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ABSTRACT

Suppose you have the possibility to choose to adopt one of a number
of discrete behaviors or to choose to buy one of a number of different
products. Moreover, suppose the choice is multi-dimensional or more
generally, that there are common unobserved attributes of the choice
alternatives. A classic approach to statistical prediction in such a situation given an observed sample of decision makers in a population is
the nested logit model, pioneered by Ben-Akiva (1973) in the context
of transportation demand modeling and generalized by McFadden
(1978) in the context of residential choice modeling. Now suppose
your choice to adopt a discrete behavior or buy a discrete product
is influenced by what choices the members of your social network
make, or by your perception of percentages of your neighbors, social
peers and/or colleagues making these choices, or your perception of
such general segments of the population. Brock and Durlauf (2006)
have proposed such a variant of the nested logit model, noting that,
“There has yet to be any analysis of (such) models ... when self-consistency is
imposed on the expected group choice percentages. Such an analysis should
provide a number of interesting results.” It is one of the aims of this thesis
to fill this gap. After a brief review of fundamentals in Part I, in Part
II of the dissertation, we present theoretical results for mean field,
steady state corner solutions in parameter space derived drawing on
techniques from the mathematics of dynamical systems and bifurcation theory. These analytical results are subsequently used as a benchmark for empirical work. In Part III, we present an initial application
of a socio-dynamic binary logit model to transportation mode choice
using survey data collected by the Hague Consulting Group on intercity travel in the Netherlands over a sweep of parameter space with
abstract classes of networks. Then, we present an empirical application of a socio-dynamic nested logit model to transportation mode
choice using pseudo-panel microdata collected by the Municipality
of Amsterdam Agency for Traffic, Transport and Infrastructure in the
greater Amsterdam region with various hypothesized social-spatial
networks. In both case studies, we combine econometric estimation
with computational techniques from the field of multi-agent based
simulation, assuming exogenous influence networks. In Part IV, we
further explore econometric issues, estimating more complex discrete
choice models. We conclude highlighting limitations of the present
study and provide recommendations for future work. The appendices
provide supplementary theoretical results and a selective overview of
various modeling considerations that could be relevant in an extension to residential choice with endogenous networks.
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“The physical origin of spontaneous magnetization is the attraction
between parallel spins. They prefer to be aligned and rotate as a block.
However, this tendency towards organization is opposed by random thermal
fluctuations, and the balance between these opposite forces determines the
average block size at a given temperature. At high temperatures, the block
size is small, their random spin orientations cancel each other, and there is
no net magnetization. As the temperature is decreased, larger blocks become
more stable, and it becomes increasingly rare that the block-spin direction
will change as a result of thermal motion. This is because changing the
block-spin direction requires the spontaneous cooperative rotation of the
individual spins, and this is very unlikely for large blocks. Broken
symmetry comes about because the system gets trapped in some
configuration for a very long time. . . .
“The emergence of spontaneous magnetization gives rise to a sharp phase
transition in the thermodynamic limit. The rotational symmetry is broken
in the low-temperature phase, and ’restored’ in the high-temperature phase.
... From the spontaneous magnetization we abstract the notion of an ’order
parameter,’ whose emergence below a critical temperature marks a
symmetry-breaking phase transition.”
— Kerson Huang (2001)

COVER

Clockwise from upper left:
a) Transportation network in Amsterdam and immediate environs.
b) Primary residential locations (known to precision of a traffic analysis zone centroid) of respondents making direct home-work or direct
work-home trips, indicated with their transportation mode choice.
c) Commute modal split by residential district.
d) Abstract visualization of social network interdependence defined
by overlapping clusters of residential district and socioeconomic
group.
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Ithaca
When you start on your journey to Ithaca,
then pray that the road is long,
full of adventure, full of knowledge.
Do not fear the Lestrygonians
and the Cyclopes and the angry Poseidon.
You will never meet such as these on your path,
if your thoughts remain lofty, if a fine
emotion touches your body and spirit.
You will never meet the Lestrygonians,
the Cyclopes and the fierce Poseidon,
if you do not carry them within your soul,
if your soul does not raise them up before you.
Then pray that the road is long.
That the summer mornings are many,
that you will enter ports seen for the first time
with such pleasure, with such joy!
Stop at Phoenician markets,
and purchase fine merchandise,
mother-of-pearl and corals, amber and ebony,
and pleasurable perfumes of all kinds,
buy as many pleasurable perfumes as you can;
visit hosts of Egyptian cities,
to learn and learn from those who have knowledge.
Always keep Ithaca fixed in your mind.
To arrive there is your ultimate goal.
But do not hurry the voyage at all.
It is better to let it last for long years;
and even to anchor at the isle when you are old,
rich with all that you have gained on the way,
not expecting that Ithaca will offer you riches.
Ithaca has given you the beautiful voyage.
Without her you would never have taken the road.
But she has nothing more to give you.
And if you find her poor, Ithaca has not defrauded you.
With the great wisdom you have gained, with so much experience,
you must surely have understood by then what Ithacas mean.
— Constantine P. Cavafy, 1911

To my parents
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P R E FA C E

When I first started graduate research at the Universiteit van Amsterdam, I had various ideas, many of which still remain close to my
heart. My dissertation has ultimately ended up focusing on the right
hand portion of Figure 0.1, “Conceptualizing micro-macro relations,”
excerpted from one of my early conference papers, The Long-term Effects of Multi-modal Transportation Networks: The Residential Choice Behavior of Households, appearing in the Proceedings of the 9th World
Conference on Transportation Research, Seoul, Korea. This dissertation thus focuses on the demand side of the picture. It is non-trivial
to make the supply-demand link at the micro level, at the macro level,
and perhaps especially the micro-macro link at the supply side.

Figure 0.1: Conceptualizing micro-macro relations in transportation and residential choice modeling.

Even within the right hand portion of the figure, I have made further limitations in the scope of the PhD research. For example, I have
focused only on questions regarding travel demand endogenously,
leaving housing demand exogenous. In the context of social influence,
there is a critical distinction which makes for example transportation
mode choice different from residential location choice: whether you
choose to commute to work by car or by public transit has no effect
on who your neighbors are; where you choose to live has a direct
effect on who your neighbors are. If neighbors are a source of social
influence, one choice (transportation mode) involves a static influence

network with respect to the choice; the other (residential location) involves a dynamic influence network with respect to the choice. The
study of dynamically changing choice behavior on a network which is
itself changing is an extremely interesting question. But to in order to
understand this, I chose to first get a better grasp on the dynamically
changing choice behavior on a static network. Treating dynamic networks endogenously is something I am keen to pursue in the future,
potentially facilitated by the steadily increasing volume of personal
electronic trace data.
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for hosting me in Sydney as a graduate student first getting my
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Carnegie Mellon University, and Axel Leijonhufvud, Robert Axtell
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I would like to thank Yoshitsugu Hayashi, Kenji Doi, Huapu Lu,
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Part I
S E T T I N G T H E S TA G E
Pioneered in the domain of travel demand by Ben-Akiva
(1973), Lerman (1975), Domencich and McFadden (1975)
and others, and generalized by McFadden (1978) in the
context of modeling the choice of residential location, discrete choice analysis has become an industry standard
in land use and transportation planning models. An outstanding methodological challenge remains however in
the treatment of the interdependence of various decision
makers’ choices. At the same time, there is growing awareness and interest in the influence that social factors have
on transportation and land use behaviors (Dugundji, Páez
and Arentze 2008; Dugundji et al. 2011; Dugundji et al.
2012). In this context, a distinction can be made between
identifiable versus aggregate interactions. We speak of interaction between “identifiable” decision makers when the
links in the network are well-known and explicitly defined
on an individual decision maker by decision maker basis. We speak of interaction between “aggregate” decision
makers when interdependence is assumed to take place
only at an aggregate level with links being defined by
implicit networks, for example, more generally based on
decision maker characteristics, by latent constructs or by
studying behavior of abstract classes of networks. While
there exists a substantial stream of research in identifiable
intra-household interactions and explicit inter-household
interactions in travel demand modeling such as coordination of individual daily activity patterns, joint participation in activities and travel, mechanisms for allocation of
maintenance activities, and activity location and residential location choice behavior (Bhat and Pendyala 2005; Timmermans and Zhang 2009), the topic of aggregate social interactions between individuals in different households at
a market level in travel demand has only recently begun
to attract attention. Part I of this thesis briefly introduces
social interactions in transportation, provides an overview
of the thesis contents, reviews the necessary background
in discrete choice analysis and establishes links with models in statistical physics.

1

INTRODUCTION

1.1

context

A wide spectrum of policy measures have been put forward over the
past decade to try to address the infamous rush hour road congestion in the "Randstad," the western region of the Netherlands marked
by the ring of cities Amsterdam - Utrecht - The Hague - Rotterdam.
These measures range from flexible work hours to congestion pricing
to light rail to facilitation of park-and-ride to road construction. The
research reported here is a small part of a larger work aimed at understanding, measuring and modeling the combined residential choice
and travel behavior of households in the north wing of the Randstad, that is, the Amsterdam-Utrecht greater region. The focus of the
larger work is on the promotion and facilitation of multi-modal transportation as a land use transportation planning policy instrument for
reducing road congestion (Timmermans et al, 2002; Joh, 2004; Krygsman, 2004; Maat et al, 2004). Here is understood for example the use
of so-called park-and-ride "transferia" (typically transferring modes
between private vehicle and multiple passenger transit vehicle). The
contribution of this particular subproject is the treatment of social
and spatial interactions between households and generated feedback
dynamics in the adoption of transportation mode alternatives.
Pioneered in the domain of travel demand by Warner (1962), Lisco
(1967), Stopher (1969), Ben-Akiva (1973), Domencich and McFadden
(1975) and others, discrete choice analysis has become an industry
standard in land use and transportation planning models. Some subsequent elegant and elaborate operational examples of the development of this methodology are due to Wegener and Spiekermann
(1996), Hensher and Ton (2001), Waddell (2002), Miller et al (2004),
Martinez and Aguila (2004), Almeida et al (2009), to cite just a few.
Meanwhile, the field itself has flourished in the past 40 years 1 extending the basic random utility model to incorporate cognitive and
behavioral processes, flexible error structures and different types of
data in so-called hybrid choice models (Ben-Akiva et al, 1999, 2002;
1 The importance of discrete choice theory in the field of economics was recognized in
the Nobel Prize awarded to Daniel McFadden in 2000. In his Nobel lecture, Economic
Choices, he paid particular tribute to nine other individuals who played a major
role in channeling microeconometrics and choice theory toward their modern focus,
Zvi Griliches, L.L. Thurstone, Jacob Marschak, Duncan Luce, Amos Tversky, Danny
Kahneman, Moshe Ben-Akiva, Charles Manski and Kenneth Train. Interestingly, the
home disciplines of these influential scholars include not only economics, but range
from psychology to civil engineering.
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Walker, 2001). However as discrete choice theory is fundamentally
grounded in individual choice, an outstanding methodological challenge remains in the treatment of the interdependence of various
decision-makers’ choices, be that via global or local interactions. The
formulation of the nature of the interaction in turn raises the issues
of networks, and network evolution. When considering the domain
of land use and transportation, both social networks and spatial networks may be relevant (Dugundji et al, 2001).
There is growing awareness and interest in the influence that social factors have on transportation and land use behaviors (Dugundji,
Páez and Arentze, 2008; Dugundji, Páez, Arentze and Walker, 2011;
Dugundji, Scott, Carrasco and Páez, 2012). In this context, a distinction can be made between identifiable versus aggregate interactions.
We speak of interaction between "identifiable" decision-makers when
the links in the network are well-known and explicitly defined on an
individual decision-maker by decision-maker basis. We speak of interaction between "aggregate" decision-makers when interdependence
is assumed to take place only at an aggregate level with links being
defined by implicit networks, for example, more generally based on
decision-maker characteristics, by latent constructs or by studying behavior of abstract classes of networks (Dugundji and Gulyás, 2003a,
2003b, 2008; Dugundji and Walker, 2005).
Important avenues of research in the area of identifiable interactions include capturing influences from tight social networks such
as among household members (Golob and McNally, 1997; Fujii, Kitamura and Kishizawa, 1999; Simma and Axhausen, 2001; Meka,
Pendyala and Kumara, 2002; Gliebe and Koppelman, 2002; Scott and
Kanaroglou, 2002; Borgers, Hofman and Timmermans 2002; Zhang,
Timmermans and Borgers 2002,2005; Zhang and Fujiwara 2004; Srinivasan and Bhat 2005; Bradley and Vovsha 2005; Timmermans and
Zhang 2009; Arentze and Timmermans 2009; Kang and Scott 2010) as
well as research to understand the explicit structure of loose social
networks of extended family, friends and colleagues (Carrasco and
Miller, 2006; Carrasco et al, 2008; Schwanen, 2008; Axhausen, 2008).
While there exists a growing stream of research in identifiable intrahousehold interactions and explicit inter-household interactions in
travel demand modeling such as coordination of individual daily activity patterns, joint participation in activities and travel, mechanisms
for allocation of maintenance activities, and activity location choice
behavior as cited above, the topic of aggregate social interactions between individuals in different households at a market level in travel
demand has only recently begun to attract attention.
Some examples of research questions we might like to answer related to aggregate interactions in implicit inter-household networks
at a market level include spatial coordination/feasibility and social
awareness/acceptance in the take-up of various transportation mode
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choices. If a certain critical mass of households is willing to choose
public transit in a particular region or at a particular park-and-ride
location on an intercity travel trip, it can become economically viable to provide a high level of public transit service to that region
or from that park-and-ride location. Being able to guarantee a high
level of service might then in turn attract additional households. On
the other hand, lack of sufficient transit ridership base can lead to a
poor level of service, which in turn might discourage transit use by
segments of the population that have other reasonable transportation
mode alternatives at their disposal, which in turn could lead to further cut-backs in the level of service. Such social feedback thus can
have very important implications for the prediction of (system-wide)
results over the course of time. If such feedback exists, it can propel
or hinder the adoption of a mode over time.
Some examples of the empirical estimation of a discrete choice
model with application to transportation include Goetzke (2008),
Goetzke and Andrade (2010), Goetzke and Rave (2011) and Goetzke
and Weinberger (2012). Goetzke’s work is particularly notable due to
the attention paid on specific policy implications of social network
effects in the empirical cases studied. Some explorations of the dynamical behavior of such a model with application to transportation
include Fukuda and Morichi (2007), Páez and Scott (2007), Páez, Scott
and Volz (2008).
Drawing on concepts from statistical physics and developments2
in the mathematical theories of Markov random fields and interacting particle systems (Kinderman and Snell 1980; Liggett 2005),
economists over the past two decades have made notable progress
with respect to both a theoretical framework for discrete binary and
multinomial choice with social interactions as well as identification
issues for empirical models. Our starting point in considering interdependence of various decision-makers’ choices is a trio of papers by
economists Aoki (1995), Brock and Durlauf (2001a) and Blume and
Durlauf (2003). They introduce social interactions in binary discrete
choice models by allowing a given decision-maker’s choice for a particular alternative to be dependent on the overall share of decisionmakers that choose that alternative. Such a specification is interesting
because of the above-described inherent dynamic that could arise if
the choice model were to be applied repeatedly in successive time
steps with the shares of decision-makers continuously updated as a
result of the choice in the previous time step. The specification namely
captures feedback between decision-makers that can potentially be reinforcing over the course of time depending on parameters. In diverse
literature this socio-dynamically reinforcing behavior is referred to as
2 The theory of interacting particle systems was motivated by attempts to put the
Ising model of ferromagnetism (1920,1925) into a general probabilistic setting and
represents a natural departure from the established theory of Markov processes.
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a social multiplier, a cascade, a bandwagon effect, imitation, contagion, herd behavior, etc (Manski, 1995). Brock and Durlauf (2001b)
give an excellent and extensive literature review. Aoki (1995) gives a
prescient example of a rigorous theoretical stochastic dynamic analysis of mean first passage time3 between local equilibria in a binary
choice model with global mean-field interaction. Aoki uses the backward Chapman-Kolmogorov equation, ie. "master equation,"4 to keep
track of probability flows in Markov processes. Brock and Durlauf
(2001a) on the other hand use the principle of self-consistent beliefs
to directly derive static equilibrium results, ie. each decision-maker
has beliefs about the choices made by others and these beliefs are
correct. They draw on laws of large numbers to consider sample average population choices. They note that their model bears mathematical resemblance to the Curie-Weiss model of ferromagnetism in
statistical mechanics (Ellis 1985). Blume and Durlauf (2003) show that
the equilibria in Brock and Durlauf’s model can also be seen as the
steady states of a mean-field differential equation. The solution path
of this differential equation approximates the sample path behavior
of a strategic adjustment population game model studied by Blume
(2003) for large populations.
Parallel to the development of economists drawing on statistical
physics and stochastic processes, physicists too have applied their
tools to social and economic systems. Weidlich and Haag (1983), and
Weidlich and Braun (1992) are forerunners to Aoki in the application
of the master equation. Also notable is Helbing’s work on the development of a statistical theory of binary social interactions (1992, 1993).
Weidlich (2000) and Helbing (2010) both provide comprehensive introduction to methods of physics for modeling “sociodynamics” in
general. Throughout this thesis we will use the terms “with social
feedback,” “sociodynamic,” “with social interactions” and “with state
dependence” interchangeably in the context of discrete choice models.
Since the early theoretical work by Aoki, Brock, Durlauf and Blume
on binary discrete choice models, there have been a few extensions
addressing the complexity of the discrete choice model as well as the
complexity of the feedback effect. For example, Brock and Durlauf
(2002, 2006) have extended their theoretical results on the behavior of
binary logit models to multinomial logit models. Brock and Durlauf
(2006) have also proposed a variant of the nested logit model with
social interactions, noting that, “There has yet to be any analysis of (such)
models ... when self-consistency is imposed on the expected group choice percentages. Such an analysis should provide a number of interesting results.”
It is one of the aims of this thesis to fill this gap. The consideration
3 For details on mean first passage time and the renewal equation approach, see for
example van Kampen (2007), Chapter 12.
4 See for example Reif (1965), Chapter 15, or van Kampen (2007), Chapter 5.
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of the nested logit model with social interactions can be useful as
the nested logit formulation provides a relatively simple closed form
expression for individual choice probabilities that accomodates unobserved heterogeneity between choice alternatives. Also, while the
behaviour over time derived in early work assumed each decisionmaker to be influenced by all other decision-makers (so-called global
interactions), Ioannides (2006) derives more general behavior for binary choice in the case where each decision-maker is influenced by
only a subset of decision-makers (so-called local interactions).
Our main research goal in this dissertation is a systematic, step-bystep exploration of discrete choice with social and spatial interactions,
where the conditions in the seminal work of Aoki (1995), Brock and
Durlauf (2001a, 2002, 2006) and Blume and Durlauf (2003), such as assuming homogeneous decision makers, global interactions and laws
of large of numbers, are incrementally relaxed. Hereby relevant in
the incremental flexibilization of the model will be attention to unobserved heterogeneity between alternatives, but ultimately also unobserved heterogeneity between decision-makers. In doing so, we will
employ different techniques from different disciplinary fields, but in
all cases using readily available software with the intent to facilitate
the adoption of these techniques by others in further research.
After a brief review of fundamentals Part I, in Part II of the dissertation, we begin by reviewing binary choice with social interactions where the concept of correlation between alternatives is simply irrelevent. We then proceed to derive theoretical results for mean
field, steady state corner solutions in parameter space for multinomial choice where correlation between alternatives can indeed be
relevant, and we allow for unobserved preference heterogeneity between choice alternatives by studying the nested logit model. These
analytical results are subsequently used later in the dissertation as
a benchmark for empirical work. In the derivation of theoretical results in Part II, we draw on methodology from the mathematics of
dynamical systems and bifurcation theory. In addition to analytical derivations, we also employ simple graphical approaches to solutions of (systems of) differential equations. This is the "Matlab"
(mathworks.com/products/matlab) part of the dissertation. Technically speaking, the latent utility Uin that an individual n is presumed
to associate with a particular choice alternative i will given by the expression
Uin = βpi + ηin
(1.1)
where: pi represents the global segment of the population making
each choice; β is a generic utility parameter specifying the importance
of the social influence; and ηin is an error term for alternative i for
individual n. As we will see, even such a seemingly simple expression
can yield complex non-linear dynamics and bifurcation behavior.
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In Part III, we present an initial application of a socio-dynamic binary logit model to transportation mode choice using survey data
collected by the Hague Consulting Group on intercity travel in the
Netherlands over a sweep of parameter space with abstract classes
of networks. Then, we present an empirical application of a sociodynamic nested logit model to transportation mode choice using
pseudo-panel microdata collected by the Municipality of Amsterdam
Agency for Traffic, Transport and Infrastructure in the greater Amsterdam region with various hypothesized social-spatial networks. In
the derivation of computational results in Part III we draw on the possibilities permitted through social simulation of multi-agent systems
(MAS). This is the "Repast" (repast.sourceforge.net) part of the dissertation, using software developed at University of Chicago Argonne
National Laboratory (Macal and North2010). Technically speaking,
the latent utility Uin that an individual n is presumed to associate
with a particular choice alternative i will given by the expression
Uin = βpign + ϑi 0 qin + ηin

