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CHAPTER

A large-scale integrated analysis of basic  
multiplication effects, using a new computerized  

adaptive progress monitoring system for math

A revised version of this chapter is submitted for publication as: 

Van der Ven, S., Straatemeier, M., Jansen, B. R. J. & Van der Maas, H. L. J. (submitted).  

The difficulty of single digit and multidigit multiplication problems and  

performance at different ages in primary school.
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Abstract

We investigated problem characteristics affecting the difficulty of simple multiplication 

problems. Several factors influencing problem difficulty have been identified in previous 

research (e.g., problem size and the presence of a 5). However, integrative analyses includ-

ing all factors simultaneously have not been performed yet, making it difficult to assess the 

relative importance of each factor. In the present study integrative analyses were performed.

We used data, combining measures of accuracy and speed, obtained in a large-scale 

research project with a new training and progress monitoring system (Math Garden). The 

dataset consisted of high frequency responses of a large sample of children (2198 children) 

from a broad age range (4-14 years). The results show that item difficulties were affected 

by problem size, the inclusion of the numbers one, two, five, and nine, and the presence of 

a tie in the problem. An important new result is that these predictors interacted significantly 

with problem size. The model including all these problem characteristics explained 90% of 

the variance in item difficulty. 

Introduction

Learning the multiplication tables is an important topic in the curriculum of mathemat-

ics education. Having simple multiplication facts at one’s disposal facilitates the calcula-

tion of the solutions to more complex problems. In the educational field several games and 

programs have been developed to make practicing multiplication facts easier and more 

enjoyable, but nevertheless, the memorization of these facts is often an arduous and drawn-

out task for children in primary education (Baroody, 1985). It is a consistent finding that 

some problems in particular seem difficult to memorize (e.g., 8 x 7): children, and even 

adults, make more mistakes and need more time to solve these problems. Central to this 

chapter is the question why some multiplication problems are more difficult than others. 

This question has occupied the minds of researchers for a long time (e.g., Clapp, 1924), and 

many studies have aimed to find predictors of problem difficulty. 

In the literature, several factors, which are discussed in more detail in the next section, 

affecting the difficulty of multiplication problems have been identified: problem size, tie, 

the presence of special numbers, order, and parity. These studies are, however, often char-

acterized by certain weaknesses. For instance, many studies included only adult partici-

pants (e.g., Campbell & Gunter, 2002; Hecht, 1999; LeFevre, et al., 1996). Where children 

were studied, the age range was often quite narrow (e.g, Lemaire & Siegler, 1995). The 

samples sizes in some studies were quite small (e.g., Cooney, Swanson, & Ladd, 1988; 
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LeFevre, Shanahan, & DeStefano, 2004; Lemaire & Siegler, 1995). Finally, many studies 

focused on a single problem characteristic (notably problem size) or a selection of problem 

characteristics (e.g., Campbell & Graham, 1985; LeFevre et al., 2004), or their effects were 

tested in separate analyses, i.e., in isolation (e.g., Parkman, 1972). It is possible that some 

effects will disappear when other effects are accounted for in an integrated model. Here we 

analyze all effects simultaneously, in a large sample of children, who are in the process of 

mastering the multiplication tables, and with a dependent variable that combines accuracy 

and speed.

In this study data from a new training and progress monitoring system, Math Garden, 

are used to study single-digit multiplication. Math Garden is a web based high frequency 

progress monitoring system for practicing arithmetic problems, and simultaneously mea-

suring arithmetic learning and development in primary education. Math Garden is used in 

a large-scale research project in which children of a broad age range (4-12) are measured 

frequently, preferably on a weekly basis. In this study, we use the data to replicate the basic 

multiplication effects found in previous research but we do so in an integrated analysis, in-

cluding all possible characteristics affecting problem difficulty, so that we can assess which 

effects hold when others are accounted for.

Math Garden
Math Garden is a web environment for practicing and measuring several domains of 

arithmetic, among which the four main operations of addition, subtraction, multiplication, 

and division. Math garden presents children with a challenging and attractive web environ-

ment to practice arithmetic problems. The child maintains a garden in which he or she can 

grow flowers by playing arithmetic games that are linked to distinct flowerbeds (see Figure 

1a for a screenshot). Children are motivated to play on a weekly basis as the flowerbeds 

wither if they do not maintain them by playing regularly.

For teachers, Math Garden provides detailed feedback on individual pupils’ arithmetic 

development. It is our intention to relieve teachers from time-consuming correction of 

children’s schoolwork by providing not only feedback on individual pupil’s learning tra-

jectories but also on their specific problems and typical errors (Klinkenberg, Straatemeier, 

& Van der Maas, 2011; Chapter 2). In addition, Math Garden provides researchers with 

detailed high frequency data on the processes of arithmetic development.
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Figure 1 Screenshots of the garden interface (a) and the multiplication game (b) from Math Garden.

A new model for computer adaptive testing (CAT) is used in Math Garden (Klinkenberg 

et al., 2011; Chapter 2). CAT is a technique that enables the administration of individual-

ized tests, in which the selection of items is adapted to the ability level of the child. The 

advantage of CAT is that problems are tailored to the children’s ability, i.e., children are not 

bored with easy problems (relative to their ability), but also not frustrated by difficult prob-

lems (again relative to their ability). The games in Math Garden are therefore challenging 

and enjoyable for children regardless of their specific competence. Another advantage of 

CAT is that fewer items are needed to accurately estimate a child’s ability (Wainer, 2000). 

A novel aspect of the CAT technique, as implemented in Math Garden, is the utilization of 

both speed and accuracy of responses in measuring children’s ability and the difficulty of 

items. The CAT technique is explained in the Method section.

