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Chapter 6

Correlations in the super

Tonks-Girardeau Gas

In this chapter we introduce the concept of the super Tonks-Girardeau (sTG) gas, a

metastable regime of the attractive 1D Bose gas. We will show how this regime can be

approached by performing an interaction quench of the strongly repulsive gas and how it

can be characterized. We will then study the density-density correlation functions and

show how properties of the sTG gas are reflected in a specific features of the correla-

tion function. We will also show that despite its metastability the sTG gas is critical,

the correlation functions decay algebraically just like in the zero temperature repulsive

gas. Interestingly the fermionic features of correlations are much stronger than in the

equilibrium situation1. This chapter is based on [69].

What is the sTG gas? The recipe is simple, take the strongly repulsive gas at zero

temperature and abruptly change the sign of interactions. Ludicrous as it may sound,

it is a perfectly realistic idea. Due to the confinement induced resonance the interaction

strength diverges around a specific value of the transverse confinement2 and thus can be

easily tuned to the other side of the singularity where it changes sign [20, 70]

Such an abrupt change of the parameter of the system is called a quench. In recent

years quantum quenches where extensively studied usually as an example of driving a

system out of equilibrium. Investigating the after-quench evolution of a system helps

understanding how and whether quantum systems thermalize [71]. Thermalization of

isolated quantum systems is a very interesting problem that we are not going to touch

upon. The reason is that interaction quench leading to the sTG gas is rather trivial and
1Hence the adjective “super”.
2recall from Chapter 2 that the 1D Bose is created by strongly confining motion of particles around

one direction, see Section 2.4
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the final state is pretty well-defined metastable state that does not thermalize. Therefore

our focus here is rather on the characterization of the sTG gas.

This system was subjected to recent experimental [47] and theoretical [30] [72] [73], [74]

[75] [76] studies to which we refer in the main text when appropriate.

Before dwelling into the details let us quickly lay out the composition of this chapter.

We start with a more extensive discussion of the quench protocol and its outcome, the

sTG gas. Then we describe the excitations around the sTG gas as understanding them

is crucial for explanation of the correlation functions. Finally we use again the ABACUS

to compute the density-density correlation function and we discuss the results.

6.1 Interaction Quench and the sTG gas

The theoretical framework to describe the interaction (or any other) quench is pretty

straightforward. Let us assume that the gas is in the strongly repulsive, Tonks-Girardeau

state at zero temperature, we denote this state by |TG〉. Let us say that at time t = 0

we abruptly change the sign of interactions. The time evolution of the gas from that

time onwards follows new Hamiltonian Hc<0 which does not commute with the initial

Hc=∞. The state of the system at time t > 0 can be written as

|t〉 = e−iHc<0t|TG〉 =
∑

λ∈Hc<0

e−iEλt〈λ|TG〉 |λ〉, (6.1)

where we used a resolution of the identity in terms of the eigenstates of the final Hamil-

tonian Hc<0. Thus we see that the final state at any time t is fully specified once we

know overlaps 〈λ|TG〉 between eigenstates |λ of the final Hamiltonian and the initial

state |TG〉.

The overlaps are difficult to calculate as the Slavnov formula (3.58) cannot be applied

to states at different value of interaction parameter c. Therefore one must resolve to the

wave function representation of the states and compute overlaps by performing explicit

integration over the product of wave functions. However for the quench to large attractive

interactions situation simplifies as only a handful of states have significant overlap with

the initial state.

First observe that at c = ±∞ the Bethe equations (2.19) are identical. Therefore the

only the state that has a non-zero overlap with the initial state |TG〉 is in fact the same

state. This trivial observation is important as it holds approximately also when the

final value of interaction is not exactly c = −∞ but some large negative number. To

understand it better let us examine overlaps of the |TG〉 with different states of the final
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Figure 6.1: Pictorial representation of quantum numbers for system with N = 8
particles and in a) the sTG state, b) an excited state with one particle-hole excitation
c) an excited state with one 2-string.

Hamiltonian. Let us start with final states containing bound states (recall from Chapter

3 that attractive interactions allow for creation of the bound states). The contribution

of these states to the sum in (6.1) can be easily neglected. Existence of a bound state

implies that there are particles that are exponentially localized next to each other. On

the other hand in the initial state the probability of particles to be close to each other

is very small (see figs. 2.4 and 2.5). Therefore the chances that particles will form a

bound state due to the quench are negligible for strong attractive interactions. Therefore

summation in (6.1) can be effectively restricted to states without bound states.

