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4
CHAPTER

Difficulties of simple and complex  
addition and subtraction problems
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Abstract

Some addition and subtraction problems are easier than others. Factors influencing these 

difficulties have been identified in previous research, but these factors have not been inves-

tigated in synthesis, which is done in this study. We used data from a large sample of chil-

dren (2561 for addition and 2392 for subtraction, age range 4-14 years), combining mea-

sures of speed and accuracy, obtained with a computer-adaptive web-based training and 

progress-monitoring system, Math Garden. Highly similar sets of problem characteristics 

explained high percentages of variance for both simple and complex addition (both 91%) 

and subtraction (87% and 86%) problems. The need to perform a carry or borrow operation 

was the most robust characteristic affecting problem difficulty. Differences between the 

operations were also found. For example, order affected problem difficulty in subtraction 

problems but not addition problems.

Introduction

In studying mental arithmetic, multiple perspectives can be taken (Janssen, De Boeck, 

Viaene, & Vallaeys, 1999). Most studies concerning arithmetic performance adopt a per-

son perspective (e.g., Geary, Hoard, Byrd-Craven, & DeSoto, 2004; Lemaire & Lecacheur, 

2002; Passolunghi & Cornoldi, 2008). These studies address the similarities and dissim-

ilarities in arithmetic performance between groups of people, for example, between chil-

dren of different ages. There are also numerous studies that study mental arithmetic from 

the item perspective (e.g., Klein et al., 2010; Peters, De Smedt, Torbeyns, Ghesquière, & 

Verschaffel, 2010). In these studies, it is investigated why some arithmetic problems are 

more difficult than others. Characteristics of arithmetic problems that influence item diffi-

culties have been identified for all four basic arithmetic operations: addition, subtraction, 

multiplication, and division. A well-known example of such a problem characteristic is 

the problem size effect: problems with small operands are easier than problems with large 

operands. In this study we will address simple and complex addition and subtraction from 

an item perspective. 

Why is it useful to study mental arithmetic from the item perspective? Findings concern-

ing problem characteristics affecting item difficulty have implications for theories about 

memory processes and procedural strategies that underlie arithmetic performance (Camp-

bell, Fuchs-Lacelle, & Phenix, 2006). For example, numerous explanations have been pro-

posed to account for the problem size effect. It has been posited that search processes in 

the memory network take longer for problems with large operands than for problems with 



Di f f i cu l t i e s  o f  add i t i on  and  sub t r ac t i on  p rob lems   |   73

small operands. Alternatively, there may be more interference in the retrieval process for 

problems with large operands than for problems with small operands (Zbrodoff & Logan, 

2005). Moreover, many studies have shown that people use a variety of strategies to solve 

arithmetic problems and that the probability that a certain strategy is used may differ from 

problem to problem (Janssen et al., 1999). 

Most studies concerning mental arithmetic have focused on simple arithmetic, i.e., prob-

lems with operands below 10, as it is assumed that adults and even most children can 

answer these problems by retrieval (Torbeyns, Verschaffel, & Ghesquière, 2002). Study-

ing arithmetic performance on simple problems can therefore provide insight into the un-

derlying memory network and memory processes. Fewer studies have investigated more 

complex, i.e., multi-digit arithmetic problems. Solving complex problems requires several 

processes. Answers to intermediate steps need to be retrieved from long-term memory and 

temporarily stored in working memory, and problem solving skills or rule-based proce-

dures come into play (Geary, Frensch, & Wiley, 1993; Imbo, De Rammelaere, & Vandier-

endonck, 2005). Because of the assumed differences in the processes of solving simple and 

complex problems it is important to study and compare both. 

In the present study, both addition and subtraction problems are analyzed in detail. Math-

ematically, these two operations are linked; subtraction is the inverse of addition. There-

fore, characteristics that may facilitate addition problems might also facilitate subtraction 

problems. Also, strategies in one domain may be applied in the other domain. For example, 

applying indirect addition can solve subtraction problems (Peters et al., 2010; Torbeyns, 

Ghesquière, & Verschaffel, 2009). It is therefore interesting to study if these conceptual 

links are reflected in the problem difficulties of addition and subtraction problems. 

We will compare item characteristics across domains and levels of complexity. The pres-

ent study presents a comprehensive analysis of the difficulties of simple and complex ad-

dition and subtraction problems. We included previously identified and some newly added 

problem characteristics: (1) the problem size effect, (2) the tie effect, (3) operand order, (4) 

carrying and borrowing, (5) the presence of a decade, (6) special numbers, and (7) number 

of digits. These are explained in the next section.

Determinants of item difficulty
The most robust known problem characteristic that affects difficulty of both addition 

and subtraction problems is problem size (e.g., Janssen et al., 1999; LeFevre, DeStefano, 

Penner-Wilger, & Daley, 2006; Seyler, Kirk, & Ashcraft, 2003). Problem size can be op-

erationalized in different ways. Some studies showed that the size of the sum/minuend is 

a good predictor of item difficulty. However, for addition problems, Groen and Parkman 
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(1972) showed that the size of the minimum of the operands is a better predictor. An ex-

planation for this effect is that both children and adults count on from the largest addend 

(e.g., min strategy). For subtraction, the minimum of subtrahend and remainder also proved 

to be a good predictor of problem difficulty (Siegler, 1989; Woods, Resnick, & Groen, 

1975). This effect is attributed to the use of the smaller count model (Woods et al., 1975). 

In this model, people count down on problems in which the subtrahend is smaller than the 

remainder (12 – 3 = 9), but they count up on problems in which the subtrahend is larger 

than the remainder (12 – 9 = 3): the indirect addition strategy (Peters et al., 2010; Torbeyns, 

Ghesquière et al., 2009). 

A second robust effect is the tie effect. Tie problems (problems with two equal operands, 

such as 4 + 4 = 8 or 8 – 4 = 4) are easier than problems with different operands. This tie ef-

fect has been found in both addition and subtraction problems (Campbell & Gunter, 2002; 

LeFevre, Shanahan, & DeStefano, 2004). 

Third, the order of the operands may also influence problem difficulty. In a limited num-

ber of studies concerning simple multiplication the order effect has received attention but 

results diverge (Butterworth, Marchesini, & Girelli, 2003; Rickard, 2005). To our knowl-

edge the effect of the order of the operands has received even less attention in studies con-

cerning addition and subtraction. Therefore, we will address the order effect in this study 

in more detail.  

A fourth item characteristic related to problem difficulty is the requirement of carrying 

for addition problems and borrowing for subtraction problems (Geary et al., 1993; Imbo, 

Vandierendonck, & Vergauwe, 2007; Klein et al., 2010). Addition problems require carry-

ing when the sum of the units of the two addends is equal to or larger than 10 (e.g., 28 + 13  

= 41). Inversely, subtraction problems require borrowing when the sum of the units of the 

subtrahend and the remainder are equal to or larger than 10, that is, when the units of the 

second addend are larger than the units of the first addend (e.g., 26 – 17 = 9).

The fifth characteristic that probably affects item difficulty is the presence of a decade. 