Klinkenberg et al. (2011; Chapter 2) showed that Math Garden provides reliable ability 

scores, which correlate highly with the Dutch norm-referenced general Math ability scale 

of the Pupil monitoring system of Cito (Janssen & Engelen, 2002) as used by the majority 

of Dutch primary schools. In this chapter we focus on the validity of the multiplication task 

in Math Garden. We set out to replicate results of studies investigating which problem char-

acteristics affect problem difficulty of single-digit multiplication problems. We will study 

which effects will hold when problem characteristics are included simultaneously. Below 

we first review the effects that were found in previous research.

Sources of problem difficulty

Problem size effect 
One of the most robust effects found in multiplication studies is the problem size effect: 

problems with small operands are easier than problems with large operands. Although 

	  

a) b)
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several researchers found that the problem size effect decreases with age (Campbell & 

Graham, 1985; Koshmider & Ashcraft, 1991), the effect is still present in adults. Several 

explanations have been suggested for the problem size phenomenon (for a review, see Ash-

craft & Guillaume, 2009; Zbrodoff & Logon, 2005).

One possible explanation concerns strategy choice. We provide a brief account of the 

most commonly used multiplication strategies. For a more complete taxonomy of the mul-

tiplication strategies, see Sherin and Fuson (2005). In the count-all strategy, children count 

all values between one and the product. In the more advanced repeated addition strategy, 

the multiplication problem is transformed in a sequence of addition problems. Other com-

monly used strategies are count by or counting strings, in which children use number se-

quences to solve the problem. All these strategies contain a large number of sub-operations, 

which lead to high response times and high chances of erring (Siegler, 1988). Strategies 

of moderate speed and complexity are derived fact procedures. These procedures involve 

the use of known arithmetic facts to derive the solution. For example, a child who knows 

that 5 x 5 = 25, can use this to calculate the answer to the problem 6 x 5. Finally, the most 

efficient strategy is retrieval.  Retrieval of the correct answer from long-term memory does 

not require any intermediate steps, so in general this is a fast procedure. 

Small problems are solved with retrieval more often than large problems (Imbo, Vandie-

rendonck, & Rosseel, 2007; LeFevre, et al., 1996; Lemaire & Siegler, 1995; Steel & Fun-

nell, 2001, Wu et al., 2008). A possible explanation for this finding is that in general, small 

problems are learned earlier and are presented more often than large problems. Hence, 

small problems may be more firmly anchored in individuals’ storage of multiplication facts 

(Campbell & Graham, 1985). Also, children and even adults often revert to less advanced 

strategies when confronted with large problems (Imbo et al., 2007; LeFevre, et al., 1996; 

Lemaire & Siegler, 1995; Mulligan & Mitchelmore, 1997; Steel & Funnell, 2001). In sum, 

the problem size effect may occur because children use more efficient strategies on small 

problems.

A second explanation of the problem size effect is the speed of executing the selected 

strategy. Larger problems require a larger number of sub-operations. For example, when 

using the repeated addition or counting strings strategies, the number of sub-operations 

depends on the problem size, which directly influences speed of execution (Mabbott & 

Bisanz, 2003). Indeed, LeFevre et al. (1996) found that response times increased with the 

number of counts needed in the counting strings strategy. And even when answers are re-

trieved from long-term memory, answers to easy problems are retrieved faster than answers 

to more difficult problems. An explanation for this finding is found in theories about the 

organization of arithmetic facts in memory (for a review see Verguts & Fias, 2005). Adher-
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ents of table search models (e.g., Geary, Widaman, & Little, 1986) argue that arithmetic 

facts are organized in a tabular representation, and that it takes longer to “walk” to the 

right answer for larger problems than for smaller problems. Siegler’s (1988) distributions 

of associations model provides another explanation for fast retrieval of large, compared to 

small, problems. The model stipulates that, during the learning process, more errors are 

made on large problems than on small problems, which increases the number of interfering 

associations with incorrect answers for large problems. Similarly, in Campbell’s network 

interference model (Campbell, 1995) more candidate answers are activated for large prob-

lems due to a large magnitude code. Verguts and Fias (2005) proposed a connectionist 

model in which the cooperation and competition between different candidate answers un-

derlies the problem size effect. In sum, execution of multiplication strategies, either simple 

or advanced, is more effortful for large problems than for small problems.

In previous studies different definitions of problem size have been used in item dif-

ficulty analyses. These predictors have included the operands (e.g., Koshmider & Ash-

craft, 1991; Siegler, 1988), the sum of the two operands (e.g., Parkman, 1972; Stazyk, 

Ashcraft, & Hamann, 1982), the product (e.g., Mabbot & Bisanz 2003; Siegler, 1988; 

Stazyk et al, 1982), the squared sum (e.g., Lemaire & Siegler, 1995; Stazyk et al., 1982), 

the maximum (e.g., Koshmider & Ashcraft; 1991; Parkman, 1972), and the minimum 

operand (e.g., Parkman; 1972; Stazyk et al, 1982). Some researchers divided the prob-

lem set in large and small problems. For example, De Brauwer, Verguts, and Fias (2006) 

divided the set of multiplication problems into a set of small problems (both operands 

smaller than five) and a set of large problems (both operands larger than five). Below 

we have tested which of these definitions is the strongest predictor of item difficulty. 

