einstein condensate is a condensate in momentum

space and therefore due to Heisenberg’s uncertainty principle the position of particles is not determined.



Chapter 1. Introduction 7

0 2 4 6 8 10 12 14
0.0

0.2

0.4

0.6

0.8

1.0

〈n
k
〉 T = 10 Tc

0 2 4 6 8 10 12 14
0.0

0.2

0.4

0.6

0.8

1.0

T = 3 Tc

0 2 4 6 8 10 12 14
k

0.0

0.2

0.4

0.6

0.8

1.0

〈n
k
〉 T = Tc

0 2 4 6 8 10 12 14
k

0.0

0.2

0.4

0.6

0.8

1.0

T = 1/3 Tc

Figure 1.1: Plots of the momentum distribution function 〈nk〉 = V −1
∫
dΩ〈n~k〉. Dots

on the first two plots show the classical approximation (1.9) which at large enough
temperatures is indistinguishable from the exact result (1.11). At temperature below
Tc (1.14) we observe Bose-Einstein condensation. The zero momentum mode has a
macroscopic occupation. Compare the first plot with the last one to see the quantum
effects at work.

Fig. 1.1 containing plots of distribution of momenta at various temperature summarizes

the results of this section.

1.2 Long-range Order and the MWH Theorem

Let us look now a bit deeper into the BEC phenomenon. The condensate is a macroscopic

quantum object: at temperatures below Tc a macroscopic number of particles share the

same wave function. This has interesting consequences that we are going to investigate

now.

Recall first that wave functions in quantum physics are not determined uniquely, multi-

plying the wave function of the whole system by a phase factor eiφ, φ ∈ R does not change

observables. Therefore the system possesses a U(1) symmetry: each phase of the total

wavefunction is as good as any other. On the other hand in the Bose-Einstein condensate

a macroscopic number of particles share the same wavefunction and this wavefunction

has a specific phase. It means that while lowering the temperature below Tc the U(1)

symmetry gets broken: out of all possible phases that the total wavefunction could have,
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the condensate function acquires a single well-defined phase. This phenomenon, of a

system to be in a state that has less symmetry than the theory describing it, is called

spontaneous symmetry breaking.

Spontaneous symmetry breaking is a phenomenon that occurs not only during the Bose-

Einstein condensation. Actually many different complex systems can be analyzed from

this perspective. Let us take, for example, water. In a liquid state it has translational

symmetry. If we observe a homogenous liquid at a position x and at any other position

x + δx the picture is the same. But let us lower the temperature below the Tc =

0◦C. Then the water freezes and forms a crystal, a highly symmetric structure but still

less symmetric than the water. What kind of symmetry is broken in this case? The

translational symmetry. If we look at the ice we will see molecules of water regularly

spaced. The δx that could be any real number for a water, now must be a multiple of

lattice spacing.

It was a great insight of Noether, who showed that symmetries in physics are inevitably

connected with conservation laws. The existence of a certain symmetry implies the exis-

tence of quantity which is constant under time evolution. For example the translational

symmetry is connected with momentum conservation. What kind of conservation law is

connected with the U(1)? The conservation of particle number. Therefore is the BEC a

system which does not conserve a number of particles?

Let us turn the question around and ask which effects a lack of conservation of number

of particles would cause. Let us denote by |BEC〉 a state of the gas representing the

BEC. Let us also define the operation of removing (annihilating) a particle from the gas

at certain place x, Ψ(x). Since the BEC state does not conserve the number of particles

we can expect that the state Ψ(x)|BEC〉 is not orthogonal to |BEC〉6. In fact we can

claim that both states are identical7

Ψ(x)|BEC〉 = |BEC〉. (1.17)

Of course there is nothing special about position x that we have chosen in the expression

above. This could be as well any other position, let us say x′. Thus denoting by Ψ†(x′)

an operator conjugated to Ψ(x′) we obtain

g1(x′, x) ≡ 〈BEC|Ψ†(x′)Ψ(x)|BEC〉 = 〈BEC|BEC〉 = 1, (1.18)

6Contrary, in the presence of conservation of particle number, states with different number of particles
are orthogonal.

7We assume here that T = 0 and all the particles in the gas are in the condensate (see eq. (1.16)).
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where in the second equality we assumed that the BEC state is normalized. Amazingly

this equality holds even in the presence of interactions8 [12]. Function g1(x, x′) for

homogenous systems depends only on the difference of arguments g1(x, x′) = g1(x− x′)
and the fact that it does not vanish for large separations is a remarkable feature.

To see this let us consider the gas at T > TC , when there is no BEC. Then all the

momentum modes are smoothly occupied (see Fig. 1.1) and if we are to annihilate

a particle at position x we never know in advance what value of momentum it has.