Problems with a minuend of 10 for subtraction problems (e.g., 10 – 4) and a solution of 10 

for addition problems (i.e., 6 + 4) have a special status, as our numerical system is a base-

ten system. From early on in the educational curriculum, children do exercises promoting 

insight into this base-ten system. As a result, solutions to problems with a minuend or solu-

tion of 10 are probably more easily retrieved (Hiebert & Wearne, 1992). We expect to find 

similar effects for the presence of decades in complex addition and subtraction problems.

A sixth explanation for variation in problem difficulty is the presence of certain num-

bers, which may facilitate problem solving. For instance, a 1 or 9 in the units of the oper-

ands may enable the use of rounding strategies: using decades as reference points in more 
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complex problems (Janssen et al., 1999). A 9 in a problem enables the ‘one less than 10’ 

strategy. For example, children may solve the problem 8 + 9 by first adding ten and then 

subtracting 1 (Torbeyns, Verschaffel, & Ghesquière, 2004). For complex addition prob-

lems, some adults were found to use strategies involving the intermediate step of rounding 

one or more operands up or down to the closest decade (Lemaire & Arnaud, 2008; Nys & 

Content, 2010). However, Torbeyns, De Smedt, Ghesquière, and Verschaffel (2009) found 

that only older (fourth graders) and high achieving children reported using this strategy. 

Blöte, Klein, and Beishuizen (2000) also found that only a small group of second grade 

children used rounding strategies on addition and subtraction problems containing a 9. 

The finding that problems containing a 1 in the units of the operands are particularly easy 

(Barouillet, Mignon, & Thevenot, 2008) may also be explained by the use of rounding 

strategies. Another explanation is that these problems may simple be solved by browsing 

the number line, + 1 and – 1 (Baroody, 1985; Barouillet et al., 2008). 

Apart from a one and nine effect, there might also be a five effect. The five effect has 

received considerable attention in studying multiplication because of the regularity of the 5 

times table (e.g., Campbell & Graham, 1985; De Brauwer, Verguts, & Fias, 2006; LeFevre, 

Bisanz et al., 1996). However, to our knowledge the five effect has not received attention 

in studies concerning addition and subtraction. Because the five, as a half-way point of 

our base ten system, might also have a special effect on problem difficulty of addition and 

subtraction problems we will include this characteristic in our study.

Finally, we added a problem characteristic that to our knowledge has not been investi-

gated before: the number of digits of the operands for addition problems and the number 

of digits of the subtrahend and remainder for subtraction problems. We assume that the 

number of digits is a valid operationalization of the complexity of the problem (i.e., the 

number of sub results that need to be calculated) and is therefore a good predictor of prob-

lem difficulty.

While the majority of these effects have been established in previous research, the rela-

tive importance of each effect is still unknown, as the effects have usually been studied in 

isolation. However, the effects may also act on each other. For instance, carrying and bor-

rowing is more often required in problems with larger operands, so part of the problem size 

effect may lie in the need for carrying and borrowing. For instance, LeFevre, DeStefano, 

Penner-Wilger, and Daley (2006) and Seyler et al. (2003) found that subtraction problems 

with a minuend of 11 or larger (e.g., 11 – s) were more difficult than problems with a minu-

end lower than 11. In their item set, all problems with a minuend of 10 and larger involved 

a borrowing operation, thereby explaining the shift in difficulty. LeFevre, Sadesky, and 

Bisanz (1996) found similar results for simple addition problems; whether or not the sum 
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was larger than 10 was a good predictor of item difficulty. Remarkably, the shift in problem 

difficulty took place at the minuend and sum of 11 and not at a minuend and sum of 10, for 

which a borrowing or carrying operation is also required. This could be explained by the 

decade effect discussed above. Addressing and comparing the influence of these charac-

teristics for both simple and complex addition and subtraction problems can give us more 

insight into the relative importance of these effects.

The aim of the present study is therefore to assess which of the above mentioned prob-

lem characteristics are the best predictors of item difficulty of simple and complex addition 

and subtraction problems. We analyzed problem difficulties that resulted from a comput-

er-adaptive web-based training and progress-monitoring system, Math Garden (Klinken-

berg, Straatemeier, & van der Maas, 2011; Chapter 2). In this computer adaptive method 

both speed and accuracy were integrated to estimate problem difficulty, resulting in one 

problem difficulty for each item. This methodology will be explained in more detail in 

the Method section. Math Garden is an educational tool used in schools, making the pres-

ence of an experimenter unnecessary. This enabled us to collect data of a large sample of 

children in their natural learning environment (2561 children for addition and 2392 for 

subtraction, age range 4-14 years). This makes the present study a valuable contribution to 

standard laboratory experiments with small sample sizes and limited age range. 

Method

Participants
In this study we used the data that were collected with the addition and subtraction 

game of Math Garden in the school year 2008-2009. The Math Garden project was an open 

research project in which schools and families could participate at any time, see Proce-

dure. During the school year a total of 2562 children played the addition game and 2393 

children played the subtraction game at least once. These children came from 23 different 

primary schools and 19 families in the Netherlands. Table 1 shows the number of children 

by grade, their age (in June 2009), sex, and the total number of addition and subtraction 

items attempted. The schools gave permission for analysis of the data and they accepted 

responsibility for informing the parents about the research and the voluntary participation.
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Table 1 Participant characteristics

Addition Subtraction

Grade N Mean age (SD) % Boys # Trials N Mean age (SD) % Boys # Trials

k 85 6.01 (0.46) 47 26,099 17 6.11 (0.45) 76 11,520

1 375 7.12 (0.38) 56 193,774 314 7.13 (0.39) 60 122,669

2 475 8.18 (0.42) 53 180,705 460 8.18 (0.42) 53 142,907

3 422 9.22 (0.45) 46 123,207 420 9.22 (0.45) 46 98,270

4 435 10.23 (0.51) 46 94,947 432 10.24 (0.51) 46 72,642

5 410 11.26 (0.78) 49 73,536 400 11.25 (0.79) 50 52,830

6 311 12.32 (0.46) 50 52,649 304 12.32 (0.46) 49 38,134

6+ 49 13.42 (0.59) 53 2,794 46 13.43 (0.57) 52 1,291

Total 2562 9.56 (1.92) 50 747,711 2393 9.72 (1.82) 51 540,263

Note. k = kindergarten

Materials

Math Garden 

Math Garden is a web environment for practicing and measuring arithmetic skills, 

among which addition and subtraction. Children maintain a garden in which they can grow 

flowerbeds by playing the arithmetic games that are linked to the flowerbeds, see Figure 1a. 

When a child first enters Math Garden the addition flowerbed is available, next to two other 

flowerbeds (counting game and number series game), which are not addressed in this study. 

Once a child has a sufficient addition ability level, the subtraction flowerbed appears. Chil-

dren are motivated to play on a weekly basis, as their flowers wither if they do not maintain 

them by playing regularly. Math Garden provides reliable ability scores, which correlate 

highly with the Dutch norm-referenced general Math ability scale of the Pupil monitoring 

system of Cito (Janssen & Engelen, 2002), used by the majority of Dutch primary schools 

(Klinkenberg et al., 2011).

The games 

In both games problems with six answer options are presented. Screenshots of these 

games are displayed in Figure 1b and 1c. The time limit for each item is 20 seconds, which 

is visualized by 20 coins at the bottom of the screen. Every second, one coin disappears. 

