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CHAPTER

Errors in multiplication: A comparison  
of different classification methods 
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Abstract

Children’s errors provide a rich source of information on children’s mathematical abil-

ity, especially concerning the possible erroneous strategies they use. The classification of 

children’s errors is, however, not straightforward: the number of possible different errors is 

large, different erroneous strategies may lead to the same incorrect answer, and the results 

are dependent on the selection of items that is used in the classification process. In this 

study we compared two literature based classification methods and four data based ap-

proaches for classifying children’s multiplication errors. A dataset of 425,907 errors on 564 

different items were used from a training and progress-monitoring system for math (Math 

Garden). We conclude that the weighted frequency rule outperformed the other error clas-

sification methods. With the weighted frequency rule classification order is based on the 

frequency of error categories in the reference dataset, corrected for the number of possible 

manifestations of an error category for each item. Using this rule we found that children 

make many different kinds of errors, which tend to be overlooked with other classification 

methods. The proportion of unclassified errors was lowest using the weighted frequency 

rule. The most common multiplication errors were multiplication related errors, that is, 

children state the answer to another multiplication problem. From these errors operand 

related errors were the most frequent.

Introduction

Children’s errors on multiplication problems may reflect the mental processes used 

when solving multiplication problems, such as searching the memory network that is as-

sumed to underlie the retrieval of simple multiplication facts (for a review see Verguts and 

Fias, 2005). For example, the high frequency of operand related errors (e.g., Butterworth, 

Marchesini, & Girelli, 2003; LeFevre et al., 1996; Lemaire & Siegler, 1995), where the 

error (e.g., 18) to the original problem (e.g., 2 x 6) is the correct answer to a problem with 

one corresponding operand (e.g., 3 x 6), suggests that similar nodes in the network (cor-

responding to similar problems) are activated when a multiplication problem is presented. 

Children’s errors can also be an indication of erroneous strategies. For example, the answer 

11 to the problem 7 x 4 reflects the use of addition instead of multiplication. Knowledge 

about the organization of the memory network and children’s erroneous strategies may 

have a beneficial effect on education. 

Teachers, however, have only little time to correct each individual child’s math work and 

often do not use information on errors to formulate their instructions. One promising fea-
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ture of computer-assisted math practice is the possibility to automatically detect errors and 

to compare them to a database of possible errors. Knowledge about erroneous strategies 

associated with these errors can be reported to both child and teacher. In order to provide 

such an error database, the first step is to construct a method for classifying children’s er-

rors. Development of such a classification method, for errors on both simple and complex 

multiplication problems is the goal of this chapter. We used data from a Dutch web based 

training and monitoring system: Math Garden (www.rekentuin.nl or www.mathsgarden.

com). Thousands of children use this website to train their multiplication skills, enabling us 

to analyze a large set of multiplication errors (425,907 errors on 564 different items), made 

by users of a large age range.

In the 80s of the last century the classification of arithmetical errors was studied by 

Brown and Van Lehn (1980). In their repair theory children’s systematic errors are the 

result of attempts to overcome an impasse when a procedure does not work, for example, 

because of incomplete procedural knowledge. Children will then attempt a repair, that is, 

adjust the chosen procedure to solve the impasse. The adjustment may either lead to the 

correct answer or an error, called a bug. Brown and Van Lehn developed their theory in the 

domain of subtraction, which resulted in a list of possible bugs for multi-digit subtraction 

problems. Around the same time similar lists were constructed for multi-digit multiplica-

tion errors on written tasks (Attisha & Yazdani, 1984). Recent studies addressing children’s 

multi-digit multiplication errors are however scarce. Most studies focus on single digit 

multiplication problems only (e.g., Butterworth et al., 2003; LeFevre et al., 1996; Lemaire 

& Siegler, 1995). Moreover, all these studies, both old and new, have not lead to a generally 

accepted classification method for children’s multiplication errors.

Classification of errors is complicated by a number of factors. First, error classifications 

depend on the selection of the multiplication items administered. As was said above, many 

studies limit the item pool to simple multiplication, which makes it hard to generalize 

the results to more complex problems. Second, errors are often classified into predefined 

categories, based on results from previous research or on theories on children’s strategies 

and/or memory network (e.g., Butterworth et al., 2003; LeFevre et al., 1996; Lemaire & 

Siegler, 1995). Predefinition of categories has important disadvantages. Errors cannot be 

classified into unforeseen categories and studies often differ in the number and exact for-

mulation of error categories. For example, operation errors (selecting a different operation 

than multiplication) are included in most studies (e.g., LeFevre et al., 1996; Lemaire & 

Siegler, 1995), but not in all (Butterworth et al, 2003). Other errors, such as close miss 

errors (Butterworth et al., 2003), are only included in a few studies. The use of different 

classification methods obviously leads to diverging results. For example, Butterworth et al. 
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(2003) found that a significant proportion of children’s multiplication errors are close miss 

errors (between .10 and .25 of children’s errors), which were of course absent in studies in 

which the category was not included in the classification scheme (e.g., LeFevre et al., 1996; 

Lemaire & Siegler, 1995). 

A third complication in setting up an error classification method is that different types 

of erroneous strategies may lead to the same error. The error 18 on the problem 9 x 9 might 

result from knowing the correct answer and reversing the digits, but might just as well be an 

operation error (adding instead of multiplying the operands) or an operand related error as 

it matches the answer to the problem 2 x 9. Unfortunately, there are dozens of hypothetical 

error categories and they overlap greatly. Most studies either do not explicitly state how 

they classify answers that fit multiple categories (e.g., LeFevre et al., 1996; Lemaire & 

Siegler, 1995), or they define a hierarchical order in which to address the categories (But-

terworth et al., 2003; Campbell, 1994). Such orders are often not firmly based in theory. 

Of course, the chosen order does affect frequency of the error categories. Operand related 

errors are assumed to be the most frequently occurring multiplication errors, but their high 

frequency may also be the result of the high rank in the hierarchical order. For instance, 

using the classification orders used in previous studies (LeFevre et al., 1996; Lemaire & 

Siegler, 1995) the error 18 on the problem 9 x 9 would be classified as an operand related 

error, which does not seem most plausible.

Asking children to verbalize their multiplication strategy may help in classifying errors. 

However, asking children to verbalize their strategy may change the strategy itself (Siegal, 

1999). Moreover, the interpretation of children’s answers may be difficult and subject to 

the interpretation of the researcher (Punch, 2002). Finally, classifying children’s thinking 

aloud protocols is a very time-consuming task. This may be possible within a laboratory 

setting, but is not feasible for error analyses in computerized educational programs.  

In this chapter we attempt to develop an objective error classification method for multi-

plication. We deal with the three problems discussed above in the following ways. First, the 

item set has little constraints and contains both simple and complex problems. Moreover, 

the effect of using different item sets is investigated by comparing the results of classifica-

tion methods that use different item sets. The second problem, i.e., errors only being clas-

sified into predefined categories, is solved by using an extensive list of possible errors. The 

list consists of error categories reported in the literature and plausible alternatives. Table 1 

shows a description of each category and example errors for three illustrative problems (a 

single digit multiplication problem, a problem that contains one operand with multiple dig-

its, and a problem that contains two operands with large round numbers). The final column 

of Table 1 (Correction) is explained in the Method section. 
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Table 1 Error categories used in this study. Each error category is accompanied by a description and 

example errors for three example problems. 