(1.2)

where: pign now represents the choices made by the specific members
of individual n’s reference group gn ; qin is a vector-valued function
of length Ki of observable individual characteristics for decision making agent n and observable individual-specific attributes of choice
alternative i for decision-making agent n (whereby the length of the
vector is allowed to vary across alternatives); and ϑi is a corresponding vector of Ki unknown alternative-specific parameters. Discrete
choice estimation results controlling these heterogeneous individual
preferences are embedded in a multi-agent based simulation model
in order to observe the evolution of choice behavior over time. This
approach also gives us an additional advantage in the possibility to
test size effects, and thus relax the assumption of large numbers, as
well as test the effect of different initial conditions. Finally an extra
benefit is gained in that we have the immediate possibility to observe
the time-varying trajectories of the choice behavior.
In Part IV, we further explore econometric issues, estimating more
complex discrete choice models. We revist the empirical application
to transportation mode choice using pseudo-panel microdata collected by the Municipality of Amsterdam Agency for Traffic, Transport and Infrastructure in the greater Amsterdam region considering
the same hypothesized social-spatial networks as in Part III. In the
derivation of econometric results in Part IV we draw on the possibilities permitted through the estimation of mixed generalized extreme
value panel models. This is the "Biogeme" (biogeme.epfl.ch) part
of the dissertation, using software developed at Ecole Polytechnique
Fédérale de Lausanne (Bierlaire2003). Technically speaking, the latent
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utility Uin that an individual n is presumed to associate with a particular choice alternative i will given by the expression
Uin = γin pign + ϑi 0 qin + ξign + ηin

(1.3)

where: γin is now unknown alternative-specific random parameter;
and ξign is a group-specific error term for alternative i for each individual’s reference group gn . While in general, the parameter vector
ϑi may also be expressed with taste variation, we will be specifically
interested in taste variation on the parameter for the social feedback
effect, which we can express as
γin = βi + ζign + ψin

(1.4)

where:βi is an unknown alternative-specific scalar parameter; ζign
is the portion of an alternative-specific deviation defining the difference between individual n’s parameters and the average for the
population, that is specific to each individual’s reference group gn ;
ψin is the portion of an alternative-specific deviation defining the difference between individual n’s parameters and the average for the
population, that varies across all decision-makers.
We conclude highlighting limitations of the present study and provide recommendations for future work. The appendices provide supplementary theoretical results and a selective overview of various
modeling considerations that could be necessary to take into account
in for an extension to residential choice behavior, when studying
social-spatial influence with endogenous networks.
1.2

overview

This section provides a more detailed overview of the organization
of this interdisciplinary thesis. First in the remainder of Part I: Setting
the Stage, Chapter 2 reviews the necessary notation and convention
for the classic multinomial logit model and the nested logit model,
and draws mathematical parallels in statistical physics.
Part II: Mean Field Analysis
Chapters 3, 4 and 5 review existing theory for binary discrete choice
models with global interactions, and focuses on extending the complexity of the discrete choice model, making Brock and Durlauf’s
multinomial results precise for sociodynamic trinary multinomial
choice with mean-field interaction and extending the results for the
more general case of sociodynamic trinary nested logit.
In Chapter 3, we review Aoki’s formulation (1995) of his groundbreaking sociodynamic binary logit model via his use of a "field variable" to represent social interactions in a jump Markov process, as
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well as Aoki’s rigorous derivation of equilibrium solutions via the
"master equation" approach, and the condition for stability. These results will be subsequently used as a benchmark for the application in
Chapter 6.
In Chapter 4, we apply techniques from the mathematics of dynamical systems and bifurcation theory to re-visit the sociodynamic multinomial logit model originally studied by Brock and Durlauf (2002,
2006). Hereby we reveal an intuitively logical but previously unnoticed hysteresis regime in midrange parameter space when there are
more than two choice alternatives.
In Chapter 5, by considering the nested logit model, a possibility
to account for unobserved heterogeneity between choice alternatives
is allowed via the nesting of alternatives that are assumed to be correlated. The analysis of the nested logit model with global social interactions yields rich bifurcation diagrams demonstrating several major additional new emergent steady-state regimes where symmetry
is broken by the scale parameter for the level of correlation between
alternatives. These results will be subsequently used as a benchmark
for the application in Chapter 7.
A key feature in the theoretical results, however, is the assumption
that the only explanatory variable in the model is the feedback effect.
While such a specification may be plausible for a fad, it is much less
intuitive for transportation mode choice where other explanatory variables would be assumed to be significant, including both attributes
of the alternatives such as travel time, as well as characteristics of
the decision-making agents such as gender, age and income. Analytic results for such a case with, for example, several thousand distinct and individually-specified decision-makers would become prohibitive. Thus, a stylized multi-agent based simulation model is also
presented which gives straightforward possibility to test more realistic empirical cases. The computational model at the same time gives a
possiblity to test the effect of various forms of local interactions. The
multi-agent based model is docked against the analytical results for
the mean-field, steady-state corner solutions in parameter space for
the purpose of verification of the programming implementation of
the model as well as for the purpose of guiding the interpretation of
more complex cases.
Part III: Decision in Networks
Chapters 6 and 7 illustrate the multi-agent based simulation of a discrete choice model with global and local interactions using microdata
on transportation mode choice of households in the Netherlands as a
testbed, highlighting some hypothesized network interaction effects
on the basis of abstract classes of networks in a sociodynamic binary
choice model, and on the basis of socioeconomic peer group, spatial
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proximity of residential location and spatial proximity of work location in a sociodynamic trinary nested logit model.
In Chapter 6, a binary mode choice model is explored in an example of intercity travel demand using survey data collected by the
Hague Consultancy Group. Heterogeneity is easily included through
different mechanisms, such as individual-specific socio-demographic
characteristics of the agents and individual-specific attributes of the
choice alternatives. We find that the model’s characteristic phase transition is dependent on network density and clustering in examples
with Erdős-Rényi graphs and Watts-Strogatz graphs, and on the importance of the estimated value of the coefficient for the local interaction variable relative to other coefficients in the model.
In Chapter 7, we depart from abstract network classes and present
a framework for conceptualizing interdependence of decision-makers’
choices, making a distinction between social versus spatial network
interdependencies and between identifiable versus aggregate agent
interdependencies. We again present an empirical application of the
model to transportation mode choice, now using pseudo-panel data
collected by the Municipality of Amsterdam Agency for Infrastructure, Traffic and Transport in the greater Amsterdam region. Due to
the nature of data available at the time of embarking on the thesis,
we consider aggregate agent interdependencies, with various hypothesized socio-geographic networks. The modeling principles are however extendable to the case of identifiable agent interactions, given
suitable empirical data. We introduce unobserved heterogeneity by
accounting for common unobserved attributes of the choice alternatives in the error structure. We observe that these extensions generate
dramatically different dynamics and thus cannot be ignored in any
empirical application. In order to understand better the contributions
to emergent outcomes, we furthermore study incrementally the effects of initial conditions, network size effects, the effects of local interactions in isolated clusters and overlapping clusters, and finally the
role of the utility parameters in relation to the network connectivity
in emergent modal split outcomes.
An important econometric issue arises however in empirical estimation of such a feedback effect in discrete choice models using standard multinomial logit or nested logit models, in that the error terms
are assumed to be identically and independently distributed across
decision-makers (Ben-Akiva and Lerman, 1985). It is not obvious that
this is in fact a valid assumption when we are specifically considering interdependence between decision-makers’ choices. We might reason that if there is a systematic dependence of each decision-maker’s
choice on an explanatory variable that captures the choices of other
decision-makers who are in some way related to that decision-maker,
as considered in the literature referenced above, then there might be
an analogous dependence in the error structure. Otherwise said, the
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same unobserved effects might be likely to influence the choice made
by a given decision-maker as well as the choices made by those in the
decision-maker’s reference group. In terms of transportation mode
choice, for example accessibility measures for residents in the neighborhood could play such a role to the extent that these were unable
to be directly captured through explanatory variables in the utility
specification. In this case, the use of transportation mode shares of
neighbors living in the same zone as an explanatory variable will
be correlated with the unobserved error of the given decision-maker,
which is a classic case of endogeneity. The results and coefficients of
such a model are likely to be biased. To try to separate out effects, it
is therefore first and foremost critically important to begin with an
as well-specified model as possible, making use of relevant available
explanatory variables.
Part IV: Challenges
Chapters 8 and 9 explore issues in the empirical estimation of discrete choice models with feedback effects, by specifically testing for
correlation among agents in the error structure in a case study of
mode choice to work, through the used of mixed Generalized Extreme Value family models. We conclude highlighting recommendations for future work in moving discrete choice models with aggregation social interactions in transportation into practice.
In Chapter 8, we re-visit the econometric estimation of the trinary
choice model in the application studied in Chapter 7. We discuss five
strategies for introducing social and spatial network interdependencies into choice models, focusing on feedback effects and on correlated effects. We apply the model strategies for nine variations on
three network treatments, one of these defined by socioeconomic
group and two defined spatially at different levels of geographic scale.
Due to constraints in the structure of the available pseudo-panel data,
we consider aggregate interactions. The modeling principles are however extendable to the case of identifiable agent interactions, given
suitable empirical data.
In Chapter 9, we highlight a few of the basic theoretical concepts
that we seen throughout the thesis in policy context as speculative avenues for future research. We also suggest research directions related
to methodological extensions and innovative data collection.
Part V: Appendix
Appendix A, B, C and D present supplementary theoretical analysis
for the sociodynamic binary logit and sociodynamic trinary multinomial logit with alternative specific constant bias. It also provides
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a reflection on challenges related to modeling social interactions in
residential choice.
In Appendix A, we re-visit the sociodynamic binary logit model
originally reviewed in Chapter 3 at the outset of Part II. Now we apply the approach from the mathematics of dynamical systems and
bifurcation theory, used in Chapters 4 and 5. We derive the bifurcation diagram for the sociodynamic binary logit model as well as the
potential function.
In Appendix B, we consider a two-parameter bifurcation of the sociodynamic binary logit model with alternative-specific constant bias.
We show that this leads to a bifurcation cusp in parameter space separating the regime where there is one unique solution and where
there are two solutions, thereby making Brock and Durlauf’s general
results for the binary discrete choice model with social interactions
precise for this case.
In Appendix C, we consider a two-parameter bifurcation of the sociodynamic trinary multinomal logit model with alternative-specific
constant bias. We show that this leads to eight distinct regimes in parameter space where symmetry of the sociodynamic trinary multinomial logit model discussed in Chapter 4 is now broken by a constant
bias for one of the alternatives. Seven of these regimes are qualitatively similar to those that we have seen in Chapter 5, plus there is an
additional new regime that emerges. It is quite interesting to compare
and contrast the analytical bifurcation curves, the solution trajectories
and the general bifurcation diagrams derived in this appendix with
those derived earlier in Chapter 5.
In Appendix D, we provide a selective overview of some considerations to be addressed when modeling residential location choice
behavior with endogenous networks. These issues are presented and
framed in terms of extracts from the literature. This is by no means
intended to be comprehensive, but rather merely provocative in pointing a few specific directions for further research related to the geography of family networks.
Enjoy! Let us start our journey!
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BACKGROUND

This chapter reviews the necessary notation and convention for the
classic multinomial logit model and the nested logit model which rest
at the heart of this thesis, and draws a few mathematical parallels in
statistical physics.
2.1

multinomial logit model

Discrete choice theory allows prediction based on computed individual choice probabilities for heterogeneous agents’ evaluation of
alternatives. Individual choice probabilities are aggregated for policy forecasting. In accordance with notation and convention in BenAkiva and Lerman (1985), the so-called multinomial logit model well
known in econometrics is specified as follows. Assume a sample of
N decision-making entities indexed (1, . . . , n, . . . , N) each faced with
a choice among Jn alternatives indexed (1, . . . , j, . . . , Jn ) in subset Cn
of some universal choice set C. The choice alternatives are assumed
to be mutually exclusive (a choice for one alternative excludes the
simultaneous choice for another alternative, that is, an agent cannot
choose two alternatives at the same moment in time) and collectively
exhaustive within Cn (an agent must make a choice for one of the
options in the agent’s choice set). In general the composite choice set
Cn will vary in size and content across agents: not all elemental alternatives in the universal choice set may be available to all agents. See
Figure 2.1.

