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Chapter 2

Lifshitz Holography

In this chapter we begin our journey into deformations of quantum field theories

by studying a marginally relevant operator of a certain strongly coupled non-

relativistic field theory. The latter enjoys a peculiar scaling symmetry, named

Lifshitz symmetry, where time is treated differently from space. We will employ the

framework of holography to study this deformation, where this scaling symmetry

is realized geometrically as the isometry group of a gravitational background.

Geometries with this particular symmetry are called Lifshitz spacetimes; they were

originally introduced as possible holographic dual descriptions of non-relativistic

field theories in [13, 14] and have since appeared in many different setups, for

example as IR geometries [15]. However, holography for these spacetimes is not yet

standing on the same firm footing as ordinary AdS spacetimes, and it is therefore

necessary to determine to what extend the usual AdS/CFT techniques can be

applied to Lifshitz spacetimes.1

There are some indications, coming mainly from Schrödinger holography [18], that

one needs non-local counterterms to remove divergences in the on-shell value of

the action. Therefore, we decided to explore the nature of the divergences that

appear in Lifshitz spacetimes when computing the on-shell value of the effective

action using the Hamilton–Jacobi method, which turns out to be more efficient

in this case than using the Fefferman-Graham expansion, which rapidly becomes

quite intractable.

Normally, in order to perform holographic renormalization, one needs to first say

something about the boundary conditions for the fields. Here however we will ap-

proach the problem from a different perspective. If we require that all divergences

1See also [16, 17].
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2. Lifshitz Holography

should be canceled by local counterterms, this will automatically enforce particu-

lar boundary conditions for the fields. More precisely, we will find that particular

local covariant quantities made out of the bulk fields have to scale in a specific

way as we approach the “boundary” of Lifshitz spacetime.

In this chapter, we will briefly review the results of [1] and apply them to the special

case z = 2. In particular, we will focus on a deformation that induces a flow to

AdS in the IR, first identified in [13]. It is possible to argue that this deformation

is marginally relevant from the point of view of the dual field theory. However, it

induces large logarithmic corrections at leading order in the metric field, so it is not

a priori clear that such a deformation has the right to be called “asymptotically

Lifshitz”. We will address this issue by showing that only local counterterms with

no explicit dependence on the radial coordinate are needed in order to cancel

the divergences, contrary to what has been previously claimed in the literature

[19, 20]. However, a new interesting phenomenon arises: the renormalized on-shell

action turns out to be a non-analytic function of the marginally relevant coupling

constant. We will see that this behavior is perfectly consistent with our intuitions

coming from asymptotically free couplings in quantum field theory, in particular

QCD. This provides further evidence that Lifshitz geometries are dual to field

theories with a well-defined UV completion.

The outline is as follows. In section 2.1 we will motivate our interest in field

theories with Lifshitz scaling by briefly reviewing their use in condensed matter

physics. In section 2.2 we review the Hamilton–Jacobi method and apply it to

the non-derivative terms in the boundary effective action. We will show that it is

possible to extract the local part of the on-shell action order by order in the fields.

In section 2.3 we perform some non-trivial consistency checks by explicitly com-

puting the on-shell action for scalar perturbations of the metric and gauge fields

up to third order. We will provide evidence that the divergences are canceled order

by order in the value of the boundary fields by our local counterterms. We will

also compare our results with the ones presented in [19], and will discuss certain

discrepancies. In section 2.4 we will perform an all-order analysis of a marginally

relevant deformation, similar in spirit to “improved perturbation theory” in stan-

dard quantum field theory, and we will show that divergences are indeed removed

by our construction, so that such deformation can be turned on using only local

counterterms. Furthermore we will discuss the convergence of the counterterm

perturbation series and relate it to a non-analyticity of the renormalized on-shell

action as a function of the marginally relevant coupling constant. In the final

section, we will describe some open issues and possible ideas for future research

projects. Results for general z and derivative counterterms are discussed in the

appendix.
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2.1. Introduction to Lifshitz field theories

2.1 Introduction to Lifshitz field theories

Condensed matter physics deals with systems that consist of a very large number of

constituents, of the order of ∼ 1023. Solving the microscopic quantum many-body

problem is therefore an extremely daunting task. However at low energies, or at

distances much larger than the lattice spacing, it is often possible to describe the

resulting effective degrees of freedom with the formalism of quantum field theory.

Quantum field theories are especially useful in the proximity of phase transitions,

where they become scale invariant. In particular, quantum systems can exhibit

phase transitions even at zero temperature, which are characterized by a non-

analytic behavior of certain physical quantities as some external parameters are

varied, such as an external magnetic field or doping. We refer to this situation as

a quantum phase transition [21], and the points in parameter space where these

transitions occur are named quantum critical points.

As we said, physics at a quantum critical point is scale invariant, but in many

interesting physical systems it need not be Lorentz invariant. More precisely, the

usual scale invariance given by

t→ λt, x→ λx, (2.1)

is replaced by a “dynamical scaling”

t→ λzt, x→ λx, (2.2)

where z is called dynamical critical exponent, and it determines to what extent

time scales differently from space.

The focus of this chapter is on particular models with z = 2. This kind of scal-

ing arises in many interesting physical models, for example the Rokhsar–Kivelson

quantum dimer model [22], which was conjectured in [23] to be in the same uni-

versality class as the so called quantum Lifshitz model [24]. The latter is a non-

relativistic free field theory described by the Euclidean action

S =

∫
dτd2x

(
1

2
(∂τφ)2 +

κ2

2
(∇2φ)2

)
, (2.3)

which arises also as the field theory description of Lifshitz points at finite tempera-

ture, and where κ parametrizes a line of fixed points [25]. We will have much more

to say about this particular theory in the next chapter, where we will compute the

non-relativistic analog of the conformal anomaly.

This toy model is free, but we can deform it in interesting ways, for example by

adding the operator (∇φ)2. This operator is relevant and it induces a flow to a

17



2. Lifshitz Holography

relativistic theory in the IR. In other words, this model can be seen as a theory

with Lifshitz scaling symmetry in the UV that flows to a theory with relativistic

scaling (i.e. z = 1) in the IR.

Since holography has enjoyed some success in the description of strongly cou-

pled field theories relevant to condensed matter systems (see [26] and references

therein), it is natural to try to apply holographic techniques to explore whether

the RG flow described in the previous paragraph has a strongly coupled counter-

part. From the bulk point of view, we are looking for geometries that interpolate

between AdS in the interior and Lifshitz at the boundary. It was shown in [13]

that such geometries exist, and they were interpreted in [19] as being driven by a

marginally relevant perturbation of the purported dual strongly coupled Lifshitz

field theory.2 However, the question of whether this marginally relevant deforma-

tion should be included in the standard holographic dictionary for Lifshitz field

theories is still open, and this provides the motivation for this chapter.

2.2 The HJ approach to holographic renormal-

ization

In this section we will describe the general problem of holographic renormalization

[11, 28, 29, 30, 31, 32, 33] and focus in particular on the Hamilton–Jacobi approach

[31, 34, 35].