Error Description Example problems Correction1

9 x 6 15 x 6 25 x 12 3000 x 
500

Operator 
relevant 

Answer is correct for another multipli-
cation problem with an answer below 
100

58 34 75 33 74*

Ten table Answer is correct for a problem from 
the multiplication tables 2 to 10 (except 
the original problem)

64 
(8 x 8)

30 50 50 36**

Operand 
related

Close operand related error (answer to a 
problem with one matching operand and 
one operand that is either 1 or 2 units 
smaller/larger than the original operand)

48 
(8 x 6)

75  
(15 x 5)

275 1499500 
(2999 x 
500)

8

Double-half 2 times or .5 times the correct answer 112 45 150 750000 1.5

Same decade Answer is correct for a single digit mul-
tiplication problem and shares a decade 
with the correct answer

56 n.a. n.a. n.a. 2

Ten table > 
100

Answer is correct for a single digit mul-
tiplication problem (except the original 
problem), with zero’s

n.a. n.a. n.a. 1200000 36**

Miss 1 1 above or below the correct answer 53 89 299 1499999 2

Miss 10 10 above or below the correct answer 64 80 290 1500010 2

Miss 100 100 above or below the correct answer 154 190 400 1500100 2

Miss 10^ Answer is the correct answer multiplied 
or divided by power of 10

540 9 3000 150000 2

m/n Answer is equal to division of the op-
erands

1.5 2.5 2.083333 6 1

m - n Answer is equal to subtraction of the 
operands

3 9 13 2500 1

m + n Answer is equal to adding the operands 15 21 37 3500 1

m + n0 The non-zero digits of the operands are 
added

n.a. n.a. n.a. 800000 1

Typo Repetition or omission of a digit 544 990 30 11500000 1

Reverse Digits in answer are reversed, either 
with or without zero’s 

45 09 003 5100000 1

Naming error One or both multiplicands are stated as 
the answer

9 156 12 53000 4

Intrusion Intrusion of operand in correct answer 94 150 250 3500000 2

Pastesub Place value has note been considered 
when calculating sub results and sub 
results are pasted together instead of 
added

n.a. 630 210 n.a. 1

Addsub Place value has not been considered 
when calculating sub results and sub 
results are added

n.a. 36 
(6x1+5x6)

12 
(2x1+5x2)

n.a. 1

Zero Zero is stated as answer 0 0 0 0 1

Residual Unclassified answers - - - - 1

* Number of non prime numbers below 100

** Unique answers of the multiplication table 2 to 10 minus one for the correct answer

1 These corrections reflect the number of possible candidate answers per error category. For most categories the choice 
for the correction was straightforward. For example, miss 1 (1 above or below the correct answer) has two possible 
candidate answers and the correction used was, therefore, 2. For other error categories decisions about the correction 
were more ambiguous. For example, we used a correction of 2 for miss 10^ errors, while, strictly formulated, many 
more candidate answers were possible.
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Not all error categories are applicable to all problems (e.g., categories pastesub and 

addsub only apply to multi-digit multiplication problems) and some error categories seem 

less relevant for some problems (e.g, an operand related error, such as 299 x 600, does not 

seem plausible on the problem 300 x 600). However, inclusion of all thinkable categories 

guarantees that all error categories are checked for each item. We aim to solve the third 

problem, double classifications, by using the observed frequencies of error categories over 

sets of problems to determine the order of classifying errors. We will illustrate this with our 

example error 9 x 9 = 18. The answer matches the addition error (m+n), the reverse error 

and the operand related error. Yet, in other problems the answers related to these errors 

differ (e.g., in 7 x 4). The idea is that if m+n errors are more frequent than reverse errors on 

problems where they do not imply the same answer, the m+n error is also the most likely 

category for the answer 18 to the problem 9 x 9. 

In sum, the first aim of this study is to develop an error classification method for mul-

tiplication. To achieve this we will compare six different error classification methods and 

evaluate how well they handle the problems described above. Two methods are based on 

previous research and use a fixed order for classifying children’s errors. The other four 

methods use a more data based approach in which classification order is based on the 

observed frequencies of error categories within a reference data set. The effect of using 

different reference data sets on the classification results is examined. The second aim of 

this study is to apply all six methods in classifying children’s errors on simple and complex 

multiplication problems, collected in a large-scale study. Our third aim involves compari-

son of classifications across grades.

Method

Participants
Data were collected with the multiplication game from Math Garden (Klinkenberg, Straate-

meier, & Van der Maas, 2011; Chapter 2) in the time period August 1 2010 till August 1 2011. 

Math Garden is a web based adaptive practice and monitoring system for math, consisting 

of educational games for arithmetic abilities such as counting, addition, and multiplication. 

Schools and parents can buy subscriptions. On subscribing they are asked for permission for use 

of the data for scientific research. Schools are told that they are responsible for informing the 

parents of their students about the use of the anonymous data of their children. A total of 16,887 

participants (51.5% male) played the multiplication game during the time period concerned. 

Figure 1 shows the age distribution of the participants. A small percentage of ages was not reg-

istered or were unexpectedly high or low. These ages are, therefore, not included in the graph.
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Figure 1 Distribution of age of participants.

Materials
Math Garden consists of a garden like game environment. The flowerbeds in the garden 

are linked to arithmetic games. When a child improves his or her arithmetic skill by play-

ing a game, the flowers will grow correspondingly. In these games items (such as 12 x 5) 

are presented, which have to be answered correctly as fast as possible, see Figure 2. The 

faster a user answers an item correctly, the more game coins he or she earns. At the start 

of the presentation of an item 20 coins are displayed on the screen, which visualize the 20 

seconds time limit. Every second one of the coins disappears from the screen. When a user 

responds correctly, the remaining coins turn green and are added to a moneybag. When a 

user answers incorrectly the coins turn red and are subtracted from the moneybag, with the 

restriction that the coin count in the moneybag cannot drop below zero. Hence, both speed 

and accuracy are rewarded (Maris & van der Maas, 2012). In case the user does not give an 

answer within the time limit or when the user clicks on the question mark button, no coins 

are won or lost. After every trial the correct answer is shown. Users respond by clicking on 

the buttons of a number pad that is displayed on the screen.  
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Figure 2 Screenshot of the multiplication game in Math Garden.

Selection of items is tailored to each child’s ability level, because Math Garden uses an 

adaptive algorithm (Klinkenberg et al., 2011). Items are selected for which the child has a 

mean probability of answering correctly of .75, based on the ability estimate of the child 

and the diffi culty estimates of the items. About 25% of the answers of each child therefore 

consist of errors. The item bank of the multiplication game contained 659 items, varying in 

diffi culty from 1 x 1 to items such as 2.36 x 0.99. In Table 2 a random sample of items from 

the item bank is displayed. In this chapter we will focus on items without decimal numbers, 

resulting in an item set of 564 multiplication items. 

Table 2 Items, correct answers, item diffi culty, and number of collected responses for ten randomly 

selected items. Item diffi culty parameters have an arbitrary scale and vary in this game between -20 

and 12.