These coins visualize the scoring rule that is used in Math Garden. This high speed, high 

stakes scoring rule, see Figure 2, combines children’s response time and accuracy to deter-

mine the score on an item (Maris & van der Maas, 2012). When a child responds correctly, 
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the score equals the time limit (20 seconds) minus the response time, that is the remaining 

time. The child earns the remaining coins: these coins turn green and are added to a mon-

eybag. This moneybag represents the cumulative score of a game session. In case of an 

incorrect answer, the score equals the negative of the remaining time. This is visualized by 

the coins turning red and being subtracted from the cumulative score in the moneybag. The 

bag cannot contain negative points; hence, the minimum number of coins in the bag is zero. 

The earned coins can be spent in a trophy cabinet. No coins are won or lost when time ex-

pires or the child clicks on the question mark button, which children can use if they do not 

know how to calculate the correct answer. After a response or if time expired, the correct 

answer option turns green. With the coins and the trophy cabinet as an incentive, children 

are motivated to respond quickly if they know the correct answer, but, as guessing is risky, 

to use a back-up calculation strategy if they cannot retrieve the correct answer. 

Figure 1 Screenshots of Math Garden: the garden interface (a), the addition game (b), and the 

subtraction game (c).

The items 

In each game session a number of items was presented: 20 items before December 2008 

and 15 items afterwards. The addition item database (738 items) and the subtraction item 

database (723 items) consisted of items presented in everyday primary education, from 

easy (i.e., 1 + 1 and 1 – 1) to difficult (i.e., 0.0929 + 4.883 and 90.09 - 0.1034). The set of 

items was selected adaptively for each child (see the description of the computer adaptive 

method below) and was, therefore, different for each child and each session, dependent on 

the child’s ability at that moment. The simple and complex item sets that were addressed in 

this study are described in the Data analyses section.

 

a) b) c)
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Figure 2 A graphical depiction of the high speed, high stakes scoring rule.

Computer adaptive method 
The new computer adaptive method, used in Math Garden, is based on the Elo rating 

system that is used to estimate the skills of chess players (Elo, 1978). For the exact spec-

ifications of this method we refer to Klinkenberg et al. (2011; Chapter 2) and Chapter 3. 

Here, we provide a conceptual description of the method. In the computer adaptive method 

both the ability estimates of the children and the item difficulties were measured on the 

same scale. After a child had solved an item, both the ability estimate of the child (θ) and 

the item difficulty estimate (β) were updated with a procedure based on paired comparison 

models (Bradley & Terry, 1952; Luce, 1959), see Equation 1. These updates were based on 

the difference between the actual score of the child on the item (between -20 and 20, see 

scoring rule in Figure 2) and the expected score, weighted by a factor K. With these update 

functions, unexpected outcomes (large difference between score and expected score) had 

more impact on the estimates of the child’s ability and the item difficulty than expected 

outcomes. 

The expected score is a function of the difference between the child’s ability and the 

item difficulty. So, if the item difficulty of the item to be answered is much lower than the 

  
  

10  

children  play  against  multiplication  problems.  In  this  method  both  persons  (i.e.,  children)  and  items  

(i.e.,   multiplication   problems)   have   a   rating,   which   indicates   the   ability   of   the   person   and   the  

difficulty  of  the  item,  respectively.  After  a  child  has  solved  a  math  problem  both  the  ability  estimate  

of   the   person   and   the   item   difficulty   estimate   are   updated   with   a   procedure   based   on   paired  

comparison  models   (Bradley  &  Terry,  1952;  Luce,  1959).  Equation  1  shows  that   the  updates  of   the  

person's   ability   (θ)   and   the   item  difficulty   (β)   are   based  on   the   difference  between   the   score   (see  

Scoring  rule  Section)  and  the  expected  score,  weighted  by  a  factor  K.    

  

θ̂new = θ̂old +Kθ (Score−E(Score))

β̂new = β̂old +Kβ (E(Score)− Score)
                        (1)  

  

The  expected  score   is  a   function  of   the  difference  between   the  child’s  ability  and   the   item  

difficulty.  For  example,  if  the  ability  of  the  child  is  much  higher  than  the  item  difficulty,  the  expected  

score   is  high.   If  the  ability  of  the  child  and  the   item  difficulty  are  equal,  the  expected  score   is  zero.  

The   value   of   K   determines   the   sensitivity   of   the   updating   process.   The   larger   K,   the   greater   the  

impact  of  that  particular  trial  (i.e.,  answered  item)  on  the  person's  ability  and  the  item  difficulty.1  By  

updating  both  the  person's  ability  and  the  item  difficulty  after  each  answer,  both  the  item  difficulty  

estimate  and  the  ability  estimate  converge  to  their  "true"  value.  All  responses  of  all  children  playing  

the  multiplication  game  are   incorporated   in   these  values.  An  advantage  of   this   computer  adaptive  

method   is   that   item   difficulty   does   not   have   to   be   known   beforehand   (item   calibration),   but   is  

determined  on  the  fly.    

   Scoring   rule.   A   simple   scoring   rule   combines   response   time   and   accuracy   to   determine   a  

child’s   score   on   an   item   (Maris   &   van   der  Maas,   2012).   This   high   speed,   high   stakes   scoring   rule,  

depicted   in   Figure   2,   has   attractive   psychometric   properties.   In   Math   Garden,   the   time   limit   for  

solving  a  multiplication  item  is  20  seconds.  When  a  child  gives  the  correct  answer,  the  score  equals  

the   time   limit  minus   the   response   time,  which   is   the   remaining   time.   If   a   child   gives   an   incorrect  

answer,  the  score  equals  the  negative  of  remaining  time.  For  example,  a  child  that  gives  an  answer  

after  5  seconds,  obtains  a  score  of  15  (20  -‐  5)  if  the  answer  is  correct,  and  a  score  of  -‐15  if  the  answer  

is  incorrect.    

This  scoring  rule  is  depicted  in  the  game,  which  makes  it  easy  for  children  to  understand.  At  

the  start  of  a  trial,  20  coins  are  visible  at   the  bottom  of  the  screen  (see  Figure  1b).  Every  second  a  

coin   disappears.   In   case   of   a   correct   answer,   the   remaining   coins   turn   green   and   are   added   to   a  

moneybag.  This  moneybag  represents  the  cumulative  score  of  a  game  session.  In  case  of  an  incorrect  

answer,  the  remaining  coins  turn  red  and  are  subtracted  from  the  cumulative  score  depicted  on  the  

moneybag,  with  the  restriction  that  the  moneybag  cannot  contain  a  negative  number  of  coins  (i.e.,  

the   minimum   is   zero).   If   time   expires,   no   coins   are   won   or   lost.   With   this   scoring   rule,   and   the  

                                                                                                                          
1   Separate   K-‐factors   are   calculated   for   updating   the   person's   ability   estimate   and   for   updating   the   item  

difficulty   estimate.   The   optimal   formula   for   calculating   these   K’s   is   based   on   pilot   data   and   is   explained   in  
Klinkenberg  et  al.  (2011).  
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child’s ability, the expected score is high. The expected score is zero when the child’s ability 

equals the item difficulty. The value of K determines the sensitivity of the update process. It 

depends on playing frequency (of either the person or the item) and time elapsed since the 

last trial (Klinkenberg et al., 2011; Chapter 2). The updating process takes place every time 

each child has answered an item and this leads to convergence to the “true” values of both 

children’s ability estimates and item difficulty estimates. Thus, with this computer adaptive 

method item difficulties do not have to be known beforehand (item calibration), these are 

determined on the fly based on the responses of all participants. 