As described in the general introduction, the AdS/CFT correspondence gives us a

prescription to compute field theory observables, namely correlation functions of

gauge invariant operators, in terms of quantities defined in the bulk. In particular,

the object that allows us to compute correlation functions of the dual field theory

is the classical gravitational on-shell action S[φ], written as a functional of the

boundary conditions as explained in the general introduction.

However, S[φ] is typically divergent, and needs to be made finite with some renor-

malization prescription before it can be used to compute anything. This procedure

is the analog of standard renormalization in quantum field theory, where the effec-

tive action receives quantum corrections that diverge and need to be regulated by

adding suitable local counterterms. The gravitational counterpart is that the grav-

itational on-shell action needs to be made finite by the addition of counterterms

preserving general covariance.

The divergences in quantum field theory that require renormalization come from

ultraviolet effects, in particular they do not depend on the state of the theory.

2See also [27] for a discussion of similar flows when z 6= 2.
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2.2. The HJ approach to holographic renormalization

Analogously, divergences in the bulk are large volume effects and are expected to

be independent of the particular state in the interior; they should therefore depend

only on ”near-boundary” data. This is in fact true in standard AdS/CFT in the

presence of relevant deformations.

We will now describe how we can use the Hamiltonian formulation of general

relativity to determine the functional form of the counterterm action in terms of

the boundary fields. We write the on-shell action as

S = Sloc + Γ, (2.4)

where Sloc is local and contains all the divergences3 of S as we approach the

boundary r → ∞. The object Γ will be identified with the effective action of the

dual field theory.

To illustrate the method, we briefly turn to classical mechanics. In this case, the

on-shell action as a function of the boundary value of the fields obeys the so-called

Hamilton–Jacobi equation. Typically, the boundary value problem is formulated

in terms of initial and final conditions, that is we fix

q(ti) = qi, (2.5)

q(tf ) = qf , (2.6)

where q represents the coordinates of the system. We then find the solution4 q(t)

that obeys these conditions. The on-shell action is defined as the classical action

computed on this trajectory, seen as a function of the initial and final conditions:

Sqi,ti(qf , tf ) ≡ S[q(t)]. (2.7)

To simplify notation, we will omit the subscript from the final conditions as well

as the dependence on the initial conditions, so that the on-shell action is simply as

S(q, t). It can be proven that this object satisfies a non-linear partial differential

equation called the Hamilton–Jacobi equation:

∂S

∂t
+H (q,p, t) = 0, p =

∂S

∂q
(2.8)

where H is the Hamiltonian of the system.

In a classical field theory, the “coordinates” q are replaced by fields φ. We have in

mind a gravitational theory described by general relativity, and for applications to

3This is a little imprecise, given that Γ will typically exhibit logarithmic divergences, that can

be related to anomalies. This will be discussed in detail in the next chapter.
4We are assuming that this problem is well-posed, that is there is a unique solution satisfying

the boundary conditions. Furthermore, we require that the solutions originating from qi at time

ti do not intersect each other in the time interval [ti, tf ]. For more information, see [36].
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2. Lifshitz Holography

holography the time parameter t will be replaced by a radial coordinate r repre-

senting a space-like foliation of our spacetime. The Hamiltonian for a gravitational

system in the ADM formulation can be written as

H =

∫
Σr

ddx
√
−γ (NH+NaHa) , (2.9)

where Σr is a hypersurface of constant r, while N and Na are the usual lapse and

shift functions. The Hamiltonian densities H and Ha will depend on the particular

gravitational theory that is considered. General covariance implies the constraints

H(φ, π, r) = 0, (2.10)

Ha(φ, π, r) = 0, (2.11)

where π are the canonical momenta associated to φ. When we use the relation

between the momenta and the on-shell action

π =
δS

δφ
, (2.12)

the constraints above become functional differential equations for S[φ].

We now focus on the first constraint (2.10). When we plug in the relation (2.12),

the resulting equation becomes the gravitational analog of (2.8), so we will refer to

it as the Hamilton–Jacobi equation. Since we want to keep the discussion general,

we will not specify explicitly the form of H, which depends on the particular grav-

itational theory considered as well as the matter fields. However, the dependence

on the canonical momenta π is quadratic for a very large class of such theories,

which includes the particular theories we will be concerned with in this chapter.

As a consequence, the Hamiltonian constraint can generically be cast in the form

H = {S, S} − L, (2.13)

where the bracket {F,G} is a bilinear and symmetric operation that encodes the

(quadratic) dependence on the canonical momenta, and L is the Lagrangian den-

sity computed on the slice Σr. Solving the Hamilton–Jacobi equation is as difficult

as solving the full non-linear system of equations of motion, but the structure of

the equation allows us to effectively exploit some simplifying assumptions that will

make the problem tractable. In fact, using (2.4) and the bilinearity of the bracket

operation, we can write

{Sloc, Sloc} − L+ 2 {Sloc,Γ}+ {Γ,Γ} = 0. (2.14)

Since we are assuming that Sloc contains all the divergences as we approach the

boundary, the “local” part of the equation above should decouple from the rest,
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2.2. The HJ approach to holographic renormalization

so that

0 = {Sloc, Sloc} − L, (2.15)

0 = 2 {Sloc,Γ}+ {Γ,Γ} . (2.16)

This splitting is not unique, in that we are free to move finite local counterterms

from Sloc to Γ; this is simply related to a renormalization scheme ambiguity.

However, it might happen that the requirement that Sloc removes the divergences

is incompatible with such a splitting. We will analyze this possibility in detail in

the next chapter, and show that it is related to a scaling anomaly of the dual field

theory.

Notice that S generically depends also on the “initial conditions”, that is the value

of the fields on a radial slice Σr in the interior of our spacetime. However, since

we expect divergences to be a large volume phenomenon as we explained before,

Sloc should depend only on boundary data. It is not obvious a priori that this is

true, so we can use this requirement as a consistency check on our formalism.

The problem becomes tractable thanks to two simplifying conditions on Sloc.

Firstly, locality of the expected divergences implies that Sloc is a local functional

of the induced fields on the slice Σr. Secondly, it is easy to argue that the second

Hamiltonian constraint (2.11) can be solved by requiring that S (and in turn Sloc)

is invariant under diffeomorphisms on the slice Σr. Therefore Sloc should be a

local covariant functional of the induced fields on the slice. As we will see, this

allows us to solve (2.15) explicitly and determine the counterterm action for the

on-shell action.

In the next sections we will describe how this formalism can be applied to space-

times with anisotropic scale invariance.

