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Ohduqlqj lq Ryhuodsslqj Jhqhudwlrqv Prghov

Mdq Wxlqvwud�

Suholplqdu| yhuvlrq

Devwudfw

Zh frqvlghu d vwdqgdug wzr jhqhudwlrqv yhuvlrq ri wkh ryhuodsslqj jhqhud0
wlrqv prgho zlwk gl�huhqw ohduqlqj dojrulwkpv1 Djhqwv suhglfw lq dwlrq udwhv
rq wkh edvlv ri vrph plv0vshfl�hg +olqhdu, shufhlyhg odz ri prwlrq/ zklfk lv hv0
wlpdwhg e| uxqqlqj d uhjuhvvlrq rq sdvw sulfhv ru lq dwlrq udwhv1 Eholhiv pljkw
frqyhujh/ dowkrxjk lq dwlrq udwhv nhhs rq  xfwxdwlqj1 Wkhvh  xfwxdwlrqv duh/
lq vrph vhqvh/ frqvlvwhqw zlwk wkh +plv0vshfl�hg, olplw eholhi1

4 Lqwurgxfwlrq

Uhfhqwo| wkh vkruwfrplqjv ri wkh shuihfw iruhvljkw ru udwlrqdo h{shfwdwlrqv dssurdfk
kdyh ohg dq lqfuhdvlqj qxpehu ri shrsoh wr vwxg| prghov ri ohduqlqj +iru qlfh uhylhzv
rq erxqghg udwlrqdolw| vhh Vdujhqw +4<<6/4<<;,,1 Wkh ryhuodsslqj jhqhudwlrqv prgho
zlwk wzr jhqhudwlrqv kdv sod|hg d surplqhqw uroh lq wklv uhfhqw olwhudwxuh1 Wkh uhdvrqv
iru wklv vhhp wr eh wzrirog1 Iluvw/ wkh ryhuodsslqj jhqhudwlrqv prgho surylghv d
wudfwdeoh g|qdplf jhqhudo htxloleulxpprgho lq zklfk doo djhqwv duh xwlolw| pd{lpl}huv
+ru/ jlyhq wkhlu shufhswlrqv/ eholhyh wkh| duh, dqg pdunhwv fohdu lq hyhu| shulrg1
Wkhuhiruh lw kdv ehfrph d prghoolqj wrro riwhq xwlol}hg e| sursrqhqwv ri wkh udwlrqdo
h{shfwdwlrqv dssurdfk/ hvshfldoo| zkhq lw frphv wr sureohpv lq wkh �hog ri prqhwdu|
hfrqrplfv1 Vhfrqgo|/ xqghu udwlrqdo h{shfwdwlrqv ru shuihfw iruhvljkw wkh ryhuodsslqj
jhqhudwlrqv prgho ihdwxuhv lqghwhuplqdf|= wkhuh lv d frqwlqxxp ri shuihfw iruhvljkw
ruelwv/ ri zklfk doo exw rqh kdyh wkh xqvdwlvidfwru| fkdudfwhulvwlf wkdw wkh| frqyhujh
wr wkh dxwdunlf vwhdg| vwdwh lq zklfk prqh| kdv qr ydoxh14 Lqghhg/ vrph ri wkh �uvw

�Ghsduwphqw ri Txdqwlwdwlyh Hfrqrplfv dqg FhQGHI/ Idfxow| ri Hfrqrplfv dqg Hfrqrphwulfv/
Xqlyhuvlw| ri Dpvwhugdp/ QO0434; ZE/ Wkh Qhwkhuodqgv1 Skrqh= +.64,5308580744:/ id{= +.64,530
8580767</ h0pdlo= wxlqvwudCihh1xyd1qo

4Wklv lv surylghg wkdw zh duh lq wkh Vdpxhovrq fdvh1 Iru wkh fodvvlfdo fdvh doprvw doo shuihfw
iruhvljkw sdwkv whqg wr wkh prqhwdu| vwhdg| vwdwh1 Wklv fodvvlfdo prqhwdu| vwhdg| vwdwh/ krzhyhu/
fdqqrw eh vxssruwhg e| prqh| dqg wkhuhiruh lv vhhq dv ohvv lpsruwdqw lq pdfurhfrqrplf dqdo|vlv1
Iru dq dqdo|vlv ri lqghwhuplqdf| lq pruh jhqhudo ryhuodsslqj jhqhudwlrqv prgho vhh Nhkrh dqg
Ohylqh +4<;8,1

4



prghov ri ohduqlqj lq ryhuodsslqj jhqhudwlrqv prghov zhuh ghyhorshg wr surylgh d
vhohfwlrq ghylfh lq slfnlqj wkh �prvw olnho|� ri wkh gl�huhqw shuihfw iruhvljkw sdwkv1

Lq wklv sdshu zh zloo vwxg| d qxpehu ri ohduqlqj prghov lq d vwdqgdug yhuvlrq ri
wkh ryhuodsslqj jhqhudwlrqv prgho1 Rxu pdlq irfxv lv qrw rq ohduqlqj dv d vhohfwlrq
ghylfh exw rq wkh g|qdplfv ri gl�huhqw ohduqlqj prghov lwvhoi1 Zh eholhi wkh dqdo|vlv
ri ohduqlqj g|qdplfv lv dq lpsruwdqw vxemhfw vlqfh lw pd| surylgh xv zlwk d ehwwhu
ghvfulswlrq ri kxpdq ehkdylrxu wkdq wkh udwlrqdo h{shfwdwlrqv k|srwkhvlv grhv dqg
lw pd| dffrxqw iru vrph ri wkh g|qdplfdo skhqrphqd revhuyhg lq uhdolw|1 Wkh dfwxdo
g|qdplfv ri rxu prgho duh jlyhq e| d frpsolfdwhg qrqolqhdu pds1 Lw lv dvvxphg
wkdw wkh djhqwv gr qrw nqrz wklv frpsolfdwhg pds exw wkdw wkh| eholhyh wkdw wkh
g|qdplfv hyroyhv dffruglqj wr vrph vlpsoh olqhdu uhodwlrqvkls1 Wkh| hvwlpdwh wklv
uhodwlrqvkls e| xvlqj d ohdvw vtxduhv dojrulwkp1 Wkh hvwlpdwhg prgho wkhq surylghv
djhqwv* h{shfwdwlrqv derxw vrph yduldeoh/ iru h{dpsoh lq dwlrq udwhv1 Vlqfh wkh dfwxdo
uhdol}dwlrqv ri wklv yduldeoh ghshqg xsrq wklv h{shfwdwlrq/ wkh ohduqlqj ihhgv edfn lqwr
wkh dfwxdo g|qdplfv1 Wkhvh uhdol}dwlrqv ri wkh yduldeoh djdlq ohdg wr dq xsgdwh ri wkh
hvwlpdwhg uhodwlrqvkls1 Lq wklv zd| d forvhg prgho ri dfwxdo g|qdplfv dqg ohduqlqj
g|qdplfv dulvhv1 Dq lpsruwdqw dvshfw ri wklv prgho/ lq zklfk lw gl�huv iurp prvw ri
wkh h{lvwlqj olwhudwxuh rq ohduqlqj lq hfrqrplf prghov/ lv wkh vwuxfwxudo plvshufhswlrq
ri djhqwv1 Wkh prgho wkh| kdyh ri wkh hfrqrp| lv plv0vshfl�hg1 Zh eholhyh wkdw wklv
lv wkh prvw vhqvleoh dssurdfk wr ohduqlqj lq hfrqrplf prghov1 Wkh shufhswlrqv ri
dq djhqw kdyh wr eh pxfk vlpsohu wkdq wkh xqnqrzq hfrqrplf prgho lwvhoi zklfk/
dprqj rwkhu wklqjv/ ghshqgv xsrq wkh shufhswlrq ri wklv djhqw dqg wkh shufhswlrqv
ri doo rwkhu djhqwv lq wkh hfrqrp| dqg wkhuhiruh zloo eh yhu| frpsolfdwhg1 Djhqwv
zloo lq jhqhudo xvh vlpsoh �uxohv ri wkxpe� wr pdnh suhglfwlrqv1

Zh lqyhvwljdwh vrph gl�huhqw w|shv ri shufhlyhg odzv ri prwlrq lq wklv sdshu1 Zh
�qg wkdw gl�huhqw w|shv ri eholhiv pd| ohdg wr gl�huhqw vwdelolw| surshuwlhv ri wkh
dfwxdo g|qdplfv dqg lq idfw ydulrxv g|qdplfdo skhqrphqd/ vxfk dv wkh h{lvwhqfh ri
shulrglf f|fohv/ txdvl shulrglf ruelwv dqg vwudqjh dwwudfwruv/ pljkw rffxu1 Ixuwkhu0
pruh lw lv lpsruwdqw zkhwkhu wkh shufhlyhg odz ri prwlrq lv sxw lq whupv ri sulfh
ohyhov ru lq whupv ri lq dwlrq udwhv/ lq sduwlfxodu zkhq wkhuh lv d srvlwlyh qhw lq d0
wlrq udwh lq htxloleulxp1 Fohduo| wkh qxpehu ri srvvleoh shufhlyhg odzv ri prwlrq
lv xqerxqghg1 Zh krsh wr surylgh pruh lqvljkw lqwr wklv �zloghuqhvv ri erxqghg
udwlrqdolw|� e| vwxg|lqj zklfk ri wkhvh shufhlyhg odzv ri prwlrq duh/ lq vrph vhqvh/
uhdvrqdeoh1

Rxu zrun lv uhodwhg wr wkdw ri Krpphv dqg Vrujhu +4<<;,1 Wkh| lqwurgxfh wkh
qrwlrq ri frqvlvwhqw h{shfwdwlrqv htxloleuld1 Lq wkhlu prgho djhqwv xvh vlpsoh olqhdu
h{shfwdwlrq uxohv lq d qrqolqhdu hqylurqphqw1 D frqvlvwhqw h{shfwdwlrqv htxloleulxp
wkhq hphujhv zkhq wkhuh duh qr vwuxfwxudo huuruv +wkdw lv/ vdpsoh dyhudjhv dqg vdpsoh
dxwrfruuhodwlrqv duh htxdo iru wkh shufhlyhg dqg wkh dfwxdo prghov, lq wkh iruhfdvwv
djhqwv pdnh jlyhq wkhlu h{shfwdwlrqv ixqfwlrq dqg wkh dfwxdo g|qdplfv lpsolhg e|
wklv h{shfwdwlrqv ixqfwlrq1 Lq vxfk dq htxloleulxp djhqwv fdqqrw lpsuryh xsrq wkhlu
iruhfdvwv lq d olqhdu vwdwlvwlfdo vhqvh1 Rwkhu uhodwhg zrun fdq eh irxqg lq wkh olwhud0
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wxuh rq ohduqlqj lq whpsrudo htxloleulxp g|qdplfv +Eùkp dqg Zhq}hoexujhu +4<<<,/
Fkdwwhuml +4<<8,/ Gx�| +4<<7, dqg Ohwwdx dqg Ydq ]dqgw +4<<8,, dqg lq wkh olwhud0
wxuh rq ohdvw vtxduhv ohduqlqj lq pdfurhfrqrplf prghov +Eud| +4<;5,/ Eud| dqg Vdylq
+4<;9, dqg Pdufhw dqg Vdujhqw +4<;<d/e,,1 D qxpehu ri frqwulexwlrqv kdv irfxvhg
rq wkh srvvlelolw| ri qrqfrqyhujhqfh ri ohdvw vtxduhv ohduqlqj ru rwkhu ohduqlqj dojr0
ulwkpv lq whpsrudo htxloleulxp g|qdplfv +Ehqdvv| dqg Eodg +4<;<,/ Exoodug +4<<7,/
Judqgprqw dqg Odurtxh +4<<4, dqg Vfkùqkrihu +4<<9,,1 Rxu dssurdfk idoov zlwklq
wklv vwudqg ri wkh olwhudwxuh1 Dowkrxjk d srsxodu zd| wr prgho ohduqlqj/ wkh ohdvw
vtxduhv ohduqlqj dssurdfk lv qrw wkh rqo| ohduqlqj prgho1 Iru h{dpsoh/ wkhuh kdv
ehhq d jurzlqj lqwhuhvw lq wkh jhqhwlf dojrulwkp dv d ohduqlqj prgho1 Dssolfdwlrqv
ri wkh jhqhwlf dojrulwkp lq ryhuodsslqj jhqhudwlrq prghov fdq eh irxqg lq Dulirylf
+4<<8/4<<9, dqg Exoodug dqg Gx�| +4<<;/4<<<,1

Wklv sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 lqwurgxfhv wkh ryhuodsslqj jhqhud0
wlrqv prgho zh vwxg| lq wklv sdshu dqg eulh | glvfxvvhv vwdelolw| surshuwlhv ri wkh
shuihfw iruhvljkw sdwkv1 Wklv prgho lv wdnhq iurp Exoodug +4<<7, +dqg lv dovr vwxg0
lhg e| Vfkùqkrihu +4<<9,,1 Lq vhfwlrq 6 vhyhudo irupv ri h{shfwdwlrq irupdwlrq duh
glvfxvvhg1 Wkhvh duh vwdwlf lq wkh vhqvh wkdw wkh| duh lqyduldqw ryhu wlph dqg duh
qrw xsgdwhg dv qhz lqirupdwlrq ehfrphv dydlodeoh1 Lq vhfwlrq 7 zh vwxg| wkh ohdvw
vtxduhv ohduqlqj dojrulwkp dv sxw iruwk e| Exoodug +4<<7, dqg jlyh d fulwlfdo dvvhvv0
phqw ri klv uhvxowv1 Zh dovr suhvhqw d ohduqlqj dojrulwkp rq lq dwlrq udwhv/ forvho|
uhodwhg wr klv/ zlwk vljql�fdqwo| gl�huhqw vwdelolw| surshuwlhv1 Lq vhfwlrq 8 dqg 9 zh
suhvhqw ohduqlqj dojrulwkp rq shufhlyhg odzv ri prwlrqv wkdw rqo| lqyroyh lq dwlrq
udwhv dqg qrw sulfh ohyhov1 Zh vkrz/ pdlqo| e| qxphulfdo lqyhvwljdwlrq/ wkdw frpsol0
fdwhg g|qdplfdo skhqrphqd pljkw rffxu/ dowkrxjk wkh ohduqlqj g|qdplfv frqyhujhv1
Vhfwlrq : vxppdul}hv1