In standard computer adaptive tests items are selected such that the test taker has a 

probability of 50% of answering correctly, which may discourage test takers, especially 

children. Using the extra information of response times allows the administration of easier 

items. In Math Garden items are selected which the child can answer correctly with a mean 

probability of 75% (Klinkenberg et al., 2011; Chapter 2).

Procedure
Teachers and, in case of a family registration, parents received a written instruction on 

how to use Math Garden and were encouraged to let their pupils/children play on a weekly 

basis. Explicit instruction to the children was limited, because the garden interface and the 

game rules were quite intuitive. An instruction page was available for children who need-

ed extra instruction. Children were allowed to play both at school and at home but were 

instructed to play by themselves. To understand the procedure, the reader is encouraged to 

create a demo account at www.rekentuin.nl or www.mathsgarden.com.1

Data analyses
For the purpose of the present study, we selected two subsets of problems within both 

domains: a simple and a complex subset. We refer to addition problems as r + s = m and 

subtraction problems as m – s = r. In the simple subsets both r and s ranged from 1 to 9. 

Hence, items ranged from 1 + 1 to 9 + 9 and from 2 – 1 to 18 – 9. The complex subsets 

contained these simple problems and more complex problems with higher values of r and 

s, but we limited the problem range by keeping m below 100 and by excluding problems 

with decimal numbers. Standardized item ratings were used for all analyses. 

The problem characteristics described in the Introduction were tested for their influence 

on problem difficulty: (1) problem size, (2) the tie effect, (3) operand order, (4) carrying or 

borrowing, (5) the presence of a decade, (6) the presence of a 1, 5 or 9, and (7) number of 

1 Math Garden has changed and was expanded since the school year 2008-2009. But the overall playing experience is 
the same.
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digits. A description of the operationalization of these characteristics, including example 

items, can be found in the Appendix of this chapter, but a brief description is presented here.

The effect of problem size (1) was tested with both the size of m and the minimum of r and 

s. The order of r and s was included as a three-level factor, which operationalized the tie effect 

(2), where r and s were equal, and the operand order effect (3), where r was greater than s, 

or vice versa. For complex problems, separate ties for the units and decades were considered 

as well. Problems such as 84 - 7 = 17 and 22 + 52 = 74 were marked with the label tie units 

and problems such as 41 + 46 = 87 and 49 – 24 = 25 were marked with the label tie decades. 

Problems in which both units or both decades equaled zero were not classified as ties. Prob-

lems that required either a carry or borrow operation (4), and thus crossing a decade, received 

the cross10 label. We also included problems where m is a decade in this category (i.e., 15 

+ 5 and 70 – 7). The effect of decades (5) concerned problems in which either m or r and s 

equaled a decade. For r and s this could only be the case in the complex item set. Inclusion of 

special numbers was considered (6). For the simple items, we considered the influence of r 

or s equaling 1, 5, or 9. For the complex items, we studied the influence of the units of r and 

s equaling these numbers. We refer to these variables as rs1, rs5, and rs9. For both the simple 

and complex item set, we also tested the influence of the units in m equaling these numbers. 

Finally, in the analysis with complex problems the total number of digits present in r and s 

was included as a problem characteristic (7). For problems like 5 + 6 = 11 and 11 – 6 = 5 the 

number of digits is two, as both r and s are single digit numbers. Problems like 15 + 6 = 21 

and 21 – 6 = 15 include three digits. Finally, in problems like 15 + 16 = 31 and 31 – 16 = 15 

the total number of digits in r and s equals four.

Results

Simple addition and subtraction
Figure 3a and 3b display the item difficulties of simple addition problems (r + s = m) 

and simple subtraction problems (m – s = r). Some of the effects mentioned in the Introduc-

tion can already be identified by visual inspection of the graphs. Both simple addition and 

simple subtraction problems containing a 1 seem particularly easy, as can be deduced from 

the low lines of item difficulty for these problems. The drop in item difficulty for problems 

in which r and s are equal indicates a tie effect. This effect seems most pronounced for 

addition problems. A size effect can be deduced from the increasing item difficulties with 

increasing s. Also, lines indicating a high r are generally above lines with a low r. For sub-

traction problems a nine effect appears to be present, as indicated by the relatively low line 

of item difficulty for problems in which r is 9.
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Figure 3 The empirical item difficulty of (a) simple addition problems: r + s = m, and (b) simple 

subtraction problems: m – s = r. The digits on the lines indicate r.

To test these (and other) effects statistically, we performed two stepwise regression anal-

yses: one to explain the item difficulties of the simple addition problems and one to explain 

the item difficulties of the simple subtraction problems. All predictors discussed in the 

Method section were included. A stepwise backward method was used: in the initial model 

all predictors discussed in the Method section were included. Predictors were removed 

from the model one by one if removal led to a lower Akaike Information Criterion (AIC; 

Akaike, 1974). This procedure was repeated until the lowest optimal AIC was obtained.

The resulting regression model for the simple addition problems explained 91% of the 

variance in item difficulty and the resulting subtraction model explained 87% of the vari-

ance in item difficulty. The estimates of the regression coefficients of these models are re-

ported in Table 2. One of the first salient findings was that the size of m was not retained as 

a predictor in the final subtraction model and was not significant, although it was included 

in the final addition model. This seems surprising, as the size effect has been reported in 

many studies. This could, however, be explained by the high correlations between the size 

of m and two other predictors: the size of the minimum of r and s (r = .86) and crossing a 

decade (r = .82). The minimum of r and s and crossing a decade also correlated consider-

ably (r = .67). 

In the starting models in which all predictors were included, the variance inflation factor 

(VIF) for m exceeded 10 (14.34) and was near 10 for min (9.21) and cross10 (9.05). Ac-

cording to Myers (1990) a VIF above 10 poses a concern for the reliability of the estimates 
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of the regression coefficients. The results should therefore be interpreted with care. Howev-

er, performing the same stepwise regression analysis without size of m led to similar results 

for both addition and subtraction. The starting models for the stepwise regression analyses 

without m had acceptable VIF’s for both addition and subtraction.2

Table 2 Results from stepwise regression analyses for simple addition and subtraction.