2.2.1 Lifshitz spacetime and the Einstein–Proca action

Lifshitz spacetime is a proposed gravitational dual to a field theory with a UV

fixed point with anisotropic scaling symmetry (2.2). As in the case of standard

AdS/CFT, this symmetry should be encoded in the gravitational theory as a subset

of the isometry group of the classical geometry associated to the vacuum state. It

is therefore natural to consider a spacetime of the form [13]

ds2 = dr2 − e2zrdt2 + e2rd~x 2. (2.17)

This metric is indeed invariant under the so-called Lifshitz algebra [37], which

consists of time translations, spatial translations, spatial rotations, and anisotropic

scale transformations (2.2) (with a simultaneous shift in the radial coordinate
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2. Lifshitz Holography

r 7→ r − log λ). Notice however that, unlike so-called Schrödinger spacetimes, the

Lifshitz spacetime is not invariant under Galilean boosts x 7→ x + vt. We will

eventually work in 3+1 bulk spacetime dimensions, but we keep the dimension d

arbitrary for as long as possible.

By computing the Einstein tensor for the metric in (2.17), it is clear that such a

geometry cannot be a solution of pure Einstein gravity (possibly with a cosmolog-

ical constant). It is necessary to introduce some form of matter that can support

a non-trivial stress-tensor. Of course the choice is not unique, but in this thesis

we will focus on a particularly simple setup consisting of Einstein gravity with a

cosmological constant plus a massive vector field [38]. This massive vector field

will necessarily be non-zero in the background in order to support the Lifshitz

spacetime, and takes the form

A = ezrdt. (2.18)

Since this vector field breaks Lorentz invariance on the constant r slices, it is

natural to think of it as being responsible for the breaking of Lorentz invariance

in the dual field theory.

The graviton and massive vector fields comprise a solution to the Einstein–Proca

action S = Sgrav + SA, with

Sgrav =

∫
dd+1x

√
−g (R− 2Λ) +

∫
ddξ
√
−γ 2K, (2.19)

SA =

∫
dd+1x

√
−g
(
−1

4
FµνF

µν − 1

2
m2AµA

µ

)
, (2.20)

where we used the convention 16πG = 1. In order to find Lifshitz spacetime as a

solution, we must pick our parameters to be

Λ = −1

2
(z2 + z + 4), m2 = 2z, α0 = −2

z − 1

z
. (2.21)

The equations of motion are

Rµν −
1

2
Rgµν + Λgµν =

1

2
Tµν , ∇µFµν = m2Aν , (2.22)

where Tµν = 2√
−g

δSA
δgµν

is the Proca stress tensor, given by

Tµν = FµρFν
ρ +m2AµAν −

1

4
gµν

(
FρλF

ρλ + 2m2AρA
ρ
)

(2.23)

As we explained in the previous section, our aim is to construct a finite on-shell

action for an appropriate class of asymptotically Lifshitz spacetimes, where this
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2.2. The HJ approach to holographic renormalization

notion will be made more precise in the following. The momentum constraint is

given by

Ha = −2Dbπab −AaDbE
b + FabE

b = 0, (2.24)

where the quantities πab and Ea are the canonical momenta dual to the induced

metric γab and induced vector Aa respectively. The Hamiltonian constraint is

H = −
(
πabπ

ab − 1

d− 1
π2

)
− 1

2
EaEa −

1

2m2
(DaE

a)2 − L = 0, (2.25)

where L = R− 2Λ− 1
4FabF

ab − 1
2m

2AaA
a is the Lagrangian restricted to Σr.

We can obtain a functional differential equation for S by using

πab(r) =
1√
−γ

δS

δγab
(r), Ea(r) =

1√
−γ

δS

δAa
(r). (2.26)

The ensuing equation can be cast in the form (2.14) by defining

(
√
−γ)2 {F,G} ≡ −

(
γacγbd −

1

d− 1
γabγcd

)
δF

δγab

δG

δγcd
(2.27)

− 1

2
γab

δF

δAa

δG

δAb
− 1

2m2
Da

δF

δAa
Db

δG

δAb
.

As we mentioned earlier, one typically chooses an ansatz that is covariant [31, 35,

34], such that the momentum constraint is automatically satisfied. Solving the HJ

equation thus reduces to solving the Hamiltonian constraint. In the present case,

the most general covariant ansatz one can take is

Sloc =

∫
Σr

ddx
√
−γ U(α) + (derivative terms). (2.28)

The quantity α ≡ AaAa is the only scalar that one can construct from the metric

and the vector field containing no derivatives. In the present chapter, we will

discuss only counterterms with no spacetime derivatives; see appendix 2.A for a

discussion of the general case, including spacetime derivatives. Furthermore, in

the following we will set z = 2 and d = 3

2.2.2 Solving the Hamilton constraint

We shall now set out to find the counterterms at the level of no spacetime deriva-

tives by solving the local part of the HJ equation. As we explained above, this
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2. Lifshitz Holography

boils down to solving the local part of the Hamiltonian constraint,

0 ∼= {Sloc, Sloc} − L (2.29)

=
3

8
U2 −

(1

2
α2 + 2α

)(∂U
∂α

)2

− 1

2
αU

∂U

∂α
− (z2 + z + 4) + zα, (2.30)

The idea is to expand the function U(α) as a power-series in α− α0

U(α) =
∑
n

un(α− α0)n, (2.31)

so that u0 corresponds to the “boundary cosmological constant” of the pure Lif-

shitz background. The Hamiltonian constraint will then be a power-series as well

Hloc =
∑
n

Hn (α− α0)n. (2.32)

This allows us to solve the Hamiltonian constraint order by order by requiring

that Hn = 0 for every n.

At zeroth-order, we find the equation

3

8
u2

0 +
1

2
u0u1 +

3

2
u2

1 − 12 = 0, (2.33)

and we notice that u0 is not determined by this equation, only the relation between

u1 and u0 is fixed. Similarly, the equations Hn = 0 give the relations between

un+1 and the uj with j ≤ n, but do not help in determining u0 itself. This fact is

worrying at first sight, since it is unlike the classic case discussed in [31] where the

analog of u0 is in fact determined uniquely by the power-series expansion. We will

come back to this issue in due time, for now we will determine this coefficient by

looking at the pure Lifshitz background and requiring that the effective on-shell

action be finite. It is easy to see that this gives

u0 = 6. (2.34)

We will now show that only for this value of u0 can we expect Γ to be finite.

Let us consider the radial equation for the fields in the Hamiltonian formalism:

∂rγab =
δH

δ(
√
−γ πab)

= −2πab + γabπ, (2.35)

∂rAa =
δH

δ(
√
−γ Ea)

= −Ea +
1

m2
DaDbE

b. (2.36)

The canonical momenta are given by

πab =
1

2
γabU −AaAb

∂U

∂α
− 1√
−γ

δΓ

δγab
, (2.37)

Ea = 2Aa
∂U

∂α
+ gab

1√
−γ

δΓ

δAb
. (2.38)
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2.2. The HJ approach to holographic renormalization

If we assume that Γ is subleading with respect to Sloc as r →∞, the leading order

behavior for the fields should be simply given by

∂rγab =

(
1

2
U − α ∂U

∂α

)
γab + 2AaAb

∂U

∂α
+ . . . , (2.39a)

∂rAa = −2Aa
∂U

∂α
+ . . . . (2.39b)

where the ellipses denote terms coming from Γ that can be neglected for large r.