Item Correct answer Item diffi culty Number of responses

2 x 2 4 -19.63 5851

1 x 19 19 -18.74 8543

2 x 50 100 -17.33 11570

8 x 9 72 -13.60 8175

9 x 700 6300 -10.04 5764

64 x 20 1280   -6.77 7480

20 x 64 1280   -4.47 3946

5 x 324 1620   -2.20 1900

50 x 33 1650    4.00 456

2.50 x 2.10 5.25  11.02 12
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Data
During the school year 2010-2011, 2,578,324 responses on the selected items were col-

lected. The number of items answered in this time period differed across children. Schools 

and families could start using Math Garden at any time point during the school year and 

children differed in how often they played the game. Figure 3 shows the distribution of 

the number of items answered per child. The x-axis is cut at 1000. A total of 130 children 

played more than 1000 items. Of all responses 425,907 (16.52%) were incorrect responses, 

other than “don’t know” or “too late”. Table 3 displays the distribution of answers and er-

rors over grades. These incorrect responses are the focus of this chapter. As was expected, 

the adaptive algorithm ensured approximately equal error rates across grades (last column 

of Table 3).

Figure 3 Distribution of playing frequency of participants.

Procedure
Children log in on the website www.rekentuin.nl (Dutch url of Math Garden, www.

mathsgarden.com) with username and password. They start with the garden page where 

they can choose between several games. One multiplication game session consists of 15 

items, but children are allowed to quit earlier and they can complete as many game sessions 

as they want. Children use Math Garden mainly at school but, since it is a web based sys-

tem, many responses are collected outside school hours. The conditions of the data collec-

tion are therefore not strictly controlled and the data will be noisy. We might expect some 

erroneous responses that make no sense at all (3 x 9 = 12345678, for instance). 
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Table 3 Distribution of number of attempted problems and errors over grades. 

Responses

Answers Errors*

Grade Frequency Proportion of 
total number of 
answers

Frequency Proportion of 
total number of 
errors

% of errors with-
in age group

K1** 8,462 .003 1,315 .003 15.54 %

K2** 18,957 .007 2,902 .007 15.31 %

1 218,334 .085 33,178 .078 15.20 %

2 552,738 .214 80,390 .189 14.54 %

3 634,670 .246 104,392 .245 16.45 %

4 456,807 .177 79,458 .187 17.39 %

5 339,211 .132 57,847 .136 17.05 %

6 190,749 .074 34,847 .082 18.27 %

6+ 158,396 .061 31,578 .074 19.94 %

All 2,578,324 1 425,907 1 16.52 %

* Errors include all erroneous answers with the exception of “don’t know” and “too late” responses 

** K1 = first year of kindergarten (4-5 year), K2 = second year of kindergarten (5-6 year) 

Data analytic approach
As mentioned in the Introduction the classification of errors meets with several prob-

lems. The data of Math Garden consists of hundreds of thousands erroneous answers of 

thousands of children of different ages to hundreds of multiplication items. The only prac-

tical route seems to be to pose certain error categories and to check how often these errors 

actually occur. This would work reasonably well when error categories lead to unique er-

rors. We could classify errors and find out which erroneous answers are still unclassified. If 

we can explain certain remaining popular errors with a new error category we can add the 

category to the list until no high frequent errors are left. However, there are many double 

classifications and earlier choices of error categories might mask other, better categories. 

In previous studies it was either not clear how this problem of double classifications was 

solved or a sequential order rule was chosen. However, the end result will highly depend 

on the selected order. In this chapter we use a more data based approach. 

This approach is displayed in Figure 4. Data collection (Step 1) and an inventory of 

predefined error categories found in previous studies (Step 2) were performed in advance. 

Step 3, classifying errors into categories, is a simple computational step. Note that errors 

can be classified into multiple categories in Step 3. Step 4 is less straightforward as it in-

volves a decision about the necessity to add error categories. For example, we found that 

2 or .5 times the correct answer occurred frequently among the remaining errors and we, 

therefore, decided to add the error category double half. Hence, Step 5a is a process of 
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searching for similarities between unclassified errors across problems and defining error 

categories that fit the errors. We had no preset criterion to stop this process. Several inter-

mediate versions of Table 1 were constructed during the loop 3-4-5a, resulting in the final 

version of Table 1 in Step 5b.

In Step 6 the reference subject sample and reference item set are selected for the error 

classification. Because we use a data based approach this selection will affect the final re-

sults. We discuss this after explaining Step 7 and 8 in which the problem of double error 

classifications is addressed. In Step 7 the choice between two competing error categories is 

based on the frequencies of these error categories across all items, and is therefore called 

the frequency rule. With the frequency rule, we use the classification of errors into all pos-

sible categories of Step 3. We then sum occurrences of error categories over items to assess 

the importance of each error category and use these to create a preferred order of error 

categories. This preferred order is used for the decision between error categories in case 

of double classifications. If, for example, error category m+n is much more frequent than 

error category reverse, then we will also prefer the m+n error category above the reverse 

error category for items for which the two error categories include the same erroneous an-

swer (i.e., 9 x 9 = 18). The number of occurrences of error categories is, of course, affected 

by the reference subject sample and item set selected in Step 6.

Unfortunately, there is a complication, which is solved in Step 8. Take for example, 8 x 6 

= 49. This answer can be classified as a ten table error but also as a miss 1 error. However, 

there are many more possible answers that can be classified as ten table errors (36 answers) 

than miss 1 errors (2 answers). The ten table category will therefore be more frequent than 

the miss 1 category. It seems reasonable to improve the frequency rule with a correction 

for the number of possible answers that comply with an error category. We call this the 

weighted frequency rule.

The results of the weighted frequency rule are influenced by the definitions of the error 

categories, as the number of candidate answers of the error category determines the correc-

tion factor. Definition of error categories is, however, not straightforward. The category of 

multiplication related errors might contain the answers to multiplications of all sets of two 

positive integers. This would include for instance 44, which is not in the ten times tables, 

but is the answer to 4 x 11 and 2 x 22. The category could also be restricted by including ten 

table answers only. A further restriction is to include only table errors in the neighborhood 

of the correct answer (same decade error). Fortunately, we can just allow for all these error 

categories and see which one is selected by the weighted frequency rule. Table 1 shows the 

correction factors that were used for each error category.
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Figure 4 Data analytic approach to error classification

As was said above, the reference subject sample and item set selected in Step 6 affect 

the results in Step 7 and 8. We could, and often will, use all data of all subjects to create an 

order of preferred error categories. However, to classify errors of typical table facts, such 

as 6 x 7, we might restrict the item set to items belonging to the ten times tables. We also 

might want to restrict the data to that of just one person. In general it might be the case that 

addition errors occur more often than reversal errors but for some children reversal errors 

might be much more frequent in which case a reversal classification is better. We distin-

guish between nine different reference sets for the (weighted) frequency rule (see Table 4). 

The actual choice should depend on practical (computational) considerations, amount of 

data, efficiency, and purpose. For instance, in classifying errors of an individual child the 

“1 x all” reference might be best, providing that we have enough data (errors) for this child.

Table 4 Reference data sets in using the (weighted) frequency rule for classification of errors. 

Item set

1 item Item set All items

Reference group

1 subject 1 x 1 1 x set 1 x all

subject group group x 1 group x set group x all

All subjects all x 1 all x set all x all

2:	  Define	  error	  categories	  based	  on	  
previous	  studies	  (ini6al	  Table	  1)	  

3:	  Match	  observed	  errors	  to	  error	  categories	  

4:	  Observed	  errors	  le@?	  