Addition (r + s = m) Subtraction (m – s = r)

Predictor Operationalization B SE t-value B SE t-value

Intercept -0.86 0.18 -4.73*** -0.43 0.12 -3.48***

Problem size m 0.04 0.03 1.41 ni ni ni

Minimum of r and s 0.15 0.05 3.43** 0.10 0.03 2.91**

Tie Order: r = s -1.32 0.13 -10.05*** -0.98 0.14 -6.82***

Order Order: r > s -0.10 0.07 -1.38 -0.63 0.08 -7.60***

Carrying/borrowing Cross10 0.86 0.17 5.06*** 1.33 0.15 8.76***

Decade m10 (m = 10) -0.87 0.15 -5.74*** -1.22 0.16 -7.82***

Special numbers rs1 (r = 1 or s = 1) -0.58 0.11 -5.29*** -0.47 0.12 -3.78***

rs5 (r= 5 or s = 5) -0.19 0.09 -2.22* ni ni ni

rs9 (r = 9 or s = 9) -0.30 0.11 -2.79** -0.29 0.11 -2.56*

m1 (units of m = 1) -0.58 0.14 -4.03*** ni ni ni

m5 (units of m = 5) ni ni ni ni ni ni

m9 (units of m = 9) ni ni ni 0.27 0.15 1.87

*** p <.001. ** p < .01. * p < .05.  ni = not inluded.

Figure 4 shows the mean item difficulty, plotted against the size of m (Figure 4a), the 

minimum of r and s (Figure 4b), and crossing a decade (Figure 4c) for addition and sub-

traction problems. Note that these graphs show the effect of the predictors when other pre-

dictors are not accounted for. Figure 4a shows the mean item difficulty for problems that 

included an m ranging from 2 to 17.3 The graph shows a steep increase in item difficulty 

once m becomes greater than 10 for both addition and subtraction. Note that the increase 

starts at m = 11 and not at m = 10, although problems in which m = 10 also require car-

rying/borrowing. The facilitating effect of the result (addition problems) or the minuend 

(subtraction problems) being a decade was also evidenced by the significant negative beta 

2 There were differences between the final addition models when m was or was not included. The size of m was re-
tained in the final addition model when it was entered in the stepwise regression analysis. This lead to small differenc-
es in the regression estimates, but the overall conclusions did not change. The final subtraction model resulting from 
this stepwise regression analysis was similar to the one when m was included in the starting model.
3 M equals 18 was not included as this is only the solution to the addition problem 9 + 9 = 18 and is only included in 
the subtraction problem 18 – 9 = 9.
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estimate for m10 (see Table 2). Although Figure 4a shows that there is an effect of the size 

of m on item difficulty, the variable was not included in the final regression models as this 

effect could be accounted for by including both the minimum of r and s and the require-

ment of carrying and borrowing. This is illustrated by Figures 4b and 4c. Figure 4b shows 

that the larger the minimum of r and s4, the higher the item difficulty. Figure 4c shows that 

both addition and subtraction problems that require carrying or borrowing are more diffi-

cult than problems that do not require crossing a decade. 

Figure 4 The effect of m (a), the minimum of r and s (b), crossing the decade (c), and the order of r 

and s (r < s, r = s, r > s) (d) on item difficulty for simple addition and subtraction problems.

The order of r and s and the tie effect were combined in a factor with three levels: r < s, 

r = s, and r > s. Both for addition and subtraction an effect of r = s was found, which is the 

tie effect. Figure 4d also shows that for both addition and subtraction tie problems were 

4 A minimum of 8 and 9 were not included, as these apply respectively to only three (8 + 8, 8 + 9, 9 + 8 or 16-8, 17-9, 
17-8) or one problem (9 + 9 or 18 - 9), among which a tie problem. This tie effect distorts the minimum effect.
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easier than problems in which r and s were unequal. For the subtraction problems also a  

significant effect of r < s was found. Problems in which r is smaller than s are more difficult 

than problems in which r is larger than s. For addition no such order effect was found. We 

will take a closer look at this order effect in the next section.

Special numbers (1, 5, and 9) significantly facilitated the item difficulty of both addition 

and subtraction problems. A distinction was made between r or s equaling these special 

numbers and m equaling the special numbers. We will first discuss the effects for r and 

s equaling special numbers. Problems in which either r or s equaled 1 were easier than 

problems not including a 1. A nine effect was also found for addition and subtraction, with 

problems with either r or s equaling 9 being easier than problems not containing a 9. A five 

effect was only found for addition problems, not for subtraction problems. Addition prob-

lems containing a 5 were easier than problems not containing a 5. Several special number 

effects were also found for m. A one effect was found for addition problems. For simple 

problems this only applied to problems in which m = 11, which were easier than other 

comparable problems. For subtraction a nine effect was found, which applied to simple 

problems in which m = 9. When m equaled 9, item difficulty increased. 

The seventh problem characteristic, number of digits, only applies to complex addition 

and subtraction problems. It is included in the regression analyses discussed in the section 

Complex addition and subtraction below. 

Order effect
 In this section we take a closer look at the order effect that was found for subtraction 

but not for addition problems. Figures 5a and b show item difficulties of mirror problems (r 

and s are mirrored) for addition and subtraction. Figure 5a shows that the item difficulties 

of the addition problems were evenly spread across the regression line. If we look at Figure 

5b we see that overall subtraction problems in which the subtrahend (s) is smaller than the 

remainder (r) are easier than problems in which the subtrahend is larger than the remainder. 

This seems especially true for problems in which the remainder is 9 or the subtrahend is 1 

or 2. This confirms the results of the order effect of the regression analyses. 

Next, we tested the possibility that the order effect might only be present for certain 

numbers by performing t-tests for each s separately. Because of the high frequency mea-

surements in the Math Garden dataset we were able to do these analyses for each month 

separately, which enabled us to assess the robustness of these effects. Figure 5c shows the 

t-values of these tests for all numbers by month. For problems containing a 1, 2, or 9 a 

significant effect of order was found across months. This effect is negative for 1 and 2, as 

indicated by the negative t-values across months for these numbers. So for problems m – s 
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= r, problems with s equal to 1 or 2 were easier than problems in which r equals 1 and 2. 

A positive effect on item rating was found for s = 9, which means that problems in which  

s = 9 had a higher item difficulty than problems in which r = 9. Subtraction problems with 

a remainder of 9 were easier than subtraction problems in which the subtrahend was 9.  

Figure 5 Item difficulty of simple addition r + s = m versus s + r = m, r = .93 (a) and subtraction 

problems m – s = r versus m – r = s, r = .85 (b), in June 2009. (c) T-values of t-tests comparing 

item difficulties of simple subtraction problems m – s = r to item difficulties of mirror problems m – r 

= s, by month, for each m. Dotted lines represent borderlines for significant effects (t = -1.96 and t 

=1.96). (d) Item difficulty of simple subtraction problems m – s = r versus corresponding addition 

problems (mean of item difficulty s + r and r + s) in June 2009 (r = .85).
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Addition versus subtraction 
The next interesting step is to compare the ratings of the subtraction and addition prob-

lems. In Figure 5d the standardized item ratings of each subtraction problem are plotted 

against the mean of the two corresponding addition problems. So, the rating of the problem 

14 – 8 is plotted against the mean rating of problems 6 + 8 and 8 + 6. We have chosen for 

the mean of the two addition problems because previous analyses showed no significant 

order effect for addition. The correlation between the item difficulties of the addition and 

subtraction problems is r = .85. For problems with m above 10 subtraction problems with 

a large subtrahend and a smaller remainder (i.e., 12 – 9 = 3) seemed to be relatively more 

difficult than their additive counterparts (3 + 9 and 9 + 3), whereas the item difficulty of 

subtraction problems with small subtrahends (i.e., 12 – 3 = 9) were relatively equally diffi-

cult as their additive counterparts. 