 

Tie effect 
Specifically problems with two equal operands turn out to be easier than problems with 

different operands (Campbell & Gunter, 2002; De Brauwer & Fias, 2009; De Brauwer et 

al., 2006). Increased use of more advanced strategies like retrieval on ties, compared to 

non-ties, might explain the tie effect (LeFevre et al., 1996). This was first explained by the 

finding that tie problems were presented significantly more frequently than non-tie prob-

lems (Siegler, 1988). However, reanalysis of Siegler’s data showed that tie multiplication 

problems were presented as often as non-tie problems, once problems with a zero or one 

were excluded (Baroody, 1994), or once only tie problems with large numbers (6-9) were 

taken into account (Verguts & Fias, 2005). An alternative explanation may therefore be that 

accessibility of tie problems in the memory network is easier (Campbell, 1995; Campbell 

& Gunter, 2002; Verguts and Fias, 2005). Blankenberger (2001) offered the explanation 
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that the tie effect is encoding based, as encoding two equal numbers is assumed to be fast-

er than encoding two unequal numbers. This assumption has been questioned by several 

researchers who found an interaction between problem size and tie (Campbell & Gunter, 

2002; De Brauwer et al, 2006; LeFevre et al., 2004). The tie effect is more pronounced for 

large problems, probably because all small problems, ties and non-ties, are solved quite 

quickly and accurately. Although this finding seems to conflict with the encoding explana-

tion, it is possible that encoding small operands is faster because small numbers are more 

entrenched than large numbers and an encoding effect might explain (part of) the tie effect. 

Special numbers
Specific numbers included in a problem have also been found to affect the problem dif-

ficulty of single digit multiplication problems. One of the most pronounced effects is the 

five effect: problems with the operand five are easier than one would expect on the basis 

of problem size (e.g., Campbell & Graham, 1985; De Brauwer et al., 2006; LeFevre et al. 

1996; Mabbott & Bisanz, 2003; Mulligan & Mitchelmore, 1997). Again, use of advanced 

strategies might explain the five effect. Mabbott and Bisanz (2003) argued that counting 

strings with fives are overlearned, and that as a consequence children report using retrieval 

more frequently on five-problems than on problems with a three or four. Moreover, the 

multiplication table of 5 is a table with high regularity: answers can only end with a 5 or a 

0 (Butterworth, Marchesini, & Girelli, 2003). 

Similarly, problems with operand two are easier than one would expect on the basis of 

problem size alone (e.g., Mabbot & Bisanz, 2003). LeFevre et al. (1996) pointed out that 

two-problems are similar to tie addition problems. Mabbot and Bisanz (2003) argued that 

these problems merely require a doubling of the quantity, which is a familiar operation for 

children. Moreover, they found that children used retrieval more often on two-problems 

than on problems with a three or four. Problems including a nine are also easier than prob-

lem size suggests. Possibly, individuals apply a specific rule to problems including nines, 

such as the finger rule (Mabbott & Bisanz, 2003; Sherin & Fuson, 2005). Finally, problems 

including the operand zero or one seem particularly easy, as children seem to solve these 

problems with the specific rules: N x 1 = N and N x 0 = 0 (Cooney et al., 1988; Lemaire & 

Siegler, 1995; Sherin & Fuson, 2005). 

Order effect 
Some multiplication effects are reported less frequently. For instance, one study found 

evidence in favor of an order effect, i.e., problems with the larger operand first are solved 

faster and more accurately than their commutative counterparts (Butterworth et al., 2003). 
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Explanations for the order effect are sought in the organization of the memory network. 

Butterworth et al. (2003) assumed that the mental representation of multiplication tables 

includes only half of the problems, and these problems are therefore solved faster than the 

other half that can be solved by the commutativity principle. This assumption is supported 

by Baroody (1999) who showed that there is a transfer of learning from problems to their 

mirror problems. Another explanation for the order effect is the order in which the mul-

tiplication tables are learned (Butterworth et al., 2003). In most countries children learn 

smaller tables (comprising problems where the second operand is small) before learning 

the larger tables. However, the only study in which the order effect was found included 

Italian children, and in Italy the order of the operands is reversed compared to most other 

countries, i.e., in Italy 6 x 2 is part of the 6 table. The order effect, therefore, awaits further 

confirmation.

Parity effects 

In some studies a parity effect was found, which refers to the even/odd status of the 

answer. In studies with verification tasks (Krueger, 1986; Lemaire & Fayol, 1995), sub-

jects rejected incorrect products more quickly when the parity of the incorrect answer was 

incongruent with the parity of the correct answer. However, Lochy, Seron, Delazer, and 

Butterworth (2000) found that this was only true for incorrect odd answers. They found 

that subjects accepted multiplication results more readily if they were even rather than odd, 

which they attributed to familiarity: three quarters of all multiplication results are even. But 

this might be a phenomenon that children are not familiar with (Rotem & Henik, 2013). 

Some other parity effects were reported. For example, young children’s multiplication 

errors often have the same parity as the parity of the correct answer to the addition problem 

with the same operands (Lemaire & Siegler, 1995). As they get older, the parity of chil-

dren’s multiplication errors more often equals the parity of the correct multiplication an-

swer. Based on these results, we test the hypothesis that problems with two even operands 

are easier, because the solution to both the multiplication problem and the addition problem 

including these operands is even. On other problems the solutions to the multiplication 

problem and the addition problem differ in parity, which may lead to interference. 

Present study
In the present study we investigated whether the effects described above can be detected 

in the difficulty of the multiplication items of Math Garden. We used a high frequency data-

set with a broad age range (4-12) to perform an integrated analysis to assess which effects 

hold when others are accounted for.
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Method

Participants
We used data from the Math Garden project that started in November 2007. Since the start 

of the project, every month new schools have started using Math Garden. For most analyses 

in this chapter we used data that were collected at nine primary schools during the school 

year 2007-2008 (November 2007 to July 2008). At the end of the school year a sample of 

985 children had played the multiplication game. Table 1 shows the number of children by 

grade, their age (in July 2008), their sex, and the total number of multiplication problems 

that they attempted. For some analyses data from the school year 2008-2009 (August until 

June) were used. At the end of this school year twenty primary schools participated in the 

project resulting in a sample of 2198 participants, who had played the multiplication game. 

Their age (in June 2009), grade, sex, and the total number of multiplication problems are 

also shown in Table 1. The participating schools gave permission for the use of the data of 

their pupils for research purposes, and they accepted the responsibility to inform the par-

ents of the participating pupils about the research and the voluntary participation. 