1

2

...

j

...

Jn

Figure 2.1: Multinomial choice structure for a decision-making entity n

Let Uin = Vin + εin be the utility that a given decision-making
entity n is presumed to associate with a particular alternative i in
its choice set Cn , where Vin is the deterministic (to the modeler)
or so-called "systematic" utility and εin is an error term. The error
term εin represents unobserved heterogeneity. Such unobserved heterogeneity may arise due to unobserved attributes of the choice alternatives, unobserved characteristics of the decision-making entities or
simply measurement errors in observed attributes and/or characteristics; also in the case where instrumental variables are used as a proxy
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for variables which are not observable, the error term is relevant
for capturing unobserved heterogeneity (Manski 1973). Under the
assumption of independent and identically Gumbel distributed disturbances εin , the probability Pn (i|Cn ) that the individual decisionmaking entity n chooses alternative i within the choice set Cn has a
convenient closed form expression given by:

Pin ≡ Pn (i|Cn ) = Pr Vin + εin > Vjn + εjn , ∀j ∈ Cn



= Pr Vin + εin > max Vjn + εjn
j∈Cn
(2.1)
µV
in
e
= P µV
e jn
j∈Cn

where µ is a strictly positive scale parameter which we often normalize to 1. The assumption that the disturbances are Gumbel distributed
can be defended as an approximation to the normal density.1
This so-called multinomial logit model has been a "workhorse"
(Walker, Ben-Akiva and Bolduc, ) of discrete choice theory owing to
its tractable analytic form, and can be derived in many different ways.
Its original formulation in the field of individual choice behavior is
due to mathematical psychologist Luce (1959), notably, resulting not
from assumptions about the disturbances, but rather on choice probabilities themselves. His choice axiom is now better known as the Independence from Irrelevant Alternatives property (IIA). As explained
in Ben-Akiva and Lerman, "the IIA property holds that for a specific
individual the ratio of the choice probabilities of any two alternatives
is entirely unaffected by the systematic utilities of any other alternatives."
,
P µV
µV
e in
e jn
j∈Cn
Pin
eµVin
,
= µV
=
(2.2)
Pkn
e kn
P µV
µV
e kn
e jn
j∈Cn

This axiom was seen to be desirable as it greatly simplifies experimental collection of choice data by allowing the probabilities for
choice between multiple alternatives to be inferred from binary choice
experiments. Marschak (1960) brought Luce’s work and fellow mathematical psychologist Thurstone’s earlier "Law of Comparative Judgement" (1927) yielding the binary probit model, to the field of economics via his random utility maximization model.
The multinomial logit model bears mathematical similarity to the
so-called canonical distribution well known in statistical mechanics. Instead of considering a decision-making entity in a population faced
with making a choice from some set of possible choices, where we ask
1 For derivation and discussion with application in transportation, the reader is referred to Domencich and McFadden (1975) and Ben-Akiva and Lerman (1985).

2.1 multinomial logit model

under conditions of equilibrium what is the probability Pin of finding
the entity has made a particular choice i with systematic utility Vin ,
let us consider a small macroscopic system A in thermal interaction
with a large heat reservoir, or a microscopic system if particles can be
clearly distinguished, such as an atom at a particular lattice site in a
solid with the solid acting as a heat reservoir. Following Reif (1965,
Chapter 6), the probability Pi of finding the small system, or lattice
atom, in any one particular microstate i of energy Ei is given by:
e−βEi
Pi = P −βE
j
e

(2.3)

j

with temperature parameter β = 1/kT where k is the Boltzmann constant2 and T is the temperature at thermal equilibrium. The exponential factor e−βEi in the numerator of (2.3) is termed the "Boltzmann
factor." The sum over all microstates of these factors, appearing in
the denominator of (2.3), is termed the "partition function" and is
sometimes denoted by the letter Z due to the German name Zustandsumme. A statistical ensemble of systems all of which having probabilities governed by (2.3), is termed a "canonical ensemble." Note that
the denominators in (2.1) and in (2.3) are proportionality constants,
independent respectively of the particular alternative i or particular
microstate i. These are obtained simply from the normalization conditions for the probabilities:
X
Pjn = 1
(2.4)
j∈Cn

and

X

Pj = 1

(2.5)

j

Thus at least superficially, mathematically we have a direct mapping between: (i) the decision-making entity n in the population
and the atom at a particular lattice site in the solid; (ii) finding the
decision-making entity has chosen a particular alternative i described
by its systematic utility Vin and finding the atom is in a particular microstate i described by its energy Ei ; and (iii) the scale parameter µ
and the temperature parameter β.
If we consider a small macroscopic system A brought to some final macrostate as a result of interaction with a large number of other
macroscopic systems, the physical role of the heat reservoir (where
the reservoir is assumed to be so large compared to A that its known
temperature T is negligibly effected by the small amount of energy
given to A) is played instead by the totality of all the other systems; instead of knowing the energy of each system in the ensemble, we know
2 Named in honor of the Austrian physicist who contributed so significantly to the
development of kinetic theory and statistical mechanics (Reif, 1965, p. 137).
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here information only about the mean energy of the final macrostate
of A. The canonical distribution (2.3) is still valid, however the temperature parameter β does not have any immediate physical significance
in terms of a known temperature T of a real heat bath; instead we
calculate the temperature parameter β from the known value of the
mean energy, which must satisfy:
P
Ej e−βEj
j

Ē = P

e−βEj

(2.6)

j

The expression for the mean energy (2.6), regardless of whether
we consider a small macroscopic system in thermal interaction with
a heat reservoir or in interaction with a large number other macroscopic systems, takes a particularly convenient and compact form by
noting that the partial derivative with respect to β of the partition
function Z in the denominator is simply the negative of the numerator. That is:
− (∂Z/∂β)
∂ ln Z
Ē =
=−
(2.7)
Z
∂β
In fact as shown in Reif (1965, Section 6.6), all the important macroscopic physical quantities in thermodynamics can be expressed completely in terms of ln Z, which is calculable from microscopic information about the system. Of particular note are the entropy S given
by:
S ≡ k(ln Z + βĒ)
(2.8)
and the Helmholtz free energy F:
F ≡ Ē − T S = −kT ln Z

2.2

(2.9)

nested logit model

Interestingly enough, the natural logarithm of the denominator in
(2.6) also plays an important role in discrete choice theory when
we advance from the basic multinomial logit model to the so-called
nested logit model. Suppose for the moment that the choice set
Cn faced by decision-making entity n is in fact partitioned into M
mutually exclusive and collectively exhaustive nests Cmn indexed
(1, . . . , m, . . . , Mn ):
Cn = {C1n , ..., Cmn , ..., CMn }
Cmn ∩ Cm 0 n = ϕ, ∀m 6= m 0
[M
Cmn = Cn
m=1

(2.10)

2.2 nested logit model

Each decision-making entity n is faced with a single choice among the
mutually exclusive elemental alternatives i in the composite choice
set Cn . Such a "nested" choice structure is depicted schematically in
Figure 2.2.

1

2

12 . . . JC1n

...

j

...

12 . . . JCmn

Jn
12 . . . JCMn

Figure 2.2: Nested choice structure for a given decision-making entity n.

Let Uin = Vin + ε in be the utility that a given decision-making
entity n is presumed to associate with a particular elemental alternative i in its choice set Cn , where Vin is the deterministic (to the
modeler) or so-called "systematic" utility and εin is an error term.
Similarly, let Umn = Vmn + εmn be the composite utility that a given
decision-making entity n is presumed to associate with a particular
choice subset Cmn . As derived in Ben-Akiva and Lerman (1985) and
Ben-Akiva and Bierlaire (1999), the joint probability that the decisionmaking entity n chooses alternative i within the nest Cmn among all
possible alternatives in its choice set Cn is given by:
Pn (i|Cn ) = Pn (i|Cmn ) · Pn (Cmn |Cn )

(2.11)

where the probability of choosing alternative i within nest Cmn , conditional on having chosen that nest is:
Pn (i|Cmn ) =

eµm Vin
P µ V
e m jn

(2.12)

j∈Cmn

and the probability of choosing nest Cmn among the set of M nests
is:
eµVmn
Pn (Cmn |Cn ) = P
(2.13)
eµVm 0 n
m 0 ∈Mn

Each nest Cmn within the choice set Cn is associated with a "composite systematic utility" given by:
Vmn = Ṽmn +

1
Imn
µm

(2.14)

where we have the inclusive value Imn , otherwise known in diverse
literature as the "logsum" or the "accessibility" 3 :
X
Imn = ln
eµm Vjn
(2.15)
j∈Cmn

3 The term accessibility has its origins in the early applications of nested logit models
to travel demand analysis.
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The second term in the expression (2.14) gives summary information
from the lower nest. If we recall that temperature parameter β =
1/kT in the macroscopic thermodynamic system, we note a striking
mathematical similarity with the Helmholtz free energy F in (2.9).
2.3

econometrics versus statistical physics

Despite the apparent similarities between the econometric case of
decision-making entity n in a sample population having chosen a
particular alternative i described by its systematic utility Vin and the
physcial case of an atom at a particular lattice site in the solid being in a particular microstate i described by its energy Ei , there are
however some important distinctions. Perhaps the most significant of
these, simply said, is the fact that in our econometric case the probability is subscripted by i as well as n, specific to the particular choice
alternative as well as each individual decision-making entity; in the
physical case the probability is only subscripted by i, specific to the
particular microstate and not to each individual atom.
For our econometric case, we generally have micro-level information about a vector of individual characteristics Sn of each decisionmaking entity n in the sample, as well as micro-level information
about a vector of the attributes zin for each alternative i faced by
each decision-making entity n. To give an example relevant to this
thesis, the travel time to work by car and the travel time by train may
in general not only be different from each other, but also different for
different decision-making entities residing in different locations. For
the econometric case, we generally have:
Vin = V(zin , Sn )

(2.16)

For the physical case however, we generally do not have micro-level
information about each individual atom A in the solid. Instead we
have aggregate level or structurally hypothesized information about
the system.
Furthermore, in a general econometric context, decision-making entities need not all necessarily be faced with the same alternatives.
That is, the choice set Cn may be of variable size from one decisionmaking entity to another, and some alternatives may not be available
or may be otherwise unknown to various decision-making entities.
We can model this by allowing Ain to be an alternative availability
indicator variable defined as 1 if elemental alternative i is available
to decision-making entity n and defined as 0 otherwise.4 The proba-

4 The explicit definition of availability at the nest level is superfluous as an entire nest
will become unavailable if all of the elemental alternatives within that nest are given
to be unavailable.

2.3 econometrics versus statistical physics

bility Pn (i|Cmn ) that agent n chooses alternative i within nest Cmn
conditional on having chosen that nest is then given by:
Pn (i|Cmn ) =

A eµm Vin
P in
Ajn eµm Vjn

(2.17)

j∈Cmn

How a decision-making entity determines the list of alternatives
that it considers is typically referred to as choice set generation and is
most often modeled via application of simple deterministic rules. For
example spatio-temporal constraints as defined from a fixed reference
point such as the location of employment might determine geographically the subset of municipalities under consideration for choice of
residential location, or vice versa. Another yet simpler example might
be the presence or not of a carpool meeting point in the municipality where a household resides as a deterministic rule for whether
carpooling is considered to be an alternative for choice of commuter
transport mode. Of course, a household may not realize that a particular municipality is within easy commute of their workplace, or
may not realize that there is a carpool meeting point in the municipality where they live. To capture aspects of differing awareness of
alternatives from one decision-making entity to the next, probabilistic
choice set generation models have been applied. One such example in
the discrete choice framework is the so-called latent choice set model
(Swait and Ben-Akiva, 1987; Ben-Akiva and Boccara, 1995), a special
case of the latent class choice model.
We might also hypothesize that interactions between decisionmaking units situated in a given exogenous or endogenous social
or spatial network might impact the choice set generation process via
various specific mechanisms: (i) information transmission in the network about availability of an alternative; (ii) congestion affects – some
number of decision-making entities choosing the same alternative
makes an alternative not a considerable option for another decisionmaking entity; (iii) agglomeration affects – some number of decisionmaking units choosing the same alternative makes an alternative then
an option to another decision-making entity where it wouldn’t have
been an option otherwise; (iv) network proximity between different
decision-making entities as either a positive or negative determinant
of the availability of an alternative. Just as discussed earlier in the introduction with regard to interactions influencing an outcome, identifiable versus aggregate interactions may also play a role in influencing the choice set generation in the first place. Let us consider the
congestion effects in case (ii). An example of aggregate interactions
could be the aggregate level existence of so much road congestion or
so little parking, that a household doesn’t even consider taking the
car. An example of identifiable interactions could be an elderly person ruling out public transit as an option for fear of neighborhood
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youth. With regard to agglomeration effects, on an aggregate level,
perhaps a woman traveling by herself at night would rule out traveling by public transit if she had to stand at a lonely subway station for
an extended period, but if the same subway were filled with plenty
of other people she wouldn’t perceive any threat and transit would
be a perfectly viable option. With regard to agglomeration effects at
the identifiable level, if two parties commuting to work at the same
general time and to the same general location are interested in sharing rides, then carpooling may be an option, otherwise it isn’t even if
one party is still interested.
Finally, depending on the application, a decision-making entity
may be in fact an individual or may be a group of individuals such
a household that takes a single unified decision. For the purposes of
this thesis and simplicity of exposition, we will presently consider
the decision-making entities as individuals. This is however a nontrivial point worthy of an entire research of its own, for example
in considering the more complex problem of double-income earner
households faced with residential location choice where both incomeearners are faced with multi-modal transport commuting choices,
or even individual mode choice but with communal household resources, constraints and activity patterns in mind. Lerman (1975) has
touched upon mobility issues in multi-worker households using revealed preference data. There are various reasons why we might expect a priori that intra-household interaction would be important in
travel demand behavior. For example, Vovsha, Bradley and Bowman
(2004) and Vovsha et al (2004) distinguish between coordination of
individual daily activity patterns, joint participation in activities and
travel and intra-household mechanisms for allocation of maintenance
activities. There exists a growing stream of research in these three
areas as cited at the outset in chapter 1. Other interesting examples
of the application of intra-household interactions include residential
choice behavior (Timmermans et al 1992; Borgers and Timmermans
1993; Abraham and Hunt 1997; Molin 1999; Molin, Oppewal and Timmermans 2002) as suggested above.