5 Wkh ryhuodsslqj jhqhudwlrqv prgho

Lq wklv vhfwlrq zh iroorz Exoodug +4<<7, dqg frqvlghu d vwdqgdug wzr shulrg ryhu0
odsslqj jhqhudwlrqv prgho zkhuh lq hdfk shulrg d jhqhudwlrq lv eruq wkdw olyhv iru
wzr shulrgv1 Ri frxuvh wklv lv d yhu| vlpsoh prgho dqg lw fdq rqo| vhuyh dv d �uvw
dssur{lpdwlrq wr pruh frpsolfdwhg prghov zlwk pruh jhqhudwlrqv/ gl�huhqw djhqwv
dqg pruh frpprglwlhv shu shulrg1 Zh eholhyh/ krzhyhu/ wkdw wklv vlpsol�hg prgho
lv vx!flhqwo| ulfk wr looxvwudwh wkh pdlq ihdwxuhv ri ohduqlqj lq pruh jhqhudo prghov1
Wkh jhqhudwlrq eruq lq shulrg | vroyhv wkh iroorzlqj sureohp

4@ 
SfcS�

L ESfc S�� vxemhfw wr R|Sf n Re|n�S� � R|�f n Re|n���c

zkhuh L G U-2
n $ U- lv d vwulfwo| prqrwrqh/ vwulfwo| txdvl frqfdyh xwlolw| ixqfwlrq/ Sf

dqg S� duh frqvxpswlrq lq wkh �uvw dqg vhfrqg shulrg ri wkh djhqw*v olih/ �f dqg ��

duh hqgrzphqwv lq wkh �uvw dqg vhfrqg shulrg ri wkh djhqw*v olih/ R| lv wkh sulfh lq
shulrg | dqg Re|n� lv wkh h{shfwhg sulfh lq shulrg |n�1 Wklv rswlpl}dwlrq uhvxowv lq d
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vdylqjv ixqfwlrq 7
�
Re
|n�

R|

�
' �f � Sf

�
Re
|n�

R|

�
iru wkh |rxqj frqvxphu1 Zh dvvxph wkdw

wkh rqo| phdqv ri vdylqj lv prqh| dqg/ dw ohdvw iru wkh sulfh sdwkv zh zloo vwxg|/
wkh vdylqjv ixqfwlrq zloo dozd|v eh qrqqhjdwlyh15 Wkh ghpdqg iru prqh| lq shulrg |
wkhq lv

�|

R|
' 7

#
Re|n�
R|

$
�

Wkh jryhuqphqw kdv d vhulhv ri h{rjhqrxv h{shqglwxuhv/ srvvleo| qhjdwlyh/ zklfk lw
�qdqfhv e| vhljqrudjh1 Wklv uhvxowv lq wkh iroorzlqj uxoh iru wkh jurzwk ri wkh prqh|
vwrfn

�| ' w�|3��

Htxloleulxp rq wkh prqh| pdunhw wkhq lv jlyhq e|

7

#
Re|n�
R|

$
R| ' w7

#
Re|
R|3�

$
R|3�c +4,

ru lq whupv ri jurvv lq dwlrq udwhv Z| � R|n�
R|

c

Z|3�7 EZe
|� ' w7

�
Ze
|3�

�
� +5,

Iurp wklv odvw h{suhvvlrq lw fdq eh vhhq wkdw wklv v|vwhp fdq kdyh wzr gl�huhqw w|shv
ri vwhdg| vwdwh htxloleuld= wkh prqhwdu| vwhdg| vwdwh ZW ' w dqg/ li lw h{lvwv/ wkh
dxwdunlf vwhdg| vwdwh ZW ' Z@/ zkhuh Z@ lv vxfk wkdw 7 EZ@� ' f1 Li hqgrzphqwv
lq erwk shulrgv duh srvlwlyh wkh dxwdunlf vwhdg| vwdwh h{lvwv dqg li suhihuhqfhv duh
vprrwk dqg vwulfwo| frqyh{/ wkh dxwdunlf vwhdg| vwdwh lv xqltxh1 Zh zloo rffdvlrqdoo|
pdnh wkh iroorzlqj dvvxpswlrqv rq wkh vdylqjv ixqfwlrq 7 E��

Dvvxpswlrqv

4, 7 lv wzlfh gl�huhqwldeoh dqg 7� E�� 	 fc
5, 7 Ew� : f1

Dvvxpswlrq � vwdwhv wkdw vdylqjv duh d ghfuhdvlqj ixqfwlrq ri wkh lq dwlrq udwh1
Wklv lpsolhv wkdw Sf dqg S� duh jurvv vxevwlwxwhv1 Dvvxpswlrq 2 vwdwhv wkdw zh duh
lq wkh Vdpxhovrq fdvh zkhuh lq wkh prqhwdu| vwhdg| vwdwh vdylqjv duh srvlwlyh dqg
shrsoh wudqvihu lqfrph iurp wkh suhvhqw wr wkh ixwxuh1 Dvvxpswlrqv � dqg 2 wrjhwkhu
lpso| wkdw Z@ : w1 Iru frqyhqlhqfh zh lqwurgxfh wkh iroorzlqj yduldeoh

@ EZ� ' �Z7
� EZ�

7 EZ�
�

@ EZ� lv wkh +qhjdwlyh ri wkh, lq dwlrq hodvwlflw| ri vdylqjv dqg sod|v dq lpsruwdqw uroh
lq wkh g|qdplfdo ehkdylrxu ri wkh ryhuodsslqj jhqhudwlrqv prgho1 Xqghu dvvxpswlrqv
� dqg 2 zh kdyh @ Ew� : f1

5Zh duh wkhuhiruh irfxvlqj rq wkh Vdpxhovrq fdvh/ zkhuh djhqwv vdyh zkhq |rxqj dqg glvvdyh
zkhq rog1
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Iljxuh 4= Vdylqjv ixqfwlrqv1 Xsshu gldjudp= FHV vdylqjv ixqfwlrq/ orzhu gldjudp=
frpsolfdwhg qrq0prqrwrqlf vdylqjv ixqfwlrq

Lq rughu wr gr vrph qxphulfdo lqyhvwljdwlrqv zh kdyh wr vshfli| wkh vdylqjv ixqf0
wlrq1 Iroorzlqj Exoodug +4<<7, zh frqvlghu wkh iroorzlqj wzr w|slfdo h{dpsohv1 Wkh

�uvw rqh ghulyhv iurp wkh zhoo0nqrzq FHV xwlolw| ixqfwlrq L ESfc S�� ' ES4f n S4��
�

4 zlwk
hqgrzphqwv �f ' � dqg �� ' f dqg �

2
	 4 	 �� Wkh vdylqjv ixqfwlrq wkhq ehfrphv

7 EZ� '
�

� n Z
4

�34

�

Qrwlfh wkdw lw vdwlv�hv dvvxpswlrqv � dqg 2� Ixuwkhupruh/ vlqfh �� ' f wkh dxwdunlf
vwhdg| vwdwh grhv qrw h{lvw lq wklv fdvh1 Wkh lq dwlrq hodvwlflw| ri vdylqjv iru wklv
vdylqjv ixqfwlrq lv

@ EZ� '
4

�� 4

�

� n Z
4

43�

�

Zh zloo dovr frqvlghu d pruh frpsolfdwhg h{dpsoh ri d vdylqjv ixqfwlrq wr looxvwudwh
vrph frpsolfdwhg skhqrphqd wkdw pljkw rffxu lq rxu prgho1 Wkh vdylqjv ixqfwlrq
lv dq djjuhjdwh h{fhvv ghpdqg ixqfwlrq dqg wkhuhiruh e| wkh Vrqqhqvfkhlq0Gheuhx0
Pdqwho uhvxowv +vhh Gheuhx +4<:7,/ Pdqwho +4<:7/4<:9, dqg Vrqqhqvfkhlq +4<:6,, lw
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fdq wdnh rq doprvw dq| irup1 Zh wkhuhiruh dovr frqvlghu wkh iroorzlqj qrq0prqrwrqlf
wudqvirupdwlrq ri wkh FHV vdylqjv ixqfwlrq

7 EZ� ' i T

%
� ULt

#
�f

� n Z
4

43�

$&
�

Iljxuh 4 vkrzv wkhvh wzr vdylqjv ixqfwlrqv iru 4 ' �

e
1

Ehiruh zh wxuq wr wkh vwxg| ri gl�huhqw prghv ri ohduqlqj dqg h{shfwdwlrq iru0
pdwlrq lq wklv ryhuodsslqj jhqhudwlrqv prgho/ zh eulh | frqvlghu wkh fdvh ri shuihfw
iruhvljkw1 Xqghu shuihfw iruhvljkw djhqwv nqrz h{dfwo| zklfk lq dwlrq udwhv zloo re0
wdlq lq wkh ixwxuh1 Wkhuhiruh Ze

|n� ' Z|n�1 Wkh ryhuodsslqj jhqhudwlrqv prgho +5,
wkhq uhgxfhv wr

7 EZ|� ' w
7 EZ|3��

Z|3�

� +6,

Xqghu wkh dvvxpswlrq wkdw vdylqjv ghfuhdvh dv wkh lq dwlrq udwh ulvhv/ wkh whpsrudo
htxloleulxp pds/ lpsolflwo| gh�qhg e| +6, lv xszdug vorslqj1 Wkhuhiruh qr frpsol0
fdwhg shuihfw iruhvljkw g|qdplfv/ vxfk dv f|fohv dqg fkdrv fdq rffxu +li wkh vdylqjv
ixqfwlrq lv qrq0prqrwrqlf/ f|fohv dqg hyhq fkdrwlf shuihfw iruhvljkw sdwkv pd| rffxu
+vhh Judqgprqw +4<;8,,1 Iljxuh 5 vkrzv wklv whpsrudo htxloleulxp pds1 Iurp wklv
�jxuh wkh iroorzlqj zhoo nqrzq uhvxow lpphgldwho| iroorzv1

Sursrvlwlrq 4 Xqghu dvvxpswlrqv � dqg 2 wkh ryhuodsslqj jhqhudwlrqv prgho zlwk
shuihfw iruhvljkw +6, kdv d orfdoo| vwdeoh dxwdunlf vwhdg| vwdwh Z@ dqg dq xqvwdeoh
prqhwdu| vwhdg| vwdwh w1

Surri1 Olqhdul}lqj +6, durxqg d vwhdg| vwdwh ZW jlyhv

7� EZW� _Z| ' w
ZW7� EZW�� 7 EZW�

EZW�2
_Z|3��

Iru ZW ' w zh kdyh

_Z| '

%
�� 7 Ew�

w7� Ew�

&
_Z|3� '

%
� n

�

@ Ew�

&
_Z|3��

Vlqfh @ Ew� : f wkh prqhwdu| vwhdg| vwdwh lv xqvwdeoh1 Iru ZW ' Z@ zh kdyh

_Z| '
w

Z@
_Z|3�c

dqg vlqfh Z@ : w/ wkh dxwdunlf vwhdg| vwdwh lv orfdoo| vwdeoh1
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Iljxuh 5= Wkh shuihfw iruhvljkw pdsslqj1 Wkh orzhu htxloleulxp fruuhvsrqgv wr wkh
prqhwdu| vwhdg| vwdwh w dqg wkh kljhu htxloleulxp fruuhvsrqgv wr wkh dxwdunlf vwhdg|
vwdwh Z@�

Doo ruelwv vwduwlqj iurp wkh uljkw ri wkh prqhwdu| vwhdg| vwdwh frqyhujh wr wkh
dxwdunlf vwhdg| vwdwh6 dqg doo ruelwv vwduwlqj iurp wkh ohiw ri wkh prqhwdu| vwhdg|
vwdwh ehfrph lqihdvleoh lq �qlwh wlph/ wkdw lv wkh lq dwlrq udwhv nhhs idoolqj xqwlo iru
d fhuwdlq Z| wkhuh lv qr lq dwlrq udwh Z|n� vxfk wkdw wkh prqh| pdunhw fohduv1

Lq wkh pdfurhfrqrplf olwhudwxuh wkh g|qdplfdo ehkdylrxu ri wkh ryhuodsslqj jhqhu0
dwlrqv prgho xqghu shuihfw iruhvljkw kdv ehhq shufhlyhg dv glvwxuelqj iru wkh iroorzlqj
uhdvrq1 Wkh shuihfw iruhvljkw htxloleulxp sdwkv duh lqghwhuplqdwh/ wkdw lv/ wkhuh lv
dq lq�qlw| ri shuihfw iruhvljkw htxloleulxp sdwkv/ qrqh ri zklfk lv orfdoo| xqltxh +iru
d glvfxvvlrq vhh Iduphu +4<<6,,1 Rqo| rqh ri wkhvh shuihfw iruhvljkw sdwkv jlyhv wkh
prqhwdu| vwhdg| vwdwh w/ doo rwkhu shuihfw iruhvljkw sdwkv frqyhujh wr d vwhdg| vwdwh
zkhuh prqh| kdv qr ydoxh1 D qxpehu ri frqwulexwlrqv kdyh irfxvhg rq wkh pxowlsolf0
lw| ri shuihfw iruhvljkw sdwkv dqg dujxhg wkdw e| lqwurgxflqj vrph nlqg ri dgdswlyh
h{shfwdwlrqv ru ohduqlqj wkh �prvw olnho|� shuihfw iruhvljkw sdwk fdq eh vlqjohg rxw1
Oxfdv +4<;9, vkrzv lq d vwdqgdug yhuvlrq ri wkh ryhuodsslqj jhqhudwlrqv prgho wkdw
li djhqwv suhglfw wkh +lqyhuvh ri wkh, sulfh ohyho e| xvlqj d vdpsoh dyhudjh ri suhyl0

6Iru rxu h{dpsoh zlwk FHV xwlolw| ixqfwlrqv qr dxwdunlf vwhdg| vwdwh h{lvwv dqg doo ruelwv vwduwlqj
iurp wkh uljkw ri wkh prqhwdu| vwhdg| vwdwh wkhq glyhujh wr lq�qlw|1