Table 1 Sample of participants per grade

November 2007 - July 2008 August 2008 - June 2009

Grade N Mean age (SD) % Male # Trials N Mean age (SD) % Male # Trials

k 21 6.13 (0.32) 67 4,631 9 6.14 (0.60) 78 5,011

1 131 7.17 (0.35) 59 18,087 192 7.12 (0.37) 68 92,333

2 245 8.28 (0.38) 46 45,779 413 8.19 (0.42) 55 165,646

3 181 9.30 (0.43) 49 37,300 411 9.21 (0.45) 46 159,726

4 216 10.40 (0.43) 46 43,912 429 10.23 (0.47) 46 100,353

5 125 11.40 (0.43) 54 22,223 397 11.26 (0.78) 50 67,145

6 66 12.44 (0.51) 40 8,047 303 12.32 (0.46) 50 48,900

6+ - - - - 44 13.48 (0.50) 50 1,222

Total 985 9.39 (1.69) 49 179,979 2198 9.90 (1.75) 51 640,336

Note. k = kindergarten

Materials
The multiplication game is one of the arithmetic games connected to a flowerbed in 

Math Garden (see Figure 1a). A child launches a new session of the multiplication game by 

clicking on the multiplication flowerbed.
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The multiplication problems
Each game session consisted of 20 multiplication problems. This was reduced to 15 

problems per session in December 2008. After a game session the child automatically re-

turned to his or her garden. The game also contained a stop-button on the screen with which 

children could end the session earlier, which is necessary as children use Math Garden in 

a classroom setting. The item database of the game contained 210 multiplication items in 

the school year 2007-2008, and 659 items in the school year 2008-2009, including both 

single-digit and multi-digit multiplication problems. In this study we focused on the single 

digit multiplication problems from 1x1 to 9x9. Each item had six answer options, from 

which the child had to choose the correct answer, see Figure 1b for a screenshot of the 

multiplication game. The frequency with which each item was answered in the school year 

2007-2008 ranged from 267 to 1422. In the school year 2008-2009, open-ended items in-

stead of multiple-choice items were used. Children submitted their answer using a numeric 

keyboard including digits 0-9 and an erase button. At the end of this school year each item 

had been answered between 449 and 4757 times.

Computer adaptive method 

Math Garden uses a new computer adaptive method to sample items. This computer 

adaptive method is based on the Elo rating system that is used to estimate the skills of chess 

players (Elo, 1978). The rating of a chess player indicates his or her ability level. After each 

chess game, the ratings of both players are adjusted based on the outcome of the game and 

the difference between the ratings of the players. Unexpected outcomes (i.e., a weak chess 

player wins from an expert player) have more impact on the players’ ratings than expected 

outcomes, because unexpected outcomes suggest that the initial ratings of the players may 

have been incorrect. The computer adaptive method used in Math Garden operates accord-

ing to the same principle, but here children play against multiplication problems. In this 

method both persons (i.e., children) and items (i.e., multiplication problems) have a rating, 

which indicates the ability of the person and the difficulty of the item, respectively. After a 

child has solved a math problem both the ability estimate of the person and the item diffi-

culty estimate are updated with a procedure based on paired comparison models (Bradley 

& Terry, 1952; Luce, 1959). Equation 1 shows that the updates of the person’s ability (θ) 

and the item difficulty (β) are based on the difference between the score (see Scoring rule 

Section) and the expected score, weighted by a factor K. 
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This  scoring  rule  is  depicted  in  the  game,  which  makes  it  easy  for  children  to  understand.  At  
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1   Separate   K-‐factors   are   calculated   for   updating   the   person's   ability   estimate   and   for   updating   the   item  

difficulty   estimate.   The   optimal   formula   for   calculating   these   K’s   is   based   on   pilot   data   and   is   explained   in  
Klinkenberg  et  al.  (2011).  
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The expected score is a function of the difference between the child’s ability and the 

item difficulty. For example, if the ability of the child is much higher than the item diffi-

culty, the expected score is high. If the ability of the child and the item difficulty are equal, 

the expected score is zero. The value of K determines the sensitivity of the updating pro-

cess. The larger K, the greater the impact of that particular trial (i.e., answered item) on 

the person’s ability and the item difficulty.1 By updating both the person’s ability and the 

item difficulty after each answer, both the item difficulty estimate and the ability estimate 

converge to their “true” value. All responses of all children playing the multiplication game 

are incorporated in these values. An advantage of this computer adaptive method is that 

item difficulty does not have to be known beforehand (item calibration), but is determined 

on the fly. 

Scoring rule 
A simple scoring rule combines response time and accuracy to determine a child’s score on 

an item (Maris & van der Maas, 2012). This high speed, high stakes scoring rule, depicted in 

Figure 2, has attractive psychometric properties. In Math Garden, the time limit for solving a 

multiplication item is 20 seconds. When a child gives the correct answer, the score equals the 

time limit minus the response time, which is the remaining time. If a child gives an incorrect 

answer, the score equals the negative of remaining time. For example, a child that gives an an-

swer after 5 seconds, obtains a score of 15 (20 - 5) if the answer is correct, and a score of -15 if 

the answer is incorrect. 

This scoring rule is depicted in the game, which makes it easy for children to understand. At 

the start of a trial, 20 coins are visible at the bottom of the screen (see Figure 1b). Every second 

a coin disappears. In case of a correct answer, the remaining coins turn green and are added to 

a moneybag. This moneybag represents the cumulative score of a game session. In case of an 

incorrect answer, the remaining coins turn red and are subtracted from the cumulative score 

depicted on the moneybag, with the restriction that the moneybag cannot contain a negative 

number of coins (i.e., the minimum is zero). If time expires, no coins are won or lost. With 

this scoring rule, and the moneybag as an incentive, children are motivated to respond quickly 

if they know the right answer (retrieval), and to use a calculation strategy if they do not know 

the correct answer, as guessing is risky. During each trial a question mark is displayed on the 

screen, which children can click if they do not know the answer and have no idea on how to 

calculate it. If the child clicks the question mark no coins are won or lost. After a child submits 

an answer, clicks on the question mark or if time has expired, the correct answer is shown. 