Part II
M E A N F I E L D A N A LY S I S
The past two decades have seen noteworthy examples of
concepts from statistical physics applied to further the
understanding of complex socioeconomic systems, particularly with respect to non-market interactions in the
sense of conventions, network externalities, neighborhood
or group effects, or interactive agents. Our starting point
in considering interdependence of various decision makers’ choices is a series of papers by economists Aoki (1995,
Brock and Durlauf (2001a) and Blume and Durlauf (2003).
Social interactions are introduced in binary logit choice
models by allowing a given decision maker’s choice for
a particular alternative to be dependent on the overall
share of decision makers that choose that alternative. Such
a specification is interesting because of the inherent dynamic that could arise if the choice model were to be applied repeatedly in successive time steps with the shares
of decision makers continuously updated as a result of the
choice in the previous time step. The specification namely
captures feedback between decision makers that can potentially be reinforcing over the course of time depending on parameters. Brock and Durlauf (2002, 2006) show
that multiple steady state equilibria exist in the multinomial logit model with social interactions if the value of the
utility parameter determining the level of the feedback is
beyond a certain threshold. Part II of this thesis reviews
Aoki’s ground breaking binary logit results, makes Brock
and Durlauf’s general multinomial choice model of neighborhood effects precise for the case of trinary multinomial choice, and extends the results for the case of trinary
nested logit to allow for unobserved preference heterogeneity between choice alternatives. The analysis in this
thesis reveals an intuitively logical but previously unnoticed hysteresis regime in midrange parameter space for
the utility of the feedback effect in the sociodynamic multinomial logit model when there are more than two choice
alternatives. The sociodynamic nested logit analysis further yields rich bifurcation patterns with several major additional new steady state regimes where symmetry is broken by the lower level nest scale parameter determining
the level of correlation between alternatives.
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The past two decades have seen noteworthy examples of concepts
from statistical physics being applied to further the understanding
of complex socio-economic systems, particularly with respect to nonmarket interactions in the sense of conventions, network externalities,
neighborhood or group effects, or interactive agents. Notwithstanding Manski’s seminal critique "Identification of endogenous social effects: the reflection problem" (1993), early examples include work by
Brock (1993), Durlauf (1991, 1993), Blume (1993), Aoki (1995), many of
which rely to some extent on mean field approximations in derivation
of analytical results. Furthermore principles from the mathematical
theory of random perturbations of dynamical systems have added
insight to the area of learning and evolutionary game theory, and
adaptive economic dynamics more generally. Forerunners in this field
include Young (1993, 2010), Kandori, Mailath and Rob (1993), Ellison
(1993) from the game theoretic tradition, applying results of Russian
mathematicians Freidlin and Wentzell (1979, 1998).1 Aoki (1995) and
Blume and Durlauf (2003) have examined dynamical aspects of social
interactions models with a discrete choice theoretic approach.
The traditional discrete choice framework reviewed in section 2 assumes independent individuals. Brock and Durlauf (2001a) and Aoki
(1995) relax this assumption. Their approach is to assume that the
otherwise independent individuals are influenced by an aggregate
of all other choices in the community. There is an inherent dynamic
because each individual re-evaluates its choice based on the choices
made by other individuals. This implies an implicit time-trajectory
of repeated choices that defines the dynamics of the system. It is in
this sense that we call this a socio-dynamic model: the dynamics are
driven by social influence, albeit global social influence at this stage.
Brock and Durlauf (2001a) derive results for the equilibrium state of
this system. Aoki (1995) goes a step further and also characterizes the
dynamics of the transition to the equilibrium as a continuous time discrete state Markov process. The master equation will be given in this
1 Other notable examples of social interactions models include: Hildenbrand (1971),
Weidlich (1971, 1994, 2000, 2002 ), Weidlich and Haag (1983), Weidlich and Braun
(1992), Ceccato and Huberman (1989), Eckstein and Wolpin (1989), Kirman (1992),
Aoki (1996, 2002), Aoki and Yoshikawa (2007), Helbing (2010); Binmore, Samuelson and Vaughn (1995), Glaeser, Sacerdote and Scheinkman (1996), Glaeser and
Scheinkman (2002), Benaim and Weibull (2003); Bayer and Timmins (2005, 2007),
Ekelund, Heckman and Nesheim (2004), Topa (2001), Conley and Topa (2002, 2003,
2007), Epple and Sieg (1999), Hoff and Sen (2005); Mobius (2000), Schelling (1971);
Akerlof (1997), Berry (1994), Berry, Levinsohn and Pakes (1995, 2004), Heckman,
Matzkin and Nesheim (2010).
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section and the steady states of this dynamic process will be derived.
The model discussed here indeed has a "network", but at this stage it
is fully-connected. This is how we are able to calculate the analytical
results as a benchmark to verify the programming implementation of
the agent-based model at the outset of our consideration of the case
study in Chapter 6. Thereafter, we then proceed to further relax the
condition of the fully-connected network, and consider explicitly the
case of heterogeneous local social influence, instead of global social
influence.
For reasons of simplicity, in this chapter we first introduce the sociodynamic model for binary choice, and limit our initial discussions
to the binary logit model. In Chapters 4 and 5, using a different
approach, we will subsequently derive analytical results for the trinary multinomial logit model and the trinary nested logit model as a
benchmark to verify the programming implementation of the agentbased model for the case study in Chapter 7.
For all thoroughness in incremental scientific development of results as well as clarity of exposition, in Appendices A through C, we
also revisit the binary logit model and derive additional analytical
results for the case of the binary logit model with constant bias as
well as additional analytical results for the trinary multinomial logit
model with constant bias using the same methodological approach
as in Chapters 4 and 5.
The interested reader is highly encouraged to especially review Appendix A in parallel with reading this chapter, or directly hereafter,
before proceding to Chapter 4.
3.1

field effects model

Let us begin our analysis with the binary case of choice with the
universal set containing only two alternatives, C = i, j, say, choice of
travel by car versus by public transit. Thus, we have the simplification:
eµVin
eµ(Vin −Vjn )
Pin = µV
=
e in + eµVjn
eµ(Vin −Vjn ) + 1
(3.1)
µV
e jn
1
Pjn = µV
=
e in + eµVjn
eµ(Vin −Vjn ) + 1
where we again for convenience we make the arbitrary assumption
that the positive scale parameter µ = 1.
Let Ni and Nj be the total numbers of decision-making entities who
have chosen respectively alternative i and alternative j at time t. Since
we assume the choice set to be mutually exclusive and collectively
exhaustive, for the binary case we have N = Ni + Nj . Now let xi =

3.1 field effects model

Ni /N and xj = Nj /N = (1 − xi ) be the global proportions of decisionmaking entities who have made each choice, and define:
x ≡ xi − xj = xi − (1 − xi ) = 2xi − 1

(3.2)

Note that the variable x varies on the range -1 to 1. In the limit
where x = −1, none of the decision-making entities in the sample
have chosen alternative i, that is, all have chosen alternative j. In the
limiting case where x = 1, all of the decision-making entities in the
sample have chosen alternative i, and none have chosen alternative j.
In the case where x = 0, half of the decision-making entities in the
sample have chosen alternative i, and half have chosen alternative j.
Following this approach, we introduce global social dynamics by
allowing the term Vin − Vjn in equation (3.1) to be a linear-inparameter β function of the proportions xi and xj of decision-making
entities2 who have made each choice:

Vin − Vjn ≡ βf xi − xj = βf (x)
(3.3)
The function f(x) is an arbitrary function of x. The important aspect
for the subsequent analytical results is that Vin − Vjn is linear in the
parameter β. In Aoki’s original work, he considered an example with
f(x) polynomial in x. In our binary case study application in Chapter
6 we consider f(x) = x, however the analytical results apply more
generally. Substituting equation (3.3) into (3.1) and normalizing the
scale parameter µ = 1, we have:
Pin (x) =

eβf(x)
eβf(x) + 1

(3.4)

The variable xi is termed a field variable. As motivated by Aoki
(1995),
"Knowledge of a field variable relieves agents (at least partially) of the need for detailed information on interaction
patterns. Any macroeconomic variable that serves this decentralizing function is called a field variable."
Such an approach can be particularly useful if other more conceptually restrictive assumptions such as having constant interactions
among all possible pairs of microeconomic agents, or interactions
only with other agents in neighborhoods in the strict sense of Markov
random fields (Kindermann and Snell, 1980), are inappropriate. The
field variable provides a way to model an average aggregate social
influence.
2 The notation here differs slightly from Aoki (1995).
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Note that the parameter β indicates the level of certainty in the
model. In the case βf(x)  0, then the probability that the decisionmaking entity n chooses alternative i approaches unity and we have
effectively deterministic choice:
Pin =

eβf(x)
≈ 1, for βf (x)  0
eβf(x) + 1

(3.5)

That is, it is strongly certain that the utility of alternative i is greater
than the utility of alternative j.
In the case βf(x) ≈ 0, then the probability that the decision-making
entity n chooses alternative i approaches 1/2 and we have effectively
a "fair coin toss" between the two alternatives:
Pin =

eβf(x)
e0
1
≈
= , for βf (x) ≈ 0
0
βf(x)
e +1
2
e
+1

(3.6)

That is, there is uncertainty as to which choice alternative is more
profitable.
In the case βf(x)  0, then the probability that the decision-making
entity n chooses alternative i approaches zero. In our binary case, we
have again effectively deterministic choice:
Pin =

eβf(x)
≈ 0, for βf (x)  0
eβf(x) + 1

(3.7)

That is, it is strongly certain that the utility of alternative i is less than
the utility of alternative j.
The critical difference thus between the two cases βf(x)  0 and
βf(x)  0 is that in the former, there is a positive influence on the
choice alternative i (ie. positive attraction towards the choice alternative i), but in the latter, there is a negative influence on the choice
alternative i (ie. negative attraction towards toward the choice alternative i, or otherwise said, a repulsion away from i). Both of the cases
βf(x)  0 and βf(x)  0 are indeed strongly certain, but the former
is a strong and certain attraction towards the choice alternative i and
the latter is a strong and certain repulsion away from the choice alternative i.
3.2

scalar autonomous equation

Aoki models decision-making entities as jump Markov processes, and
the dynamics of interactions (among these entities) as birth-and-death
stochastic processes where they switch their choices randomly and
asynchronously with transition rates that are functions of the aggregate situations summarized by the proportion of decision-making
entities who have taken the same choices. As remarked by Blume
and Durlauf (2003) in an analogous continuous time Markov process
changing state in discrete jumps with a uniform global interactions

3.2 scalar autonomous equation

model (that is, a model with interactions of constant strength between
all pairs of decision-making entities),
"Implicit... is the fact that players are myopic in (stochastically) best-responding to the current play of the population rather than some forecast of future paths of play."
In this dissertation, we will accept this myopic assumption for our
exogenous network case with transportation mode choice, however
in future work, particularly for the endogenous network case with
residential choice, this assumption may be worth re-visiting.
Let us formalize these assumptions by considering the aggregate
behavior of the population of N decision-making entities instead of
the behavior of an individual decision-making entity. Let P(Ni , t) denote the probability that Ni number of decision-making entities have
chosen alternative i at time t. The total number of possible states of
the population of N decision-making entities is N + 1, since the number of decision-making entities choosing alternative i can range from
0 to N, and the number of decision-making entities choosing alternative j is fully-determined given the number choosing alternative i, for
our binary choice case. Let WNi , Ni0 denote the transition rate between
the states of the population with Ni and Ni0 number of decisionmaking entities choosing alternative i, and let WNi0 , Ni be the rate
of the inverse transition. Aoki uses the backward Chapman-Kolmogorov
equation, or so-called "master equation," to govern the time evolution
of the probability density.3 The master equation is fully specified once
the transition rates are given between the states.
X
X

∂P (Ni , t)
P (Ni , t) WNi ,Ni 0
P Ni 0 , t WNi 0 ,Ni −
=
∂t
0
0
∀Ni 6=Ni
∀Ni 6=Ni
X 

0
=
P Ni , t WNi 0 ,Ni − P (Ni , t) WNi ,Ni 0
∀Ni 0 6=Ni

(3.8)
As remarked in Reif (1965),
"Note that all terms... are real and that the time t enters
linearly in the first derivative. Hence the master equation
does not remain invariant as the sign of the time t is reversed from t to −t. This equation describes, therefore, the
irreversible behavior of a system."
Nonetheless, as motivated by Reif, there is assumed to be a symmetry
property relating a transition to its inverse:
WNi 0 ,Ni = WNi ,Ni 0

(3.9)

3 For the origin of the word master, see for example Aoki, 1995, p.153, van Kampen,
2007, p. 97; for more about the master equation in equilibrium situations, see Reif,
1965, p. 550.
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In general, we have that the probability density P(Ni , t) tends to increase with time because the population transitions from other states
to the given state with Ni number of decision-making entities choosing alternative i, and the probability density tends to decrease with
time because the population in the given state transitions to other
states. For an assumption of asynchronous choices of the decisionmaking entities, however, we have a convenient simplification, since
the only states to which the population in the given state with Ni
number of decision-making entities choosing alternative i can possibly transition to, are the states with Ni0 = Ni + 1 and/or Ni0 = Ni − 1
number of decision-making entities choosing alternative i. In short,
in the birth-and-death processes of this thesis, the transition rates are
non-zero only for Ni0 which is either Ni + 1 (a so-called "birth") or
Ni − 1 (a so-called "death"). We can thus simplify the master equation for this continuous time discrete state Markov process:
∂P (Ni , t)
= {P (Ni + 1, t) WNi +1,Ni − P (Ni , t) WNi ,Ni +1 }
∂t
+ {P (Ni − 1, t) WNi −1,Ni − P (Ni , t) WNi ,Ni −1 }

(3.10)

= {P (Ni + 1, t) − P (Ni , t)} WNi ,Ni +1
+ {P (Ni − 1, t) − P (Ni , t)} WNi ,Ni −1
The assumption that only one decision-making entity revises its
choice per unit time may be reasonable for analytical purposes if we
consider an arbitrarily small time unit. In practical situations, particularly with very large populations however, we can also imagine that
there can be a non-negligible time-lag in the spread of information
in the population, whereby multiple decision-making entities may revise their choices per unit time interval, before the knowledge about
changes in the system is disseminated. Although not explored here, in
the multi-agent simulation implementation of the model we do allow
for the possibility to relax this assumption of asynchronous choices,
and to explicitly allow for revisions by multiple decision-making entities per unit time via an external parameter that can be set by the
researcher.
In the simplest birth-and-death processes, the transition rates
WNi , Ni +1 and WNi , Ni −1 are given by:


Ni
WNi ,Ni +1 = κ (N − Ni ) = Nκ 1 −
N
(3.11)
Ni
WNi ,Ni −1 = λN = Nλ
N

3.2 scalar autonomous equation

More generally we can express the transition rates WNi , Ni +1 and
WNi , Ni −1 as expansions in powers of N−1 :


WNi ,Ni +1 = g (N) γ0 (Ni /N) + (1/N) γ1 (Ni /N) + O N−2


WNi ,Ni −1 = g (N) ρ0 (Ni /N) + (1/N) ρ1 (Ni /N) + O N−2
(3.12)
Dropping all terms of order N − 1 and higher, and making the simplifying assumptions that:
g (N) = N

(3.13)

and that the "birth" transition rate WNi , Ni +1 is linear in the individual choice probability Pin that alternative i is superior to alternative
j, and the "death" transition rate WNi , Ni −1 is linear in the individual
choice probability Pjn that alternative j is superior to alternative i, we
have instead of equation (3.11):


1−x
Ni
Pin (x) = Nκ
Pin (x)
WNi ,Ni +1 = Nγ0 (Ni /N) = Nκ 1 −
N
2
 
Ni
1+x
WNi ,Ni −1 = Nρ0 (Ni /N) = Nλ
Pjn (x) = Nλ
Pjn (x)
N
2
(3.14)
Aoki (1995) shows that the mean ϕ of the field variable x is governed by the deterministic differential equation:4
1−ϕ
1+ϕ
dϕ
=κ
Pin (ϕ) − λ
Pjn (ϕ)
dt
2
2

(3.15)

Substituting (3.4) into (3.15) and normalizing κ = 1 and λ = 1, we
have:
!


1−ϕ
dϕ
eβf(ϕ)
1+ϕ
1
=
−
dt
2
2
eβf(ϕ) + 1
eβf(ϕ) + 1
=

eβf(ϕ) − ϕeβf(ϕ) − 1 − ϕ

2 eβf(ϕ) + 1

=

1 eβf(ϕ) − 1 ϕ eβf(ϕ) + 1
−
2 eβf(ϕ) + 1 2 eβf(ϕ) + 1
1

(3.16)

1

1 e 2 βf(ϕ) − e− 2 βf(ϕ) ϕ
−
2 e 12 βf(ϕ) + e− 12 βf(ϕ)
2


1
1
ϕ
=
tanh βf (ϕ) −
2
2
2
=

4 For the origin and derivation of the Fokker-Planck equation, see for example van
Kampen, 2007, Chapter 8, or Reif, 1965, Section 15.11-15.1.
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Stationary points are zeros of dϕ/dt. Thus the key equation to determine local equilibria is: 5
dϕ
1
= 0 : ϕ = tanh βf (ϕ)
dt
2

(3.17)

This scalar autonomous equation can be solved conveniently graphically, for example, by plotting the left-hand-side and the right-handside on a graph and finding their intersection. Depending on the specification of f(ϕ) and the value of β, this equation may have more than
one solution.
3.3

stability analysis

A stationary point of the mean ϕ for the field variable x is locally
stable in perturbations of the mean if the derivative d2 ϕ/dϕdt is
negative:


 


d
dϕ
d
1
1
ϕ
=
tanh βf (ϕ) −
dϕ dt ϕ=tanh 1 βf(ϕ)
dϕ 2
2
2 ϕ=tanh 1 βf(ϕ)
2
2





1
1 0
1 dϕ
21
=
1 − tanh βf (ϕ)
βf (ϕ) −
2
2
2
2 dϕ ϕ=tanh 1 βf(ϕ)
2

1
1
1 − ϕ2 βf 0 (ϕ) −
=
4
2
(3.18)
Thus we have the condition for local stability:



d
dϕ
< 0 : 1 − ϕ2 βf 0 (ϕ) < 2
(3.19)
dϕ dt ϕ=tanh 1 βf(ϕ)
2

If the derivative f 0 (ϕ) is non-positive with β any non-negative value,
or if the derivative f 0 (ϕ) is non-negative with β any non-positive
value, then this local stability condition is always satisfied, since we
have defined x ≡ xi − xj on the interval [-1,1], and thus ϕ2 = [E(x)]2
will always have a value between 0 and 1, so that the term (1 − ϕ2 )
is always non-negative. If however, we have a case where βf 0 (ϕ)  0,
the inequality in equation (3.19) may be violated, with the equilibrium becoming unstable.
3.4

conclusions and reflections

In this chapter we have reviewed the important theoretical concept
of a "field" variable which we will apply throughout the remainder
of this dissertation. We have then reviewed Aoki’s derivation (1995)
5 Another quicker derivation considers aggregate dynamics in the limit of the number
of agents going to infinity and uses an infinitesimal generator for jump Markov
processes, see for example Ethier and Kurtz, 1986, Chapter 11.