Therefore an action of Ψ(x) leads to a huge superposition of states with very different

momenta. The same of course happens with annihilation at x′. What g1(x, x′) in fact

measures is how similar both superpositions are. But if x and x′ are far from each other

the phases of individual terms in both superpositions are very different and therefore the

overlap quickly vanishes. In fact it can be shown that for T > TC , g1(x − x′) decays

exponentially with the distance and the larger the temperature the faster the decay [16].

Therefore the condensate is characterized by a coherent phase: the one-body function

(g1(x− x′)) does not vanish at large distances but acquires a constant value (1.18)

g1(x→∞)→ const. (1.19)

This behavior is a signature of a long-range order and as we have seen vanishes immedi-

ately at T > TC .

Interestingly this is only true in 3 and (to a much smaller extent) 2 dimensions.

When we consider two or one dimensional systems the restricted dimensionality rein-

forces thermal fluctuations. As was shown by Hohenberg [17] at any finite temperature

and in the infinite system the relation (1.17) cannot hold. Together with Mermin and

Wagner who reached similar conclusions for the Heisenberg model the Mermin-Wagner-

Hohenberg (MWH) theorem states that: No spontaneous continuous symmetry breaking

can occur at finite temperature and in an infinite system in 1D or 2D.

The MWH theorem does not rule out the possibility of BEC at zero temperature in

infinite systems. In fact it can be shown that in 2D there is a phase transition at T = 0.

In 1D however there is never a truly BEC condensate in infinite systems. At T = 0 we

obtain a quasi condensate, that is a condensate with a slowly varying phase. The one-

body function g1(x) vanishes for large x but it decays only as a power law. The power-law

decay of a correlation function signals a quasi long-range order and the system is critical.
8In the presence of interactions or finite temperature only a fraction of particles form the condensate

and therefore relation (1.17) would hold only for this fraction.
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So far we have described the phenomenon of the Bose-Einstein condensation and shown

how it is connected with breaking of the conservation of particle number. We also showed

how BEC can be characterized by the existence of a long-range order. Finally we have

recalled the MHW theorem claiming that none of these happens in one dimension.

So, why the 1D Bose gas?

1.3 A Glimpse of the 1D World

Throughout the previous two sections we were considering a free system, we were ne-

glecting the interactions between particles. From a time to time we were claiming that

the conclusion holds also in the presence of interactions. But actually the logic should be

opposite. We should have start with an interacting system, as in reality they are always

there, and thus first fully establish the interacting theory. If in the limit of interaction

strength approaching zero the results would qualitatively be the same than we would ar-

gue the it makes sense to consider the free theory as an approximation of reality. What

is interesting about 1D that the proximity of the free 1D Bose to an interacting theory

is completely broken. In 1D the effect of interactions is so strong that it immediately

takes us far from the non-interacting case.

This property is easy to understand. In 1D any motion is inherently collective,which is

also the essence of the MWH theorem. Any slightest perturbation propagates through the

whole system breaking the long-range order. Therefore the 1D gas is a strongly correlated

system. It is much stronger correlated than the 3D Bose gas at high temperatures but at

the same time is not as perfectly correlated as the BEC. Thus what makes the 1D Bose

gas interesting is its position between the classical-like system and the purely quantum,

coherent state of matter.

And since this intermediate position is caused by correlations in fluctuation, by studying

them we can deepen our knowledge of the 1D Bose gas as a quantum many-body system.

1.4 Structure of the Thesis

The thesis is organized in the following way

• Chapter 2: Contains an introduction to the Lieb-Liniger model and to the density-

density correlations which we study in various circumstances throughout the rest

of the thesis.
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• Chapter 3: Contains a brief introduction to the method of Algebraic and Ther-

modynamic Bethe Ansatz. Focuses on highlighting key concepts, sacrificing the

completeness of discussion whenever it seems appropriate. For the complete expo-

sure to the method we refer to the bible of the Algebraic Bethe Ansatz [18].

• Chapter 4: This is the first chapter containing the author’s contribution to the field.

We show how the Luttinger liquid (macroscopic theory) can be fine-tuned with the

microscopic (1D Bose gas) input. We focus on the zero temperature correlation

functions.

• Chapter 5: Here we present results on finite temperature correlation functions

obtained directly from the microscopic description of the 1D Bose gas.

• Chapter 6: Finally we describe a metastable super Tonks-Girardeau gas, that is

a specific out-of-equilibrium regime in which correlations between particles are

specifically strong. In a sense this describes a regime of the 1D Bose gas that is far

away from the free gas.

• Chapter 7: We conclude by giving an outlook on further interesting directions that

could be undertaken in a future and would extend the results presented here.

Notations and some extra calculations are placed in Appendices A, B, C