1 Separate K-factors are calculated for updating the person’s ability estimate and for updating the item difficulty esti-
mate. The optimal formula for calculating these K’s is based on pilot data and is explained in Klinkenberg et al. (2011).
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Figure 2 A graphical depiction of the high speed, high stakes scoring rule.  

Using both response times and accuracy in computer adaptive testing of arithmetical 

ability has several advantages. First, solving time is related to arithmetical ability. More 

advanced strategies, such as retrieval, take less time than less advanced strategies, such as 

counting strings (Lemaire & Siegler, 1995; Steel & Funnell; 2001). With easy items espe-

cially response time correlates significantly with ability, as Van der Maas and Wagenmak-

ers (2005) showed for chess items. Using both accuracy and response times may therefore 

improve estimation of children’s arithmetical abilities. Second, using the extra information 

of the response times facilitates the administration of items that are easier than the ones 

used in standard computer adaptive tests, where presented items are selected such that the 

test taker has a probability of 50% of answering correctly. Such items are the most infor-

mative items for measuring a person’s ability but lead to a, possibly demotivating, high 

level of negative feedback. In Math Garden, we present items that are selected such that the 

child has a probability of 75% of answering correctly. The games are therefore challenging 

and enjoyable for children of all competencies. Third, the high speed, high stakes scoring 

rule provides a solution for the speed-accuracy trade-off problem. Some children may val-

ue speed more highly than accuracy, and vice versa. With the use of this scoring rule, the 

optimal speed-accuracy trade-off is the same for all children. By the graphical depiction 

of the scoring rule in the game, children quickly get accustomed to the scoring rule. Final-

ly, instead of using speed and accuracy as two separate indicators of item difficulty, this 
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computer adaptive method integrates the indicators of difficulty of items. For a complete 

description of the computer adaptive method see Klinkenberg et al. (2011; Chapter 2).

Procedure
All participating schools agreed that their pupils would play on a weekly basis in Math 

Garden, but playing frequency differed between classes and children. All teachers received 

an instruction on how to use Math Garden and how to instruct their pupils in its use. Gener-

ally explicit instruction was limited, because the game rules are quite intuitive. The scoring 

rule of the game was explained, and children were told that they could click on the question 

mark if they did not know the answer. After this, children could play in their own garden, 

which they accessed with their own username and password. Teachers were instructed that 

the first couple of playing sessions should take place in school. After this, children were 

also allowed to play at home, but they were instructed to play by themselves.2 To keep chil-

dren motivated to play regularly, the flowerbeds withered slowly if a child had not played 

a domain for one week or more. In addition, children could spend the earned coins in a 

trophy cabinet. The reader is encouraged to create a demo account at www.rekentuin.nl or 

www.mathsgarden.com, to try out Math Garden.

Data analyses
We applied regression analyses to assess which problem characteristics affect the item 

difficulties of Math Garden data. We performed both simple regression analyses, including 

only one problem characteristic, and multiple regression analyses, including all character-

istics identified in previous research. We applied the enter method for confirmatory anal-

yses in which significant predictors found in previous research were included. A stepwise 

backward method was used for exploratory analyses. We used explained variance (R²) and 

Akaike Information Criterion (AIC; Akaike, 1974) for model selection. In most analyses 

the item difficulties at the end of the school year 2007-2008 (July 2008) featured as the de-

pendent variable. The item difficulties at the end of the school year 2008-2009 (June 2009) 

were used for replication of the findings, and to test for differences between forced-choice 

items (2007-2008) and open-ended items (2008-2009).

2 Of course there is a risk that children receive help of others especially at home. However, due to the adaptive algo-
rithm the increase in their ability estimate due to possible help quickly diminishes in later sessions in which they will 
fail items that are much too difficult for them.



60  |   Chap te r  3

Results

Problem size effect
To assess which of the definitions of problem size, used in previous studies, is the best 

predictor of item difficulty, we fitted multiple simple regression models, each including 

a different definition of problem size. Table 2 shows both R² and AIC of these regression 

models. The best model, as indicated by the lowest AIC and the highest R², included the 

sum of both operands, as proposed by Parkman (1972). This model was also the best fitting 

model when the item difficulties of June 2009 were used. Based on these results, the sum 

of both operands will be used to operationalize problem size in the analyses below. 

 

Table 2 Results of regression analyses including different definitions of problem size

Definition of problem size R² AIC

(m + n) .55 313.39

m, n .54 315.28

min(m,n) .51 320.52

(m * n) .50 320.79

(m + n)² .48 325.09

(m * n) > 25 versus (m * n) <= 25 .47 325.89

max(m,n) .32 346.74

Note. m = first operand, n = second operand. Data are item difficulties from July 2008.

Integrated analysis of problem characteristics
In Figure 3a the item difficulties of the multiplications problems m x n are displayed. By 

visual inspection, some of the problem characteristics affecting item difficulty can already 

be identified. For example, the lines show that multiplication problems containing a large 

number (i.e., either m or n equal to 7 or 8) are more difficult than problems containing a 

small number (i.e., 3 or 4). In addition, a one effect is evident from the low line of item 

difficulty for problems where n = 1. Moreover, the drop in item difficulty for problems 

containing a five is clearly visible at m = 5. A nine effect is evident from the drop in item 

difficulty for problems where the first operand is a nine (m = 9). 
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Figure 3 Empirical item difficulty (a) and predicted item difficulty (b) of multiplications m x n, 

based on the regression model that explains 90% of the variance in item difficulty. Lines represent 

n. The m values are depicted on the x-axis. 