3.4 conclusions and reflections

of the scalar autonomous equation describing the dynamics of sociodynamic binary logit model. We have noted that this equation can be
solved conveniently graphically. We have also reviewed how the stability of the steady-state solutions at equilibrium can be determined.
We will use these theoretical results in this chapter as a benchmark
for our further exploration of the socio-dynamic binary logit model
later in Chapter 6.
Perhaps not surprisingly in light of the similarity noted in Chapter
1 between the multinomial logit model and the canonical distribution,
the binary discrete choice problem with social interactions presented
thus far also has a direct analogy in statistical physics. Huang (1997)
introduces the topic of ferromagnetism:
"One of the most interesting phenomena in the physics of
the solid state is ferromagnetism. In some metals, e.g. Fe
and Ni, a finite fraction of the spins of the atoms becomes
spontaneously polarized in the same direction, giving rise
to a macroscopic magnetic field. This happens, however,
only when the temperature is lower than a characteristic
temperature known as the Curie temperature. Above the
Curie temperature, the spins are oriented at random, producing no net magnetic field."
In terms of the discrete choice problem, we have an analogy between
spins of atoms and the choices of decision-making entities. With social feedback, these choices can become spontaneously polarized toward one alternative or another giving rise to observed aggregate
preferences in blocks of a sampled population. As we saw in Aoki’s
derivation, this only happens however, when the parameter β, the
coefficient characterizing the interaction effect, is higher than a certain critical value. Below this critical value, the choices are oriented at
random when there are no other explanatory variables in the model,
producing no net aggregate preferences.
If we are only interested in equilibrium aspects of the problem,
there is a more straightforward approach yielding the same result as
in (3.17). This alternative approach is well known in statistical physics:
the self-consistency condition applied to a heuristic mean field theory
of ferromagnetism. We will apply the self-consistency approach in the
next chapter.
For deeper appreciation of the research presented in the next chapter, the interested reader is highly encouraged at this point to first
review Appendix A where the results in this chapter are re-derived
using the self-consistency approach.
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In this chapter, we apply techniques from the mathematics of dynamical systems and bifurcation theory to re-visit the multinomial
logit model with social interactions originally studied by Brock and
Durlauf (2002, 2006). Doing so reveals an intuitively logical but previously unnoticed hysteresis regime in midrange parameter space
when there are more than two choice alternatives.
In section 4.1, we describe the sociodynamic trinary multinomial
logit model for choice between three alternatives as a planar autonomous system of differential equations. In section 4.2, we characterize
the stability of solutions using the determinant and trace of the Jacobian matrix of the system, and find values of the parameter specifying the level of social feedback such that the solutions are bifurcation
points. In section 4.3, we see that a qualitatively similar alternative
system of equations can be expressed as a gradient system, yielding a
straightforward visual way of directly determining the stability of the
equilibria. In section 4.4, we visualize the analytical results derived in
this chapter in terms of the solution trajectory with increasing social
feedback, and in terms of a classical bifurcation diagram.
As the techniques in this chapter apply to a planar autonomous
system of differential equations, the interested reader may find it especially helpful to first review Appendix A where a one parameter
scalar autonomous differential equation is considered in the sociodynamic binary logit case. Understanding the analysis for one parameter scalar automous system, may namely increase the appreciation
and understanding for the approach for the one parameter planar
autonomous system of equations. After reading this chapter, the interested reader may find it helpful to next review Appendix B where
a two parameter scalar autonomous differential equation is considered for the sociodynamic binary logit model with constant bias, and
then subsequently Appendix C where a two parameter planar autonomous system of differential equations is considered for the sociodynamic trinary logit model with constant bias.
4.1

planar autonomous system

In this section, we describe the sociodynamic trinary multinomial
logit model for choice between three alternatives as a planar autonomous system of differential equations. For the trinary multinomial
logit model we assume a sample of N decision-making agents indexed (1, . . . , n, . . . N) each faced with a single choice among mutu-
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ally exclusive elemental alternatives i in each agent’s choice subset Cn
of the universal choice set C = 0, 1, 2. In general the choice set Cn will
vary in size and content across agents: not all elemental alternatives i
in the universal choice set may be available to all agents. For example,
when considering trinary choice of transportation mode between say,
car, bicycle and public transit, some decision-makers might not have
a driver’s license or access to a car whether as driver or passenger,
some agents might not have access to a bicycle, some agents might
not have a transit stop that is near their origin or their destination. For
the purposes of the theoretical analysis in this chapter however, we
will assume that all alternatives are available to all decision-making
agents, that is:
Cn = C : Ain ≡ 1
(4.1)
Recalling the formulation of the multinomial logit model in section
2.1, under the assumption of independent and identically Gumbel
distributed error terms, the probability Pn (i|C) that the individual
decision-making entity n chooses alternative i within the choice set
C = 0, 1, 2 is then given by:
Pn (i|C) =

eµVin
2
P
eµVjn

(4.2)

j=0

where µ is a strictly positive scale parameter which we normalize to
1, following standard convention.
µ≡1

(4.3)

If we now assume that the only term in the systematic utility is a
field effect with utility parameter β real, finite:
Vin = βpi

(4.4)

where pi is the proportion of decision-making agents that have chosen alternative i, then in such a case, when the agents include their
own choice with equal weight to others’ choices in the calculation of
the field effect for a given alternative, the agents’ choice behavior is
perfectly homogeneous across agents.
P(i|C) =

eβpi
2
P
eβpj

(4.5)

j=0

For a large sample population, the rate of change of the proportions
p0 , p1 , p2 of decision-making agents that have chosen each alternative is given by the probabilities P(i|C) of choosing respectively alternatives 0, 1, 2 among the possible elemental alternatives in the choice
set, minus these proportions. This yields a system of three equations
in three unknowns, with p0 , p1 , p2 defined on [0, 1]. We refer to (4.6)

4.1 planar autonomous system

as the sociodynamic trinary logit model. Given β real, finite, we will be
interested to find the steady-state solutions p0 , p1 , p2 of the system.
eβp0
− p0
eβp0 + eβp1 + eβp2
eβp1
ṗ1 = βp
− p1
e 0 + eβp1 + eβp2
eβp2
ṗ2 = βp
− p2
e 0 + eβp1 + eβp2

ṗ0 =

(4.6)

p0 , p1 , p2 ∈ [0, 1]
At equilibrium, we have ṗi = 0, thus we see that the proportions pi
of decision-making agents that have chosen alternative i must equal
the homogeneous choice probabilities P(i|C). This is the principle of
self-consistency.
ṗ0 = 0 : p0 =

eβp0
eβp0 + eβp1 + eβp2

(4.7)

ṗ1 = 0 : p1 =

eβp1
eβp0 + eβp1 + eβp2

(4.8)

eβp2
(4.9)
eβp0 + eβp1 + eβp2
By definition, the proportions and the choice probabilities must both
sum to unity. Indeed, a simple check shows that adding (4.7), (4.8),
(4.9) gives the desired result:
ṗ2 = 0 : p2 =

p0 + p1 + p2 =

eβp0 + eβp1 + eβp2
=1
eβp0 + eβp1 + eβp2

(4.10)

We can thus immediately re-write p2 in terms of p0 , p1 to eliminate
one equation from the system (4.6)
p2 = 1 − p0 − p1

(4.11)

Furthermore from the definition of pi on [0, 1], (4.11) implies 0 6
p2 = 1 − p0 − p1 , so that
p0 + p1 6 1

(4.12)

Substituting (4.11) back into the first two equations of (4.6) at equilibrium then yields the planar autonomous system of equations in p0 ,
p1 under condition (4.12):
ṗ0 =

eβp0
− p0 = 0
eβp0 + eβp1 + eβ(1−p0 −p1 )

(4.13)

ṗ1 =

eβp1
− p1 = 0
eβp0 + eβp1 + eβ(1−p0 −p1 )

(4.14)
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Multiplying through by the denominator of (4.5)which is always
strictly positive for β real, finite with p0 , p1 defined on [0, 1], we
have a qualitatively similar converted system of equations that are
easier to work with:
g0 ≡ eβp0 − p0 eβp0 − p0 eβp1 − p0 eβ(1−p0 −p1 ) = 0

(4.15)

g1 ≡ eβp1 − p1 eβp0 − p1 eβp1 − p1 eβ(1−p0 −p1 ) = 0

(4.16)

The planar system of equations (4.13) and (4.14), or alternatively (4.15)
and (4.16), can be solved conveniently graphically, for example, by
plotting the null clines of the surfaces ṗ0 and ṗ1 , or the surfaces g0
and g1 , on a graph and finding their intersection. Depending on the
value of β, the system may have more than one solution. ♦
4.1.1

Previous Results Established by Brock and Durlauf

Writing (4.7), (4.8) and (4.9) more compactly, where L is the number
of choice alternatives, we have:
ṗi = 0 : pi =

eβpi
βpi
ΣL−1
j=0 e

(4.17)

For the case when β = 0 where there is no social feedback (and
no explanatory variables at all) in the multinomial logit model, it is
immediate that there will exist a single unique equilibrium solution
such that pi = 1/L for the multinomial logit null model since:
e0·pi
1
1
pi = PL−1
= PL−1 =
0·p
L
i
j=0 e
j=0 1

(4.18)

For the trinary multinomial logit model, this unique equilibrium will
thus be at pi = 1/3 for β = 0.
At the other extreme, as β → ∞ when there is infinitely high social
feedback in the model, Brock and Durlauf (2006) show that pi = 1/L
is still an equilibrium in the multinomial logit model with social interactions (4.17), but it is no longer the only equilibrium. They demonstrate that in fact any configuration pi = 1/k for some subset k of
the L choices, with other choices having zero probability will be an
equilibrium. The number of possible equilibria as β → ∞ is thus:
L
X
k=1

!
L
k

= 2L − 1

(4.19)

For the trinary multinomial logit model with social interactions, this
implies three equilibria with pi = 1 for each of the three possible alternatives with the other two alternatives with zero probability, three
equilibria with pi = 1/2 for each possible pair of two of the three

4.2 stability analysis

alternative with the other one alternative with zero probability, plus
the one above mentioned equilibrium with pi = 1/3, thus in total
seven equilibria for β → ∞.
Moreover Brock and Durlauf (2006) prove that there will exist multiple steady state equilibria in general if β/L > 1, where L is the number of choice alternatives. This implies β/3 > 1 for the trinary model,
or otherwise said, β > 3, when the proportions p0 , p1 are defined on
[0, 1]. In what follows in this chapter, however we will soon see that
multiple steady equilibria also occur for a narrow range of values of
the utility parameter β < 3 in the sociodynamic trinary multinomial
logit model. The narrow range of parameter space is an interesting
hysteresis region. .
4.2

stability analysis

In this section we proceed to characterize stability of solutions of the
sociodynamic trinary multinomial logit model. In particular, we find
values of the utility parameter β for the social feedback such that
solutions p0 , p1 , p2 are bifurcation points.
Aoki (1995) and Blume and Durlauf (2003) show that with a large
population, the long-run behavior of the binary logit model with social interactions tends to congregate at the stable equilibria of the
defining differential equation. By extension, we will thus be interested to characterize the stability of the solutions to (4.13) and (4.14),
or alternatively (4.15) and (4.16) to determine where the long run
mode shares will settle in our trinary example. In the binary model in
Chapter 3 we have seen that the stability of a solution can determined
straightforwardly from evaluation of the derivative at the solution. A
solution is locally stable if the derivative is negative, and solution is
unstable if the derivative is positive. Cases where the derivative is
zero are candidates for bifurcations.
Our planar autonomous system for the trinary multinomial logit
model with social interactions is a direct extension . Since the stability
type of an equilibrium point is a local property, the stability type of
equilibrium points of planar autonomous systems can be determined
under certain conditions from the approximation of the vector field
g = (g0 , g1 ) with its derivative, which is a linear vector field. We can
then study the eigenvalues of the Jacobian matrix J of first partial
derivatives of the system to characterize the stability.
We first review some standard mathematical terminology and
known theorems:
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definition Suppose that g = (g0 , g1 ) is a C1 function. Let the Jacobian of g at the point p be the matrix:


∂g0
∂g0
(p)
(p)
∂p1
 ∂p0


J ≡ Dg(p) = 
(4.20)


∂g1
∂g1
∂p0 (p) ∂p1 (p)
theorem (Asymptotic stability and instability from linearization)
Let g = (g0 , g1 ) be a C1 function. If all the eigenvalues of
the Jacobian matrix J ≡ Dg(p̄) have negative real parts, then
the equilibrium point p̄ of the differential equation ṗ = g(p)
is asymptotically stable. If at least one of the eigenvalues of the
Jacobian matrix J ≡ Dg(p̄) has positive real part, then the equilibrium point p̄ of the differential equation ṗ = g(p) is unstable.
(Hale and Koçak,1996, p. 267, 272)
theorem (Flow equivalence near hyperbolic equilibria, Grobman Hartman) If p̄ is a hyperbolic equilibrium point of ṗ = g(p),
that is, if all the eigenvalues of the Jacobian matrix Dg(p̄) have
nonzero real parts, then there is a neighborhood of p̄ in which g
is topologically equivalent to the linear vector field ṗ = Dg(p̄)p.
(Hale and Koçak, 1996, p. 301; Grobman, 1959; Hartman, 1963,
1964; )
An implication of the theorem of Grobman and Hartman is that the
stability type of a hyperbolic equilibrium point is preserved under
arbitrary but small nonlinear perturbations. To find possible values of
the parameter β which lead to bifurcations in behavior, that is, change
in number or stability of stationary points, we are thus interested
cases when at least one eigenvalue of the Jacobian has zero real part.
The characteristic equation of the Jacobian is:
"
#
j00 − λ
j01
0 = det
= (j00 − λ)(j11 − λ) − j01 j10
j10
j11 − λ
(4.21)
= λ2 − (j00 + j11 )λ + (j00 j11 − j01 j10 )
= λ2 − (tr J)λ + (det J)
Solving for eigenvalues using the quadratic formula we have:
q
1
1
λ1,2 = tr J ±
(tr J)2 − 4 det J
(4.22)
2
2
Note from the form of (4.22) that there will exist one zero eigenvalue if the determinant of the Jacobian is equal to zero and the trace
is nonzero. There will exist zero real part of a pair of complex eigenvalues, ie. purely imaginary eigenvalues, if the determinant is posi-
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tive and trace is equal to zero. There will exist double zero eigenvalues if both the determinant and trace are equal to zero.
q
1
1
1
1
(tr J)2 − 4 · 0 = tr J ± tr J
det J = 0 : λ1,2 = tr J ±
2
2
2
2
(4.23)
λ1 = 0, λ2 = tr J
det J > 0, tr J = 0 : λ1,2

4.2.1

1
1
= ·0±
2
2

q
p
(0)2 − 4 det J = ±i det J (4.24)

Elements of the Jacobian matrix

For the system given by (4.15) and (4.16), the four terms in the Jacobian matrix (4.20) are computed directly as :
∂g0
= βeβp0 − eβp0 − eβp1 − eβ(1−p0 −p1 )
∂p0
−βp0 e

βp0

+ βp0 e

(4.25)

β(1−p0 −p1 )

∂g0
= −βp0 eβp1 + βp0 eβ(1−p0 −p1 )
∂p1

(4.26)

∂g1
= −βp1 eβp0 + βp1 eβ(1−p0 −p1 )
∂p0

(4.27)