Complex addition and subtraction
Can we generalize the previous models to more complex addition and subtraction prob-

lems?  In Figure 6 the item difficulties are plotted against m for all complex addition (a) and 

subtraction (b) problems that were included in Math Garden, with m < 100. 

A few adjustments were made for the analysis of the complex problems, in comparison 

to the simple problems. First, a log linear relation seemed to describe the overall relation 

between m and item difficulty better than a linear relation for both complex addition and 

complex subtraction. Second, we included several predictors: complexity of the problem 

(i.e., the number of digits of r and s), separate tie effects for the units and tens in the prob-

lem, and a dummy variable that coded whether r or s was a decade. 

Figure 6 The empirical item difficulty of complex addition problems r + s = m (a) and complex 

subtraction problems m – s = r (b).
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The stepwise regression analyses resulted in a complex addition model that explained 

91% of the variance in item difficulty and a complex subtraction model that explained 86% 

of the variance in item difficulty. The regression coefficients of these models are reported 

in Table 3. Multicollinearity was again a problem in these analyses. For both the addition 

problems and the subtraction problems log(m) and m correlated highly, that is .95. This 

may confound the proportion of explained variance that is attributed to either m or log(m). 

It is, therefore, important to check for different results when either of these predictors is 

excluded from the analyses. This problem is also evident from VIF’s above 10 for log(m) 

and m. For the other predictors, VIF’s were below 10 for both addition and subtraction and 

are therefore acceptable (Myers, 1990).

Table 3 Results from stepwise regression analyses for complex addition and subtraction

Addition (r + s = m) Subtraction (m – s = r)

Predictor Operationalization B SE t-value B SE t-value

Intercept -2.69 0.11 -24.72*** -2.55 0.13 -19.00 ***

Problem size m ni ni ni ni ni ni

log(m) 0.23 0.04 6.25*** ni ni ni

Minimum of r and s 0.02 0.003 6.85*** 0.02 0.004 5.42***

Tie Tie units -0.33 0.09 -3.71*** -0.27 0.09 -3.03**

Tie decades ni ni ni ni ni ni

Order: r = s -0.57 0.09 -6.39*** -0.60 0.13 -4.56***

Order Order: r > s -0.003 0.04 -0.07 -0.35 0.05 -7.66***

Carrying/borrowing Cross10 1.01 0.06 15.61*** 1.18 0.07 16.77***

Decade m10 (m is a decade) -0.96 0.06 -16.26*** -0.75 0.07 -11.13***

rs10 (r or s is a decade) -0.72 0.06 -11.98*** -0.66 0.07 -9.51***

Special numbers rs1 (r = 1 or s = 1) -0.29 0.06 -5.20*** -0.33 0.07 -5.05***

rs5 (r= 5 or s = 5) -0.14 0.05 -2.89** ni ni ni

rs9 (r = 9 or s = 9) -0.12 0.06 -2.06* -0.16 0.07 -2.39*

m1 (units of m = 1) -0.49 0.08 -6.51*** ni ni ni

m5 (units of m = 5) ni ni ni ni ni ni

m9 (units of m = 9) ni ni ni 0.16 0.08 1.93

Number of digits Digits 0.60 0.06 10.56*** 0.79 0.05 16.33***

*** p <.001. ** p < .01. * p < .05.  ni = not included.

For both addition and subtraction m was not included in the final regression model, 

which supports our assumption that other predictors better predict item difficulties of com-

plex problems. The log of m was included and was significant in the addition model. The 
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log of m had a positive effect on item difficulty, that is, the larger the log of m the more 

difficult the problem.

The final models resemble the models of simple addition and subtraction. Again, an 

increasing minimum of r and s and whether crossing a decade is required significantly 

increased item difficulty, although the effect of the minimum of r and s is less strong than 

for simple problems.

For both complex addition and subtraction tie problems were easier than non-tie prob-

lems, as was found for simple problems. In addition, a tie effect was found for the units of 

the problems. Addition and subtraction problems in which the units of the problem were 

a tie were easier than non-tie problems. No decade tie effect was found for both complex 

addition and subtraction problems. Again, only for subtraction an order effect was found. 

Problems in which the remainder (r) is larger than the subtrahend (s) were easier than their 

reverse problems. 

Carrying/borrowing made complex problems more difficult. This effect resembled the 

effects found in simple addition/subtraction. In complex addition and subtraction we found 

two types of decade effects. One is that problems in which either r or s equaled a decade 

were easier then problems where this was not the case. The second decade effect was that 

problems in which m was a decade were relatively easy. This latter effect was also found in 

both simple addition and simple subtraction. Of course the decade effects for r and s could 

not be found for the simple problems as r and s ranged from 1 – 9 for these problems. 

A one effect and a nine effect for the units in r and s were found for both complex ad-

dition and subtraction, which resembled the effects in simple addition and subtraction. A 

five effect for the units in r and s was found for complex addition but not subtraction. This 

also parallels the findings for simple addition and subtraction. If we look at the unit effects 

for m, we see that for addition problems only a one effect was found. Addition problems in 

which the units in m equaled one were relatively easy. In the final subtraction model a nine 

effect for the units of m, increasing problem difficulty, was included, although this effect 

was not significant. 

The number of digits present in the problem appeared to be a good predictor for the 

difficulty of both complex addition and subtraction problems. Problems with more digits 

were more difficult than problems with fewer digits. This predictor incorporated part of the 

explained variance that would otherwise be explained by the log of m. When we excluded 

the number of digits from the models, the log of m was also included and significant in the 

subtraction model and had a stronger effect on item difficulty in the addition model.
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Stability of effects 
The high correlations between several of the predictors in the regression analyses may 

have biased the estimates of the regression coefficients. Multicollineairity may lead to un-

stable estimates of the regression coefficients. To study whether the predictors, included 

in the models above, robustly and substantially affected item difficulties we looked at the 

stability of the estimates of the predictors across months. We used the complex item set 

with all problems with m below 100 for this analysis. Predictors that robustly affect the item 

difficulty of addition and subtraction problems should significantly contribute to the item 

difficulty across months. 

First, we performed multiple stepwise regression analyses with the item difficulties of 

each month as dependent variable and all predictors included in the analyses above as pre-

dictors. Next, we fitted a regression model on the item difficulties of each month in which 

we included only the predictors that were included as significant predictors in the resulting 

stepwise models for at least one month. The development of the t-values of these predictors 

across months is shown in Figure 7 for both addition (a) and subtraction (b).

Three predictors had a strong consistent positive (increasing) effect on item difficulty for 

both addition and subtraction problems across months. This can be deduced from the consis-

tent high lines in Figure 7, indicating high t-values across months. Whether a carry or borrow 

was required led to an increase in item difficulty across all months. The size of the minimum 

of r and s and the number of digits in the problem (complexity) also had a positive (increas-

ing) effect on item difficulty. The fourth predictor that had a positive effect on item difficulty 

of complex addition and subtraction problems is the log of m: the larger log(m), the higher 

the item difficulty. But this effect was stronger and more consistent across months for addi-

tion than for subtraction problems. 

Whether r, s, or m equaled a decade had a strong and consistent negative effect on item dif-

ficulty, making both complex addition and subtraction problems easier. This can be deduced 

from the consistent low t-values across months for these predictors. For complex subtraction 

the order of r and s also had a strong negative effect on item difficulty. Subtraction problems 

where the subtrahend was smaller than the remainder were significantly easier across months.