In a multiple regression analysis, all problem characteristics that were reported in the 

introduction were entered into the regression model, and fitted to the item difficulties of 

July 2008. To prevent multicollinearity between the predictors, problem size was centered 

(Jaccard & Turissi, 2003). The regression model explained 83% of the variance in item 

difficulty, and resulted in an AIC of 242.59. The left part of Table 3 shows the estimates 

of the regression coefficients of this model. As was evident from the problem size effect 

analyses, the sum of both operands was a significant predictor of item difficulty, where 

problems with large operands were more difficult than problems with small operands. The 

inclusion of a one, two, five, or nine significantly decreased item difficulty. A significant 

tie effect was also found, where problems including two equal numbers had a lower item 

difficulty than problems including unequal numbers. No interaction between problem size 

and tie was found. The parity of the answer (whether the answer is even or odd) also did not 

contribute significantly to the prediction of item difficulty. The same holds for the parity 

comparability of the answer to the addition answer: this effect was not significant. Finally, 

no significant effect of order was found, which indicates that mirror problems (m x n versus 

n x m) were equally difficult.
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Table 3 Parameter estimates in regression model including all predictors

July 2008 June 2009

Predictors B SE t-value B SE t-value

Intercept 0.98 0.34 2.92** -3.71 0.30 12.48***

Problem size (m + n - 10) 0.36 0.06 5.92*** 0.41 0.06 7.29***

One (m = 1 or n = 1) -4.21 0.48 -8.82*** -2.38 0.50 -4.72***

Two (m = 2 or n = 2) -0.99 0.37 -2.68** -1.51 0.35 -4.33***

Five (m = 5 or n = 5) -0.96 0.29 -3.29** -1.55 0.26 -6.02***

Nine (m = 9 or n = 9) -0.94 0.37 -2.52* -1.27 0.33 -3.80***

Tie (m = n) -1.37 0.37 -3.71*** -0.40 0.34 -1.17

Problem size x tie 0.05 0.08 0.63 -0.17 0.07 -2.46*

Parity answer 0.53 0.30 1.79 0.07 0.26 0.27

Parity+ 0.08 0.31 0.27 0.26 0.29 0.89

m > n -0.18 0.23 -0.78 0.11 0.21 0.54

Note. Parity+ = comparison of the parity of the answer to the multiplication problem to the parity of the 

answer to the addition problem. 

*** p <.001. ** p < .01. * p < .05.

The regression model including all predictors was also fitted on the item difficulties of June 

2009. It is important to keep in mind that we switched to open-ended items in this school year. 

The regression model including all predictors explained 77% of the variance in item difficulty 

and resulted in an AIC of 234.72. The right part of Table 3 shows the parameter estimates of this 

regression model. Although the level of explained variance is somewhat lower than that of the 

model fitted on the item difficulties of July 2008 (R² = .83), the parameter estimates were simi-

lar. Problem size was a significant positive predictor of item difficulty, and problems with a one, 

two, five, or nine were easier than problems with other numbers. However, the tie effect did not 

significantly contribute to the prediction of item difficulty, contrary to the model of July 2008. 

The interaction between problem size and tie did significantly contribute, although weakly, to 

the prediction of item difficulty, meaning that the tie effect was more pronounced for problems 

with large operands than problems with small operands. Again, no significant contributions to 

the prediction of item difficulty were found for the parity of the answer, for the comparability 

of the parity of the answer to that of the addition answer, nor for the order of the two operands.  

Stability of effects
Another way to assess which characteristics robustly and substantially predict item dif-

ficulty is to look at the development of these effects across months, which is possible be-
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cause of the high frequency measurement in Math Garden. The regression model including 

all effects found in previous research was fitted on the item difficulties of every month 

(December 2007 till June 2009). Early and constant presence of an effect signifies its ro-

bustness. The t-values of the predictors of the regression model across months are plotted 

in Figure 4 against time (in months). 

Figure 4 Development of t-values of predictors of item difficulty. Dotted lines represent borderlines 

for significant effects (t = -1.96 and t = 1.96).

Even after Math Garden was running for only one month, several item characteristics 

were already significantly affecting item difficulty, namely problem size and whether the 

problems contained a one, two, or five. The one effect remained significant across all 

months, although the strength of the effect decreased, particularly when a switch was made 

to open-ended items (M9_08: September 2008). The nine effect was less pronounced in the 

first few months, but was then also significant in almost all months.
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For the tie effect and the interaction between problem size and tie, we see an interest-

ing pattern across months. When a multiple-choice format was used for the items (until 

M9_08) the main effect was stronger than the interaction effect, as we already concluded 

on the basis of the regression model for July 2008, discussed above. When the switch was 

made to open-ended items the main effect of tie was still significant in most months, but 

the interaction effect with problem size increased and became significant in almost all 

months. Figure 4 also shows that the t-values for the order effect, the parity of the answer, 

and whether this parity is comparable to that of the addition problem were low across all 

months. These variables do not seem to predict item difficulty robustly.

Exploratory analyses
Until now we only included predictors and interactions that were proposed in earlier 

studies. Visual inspection of the item difficulties suggested that other predictors might also 

significantly interact with problem size. For example, the five effect seems greater for 

problems with large operands than for problems with small operands (Figure 3a). To test 

this assumption, we performed an exploratory stepwise regression analysis including all 

significant main effects from the previous analyses, and interactions of all these predictors 

with problem size. For these analyses we also centered problem size to prevent multicol-

linearity. Indeed, multicollinearity did not seem to be a cause for concern as all VIF-values 

were below the critical value of 10 (Myers, 1990).