:



rxv revhuydwlrqv ri wkh +lqyhuvh ri wkh, sulfh ohyho/ wkhuh zloo eh frqyhujhqfh wr wkh
prqhwdu| vwhdg| vwdwh1 Pdufhw dqg Vdujhqw +4<;<e, vwxg| wkh g|qdplfdo ehkdylrxu
ri dq ryhuodsslqj jhqhudwlrqv prgho ri k|shulq dwlrq vlplodu wr rxuv/ zkhq djhqwv
xvh d ohdvw vtxduhv uhjuhvvlrq rq sdvw sulfhv wr suhglfw ixwxuh sulfhv1 Wkh| vkrz/
iru wkhlu prgho/ wkdw wkhuh fdq rqo| eh frqyhujhqfh wr wkh prqhwdu| vwhdg| vwdwh1
Wkh| krzhyhu dovr srlqw rxw wkdw wkh ohdvw vtxduhv ohduqlqj dojrulwkp pd| ohdg wr
lqvwdelolw|1

Lw lv lpsruwdqw wr qrwh wkdw doo wkhvh uhvxowv uhihu wr wkh Vdpxhovrq fdvh/ zkhuh
lqfrph lv wudqvihuuhg iurp wkh |rxqj wr wkh rog1 Doo vwdelolw| uhvxowv duh uhyhuvhg
zkhq zh frqvlghu wkh fodvvlfdo fdvh/ zkhuh |rxqj djhqwv frqvxph pruh wkdq wkhlu
hqgrzphqw dqg wkhuhiruh �glvvdyh� +wkdw lv/ vdylqj ri wkh |rxqj lv qhjdwlyh,1 Rog
djhqwv wkhq sd| edfn wkh ghew wkh| lqfxuuhg zkhq wkh| zhuh |rxqj1

6 Vwdwlf h{shfwdwlrqv

Lq wkh suhylrxv vhfwlrq zh kdyh glvfxvvhg wkh g|qdplfv ri wkh ryhuodsslqj jhqhud0
wlrqv prgho xqghu shuihfw iruhvljkw1 Fohduo|/ wkh dvvxpswlrq ri shuihfw iruhvljkw lv
d ghpdqglqj rqh/ vlqfh lw uhtxluhv wkdw djhqwv h{dfwo| nqrz wkh pdunhw htxloleulxp
htxdwlrqv dqg duh deoh wr xvh wkhvh wr frpsxwh wkh pdunhw fohdulqj sulfhv iru wkh qh{w
shulrgv1 Iurp qrz rq zh zloo frqvlghu ohvv glylqh djhqwv/ zkr xvh revhuydwlrqv rq
sdvw sulfhv ru lq dwlrq udwhv wr pdnh suhglfwlrqv derxw ixwxuh lq dwlrq udwhv1 Lq wklv
vhfwlrq zh zloo frqvlghu vlpsoh irupv ri edfnzdug orrnlqj h{shfwdwlrqv1 Iluvw zh kdyh
wr eh fohdu derxw wkh lqirupdwlrq djhqwv srvvhv dw wkh prphqw wkh| kdyh wr pdnh
suhglfwlrqv1 Djhqwv eruq lq shulrg | n � nqrz doo sulfhv xs wr wlph |c dqg wkhuhiruh
wkh odvw lq dwlrq udwh wkh| kdyh revhuyhg lv Z|3� '

R|
R|3�

� Wkh vdylqjv ghflvlrq ri wkhvh
qhzeruq rqo| ghshqgv xsrq wkh udwlr ri sulfh ohyhov ehwzhhq shulrgv |n� dqg |n2�
Wkh h{shfwdwlrq Ze

|n� ri wklv sulfh udwlr lv rqh ri wkh ghwhuplqdqwv ri wkh sulfh ohyho
R|n� lq shulrg | n �� Zh pdnh wkh dvvxpswlrq wkdw djhqwv kdyh douhdg| pdgh wkhlu
vdylqjv ghflvlrq dw wkh prphqw wkh| hqwhu wkh prqh| pdunhw dqg wkdw wkh sulfhv
wkh| revhuyh dw wklv pdunhw wkhuhiruh fdqqrw h�hfw wklv ghflvlrq dq|pruh1 Khqfh/
wkh h{shfwdwlrq Ze

|n� dqg wkh vdylqjv ghflvlrq lv edvhg xsrq lqirupdwlrq rq lq dwlrq
udwhv xs wloo wlph | � �� Dq dowhuqdwlyh zrxog eh wr ohw wkh h{shfwdwlrq irupdwlrq ri
djhqwv iru Ze

|n� dovr ghshqg xsrq wkh ydoxh ri Z|� Ohwwdx dqg Ydq ]dqgw +4<<8, vkrz
wkdw wkhvh gl�huhqfhv lq lqirupdwlrq vwuxfwxuh ohdg wr vljql�fdqw gl�huhqfhv lq wkh
g|qdplfdo ehkdylrxu ri wkh ryhuodsslqj jhqhudwlrqv prgho17

Zh zloo �uvw frqvlghu qdlyh h{shfwdwlrqv1 Xqghu qdlyh h{shfwdwlrqv djhqwv eholhyh
wkdw wkh lq dwlrq udwh lq wkh qh{w shulrg zloo eh wkh vdph dv lq wklv shulrg1 Gxh wr
wkh lqirupdwlrq vwuxfwxuh glvfxvvhg deryh zh wkhq rewdlq wkh iroorzlqj h{shfwdwlrqv

7Rxu dssurdfk lv pruh frpprq lq wkh olwhudwxuh1 Rqh ri wkh uhdvrqv iru wklv lv wkdw lw zrxog
frpsolfdwh wkh dqdo|vlv frqvlghudeo|/ li zh zrxog dvvxph wkdw wkh h{shfwdwlrq zrxog ghshqg xsrq
fxuuhqw lq dwlrq udwhv1 Wklv zrxog lpso| wkdw zh kdyh wr vroyh iru dq htxloleulxp lq hdfk shulrg
dqg d forvhg irup h{suhvvlrq iru wkh lq dwlrq g|qdplfv zrxog wkhq qrw eh dydlodeoh1
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vfkhph= Ze
|n� ' Z|3�1 Wkh ryhuodsslqj jhqhudwlrqv prgho +5, qrz ehfrphv

Z|n� ' w
7 EZ|3��

7 EZ|�
� +7,

D orfdo vwdelolw| dqdo|vlv ri wkh prqhwdu| vwhdg| vwdwh wkhq uhyhdov wkh iroorzlqj1

Sursrvlwlrq 5 Dvvxph wkdw @� Ew� 9' f1 Xqghu dvvxpswlrqv � dqg 2 wkh ryhuodsslqj
jhqhudwlrqv prgho zlwk qdlyh h{shfwdwlrqv +7, jhqhulfdoo| xqghujrhv d Krsi elixufdwlrq
dw wkh prqhwdu| vwhdg| vwdwh zkhq @ Ew� ' �1 Iru @ Ew� 	 � wkh prqhwdu| vwhdg| vwdwh
lv vwdeoh dqg iru @ Ew� : � wkh prqhwdu| vwhdg| vwdwh lv xqvwdeoh1 Li dvvxpswlrqv �
dqg 2 duh qrw vdwlv�hg dqg @ Ew� 	 fc wkhq jhqhulfdoo| d shulrg0grxeolqj elixufdwlrq
rffxuv dw wkh prqhwdu| vwhdg| vwdwh iru wkdw ydoxh ri w iru zklfk @ Ew� ' ��

2
� Wkhq

li ��

2
	 @ Ew� 	 � wkh prqhwdu| vwhdg| vwdwh lv orfdoo| vwdeoh dqg li @ Ew� 	 ��

2
wkh

prqhwdu| vwhdg| vwdwh lv xqvwdeoh1

Surri1 Wkh ryhuodsslqj jhqhudwlrqv prgho fdq eh zulwwhq dv d v|vwhp ri wzr �uvw
rughu gl�huhqfh htxdwlrqv

Z|n� ' w
7 E�|�

7 EZ|�
c

�|n� ' Z|�

Olqhdul}lqj wklv v|vwhp durxqg lwv vwhdg| vwdwh EZWc �W� ' Ewc w� jlyhv

#
_Z|n�

_�|n�

$
'

#
@ Ew� �@ Ew�
� f

$#
_Z|

_�|

$
�

Wkh hljhqydoxhv ri wkh Mdfreldq pdwul{ duh

>�c2 '
�

2
@ Ew�	 �

2

t
E@ Ew�� e� @ Ew��

Wkhvh hljhqydoxhv duh frpsoh{ iru @ Ew� 5 Efc e�1 Wkh hljhqydoxhv furvv wkh xqlw flufoh
zkhq

>�>2 ' @ Ew� ' �

Wkhuhiruh d Krsi elixufdwlrq rffxuv zkhq @ Ew� ' �1 Li @ Ew� 	 f wkh hljhqydoxhv duh
uhdo1 Lw fdq eh hdvlo| fkhfnhg wkdw wkh srvlwlyh urrw lv dozd|v vpdoohu wkdq n�� Wkh
qhjdwlyh urrw htxdov �� zkhq @ Ew� ' ��

2
�

Wkh Krsi elixufdwlrq uhihuuhg wr lq wkh sursrvlwlrq pd| eh vxefulwlfdo ru vxshu0
fulwlfdo1 Iru d vxefulwlfdo Krsi elixufdwlrq d uhshoolqj lqyduldqw forvhg fxuyh durxqg
wkh prqhwdu| vwhdg| vwdwh h{lvwv iru @ Ew� forvh wr exw vpdoohu wkdq �1 Wklv forvhg
fxuyh frdohvfhv zlwk wkh prqhwdu| vwhdg| vwdwh dw @ Ew� ' �1 Lw lpsolhv wkdw/ dv
@ Ew� dssurdfkhv �/ wkh edvlq ri dwwudfwlrq ri wkh prqhwdu| vwhdg| vwdwh vkulqnv dqg

<



Iljxuh 6= Dwwudfwruv iru wkh RJ prgho zlwk qdlyh h{shfwdwlrqv1 d, Lqyduldqw flufoh
fuhdwhg wkurxjk Krsi elixufdwlrq iru RJ zlwk FHV vdylqjv ixqfwlrq/ 4 ' �

e
dqg

w ' f�HD1 e, Shulrg wzr f|foh fuhdwhg wkurxjk  ls elixufdwlrq iru wkh frpsolfdwhg
vdylqjv ixqfwlrq/ 4 ' �

e
dqg w ' f��S1 f, dqg g, Vwudqjh dwwudfwruv iru RJ zlwk

frpsolfdwhg vdylqjv ixqfwlrq/ 4 ' �

e
dqg w ' f�.b2S dqg w ' 2��ec uhvshfwlyho|1

�qdoo| glvdsshduv1 Iru d vxshufulwlfdo Krsi elixufdwlrq dq dwwudfwlqj forvhg fxuyh
h{lvwv iru @ Ew� forvh wr dqg odujhu wkdq �1 Rq wkh lqyduldqw forvhg fxuyh fuhdwhg lq
wkh Krsi elixufdwlrq wkh g|qdplfv duh txdvl shulrglf1 Vlpxodwlrqv vxjjhvw wkdw iru
rxu ryhuodsslqj jhqhudwlrqv prgho zlwk FHV xwlolw| ixqfwlrqv wkh Krsi elixufdwlrq lv
vxshufulwlfdo1 Wkh elixufdwlrq ydoxh ri w fdq eh h{solflwo| fdofxodwhg dv

wW '

#
24� �

�� 4

$43�

4

c
�

2
	 4 	 �� +8,

Iljxuh 61d, vkrzv dq h{dpsoh ri wkh dwwudfwlqj forvhg fxuyh fuhdwhg wkurxjk wklv
vxshufulwlfdo Krsi elixufdwlrq/ iru wkh prgho zlwk FHV xwlolw| ixqfwlrqv dqg 4 ' �

e
/

w ' f�HD : �

t
�

2
' wW18 Wkh rwkhu slfwxuhv lq �jxuh 6 duh dwwudfwruv iru wkh ryhuodsslqj

8Wklv fruuhvsrqgv wr d vlwxdwlrq ri gh dwlrq zkhuh wkh jryhuqphqw dovr vxssolhv wkh frpprglw|

43



jhqhudwlrqv prgho zlwk wkh pruh frpsolfdwhg vdylqjv ixqfwlrq1 Dv fdq eh vhhq iurp
�jxuh 41e, wkh vorsh ri wklv vdylqjv ixqfwlrq ehfrphv srvlwlyh dw d fhuwdlq wlph dqg
wkhuhiruh @ Ew� ehfrphv qhjdwlyh1 Iru 4 ' �

e
dqg w � f��D�Dc @ Ew� ' ��

2
dqg d shulrg

grxeolqj elixufdwlrq rffxuv uhvxowlqj lq d shulrg wzr ruelw1 Wklv dwwudfwlqj shulrg wzr
ruelw lv vkrzq lq �jxuh 6e,/ iru w ' f��S� Iru wklv frpsolfdwhg vdylqjv ixqfwlrq/ dovr
vrph vwudqjh dwwudfwruv pljkw hphujh1 Dv fdq eh vhhq iurp �jxuh 41e, dv w lqfuhdvhv
@ Ew� lqfuhdvhv djdlq dqg ehfrphv srvlwlyh1 Lq idfw/ iru w � f�.Hbf/ wkh lq dwlrq
hodvwlflw| ri vdylqjv htxdov � dqg d Krsi elixufdwlrq rffxuv1 Wklv Krsi elixufdwlrq
uhvxowv lq dq lqyduldqw flufoh1 Wklv lqyduldqw flufoh xqghujrhv d elixufdwlrq urxwh wr
d vwudqjh dwwudfwru dv w lqfuhdvhv hyhq pruh1 Wklv vwudqjh dwwudfwru lv vkrzq iru
w ' f�.b2S lq �jxuh 61f,1 Lw frh{lvwv zlwk wkh shulrg wzr ruelw fuhdwhg lq wkh sulpdu|
elixufdwlrq1 Wkh vwudqjh dwwudfwru vrrq ehfrphv xqvwdeoh krzhyhu/ dqg wkhq doprvw
doo ruelwv frqyhujh wr wkh shulrg wzr f|foh djdlq1 Dv w lqfuhdvhv wkh prqhwdu| vwhdg|
vwdwh ehfrphv vwdeoh djdlq dqg orvhv vwdelolw| wkurxjk d shulrg grxeolqj elixufdwlrq
djdlq +frpsduh �jxuh 41e,,1 Iljxuh 61g, vkrzv dqrwkhu vwudqjh dwwudfwru/ iru w ' 2��e1
Wklv dwwudfwru lv fuhdwhg wkurxjk d fdvfdgh ri shulrg grxeolqj elixufdwlrqv1 Dv w
lqfuhdvhv hyhq pruh wkh shulrg wzr ruelw ehfrphv wkh xqltxh dwwudfwru rqfh djdlq1
Lw glvdsshduv wkurxjk d �qdo shulrg grxeolqj +ru shulrg kdoylqj, elixufdwlrq diwhu
zklfk wkh prqhwdu| vwhdg| vwdwh lv vwdeoh djdlq1 Wkdw wklv zloo kdsshq fdq dovr eh
vhhq iurp �jxuh 41e,1