∂g1
= βeβp1 − eβp0 − eβp1 − eβ(1−p0 −p1 )
∂p1

(4.28)

−βp1 eβp1 + βp1 eβ(1−p0 −p1 )
♦
Having computed the elements of the Jacobian matrix, we can now
write expressions for the determinant and the trace of the Jacobian
matrix for use in (4.23) and in (4.24). We will first consider the case
(4.23) where the determinant is equal to zero in subsection 4.2.2. Then
in subsection 4.2.3 we will consider the case (4.24) where the trace is
equal to zero and the determinant is strictly positive.
4.2.2

Case I: Suppose det J = 0

Our goal is to find possible values of the utility parameter β such
that the solutions to the system of equations (4.15) and (4.16) are
bifurcation points. From (4.23) we know that there will exist at least
one zero eigenvalue if the determinant of the Jacobian is equal to
zero. This leads us to the following theorem which we prove in this
subsection.
theorem (Characterization of β at bifurcation points of the sociodynamic trinary multinomial logit model for which at least one
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zero eigenvalue occurs) Suppose that individual choices in a
large sample population are characterized by the probabilities
(4.5) where the only contribution to the systematic utility of
choices is a global field effect with utility parameter β real, finite
on the proportion pi of decision-making agents that have chosen alternative i. The equilibrium solutions p0 , p1 , p2 defined
on [0, 1] of the sociodynamic trinary multinomial logit model
(4.6) will be candidates for bifurcation points for which at least
one zero eigenvalue occurs, if values of the parameter β satisfy:
q
(p0 p1 + p0 p2 + p1 p2 ) ± (p0 p1 + p0 p2 + p1 p2 )2 − 3p0 p1 p2
β+,− =
3p0 p1 p2
(4.29)
Proof. Let us consider case (4.23)
0 = det J =

∂g0 ∂g1 ∂g0 ∂g1
−
=
∂p0 ∂p1 ∂p1 ∂p0

(βeβp0 − eβp0 − eβp1 − eβ(1−p0 −p1 ) − βp0 eβp0 + βp0 eβ(1−p0 −p1 ) )
× (βeβp1 − eβp0 − eβp1 − eβ(1−p0 −p1 ) − βp1 eβp1 + βp1 eβ(1−p0 −p1 ) )
− (−βp0 eβp1 + βp0 eβ(1−p0 −p1 ) )(−βp1 eβp0 + βp1 eβ(1−p0 −p1 ) )
= [−eβp0 − eβp1 − eβ(1−p0 −p1 ) + β(eβp0 − p0 eβp0 ) + βp0 eβ(1−p0 −p1 ) ]
× [ − eβp0 − eβp1 − eβ(1−p0 −p1 ) + β(eβp1 − p1 eβp1 ) + βp1 eβ(1−p0 −p1 ) ]
− (−βp0 eβp1 + βp0 eβ(1−p0 −p1 ) )(−βp1 eβp0 + βp1 eβ(1−p0 −p1 ) )
(4.30)
Substituting (4.15) and (4.16) into (4.30)
0 = (−eβp0 − eβp1 − eβ(1−p0 −p1 ) + βp0 eβp1 + 2βp0 eβ(1−p0 −p1 ) )
× ( − eβp0 − eβp1 − eβ(1−p0 −p1 ) + βp1 eβp0 + 2βp1 eβ(1−p0 −p1 ) )
− (−βp0 eβp1 + βp0 eβ(1−p0 −p1 ) )(−βp1 eβp0 + βp1 eβ(1−p0 −p1 ) )
(4.31)
Re-grouping terms:
0 = (eβp0 + eβp1 + eβ(1−p0 −p1 ) )(eβp0 + eβp1 + eβ(1−p0 −p1 ) )
− (eβp0 + eβp1 + eβ(1−p0 −p1 ) )(βp0 eβp1 + 2βp0 eβ(1−p0 −p1 ) )
− (eβp0 + eβp1 + eβ(1−p0 −p1 ) )(βp1 eβp0 + 2βp1 eβ(1−p0 −p1 ) )
+ (βp0 eβp1 + 2βp0 eβ(1−p0 −p1 ) )(βp1 eβp0 + 2βp1 eβ(1−p0 −p1 ) )
− (−βp0 eβp1 + βp0 eβ(1−p0 −p1 ) )(−βp1 eβp0 + βp1 eβ(1−p0 −p1 ) )
(4.32)
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Dividing through by the first term, which is always positive for β real,
finite:
0 = 1−
+

β(p0 eβp1 + 2p0 eβ(1−p0 −p1 ) + p1 eβp0 + 2p1 eβ(1−p0 −p1 ) )
(eβp0 + eβp1 + eβ(1−p0 −p1 ) )

β(p0 eβp1 + 2p0 eβ(1−p0 −p1 ) ) β(p1 eβp0 + 2p1 eβ(1−p0 −p1 ) )
·
(eβp0 + eβp1 + eβ(1−p0 −p1 ) ) (eβp0 + eβp1 + eβ(1−p0 −p1 ) )

β(p0 eβp1 − p0 eβ(1−p0 −p1 ) ) β(p1 eβp0 − p1 eβ(1−p0 −p1 ) )
·
(eβp0 + eβp1 + eβ(1−p0 −p1 ) ) (eβp0 + eβp1 + eβ(1−p0 −p1 ) )
(4.33)
Substituting (4.7), (4.8), (4.9) and (4.11) into (4.33):
−

0 = 1 − β[p0 p1 + 2p0 (1 − p0 − p1 ) + p1 p0 + 2p1 (1 − p0 − p1 )]
+ β[p0 p1 + 2p0 (1 − p0 − p1 )]β[p1 p0 + 2p1 (1 − p0 − p1 )]
− β[p0 p1 − p0 (1 − p0 − p1 )]β[p1 p0 − p1 (1 − p0 − p1 )]
(4.34)
Multiplying out and re-grouping terms:
0 = 1 − 2β[p0 p1 + p0 (1 − p0 − p1 ) + p1 (1 − p0 − p1 )]
+ β2 [(p0 p1 )2 + 2p0 2 p1 (1 − p0 − p1 )
+ 2p0 p1 2 (1 − p0 − p1 ) + 4p0 p1 (1 − p0 − p1 )2 ]
− β2 [(p0 p1 )2 − p0 2 p1 (1 − p0 − p1 )
− p0 p1 2 (1 − p0 − p1 ) + p0 p1 (1 − p0 − p1 )2 ]
= 1 − 2β[p0 p1 + p0 (1 − p0 − p1 ) + p1 (1 − p0 − p1 )]
+ β2 p0 p1 [p0 p1 + 2p0 (1 − p0 − p1 )
+ 2p1 (1 − p0 − p1 ) + 4(1 − p0 − p1 )2
− p0 p1 + p0 (1 − p0 − p1 ) + p1 (1 − p0 − p1 ) − (1 − p0 − p1 )2 ]
= 1 − 2β[p0 p1 + p0 (1 − p0 − p1 ) + p1 (1 − p0 − p1 )]
+ β2 p0 p1 [3p0 (1 − p0 − p1 ) + 3p1 (1 − p0 − p1 ) + 3(1 − p0 − p1 )2 ]
= 1 − 2β[p0 p1 + p0 (1 − p0 − p1 ) + p1 (1 − p0 − p1 )]
+ 3β2 p0 p1 (1 − p0 − p1 )[p0 + p1 + (1 − p0 − p1 )]
= 1 − 2β[p0 p1 + p0 (1 − p0 − p1 ) + p1 (1 − p0 − p1 )]
+ 3β2 p0 p1 (1 − p0 − p1 )
(4.35)
Substituting (4.11) and re-arranging terms:
0 = 3p0 p1 p2 β2 − 2(p0 p1 + p0 p2 + p1 p2 )β + 1

(4.36)

Finally, solving for β using the quadratic formula we have the condition:
q
(p0 p1 + p0 p2 + p1 p2 ) ± (p0 p1 + p0 p2 + p1 p2 )2 − 3p0 p1 p2
β+,− =
3p0 p1 p2
(4.37)
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Hence, any bifurcation point of the sociodynamic trinary multinomial
logit model for which at least one zero eigenvalue occurs must satisfy
(4.37).♦
Given the general characterization of β at bifurcation points of the
sociodynamic trinary multinomial logit model for which at least one
zero eigenvalue occurs, we now proceed to determine the specific values of β for specific solutions p0 , p1 , p2 defined on [0, 1] that satisfy this characterization. We start by making an immediate educated
guess given the special 3-way symmetry in the general characterization (4.37). This leads to the lemma directly below. Then afterwards
we search systematically using a null clines approach, substituting
(4.37) back into the planar autonomous system (4.15) and (4.16).
lemma (Bifurcation of the sociodynamic trinary multinomial logit
model at β = 3) The Jacobian matrix of the planar autonomous
system (4.15) and (4.16) has a double zero eigenvalue at β = 3
for the 3-way symmetric equilibrium solution p0 = p1 = p2 =
1/3.
Proof. Given the special 3-way symmetry in (4.37), suppose the following symmetric solution:
p ≡ p0 = p1 = p2

(4.38)

p = 1/3

(4.39)

Thus, by (4.10) we have:
Substituting (4.38) and (4.39) into (4.37) we have:
q
2
2
2
2
(p + p + p ) ± (p2 + p2 + p2 ) − 3p3
β+,− =
3p3
p
p
3p ± 3p(3p − 1)
3p2 ± 9p4 − 3p3
=
=
3p3
3p2
p
√
3(1/3) ± 3(1/3) [3(1/3) − 1]
1± 1·0
=
=
=3
(1/3)
3(1/3)2

(4.40)

Now we confirm whether (4.38) and (4.40) are indeed a solution of
(4.15) and (4.16):
g0 ≡ eβp0 − p0 eβp0 − p0 eβp1 − p0 eβ(1−p0 −p1 )
1

1

1

1

1

(4.41)

1

1

(4.42)

= e3( /3) − (1/3)e3( /3) − (1/3)e3( /3) − (1/3)e3[1−( /3)−( /3)]
= e1 − 3(1/3)e1 = e − e = 0
g1 ≡ eβp1 − p1 eβp0 − p1 eβp1 − p1 eβ(1−p0 −p1 )
1

1

1

= e3( /3) − (1/3)e3( /3) − (1/3)e3( /3) − (1/3)e3[1−( /3)−( /3)]
= e1 − 3(1/3)e1 = e − e = 0
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Thus we see that the symmetric solution (4.38) with (4.39) has at least
one zero eigenvalue when the parameter β = 3. To determine the nature of the second eigenvalue, following (4.23) we calculate the trace
of the Jacobian evaluated at this solution:
trJ =

∂g0 ∂g1
+
∂p0 ∂p1

= βeβp0 − eβp0 − eβp1 − eβ(1−p0 −p1 ) − βp0 eβp0 + βp0 eβ(1−p0 −p1 )
+ βeβp1 − eβp0 − eβp1 − eβ(1−p0 −p1 ) − βp1 eβp1 + βp1 eβ(1−p0 −p1 )
1

1

1

1

1

= 3e3( /3) − e3( /3) − e3( /3) − e3[1−( /3)−( /3)]
1

1

1

− 3(1/3)e3( /3) + 3(1/3)e3[1−( /3)−( /3)]
1

1

1

1

1

+ 3e3( /3) − e3( /3) − e3( /3) − e3[1−( /3)−( /3)]
1

1

1

− 3(1/3)e3( /3) + 3(1/3)e3[1−( /3)−( /3)]
= 3e − e − e − e − e + e + 3e − e − e − e − e + e = 0
(4.43)
Since both the determinant and the trace are equal to zero, we have
a bifurcation point with double zero eigenvalues at the 3-way symmetric solution (4.38) with (4.39) when the utility parameter β = 3.
♦
To verify whether or not the 3-way symmetric solution (4.38) is
the only solution when (4.23) holds, we substitute (4.37) back into
(4.15) and (4.16) and solve graphically, plotting the null clines of the
surfaces g0 and g1 on a graph and finding their intersection. See
Figure 4.1 on page 45.

(a) β– as in (4.44)

(b) β+ as in (4.54)

Figure 4.1: Null clines solution of system (4.15) and (4.16) for parameter
values of β satisfying (4.37)

First we consider the case with a minus sign in (4.37) as shown
in the left panel of Figure 4.1 on page 45. This leads directly to the
following lemma.
lemma (Bifurcation of the sociodynamic trinary multinomial logit
model at β ≈ 2.7456) The Jacobian matrix of the planar autonomous system (4.15) and (4.16) has a single zero eigenvalue
and a negative eigenvalue at β ≈ 2.7456 for the three 2-way
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symmetric equilibrium solutions pi = pj ≈ 0.5848, pk ≈ 0.5848,
∀i, j, k ∈ 0, 1, 2.
Proof. For the case with a minus sign in (4.37) we have:
q
(p0 p1 + p0 p2 + p1 p2 ) − (p0 p1 + p0 p2 + p1 p2 )2 − 3p0 p1 p2
β− =
3p0 p1 p2
(4.44)
In addition to the expected 3-way symmetric solution (4.38) with double zero eigenvalue, we find there are also three 2-way symmetric
solutions in the left panel of Figure 4.1 on page 45 indicating bifurcations:
p0 = p1 ≈ 0.2076, p2 = 1 − p0 − p1 ≈ 0.5848
(4.45)
p0 ≈ 0.2076, p1 ≈ 0.5848, p2 = 1 − p0 − p1 ≈ 0.2076

(4.46)

p0 ≈ 0.5848, p1 ≈ 0.2076, p2 = 1 − p0 − p1 ≈ 0.2076

(4.47)

Substituting into (4.44), we see by symmetry that the solutions (4.45),
(4.46) and (4.47) all yield at least one zero eigenvalue at the same
parameter value of β–
p0 p1 + p0 p2 + p1 p2 = (0.2076)(0.2076) + 2(0.2076)(0.5848) = 0.2859
3p0 p1 p2 = 3(0.2076)(0.2076)(0.5848) = 0.07561
q
(0.2859) − (0.2859)2 − 0.07561
β− =
≈ 2.7456
0.07561

(4.48)
To determine the nature of the other eigenvalues, following (4.23) we
calculate the trace of the Jacobian evaluated at solutions. We see by
symmetry of the trace that the solutions (4.45), (4.46) and (4.47) all
yield
∂g0 ∂g1
+
∂p0 ∂p1
= βeβp0 − eβp0 − eβp1 − eβp2 − βp0 eβp0 + βp0 eβp2

trJ =

+ βeβp1 − eβp0 − eβp1 − eβp2 − βp1 eβp1 + βp1 eβp2
= (β − 2 − βp0 )eβp0 + (β − 2 − βp1 )eβp1
+ (−2 + βp0 + βp1 )(eβp2 )
= (β(1 − p0 ) − 2)eβp0 + (β(1 − p1 ) − 2)eβp1 + (β(1 − p2 ) − 2)eβp2
= 2(2.7456 · (1 − 0.2076) − 2) exp(2.7456 · 0.2076)
+ (2.7456 · (1 − 0.5848) − 2) exp(2.7456 · 0.5848)
= −3.6627
(4.49)
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Since the trace is negative, solutions (4.45), (4.46) and (4.47) yield bifurcations with one zero eigenvalue and one negative eigenvalue at
the value of the utility parameter β given by (4.48).♦
In addition to the above bifurcations, we see there are furthermore
three other 2-way symmetric solutions in the left panel of Figure 4.1
on page 45 indicating bifurcations:
p0 = p1 = 0, p2 = 1 − p0 − p1 = 1

(4.50)

p0 = 0, p1 = 1, p2 = 1 − p0 − p1 = 0

(4.51)

p0 = 1, p1 = 0, p2 = 1 − p0 − p1 = 0

(4.52)

Substituting into (4.44), we see by symmetry that the solutions (4.50),
(4.51) and (4.52) all occur in the limit when the parameter β− is undefined.
p0 p1 + p0 p2 + p1 p2 = (0)(0) + 2(0)(1) = 0
3p0 p1 p2 = 3(0)(0)(1) = 0
q
(4.53)
(0) − (0)2 − 0
0
β− =
=
0
0
Since by definition we are only concerned with values of the utility
parameter β real, finite, we discard these solutions.
Next we consider the case as shown in the right panel of Figure 4.1
on page 45. For the case with a plus sign in (4.37) we have:
q
(p0 p1 + p0 p2 + p1 p2 ) + (p0 p1 + p0 p2 + p1 p2 )2 − 3p0 p1 p2
β+ =
3p0 p1 p2
(4.54)
In addition to the expected 3-way symmetric solution (4.38) with double zero eigenvalues, we find there are additionally three 2-way symmetric solutions in the right panel of Figure 4.1 on page 45:
p0 = p1 = 1/2, p2 = 1 − p0 − p1 = 0