The left part of Table 4 shows the results of these stepwise regression analyses for the 

item difficulties of July 2008. The resulting regression model explained 90% of the vari-

ance in item difficulty, which is substantially larger than the 83% explained variance of the 

simpler model, and had an AIC of 199.05. 

The model included both significant main effects of inclusion of numbers one, two, and 

five, as well as significant interactions of these effects with problem size; inclusion of these 

specific numbers decreased problem difficulty and the facilitating effect of these numbers 

was stronger for problems with large operands than for problems with small operands. The 

main effect of inclusion of a nine was not significant. The significant negative interaction 

effect of problem size with the inclusion of a nine indicates that the decreasing effect on 

problem difficulty of inclusion of a nine is stronger for larger problems. Only the main tie 

effect was significant in the model, the interaction with problem size was not included. 

Problems with two equal operands resulted in lower item difficulties than did problems 

with unequal operands. The predicted item difficulties based on this regression model are 

plotted in Figure 3b, which is very similar to the plot of the empirical item ratings (Figure 

3a). We can predict the difficulty of single digit multiplication items very precisely. 
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Table 4  Results from stepwise regression analyses including main effects and interactions with 

problem size.

July 2008 June 2009

Predictors B SE t-value B SE t-value

Intercept 1.28 0.14 8.98*** -3.65 0.12 -29.64***

Problem size (m + n - 10) 0.54 0.04 12.45*** 0.60 0.05 12.79***

One (m = 1 or n = 1) -6.77 0.59 -11.57*** -4.65 0.61 -7.64***

Two (m = 2 or n = 2) -1.67 0.31 -5.32*** -2.05 0.29 -7.18***

Five (m = 5 or n = 5) -1.07 0.21 -5.15*** -1.42 0.18 -7.73***

Nine (m = 9 or n = 9) 0.23 0.41 0.55 0.16 0.36 0.45

Tie (m = n) -1.46 0.24 -6.09*** -0.41 0.22 -1.84

One * Problem size -0.62 0.12 -5.08*** -0.64 0.13 -4.81***

Two * Problem size -0.40 0.09 -4.55*** -0.39 0.09 -4.22***

Five * Problem size -0.16 0.08 -2.09* -0.31 0.07 -4.36***

Nine * Problem size -0.40 0.09 -4.55*** -0.44 0.08 -5.62***

Tie * Problem size ni ni ni -0.19 0.05 -3.52***

Note. *** p <.001. ** p < .01. * p < .05.  ni = not included.

In the same stepwise regression analysis with the item difficulties of June 2009, the best 

fitting model included all main effects and all interaction effects with problem size. This 

model explained 88% of the variance in item difficulty, with an AIC of 185.82. Thus, for 

the item difficulties of June 2009 the gain in explained variance (12%), when including the 

interactions with problem size for all predictors, was even larger. Again, the estimates of 

the significant main effects of the inclusion of a one, two, or five and the significant interac-

tion of these numbers with problem size showed that the facilitating effect of the inclusion 

of these specific numbers was stronger (i.e., larger decrease in item difficulty) for problems 

with large operands than for problems with small operands. The significant interaction ef-

fect of the inclusion of a nine with problem size also indicated that the inclusion of a nine 

facilitated large problems more than small problems. Only the interaction effect of tie with 

problem size was significant, the main effect was just non significant. The tie effect was 

stronger for problems with large operands compared to problems with small operands. 

Order effect
The order effect was further investigated below. Although a significant effect of order 

on item difficulty was absent in the analyses above, the effect warrants further investi-

gation given its theoretical significance for the organization of the memory network. We 
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compared the item difficulties of problems m x n (with m < n) to their mirror problems (n 

x m). We computed t-tests for each m separately, testing for the possibility that the order 

effect might only be present for problems containing specific numbers. Figure 5 shows the 

t-values of these tests for all numbers by month. Only for problems containing a one there 

is a significant effect of order, but this is limited to four months. Moreover, this effect is 

not in the same direction for these months. For all other numbers no significant order effect 

was found across months. These analyses support the previous conclusion that there is no 

evidence that the item difficulties of problems with the largest number in the first position 

differ from the item difficulties of problems with the largest number in the second position. 

Figure 5 T-values of t-tests comparing item difficulties of problems m x n to item difficulties of the 

mirror problems n x m, by month, for each m. Dotted lines represent borderlines for significant ef-

fects (t = -1.96 and t = 1.96).
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Discussion

In this study we investigated which problem characteristics of single digit multiplication 

problems affect problem difficulty. Data were gathered with a web-based high frequency 

progress monitoring system for arithmetic, Math Garden, which measures both children’s 

arithmetical abilities and the difficulty of arithmetic problems. In these item difficulties, 

children’s speed and accuracy are integrated. 

The first aim of this study was to investigate which operationalization of problem size 

explained problem difficulties best. The second aim was to investigate whether the problem 

characteristics affecting item difficulty found in previous research also affect item difficul-

ty in Math Garden data. In contrast to most studies, problem characteristics were analyzed 

simultaneously. We used two sets of item difficulties: the item difficulties at the end of the 

school year 2007-2008, when forced-choice items were used, and the item difficulties at 

the end of the school year 2008-2009, when open-ended items were used. We also looked 

at the stability of the effects across months. Finally, we performed exploratory analyses 

to investigate effects that have not been reported in previous research: interaction effects 

between problem size and other problem characteristics. 

Concerning the first aim, we compared several definitions used in previous research and 

found that the regression model including the sum of both operands was the best fitting 

model. Surprisingly, this relatively simple definition is used in only a few studies (e.g., 

Parkman, 1972; Stazyk et al., 1982). 