Xqghu qdlyh h{shfwdwlrqv djhqwv eholhyh wkdw wkh lq dwlrq udwh lq wkh fxuuhqw
shulrg zloo eh wkh vdph dv lq wkh lq dwlrq udwh lq wkh suhylrxv shulrg1 Fohduo| iru
wkh dwwudfwruv lq �jxuh 6 wkh djhqwv pdnh iruhfdvw huuruv1 Li wkhuh lv qr vwuxfwxuh lq
wkhvh iruhfdvw huuruv dqg wkh| orrn olnh zklwh qrlvh/ wkh djhqwv pljkw dwwulexwh wkhp
wr vrph vwrfkdvwlf qrlvh lq wkh hfrqrp|/ dowkrxjk lq uhdolw| wkh| pljkw eh jhqhudwhg
e| d ghwhuplqlvwlf qrqolqhdu v|vwhp1 Iru wkh dwwudfwruv lq �jxuh 6/ krzhyhu/ wkhuh
dsshduv wr eh vrph vwuxfwxuh lq wkh iruhfdvw huuruv19

Dqrwkhu irup ri vwdwlf h{shfwdwlrqv duh jlyhq e| vr0fdoohg dgdswlyh h{shfwdwlrqv1
Wkhvh duh ri wkh iroorzlqj irup

Ze
|n� ' kZ|3� n E�� k� Ze

| c f 	 k � �� +9,

Wklv fdq dovr eh zulwwhq dv

Ze
|n� ' Ze

| n k EZ|3� � Ze
|� c

zklfk vkrzv wkh dgdswlyh fkdudfwhu ri wklv w|sh ri h{shfwdwlrqv irupdwlrq= h{shfwd0
wlrqv duh xsgdwhg dv qhz lqirupdwlrq ehfrphv dydlodeoh1 Wkh sdudphwhu k jlyhv wkh

dqg h{wudfwv d fhuwdlq dprxqw ri prqh| iurp wkh hfrqrp|1 Iru rwkhu vshfl�fdwlrqv ri wkh FHV
xwlolw| ixqfwlrqv +lq sduwlfxodu iru � ? 5

6
, shulrglf ehkdylrxu rqo| rffxuv li � A 4 dqg wkhuh lv

srvlwlyh lq dwlrq1 Wkh txdolwdwlyh uhvxowv uhpdlq wkh vdph krzhyhu1
9Qrwlfh wkdw gxh wr wkh lqirupdwlrq vwuxfwxuh lq wkh ryhuodsslqj jhqhudwlrqv prgho/ lw frxog eh

dujxhg wkdw wkhuh lv qr iruhfdvwlqj huuru xqghu qdlyh h{shfwdwlrqv li wkh g|qdplfdo v|vwhp frqyhujhv
wr d shulrg wzr ruelw1 Lq idfw/ li djhqwv zrxog h{shfw d shulrg wzr f|foh wkh| zrxog pdnh wkh vdph
iruhfdvwv dv zkhq wkh| kdyh qdlyh h{shfwdwlrqv/ exw wkh| zrxog dozd|v eh fruuhfw1

44



lpsruwdqfh wkdw wkh djhqwv dwwdfk wr qhz revhuydwlrqv1 Dv lv zhoo0nqrzq zh fdq/ e|
uhshdwhg vxevwlwxwlrq/ zulwh wkh dgdswlyh h{shfwdwlrqv vfkhph dv

Ze
|n� '

|[
�'�

k E�� k��3� Z|3� n E�� k�| Ze
��

Wkhuhiruh h{shfwdwlrqv ghshqg xsrq doo suhylrxv uhdol}dwlrqv doehlw zlwk ghfuhdvlqj
zhljkwv1 Lw lv dovr fohdu wkdw wkh lq xhqfh ri wkh lqlwldo h{shfwdwlrq/ Ze

�c ghfuhdvhv
dv wlph jrhv e|1 Wkh dgdswlyh h{shfwdwlrqv vfkhph lv d w|slfdo h{dpsoh ri d vr0
fdoohg frqvwdqw jdlqv ohduqlqj dojrulwkp/ hdfk qhz revhuydwlrq lv dv lpsruwdqw dv
suhylrxv revhuydwlrqv zhuh +wkh jdlq ri hdfk qhz revhuydwlrq lv wkh vdph dv wkh jdlq
iurp suhylrxv revhuydwlrqv,1 Wklv lpsolhv wkdw revhuydwlrqv lq wkh sdvw ehfrplqj
lqfuhdvlqjo| ohvv lpsruwdqw dv wkh deryh irupxod vkrzv1

Zh fdq djdlq zulwh wkh ryhuodsslqj jhqhudwlrqv prgho +5, zlwk dgdswlyh h{shf0
wdwlrqv +9, dv d v|vwhp ri wzr �uvw rughu gl�huhqfh htxdwlrqv lq wkh iroorzlqj zd|

Ze
|n� ' E�� k� Ze

| n kw
7 E�|�

7 EZe
|�

+:,

�|n� ' Ze
|

Olqhdul}lqj +:, durxqg wkh prqhwdu| vwhdg| vwdwh jlyhv wkh iroorzlqj Mdfreldq pdwul{

a@_@R '

#
E�� k� n k@ Ew� �k@ Ew�

� f

$
� +;,

Wkh hljhqydoxhv ri wklv pdwul{ duh frpsoh{ li �nk�2
s
k 	 k@ Ew� 	 �nkn2

s
k� D

Krsi elixufdwlrq wkhq jhqhulfdoo| rffxuv zkhq wkh ghwhuplqdqw ri wkh Mdfreldq pdwul{
htxdov �/ wkdw lv/ zkhq k@ Ew� ' �� Lq doo rwkhu fdvh zh kdyh uhdo hljhqydoxhv dqg d
shulrg grxeolqj elixufdwlrq rffxuv zkhq @ Ew� ' �

2
� �

k
� Wkh orfdo g|qdplfv durxqg

wkh vwhdg| vwdwh wkhuhiruh duh txdolwdwlyho| htxlydohqw zlwk wkrvh ri +7,/ h{fhsw wkdw
wkh orqjhu phpru|/ uhsuhvhqwhg e| k : fc vwdelol}hv wkh g|qdplfv1

Wkh g|qdplfdo skhqrphqd wkdw zhuh hqfrxqwhuhg lq wkh vwxg| ri wkh ryhuodsslqj
jhqhudwlrqv prgho zlwk qdlyh h{shfwdwlrqv/ vxfk dv shulrglf ruelwv/ dshulrglf ruelwv
dqg vwudqjh dwwudfwruv fdq dovr eh irxqg lq prgho +:,1 Vlqfh wklv lv qrw rxu pdlq
frqfhuq dw wklv srlqw zh zloo qrw sxuvxh wklv lvvxh dq| ixuwkhu khuh1

7 D uhjuhvvlrq rq sulfh ohyhov

Lq wkh suhylrxv vhfwlrq zh vdz wkdw zkhq djhqwv hpsor| vwdwlf h{shfwdwlrqv lq rughu
wr pdnh wkhlu iruhfdvwv iru ixwxuh lq dwlrq udwhv pd| uhvxow lq d vwdeoh htxloleulxp/ sh0
ulrglf ehkdylrxu/ txdvl shulrglf ehkdylrxu dqg hyhq vwudqjh dqg huudwlf  xfwxdwlrqv1
Lq wklv vhfwlrq zh zloo ghvfuleh dqg glvfxvv d ohduqlqj prgho iru wkh ryhuodsslqj jhq0
hudwlrqv prgho iurp wkh suhylrxv vhfwlrqv/ zklfk zdv ghyhorshg e| Exoodug +4<<7,1
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Kh dvvxphv wkdw djhqwv eholhyh wkdw sulfhv hyroyh dffruglqj wr wkh iroorzlqj shufhlyhg
odz ri prwlrq

R| ' qR|3�� +<,

Qrwlfh wkdw wklv lpsolhv wkdw wkh lq dwlrq udwh lv frqvwdqw dqg htxdo wr q� Krzhyhu/
q lv xqnqrzq wr wkh djhqwv dqg lw lv hvwlpdwhg e| d uhjuhvvlrq ri wkh sulfh ohyho rq
odjjhg ydoxhv ri wkh sulfh ohyho1 Wkdw lv/ q lv hvwlpdwhg e| dq ruglqdu| ohdvw vtxduhv
uhjuhvvlrq/ xvlqj lqirupdwlrq xs wr wlph |� �c zklfk jlyhv

q| '

S|3�
r'� Rr3�RrS|3�
r'� R

2
r3�

c +43,

dv wkh hvwlpdwh ri djhqwv eruq lq shulrg |� Wkhlu iruhfdvw ri wkh lq dwlrq udwh wkhq
ehfrphv Ze

| ' q|� Jlyhq wklv/ wkh sulfh g|qdplfv ri wkh ryhuodsslqj jhqhudwlrqv prgho
ehfrphv

R| ' w
7
�
q|3�

�
7 Eq|�

R|3�� +44,

Fohduo| +43, dqg +44, wrjhwkhu irup dq h{shfwdwlrqv ihhgedfn v|vwhp1 Uhdol}hg sulfhv
lq xhqfh shufhswlrqv djhqwv kdyh derxw hfrqrplf uhdolw| dqg wkhvh shufhswlrqv ihhg
edfn lqwr wkh dfwxdo g|qdplfv dqg ghwhuplqh zklfk sulfhv zloo eh uhdol}hg1 Zh fdq
pdnh d glvwlqfwlrq ehwzhhq wzr w|shv ri g|qdplfv= wkh ohduqlqj g|qdplfv +43, zklfk
ghwhuplqh krz djhqwv eholhiv derxw wkh hfrqrp| duh dgdswhg dv wkh| uhfhlyh lqiru0
pdwlrq derxw wkh sulfh ohyhov dqg wkh g|qdplfv ri sulfh ohyhov ru lq dwlrq udwhv +44,
wkdw ghwhuplqh krz wkh dfwxdo sulfh ohyhov hyroyh jlyhq wkh eholhiv ri wkh djhqwv1

Zh fdq zulwh wkh frpsohwh v|vwhp +43044, dv d uhfxuvlyh g|qdplfdo v|vwhp e|

lqwurgxflqj wkh yduldeoh }| ' R2|3�
kS|

r'� R
2
r3�

l
3�

�Xvlqj +44, wkh ohdvw vtxduhv hvwlpdwh
dw wlph |n � fdq eh zulwwhq dv
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Wkh zkroh prgho fdq wkhq eh zulwwhq dv d wkuhh0glphqvlrqdo v|vwhp ri �uvw rughu
gl�huhqfh htxdwlrqv dv iroorzv
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Qrwlfh wkdw wkh g|qdplfv ri wkh eholhiv +q|, frlqflghv zlwk wkh g|qdplfv ri wkh lq0
 dwlrq udwhv/ lpso|lqj wkdw li wkh ohdvw vtxduhv hvwlpdwru q| frqyhujhv wkhq vr gr

lq dwlrq udwhv1 Wkh v|vwhp +45, kdv vwhdg| vwdwh EqWc �Wc }W� '
�
wc wc �� w32

�
1

Sursrvlwlrq 6 +Exoodug +4<<7,, Dvvxph w : � dqg dvvxpswlrqv � dqg 2 duh
vdwlv�hg1 Wkhq wkh prqhwdu| vwhdg| vwdwh jhqhulfdoo| xqghujrhv d Krsi elixufdwlrq dw
wkdw ydoxh wW ri w/ iru zklfk �

�� w32
�
@ Ew� ' �c

iru w 	 wW/ wkh prqhwdu| vwhdg| vwdwh lv vwdeoh dqg iru w : wW lw lv xqvwdeoh1

Surri1 Wkh Mdfreldq pdwul{ ri +45, hydoxdwhg dw wkh htxloleulxp
�
wc wc �� w32

�
htxdov 3

EEC
w32 n

�
�� w32

�
@ Ew� �

�
�� w32

�
@ Ew� f

� f f
Y}

Yq

Y}

Y�
w32

4
FFD � +46,

Rqh ri wkh hljhqydoxhv lv htxdo wr w32 dqg khqfh vwdeoh iru w : �1 Wkh hljhqydoxhv ri
wkh xsshu 2�2pdwul{ duh frpsoh{ dqg olh rq wkh xqlw flufoh zkhq