(4.55)

p0 = 1/2, p1 = 0, p2 = 1 − p0 − p1 = 1/2

(4.56)

p0 = 0, p1 = 1/2, p2 = 1 − p0 − p1 = 1/2

(4.57)

Substituting into (4.54), we see by symmetry that the solutions (4.55),
(4.56) and (4.57) all occur in the limit when the parameter β+ → +∞.
p0 p1 + p0 p2 + p1 p2 = (1/2)(1/2) + 2(1/2)(0) = 1/4
3p0 p1 p2 = 3(1/2)(1/2)(0) = 0
q
(1/4) + (1/4)2 − 0
1/2
β+ =
=
→ +∞
0
0

(4.58)
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Since by definition we are only concerned with values of the utility
parameter β real, finite, we discard these solutions.
This concludes our search for bifurcations for the case (4.23) where
the determinant is equal to zero, leading to at least one zero eigenvalue. In the next subsection we will consider case (4.24) where the
trace is equal to zero and the determinant is strictly positive.
4.2.3

Case II: Suppose tr J = 0 and det J > 0

We continue our search for possible values of the utility parameter β
such that the solutions to the system of equations (4.15) and (4.16) are
bifurcation points. From (4.24), we know there will exist zero real part
of a pair of complex eigenvalues, i.e. purely imaginary eigenvalues, if
the determinant is positive and trace is equal to zero. In this subsection we will prove that there are no such purely imaginary eigenvalues for the sociodynamic trinary multinomial logit model. This leads
us to the following theorem.
theorem (No bifurcation points of the sociodynamic trinary multinomial logit model with purely imaginary eigenvalues) Suppose that individual choices in a large sample population are
characterized by the homogeneous probabilities (4.5) where the
only contribution to the systematic utility of choices is a global
field effect with utility parameter β real, finite on the proportion pi of decision-making agents that have chosen alternative
i. The equilibrium solutions p0 , p1 , p2 defined on [0, 1] of the
sociodynamic trinary multinomial logit model (4.6) exhibit no
bifurcation points with purely imaginary eigenvalues.
Proof. Let us consider case (4.24)
0 = trJ =

∂g0 ∂g1
+
= βeβp0 − eβp0 − eβp1 − eβ(1−p0 −p1 )
∂p0 ∂p1

− βp0 eβp0 + βp0 eβ(1−p0 −p1 )
+ βeβp1 − eβp0 − eβp1 − eβ(1−p0 −p1 ) − βp1 eβp1 + βp1 eβ(1−p0 −p1 )
= β(eβp0 − p0 eβp0 + eβp1 − p1 eβp1 )
− 2(eβp0 + eβp1 + eβ(1−p0 −p1 ) ) + β(p0 + p1 )eβ(1−p0 −p1 )
(4.59)
Substituting (4.15) and (4.16) into (4.59):
0 = 2β(p0 + p1 )eβ(1−p0 −p1 ) + β(p0 eβp1 + p1 eβp0 )
− 2(eβp0 + eβp1 + eβ(1−p0 −p1 ) )

(4.60)
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Dividing through by the last term in the sum, which is always positive
for β real, finite:
eβ(1−p0 −p1 )
(eβp0 + eβp1 + eβ(1−p0 −p1 ) )
βp
β
(p0 e 1 + p1 eβp0 )
+
−1
2 (eβp0 + eβp1 + eβ(1−p0 −p1 ) )

0 = β(p0 + p1 )

(4.61)

Substituting (4.7), (4.8), (4.9) and (4.11) into (4.61):
β
(p0 p1 + p1 p0 ) − 1
2
= β(p0 (1 − p0 − p1 ) + p1 (1 − p0 − p1 ) + p0 p1 ) − 1

0 = β(p0 + p1 )(1 − p0 − p1 ) +

(4.62)

Solving for β and substituting (4.11):
1
p0 (1 − p0 − p1 ) + p1 (1 − p0 − p1 ) + p0 p1
1
=
p0 p2 + p1 p2 + p0 p1

β=

(4.63)

Given the special 3-way symmetry in (4.63), suppose again the symmetric solution (4.38). Substituting (4.38) and (4.39) into (4.63), we
retrieve the same result as in (4.40):
β=

1
1
1
= 2 =
=3
p2 + p2 + p2
3p
3(1/3)2

(4.64)

We have already seen from the analysis of (4.23) that the determinant
of the Jacobian evaluated at p0 = p1 = p2 = 1/3 and β = 3 is zero,
and thus we have double zero eigenvalues.
To verify whether or not (4.38) is the only solution when (4.24)
holds, we substitute (4.63) back into (4.15) and (4.16) and solve graphically, plotting the null clines of the surfaces g0 and g1 on a graph
and finding their intersection. See Figure 4.2 on page 50.
In addition to the 3-way symmetric solution (4.38) where we have
double zero eigenvalues, we find there are additionally three 2-way
symmetric solutions in Figure 4.2 on page 50 :
p0 = p1 = 0, p2 = 1 − p0 − p1 = 1

(4.65)

p0 = 0, p1 = 1, p2 = 1 − p0 − p1 = 0

(4.66)

p0 = 1, p1 = 0, p2 = 1 − p0 − p1 = 0

(4.67)

Substituting into (4.63), we see by symmetry that the solutions (4.65),
(4.66) and (4.67) all occur in the limit when the parameter β → +∞.
β=

1
1
= → +∞
0·0+0·1+0·1
0

(4.68)
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Figure 4.2: Null clines solution of system (4.15) and (4.16) for parameter
values of β satisfying (4.63)

Hence, there are no bifurcation points of the sociodynamic trinary
multinomial logit model with utility parameter β real and finite for
which purely imaginary eigenvalues occur.♦
We conclude that the system given by (4.15) and (4.16) has two
bifurcation values of the parameter β real, finite. One bifurcation occurs at β = 3 when the Jacobian (4.20) has double zero eigenvalues.
Another bifurcation occurs near β ≈ 2.7456 when the Jacobian has
one zero eigenvalue and one negative, real eigenvalue. The Jacobian
of the system given by (4.15) and (4.16) with β real, finite has no
purely imaginary eigenvalues. This latter fact guides our search for a
possible potential function.
4.3

gradient system

In section 4.2 we have studied the eigenvalues of the Jacobian matrix
J of first partial derivatives of the system to characterize the stability. However if we can characterize the system as a so-called gradient
system, there is a more straightforward visual way of directly determining the stability of the equilibria.
We first review some standard mathematical terminology and a
known lemma.
definition If G: R2 → R is a C2 function, the gradient vector field is


∂G
∂G
(p) ,
(p)
− ∇G(p) ≡ −
(4.69)
∂p0
∂p1
and the corresponding gradient system of differential equations
is
ṗ = −∇G(p)
(Hale and Koçak, 1996, p. 433)

(4.70)

4.3 gradient system

definition Suppose that G: R2 → R is a C2 function. Let the Hessian of G at the point p be the matrix of the second partial derivatives:


∂2 G
∂2 G
(p)
(p)
2
∂p0 ∂p1
 ∂p0


H≡
(4.71)


2
2
∂ G
∂ G
(p)
∂p1 ∂p0 (p)
∂p 2
1

definition A point p̄ is said to be a critical point of G if the gradient
vector field of G is zero. A critical point p̄ is called nondegenerate
if the eigenvalues of the Hessian matrix at p̄ are nonzero. (Hale
and Koçak, 1996, p. 433)
Note that the Jacobian matrix in the linear variational equation about
an equilibrium point of a gradient system (4.70) is the Hessian matrix
(4.71) of G evaluated at that point. Furthermore, the eigenvalues of
the Hessian matrix are real because the Hessian is by definition a
symmetric matrix. Consequently, nondegenerate critical points of a
gradient system correspond to hyperbolic equilibrium points.
lemma (Dynamics from the local geometry of G) An equilibrium
point of a gradient system (4.70) is hyperbolic if and only if
the corresponding critical point of G is nondegenerate. If p̄ is a
hyperbolic equilibrium of (4.70), then: p̄ is an unstable node if
and only if G has an isolated maximum at p̄; p̄ is asymptotically
stable if and only if G has an isolated minimum at p̄; p̄ is a
saddle point if and only if G has a saddle at p̄. (Hale and Koçak,
1996, p. 433)
Solutions of a gradient vector field cross the level sets of the function
G orthogonally and inward, except at critical points. Another implication, as a consequence, is that a gradient system cannot have any
periodic or homoclinic orbits. Equilibrium points are the only possible limit sets of gradient systems.
From the geometry of G, we can thus infer key aspects of the behavior of a gradient system. The analogy of G in the case of the scalar
autonomonous differential equation which characterizes the binary
logit model is a so-called potential function. Aoki (1995) is indeed
able to derive a potential function for the binary logit model with
social interactions. Blume and Durlauf (2003) conjecture that their results for binary choice with social interactions should be extendable
to choice between multiple alternatives when the underlying population game described by the expected utilities has a “potential” (ie.
can be written as gradient system).
theorem (The sociodynamic trinary multinomial logit model as a
gradient system) Suppose that individual choices in a large sample population are characterized by the homogeneous probabilities (4.5) where the only contribution to the systematic utility
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of choices is a global field effect with utility parameter β real,
finite on the proportion pi of decision-making agents that have
chosen alternative i. The qualitative stability of hyperbolic equilibrium solutions p0 , p1 , p2 defined on [0, 1] of the sociodynamic trinary multinomial logit model (4.6) can be determined
from the isolated maxima, isolated minima and saddles of the
function G given by:
β
(p0 2 + p1 2 + p2 2 ) + C̃ (4.72)
2
Proof. Since we are primarily interested in qualitative behavior, for
computational convenience we derive an alternative system of equations. Divide (4.7) and (4.8) by (4.9) to obtain:

eβp0 (eβp0 + eβp1 + eβp2 )
p0
= βp  βp
= eβ(p0 −p2 )
(4.73)
p2
e 2 (e 0 + eβp1 + eβp2 )

eβp1 (eβp0 + eβp1 + eβp2 )
p1
= βp  βp
= eβ(p1 −p2 )
(4.74)
p2
e 2 (e 0 + eβp1 + eβp2 )
G = p0 ln p0 + p1 ln p1 + p2 ln p2 −

Taking the natural logarithm of both sides:
p0
= β(p0 − p2 )
ln
p2
p1
= β(p1 − p2 )
p2
Re-arranging terms and substituting in (4.11) at equilibrium:
ln

ğ0 ≡ − ln p0 + ln p2 + β(p0 − p2 )
= − ln p0 + ln(1 − p0 − p1 ) + β(p0 − (1 − p0 − p1 )) = 0
ğ1 ≡ − ln p1 + ln p2 + β(p1 − p2 )
= − ln p1 + ln(1 − p0 − p1 ) + β(p1 − (1 − p0 − p1 )) = 0

(4.75)
(4.76)

(4.77)

(4.78)

Now try to find potential function G by integrating ğ0 with respect
to p0 and integrating ğ1 with respect to p1 , then comparing terms.
Z
Z
ğ0 dp0 = (− ln p0 + ln(1 − p0 − p1 ) + β(p0 − (1 − p0 − p1 )))dp0
Z
Z
Z
= − ln p0 dp0 + ln(1 − p0 − p1 )dp0 + β p0 − (1 − p0 − p1 )dp0
= − (p0 ln p0 − p0 ) − (1 − p0 − p1 ) ln(1 − p0 − p1 ) + (1 − p0 − p1 )
p0 2
p0 2
− p0 +
+ p0 p1 )
2
2
= −p0 ln p0 − (1 − p0 − p1 ) ln(1 − p0 − p1 )
β
β
β
+ p0 2 + (1 − 2p0 + p0 2 + 2p0 p1 ) + (1 − p1 − )
2
2
2
= −p0 ln p0 − (1 − p0 − p1 ) ln(1 − p0 − p1 )
β
β
+ p0 2 + (1 − 2p0 + p0 2 + 2p0 p1 ) + C0
2
2
+ β(

(4.79)
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Z

Z

ğ1 dp1 = (− ln p1 + ln(1 − p0 − p1 ) + β(p1 − (1 − p0 − p1 )))dp1
Z
Z
Z
= − ln p1 dp1 + ln(1 − p0 − p1 )dp1 + β p1 − (1 − p0 − p1 )dp1
= − (p1 ln p1 − p1 ) − (1 − p0 − p1 ) ln(1 − p0 − p1 ) + (1 − p0 − p1 )
p1 2
p1 2
− p1 +
+ p0 p1 )
2
2
= −p1 ln p1 − (1 − p0 − p1 ) ln(1 − p0 − p1 )
β
β
β
+ p1 2 + (1 − 2p1 + p1 2 + 2p0 p1 ) + (1 − p1 − )
2
2
2
= −p1 ln p1 − (1 − p0 − p1 ) ln(1 − p0 − p1 )
β
β
+ p1 2 + (1 − 2p1 + p1 2 + 2p0 p1 ) + C1
2
2
+ β(

(4.80)

In order to satisfy
ğ0 = −
we must have

∂G
∂G
, ğ1 =
∂p0
∂p1

Z
Z
G = − ğ0 dp0 = − ğ1 dp1

(4.81)

(4.82)

Without loss of generality, the terms in (4.80) that appear exclusively
in terms of p1 can be absorbed into the additive constant term in
(4.79). Likewise, the terms in (4.79) that appear exclusively in terms
of p0 can be absorbed into the additive constant term in (4.80). Furthermore, the only mixed terms that contain both p0 and p1 appear
in both in (4.79) and (4.80). Thus we can write:
G = −(−p0 ln p0 − p1 ln p1 − (1 − p0 − p1 ) ln(1 − p0 − p1 )
β
β
β
+ p0 2 + p1 2 + (1 − 2p0 + p0 2 − 2p1 + p1 2 + 2p0 p1 )) + C̃
2
2
2
= p0 ln p0 + p1 ln p1 + (1 − p0 − p1 ) ln(1 − p0 − p1 )
β
− (p0 2 + p1 2 + (1 − p0 − p1 )2 ) + C̃
2
(4.83)
Or, substituting (4.11) to see the symmetry in p0 , p1 , and p2 = 1 −
p0 − p1 more immediately:
G = p0 ln p0 + p1 ln p1 + p2 ln p2 −

β
(p0 2 + p1 2 + p2 2 ) + C̃ (4.84)
2

See Figures 4.3 through 4.5 on pages 54-56. ♦
4.4

bringing it all together

In this section, we visualize the analytical results derived in this chapter in two convenient graphical ways. First, we depict the solution
trajectory in the (p0 , p1 )-plane over parameter β for sociodynamic
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(a) Potential Function

(b) Null Clines Solution of System

β = 0 [one stable equilibrium]

(c) Potential Function

(d) Null Clines Solution of System

β = 2 [one stable equilibrium]

(e) Potential Function

(f) Null Clines Solution of System

β = 2.5 [one stable equilibrium]
Figure 4.3: Potential function and null clines solution of the sociodynamic
trinary multinomial logit model for a parameter sweep from β =
0 to β = 10, showing two bifurcation points at β ≈ 2.7456 and at
β=3

4.4 bringing it all together

(a) Potential Function

(b) Null Clines Solution of System

β ≈ 2.7456
[four equilibria: 1 stable nodes, 3 bifurcation points]

(c) Potential Function

(d) Null Clines Solution of System

β = 2.85
[seven equilibria: 4 stable nodes, 3 saddle points]

(e) Potential Function

(f) Null Clines Solution of System

β=3
[four equilibria: 1 bifurcation point, 3 stable nodes]
Figure 4.4: Potential function and null clines solution of the sociodynamic
trinary multinomial logit model for a parameter sweep from β =
0 to β = 10, showing two bifurcation points at β ≈ 2.7456 and at
β = 3, continued
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(a) Potential Function

(b) Null Clines Solution of System

β = 3.3
[seven equilibria: 1 unstable node, 3 stable nodes, 3 saddle points]

(c) Potential Function

(d) Null Clines Solution of System

β=5
[seven equilibria: 1 unstable node, 3 stable nodes, 3 saddle points]

(e) Potential Function

(f) Null Clines Solution of System

β = 10
[seven equilibria: 1 unstable node, 3 stable nodes, 3 saddle points]
Figure 4.5: Potential function and null clines solution of the sociodynamic
trinary multinomial logit model for a parameter sweep from β =
0 to β = 10, showing two bifurcation points at β ≈ 2.7456 and at
β = 3, continued

4.4 bringing it all together

trinary multinomial logit model, indicating the bifurcation points separating three regimes. Second, we depict the bifurcation diagram in
the (β, p0 )-plane for sociodynamic trinary multinomial logit model,
where we see very clearly the two different types of bifurcations separating the three regimes.
4.4.1

Solution Trajectory

See Figure 4.6 on page 57.