For both complex addition and subtraction problems a consistent significant one effect 

was found for the units of r and s, as the lines for these effects are consistently below a  

t-value of –1.96. The inclusion of a 1 in the units of r or s lead to a decrease in item difficulty. 

Whether the units in m equaled one had a consistent significant decreasing effect on item dif-

ficulty for addition problems only. For subtraction problems this predictor was not included, 

meaning that it had not been significant in any of the final stepwise regression models that 

determined which predictors were included in the comparison across months. 
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A nine effect for the units of r and s was more pronounced for subtraction than addition 

problems. For complex subtraction problems the t-values for this predictor were consistently 

below -1.96. For complex addition problems this effect was non-significant in most months. 

For complex subtraction problems an effect for the units of m equaling nine was also found. 

This was a consistent significant predictor across months. However, in contrast to the unit 

effect this was a positive effect, increasing item difficulty of complex subtraction problems. 

This predictor was not included for the addition problems, indicating that it had not been 

significant in any of the stepwise regression analyses.

Figure 7 Development of t-values of predictors of item difficulty of complex addition (a) and complex 

subtraction (b) problems. Dotted lines represent borderlines for significant effects (t = -1.96 and t = 1.96).
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A five effect for the units in r and s was found for complex addition, but not subtraction 

problems. This effect was significant in most months and had a decreasing effect on item 

difficulty. Whether the units in m equaled five was not included in any of the stepwise re-

gression analyses for both addition and subtraction problems and, therefore, not included 

in the comparison across months.

For both addition and subtraction problems a consistent tie effect was found across 

months, with tie problems being easier than non-tie problems, although this effect was 

nearly non-significant in some months for addition problems. A separate tie effect for the 

units and decades was also tested. For both addition and subtraction problems the t-val-

ues of the decade tie effect fluctuated across the borderline of significance. Whether the 

decades form a tie did not seem to robustly affect item difficulty. The unit tie effect was 

found consistently for complex addition problems. Addition problems with a unit tie were 

significantly easier across months. For complex subtraction problems this effect was less 

robust, being just significant in six of the nine months.

Discussion

The goal of this study was to investigate which problem characteristics affect the item 

difficulty of simple and complex addition (r + s = m) and subtraction (m – s = r) problems. 

We used a statistical approach, performing multiple regression analyses to assess which set 

of problem characteristics explains most variance in item difficulty. Below, we report our 

conclusions concerning a) the problem size effect; b) differences and similarities between 

addition and subtraction problems; and c) differences and similarities between simple and 

complex problems.

Problem size and alternative explanations
Problem size (m) is the most studied characteristic of all item characteristics affecting 

item difficulty. It has been robustly found that an increasing size of m makes both addition 

and subtraction problems more difficult (Janssen et al., 1999; LeFevre et al., 2006). How-

ever, problem size can be operationalized in various ways (e.g., the minimum of r and s) 

and relates to many other problem characteristics (e.g., crossing a decade). The influence 

of m disappeared for simple subtraction and almost completely for simple addition, when 

the minimum of r and s and crossing the decade were taken into consideration. Crossing 

a decade, which requires carrying or borrowing, was the best predictor of item difficulty 

in all models, which matches findings of previous studies (Geary et al., 1993; Imbo et al. 

2007; Klein et al., 2010). However, for simple problems the size of m and the requirement 
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of carrying or borrowing are confounded as all problems with m larger than 10 require 

carrying or borrowing. To disentangle the effects of these two characteristics it is necessary 

to study complex problems.

For complex addition and subtraction problems two additional predictors related to 

problem size were included: the logarithm of m and the complexity of the problem, defined 

by the number of digits present in the problem. Including these four predictors (logarithm 

of m, number of digits, minimum of r and s, and crossing a decade) led to the conclusion 

that the size of m also did not uniquely contribute to item difficulty of complex problems 

when other effects are accounted for. 

In conclusion, this study shows that problem size itself, as defined by size of the out-

come for addition problems and the minuend for subtraction problems, is not an important 

predictor of problem difficulty when other effects are accounted for. Other operationaliza-

tions of problem size seem better predictors. These findings have theoretical implications. 

First, the finding that the minimum of r and s is a good predictor of problem difficulty of 

both addition and subtraction problems supports the assumption that children use counting 

strategies (counting up and down). Either they still use these strategies or use of these strat-

egies in the past has contributed to building a retrieval network. Second, the finding that 

requirement of a carry or borrow leads to an increase in problem difficulty suggests that 

carrying and borrowing are effortful tasks. 

For complex problems the number of digits present in the problem was a strong predic-

tor of item difficulty. The number of digits is an indicator of the number of sub results that 

need to be calculated to solve a problem, suggesting that participants use mainly calcula-

tion strategies to solve complex problems instead of retrieval.

Addition versus subtraction
Our results suggest that addition and subtraction are strongly related. A very similar 

set of predictors explained a large amount of variance of both simple and complex addi-

tion problem difficulty (both 91%) and simple (87%) and complex subtraction problem 

difficulty (86%). Possibly, general processes affect both domains. Taking knowledge of 

the base-10 system helps, evidenced by problems containing decades being significantly 

easier. Possibly, children quickly recognize the decade reference point and use this in cal-

culation strategies. Also, nine effects were found for r and s for both addition and subtrac-

tion, suggesting that children in primary school use rounding strategies. However, the nine 

effect was less robust for addition, as it was not present in all complex models by month. 

Also, problems with r or s or both equaling one were easier. This is in accordance with the 

claims of Baroody (1985) that children use well-known counting strategies to solve these 
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problems. A tie effect was found for both addition and subtraction problems, although 

stronger for simple than for complex problems. A separate tie effect was found for the units 

of complex problems. Possibly the tie effect is only present for single digit problems, either 

in simple problems or as sub problems of more complex problems. 

Differences between domains were also found. Order affected problem difficulty in sub-

traction but not in addition problems. An explanation for this difference can be sought in 

the Identical Elements model of Rickard (2005). According to this model there is a single 

long-term memory node for problems consisting of the same numerical elements. This is 

the case in which inverse problems contain the same operands, as for addition 6 + 8 and 

8 + 6. Inverse subtraction problems do not contain the same elements (15 – 6 and 15 – 9) 

and are therefore presented by different nodes. Campbell et al. (2006) tested hypotheses 

from the Identical Elements Model and found that learning transfer for mirror problems 

is stronger for addition problems than subtraction problems, supporting the assumption 

that addition problems occupy the same memory node and subtraction problems do not. 

However, the model does not give any clues about which of two mirror problems should 

be more easily retrieved. Moreover, the organization of the memory network might not be 

the only cause for the order effect, as an order effect was also present for more complex 

subtraction problems. 