In this region, we have

∂rγtt = 4γtt + . . . , (2.40)

∂rγij = 2γij + . . . , (2.41)

∂rA0 = 2A0, (2.42)

while using the fact that in this limit α→ α0, we can rewrite (2.39b) as

∂rA0 = −2u1A0 + . . . , (2.43)

and comparing with (2.42) we get

u1 = −1. (2.44)

We can now use (2.33) to get

u0 = 6. (2.45)

Since the equation is quadratic, there is another solution u0 = −14/3 to the

equation, but this can be excluded as well by repeating the analysis above for the

metric γab.

We have therefore shown that only the choice u0 = 6 is compatible with the

assumption that Γ is subleading with respect to Sloc. In fact, any other choice

would imply power-law divergences in the effective action.

2.2.3 Recursive relation

We can now set up the computation order by order in perturbation theory. We

have already discussed H0, which gives u1 in terms of u0. It turns out that H1

vanishes identically, so from this condition we are not able to determine u2. The

H2 condition reads

6u2
2 + u2 −

5

8
= 0, (2.46)

which has two solutions u2 = − 5
12 and u2 = 1

4 . We will argue later that we need

to choose the latter solution, which corresponds to the non-normalizable mode of

the vector field.
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2. Lifshitz Holography

Having determined u0, u1 and u2, we can write a general recursion relation for the

coefficient un in terms of the lower ones:

un = −1

4

( n−1∑
i=1

(
3

8
− 1

2
i(n− i)− 1

2
i

)
uiun−i (2.47)

+

n−2∑
i=1

(
1

2
(i+ 1)− (i+ 1)(n− i)

)
ui+1un−i (2.48)

+
∑
i=2

(
3

2
(i+ 1)(n+ 1− i)

)
ui+1un+1−i

)
(2.49)

While finding a solution in closed form appears to be a difficult task, we can see

that all the coefficients are unambiguously determined by this method, as was

claimed without proof in [1]. The first few coefficients are

u0 u1 u2 u3 u4 u5 u6 u7 . . .

6 −1 1
4 − 1

8
3
64 − 1

128
1

256 − 11
2048 . . .

(2.50)

However, the coefficients quickly become very large, as can be seen from Figure 2.1,

which shows a log-plot of the first 1000 coefficients computed using Mathematica.

We now have two main questions:

200 400 600 800 1000
n

500

1000

1500

2000

2500

3000

3500

logHunL

Figure 2.1: Log plot of the first 1000 coefficients un, showing that they grow quite fast

with n.

– Does the counterterm action remove the divergences from the effective ac-

tion?

– Does the counterterm action converge as a power-series in (α− α0)?

In the next section we address the first question in perturbation theory. In the

subsequent section we will answer the first question non-perturbatively and show
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2.3. Renormalized On-Shell Action: Perturbative Analysis

that the counterterm series has a zero radius of convergence. This will be linked

to a non-analytic behavior of the renormalized on-shell action, which in turn can

interpreted physically in terms of a standard field theory argument provided by

Dyson [39].

2.3 Renormalized On-Shell Action: Perturbative

Analysis

Up to this point we did not impose any boundary conditions on our space of

solutions. In this section we will analyze the Einstein–Proca equations in the

constant perturbation sector up to third order. In doing so, we will set up a

renormalization scheme that will allow us to show that divergences in the fourth-

order on-shell action are indeed removed using our formalism.

2.3.1 Perturbative analysis of the equations of motion

First, we discuss the first-order solution obtained in [40] and then we set out to

solve the second-order equations. The purpose of finding these solutions is to

perform a non-trivial check of the counterterms that we found in 2.2.2. Again, we

focus on the non-derivative sector throughout this chapter, so we shall restrict our

analysis of the linearized field equations to constant modes which only depend on

the radial coordinate r.

In view of the results of [16], it is particularly convenient to parametrize the pertur-

bations using the frame field formalism. However, the results will be independent

of the particular parametrization chosen, and in fact we will recover the results of

[1]. Our parametrization for the frame fields eI , I = 0, . . . , 3 and vector field A is

as follows:

e0 = e2r
(

1 + ε f1(r) + ε2 f2(r) + . . .
)
dt, (2.51)

e1 = er
(

1 + ε k1(r) + ε2 k2(r) + . . .
)
dx, (2.52)

e2 = er
(

1 + ε k1(r) + ε2 k2(r) + . . .
)
dy, (2.53)

e3 = dr, (2.54)

A =
(

1 + ε j1(r) + ε2j2(r) + . . .
)
e0. (2.55)
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The metric is just given by

ds2 = −e0 ⊗ e0 +

3∑
i=1

ei ⊗ ei. (2.56)

We use the small parameter ε to keep track of the order in the perturbative ex-

pansion. Notice that our choice for e3 is equivalent to the radial gauge, namely

the requirement that grr = 1 and grµ = 0 for µ 6= r.

First-order solution.

As was noted in [40], the first order field equations for constant perturbations

reduce to the following four equations.

0 = 2j′′1 − 3f ′1 + 11j′1 + 12j1 + 6k′1, (2.57)

0 = 2f ′′1 + 7f ′1 − 3j′1 − 12j1 + 2k′1, (2.58)

0 = 2k′′1 + 6k′1 + j′1 + f ′1 + 4j1, (2.59)

0 = 6k′1 + 3f ′1 + j′1. (2.60)

The first three equations are linear second order ordinary differential equations, so

the general solution will depend on six parameter. The fourth equation, however,

is a constraint that will reduce the number of free parameters to five, which we

will denote by c1, ..., c5. In fact, it can be easily shown that the first two equations

and the fourth imply the third, so that this system of equations is equivalent to

two second order and one first order differential equations. The general solution

is given by

j(r) = − (c1 + c2 r) e
−4r + c3,

f(r) =
1

24
(4c1 − 5c2 + 4c2 r) e

−4r + (2c3 r + c4) , (2.61)

k(r) =
1

48
(4c1 + 5c2 + 4c2 r) e

−4r + (−c3 r + c5) .

In this case, the modes c1 and c2 are normalizable, while c3, c4, and c5 are non-

normalizable. Notice in particular that c4 and c5 correspond to linearized diffeo-

morphisms, generated by the vector field

ξ = c4 t ∂t + c5 x
i ∂i. (2.62)

Since α is a scalar, it cannot depend on c4 and c5 at linear order. In fact it is easy

to see that, at this order

α− α0 = 2 ε j(r) +O(ε2). (2.63)
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The c2 mode should be related to the mass of a black hole solution, as suggested

by the asymptotically Lifshitz black holes considered for example in [38, 41].

We notice at this point that the mode c3 shifts the value of α − α0, while giving

a logarithmic correction to the leading order behavior of gtt and gij . This clearly

suggests that this mode should correspond to a marginal deformation of the dual

field theory, even though it remains unclear at this point whether the corresponding

operator is marginally relevant or irrelevant. We will clarify this issue in the course

of this section.