Concerning the second aim, we studied other effects that were found in previous re-

search. The tie effect implies that problems with two equal operands are easier than prob-

lems with unequal operands (e.g., Campbell & Gunter, 2002; LeFevre et al. 1996). More-

over, an interaction with problem size was observed in previous studies (e.g., Campbell 

& Gunter, 2002; De Brauwer et al., 2006), meaning that this effect is especially large for 

problems with large operands. We observed that the interaction with problem size had a 

stronger effect on item difficulty when open-ended items were used (school year 2008-2009). 

Previous studies, in which an interaction with problem size was found, also used open-ended 

items. So, presence of an interaction with problem size may depend on the task format. 

The inclusion of specific numbers one, two, five, and nine in a problem was found to 

affect item difficulty, consistent with previous studies (e.g., Campbell & Graham, 1985; De 

Brauwer et al., 2006; LeFevre et al., 1996; Mabbott & Bisanz, 2003). Problems including 

these numbers were easier than comparable problems not including these numbers. The 

one effect was particularly strong for forced-choice items. After the switch was made to 

open-ended items, the effect was weaker, although still substantial. An effect of including 
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the numbers two and nine was only found in a small number of studies (e.g., Campbell & 

Graham, 1985; Mabbott & Bisanz, 2003). Our analysis showed a robust effect of the inclu-

sion of the number two, as was evident from the stability of the t-values across months. The 

nine effect was also significant in almost all months. As was suggested in the Introduction, 

these effects can be the result of the use of more efficient strategies for problems including 

these numbers, which may also lead to stronger memory associations (e.g., Mabbott & 

Bisanz, 2003).  

We found no evidence in favor of an effect of the order of the operands on item difficulty, 

contrary to the study of Butterworth et al. (2003). Even when assessing the order effect for 

the specific number tables separately, no robust order effect was found. This finding seems 

to contradict with the assumption of Butterworth et al. (2003) and Verguts and Fias (2005), 

namely that only one of two mirror problems is included in the mental representation of 

multiplication tables. One of the two problems should then be more easily accessible. Our 

results suggest that either both mirror problems are included in the memory network, or 

that there is a single memory node for problems containing the same numerical elements 

regardless of order (Robert & Campbell, 2008), as is the case in the identical elements 

model of Rickard (2005).  

The final problem characteristics that were studied were parity effects. The evidence for 

parity effects was only found in some studies using verification tasks (e.g., Lochy et al., 

2000), where children have to decide whether a given answer is correct or incorrect. In this 

study, no evidence was found for an effect of the parity of the answer and its comparability 

to the parity of the answer to the corresponding addition problem. When children have to 

give the correct answer on their own or have to choose the correct answer from a selection 

of answers, parity does not seem to influence item difficulty. 

Summarized, item difficulties were affected by problem size and the inclusion of num-

bers one, two, five, and nine, and more or less by the presence of a tie in a problem. Item 

difficulties were not affected by the order or parity of the operands and the answer. It is, 

however, possible that these characteristics do affect the type of errors made by children. 

This will be addressed in further studies in the Math Garden project. 

Regarding the third aim, we tested whether an interaction of the inclusion of specific 

numbers with problem size contributed to the prediction of item difficulty in stepwise re-

gression analyses. Because an interaction of tie and problem size was found in previous re-

search, we assumed that a similar interaction effect could be present for the one, two, five, 

and nine effect. For all numbers, the interaction with problem size was indeed a significant 

predictor of item difficulty and the inclusion of these interaction effects caused a substan-

tial increase in explained variance in item difficulty. The effect of the inclusion of a specific 
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number was larger for problems with large operands than for problems with small oper-

ands. Possibly, small problems are retrieved so fast or are so easy to solve by calculation 

strategies that other characteristics, besides the size of the operands, do not substantially 

affect children’s speed and accuracy. In conclusion, this study shows that a model with a 

restricted number of problem characteristics can explain a large amount of variance in item 

difficulty (90%). Differences between the estimates of the predictors for the different test 

formats (forced-choice items versus open-ended items) were small. 

The resemblance of the present results to those of previous studies indicates that the 

implementation of the CAT technique results in a valid measure of item difficulty of mul-

tiplication problems: well-known effects could be replicated when using the item ratings 

as measure of item difficulty. Due to the CAT technique speed and accuracy data cannot be 

analyzed separately, which renders comparison of our analyses to more traditional analyses 

of either response times or accuracy impossible. The present study does show, however, 

that the analysis of the CAT difficulty estimates based on speed and accuracy, leads to sta-

ble and well interpretable results.  

There are more differences between CAT data and data from standard tests. In contrast 

to previous studies, in our CAT procedure, children receive different problem sets. The 

CAT procedure, however, has several advantages. The CAT procedure ensures that items 

administered to each child have a mean probability of .75 of being answered correctly. This 

ensures that we use only data of children for whom the items are developmentally relevant, 

i.e., suited to their particular ability level. The CAT setup also makes Math Garden attractive 

for children. Because Math Garden is experienced as fun, we were able to collect responses 

of large samples of children (2007-2008: 985 children, 2008-2009: 2198 children), from 

a broad age range (4-12 years), and with a high frequency longitudinal design. All these 

responses were used to calculate item difficulties, which reflect the whole learning process 

during primary education. Moreover, the high frequency nature of the dataset enabled us to 

assess the robustness of the problem characteristics affecting item difficulty over months. 

In future studies, we will use the high frequent observations to study children’s arithmetic 

abilities longitudinally.

The Math Garden dataset offers many other possibilities for studying multiplication and 

arithmetic in general. For example, comparisons across operations are possible as Math 

Garden also includes games for addition, subtraction, and division. Moreover, Math Gar-

den includes more complex multiplication problems, in addition to single digit multipli-

cation problems. The size of our database allows us to carry out adequate statistical tech-

niques. Finally, the use of open-ended items (from school year 2008-2009 onwards) allows 

for detailed error analysis.