�
�� w32

�
@ Ew� ' ��

Iru rxu FHV h{dpsoh zlwk 4 ' �

e
zh kdyh wW ' �

2
n �

2

s
� � ���SSf1 Wzr dwwudfwruv

iru wkh FHV vdylqjv ixqfwlrq duh vkrzq lq wkh xsshu slfwxuhv lq �jxuh 71 Wkh �uvw
slfwxuh vkrzv wkh dwwudfwlqj lqyduldqw forvhg fxuyh fuhdwhg lq wkh Krsi elixufdwlrq/
wkh vhfrqg slfwxuh vkrzv d vwudqjh dwwudfwru wkdw lv fuhdwhg iurp wklv lqyduldqw forvhg
fxuyh1 Wkh orzhu slfwxuhv lq �jxuh 7 vkrz vwudqjh dwwudfwruv wkdw pljkw hphujh iurp
v|vwhp +45, zkhq zh xvh wkh frpsolfdwhg vdylqjv ixqfwlrq1 Iru wklv frpsolfdwhg
vdylqjv ixqfwlrq +ru lq idfw iru dq| vdylqjv ixqfwlrq zlwk @ Ew� 	 f, lw fdq eh vkrzq
wkdw +45, xqghujrhv d shulrg grxeolqj elixufdwlrq dw wkh prqhwdu| vwhdg| vwdwh dw

wkdw ydoxh ri w iru zklfk w23�

w2n�
@ Ew� ' ��

2
�

Suhylrxv zrun rq ohdvw vtxduhv ohduqlqj lq hfrqrplf prghov pdlqo| ghdov zlwk
hvwdeolvklqj frqyhujhqfh ri wkh eholhiv wr vrph �qlwh olplw1 Zh qrz zdqw wr ghyhors
dq lqwxlwlrq zk| wklv grhv qrw kdsshq lq wkh fxuuhqw prgho1 Ruglqdu| ohdvw vtxduhv
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Iljxuh 7= Dwwudfwruv iru wkh RJ prgho zlwk ohdvw vtxduhv ohduqlqj rq sulfh ohyhov1
d, FHV vdylqjv ixqfwlrq/ 4 ' �

e
dqg w ' ��ef� e, FHV vdylqjv ixqfwlrq/ 4 ' �

e
dqg

w ' ��e�� f, Frpsolfdwhg vdylqjv ixqfwlrq/ 4 ' �

e
dqg w ' ��D1 g, Frpsolfdwhg

vdylqjv ixqfwlrq/ 4 ' �

D
dqg w ' ��H�

dojrulwkpv duh vr0fdoohg ghfuhdvlqj jdlqv dojrulwkpv1 Gl�huhqw revhuydwlrqv uhfhlyh
wkh vdph zhljkwv lq wkh uhjuhvvlrq zklfk lpsolhv wkdw/ dv wlph jrhv e|/ wkh lpsdfw
ri qhz revhuydwlrqv +wkdw lv wkh jdlq ri qhz revhuydwlrqv, ehfrphv vpdoohu1 Lq +45,
wklv jdlq lv uhsuhvhqwhg e| wkh yduldeoh }| ' R2|3�*

S|
r'� R

2
r3�� Qrz li sulfh ohyhov duh

erxqghg wkhq/ pd|eh h{fhsw iru vrph yhu| vshfldo wlph sdwkv/ }| zloo frqyhujh wr f�
Wklv zrxog uhvxow lq frqyhujhqfh ri wkh lq dwlrq udwh1 Lq wkh prgho dw kdqg/ krzhyhu/
sulfh ohyhov duh qrw erxqghg dqg lq idfw/ lq htxloleulxp wkh| jurz dw d frqvwdqw udwh
w : �� Wklv lpsolhv wkdw wkh zhljkw }| grhv qrw frqyhujh wr f exw wr d srvlwlyh qxpehu
� � �

w2
c surylghg wkh prqhwdu| vwhdg| vwdwh lv vwdeoh1 Wkhuhiruh/ hyhq iru yhu| odujh

| qhz revhuydwlrqv pd| ohdg wr d vljql�fdqw fkdqjh lq wkh eholhiv ri wkh djhqwv1 Lq
idfw/ li zh sxw lq wkh htxloleulxp ydoxh iru }|c +45, uhgxfhv wr

q|n� '
�

w2
q| n

�
�� �

w2

�
w
7 E�|�

7 Eq|�
c +47,

�|n� ' q|c
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zklfk lv mxvw wkh ryhuodsslqj jhqhudwlrqv prgho xqghu dgdswlyh h{shfwdwlrqv/ zkhuh
wkh zhljkw k htxdov �� �

w2
1 Wkh vwdelolw| frqglwlrq iru +45, lv h{dfwo| wkh vdph dv wkh

vwdelolw| frqglwlrq iru wkh dgdswlyh fdvh zlwk k ' �� �

w2
� Wklv iroorzv iurp wkh idfw

wkdw wkh xsshu 2�2pdwul{ ri +46, +zklfk lv wkh uhohydqw sduw, lv htxdo wr wkh Mdfreldq
ri wkh ryhuodsslqj jhqhudwlrqv prgho zlwk dgdswlyh h{shfwdwlrqv +;,1 Wkhuhiruh wkh
orfdo vwdelolw| surshuwlhv ri +45, duh htxlydohqw zlwk wkrvh ri +:,1 Wklv h{sodlqv zk|
lw fdq eh srvvleoh wkdw wkh ohduqlqj dqg lq dwlrq g|qdplfv gr qrw frqyhujh1: Qrwlfh
wkdw wkh eholhi sdudphwhuv lq wklv fdvh nhhs  xfwxdwlqj1

Gxh wr wkh qrqvwdwlrqdulw| ri wkh wlph vhulhv ri wkh sulfh ohyho dq dowhuqdwlyh
dssurdfk/ dqg d pruh vhqvleoh rqh iurp dq hfrqrphwulfldq*v ylhzsrlqw/ zrxog eh wr
iruhfdvw lq dwlrq udwhv e| xvlqj wkh dyhudjh ri suhylrxv lq dwlrq udwhv1 Wkh djhqwv
lq wkh suhylrxv prgho eholhyh wkdw wkh lq dwlrq udwh lv frqvwdqw/ dqg wkh| hvwlpdwh
wklv frqvwdqw e| wkh ruglqdu| ohdvw vtxduhv hvwlpdwh ri d uhjuhvvlrq ri wkh sulfh ohyho
rq lwvhoi1 Wkh iroorzlqj txhvwlrq qrz dulvhv= zk| grq*w djhqwv hvwlpdwh wkh lq dwlrq
udwh e| frpsxwlqj wkh dyhudjh ri sdvw lq dwlrq udwhvB Wklv hvwlpdwh zrxog wkhq eh

q| '
�

|� �

|32[
r'f

Zrc

zklfk lv dovr wkh ohdvw vtxduhv hvwlpdwh rqh rewdlqv zkhq uhjuhvvlqj wkh lq dwlrq udwh
rq d frqvwdqw1 q| fdq eh zulwwhq uhfxuvlyho| dv
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�

|� �
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|3�[
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Zr n Z|32
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Wkh g|qdplfdo v|vwhp ehfrphv
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7
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�
7 Eq|�

� +48,

Qrz frpsduh wklv zlwk v|vwhp +47,1 Lw lv lpphgldwho| fohdu wkdw wkh vwdelolw| surs0
huwlhv ri wklv v|vwhp duh gl�huhqw1 Wdnlqj dyhudjhv fruuhvsrqgv wr d ghfuhdvlqj jdlqv
dojrulwkp dv fdq eh vhhq e| uhzulwlqj +48, dv

q|n� ' q| n
�

|

3
Cw7

�
q|3�

�
7 Eq|�

� q|

4
D ' q| n

�

|
EZ|3� � q|� �

Lw lv fohdu iurp wklv irupxodwlrq wkdw/ dv wlph jrhv wr lq�qlw|/ wkh frqwulexwlrq ri
qhz revhuydwlrqv zloo ghfuhdvh wr f� Wkhuhiruh lw vhhpv uhdvrqdeoh wr dvvxph wkdw

:Wkh deryh uhvxowv rqo| krog li wkhuh lv d srvlwlyh dprxqw ri prqh| fuhdwlrq/ � A 4=Li � ? 4> wkh
ohduqlqj g|qdplfv euhdnv grzq1 Wkh htxloleulxp ydoxh iru j wkhq ehfrphv qhjdwlyh/ zkhuhdv j lv d
udwlr ri vwulfwo| srvlwlyh txdqwlwlhv/ vr fohduo| wklv htxloleulxp fdqqrw eh vwdeoh1 Vlpxodwlrqv vkrz
wkdw lq wklv fdvh j dssurdfkhv 3 yhu| idvw dqg wklv lpsolhv wkdw eholhiv duh xsgdwhg dw d yhu| orz
ohyho dqg zloo qrw uhdfk wkhlu htxloleulxp ohyho1 Lq dwlrq udwhv/ rq wkh rwkhu kdqg/ gr frqyhujh1
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lq dwlrq udwhv dqg eholhiv zloo frqyhujh wr wkh prqhwdu| vwhdg| vwdwh1 Vlpxodwlrqv
vxssruw wklv frqmhfwxuh/ wkrxjk frqyhujhqfh pljkw eh udwkhu vorz +zklfk lv dovr gxh
wr wkh ghfuhdvlqj jdlqv fkdudfwhu ri +48,,1 Lw lv krzhyhu zhoo nqrzq wkdw wlph dyhudjhv
qhhg qrw frqyhujh1 Vlwxdwlrqv pljkw dulvh zkhuh eholhiv dqg lq dwlrq udwhv nhhs rq
fkdqjlqj/ doehlw dw dq lqfuhdvlqjo| vorzhu udwh1 Wklv pljkw dovr kdsshq lq wklv fdvh1
Iru h{dpsoh/ zkhq 7 EZ� jhwv duelwudulo| forvh wr f iru vrph ydoxhv ri Zc wkhuh pljkw
eh qr frqyhujhqfh dw doo/ dowkrxjk lw orrnv olnh lw gxh wr wkh idfw wkdw wkh pdjqlwxgh
ri wkh dgmxvwphqw ehfrphv qhjoljleoh1 Lq wkh qh{w vhfwlrq zh zloo eulh | vwxg| dq
h{dpsoh zlwk wkh vdph surshuw|1 Rwkhu h{dpsohv ri qrqfrqyhujhqfh ri wlph dyhudjhv
fdq eh irxqg lq Vkdsoh| +4<97, dqg Jdxqhuvgruihu dqg Kriedxhu +4<<8,1

Wr vxppdul}h/ lw vhhpv wkdw wkh zd| lq zklfk wkh shufhlyhg odz ri prwlrq lv sxw lv
dq lpsruwdqw ghwhuplqdqw ri wkh vwdelolw| ri wkh lq dwlrq g|qdplfv1 Lq rughu wr pdnh
iruhfdvwv derxw ixwxuh lq dwlrq udwhv lw vhhpv wr eh zlvhu wr frqvlghu rog lq dwlrq
udwhv wkdq wr frqvlghu wkh qrqvwdwlrqdu| vhulhv ri rog sulfhv1

8 D uhjuhvvlrq rq lq dwlrq udwhv � sduw L

Deryh zh vdz wkdw uhjuhvvlqj sulfhv rq sdvw sulfhv pljkw lqgxfh  xfwxdwlqj lq dwlrq
udwhv dqg  xfwxdwlqj eholhiv li wkh prqh| jurzwk udwh lv kljk hqrxjk1 Dq lqwxlwlrq
zdv surylghg iru wklv uhvxow dqg lw zdv dujxhg wkdw wkh vdph eholhi frxog dovr eh
ohduqhg lq d gl�huhqw zd| wkdw zrxog doprvw dozd|v ohdg wr frqyhujhqfh ri eholhiv1 Lq
wklv vhfwlrq zh frqvlghu d gl�huhqw nlqg ri ohduqlqj g|qdplfv1 Zh ohw djhqwv uhjuhvv
lq dwlrq udwhv rq sdvw lq dwlrq udwhv/ wkdw lv/ djhqwv eholhi wkdw lq dwlrq udwhv ghyhors
dffruglqj wr wkh iroorzlqj uhodwlrqvkls

Z| ' qZ|3�� +49,

Jlyhq wkh hvwlpdwh ri q|n� ri wkh jhqhudwlrq eruq lq shulrg | n �c wkhlu iruhfdvw ri
wkh lq dwlrq udwh ehfrphv Ze

|n� ' q2|n�Z|3�� Wkh hvwlpdwh q|n� lv rewdlqhg e| d ohdvw
vtxduhv uhjuhvvlrq rq lq dwlrq udwhv/ zklfk lv
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Djdlq lw lv lpsruwdqw wr eh fohdu derxw wkh wlplqj ri wkh surfhvv1 Djhqwv eruq lq
wkh ehjlqqlqj ri shulrg | n � gr qrw nqrz R|n� |hw/ vr wkh odvw lq dwlrq udwh wkh|
kdyh revhuyhg lv Z|3� '

R|
R|3�

� Wkh| wkhuhiruh pdnh wkhlu hvwlpdwhv rq wkh edvlv ri doo
lq dwlrq udwhv xs wr Z|3��

Wkh hvwlpdwh q|n� fdq eh zulwwhq uhfxuvlyho| djdlq1 Iluvw gh�qh-|n� '
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xvlqj wklv zh fdq zulwh
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Wkhuhiruh wkh ohduqlqj g|qdplfv fdq eh zulwwhq uhfxuvlyho| dv

q|n� ' q| n-|Z|32 dZ|3� � q|Z|32o +4;,
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Jlylqj wkhvh ohduqlqj g|qdplfv wkh dfwxdo lq dwlrq udwhv hyroyh dffruglqj wr

Z| ' w
7
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q2|Z|32
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q2|n�Z|3�

� � +4<,

Jlyhq wkh ydoxhv ri q|c -|c Z|3� dqg Z|32 qhz ydoxhv q|n�c -|n� dqg Z| duh ghwhuplqhg
dffruglqj wr wkh iroorzlqj irxu glphqvlrqdo v|vwhp ri �uvw rughu gl�huhqfh htxdwlrqv1
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Qrwlfh wkdw wkh gl�huhqfh ri wlplqj ri wkh ohduqlqj yduldeohv q dqg - dqg wkh lq dwlrq
yduldeohv Z dqg � vwhpv iurp wkh idfw wkdw h{shfwdwlrqv iru shrsoh eruq lq shulrg |n�
ghshqg xsrq lqirupdwlrq derxw lq dwlrq udwhv xs wr wlph | � �� Ri frxuvh zh frxog
irupxodwh wkh prgho lq whupv ri wkh ohduqlqj yduldeohv qW| � q|n� dqg -W| � -|n�c exw
wklv zrxog revfxuh wkh lqwhusuhwdwlrq ri q|n� dv wkh eholhi ri wkh jhqhudwlrq eruq lq
shulrg |n ��

Lq frqwudvw wr wkh ohduqlqj prgho vwxglhg lq wkh suhylrxv vhfwlrq lq wkh suhvhqw
prgho frqyhujhqfh ri eholhiv grhv qrw lpso| frqyhujhqfh ri wkh lq dwlrq udwh1 Lw frxog
eh wkh fdvh wkdw ohduqlqj sdudphwhuv frqyhujh exw wkdw wkh fruuhvsrqglqj lq dwlrq
g|qdplfv +4<, lv xqvwdeoh dqg jhqhudwhv huudwlf lq dwlrq g|qdplfv1 Frqvlghu wkh
srvvleoh htxloleuld ri +53,1 Fohduo|/ dw dq htxloleulxp zh pxvw kdyh Z ' � ' w dqg
q ' �� Dw wkhvh ydoxhv ri Zc � dqg q wkh ydoxh ri - grhv qrw pdwwhu/ exw iurp +4:,
lw iroorzv wkdw -| pxvw wkhq dssurdfk f� Qrwlfh krzhyhu wkdw dw - ' f wkh v|vwhp
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+53, lv qrw gh�qhg1 Wr jhw vrph lqvljkwv lqwr wkh g|qdplfv ri +53, zh fdq orrn dw
wkh Mdfreldq hydoxdwhg dw EZc �c qc-� ' Ewc wc �c -�1 Wklv Mdfreldq lv
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Iluvw ri doo qrwlfh wkdw wklv pdwul{ kdv dq hljhqydoxh htxdo wr
k
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l
32

zklfk/ iru
doo srvlwlyh -c olhv vwulfwo| ehwzhhq f dqg �� Qrz wdnlqj wkh olplw ri wklv pdwul{ dv -
dssurdfkhv f jlyhv
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FFFD � +54,

Wkh Mdfreldq pdwul{ af kdv wzr hljhqydoxhv htxdo wr n�� Wkhvh hljhqydoxhv fruuh0
vsrqg wr wkh ohduqlqj g|qdplfv dqg lw lv hdv| wr vhh zk| wkh| htxdo n�� Dw d srlqw
zlwk Z ' � ' w dqg q ' �c zh vdz wkdw wkhuh lv qr ydoxh ri - glvuxswlqj wklv
htxloleulxp1 Ixuwkhupruh/ li wkh zhljkw - zrxog eh htxdo wr fc dqg devwudfwlqj iurp
wkh qrqh{lvwhqfh sureohp ri -|n�c wkhuh zrxog eh qr xsgdwlqj ri qc dqg wkhuhiruh
dq| q zrxog eh qhxwudoo| vwdeoh1 Lw lv lpsruwdqw wr revhuyh wkdw erwk hljhqydoxhv duh
vwulfwo| ehwzhhq f dqg � iru - vpdoo exw srvlwlyh1;

Wkh rwkhu wzr hljhqydoxhv ri +54, fruuhvsrqg wr wkh lq dwlrq g|qdplfv ri +53,/
dqg wkh| duh
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2
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Qrwlfh wkdw wkhvh duh h{dfwo| wkh vdph hljhqydoxhv dv iru wkh fdvh ri qdlyh h{shfwdwlrqv
+wkh| fruuhvsrqg wr wkh xsshu 2 � 2 pdwul{ ri +54,,1 Wklv lv lqwxlwlyho| fohdu vlqfh/
li wkh ohduqlqj g|qdplfv frqyhujhv wr q ' �c djhqwv lq idfw kdyh qdlyh h{shfwdwlrqv1
Wkhuhiruh/ wkh orfdo vwdelolw| frqglwlrqv ri wkh pruh vrsklvwlfdwhg ohduqlqj surfhvv +53,
duh wkh vdph dv wkdw ri wkh vlpsohvw ohduqlqj surfhvv +7, zh vwxglhg vridu/ qdpho|
��

2
	 @ Ew� 	 �1

;Lw pljkw eh lqvwuxfwlyh wr frqvlghu d prgho zkhuh wkh zhljkw lv xsgdwhg dv iroorzv
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zkhuh h A 3 lv vpdoo1 Lq wklv fdvh wkh htxloleulxp zhljkw zrxog eh Uh @ 4
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qr sureohpv zrxog dulvh dw wkh htxloleulxp +�> �> 4> Uh, = Zh wkhq jhw uhvxowv vlplodu dv wkh rqhv lq
wkh sdshu1 Ri frxuvh/ lq wklv fdvh wkh hvwlpdwh �w zloo qrw frlqflgh zlwk wkh ohdvw vtxduhv hvwlpdwhv
ri �1
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Zh duh lqwhuhvwhg lq wkh g|qdplfdo ehkdylrxu ri +53,/ lq sduwlfxodu zkhq wkh
prqhwdu| vwhdg| vwdwh xqghu qdlyh h{shfwdwlrqv lv xqvwdeoh1 Zh fdq pdnh d fohdu
glvwlqfwlrq ehwzhhq ohduqlqj g|qdplfv dqg lq dwlrq g|qdplfv khuh1 Gxh wr wkh gh0
fuhdvlqj jdlqv fkdudfwhu ri wkh ohdvw vtxduhv ohduqlqj dojrulwkp wkh hvwlpdwh q zloo
fkdqjh yhu| vorzo| dv wlph jrhv e|1 Wkhuh fdq krzhyhu eh odujh fkdqjhv lq lq dwlrq
udwhv iurp shulrg wr shulrg1 Wkhuhiruh lw pljkw eh zruwkzkloh wr vwxg| wkh vkruw0uxq
g|qdplfv ri wkh lq dwlrq udwhv iru d jlyhq/ �{hg ydoxh ri qc h1j1 qf1 Wkh vkruw0uxq
g|qdplfv wkhq duh jlyhq e|

Z|n� ' w
7
��

qf
�2
Z|3�

�

7
��
qf
�2
Z|

� � +55,

Iurp vhfwlrq 6 zh nqrz wkdw wkhvh vkruw0uxq g|qdplfv fdq h{klelw doo nlqgv ri g|0
qdplfdo skhqrphqd1 Lq sduwlfxodu/ wkh lq dwlrq udwhv pljkw frqyhujh wr wkh prqhwdu|
vwhdg| vwdwh/ wr d shulrglf ruelw/ wr dq lqyduldqw forvhg fxuyh ru hyhq wr d vwudqjh
dwwudfwru1 Qrz vxssrvh wkdw wkh vkruw0uxq g|qdplfv +55, lqghhg frqyhujh wr vrph
dwwudfwru 7qf � U-2

n1 Zkdw zrxog wkhq kdsshq zlwk wkh orqj uxq g|qdplfv +53,B
Ohw iZ|j"|'� eh dq ruelw jhqhudwhg e| +55, dqg o|lqj rq 7qf1 Wkhq d ohdvw vtxduhv
uhjuhvvlrq fdq eh shuiruphg rq wkhvh lq dwlrq udwhv dqg wklv zloo uhyhdo dq hvwlpdwh
iru qc h1j1 q�� Lq jhqhudo q� 9' qf� Wkhuhiruh zh h{shfw wkh ohduqlqj g|qdplfv wr pryh
iurp qf wr q�� Exw/ jlyhq q�c wkh vkruw uxq g|qdplfv zloo lq jhqhudo qrw frqyhujh wr
wkh dwwudfwru 7qf� Wkhuhiruh wkh hvwlpdwh ri q zloo fkdqjh djdlq1 Lq wklv zd| zh fdq
lq idfw frqvwuxfw dq lpsolflw pds ri eholhiv

q&n� ' A
�
q&
�
c

zkhuh wkh pdsslqj A E�� jlyhv wkh ruglqdu| ohdvw vtxduhv hvwlpdwh q iru wkh uhod0
wlrqvkls Z| ' qZ|3�c jlyhq wkdw wkh lq dwlrq udwhv duh jhqhudwhg e| wkh vkruw0uxq
g|qdplfv +55, zlwk �{hg q&� Wklv duwl�fldo eholhiv pds fdq khos xv xqghuvwdqg wkh
g|qdplfv ri wkh orqj uxq g|qdplfv +53,1 Rxu pdlq frqfhuq duh wkh htxloleuld ri
A E�� c vlqfh dw vxfk dq htxloleulxp qW djhqwv eholhyh wkdw Z| ' qWZ|3� dqg uxqqlqj d
uhjuhvvlrq rq lq dwlrq udwhv lqghhg grhv qrw jlyh wkhp uhdvrq wr fkdqjh wkhlu eholhiv1
Vr/ dowkrxjk djhqwv eholhiv duh plv0vshfl�hg/ qhz revhuydwlrqv rq lq dwlrq udwhv duh
frqvlvwhqw zlwk wkhvh eholhiv lq wkh vhqvh wkdw wkhvh qhz revhuydwlrqv gr qrw prgli|
wkhvh eholhiv1 Wklv htxloleulxp eholhi lv wkh ehvw rqh lq wkh fodvv ri eholhiv wkdw lv frq0
vlghuhg e| wkh djhqwv1 Wklv ohdgv xv wr jlyh/ orrvho|/ wkh iroorzlqj jhqhudo gh�qlwlrq
ri d eholhiv0htxloleulxp1

Gh�qlwlrq 7 Ohw C eh d fodvv ri shufhlyhg odzv ri prwlrq1 Dq hohphqw } ri C kdv
wkh iroorzlqj jhqhudo irup

Ze
|n� ' } EZ|3�c Z|32c � � � c Z|3,� ' } E�$Z |3�� c
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zkhuh wkh ixqfwlrqdo vshfl�fdwlrq ri } dqg wkh qxpehu ri odjv , lv suhvfulehg e| wkh
fodvv C� Frqvlghu wkh g|qdplfdo v|vwhp

Z| ' w
7 E}2 E�$Z |32��

7 E}2 E�$Z |3���
c +56,

zkhuh } 5 C� Wkhq zh fdoo }W 5 C d Eholhiv0Htxloleulxp +EH, li lw lv wkh shufhlyhg
odz ri prwlrq lq C wkdw �wv wkh wlph vhulhv ri lq dwlrq udwhv jhqhudwhg e| +56, zlwk
}W ehwwhu< wkdq doo rwkhu hohphqwv ri C�

Lq wkh suhvhqw vhfwlrq wkh fodvv C fruuhvsrqgv wr doo shufhlyhg odzv ri prwlrq ri
wkh irup Z| ' qZ|3��

43 Rqh h{dpsoh ri d eholhiv0htxloleulxp lv wkh vlwxdwlrq/ glvfxvvhg
deryh/ zkhuh wkh ryhuodsslqj jhqhudwlrqv prgho zlwk qdlyh h{shfwdwlrqv kdv d vwdeoh
prqhwdu| vwhdg| vwdwh1 Lq wkdw fdvh qW ' � dqg lqghhg rqh kdv +iru | kljk hqrxjk,
Z| ' qWZ|3� ' Z|3�� Pruh lqwhuhvwlqj lv d EH zkhuh lq dwlrq udwhv gr qrw frqyhujh
wr wkh prqhwdu| vwhdg| vwdwh1 Dq h{dpsoh lv vkrzq lq �jxuh 81d,1 Khuh zh kdyh
frqvlghuhg wkh ryhuodsslqj jhqhudwlrqv prgho zlwk ohduqlqj rq lq dwlrq udwhv +53,
zlwk d FHV vdylqjv ixqfwlrq zlwk 4 ' �

e
dqg w ' �1 Iurp vhfwlrq 6 zh nqrz wkdw

iru wkhvh ydoxhv wkh prqhwdu| vwhdg| vwdwh lv xqvwdeoh xqghu qdlyh h{shfwdwlrqv1 Iru
rxu prgho +53, wkh eholhiv wkhq frqyhujh wr qW � f�b.�eS dqg wkh lq dwlrq g|qdplfv
frqyhujh wr dq dwwudfwlqj lqyduldqw forvhg fxuyh1 Lw fdq hdvlo| eh fkhfnhg qxphulfdoo|
wkdw khuh qW lv lqghhg dq htxloleulxp ri A E�� � Iljxuh 81d, vkrzv wkh dwwudfwru ri
wkh lq dwlrq udwhv +wkh forvhg fxuyh, dqg wkh eholhiv ri wkh djhqwv +wkh vwudljkw olqh
wkurxjk wkh ruljlq zlwk vorsh qW�1 Rqh pljkw dujxh wkdw/ zkhq wkh djhqwv revhuyh wklv
slfwxuh wkh| pljkw uhdol}h wkdw wkhlu eholhi lv plv0vshfl�hg dqg wu| wr ohduq vrphwklqj
gl�huhqw1 Iljxuh 81e, vkrzv wkh uhvxowv iru wkh vdph prgho/ rqo| zlwk d vpdoo qrlvh
rq wkh sdudphwhu ri wkh prqh| jurzwk1 Lq idfw/ zh dvvxph w| ' w n 0| zkhuh 0| duh
LLG glvwxuedqfhv wkdw kdyh d qrupdo glvwulexwlrq zlwk phdq f dqg vwdqgdug ghyldwlrq
f�f2� Li djhqwv vhh wklv gldjudp lw pljkw lqghhg eh vhqvleoh wr uxq d uhjuhvvlrq rq sdvw
lq dwlrq udwhv1

Iljxuh 9 vkrzv wkh wlph vhulhv iru Z| dqg q|c fruuhvsrqglqj wr �jxuh 81d,1 Lw lv
fohdu wkdw wkh odwwhu frqyhujhv dqg wkh iruphu nhhsv rq  xfwxdwlqj +qrwlfh wkdw wkh
wlph vfdohv duh gl�huhqw iru wkhvh wzr wlph vhulhv,1