It is now easy to compute the renormalized on-shell action Γ to first order in this

perturbation:

Γ = ε
2

3
c2 +O(ε2), (2.64)

so we see that the normalizable mode c2 contributes to the free energy of the

system, giving additional evidence that this mode should be related to an asymp-

totically Lifshitz black hole solution. This result matches the one in [40], where a

restricted set of counterterms was employed, which turns out to be equivalent to

ours at linear order. It is also easy to show that the second-order divergences are

correctly canceled by our counterterms.

Second-order solution.

The second order field equations are given by

0 = 8j2
1 + 16j2 + f ′21 + 4f ′2 + 2f ′1j

′
1 + j′21 + 4j1 (2f ′1 + j′1) + 4j′2 − 24k1k

′
1

+ 4k′21 + 24k′2 − 8k1k
′′
1 + 4f1 (8j1 + f ′1 + 2j′1 + 12k′1 + 4k′′1 ) + 8k′′2 (2.65)

0 = 8j2
1 + 16j2 + 16f1f

′
1 − 32k1f

′
1 + f ′21 − 16f ′2 + 8k1j

′
1 + 2f ′1j

′
1 + j′21

+ 4j1 (8k1 + 2f ′1 + j′1) + 4j′2 − 16k1k
′
1 − 4f ′1k

′
1 − 16k′2 + 4f1f

′′
1

− 8k1f
′′
1 − 4f ′′2 − 4k1k

′′
1 − 4k′′2 (2.66)

0 = −f ′21 + 2f ′2 + 4f1j
′
1 + 4j′2 + 4f1k

′
1 − 4k1k

′
1 + 2j′1k

′
1 + f ′1 (j′1 + 2k′1)

+ 4k′2 + j1 (2f ′1 + 4k′1 + f ′′1 ) + f ′′2 + f1j
′′
1 + j′′2 (2.67)

0 = −3f1f
′
1 +

1

4
f ′21 + 3f ′2 +

1

2
f ′1j
′
1 +

1

4
j′21 + j1 (2f ′1 + j′1) + j′2 − 6k1k

′
1

+ 2f ′1k
′
1 + k′21 + 6k′2. (2.68)

Just like the first-order equations, these consist of one first-order differential equa-

tion and three second order ones, so again there are five integration constants.

As we expect, the first order solution appears as a source for the second order
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equations, and the only modes that can appear in the second-order functions j2,

f2 and k2 are products of the modes we had already found at first order. The

solution is thus given by

j2(r) =
(
j1 + j2 r + j3 r

2
)
e−4r + j4 + j5 r + j6 r

2 +
(
j7 + j8 r + j9 r

2
)
e−8r,

f2(r) =
(
f1 + f2 r + f3 r

2
)
e−4r + f4 + f5 r + f6 r

2 +
(
f7 + f8 r + f9 r

2
)
e−8r,

(2.69)

k2(r) =
(
k1 + k2 r + k3 r

2
)
e−4r + k4 + k5 r + k6 r

2 +
(
k7 + k8 r + k9 r

2
)
e−8r.

The general second-order solution is parametrized by 27 coefficients ji, fi, and ki,

but as we mentioned before only 5 of them are truly independent. In fact, most

of them will be fixed in terms of the coefficients ci of the first order equation.

Notice that the second order solution contains modes that appeared at first order

and that were identified with sources. More precisely j4 corresponds to the con-

stant term in j1(r), namely c3, while f4 and k4 correspond to the constant terms

in f1(r) and k1(r) respectively. It is easy to see by inspection that these three

coefficients are arbitrary in the second order solution. This is to be expected: at

each order in perturbation theory, we are free to shift the sources by higher-order

terms; this is part of our choice of perturbation scheme for marginal and irrelevant

operators. In the following, we will impose that the constant part of j, f and

k is not changed by higher order terms. This will decrease the number of unde-

termined parameters to two, which turn out to affect only the normalizable part

of the solution. This in perfect agreement with the expectation that the relation

between the non-normalizable modes and the normalizable modes is non-local in

the bulk, and depends on the choice of state.

For completeness and future use, we display the leading part of the second-order

solution where we turn off the constant piece of f and k:

j2 = c23 r + . . . (2.70)

f2 = 3c23 r + 3c23 r
2 + . . . (2.71)

k2 = −2c23 r + . . . (2.72)

where the ellipses stand for terms suppressed by e−4r or more.

The on-shell action to second order for this perturbation is

Γ = ε
2

3
c2 + ε2

(
c′2 +

15

8
c1c3 +

63

32
c2c3

)
, (2.73)

where c′2 is a second-order correction to the vacuum expectation value, and the

remaining part of the expression shows the typical source/vev coupling at second

order.
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It is also possible to check that the third order divergence is canceled to this order,

as it should.

nth-order solution.

It is conceptually straightforward to extend this procedure to higher order, even

though the computations become quite tedious. However, we explicitly solved

the equations to third order for the deformation we are considering and checked

that the fourth order divergences cancel. This suggests that our proposal for the

counterterm action suffices to remove the divergences that arise in a perturbative

computation where the sources are treated as infinitesimal quantities. Further-

more, inspection of the higher-order solutions suggests a pattern for the leading

term at each order for j, namely

jn = c3(c3 r)
n−1 + . . . , (2.74)

where the ellipses denote terms that are subleading.5 We can resum all these

leading terms to obtain (we will set ε = 1 in the following, since we do not take

the sources to be infinitesimal anymore)

A = (1 +

n∑
i=1

jn)e0 = (1 +
1

1
c3
− r

+ . . .)e0. (2.75)

We see that increasingly high powers of logarithms resum to an inverse logarithm,

a behavior reminiscent of asymptotically free couplings in quantum field theory.

Furthermore, this behavior precisely reproduces the inverse logarithmic behavior

of the marginally relevant deformation studied in [19] (from now on we will refer

to this paper as CHK). Additional evidence is provided by resumming the leading

order part of f , which behaves like

fn = (n+ 1)(c3 r)
n, (2.76)

so that

e0 = e2r(1 +

n∑
i=1

fn) = e2r

(
1

(c3 r − 1)2
+ . . .

)
. (2.77)

We see that the resummation leads to a leading inverse logarithmic behavior in

the metric. Furthermore, this behavior precisely matches the one found in [19] for

the marginally relevant perturbation considered there.

By changing coordinates (while reinstating the length scale ` of Lifshitz spacetime)

as
`

z
= er, (2.78)

5Notice however that subleading terms for jn will in general be dominant with respect to the

leading term in jk with k < n.
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we can write see that
1

c3
− r = log(zΛ), (2.79)

where we have introduced the ”dynamically generated scale” Λ = e1/c3

` .

In CHK, the authors proposed a peculiar set of counterterms to renormalize the

on-shell action, which explicitly depend on the radial coordinate (albeit only with

logarithmic terms). Therefore we turn to a comparison between the two approaches

in the next section.