This can be still simplified by noting that the interaction quench conserves the momentum

and the parity of the initial state. Therefore final state must have zero momentum and

even more the quantum numbers must be symmetric around 0. The states that fulfill

these constraints are the state with the same quantum numbers as the initial state, states

with symmetric two particle-hole excitations, states with symmetric four particle-hole

excitations and so on. Considering now the overlap integral we can convince ourselves

that overlap between the initial state |TG〉 and the final state with two particle-hole

excitations scales like |c|−2 where c is the final interaction strength. Therefore for strong

attractive interactions in the leading order we can reduce the summation (6.1) to a single

state |sTG〉 defined by the ground state quantum numbers of repulsive gas

IsTGj = −N + 1

2
+ j, j = 1, . . . , N. (6.2)

The sTG state is thus the lowest-lying, purely gas-like state with no bound states; it has

a Fermi sea structure similar to the ground state of the repulsive gas (Fig. 6.1). This

fact ultimately explains its quantum critical behavior, to be seen later in the correlations

we compute. In fact, observing the correlation features which we give below would allow

to quantify the ‘closeness’ to the sTG state obtained in an actual experiment.

Moreover the distribution of rapidities follows from the Lieb equation (3.124) with c < 0

(see fig. 6.2). Also the relation between the Luttinger parameter K and ρ(q) still holds
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Figure 6.2: The density of rapidities following from Lieb equation (3.124). It rep-
resents: for c > 0 the density of the ground state rapidities, for c < 0 the density
of rapidities in the sTG state. Inset: Luttinger parameter K as a function of inverse
interaction strength c. Note that for attractive interactions ρ(q) < 1/(2π) and therefore
K < 1 according to the formula (4.17).

(4.17), which yields that for the sTG gas 0.5 < K < 1 (see fig. 6.4). Therefore sTG gas

has even stronger density fluctuations as compared with the Tonks-Girardeau gas.

Inclusion of excited states over the sTG state (6.2) in the sum (6.1) would lead to a

smearing of the correlation functions similar to the finite temperature effect. On the other

hand inclusion of the 2-particle bound states leads to an interesting time dependence of

the correlator that was investigated in [75]. Here we should focus only on the leading

behavior and assume that quench populates exclusively the sTG state defined above.

6.2 Excitations in the sTG gas

In order to compute correlations we first need to classify the excitations around the sTG

gas. One class of excitations are the particle-hole excitations paralleling those of the

repulsive gas [55]. We can again distinguish type I and type II modes which can be

combined to create multi-particle-hole excited states (see Fig. 6.1b). These excitations

lead to a modified version of correlations as compared to the repulsive gas, attractive

interactions inducing smooth changes to the particle-hole contribution to the correlation

as one tunes 1/c through zero.

Other classes of excitations involve bound states of two or more atoms (see Fig. 6.1c).

These lead to new branches of correlations which we discuss in the next section. The

gas is ultimately metastable due to particles progressively binding into such energetically

favorable kinds of excitations. However, as we show here, the rate of formation of bound
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states induced by generic perturbations, is small. The estimate of this rate confirms that

the system is sufficiently long-lived to be experimentally observable.

We examine the simplest (and most probable) process: the formation of a 2-string (bound

state with 2 particles) in order to quantify the timescale for stability of the gas. Consider

adding a localized impurity potential (V̂ = α εF n
−1 ρ(x = 0)) to the otherwise isolated

system. Here α is a dimensionless constant, εF = (~πn)2/2m is the Fermi energy, n1D is

the 1D density and m is the atomic mass. Such a perturbation induces decays whose rate

can be computed using Fermi’s golden rule. Assuming that the external potential is weak

(we set α = 0.1 ) for a gas of 133Cs atoms of 1D density n = 106m−1 with c/ = −8 we get

a rate Γ2-str = (αεF /~)2 S(ω = 0−) ∼ 1s−1. S(ω = 0−) is the density-density correlator

summed over all momenta (see Eq. 6.5) and taken at the slightly negative value of

the energy so that only bound states contribute. For larger attractive interactions and

weaker perturbations the timescale is much larger. A typical experimental timescale is

∼ 10−3− 10−1s and is thus shorter than Γ−1
2-str. For repulsive interactions the stability of

the gas is controlled by the rate of 3-body collision [77]; as this rate is of the same order

as Γ2-str, the sTG gas can be viewed in practice as being as stable as the repulsive gas.