Wkhuh fdq dovr eh qrqh{lvwhqfh ri dq htxloleulxp ri wkhvh ohduqlqj g|qdplfv1
H{dpsohv ri wklv qrqh{lvwhqfh fdq eh irxqg iru wkh ryhuodsslqj jhqhudwlrqv prgho
zlwk wkh frpsolfdwhg vdylqjv ixqfwlrq1 Wkh fruuhvsrqglqj slfwxuhv duh wkh orzhu rqhv
lq �jxuh 81 Khuh qr htxloleulxp qW ri wkh pds A E�� h{lvwv1 Wr h{sodlq zkdw kdsshqv
frqvlghu wkh wlph vhulhv iru wkh fdvh zlwk 4 ' �

e
dqg w ' �c ghslfwhg lq �jxuh :1

<�Ehwwhu� fohduo| lv d udwkhu vxemhfwlyh qrwlrq1 Lq wklv fkdswhu/ zkhuh zh rqo| frqvlghu olqhdu
shufhlyhg odzv ri prwlrq/ rqh eholhi lv �ehwwhu� wkdq dqrwkhu eholhi li lwv xqzhljkwhg vxp ri vtxduhg
iruhfdvw huuruv lv vpdoohu1 Wklv/ ri frxuvh/ lv frqvlvwhqw zlwk xvlqj wkh +uhfxuvlyh, ohdvw vtxduhv
dojrulwkp dv d ohduqlqj prgho1

43Zh douhdg| hqfrxqwhuhg dqrwkhu jhqhudo fodvv J zkhuh zh frqvlghuhg shufhlyhg odzv ri prwlrq
ri wkh w|sh �h

w.4 @ �= Fohduo| iru wklv fodvv wkh xqltxh EH lv jlyhq e| �h
w.4 @ �=
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Iljxuh 8= Dwwudfwruv ri +53, dqg h{dpsohv ri eholhiv0htxloleud1 d, EH iru FHV vdylqjv
ixqfwlrq zlwk 4 ' �

e
dqg w ' f�HD� e, EH iurp d, zlwk vpdoo qrlvh1 f, dqg g, Qrqh{0

lvwhqfh ri EH iru frpsolfdwhg vdylqjv ixqfwlrq zlwk 4 ' �

e
dqg 4 ' �

D
c uhvshfwlyho|

dqg w ' ��

Vxssrvh wkdw lqlwldo eholhiv duh vxfk wkdw q lv udwkhu vpdoo dqg wkh fruuhvsrqglqj
vkruw0uxq g|qdplfv +55, duh vwdeoh1 Lq wkdw fdvh lq dwlrq udwhv frqyhujh wr w ' �
dqg wkh hvwlpdwh ri q zloo lqfuhdvh1 Dw d fhuwdlq wlph wklv q zloo eh vr kljk wkdw wkh
vkruw0uxq g|qdplfv ehfrph xqvwdeoh dqg d shulrg wzr ruelw hphujhv1 Wklv kdsshqv
dw q � f�Db�f� Wkhq q ghfuhdvhv djdlq44 dqg wklv vwdelol}hv wkh vkruw0uxq g|qdplfv
+55,1 Wklv uhshdwv ryhu dqg ryhu1 Qrwlfh wkdw wkh lq dwlrq udwh lv vwdeoh iru d orqj
wlph zklfk lpsolhv wkdw djhqwv zloo vwduw eholhylqj pruh dqg pruh wkdw lw zloo eh wkh

44Lq idfw/ zh fdq h{solflwo| frpsxwh wkh ydoxh ri � fruuhvsrqglqj wr d shulrg wzr ruelw +�4> �5, =
Vlqfh zh nqrz wkdw iru d shulrg wzr ruelw ri wkh ryhuodsslqj jhqhudwlrqv prgho rqh pxvw kdyh
�4�5 @ �5> wkh ohdvw vtxduhv uhjuhvvlrq hvwlpdwh � frqyhujhv wr
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Iljxuh 9= Wlph vhulhv ri Z| dqg q| iru +53, zlwk FHV vdylqjv ixqfwlrq dqg 4 ' �

e
dqg

w ' f�HD�

vdph dv lq wkh suhylrxv shulrg +zklfk vhhpv wr eh d sodxvleoh h{shfwdwlrq, dqg wklv
ohdgv wkh lq dwlrq wr ehfrph xqvwdeoh1 Dv glvfxvvhg lq wkh suhylrxv vhfwlrq zh khuh
kdyh d vlwxdwlrq zkhuh wkh ohdvw vtxduhv dojrulwkp grhv qrw frqyhujh/ wkrxjk lw pryhv
vorzhu dqg vorzhu dv wlph jrhv e|1

9 D uhjuhvvlrq rq lq dwlrq udwhv � sduw LL

Lq wkh suhylrxv vhfwlrq zh vdz wkdw uhjuhvvlqj lq dwlrq udwhv rq sdvw lq dwlrq udwhv
pd| ohdg wr d vlwxdwlrq zkhuh wkh eholhi sdudphwhuv/ zklfk duh �vorz� yduldeohv/
frqyhujh/ zkhuhdv lq dwlrq udwhv nhhs rq  xfwxdwlqj1 Lw fdq eh dujxhg wkdw wkh fodvv
ri shufhlyhg odzv ri prwlrq zh frqvlghuhg wkhuh lv wrr vlpsoh1 Xqohvv q ' �c djhqwv
eholhyh wkdw wkh lq dwlrq udwh zloo frqyhujh wr }hur ru glyhujh wr lq�qlw|/ zklfk fohduo|
lv qrw wkh fdvh1 Lq sduwlfxodu/ vdpsoh dyhudjhv duh lqfrqvlvwhqw zlwk wkh shufhlyhg odz
ri prwlrq1 Lq wklv vhfwlrq zh zdqw wr frqvlghu d pruh jhqhudo fodvv ri shufhlyhg odzv
ri prwlrq/ qdpho|

Z| ' kn q EZ|3� � k� � +57,
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Iljxuh := Wlph vhulhv ri Z| dqg q| iru +53, zlwk frpsolfdwhg vdylqjv ixqfwlrq dqg
4 ' �

e
dqg w ' ��

Qrwlfh wkdw k ' f fruuhvsrqgv wr wkh shufhlyhg odz ri prwlrq iurp wkh suhylrxv
vhfwlrq dqg q ' � fruuhvsrqgv wr qdlyh h{shfwdwlrqv1 Iru jhqhudo k dqg qc dq djhqw
eholhiv wkdw wkh orqj uxq htxloleulxp htxdov k dqg kh eholhiv wkh lq dwlrq udwh zloo
frqyhujh wr wklv orqj uxq htxloleulxp dw d udwh q +surylghg wkdw mqm 	 ��1 Li q 	 f
kh h{shfwv vrph ryhuvkrrwlqj/ li q : f kh h{shfwv prqrwrqlf frqyhujhqfh1 Wkh wzr
shulrgv dkhdg suhglfwlrq zlwk +57, ehfrphv

Ze
|n� ' kn q2 EZ|3� � k�

dqg jlyhq wkhvh h{shfwdwlrqv wkh ryhuodsslqj jhqhudwlrqv prgho +5, ehfrphv

Z|n� ' w
7
�
kn q2 EZ|3� � k�

�
7
�
kn q2 EZ| � k�

� � +58,

Lq wkh suhylrxv vhfwlrq zh vdz wkdw li h{shfwdwlrqv zrxog eh fruuhfw lq htxloleulxp/
zklfk vhhpv wr eh d plqlpdo frqvlvwhqf| frqglwlrq wr eh lpsrvhg rq wkh h{shfwdwlrqv
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vfkhph/ rqh qhhgv q ' �� Iru h{shfwdwlrqv vfkhphv ri wkh irup +57, wr eh frqvlvwhqw
lq htxloleulxp zh qhhg

Ze
| ' kn q Ew � k� ' w�

Lq wklv fdvh wkh htxloleulxp eholhi sdudphwhuv k dqg q duh xqlghqwl�hg1 Wkdw lv/
wkhuh duh d orw ri ydoxhv ri k dqg q wkdw vdwlvi| wkh deryh frqvlvwhqf| frqglwlrq1 Lq
sduwlfxodu/ doo sdluv zlwk k ' w dqg doo sdluv zlwk q ' � vdwlvi| lw1 Wklv pxowlsolflw|
ri eholhiv htxloleuld ehfrphv lpsruwdqw zkhq zh lqwurgxfh ohduqlqj1 Lq sduwlfxodu/ zh
nqrz wkdw wkh lq dwlrq g|qdplfv ghshqg xsrq wkh sdudphwhuv k dqg q vr wkhuh duh
dozd|v frqvlvwhqw h{shfwdwlrqv vfkhphv iru zklfk wkh prqhwdu| vwhdg| vwdwh lv orfdoo|
vwdeoh145�

Wkh h{shfwdwlrqv vfkhph +57, dovr dgplwv wkh srvvlelolw| ri shuihfw suhglfwlrq
zkhq wkh lq dwlrq udwhv pryh lq d shulrg wzr f|foh1 Ohw EZ�c Z2� eh vxfk d wzr0f|foh
ri wkh g|qdplfv1 Wkhq fruuhfw suhglfwlrq uhtxluhv k dqg q wr vdwlvi|

Z2 ' kn q EZ� � k� dqg Z� ' kn q EZ2 � k� c

ru htxlydohqwo|/ wkh wzr shulrgv dkhdg suhglfwlrq/ jlyhq wkdw dw wklv wlph wkh lq dwlrq
udwh lv Z�c pxvw eh

Z� ' kn q2 EZ� � k�

jlyhq wkdw Z� 9' Z2 9' k wklv uhtxluhv wkdw qW ' ��1 k wkhq kdv wr htxdo �

2
EZ� n Z2� �

Ri frxuvh wklv vlwxdwlrq rqo| rffxuv zkhq wkh lq dwlrq g|qdplfv jlyhq wkhvh ydoxhv
ri kW dqg qW lqghhg kdv d shulrg wzr0f|foh1 Wkdw lv

Z|n� ' w
7
�
kW n EqW�2 EZ|3� � kW�

�
7
�
kW n EqW�2 EZ| � kW�

� ' w
7 EZ|3��

7 EZ|�

pxvw kdyh d shulrg wzr f|foh1
Wkxv h{shfwdwlrqv fdq eh fruuhfw dorqj wkh vwhdg| vwdwh dqg dorqj d shulrg wzr f|0

foh1 Wkhvh h{shfwdwlrqv fruuhvsrqg wr wkh vr0fdoohg frqvlvwhqw h{shfwdwlrqv htxloleuld
+FHH, lqwurgxfhg e| Krpphv dqg Vrujhu +4<<;,1 Lq wkhlu iudphzrun dq h{shfwdwlrqv
vfkhph lv d FHH li djhqwv pdnh qr vwuxfwxudo iruhfdvw huuruv lq d olqhdu vwdwlvwlfdo
vhqvh1 Ehvlghv vwhdg| vwdwh dqg wzr0f|foh FHH wkh| dovr kdyh fkdrwlf FHH/ zkhuh
wkh g|qdplfv ri wkh vwdwh yduldeoh pryhv ryhu d fkdrwlf dwwudfwru exw wkhuh lv qr

45Lw fdq hdvlo| eh fdofxodwhg wkdw/ iru d prqrwrqh ghfuhdvlqj vdylqjv ixqfwlrq/ d Krsi elixufdwlrq
rffxuv dw wkdw ydoxh ri �� iru zklfk zh kdyh
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zklfk dw dq htxloleulxp zkhuh djhqw kdyh frqvlvwhqw h{shfwdwlrqv ehfrphv
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Fohduo|/ wkhuh duh wkhq dozd|v ydoxhv ri � iru zklfk wkh lq dwlrq g|qdplfv duh vwdeoh1
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vwuxfwxuh lq wkh iruhfdvw huuruv1 Wkhvh FHH duh uhodwhg wr wkh eholhiv0htxloleuld zh
gh�qhg lq wkh suhylrxv vhfwlrq1 Zh qrz wxuq wr wkh dqdo|vlv ri wkh ohduqlqj prgho
zkhuh djhqwv kdyh h{shfwdwlrqv dffruglqj wr +57, dqg wkh eholhi sdudphwhuv k dqg
q duh ohduqhg wurxjk d ohdvw vtxduhv uhjuhvvlrq rq lq dwlrq udwhv1 Zh dvvxph djhqwv
hvwlpdwh wkh iroorzlqj shufhlyhg odz ri prwlrq

Z| ' qf n q�Z|3�c

zklfk lv htxlydohqw wr wkh shufhlyhg odz ri prwlrq +57, xs wr wkh wudqvirupdwlrq
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Qrwlfh wkdw wkhvh g|qdplfv frqvwlwxwh dq H0glphqvlrqdo v|vwhp/ vlqfh K| lv d 2 � �
yhfwru/ -| lv d 2 � 2 pdwul{ dqg wkh lq dwlrq udwh lq wlph | ghshqgv xsrq Z|3� dqg
Z|321