2.3.2 Comparison with CHK

We have established in the previous section that the counterterms determined

with the Hamilton–Jacobi method are sufficient to cancel the divergences order-

by-order in perturbation theory, at least up to fourth order. However, the authors

of [19] have proposed different counterterms to renormalize the action, which have

an explicit dependence on the radial coordinate r. More in detail, they propose

the following form6 for the counterterm action:

Sc.t. =

∫
Σr

ddx
√
−γ

2∑
i=0

ũi(α− α0)i, (2.80)

where the ũi are explicit functions of r, namely

ũ0 = 6− 8

3

1

( 1
c3
− r)2

+ . . . (2.81)

ũ1 = −1− 8

3

1

( 1
c3
− r)

+ . . . (2.82)

ũ2 = − 5

12
+

35

36
c3 + . . . (2.83)

Here we have shown only the leading departure from the constant piece. The

question is whether the explicit r dependence can be replaced with higher order

terms in (α − α0) as we propose. In order to compare with our perturbative

analysis, we need to expand these counterterms in powers of c3. At leading order

we have

ũ0 = 6− 8

3
c23 + . . . (2.84)

ũ1 = −1− 8

3
c3 + . . . (2.85)

ũ2 = − 5

12
+

35

36
c3 + . . . (2.86)

6Here we have changed notation in order to better compare the results of [19] with our results.
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so we see that the first discrepancies arise at second order in the sources. In fact,

notice that even the constant piece in ũ2 does not match our results, but rather

corresponds to the choice of the normalizable branch for the vector-field mode. It

is easy to see that, to second order in the sources,

lim
r→0

∫
Σr

ddx
√
−γ

2∑
i=0

(ui − ũi)(α− α0)i = 0. (2.87)

This means that, at least to this order, the necessity of the explicit r dependence

in the CHK counter-term action comes entirely from the choice of the “normaliz-

able” branch for the coefficient of the second order term. Notice that while both

choices are compatible with the finiteness of the on-shell action, they lead to dif-

ferent canonical momenta when functionally differentiated, and we have already

argued that the correct choice that reproduces the large r behavior of the canonical

momenta is the one we adopted.

It is not difficult to see that the third order discrepancy can also be absorbed by

adding the appropriate third order counterterm u3(α − α0)3 that we determined

in the previous section. This strongly suggests that r-dependent counterterms are

not really necessary, and can be replaced by local counterterms that do not contain

any explicit r dependence. However, the price that we have to pay is that we need

an infinite number of terms in order to renormalize the action. This means that if

we really want to turn on the marginally relevant perturbation, we need to perform

a non-perturbative analysis in order to determine whether the on-shell action is

finite. This will be the focus of the next section.

2.4 Renormalized On-Shell Action: All-Orders

Results

In the previous sections we described a systematic procedure to compute the

counterterm action for the Einstein–Proca system around a Lifshitz solution with

z = 2. Furthermore, we analyzed a marginally relevant perturbation of the system

and gave evidence that the divergences are correctly removed order by order in the

source by local counterterms. However, in order to remove divergences for a finite

source, we need to keep an infinite number of terms in the counterterm action.

As a consequence we need to study its convergence property and study whether

divergences are indeed removed for a finite perturbation from the on-shell action.
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2.4.1 Convergence of the counterterm action

At the end of section 2.2.3, we asked whether the series∑
i

ui(α− α0)i, (2.88)

which appears in the counterterm action, has a finite radius of convergence. The

behavior in Figure 2.1 looks naively linear, suggesting that the un’s obey a power-

law, which would in turn imply a finite radius of convergence. However, we will

show analytically that the coefficients grow as n! for large n, implying instead a

zero radius of convergence.

In order to extract the large-n behavior from (2.47), we will assume that for large

but fixed n, the sum on the right-hand side is dominated by the terms where un−1

appear. This is certainly true if the coefficients grow sufficiently fast with n, so

that terms like un−1u0 dominate over terms like ukun−k−1 for 0 < k < n−1. This

assumption is justified by the empirical behavior shown in Figure 2.1.

Keeping only the dominant terms on the right-hand side of (2.47), we get

un =
1

8
(n− 1)un−1 + . . . , (2.89)

which can be immediately solved to give

un ≈ c
(

1

8

)n−1

Γ(n) (2.90)

We therefore see that the leading behavior of un at large n is factorial. The

prefactor c cannot be determined by the equation, but should be determined by

the “initial condition” u0. However, since we cannot extrapolate the result above

to small n, the only viable way to determine c is by using numerics.

As a further consistency check on our assumptions, we can interpolate the coeffi-

cients computed numerically with an ansatz of the form

an log n− b n+ c log n+ d. (2.91)

The least-square fit (performed using the Mathematica function FindFit) on the

region of coefficients between n = 2000 and n = 3000 gives

a ≈ 1.000, b ≈ 3.079, c ≈ −10.75, d ≈ 23.07 (2.92)

compatible with a = 1 and b = 1 − log 1
8 ≈ 3.079 implied by (2.90). We see that

we can also determine the overall multiplicative constant ed and the coefficient of

the power-law term nc.
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The appearance of a divergent series might be worrisome at first. However, diver-

gent series are ubiquitous in physics, and in particular in quantum field theory,

where many observables are represented by power-series in the coupling constant

that have zero radius of convergence. In general, the coefficients on associated to

a power expansion of a certain observable O behave for very large n as [42]

on ∼ Kann!nb. (2.93)

where K, a and b are given constants. It is apparent that (2.90) is of this form.

Typically these series are believed to be asymptotic, which means that there exist

constants KN such that [42]∣∣∣∣∣O(α)−
N∑
n=0

onα
n

∣∣∣∣∣ < KN+1α
N+1, (2.94)

that is, given a truncation of the series, this approaches the exact result as α→ 0

“sufficiently fast”. In this case, it is often possible to argue that the truncation

error as a function of N decreases until a critical N∗, given by

N∗ ∼
1

|a|α
. (2.95)

Beyond this point, the truncation error starts to increase and the truncated series

becomes less and less reliable.

These results suggest that if our series is asymptotic, the optimal truncation is

obtained at

N∗ ∼
8

α− α0
. (2.96)

In order to test this, it is interesting to consider what happens when α− α0 = 1,

or equivalently α = 0. This corresponds to the AdS4 solution of the system, and

in that case we know what the counterterm action should be:

S
(AdS)
c.t. =

∫
d3x
√
−γ 4

LAdS
. (2.97)

It is very easy to see that, in our conventions, LAdS =
√

3
5 , so that the “boundary

cosmological constant” is

4

LAdS
= 4

√
5

3
≈ 5.16... (2.98)

On the other hand, using the fact that N∗ ∼ 8, we get

U(α = 0) ≈
8∑

n=0

un ≈ 5.16... (2.99)
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in perfect agreement with (2.98). Furthermore, we can see that the truncated

series behaves as expected by plotting the function

log(1 + ∆(N)), (2.100)

where ∆(N) measures the truncation error and is given by

∆(N) =

∣∣∣∣∣
N∑
n=0

un − 4

√
5

3

∣∣∣∣∣ . (2.101)

The result is shown in figure 2.2, and confirms our expectations that the series is

asymptotic. The non analyticity of the counterterm series around α = α0 suggests

that something goes wrong in the vicinity of this point. We will see that something

similar happens for the renormalized on-shell action in the next section, where we

will also try to give this phenomenon a physical interpretation in the spirit of an

argument first provided by Dyson in the context of QED.