5a:	  Define	  new	  error	  categories	  
for	  high-‐frequent	  errors	  

7:	  Base	  hierarchy	  of	  error	  
categories	  on	  frequency	  of	  
categories	  across	  items	  

8:	  Correct	  hierarchy	  for	  number	  
of	  possible	  errors	  in	  a	  category	  

9:	  Final	  error	  classifica6on	  

N
O

Y
E
S	  

Frequency	  rule	  

Weighted	  frequency	  rule	  

1:	  Data	  collec6on	  

5b:	  Final	  classifica6on	  table	  
(See	  Table	  1)	  

6.	  Choose	  reference	  subject	  
sample	  and	  item	  set	  
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Comparison of classification methods
We compare six different classification methods: two methods with a fixed classification 

order based on previous research and four data based approaches. 

The first classification method was based on the studies of Lemaire and Siegler (1995) 

and LeFevre et al. (1996). In these studies five error categories were reported: operand 

related, operand unrelated, operation errors, naming errors, and non-table errors (i.e., re-

sidual errors). The first four are equal to the error categories operand related, ten table, 

m+n, m-n, and m/n, and naming error in our classification (see Table 1). The classification 

order that was used was, however, not clearly described. We used the order in which the 

error categories were introduced in these studies. All unclassified errors were classified 

into the residual category. The method used in the present study differed slightly from 

the method reported by Lemaire and Siegler (1995) and LeFevre et al. (1996), as we split 

the three operation errors into three separate error categories. Moreover, we included only 

close operand related errors (error is the correct answer to the problem with operands that 

are only 1 or 2 units above or below the operands of the target problem) into the operand 

related error category as opposed to all operand related errors. We believe that a more strict 

definition of this category provides a clearer difference between this category and ten table 

errors. We refer to this method as the fixed-7-class method as the errors are classified into 

seven error categories in a fixed order. 

The second classification method included the error categories reported by Butterworth 

et al. (2003): operand related errors, close miss errors (10% miss), table errors, and non-ta-

ble errors (i.e., residual errors). Errors that fit multiple categories were classified into only 

one category using the above order. The method used in the present study differed slightly 

from that of Butterworth et al. (2003). Only close operand related errors were included in 

the category operand related errors; and errors that differed only 1 unit from the correct an-

swer were classified as a miss error (miss1). The definition of ten table errors in the present 

study (see Table 1) matches that of Butterworth et al (2003). Classification took place in 

this order and the method was, therefore, referred to as the fixed-4-class method. 

The first data based approach was based on the frequency rule. The reference subject 

sample and item set used for this rule consisted of all subjects and all items (the bottom 

right cell of Table 4). The order of classification was, therefore, based on the frequency 

with which specific errors occurred over all participants and over all items. 

In the second data based approach we used the same subject sample and item set, but 

used the weighted frequency rule to classify the errors. With this rule the frequencies of the 

error categories calculated across all subjects and all items were corrected for the number 

of possible errors belonging to these categories. See Table 1 for the correction used. 
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In the third data based approach we also applied the weighted frequency rule, but used 

the item (bottom left cell in Table 4) as reference data set to determine the order in which 

errors should be classified. Hence, the order of the error categories was determined per 

item: this was done by calculating the frequencies of all error categories for that specific 

item, which were corrected by the number of possible manifestations of that error category. 

In the final method, the child (top right cell in Table 1) was used as reference data set. 

Here, the order of error categories was determined per user, defined by the frequencies of 

each error category for that user, corrected for the number of possible manifestations of 

that error.

Results

Overlap in error categories
We first assessed how severe the problem of overlapping error categories was. Table 

5 shows the proportion of errors that overlapped for all pairwise combinations of error 

categories. For example, the second cell in the first row shows that .61 of the answers that 

could be classified as an operator relevant error could also be classified as a ten table error 

(that is, 2 x 2 till 10 x 10). Vice versa all answers classified as ten table errors could also be 

classified as an operator relevant error (first cell second row), showing that this table is not 

symmetrical. This is even more clearly demonstrated by the finding that .77 of all paste-

sub errors could also be classified as miss 10^ errors, while only .06 of all miss 10^ errors 

could be classified as pastesub errors. It becomes clear that some error categories strongly 

overlapped with many other categories. Not surprisingly, many categories overlapped with 

the broadly defined category operator relevant errors. The same was true for the categories 

ten table and operand related. These findings highlight the problems that arise when using 

a predefined classification order. Error categories may be overlooked as many errors could 

also be classified otherwise. 

Comparison of six classification methods
Figure 5 shows the proportions of error categories on all multiplication problems, based 

on the data of all participants, classified with the six error classification methods, described 

in the Method section (the results of Step 9 in Figure 4). Chi-squared tests per error catego-

ry revealed that for all error categories there was a significant effect (all with p < .001) of 

classification method on the proportion of errors belonging to that specific error category. 

In other words, the proportions of errors belonging to each error category differed across 

classification methods. Note that our sample of erroneous answers was very large; conse-
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quently the power for these analyses was also very high. 

Figure 5 shows that the distributions of error categories that resulted from the two fixed 

order methods did not differ much in their overall error pattern. The proportions of operand 

related errors were equal because this error category had the highest rank in the fixed clas-

sification order of both methods. Differences between the error categories stem from pres-

ence or absence of predefined categories: naming errors and m + n errors were not defined 

in the fixed-4-class method and miss 1 errors were not defined in the fixed-7-class method. 

These results show that the choice of classification categories beforehand leaves no room 

for alternative categories. In addition, the two fixed order classification methods tended to 

overestimate the presence of error categories that were considered first in the fixed order 

of the classification methods; the proportions of ten table and operand related errors were 
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Operator relevant .61 .32 .03 .15 0 .03 .05 .01 .10 .01 .03 .07 .01 .15 .03 .10 .06 .03 .03 .23

Ten table 1 .44 .05 .25 0 .03 .05 .01 .13 .02 .04 .11 .01 .11 .03 .15 .08 .05 .05 0

Operand related .68 .57 .06 .23 .14 .04 .06 .02 0 0 .07 .19 .01 .01 .02 .20 .12 0 .01 .07

Double-half .33 .33 .30 .03 .25 .04 .03 .03 0 0 .01 .05 .06 0 0 .40 .09 0 0 0

Same decade 1 1 .73 .02 0 .12 0 0 0 0 .05 .15 0 0 0 .11 .14 0 0 0

Ten table > 100 0 0 .16 .05 0 0 .01 .03 .29 0 .02 .05 .08 .26 .01 .09 .03 0 .02 0