Lq wkh prgho ri wkh suhylrxv vhfwlrq zh vdz wkdw wkhuh zdv rqo| rqh htxloleulxp
ri wkh g|qdplfv +fruuhvsrqglqj wr q ' �, zklfk lpsolhv wkdw wkh vwdelolw| ri wklv
htxloleulxp lv htxlydohqw zlwk wkh vwdelolw| surshuwlhv ri wkh ryhuodsslqj jhqhudwlrqv
htxloleulxp xqghu qdlyh h{shfwdwlrqv1 Lq wkh prgho vwxglhg lq wklv vhfwlrq wkh vlw0
xdwlrq lv d olwwoh pruh frpsolfdwhg1 Vlqfh wkhuh lv d frqwlqxxp ri eholhiv htxloleuld
frqvlvwhqw zlwk wkh prqhwdu| vwhdg| vwdwh dqg wkh vwdelolw| ri wklv prqhwdu| vwhdg|
vwdwh ghshqgv xsrq wkh eholhi sdudphwhuv k dqg qc wkhuh duh dozd|v d qxpehu ri
vwdeoh htxloleuld dqg d qxpehu ri xqvwdeoh htxloleuld1 Lq sduwlfxodu/ wkhuh h{lvwv d
qxpehu q : fc vxfk wkdw doo htxloleuld zlwk mqWm 	 q duh vwdeoh xqghu wkh ohduqlqj
g|qdplfv glvfxvvhg deryh dqg doo rwkhu htxloleuld duh qrw1 Wkh lqlwldo frqglwlrqv rq
lq dwlrq udwhv dqg wkh lqlwldo eholhiv wkhuhiruh vhhp wr eh txlwh lpsruwdqw iru wkh g|0
qdplfv1 Lw pljkw eh zruwk phqwlrqlqj khuh wkdw wkh ohdvw vtxduhv ohduqlqj dojrulwkpv
zh kdyh ehhq vwxg|lqj fdq kdyh dq lqwhusuhwdwlrq dv d Ed|hvldq ohduqlqj vfkhph1 Lq
sduwlfxodu/ wkh deryh dojrulwkp dovr vshfl�hv wkh fdvh zkhuh djhqwv kdyh d qrupdoo|
glvwulexwhg sulru rq k dqg q dqg diwhu hdfk uhdol}dwlrq xsgdwh wklv sulru dffruglqj
wr Ed|hv* uxoh +vhh Eud| dqg Vdylq +4<;9, dqg ]hoqhu +4<:4,,1 Wkh pdwul{ -f wkhq
fruuhvsrqgv wr wkh suhflvlrq ri wkh lqlwldo eholhiv1 Li -f lv odujh/ wkhq djhqwv duh qrw wr
vxuh derxw wkhlu lqlwldo eholhiv +wkhlu sulru glvwulexwlrq kdv d uhodwlyho| kljk yduldqfh,
dqg li -f lv vpdoo wkh| kdyh d orw ri frq�ghqfh lq wkhlu lqlwldo eholhiv1 Wkhuhiruh/ li iru
h{dpsoh dffruglqj wr wkhlu sulru wkh djhqwv nqrz iru vxuh wkdw q� ' fc +wkdw lv/ wkh|
dwwdfk suredelolw| � wr wklv hyhqw, wkh xsgdwlqj vfkhph glvfxvvhg deryh lv h{dfwo|
htxlydohqw wr dq xsgdwlqj vfkhph zkhuh djhqwv iruhfdvw lq dwlrq udwhv e| wdnlqj wkh
dyhudjh ri suhylrxv lq dwlrq udwhv/ zklfk frqyhujhv doprvw dozd|v dv zh vdz ehiruh1

Vlpxodwlrqv ri wkh ryhuodsslqj jhqhudwlrqv prgho zlwk wkh FHV vdylqjv ixqfwlrq
vxjjhvw wkdw/ iru doo sdudphwhu ydoxhv/ wkhuh zloo eh frqyhujhqfh wr wkh prqhwdu|
vwhdg| vwdwh dqg wr eholhi sdudphwhuv k dqg q iru zklfk wkh vwhdg| vwdwh lv vwdeoh
dqg zklfk fruuhfwo| suhglfw wklv vwhdg| vwdwh1 Zklfk eholhi sdudphwhuv wkdw zloo
eh ghshqgv xsrq wkh lqlwldo frqglwlrqv1 Iru wkh frpsolfdwhg vdylqjv ixqfwlrq wkh
vlwxdwlrq lv d olwwoh gl�huhqw1 Iljxuh ; vkrzv vrph w|slfdo h{dpsohv ri wkh ohduqlqj
dqg lq dwlrq g|qdplfv iru wklv fdvh1

Lqlwldo eholhiv dsshdu wr eh yhu| lpsruwdqw1 Wkh �uvw wkuhh slfwxuhv vkrz wkh
srvvleoh g|qdplfv ri wkh ryhuodsslqj jhqhudwlrqv prgho zlwk 4 ' �

e
dqg w ' �� Iru doo

wkuhh slfwxuhv/ wkh lqlwldo eholhi rq k htxdov Dc wkh| rqo| gl�hu lq wkh lqlwldo eholhi ryhu
q� Wkh lqlwldo lq dwlrq ydoxhv duh wkh vdph iru hdfk vlpxodwlrq dqg duh fkrvhq qhdu
wkh shulrg wzr ruelw +zklfk lv wkh dwwudfwru iru wkh ryhuodsslqj jhqhudwlrqv prgho
xqghu qdlyh h{shfwdwlrqv,1 Lq wkh �uvw slfwxuh qf ' ��

e
dqg dv fdq eh vhhq wkh

lq dwlrq g|qdplfv frqyhujhv1 Wkh ohduqlqj g|qdplfv dovr frqyhujhv wr d vlwxdwlrq
zlwk k ' w ' �1 Dv glvfxvvhg ehiruh wkh �qdo ydoxh ri q lv lqghwhuplqdwh dqg yhu|
pxfk ghshqgv xsrq wkh zd| lq zklfk wkh lq dwlrq udwh frqyhujhv wr wkh prqhwdu|
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Iljxuh ;= Dwwudfwruv ri +59, dqg h{dpsohv ri eholhiv0htxloleuld zlwk frpsolfdwhg vdy0
lqjv ixqfwlrq1 d, EH fruuhvsrqglqj wr vwhdg| vwdwh/ 4 ' �

e
c w ' �c kf ' D dqg qf ' ��

e
�

e, Qrqh{lvwhqfh ri EH/ 4 ' �

e
c w ' �c kf ' D dqg qf ' ��

2
� f, EH fruuhvsrqglqj wr

shulrg wzr f|foh/ 4 ' �

e
c w ' �c kf ' D dqg qf ' �f�b� g, EH fruuhvsrqglqj wr irxu

f|foh/ 4 ' �

e
c w ' ��Dc kf ' D dqg qf ' ��

2
�

vwhdg| vwdwh w� Wkh vhfrqg slfwxuh vkrzv zkdw kdsshqv zkhq wkh lqlwldo ydoxh ri q lv d
elw orzhu/ qf ' ��

2
� Lq wklv fdvh wkh lq dwlrq g|qdplfv vhhpv wr frqyhujh wr d vwudqjh

dwwudfwru1 Krzhyhu/ wklv lv d fdvh ri qrqh{lvwhqfh/ vlplodu wr wkh rqh glvfxvvhg lq wkh
suhylrxv vhfwlrq1 Vwduwlqj zlwk k ' D dqg q ' ��

2
wkh lq dwlrq g|qdplfv frqyhujhv wr

d wzr0f|foh1 Wklv pdnhv q frqyhujh wr��c krzhyhu dv q ehfrphv dssur{lpdwho|�f�.S
wkh shulrg wzr f|foh ehfrphv xqvwdeoh dqg d vwudqjh dwwudfwru hphujhv1 Dfurvv wklv
vwudqjh dwwudfwru zh kdyh d uhjuhvvlrq frh!flhqw q vpdoohu wkdq �f�.S zklfk pdnhv
wkh v|vwhp uhwxuq wr d vwdeoh shulrg wzr f|foh djdlq dqg wkh zkroh vwru| uhshdwv1 D
eulhi orrn dw wkh wlph vhulhv zrxog wkhq uhyhdo wkh iroorzlqj1 Wkh hfrqrp| pryhv
lq dq dssur{lpdwh wzr0f|foh iru d orqj shulrg1 Dv djhqwv vwduw eholhylqj pruh dqg
pruh lq wklv wzr0f|foh lw lv glvwxuehg dqg lq dwlrq udwhv vwduw  xfwxdwlqj pruh dqg
pruh fdxvlqj wkh eholhiv wr pryh lq wkh uhyhuvh gluhfwlrq zklfk ohdgv wr wkh wzr0f|foh
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djdlq1 Wkh wklug slfwxuh vkrzv wkh lq dwlrq dqg ohduqlqj g|qdplfv zkhq wkh lqlwldo
eholhi rq q htxdov �f�b� Wkh lq dwlrq udwhv frqyhujh wr d shulrg wzr ruelw EZ�c Z2�

dqg wkh ohduqlqj g|qdplfv frqyhujhv wr Ekc q� '
�
Z�nZ2

2
c��

�
1 Djhqwv uhdoo| kdyh wr

eholhi lq d shulrg wzr f|foh lq rughu iru lw wr lqghhg hphujh1 Wkh irxuwk slfwxuh vkrzv
wkh g|qdplfv iru w ' ��

2
� Zh wkhq �qg wkdw iru lqlwldo eholhiv k ' D dqg q ' ��

2
wkh

lq dwlrq udwhv frqyhujh wr d shulrg irxu ruelw1

: Vxppdu|

Lq wklv sdshu zh kdyh frqvlghuhg d vwdqgdug ryhuodsslqj jhqhudwlrqv prgho dqg glv0
fxvvhg vhyhudo zd|v lq zklfk djhqwv pljkw ohduq derxw wkh g|qdplfv ri lq dwlrq1 Zh
kdyh vhhq wkdw/ ghshqghqw xsrq wkh vshfl�f ohduqlqj surfhgxuh dw kdqg dqg wkh vshf0
l�fdwlrq ri wkh ryhuodsslqj jhqhudwlrqv prgho/ wkh prqhwdu| vwhdg| vwdwh pljkw eh
vwdeoh ru xqvwdeoh dqg shulrglf/ txdvl shulrglf dqg vwudqjh ehkdylrxu pljkw rffxu1
Dq lpsruwdqw dvshfw ri rxu prghov lv wkdw djhqwv shufhswlrqv duh plv0vshfl�hg1 Lw lv
fohdu wkdw iru dq| djhqw lw lv lpsrvvleoh wr xqghuvwdqg wkh zkroh hfrqrp| lqfoxglqj
wkh vshfl�f sv|fkrorj| dqg ehkdylrxu ri doo djhqwv lq lw1 Wkhuhiruh/ dq djhqw dozd|v
kdv vrph h{wuhpho| vlpsol�hg prgho ri wkh hfrqrp| lq klv plqg zkhq kh wulhv wr
pdnh iruhfdvwv ri vrph hfrqrplf yduldeoh1 Wkhuhiruh wkh xvh ri plv0vshfl�hg prghov
ri wkh hfrqrp| lv grplqdqw lq hfrqrplf olih1

Vrph lpsruwdqw ohvvrqv pd| eh ohduqhg iurp wkh dqdo|vlv frqgxfwhg deryh1 Iluvw
ri doo lw lv fohdu wkdw frqyhujhqfh wr d vwhdg| vwdwh ghshqgv yhu| pxfk xsrq wkh
vshfl�f w|sh ri ohduqlqj prghov shrsoh xvh1 Vhfrqgo|/ huudwlf g|qdplfv fdq qrw eh
glvplvvhg e| d kljkhu ghjuhh ri vrsklvwlfdwlrq ri wkh ohduqlqj prghov1 Wklugo|/ wkrxjk
wkh ohduqlqj g|qdplfv pljkw frqyhujh wr d olplw eholhi wkh fruuhvsrqglqj lq dwlrq
g|qdplfv pljkw eh huudwlf1 Wkhvh  xfwxdwlqj lq dwlrq udwhv duh wkhq lq vrph vhqvh
frqvlvwhqw zlwk wkh olplw eholhi ri wkh djhqwv= lq wkhlu fodvv ri prghov ri wkh hfrqrp|/
wkh olplw eholhi h{sodlqv wkh lq dwlrq udwhv wkh ehvw1 Ri frxuvh prghov iurp rwkhu
fodvvhv pljkw shuirup ehwwhu/ krzhyhu wkh fodvv ri ohduqlqj prghov kdv wr eh wdnhq
h{rjhqrxvo|1

D qh{w vwhs lq wkh dqdo|vlv zrxog eh wr frqvlghu pruh jhqhudo fodvvhv ri shufhlyhg
odzv ri prwlrq dqg lqyhvwljdwlqj zklfk ri wkhvh odzv ri prwlrq dqg fruuhvsrqglqj
eholhiv0htxloleuld duh wkh prvw uhohydqw iru wkh prgho xqghu vwxg|1 Lq wklv zd| rqh
pljkw eh deoh wr uhvwulfw wkh zloghuqhvv ri erxqghg udwlrqdolw| e| uxolqj rxw odzv ri
prwlrq wkdw pdnh vwuxfwxudo iruhfdvw huuruv1

Ri frxuvh wkh dqdo|vlv lq wklv sdshu kdv rqo| ehhq d vwduwlqj srlqw lq d pruh gh�qlwh
fkdudfwhul}dwlrq ri wkh g|qdplf surshuwlhv ri ohduqlqj surfhgxuhv1 Krzhyhu zh eholhyh
wkdw lw fduulhv lq lw doo wkh skhqrphqd wkdw rqh zrxog �qg lq pruh uhdolvwlf g|qdplf
hfrqrplf prghov zkhuh djhqwv fdq xvh pruh vrsklvwlfdwhg ohduqlqj dojrulwkpv1
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^57` Pdufhw/ D1 dqg W1M1 Vdujhqw +4<;<e,= Ohdvw vtxduhv ohduqlqj dqg wkh g|0
qdplfv ri k|shulq dwlrq1 Lq= Z1D1 Eduqhww hw do1 +hgv1, Hfrqrplf Frpsoh{lw|=
Fkdrv/ Vxqvsrwv/ Exeeohv dqg Qrqolqhdulw|1 Fdpeulgjh= Fdpeulgjh Xqlyhuvlw|
Suhvv1

^58` Vdujhqw/ W1M1 +4<<6,= Erxqghg Udwlrqdolw| lq Pdfurhfrqrplfv/ R{irug=
Foduhqgrq Suhvv1

^59` Vdujhqw/ W1M1 +4<<;,= Wkh Frqtxhvw ri Dphulfdq Lq dwlrq/ Sulqfhwrq= Sulqfh0
wrq Xqlyhuvlw| Suhvv1

^5:` Vfkùqkrihu/ P1 +4<<9,= Ohdvw vtxduhv ohduqlqj ohdgv wr fkdrv1 Zrunlqj sdshu
Xqlyhuvlw| ri Elhohihog1

^5;` Vkdsoh|/ O1 +4<97,= Vrph wrslfv lq wzr0shuvrq jdphv1 Dqqdov ri Pdwkhpdwlfdo
Vwxglhv/ 7/ 405;1
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^5<` Vrqqhqvfkhlq/ K1 +4<:6,= Gr Zdoudv* lghqwlw| dqg frqwlqxlw| fkdudfwhul}h wkh
fodvv ri frppxqlw| h{fhvv ghpdqg ixqfwlrqvB Mrxuqdo ri Hfrqrplf Wkhru|/ 9/
67806871
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