10 20 30 40 50
N

5

10

15

20

25

logH1+DHNLL

Figure 2.2: This plot shows the logarithm of the truncation error when we include N

terms in the sum. It is apparent that after N ∼ 10, the error becomes exponentially big

as expected on general grounds.

2.4.2 The renormalized on-shell action

We turn our attention to the renormalized on-shell action Γ = S−Sloc. We argued

in section 2.2 that this object obeys the functional differential equation

2 {Sloc,Γ}+ {Γ,Γ} = 0. (2.102)

Since we expect Γ to be finite in the limit r → ∞, it is not difficult to see from

(2.27) that the second piece {Γ,Γ} should be subdominant with respect to the
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first in this limit. As a consequence, we will extract the leading contribution to Γ

by studying the equation

{Sloc,Γ} = 0, (2.103)

and then argue that the corrections from the {Γ,Γ} piece can be neglected.

Since we are turning on a perturbation that is constant on a slice, Γ will be

necessarily of the form

Γ =

∫
d3x
√
−γW (α). (2.104)

After some easy manipulations, it is possible to cast (2.103) in the form

β(α)W ′(α)− φ(α)W (α) = 0. (2.105)

The functions β and φ are given by

β(α) = −1

2
αU(α)− (α2 + 4α)U ′(α), (2.106)

φ(α) = −3

4
U(α) +

1

2
αU ′(α). (2.107)

The notation comes from the observation that

∂rα = β(α), (2.108)

∂r log(
√
−γ) = φ(α), (2.109)

so that β and φ play the role of β-functions for the “effective coupling constants”

α and log(
√
−γ) respectively.

We have reduced equation (2.103) to a ordinary first order differential equation

for W , which can be immediately solved by

W (α) = C exp

(∫
dα
φ(α)

β(α)

)
, (2.110)

where C is an arbitrary constant coming from the constant additive ambiguity in

defining the integral. Using the results of the previous sections for U(α), it is easy

to see that
φ(α)

β(α)
=

8

(α− α0)2
+

10

α− α0
+ . . . , (2.111)

where the ellipses stand for positive (or zero) powers of α − α0. Integrating the

expression above immediately gives us

W (α) = C exp

(
− 8

α− α0

)
(α− α0)10 (1 +O(α− α0)) (2.112)
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This expression is non analytic around α = α0, confirming our suspicion that the

non-analyticity of the counterterm action would show up also in the renormalized

on-shell action.

Furthermore, we are in a position to check the finiteness of Γ. Using the asymptotic

expansion of [19]

α− α0 ≈ −
2

log(Λz)
− (λ− 3)− 5 log(− log(Λz))

log2(Λz)
+ . . . (2.113)

we immediately find

Γ =

∫
d3x
√
−γW (α)→ C̃ (`Λ)4, (2.114)

where C̃ is a constant proportional to C that cannot be determined by the near-

boundary analysis. Since the result is finite, subleading terms in W (α) will not

contribute to the result. In fact, it is not difficult to show that terms like {Γ,Γ}
contribute to W with higher powers of exp(−8/(α−α0)), so they do not affect the

analysis above. This has to be contrasted with the counterterm action, where all

the subleading terms in U(α) contribute to the divergences and only a perturbative

analysis was possible.

We have therefore determined that the non-convergent power-series of counter-

terms determined by the Hamilton–Jacobi method is sufficient to remove the di-

vergences from the on-shell action. A determination of C̃ as a function of the

IR data and Λ would allow us to study the free energy, energy and entropy of

asymptotically Lifshitz black hole solutions in the spirit of [19]. However, such

an analysis would not be straightforward, since the {Γ,Γ} contributions that are

negligible for large r definitely become important in the interior, and we would

need to keep track of them to determine the aforementioned relation between UV

and IR data; as a consequence we leave this for future work.

2.4.3 Improved perturbation theory

We have shown that both the renormalized on-shell action and the counterterm

action are non-analytic functions of α−α0 around 0. In quantum field theory, the

non-analyticity of observables as a function of the coupling constant is related to

interesting non-perturbative effects. In order to get some intuition on the possible

physical reasons that lead to the divergences that we found in our example, we

briefly turn our attention to QED.

The first hint that the perturbation series of QED had to be divergent for any

non-zero value of the coupling constant came from a paper of Dyson [39]. The
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argument goes as follows: a physical observable O can be written in perturbation

theory as

O(α) = o0 + o1α+ o2α
2 + . . . (2.115)

where the coupling constant α ∝ e2 is simply the electric charge squared. If the

series was convergent for a (positive) non-zero value of α, then O would be analytic

around α = 0 and could be continued to negative values of α. In this case, charges

of the same sign would attract each other and the classical limit would lead to

a Coulomb potential with the “wrong” sign. That would imply that the ground

state is unstable against the creation of particles, so observables are expected to

be ill defined.

In our case, the role of the coupling constant is played by g2 ∼ α− α0. It is clear

that the renormalized on-shell action is well-defined only if we approach the UV

limit from positive g2. This is guaranteed by the β-function:

∂r(α− α0) = β(α) ≈ −1

2
(α− α0)2 + . . . (2.116)

The expression above implies that the r-derivative of the coupling constant must

be negative as we approach 0, which is only possible if the coupling constant itself

is positive for sufficiently large r. This provides evidence that the non-analyticity

of the on-shell action can be explained field-theoretically by Dyson’s argument.

The β-function also explains why we were able to resum all the leading logarithms

in the perturbative expansion. This is completely analogous to what happens

in QCD, where the leading logarithmic terms that one finds at each order in

perturbation theory can be resummed to give inverse logarithms [43].

2.5 Discussion and Conclusions

We have found a new and systematic method for simultaneously determining the

boundary conditions on the one hand, and finding the counterterm action for

asymptotically Lifshitz spacetimes on the other hand.

Using this method, we have have analyzed a marginally relevant perturbation of

Lifshitz spacetime, both perturbatively and non perturbatively, and determined

that it should be included in the class of allowed boundary conditions. Further-

more, the counterterm action is a local functional of the fields by construction,

and in particular it is independent of the radial cut-off, unlike some previous ap-

proaches [19, 20].
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Although we focused on constant perturbations and z = 2, the Hamilton–Jacobi

analysis can be used to find higher-derivative counterterms for general z as well.

See Appendix 2.A for a review of the more general results derived in [1].

There are many further directions to explore. The first would be to extend our

analysis to the interior of Lifshitz spacetime, which would provide the relation

between boundary data (sources) and vevs. This would allow us to study asymp-

totically Lifshitz black holes in the spirit of [19], which in turn would enable us to

examine finite-temperature crossovers and explore the non-relativistic field theory

phase diagram in the vicinity of the quantum critical point.