Miss 1 .46 .30 .27 .05 .27 0 0 0 0 0 .03 .25 0 0 0 .13 .15 0 0 .01

Miss 10 .66 .44 .39 .03 0 .06 0 0 0 0 .11 .10 .03 .06 0 .15 .12 0 0 .03

Miss 100 .18 .09 .19 .08 0 .36 0 0 0 0 .02 0 .06 .18 0 .03 .02 0 .04 .08

Miss 10^ .11 .09 0 0 0 .13 0 0 0 .01 0 0 0 .86 0 .06 .05 .06 .04 0

m/n .56 .56 0 0 0 .01 0 0 0 .25 .01 0 .08 .07 0 .02 .01 0 .10 0

m – n .69 .49 .74 .02 .16 .23 .05 .18 .02 .02 0 .68 0 .05 0 .73 0 0 .01 .19

m + n .47 .44 .56 .03 .15 .12 .11 .05 0 .03 0 .19 0 .03 .01 .46 .31 .03 0 0

M + n10 .15 .15 .11 .09 0 .56 0 .04 .04 0 .03 0 0 .01 .01 .08 .01 0 0 0

Typo .16 .07 .01 0 0 .12 0 0 .01 .86 0 0 0 0 0 .06 .05 .05 .02 .06

Reverse .57 .40 .16 0 0 .13 0 0 0 0 0 0 .03 .01 0 0 0 0 0 0

Naming error .29 .27 .28 .11 .05 .11 .03 .03 0 .18 0 .10 .22 .02 .18 0 .18 .05 .03 0

Intrusion .37 .30 .36 .05 .13 .06 .06 .05 .01 .30 0 0 .30 .01 .26 0 .35 0 0 0

Pastesub .41 .41 0 0 0 .01 0 0 0 .77 0 0 .06 0 .69 0 .23 0 .02 0

Addsub .56 .54 .09 0 0 .14 0 0 .03 .59 .03 .01 0 0 .35 0 .16 .01 .02 0

Zero 1 0 .15 0 0 0 0 .01 .01 0 0 .04 0 0 .24 0 0 0 0 0

Table 5 Overlap between error categories. The cells contain the proportion of errors in the category 

displayed in the row that were also classified in the category displayed in the column.
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much larger with these methods than with the (weighted) frequency rules (p < .001). Final-

ly, the high proportions of the residual category when using fixed order methods (.66 and 

.73) indicated that these classification methods tended to overlook error categories. Using 

the frequency rules led to a large drop in the proportion of the residual category. However, 

the fixed order methods were defined for single digit multiplication problems and many of 

the errors that could not be classified were made on other multiplication problems. It is, 

therefore, interesting to perform these same analyses on simple multiplication problems 

only (see next section). 

As was to be expected, broadly defined categories were most often selected when using 

the frequency rule because these categories were not corrected for the number of possible 

answers in these categories. The operator relevant category, the miss 10^ category and the 

ten table > 100 category were much larger according to the frequency rule than according 

to other classification methods (p < .001). Subcategories of the operator relevant category 

(e.g., ten table errors) were empty because all of these errors were classified into the parent 

category: operator relevant. But also categories with a considerable overlap with the oper-

ator relevant category (e.g., m+n errors), suffered from this broadly defined category. Us-

ing the frequency rule, these categories contained a smaller proportion of errors than when 

a variant of the weighted frequency rule was used (p < .001), which involved a correction 

for the number of possible errors in an error category. 

Overall the three weighted frequency rules did not seem to differ much from each other. 

However, chi squared tests comparing only the three weighted frequency rules did reveal a 

significant effect (p < .005) of type of weighted frequency rule on the error proportions for 

all but two error categories (the residual category and the addsub category). To assess the 

importance of these differences we determined the overall overlap in classification between 

the weighted frequency rules. Using each item individually as reference set, compared to 

using all items as reference set, led to identical error classifications in .94 of the errors.  

Using each individual user as reference set, compared to using all users as reference set, led 

to identical error classifications for .96 of the errors. Based on these results, we conclude 

that the choice between these three weighted frequency rules did not affect the overall 

results much. The choice between these three methods should, therefore, be based on the 

purpose or research question under consideration. We will get back to this issue in the 

Conclusion.
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Figure 5 Proportion of answers that belonged to defined error categories according to six classifica-

tion methods. * signals significant effect (p < .001) of classification method on proportions for that 

error category. 

Note that the residual category was still substantial (.18), even when the (weighted) 

frequency rules were used. We could have continued our classification method to attempt 

to classify remaining errors (loop 5a in Figure 4.). We will discuss this further in the Dis-

cussion. Based on the present results, we prefer the three weighted frequency rules for the 

classification of children’s multiplication errors. The two fixed order methods based on 
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previous research led to a very large residual category and the frequency rule led to overes-

timation of broad error categories. With the three weighted frequency rules decisions about 

error classification were data-driven and they best handled the overlap of error categories. 

The results of all classification methods showed that a considerable amount of errors 

were correct answers to other multiplication problems. These answers could be more (i.e., 

operand related, double half, same decade) or less related (operator relevant, ten table) to 

the correct answer. With the weighted frequency rules the errors were quite evenly distrib-

uted across the categories double half, same decade, ten table > 100, and operator relevant. 

Figure 5 also shows that miss errors (i.e., miss 1, miss 10, miss 100, and miss 10^) were 

common, although they occurred less often than the multiplication related errors, discussed 

above. The only exception was the miss 10^ category, which contained answers that differed 

a power of 10 from the correct answer (one or multiple zero’s too many or too few). Ac-

cording to the frequency rule this category was very large, but even with the three weighted 

frequency rules this error category was still substantial. These miss error categories were 

underrepresented in the two literature methods, as only the miss 1 category was present in the 

fixed-4-class method. 

Addition errors were much more common than other operation errors. The proportions of 

addition errors were much larger when the three weighted frequency rules were used than 

when other methods were used (p < .001). This category was absent in the fixed-4-class 

method. With the fixed-7-class method many of the possible addition errors were classified 

into the ten table and operand related categories. This is not surprising, as these categories 

supersede m+n errors in the fixed-7-class classification order. For example, 4 x 6 = 10 and 9 x 

9 = 18 seem to be addition errors but are also answers to other ten table problems. Interesting-

ly, a significant proportion (p < .001) of answers belonged to the m+n0 error category (e.g., 

adding the non-zero digits of the operands) when the weighted frequency rules were used. So, 

addition errors were not only made on single digit multiplication problems but also on larger 

problems with zeros involved; the non-zero digits in the number were added.

The typo and reverse error categories consisted of answers for which it was hypothesized 

that the participant knew the correct answer but entered the number incorrectly. Reverse re-

fers to answers in which the child had reversed the numbers of the correct answer (4 x 8 = 

23). Typo refers to repetition of one of the digits in the correct answer (3 x 4 = 112). The typo 

category was very large when the three weighted frequency rules were applied. We might, 

therefore, be concerned whether these rules may have incorrectly classified errors as typos. 

However, .92 of the classified typos by the weighted frequency rules were classified as re-

sidual errors according to the fixed-4-class method. For the fixed-7-class method, .87-.88 of 

the errors were classified as residual error, while being classified as typos according to the 
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weighted frequency rules. This suggests that typo is a valid extra error category.

The next five categories in the graph (i.e., naming error, intrusion, pastesub, addsub, and 

zero) all contained answers that were hypothesized to be the result of invalid multiplication 

strategies. From these categories naming errors were most common: children restated one 

or both of the operands as answer to the multiplication problem. The proportion of zero er-

rors was considerably higher when the weighted frequency rules were used. These high 

proportions were probably an artifact of the multiplication game in Math Garden, as the 0 

was displayed in the number pad at the start of a trial. When children clicked the submit 

button immediately without clicking any numbers first, they either consciously (when they 

believed 0 was the correct answer) or unconsciously submitted zero as answer. 

