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Summary

One of the main challenges of present day science is to understand a behavior of complex

systems. These are systems consisting of many particles (or other individual objects,

agents) whose dynamics, due to interactions, is very different from the dynamics of a

single particle. Properties of these systems are therefore very different from the properties

of their constituents, just like a single molecule of water is different from a whole liquid.

This increase in the level of complexity and emergence of new features occurs in many

different situations and very rarely can be exactly traced.

In the physical context studies of complex systems have a rather long history and devel-

opments of thermodynamics and hydrodynamics in the second half of the 19th century

mark the first important milestones. These phenomenological theories describe the be-

havior of complex systems using experimentally measurable parameters, such like, for

example the viscosity, temperature or heat capacity. These descriptions are universal in

the sense that they do not refer explicitly to the underlying microscopic theory but rather

use the above-mentioned phenomenological quantities. Shortly after the development of

thermodynamics the work of Boltzmann and Gibbs shed a new light on all of this. Their

kinetic approach showed how the thermodynamic description arises from a microscopic

theory, establishing thus an example of how an emergence can arise. This makes it

possible to compute phenomenological quantities just from microscopic considerations.

As much as the situation was clear at the end of the 19th century, the discovery of

quantum mechanics drastically changed the situation. The quantum description, being

much more rich and complex than its classical counterpart actually limited to some extent

our understanding of emergent phenomena. Fortunately among experimentally relevant

physical models of many-body systems there are some that enjoy a peculiar property of

being exactly solvable. That this is a peculiar rather than an ordinary feature can be

easily seen by reminding that even in classical physics the 3-particles problem can not be

exactly solved in its full generality. Here, the existence of exact solutions for N particles

is directly connected with the notion of non-diffractive scattering: for 2 particles colliding

together the outgoing particles carry exactly the same momenta as the incoming ones.
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Still interactions can modify the phase of the particle wave function which leads to a

complex however still exactly tractable problem. This leads to a very rare situation in

physics, for these systems we have at our disposal an exact description of the many-body

problem.

An example of such a system is the 1D Bose gas, a model studied in this thesis. It

describes dynamics of particles living in a 1D world, their motion is confined to a finite

length line. The interaction between the particles is extremely short-ranged and to a large

extent they behave like billiard balls. When the particles in a 1D tube are in equilibrium,

that is when on the scale of the whole system nothing changes anymore, the density of

the gas is uniform. Still all the particles are moving and locally the density fluctuates.

We can use these fluctuations to understand the dynamics of the gas. Specifically, we

ask the following question, is there any correlation between observation of two particles

at a distance x apart. In fact we could imagine two limiting situations. First one that

indeed occurs in the 1D Bose gas at very high temperatures. Then the gas behaves to a

large extent chaotically and there are no correlations in particles’ positions. The other

limit is set by a crystal-like situation when particles occupy only well-defined positions

in space. This is never possible for a 1D Bose gas because of the quantum fluctuations.

The importance of quantum fluctuations increases with decreasing the temperature, the

particles then move sufficiently slowly to experience quantum effects. Coming back to

the example with billiards ball, now the effect of a collision is not only an exchange of

the momenta. At the quantum level the particles are fundamentally indistinguishable

and we cannot distinguish collisions from lack thereof. These two processes happen

with a different probability depending on the interaction strength. For weak interactions

particles mostly just pass each other, for strong interactions they mostly collide. At zero

temperature the system is completely characterized by a single parameter, the interaction

strength. The density fluctuations are then increasing as we increase the strength of

repulsive interactions. The stronger the interaction the more the particles care about

each other which ultimately leads to a quasi-crystal behavior for very strong interactions.

The density-density correlation functions starts to oscillate indicating the more and less

likely distances between the particles. For weaker interactions the amplitude of these

oscillations vanishes (see Fig. C.2)

Interestingly the existence of such oscillations can be shown on a much more general

basis, without referring explicitly to the 1D Bose gas. In fact such oscillations are a

universal feature of one-dimensional liquids. Repulsive interactions between particles

confined to a finite length line naturally give rise to a quasi-crystal situation. This

results in oscillations of the density-density correlation function. The amplitude of these

oscillations is not generally known as it depends on the microscopic details. We address
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Figure C.1: Correlations in fluctuations of the particles density. Value 1 means lack
of the correlation, whereas values above(below) 1 signal the (anti-)correlation. For weak
interactions particles are weakly correlated. As the repulsive interactions are increased
the particles become strongly anti-correlated at small distances and the correlation
starts to oscillate signaling more likely distances between the particles. This effect
becomes even stronger in the metastable super Tonks-Girardeau gas.

this problem by relating the amplitude of oscillations to specific microscopic quantities

known exactly for the 1D Bose gas.

Fluctuations in the density of particles are not only of a theoretical interest. The cor-

relation between fluctuations is directly related to Bragg spectroscopy measurements.

This allows for a comparison of the theoretical predictions and experimental data. How-

ever in usual experiments, although performed at extremely low temperatures (of order

of 100 nK), the temperature is still too far from the absolute zero to neglect thermal

fluctuations. Therefore in order to make contact with experiments we need to be able

to compute the density-density correlation function of the gas at finite temperature.

For the 1D Bose gas, as for any gas with strong correlations, this is a notoriously dif-

ficult problem to treat analytically and we resorted to numerical evaluations. This led

to precise results that in a near future will be compared with experimental data. One

interesting application would be to use the density-density correlation function as a way

of measuring the temperature of the 1D gas.

The interaction between particles in the 1D Bose gas is of an extremely short range.

This makes it possible to tune it over a wide range of values and even for strictly infinite

interactions the energy of the gas can still be finite. Particles then simply avoid each

other and the aforementioned oscillations have the largest amplitude. This is a limit

of the 1D Bose gas refereed to as the Tonks-Girardeau gas. Interestingly an even more

strongly correlated gas can be created by moving out of equilibrium. This can be achieved
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by abruptly switching the interactions from strongly repulsive to strongly attractive.

Naturally we would expect that when we turn on attractive forces between particles

they will form molecules. However this is not what is happening. The initial strong

correlations between particles forbid them to approach each other close enough to form

a molecule, which stabilizes the gas. Moreover these correlations become actually even

stronger. One way of observing this is by referring again to the oscillations in the density-

density correlation. In the super Tonks-Girardeau gas (this is how we call this metastable

regime of the 1D Bose gas) the amplitude of the oscillations is even larger than for the

Tonks-Girardeau gas (see Fig. C.2).

Thus even such a simple model like the 1D Bose gas supports quite a complex behavior.

These arise from the quantum many-body effects and cannot be accounted for by a single

particle picture. They are in a true sense emergent phenomena. The relative simplicity

of the 1D Bose gas allows us to track these phenomena and understand them from the

microscopic point of view. This gives us a chance to directly relate microscopic theory

to an effective, phenomenological description that is enough to encapsulate the complex

behavior without referring explicitly to the microscopic degrees of freedom. Furthermore

the precision of calculations allows for a direct comparison with ongoing experiments.