A physical picture of this stability is the following. For a 2-particle bound state to

form, two particles must be a distance |c|−1 apart. This is however highly unlikely

since the initial non-local pair correlation function (S(x)) exhibits fermionic behavior:

at small distances its value is small. This shows that decay channels are not really open

(for c = −∞ they are in fact completely closed since the rates from Fermi’s golden rule

vanish). We further analyze the behavior of S(x) in the next section. Further evidence for

the stability of the sTG gas is provided by numerical computation of the compressibility

of the gas which is positive for large attractive interactions [30].

6.3 Momentum Space

We directly compute the Fourier transform of the density-density correlation function

S(k, ω) =
2π

L

∑

µ

|〈µ|ρ̂k|sTG〉|2δ(ω − Eµ + EsTG), (6.3)

by using again the ABACUS method. We obtain highly accurate results for to the

density-density correlation function forN = 128, the f-sum rule identity
∫∞
−∞ ωS(k, ω)dω2π =

N
L k

2 giving a quantitative check (Tab. 6.1).

The dynamical correlation is plotted in Fig. 6.3. As the sTG state takes the form of a

Fermi sea, its low-lying type I and II excitations have a linear spectrum and this sector
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Table 6.1: Levels of saturation of the f-sum rule. All computations were performed
at unit filling (N/L = 1) and for N = 128 particles.

c = −8 c = −16 c = −64 c = −256

k = kF 99.7% 99.7% 99.9% 99.9%
k = 2kF 99.3% 99.3% 99.9% 99.9%

0

5

10
c=-64

0 2 4
k[kF ]

210

205

200

0 2 4
k[kF ]

15

10

5

0

5

10
c=-16

0 2 4
k[kF ]

15

10

5

0

5

10
c=-8

0.00

0.04

0.08

0.12

0.16

0.20

0.24

0.28

0.32

0.36

0.40
ω
[k

2 F
]

Figure 6.3: The density-density correlation in momentum and energy space for
c = −8, c = −16 and c = −64. The negative energy parts of the plots were rescaled
by factors 10, 100 and 2.5× 105 respectively to make the string contribution easier to
see. The discontinuity in the c = −8 plot around ω = 0 is an artifact of this rescaling.
As the interactions become more attractive the correlation weight spreads uniformly
between the lower and upper thresholds of the single particle-hole continuum, just as
for the TG gas. At the same time the contribution from intermediate bound states is
suppressed in value and moves to lower energy.

of the sTG gas falls into the Luttinger liquid universality class, with Luttinger parameter

0.5 < K < 1 (see inset of Fig. 6.2). The behavior of the correlation along the edges

of support of a single particle-hole excitation agrees in fact with the predictions of non-

linear Luttinger theory (see Chapter 4, Section 4.2). For values of K > 1 (repulsive

interactions) there is a singularity along the type I mode (upper threshold) and smooth

vanishing of correlation along the type II mode (lower threshold). For 0.5 < K < 1,

inversely, the correlation is smooth along the particle mode and diverges along the hole

mode. This shift of correlation weight towards the lower threshold is clearly seen in our

data (see Fig. 6.3 and 6.4). Additionally, bound states contribute in another window

of energies starting below zero (because of the binding energy of a 2-string). Since the

correlation weight carried by those states vanishes for infinite |c|, the most interesting

situation occurs when the interaction is not too large: one then sees a new, broad branch

of correlations developing around a dispersing bound state (see Fig. 6.3, bottom).
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Figure 6.4: Fixed momentum cuts through the dynamical structure factor. The shift
of the correlation weight towards the lower threshold and contributions from interme-
diate bound states for ω < 0 are clearly visible. For comparison the c = 16 ground
state correlation, where the singularity is at the upper threshold, was also plotted.