In the analyses above we were interested in errors across all items and used the en-

tire item set for the overall weighted frequency rule. However, the fixed order methods 

were defined for the subset of simple multiplication problems. Moreover, previous research 

mostly focused on this subset of items. Hence, in the next section, simple problems were 

used as reference set, allowing us to compare our findings with those of previous research. 

Simple multiplication results
 Figure 6 shows the distribution of error categories for errors on simple multiplication 

problems 2 x 2 till 9 x 9 using all six classification methods. Not all error categories are 

included in the figure as not all apply to simple multiplication problems (e.g., ten table > 

100). Chi-squared tests per error category revealed that for all error categories there was 

a significant effect (all with p < .001) of classification method on the proportion of errors 

belonging to that specific error category.

For simple multiplication problems, the finding that most errors were correct answers 

to other multiplication problems is even more pronounced. This is evident from the large 

proportions of errors in the categories operator relevant, ten table, operand related, double 

half, and same decade. This effect was found with all classification methods, although the 

distribution of errors across the error categories did differ between methods. With simple 

problems, the need for using a correction with the frequency rule is even more evident. Al-

most all error categories were overshadowed by the large category operator relevant when 

using the frequency rule; .84 of all answers were classified as an operator relevant error.
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Figure 6 Proportion of answers to single digit multiplication problems that belong to defined error 

categories according to six classification methods. * signals significant effect (p < .001) of classifica-

tion method on error proportions for that error category.

Interestingly, the proportion of same decade answers was very large for simple problems 

when the weighted frequency rules were used. This error category is a subcategory of the 

ten table category. All answers that were classified as same decade errors according to the 

weighted frequency rules were classified as ten table or operand related errors with the 
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fixed-7-class method. With the fixed-4-class method .13 of the same decade answers were 

classified as miss 1 error. The other same decade errors were classified as ten table or oper-

and related errors. The ten table and operand related errors categories were again, by far, 

the largest error categories according to the two fixed order methods, with the exception of 

the residual category. These error categories were considerably smaller with the (weighted) 

frequency rules, as a large proportion of these answers were classified into other smaller 

error categories. These were either subcategories of the ten table and operand related cat-

egories or other categories such as typos or m+n.

Many of the error categories contained only a small proportion of errors. An expla-

nation for this is that these errors were not plausible for single digit multiplication prob-

lems.21 Some were even empty, as these errors required a multi-digit problem (pastesub and 

addsub). On simple multiplication problems much less typos were made than on the item 

set including all problems, probably because less digits have to be entered to answer simple 

problems. 

Considerable proportions of reverse, intrusion, and naming errors were found. The 

addition errors were again the most common type of operation errors according to the 

(weighted) frequency rules (p < .001).32From the miss error categories, the miss 1 and miss 

10 categories were most common, as would be expected on simple problems. 

Although the fixed order methods were defined for simple problems, still a much larg-

er proportion of errors were classified as residual errors with the fixed-4-class (.31) and 

fixed-7-class (.32) methods than with the frequency rules (p < .001). For both fixed order 

methods residual errors was the second largest error category.

The differences between the error distributions found for different reference sets of 

items probably depended on item characteristics of the item sets. Some errors seem more 

plausible or even only possible when solving multi-digit multiplication problems. An alter-

native explanation lies in the setup of Math Garden. Each child received items within the 

multiplication game that were adjusted to his or her ability level because Math Garden is 

an adaptive program. Most simple multiplication problems, especially the easy problems, 

were probably solved by young children or children with a low ability level. The high oc-

2 Interestingly, some errors (although very few) were classified as ten table > 100 or m+n0 errors, which do not seem 
to apply to single digit multiplication problems. For example, the answer 350 to the single digit multiplication prob-
lem 6 x 5 was classified as ten table > 100 error. The risk of misclassification is associated with Step 5a, see Figure 
3, of our classification process: the definition of new categories. The computional definition of error categories is not 
always straightforward as it should work for all multiplication problems and be efficient in classifying large datasets 
of errors. This is a real challenge when constructing a classification method for errors. 
3 Surprisingly, subtraction errors were just as common as addition errors with the fixed-7-class method. Inspecting 
these subtraction errors revealed that .8 of the errors that were classified as subtraction errors according to the fixed-
7-class method were classified as zero errors (answering a problem with 0) according to the (weighted) frequency 
rules. This error category was absent in the fixed-7-class method. This underlines the advantage of using the weight-
ed frequency rule.
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currence of reverse errors and intrusion errors in simple multiplication items could thus 

also be a sample characteristic instead of an item characteristic. Our next analyses will, 

therefore, address the differences in error distributions between age groups (i.e., grades).

Errors across grades
We used the weighted frequency rule with all items and all subjects as reference set to 

study distributions of error categories across grades. We included only data from children 

in grade 1 to 6. The data from children from kindergarten were excluded, because most 

children in kindergarten did not play the multiplication game in Math Garden. The children 

that did play the game were probably very advanced in math and not representative of their 

peers.

Figure 7 shows the proportions of the error categories within a grade. Chi-squared tests 

per error category revealed that for all error categories there was a significant relation be-

tween grade and error category (p < .001 for all error categories, except m-n: p = .003). 

We will first inspect the error categories for which the errors are correct answers to 

other multiplication problems. The operator relevant errors were more common in the 

lower grades (1 and 2) than in grade 3 and higher (p < .001). They were also significantly 

more common in grade 3 than in the grades 4, 5, and 6 (p < .001). The proportion of errors 

belonging to the ten table and same decade error categories decreased with grade. On the 

other hand the proportion of ten table > 100 errors increased with age, with the exception 

of grade 6. The proportion of double half errors decreased slightly across grades. Based 

on Figure 6 the proportion of operand related errors seems to have remained stable across 

grades. The proportion of operand related errors did not differ significantly between the 

grades 1, 3, 4 and 6. However, in grade 2 significantly more operand related errors were 

made than in the other grades (p < .001 for comparison with grade 1, 3, 4 and 6; p = .027 

for comparison with grade 5). In grade 5 significantly more operand related errors were 

made than in grade 1 and 3 (p < .05). 

The miss 1 error category was more common in grades 1 and 2 than in the higher grades 

(p < .001), possibly because the younger children used more initial counting strategies. The 

other miss error categories increased with age. Looking at the operation errors we found 

that the proportion of addition errors decreased considerably with age. In grade 1 .14 of all 

errors were classified as m+n errors, decreasing to .006 in grade 6. The proportion of errors 

belonging to m+n0 was the highest for grade 4, followed by grade 3 and 5. These results 

suggest that operation confusion is stronger for younger children. Children in higher grades 

still make this error on larger problems containing zero’s, but this proportion also decreases 

with age. The proportion of m/n and m-n errors was small for all grades. 
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Figure 7 Proportion of errors for children belonging to grade 1 till 6. * signals significant effect (p < 

.005) of grade on error proportions for that error category.