If a large number of children had used indirect addition (i.e., counting up) very often, 

mirror problems with the same subtrahends and remainders but reversed (12 – 9 = 3 versus 

12 – 3 = 9) would be equally difficult. However, we found that problems with a larger sub-

trahend than remainder were more difficult than problems with a smaller remainder, sug-

gesting that most children count down on both problems. Moreover, this order effect was 

found on items for which the indirect addition strategy was most advantageous, namely 

problems in which the subtrahend was nine or the remainder was one or two. The finding 

that simple problems with m above 10 with a large subtrahend and a smaller remainder 

(i.e., 12 – 9 = 3) seem to be relatively more difficult than their additive counterparts (3 + 9 

and 9 + 3), also suggests that most children count down on these subtraction problems. The 

presence of an order effect is in accordance with previous findings that children do not use 

the indirect addition strategy very often (Torbeyns, De Smedt et al., 2009). An alternative 

explanation is that children do use indirect addition but the need to re-represent the prob-

lem (i.e., 12 – 9 = ?) to an addition problem (9 + ? = 12) makes the solving process more 

straining. Moreover, we also found a significant contribution of the minimum of the re-

mainder and the subtrahend (the larger the minimum, the more difficult the problem). This 

suggests that children do take the relative size of the subtrahend and the remainder into 

account when choosing a solution strategy. This is in accordance with the study of Peters 
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et al. (2010) who showed that the relative size of the subtrahend has a positive influence on 

the use of the indirect addition strategy by adults. Hence, these findings are not conclusive 

and the use of the indirect addition strategy by children should be addressed further.

Other differences between domains were also found. The logarithm of m contributed ro-

bustly to item difficulty of complex addition problems. For complex subtraction problems 

the logarithm of m had a less strong effect and was only significant in some of the months. 

The different effect of the logarithm of m has already been discussed above. A five effect 

was only found for the operands of addition problems, with problems containing a five 

being easier than problems not containing a five. Evidence that the five is used as a refer-

ence point, just like ten, is therefore weak. Only for addition a one effect was found for the 

units in m equaling one. Possibly, children quickly recognize that for these problems, the 

outcome should be one more than ten. A nine effect for the units in m was only found for 

subtraction, although only nearly significant in the simple model and in some of the months 

for the complex model. Surprisingly, this was a positive effect leading to an increase in 

item difficulty. These findings should be replicated in future studies. 

Simple versus complex problems
Interestingly, the amount of explained variance is comparable for simple and complex 

problems. It is assumed that participants use more retrieval on simple problems and revert 

more to calculation strategies on more complex problems (Lemaire & Arnoud, 2008). In our 

models, the parameters of the regression models were very similar for simple and complex 

problems. There are several explanations for this finding. The first explanation is, that contrary 

to what we expected, most children used non-retrieval strategies to solve the simple prob-

lems. LeFevre, Sadesky et al. (1996) have shown that even adults use non-retrieval strategies 

on 29% of simple addition trials. Similar results were found for simple subtraction problems 

(LeFevre et al., 2006; Seyler et al., 2003), which make it likely that the children in our sample 

(4 to 12 year olds) solved a considerable amount of both simple and complex problems with 

calculation strategies. Moreover, the computer adaptive method of Math Garden ensured that 

all children received items that were developmentally relevant for them: mean probability of 

answering the items correctly was .75. Probably, most items children received were too diffi-

cult for them to be solved with retrieval. Siegler’s distributions of associations model (Siegler, 

1988) offers an alternative explanation for the resemblance between the models for simple 

and complex arithmetic. According to this model the use of non-retrieval strategies during de-

velopment leads to different strengths of associations in the memory network. These non-re-

trieval strategies depend on problem characteristics; therefore, similar item characteristics 

affect both types of strategies and the strength of associations in the memory network.
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Final conclusions
The Math Garden dataset has both advantages and disadvantages. A disadvantage of 

data from a computer adaptive method is that it is difficult to study individual differences, 

as all children have their own unique problem set that is adapted to their ability level. This 

makes a comparison between age groups difficult. On the other hand the computer adaptive 

method ensures that only data is used from children for whom the items were developmen-

tally relevant, i.e., tailored to their particular ability level. Therefore we have large amounts 

of data from children who are in the middle of learning these particular problems, regard-

less of their chronological age. This is likely the time when problem characteristic effects 

are largest, as there are no floor or ceiling effects.

In most previous studies error rates and response times were used as indicators of item 

difficulty. In this study we used the item difficulties that resulted from integrating speed and 

accuracy by using an explicit scoring rule. Responses of a large sample of children were 

used to estimate these item difficulties. An advantage of using this measure above using 

response times and error rates separately is that error rates and response times suffer from a 

speed-accuracy trade-off. The individual strategies children use when answering arithmetic 

problems, some valuing speed more highly than accuracy or vice versa, affect these mea-

sures. Moreover, these strategies may be influenced by the specific instructions used in the 

studies. In Math Garden, the scoring rule used to weigh speed and accuracy was integrated 

into the game, allowing participants to adopt the optimal speed-accuracy trade-off.

In conclusion, in this study we compared item difficulties of addition and subtraction 

problems and tested if similar item characteristics affected item difficulty of both simple 

and complex addition and subtraction problems. To our knowledge this is the first study 

that directly compared such a large set of possibly item characteristics affecting item dif-

ficulty of different item sets in simple and complex problems and in multiple operations. 
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Appendix

List of problem characteristics tested for their influence on problem difficulty

Characteristic Definition Example 1 Example 2 Example 3

Addition Subtraction 7 + 5 = 12

12 – 5 = 7

19 + 1 = 20

20 – 19 = 1

19 + 29 = 48

48 – 29 = 19

Problem size

Size of m Size of the outcome Size of the minuend 12 20 46

log(m) natural logarithm 
of m

natural logarithm of m Log(12) Log(20) Log(46)

Minimum of r and s Minimum of the 
addends

Minimum of subtrahend 
and remainder

5 1 19

Digits Sum of the number 
of digits of both 
operands

Sum of the number of 
digits of subtrahend and 
remainder

2 3 4

Tie effect

r = s Equal operands Equal subtrahend and 
remainder

0 0 0

Tie units Units in the 
operands are equal

Units of subtrahend and 
remainder are equal

0 0 1

Tie decades Decades of the 
operands are equal

Decades of the subtrahend 
and remainder are equal

0 0 0

Order effect

Order: r > s First operand larger 
than second operand

Remainder larger than 
subtrahend

1 1 0

Carrying/ 
Borrowing

Cross10 Carrying is required Borrowing is required 1 1 1

Decade

m10 Outcome is a decade Minuend is a decade 0 1 0

rs10 One or both of the 
operands is a decade

The subtrahend, the 
remainder or both are 
decades

0 0 0

Special numbers

rs1 (units of r or s = 1) Units of one or both 
operands equal 1

Units of the subtrahend, 
the remainder or both 
equal 1

0 1 0

rs5 (units of r or s = 5) Units of one or both 
operands equal 5

Units of the subtrahend, 
the remainder or both 
equal 5

1 0 0

rs9 (units of r or s = 9) Units of one or both 
operands equal 9

Units of the subtrahend, 
the remainder or both 
equal 9

0 1 1

m1 (units of m = 1) Units of the outcome 
equal 1

Units of the minuend 
equal 1

0 0 0

m5 (units of m = 5) Units of the outcome 
equal 5

Units of the minuend 
equal 5

0 0 0

m9 (units of m = 9) Units of the outcome 
equal 9

Units of the minuend 
equal 9

0 0 0