Two other interesting quantities namely the static correlator (2.42) and the dynamical

autocorrelator (2.43)

S(k) =

∫ ∞

−∞
S(k, ω)

dω

2π
, (6.4)

S(ω) =
1

L

∑

k

S(k, ω), (6.5)

are plotted in Fig. 6.5. The shift of the correlation weight towards the lower threshold

leaves a characteristic mark in the static correlator (Eq. 6.4, and Fig. 6.5) [30]. For

repulsive interactions, the static correlator around k = 2kF smoothly approaches its

asymptotic value from below (S(k) → 1). Here at k = 2kF we observe a divergence of

the correlator and a power-law tail above the asymptote.

Moreover, for less attractive interactions, the dynamical autocorrelator S(ω) (Eq. 6.5

and Fig. 6.5) develops a plateau on the negative side of ω. This plateau is a clear

signature of the attractive gas and of contributions coming from intermediate bound

states. Together with the divergence at the lower threshold, these are the two smoking

guns to look for experimentally.



Chapter 6: super Tonks-Girardeau Gas 130

0 1 2 3
k[kF ]

0.0

0.4

0.8

1.2

1.6

S
(k

)

c=-8

c=-16

c=-64

6 3 0 3 6

ω[k 2
F ]

0.00

0.04

0.08

0.12

0.16

S
(ω

)
c=-8

c=-16

c=-64

Figure 6.5: Top: Static structure factor. Attractive interactions lead to a singularity
at k = 2kF . Bottom: Dynamical autocorrelator. For smaller attractive interactions
an extended plateau develops for ω < 0. This clearly indicates the contribution to the
density-density correlation from intermediate bound states.

6.4 Real Space

We now move on to real space and inspect the Fourier transform of the static correlator

S(x) =
1

L

∑

k

e−ikxS(k). (6.6)

From the behaviour of S(x) for small x we can infer the effective statistics of the par-

ticles (Fig. 6.6). We see the fermionic-like behaviour which is robust to changes in the

interaction [76]. This is similar to the fermionization process in the repulsive 1D Bose

gas [22] that we already observed in Chapter 2 (see fig. 2.4).

At large distances we can again compare results with Luttinger liquid theory (4.21)

SLL(x) = n2

(
1− K

2 (πx)2 +
∑

m>0

Am
cos (2mkFx)

x2m2K

)
. (6.7)

In the sTG case, this formula describes the leading particle-hole contributions to the

correlations. The prefactors Am in Eq. (6.7) are of course not universal, however,

contrary to the finite temperature case, they are related to a single form factor. The

formula (4.27) still holds with a proper choice of c < 0 and therefore Am can be computed

using the method presented in Chapter 4. Fig. 6.6 depicts the comparison between the

correlations computed for N = 128 and the asymptotics (including prefactors). The

accurate match is yet another illustration of the applicability of the theory of Luttinger

liquids in this off-equilibrium context.
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Figure 6.6: Distance dependence of the density-density correlation. Despite vary-
ing the interaction parameter system is consistently fermionic in behaviour. Smaller
attractive interactions increase oscillations. Inset: Correlations immediately approach
the asymptotic behaviour predicted by Luttinger liquid theory. All curves converge to
1.

6.5 Conclusions

We considered the super Tonks-Girardeau gas and its correlations. We showed that

attractive interactions drastically modify the dynamical responses of the system, while

leaving it metastable over long timescale. The system exhibits even stronger collective

behaviour than its repulsive counterpart, with the majority of the density-density corre-

lation carried by the type II mode and an enhancement of umklapp correlations around

2kF , ultimately causing the divergence of the static correlator at k = 2kF . On top of this

there are intermediate bound states with an extended region of correlation for ω < 0. In

experimental realizations, observing these features would allow to confirm that one has

indeed constructed a clean version of the super Tonks-Girardeau gas.

We also showed that, despite attractive interactions and metastability, the super Tonks-

Girardeau gas, due to its structure resembling a closed Fermi sea, still displays the

standard features of a quantum critical liquid. The system has a sector of excitations

which falls into the Luttinger liquid universality class, whose contributions set the leading

long-distance asymptotes of correlations in agreement with Luttinger liquid theory. The

subleading contributions coming from bound states could be reintroduced by treating

them as mobile quantum impurities, in a similar fashion to the case of spin impurities in

ferromagnetic Luttinger liquids [78]. Going further, initial metastable quantum critical

states similar in spirit to the sTG state can exist in other systems (e.g. multicomponent

bosons, fermions).