Typos were the most common errors in all grades (p < .001). The proportion of typos sig-

nificantly increased (p < .001) with grade except for grade 6. In grade 6 children made few-

er typos than in grade 4 and 5 (p < .001). The proportion of naming errors decreased with 

grade (p < .001). The initial strategy of restating one or both of the numbers of the problem 
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as answer seemed less common for older children. The same applies to the intrusion of op-

erands of the problem into the answer, which also occurred more often among the younger 

children (p < .001). The proportion of reverse errors was highest in grade 2 (p < .001 when 

compared with other grades) and lowest in grade 6 (p < .001 when compared with other 

grades). The two error categories (pastesub and addsub) that apply especially to multi-dig-

it problems were significantly higher in the higher grades than in the smaller grades (p < 

.001), although the proportions were low in all grades. There was a considerable amount 

of zero answers across grades. Finally, in all grades there was still a substantial amount of 

answers that belonged to the residual category and this proportion increased with grade (p 

< .01 for all grade comparisons). A possible explanation is that the older children solved 

more difficult problems and, therefore, the range of possible errors increased.

Discussion

The first aim of this study was to develop a new data based approach for classifying chil-

dren’s errors in the domain of multiplication. Four variants of this approach and two fixed 

order classification methods based on previous studies were compared, thereby addressing 

three important issues in the classification of errors: a) the definition of error categories, 

b) the classification of errors that fall into multiple categories, and c) the choice for a ref-

erence subject sample and item set for classification method construction. The second aim 

was to use this new data based approach to analyze children’s multiplication errors on a 

large variety of multiplication problems. In addition, a separate analysis was performed to 

assess children’s errors on simple multiplication problems in particular. Finally, the devel-

opment of children’s errors was examined, by assessing children’s errors across grades.

In the fixed class methods definition of error categories is based on the definitions of 

error categories in the studies of Lemaire and Siegler (1995), and LeFevre et al. (1996) for 

the fixed-7-class method and the study of Butterworth et al. (2003) for the fixed-4-class 

method. These categories were also the starting point for the four data based approaches. 

However, several classification loops were run iteratively to add new error categories. If, 

after a classification round, there were still many similar errors unclassified a new error cat-

egory was defined and included. After this, classification was done again. So, whereas the 

fixed class methods only allowed error categories that were proposed in previous research, 

the data based approach allowed for the detection of new categories.

The results show that there was a large overlap between error categories, especially for 

very broad categories, such as operator relevant errors. This brings us to our second issue, 

namely how to classify errors that could belong to multiple error categories. In the fixed-7-
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class and fixed-4-class methods using a predefined order of classification solved this prob-

lem. This led, however, to an overestimation of categories high in the classification order. 

The frequency rule was presented as a solution to this problem. With this rule the classifi-

cation order was not predefined but data-defined. The classification order was based on the 

frequency of error categories. With this strategy, however, error categories that contained a 

lot of possible answers tended to be overestimated. Small error categories, especially sub 

categories of larger error categories, were overlooked or underestimated. We, therefore, 

introduced the weighted frequency rule in which the frequencies were corrected for the 

number of possible errors in an error category. 

The third issue of classifying children’s multiplication errors is that, when using the 

weighted frequency rules, the results depend on the reference data set (items and subjects) 

that was used to compute the frequencies. To assess the effect of using different reference 

data sets we compared error distributions that resulted from using three different reference 

sets: using all items and all subjects, classification per item, and classification per subject. 

Looking at the results, overall the three rules did not seem to differ much. However, for a 

single item or for a single user very different results may arise. 

Choice for a reference set depends on practical considerations, efficiency, and purpose. 

A researcher specifically interested in errors on simple multiplication problems should 

only use those problems for constructing a classification scheme. For a teacher who wants 

to educate a specific child it is probably best to classify his or her errors based on an analy-

sis of the child’s answers alone. Of course, a sufficient number of errors made by the child 

is necessary in order to conduct a reliable error classification. Moreover, classification on 

the individual level is a computational demanding task. 

When using a single item as reference set, decisive conclusions are impossible for some 

errors. For example, the answer 18 to the problem 9 x 9 can be classified both as a reverse 

and an addition error. Because both error categories have only one possible candidate an-

swer, the weighted frequency rule cannot decide between these categories. The weighted 

frequency rule using all items and subjects as reference set also takes frequency of these 

error categories on other items into account and should, therefore, be preferred for most 

purposes. An extension of the weighted frequency rule could be a mixed reference set 

classification rule. For example, using a single item as reference set when possible and 

switching to using all items as reference set when no conclusive decision can be made on 

the item level.

The stop criterion used to determine if another classification loop should be performed 

was chosen subjectively. We could have continued our classification loop extending our set 

of error categories. If we inspect the 25 most frequent errors found in our residual category, 
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we still detect systematic patterns in errors. For example, seven of the 25 most frequent 

errors occurred on problems in which one of the operands was the number 10. The answer 

given by the child then consisted of the other operand with the 1 pasted in front of that op-

erand: 10 x 50 = 150, 80 x 10 = 180, 10 x 33 = 133, 10 x 19 = 119, 10 x 500 = 1500, 10 x 

15 = 115, and 47 x 10 = 147. Four of the 25 most frequent errors were made on problems 

that included the number 11 and a decade, and the units in the answer resembled the decade 

instead of zero: 50 x 11 = 555, 20 x 11 = 222, 11 x 20 = 222, and 11 x 80 = 888. We could 

have added these error types as new categories. Perhaps, we could have continued this clas-

sification method until no residual errors were left. This would, however, have led to a very 

large list of error categories making interpretation of results much more difficult. The in-

clusion of a new error category is always a decision between parsimony and completeness.

The weighted frequency rule is a descriptive method and could be considered a variant 

of the rule assessment methodology of Siegler (1976, 1981). The term “descriptive” refers 

to the fact that no fit measures are calculated. In previous papers we argued that categorical 

latent structure models such as latent class analysis (LCA) should be used for classification 

purposes (Jansen & van der Maas, 1997, 2002; Van der Maas & Straatemeier, 2008). With 

LCA we can classify subjects into qualitatively different classes based on their error pat-

terns. An advantage of such a model based approach is that new unexpected error patterns 

can be detected, hypothesized errors can be falsified, and goodness of fit can be evaluated. 

However, we do not see a way to apply categorical latent structure models to error analysis 

in multiplication, because a large variety of multiplication errors was found. But we expect 

that progress is possible in this respect. The weighted frequency rule is a good starting 

point for developing model based approaches for error classification.

All six methods show that the most common errors children make on multiplication prob-

lems are correct answers to related multiplication problems. This effect was even stronger 

when only simple multiplication problems were considered. The most frequent errors are 

operand related errors. In contrast to previous studies (Butterworth et al., 2003; Campbell 

& Graham, 1985), the proportion of operand related errors remained stable across grades. 

The proportion of ten table errors did decrease with age, as was also found in those studies. 

We can explain the different results concerning operand related errors with the adaptive 

administration of items in Math Garden. Our item set also included items on which op-

erand related errors seem less plausible. Take, for example, the problem 300 x 600. One 

would not expect children to make an error because they calculated 299 x 600 or 300 x 601 

instead of 300 x 600. Children did however make a considerable amount of ten table > 100 

errors, responding, for example, 240000 (= 400 x 600). With increasing age children made 

more ten table > 100 errors, probably because they received more items on which these 
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errors are plausible. This does not make the result less relevant. Younger children will not 

make this type of error since they cannot solve this type of multiplication problem. 