It would also be interesting to study how observables other than the free energy,

such as correlation functions, are modified by this marginally relevant deforma-

tion. Furthermore, the UV Lifshitz fixed point provides a UV completion for a

relativistic CFT deformed by an irrelevant deformation, and it would be inter-

esting to study how the non-local divergences that are expected in this case [44]

resum to local quantities from the point of view of the UV theory.
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2.A Results for general z and higher derivative

counterterms

In this appendix, we briefly review the more general results of [1] for arbitrary z,

and we discuss higher-derivative counterterms.

2.A.1 General z and scalar field coupling

It is possible to repeat the analysis presented in this chapter for general z. At

the non-derivative level, there is no obstruction to solving the Hamilton–Jacobi

equation perturbatively in α − α0. The only difference is that the coefficients un
are functions of z:

Sloc =

∫
ddx
√
−γ
(

2(z + 1)− z

2
(α− α0) +

z2(2z − 5 + βz)

16(z2 − 1)
(α− α0)2 + . . .

)
,

(2.117)

where βz =
√

9z2 − 20z + 20 and the ellipses denote higher-order derivatives as

well as terms that are of higher order in α− α0.

The other important difference with respect to the z = 2 case is that the mode

associated to the massive vector field is relevant for z < 2, so only a finite number

of counterterms is necessary. In fact, the perturbative analysis can be repeated in

this case and it shows that divergences are indeed removed to third order in the

perturbations.

Counterterms for a scalar field coupled to the Einstein–Proca model were also

constructed in [1]. This amounts to adding a term to the classical action of the

form

S = −1

2

∫
dd+1x

√
−g (∂µφ∂

µφ+ V (φ)) , (2.118)

where V (φ) = 1
2µ

2φ2 + O(φ3). In this case, an interesting phenomenon arises for

specific values of the scalar field mass µ2: we find that there is an obstruction to

solving the local part of the Hamiltonian constraint, which leaves a finite reminder.

This leads to logarithmic divergences in the renormalized on-shell action, which

in turn can be related to anomalies [2]. This will be the main topic of the next

chapter.

It should be noted that the energy flux is an irrelevant operator for any z > 1,

and the vector field mode is irrelevant for z > 2. As a consequence, we expect

multi-trace deformations, implemented by non-local counterterms, to play a role

in their holographic renormalization [44].
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2.A.2 Higher derivative counterterms

Derivative counterterms can also be analyzed with the Hamilton–Jacobi technique,

even though computations become a little bit more tedious. We start by writing

down an ansatz for the local part of the on-shell action:

Lloc = U(α) + C(α)DaA
a +D(α)AaAbDaAb + Φ(α)R+ . . . (2.119)

Of course, there are other two-derivative terms as well as higher-derivative terms in

the ansatz, but for the purpose of illustrating our method these terms will suffice.

We assume that ∂Σr = ∅, so that we need to specify the possible counterterms

only up to total derivatives. We perform a derivative expansion,

L(0)
loc = U(α), (2.120)

L(1)
loc = C(α)DaA

a +D(α)AaAbDaAb, (2.121)

L(2)
loc = Φ(α)R+ . . . (2.122)

and

L(0) = −2Λ− m2

2
α, (2.123)

L(2) = R− 1

4
FabF

ab. (2.124)

The non-derivative level (level zero) has already been covered in Section 2.2, so

let us go directly to the level of one spacetime derivative.

One derivative.

At level one we have only two possible structures, The canonical momenta are

given by

π(1)ab =
1√
−γ

S
(1)
loc

γab

=

(
1

2
D − C′

)(
AaAb(D ·A)− 2AcA(aDb)Ac + γab(AcAdDcAd)

)
,

(2.125)

and

E(1)a = (2C′ −D)
(
Aa(D ·A)−AbDaAb

)
. (2.126)

The Hamilton constraint can be solved if

D = 2C′. (2.127)
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The resulting term in L(1)
loc is just a total derivative,

CDaA
a + 2C′AaAbDaAb = Da(CAa), (2.128)

and can be discarded.

Two derivatives: the ΦR term.

Since the ΦR term does not mix with the other two-derivative terms, the equations

that determine Φ(α) do not get contributions from other two derivative terms.

Therefore, we can consistently focus on this sector alone. The canonical momenta

are

π(2)ab =
1

2
γabL(2)

loc −
δ(ΦR)

δγab
+ . . . (2.129)

E(2)a = 2Φ′RAa + . . . (2.130)

We now want to compute the coefficient of the R term. Only terms with R or a

not contracted Rµν can produce a R term in the final expression:

π
(2)
ab =

1

2
gabΦR− Φ′AaAbR−RabΦ + . . . , (2.131)

E(2)a = 2Φ′RAa + . . . (2.132)

Therefore we have

2{S(0)
loc , S

(2)
loc} − L

(2) =

R

(
−1

4
ΦU +

1

2
A2(Φ′U − ΦU ′) + (4A2 +A4)Φ′U ′ + 1

)
+ . . . = 0. (2.133)

Again, we expand Φ in power series in (α− α0) where α = A2,

Φ = b0 + b1(α− α0) + b2(α− α0)2 + . . . , (2.134)

and we plug this result into (2.133). We obtain

b0 =
1

z
. (2.135)

A similar computation for b1 yields

b1 =
5z − 2 + βz

4(z + 1)(z − 2 + βz)
. (2.136)

There does not seem to be a continuous ambiguity for the higher order coefficients.

Let us briefly discuss an important feature of (2.133). The function Φ satisfies

a first-order differential equation, therefore it seems somewhat strange that we
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were able to determine the coefficient b0 uniquely, which amounts to specifying

the initial condition. The reason for this is that, since we want to compute the

polynomial part of the on-shell action, we are using a power-series expansion. Nev-

ertheless, the general solution of the differential equation might not be polynomial,

so by requiring that our solution is a polynomial, we are effectively determining

the initial condition. We illustrate this phenomenon with a toy example. Consider

the differential equation:

xf ′(x) + af(x) + 1 = 0. (2.137)

If a 6= 0 this has the following general solution:

−1

a
+Ax−a, (2.138)

where A is an arbitrary constant. If a 6= 0,−1,−2, . . ., then the solution is not

polynomial and using a Taylor expansion amounts to choosing A = 0. Neverthe-

less, if the coefficient a is a negative integer, the solution is indeed a polynomial

but A is undetermined. This would show up as an ambiguity in defining the on-

shell action, and it typically leads to anomalies as we will explain in the following

chapter.

Equation (2.133) can be cast in a form similar to the toy model we just considered:(
(α2 + 4α)U ′ +

1

2
αU

)
Φ′ +

(
1

2
αU ′ − 1

4
U

)
Φ + 1 = 0. (2.139)

The coefficient of Φ′ is simply −∂rα, and since Lifshitz spacetime is a solution

to the equations of motion, we have that this coefficient vanishes as α → α0.

This feature is very general and it explains why the HJ method is able to fix the

derivative counterterms.
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