The large number of multiplication related answers suggests that multiplication facts are 

indeed organized in an associative network. This network does, however, not only play a 

role when solving simple multiplication problems but also when multi-digit multiplication 

problems are solved, indicated by the increasing ten table > 100 errors. There are probably 

a considerable number of more complex problems that are solved by retrieval by adults 

and older children. Take, for example, the problem 4 x 25. Is this problem represented by 

its own node in a memory network or by separate nodes for 4 x 2 and 4 x 5? Most studies 

concerning the associative network of multiplication facts focus only on single digit mul-

tiplication. Based on these results, it does not seem plausible that a memory network only 

includes problems up until 9 x 9. The network should also account for retrieval of more 

complex problems. 

The results also show that a substantial amount of same decade errors are made. The an-

swer that was given was the correct answer to another multiplication problem with the same 

decade in its answer. For simple multiplication problems this was the largest error category, 

together with operand related errors. This finding is consistent with the results of Domah, 

Delazer, and Nuerk (2006). They reanalyzed the data of Campbell (1997) and found that a 

majority of the operand related errors were decade consistent. According to Domah et al. 

(2006) decade consistent errors are explained both by the Interacting Neighbours model of 

Verguts and Fias (2005) and the Network Interference Theory of Campbell (1995); these 

models assume that decades and units are separately activated by the target problem and 

by answers to related problems that are activated because of the association with the target 

problem. Decade consistent errors are, therefore, more plausible than decade inconsistent 

errors. The proportion of same decade answers decreased with age. For older children the 

associative connection with the correct answer was probably strong enough to answer these 

items correctly.  

A substantial amount of errors was close to the correct answer. With the exception of the 

miss 1 category, the proportion of miss errors increased with age. These findings contrast 

with the findings of Butterworth et al. (2003) that close miss errors remained stable from 

grade 3 till 5. However, Butterworth et al. (2003) classified answers as close miss errors 

when they differed less than 10% of the correct answer. This definition best resembles our 

miss 1 category, which also remained stable from grade 2 till grade 6. The increase of other 

miss errors with age suggests that older children use more calculation strategies instead of 

retrieval. This seems plausible as children received problems that matched their ability lev-

el in Math Garden and therefore more complex problems were presented to these children 
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than to children of comparable ages in the study of Butterworth et al. (2003).

Of all operation error categories the addition error category was by far the most com-

mon. Overall, the amount of operation errors decreased with age. The newly introduced 

category m + n0 increased with age up until grade 4. This was probably caused by the fact 

that children in the lower grades were presented with less problems on which the m + n0 

errors could be made. After grade 4 the proportion of this error category also decreased. 

These findings are in accordance with the study of Lemaire and Siegler (1995) who found 

that second graders who were tested three times during a school year tended to make less 

addition errors at the end of the school year.

These findings suggest an increasing differentiation of multiplication from addition, 

while others find increasing integration of the addition and multiplication memory net-

works (Hamann & Ashcraft, 1985; Koshmider & Ashcraft, 1991; Lemaire, Barrett, Fay-

ol, & Abdi, 1994; Lemaire, Fayol, & Abdi, 1991; Miller & Paredes, 1990). Lemaire and 

Siegler (1995) argue that it might be true that the associative networks for multiplication 

and addition become more integrated, but that control processes can effectively differ-

entiate between multiplication and addition when there is sufficient time. These control 

processes become more effective with age. Lemaire and Siegler (1995) came to this con-

clusion, because evidence of more integration of multiplication and addition with age was 

found with tasks in which subjects were encouraged to answer quickly. Possibly, the results 

are game dependent. 

The results show a large proportion of typos. The incentive to win game coins may have 

caused children to be less accurate than they would be on a paper-and-pencil or oral test. 

Surprisingly, the number of typos was especially large for older children. Possibly, the 

combination of the task format with the higher complexity of the items for older children 

led to more typos. This combination could also be the cause of a larger variety of errone-

ous strategies, as indicated by the increase in residual errors. Surprisingly, the number of 

reverse errors, although slightly decreasing with age, was still substantial in higher grades. 

This might also be a result of the task format. Perhaps children were more likely to enter 

numbers in an incorrect order because of the time pressure in the games. Another expla-

nation is that these errors are made more often by Dutch speaking children compared to 

English speaking children in other studies. In the Dutch language units are pronounced 

before decades (i.e., 32: “tweeëndertig”, two-and-thirty). Finally, the working of the mul-

tiplication game might also explain the large proportion of zero answers, as these answers 

were registered when no numbers were entered.

We found a significant proportion of naming and operand intrusion errors and their pro-

portions decreased with age. Restating one of the operands (naming error) seems an initial 
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strategy, which was probably mainly used by children who didn’t know how to calculate 

the answer to a multiplication problem. According to Campbell (1997) operand intrusion 

errors occur when the number reading of the operands of a problem interferes with the re-

trieval of the correct answer. They are assumed to involve a shared representational system. 

These errors are, therefore, assumed to occur when a retrieval strategy is used. In this light, 

a decrease of these errors with age is surprising, as one would expect that older children 

would use more retrieval. Again, the computer adaptive module of Math Garden might be 

the explaining factor. The older children were, the less simple multiplication problems they 

received, and probably less retrieval was used for solving complex multiplication problems.

The proportions of pastesub and addsub errors were small. These two error categories 

both represent errors resulting from incorrect algorithmic multiplication strategies: correct-

ly calculating (part of) the sub results of a multi-digit problem, but incorrectly combining 

these results by pasting them together or adding them without consideration of place value. 

Not surprisingly, the proportion of errors resulting from these invalid strategies decreased 

with age.

It seems difficult to disentangle age and item effects in the dataset from Math Garden. 

Because Math Garden uses an adaptive system for item selection, each child receives items 

that are adjusted to his or her ability level. This selection of items probably affects the types 

of errors made by children in a certain age group. For example, some errors cannot be made 

on simple multiplication problems (i.e., m + n0), others are very unlikely (i.e., ten table > 

100). However, we argue that this makes the dataset particularly suited to study the devel-

opment of children’s errors. Children have to solve items for which they are in the learning 

process of mastering these items. The results therefore generalize better to a classroom 

setting. For teachers it is most relevant to know which errors children make in this learning 

process. By using an adaptive method each child was probably presented with items they 

would also normally solve in a classroom setting. 

Conclusion
With this chapter we set some guidelines for constructing error classification methods 

either for research purposes or for use in an educational setting. We believe that research-

ers but also developers of educational programs should always strive for a classification 

scheme that is as objectively constructed as possible. The weighted frequency rules pre-

sented in this chapter present a good start for the challenging task of classifying children’s 

large variety of multiplication errors. With the weighted frequency rule it is possible to 

construct a list in which each answer to a certain item is classified into the most plausible 

error category.
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We used this rule to classify the errors of a large sample of participants (16,887) with a 

large age range (4-21 year old) on both simple and complex multiplication problems. The 

challenge now lies in the theoretical explanations for these results. Good theories and mod-

els concerning children’s arithmetic ability and development should be able to explain and 

even replicate these results by simulation.

Finally, this chapter meets an educational aim. The classification of errors can be used in 

educational computer programs, such as Math Garden, to give teachers and students feed-

back about the specific errors children make. When either the program or the teacher bases 

instruction for individual children on their most frequent errors, a powerful educational 

tool can be realized.