Figure 4.6: Solution trajectory in the (p0 ,p1 )-plane over β for sociodynamic
trinary multinomial logit model showing bifurcation points separating three regimes. Up until β ≈ 2.7456, there is one stable
equilibrium at (1/3, 1/3). At β ≈ 2.7456 we have the sudden appearance of 3 saddle-node bifurcations, marked in yellow. With
increasing β the stable nodes then proceed outwards respectively towards (0, 0), (0, 1) and (1, 0), and the saddle points all
proceed inwards towards (1/3, 1/3). At β = 3 we have a transcritical bifurcation, marked in red: the saddle points coalesce
at (1/3, 1/3) and flip the directionality of their saddles, and the
equilibrium at p = 1/3 becomes unstable. As β → ∞ the flipped
saddle points then continue their trajectory onwards respectively
towards (1/2, 1/2), (1/2, 0) and (0, 1/2).

4.4.2 Bifurcation Diagram
See Figure 4.7 on page 58.
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Figure 4.7: Bifurcation diagram for sociodynamic trinary multinomial logit
model showing bifurcation points at β ≈ 2.7456 and at β = 3,
separating three regimes. In Regime I, there is one stable node
at p = 1/3; in Regime II we have the appearance of new pairs of
equilibria, each pair consisting of one stable node and one saddle
point equilibrium; in Regime III the saddle points have changed
directionality and the original node at p = 1/3 is unstable.

4.5

conclusions and reflections

In this chapter we have derived a planar autonomous system of
equations describing the dynamics of the socio-dynamic multinomial
logit model. We have shown how this system of equations can be
solved conveniently graphically using null clines. We have also derived the stability of the steady-state solutions at equilibrium. Our
analysis reveals three qualitatively distinct solution regimes, including an intuitively logical, but previously undetected hysteresis regime
in midrange parameter space. In addition, a gradient system is derived which allows us to easily visually characterize the stability of
the solutions. Two types of bifurcations are observed which describe
the transitions between the regimes. We will use these theoretical results in this chapter as a benchmark for our further exploration of the
socio-dynamic multinomial logit model later in Chapter 7. Remarkably, we will find in our case study application in Chapter 7, that the
system lies in this interesting newly observed hysteresis regime.
In the next chapter we will incrementally extend the results in this
chapter for the case of the socio-dynamic trinary nested logit model.
In the nested logit model, there will be two key parameters that char-

4.5 conclusions and reflections

acterize the behavior of the planar autonomous system of equations.
We will again of course encounter the parameter β describing the importance of the social feedback in the model as in this chapter, but we
will also encounter a new parameter describing the scale µL of the
correlation for the nested alternatives.
For a deeper appreciation of the research presented in the next
chapter involving a two parameter bifurcation, the interested reader
is highly encouraged at this point to first review Appendix B where
a simpler two parameter scalar autonomous differential equation is
considered for the sociodynamic binary logit model with constant
bias, and then subsequently Appendix C where a two parameter planar autonomous system of differential equations is considered for the
sociodynamic trinary logit model with constant bias.
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S O C I O - D Y N A M I C T R I N A RY N E S T E D L O G I T:
T H E O RY

By considering the nested logit model, a possibility to account for unobserved heterogeneity between choice alternatives is allowed via the
nesting of alternatives that are assumed to be correlated. The analysis of the theoretical equilibrium behavior of the trinary nested logit
model with global social interactions in this chapter yields rich bifurcation diagrams demonstrating several major additional new emergent steady-state regimes where symmetry is broken by the scale parameter for the level of correlation between alternatives. These results
will be subsequently used as a benchmark for the application in Chapter 7
First in section 5.1, we describe the trinary nested logit model with
social interactions as a two parameter planar autonomous system in
the utility parameter β for the level of aggregate social influence and
in the scale parameter µL for the level of correlation between alternatives. Then in section 5.2, by applying a graphical null clines approach, the number of solutions is counted and charted in the (β, µL )plane across a sweep of the utility parameter and a sweep of the scale
parameter, paying particular attention to the inherent (broken) symmetries in the trinary nested logit model. This reveals seven qualitatively distinct solution regimes. In section 5.3, a gradient system is
derived which allows us to easily visually characterize the stability
of the solutions. In section 5.4 we discuss the qualitative nature of
each of the seven regimes in terms of the number and stability of
solutions. In section 5.5 five different types of bifurcations are discussed which describe the transitions between the regimes: hysteresis, double saddle-node, saddle-node, pitchfork and transcritical. In
5.6 we derive expressions for the defining bifurcation curves in the
(β, µL )-plane rigorously analytically by characterizing the stability
of solutions via the eigenvalues of the Jacobian matrix of the system. In order to do this, we draw heavily on our earlier qualitative
observations regarding the number of 2-way symmetric steady-state
solutions in each regime where the mode shares of the correlated elemental alternatives in the lower level nest are equal. In section 5.7, we
visualize the analytical results derived in this chapter in terms of the
bifurcation curves in the (β, µL )-plane, in terms of the solution trajectories in the (p0 , p1 )-plane over utility parameter β for a sweep of
the scale parameter µL , and in terms of classical bifurcation diagrams
in the (β, p0 )-plane and in the (β, p1 )-plane for a sweep of the scale
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parameter µL . Finally, section 5.8 suggests a few important directions
for elaborations and variations on this work.
As the techniques in this chapter apply to a two parameter planar
autonomous system of differential equations, the interested reader
may find it especially helpful to first review Appendix B where a two
parameter scalar autonomous differential equation is considered for
the sociodynamic binary logit model with constant bias, and then
subsequently to read Appendix C where a two parameter planar autonomous system of differential equations is considered for the sociodynamic trinary logit model with constant bias. The development of
the theory in this chapter is namely parallel with the development of
the theory in Appendix C.
In both the sociodynamic nested logit model and the sociodynamic
multinomial logit model with constant bias, the additional parameter
in the system allows symmetry-breaking. The mathematics however
in the case of observed heterogeneity involving constant bias for one
of the choice alternatives are significantly simpler than the mathematics in the case of unobserved heterogeneity involving correlation in
the error terms between two of the choice alternatives, and as a consequence perhaps easier to follow. Furthermore, understanding the
analysis for the two parameter planar autonomous system in the case
of the sociodynamic multinomial logit model with constant bias may
enrich the appreciation and understanding of the solution regimes
and the patterns of bifurcations between them that occur in the sociodynamic trinary nested logit model.
5.1

trinary nested logit model with social interactions

In this section, we describe the sociodynamic nested logit model for
choice between three alternatives as a planar autonomous system
of differential equations. In subsection 5.1.1 we write the individual
choice probabilities. In subsection 5.1.2 we write the rate of change
of the proportions of decision-making agents that have chosen each
alternative in a large sample population as a two parameter system
of differential equations, yielding the principle of self-consistency at
equilibrium. In subsection 5.1.3 by way of reference, we consider the
special case of a null trinary nested logit model with no social interactions.

5.1 trinary nested logit model with social interactions

Recall the general definition of the nested logit model presented in
Chapter 2. Substituting (2.12) through (2.15) into (2.11) gives
P(i|Cn ) = P(i|Cmn ) · P(Cmn |Cn )
µ

A eµm Vin
P in
·
Ajn eµm Vjn

=

e

ln

Ajn e

µm Vjn

j∈Cmn

m0

e

!

P

µ Ṽm 0 n + µ 1

P

j∈Cmn

Ṽmn + µ1m

!

P

ln

j∈C

Ajn e

µ

(5.1)

V
m 0 jn

m 0n

m 0 ∈Mn

It is the allowance for the possibility of shared unobserved heterogeneity at the nest level which is the signature of the nested logit
model. A key feature of the nested logit model is thus that the symmetry of choice behavior is inherently broken by the assumed correlations among elemental alternatives. The nested logit model will
reduce to the multinomial logit model if the scale parameter µm for
the lower nests is equal to the scale parameter µ for the upper nest.
µm = µ :

P(i|Cn ) =

eµVin

A
P in
·
Ajn eµVjn
j∈Cmn

eµṼmn
P

ln

·e

P

Ajn e

µVjn

j∈Cmn

ln

eµṼm 0 n · e

P
j∈C

Ajn e

µVjn

m 0n

m 0 ∈Mn

=

P

Ain eµVin · eµṼmn
P
Ajn eµVjn
eµṼm 0 n

m 0 ∈Mn

=

P

(5.2)

j∈Cm 0 n

Ain eµ(Vin +Ṽmn )
P
Ajn eµ(Vjn +Ṽm 0 n )

m 0 ∈Mn j∈Cm 0 n

Note also that without loss of generality, any shared observable
attributes at the nest level may be defined at the elemental alternative
level. This is what is done in practice in typical model estimation
software packages, such as the freely available optimization toolkit
Biogeme developed by Bierlaire (2003).
Ṽmn ≡ 0

5.1.1

(5.3)

Choice Probabilities

In order to be able to derive an analytical benchmark, we will assume
that all alternatives are available to all decision-making agents, that
is:
Cn = C : Ain ≡ 1
(5.4)
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and the only term in the systematic utility at the elemental alternative
level is a feedback effect with utility parameter β real, finite:
(5.5)

Vin = βpi

where pi is the proportion of decision-making agents that have chosen alternative i. In such a case, when the agents include their own
choice with equal weight to others’ choices in the calculation of the
field effect for a given alternative, the agents’ choice behavior is perfectly homogeneous across agents. If we furthermore normalize the
upper level scale parameter to unity, and set the scale parameter µm
for the lower nests equal to each other for all nests:
µ ≡ 1; µm ≡ µL , ∀m

(5.6)

we have a two-parameter system in terms of β and µL real, finite.
Note furthermore that the scale parameter µL is constrained to be
greater than or equal to unity, since by definition µL > µ and we have
set µ ≡ 1.1
For the case of trinary choice between three elemental alternatives
we will have a system of three equations in three unknowns written
in terms of p0 , p1 , p2 defined on [0, 1]. To make this explicit, consider
a scenario as in Figure 5.1 where elemental alternative 0 is an isolate
in its own "nest," and elemental alternatives 1 and 2, assumed to be
correlated, are nested together.

i=0

i=1

i=2

Figure 5.1: Depiction of the nesting structure of a trinary discrete choice
model with unobserved heterogeneity that is shared between elemental alternatives 1, 2.

The probability of choosing alternative 0 within nest 0, conditional
on having chosen nest 0 is:
P(i = 0|nest 0) =

eµm Vin
eµL βp0
P
=
=1
µ
V
eµL βp0
e m jn

(5.7)

j∈nest 0

1 As noted earlier in section 2, it is not possible to identify both the scale parameter of
the upper level nest and the lower level nests; following convention, the upper level
nest is normalized to 1.

5.1 trinary nested logit model with social interactions

The inclusive value for nest 0 is then:
X
Inest 0 = ln
eµm Vjn = ln eµL βp0 = µL βp0

(5.8)

j∈nest 0

The probabilities of choosing respectively alternative 1 and 2 within
nest 1, conditional on having chosen nest 1, are the binary choice
probabilities:
eµm Vin
eµL βp1
P
=
eµL βp1 + eµL βp2
eµm Vjn

P(i = 1|nest 1) =

(5.9)

j∈nest 1

eµm Vin
eµL βp2
P
=
eµL βp1 + eµL βp2
eµm Vjn

P(i = 2|nest 1) =

(5.10)

j∈nest 1

The inclusive value for nest1 is then:
X
Inest 1 = ln
eµm Vjn = ln(eµL βp1 + eµL βp2 )

(5.11)

j∈nest 1

The probabilities of choosing respectively nest0 and nest1 among the
set of nests are:
1

P(nest 0|C) =

eµ(Ṽmn + µm Imn )
P

e



µ Ṽm 0 n + µ 1 Im 0 n
m0

m 0 ∈Mn


1 0+ µ1 ·µL βp0

e

=
e



1 0+ µ1 ·µL βp0
L

L

+e



1 0+ µ1 ·ln(eµL βp1 +eµL βp2 )

(5.12)

eβp0

=

µ βp

=

L

eβp0 + (eln(e L 1 +e
eβp0

1
µL βp2 ) µ
L

)

1

eβp0 + (eµL βp1 + eµL βp2 ) µL
1

P(nest 1|C) =

eµ(Ṽmn + µm Imn )
P
m 0 ∈M

=

e



µ Ṽm 0 n + µ 1 Im 0 n
m0

(5.13)

n

(eµL βp1 + eµL βp2 )

1
µL
1

eβp0 + (eµL βp1 + eµL βp2 ) µL
Thus the probabilities of choosing respectively alternatives 0, 1, 2
among all possible elemental alternatives in the choice set are:
P(i = 0|C) = P(i = 0|nest 0) · P(nest 0|C)
=

eβp0
eβp0 + (eµL βp1 + eµL βp2 )

(5.14)
1
µL
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P(i = 1|C) = P(i = 1|nest 1) · P(nest 1|C)
1

(5.15)

eµL βp1
(eµL βp1 + eµL βp2 ) µL
= µ βp
·
e L 1 + eµL βp2 eβp0 + (eµL βp1 + eµL βp2 ) µ1L
P(i = 2|C) = P(i = 2|nest 1) · P(nest 1|C)
1

(5.16)

eµL βp2
(eµL βp1 + eµL βp2 ) µL
= µ βp
·
e L 1 + eµL βp2 eβp0 + (eµL βp1 + eµL βp2 ) µ1L

5.1.2

Two Parameter Planar Autonomous System

For a large sample population, the rate of change of the proportions
p0 , p1 , p2 of decision-making agents that have chosen each alternative is given by the probabilities P(i|C) of choosing respectively alternatives 0, 1, 2 among the possible elemental alternatives in the choice
set, minus these proportions.This yields a system of three equations
in three unknowns, with p0 , p1 , p2 defined on [0, 1]. We refer to (5.17)
as the sociodynamic trinary nested logit model. Given β and µL real and
finite, we will be interested to find the steady-state solutions p0 , p1 ,
p2 of the system.
eβp0

ṗ0 =

1

− p0

eβp0 + (eµL βp1 + eµL βp2 ) µL
1

eµL βp1
(eµL βp1 + eµL βp2 ) µL
ṗ1 = µ βp
·
− p1
e L 1 + eµL βp2 eβp0 + (eµL βp1 + eµL βp2 ) µ1L
1

(5.17)

eµL βp2
(eµL βp1 + eµL βp2 ) µL
ṗ2 = µ βp
·
− p2
e L 1 + eµL βp2 eβp0 + (eµL βp1 + eµL βp2 ) µ1L
p0 , p1 , p2 ∈ [0, 1]
At equilibrium, we have ṗi = 0, thus we see that the proportions pi of
decision-making agents that have chosen alternative i will equal the
choice probabilities P(i|C), yielding the principle of self-consistency.:
ṗ0 = 0 : p0 =

eβp0

(5.18)

1

eβp0 + (eµL βp1 + eµL βp2 ) µL
1

eµL βp1
(eµL βp1 + eµL βp2 ) µL
ṗ1 = 0 : p1 = µ βp
·
(5.19)
e L 1 + eµL βp2 eβp0 + (eµL βp1 + eµL βp2 ) µ1L
1

eµL βp2
(eµL βp1 + eµL βp2 ) µL
ṗ2 = 0 : p2 = µ βp
·
(5.20)
e L 1 + eµL βp2 eβp0 + (eµL βp1 + eµL βp2 ) µ1L

5.1 trinary nested logit model with social interactions

Furthermore, by definition, the proportions and the choice probabilities must both sum to unity. Indeed, a simple check shows that
adding (5.18), (5.19), (5.20), gives the desired result by design.
p0 + p1 + p2 =

eβp0
1

eβp0 + (eµL βp1 + eµL βp2 ) µL
1

(eµL βp1 + eµL βp2 ) µL
eµL βp1 + eµL βp2
·
+ µ βp
e L 1 + eµL βp2 eβp0 + (eµL βp1 + eµL βp2 ) µ1L

(5.21)

1

=

eβp0 + (eµL βp1 + eµL βp2 ) µL
1

=1

eβp0 + (eµL βp1 + eµL βp2 ) µL
We can thus immediately re-write p2 in terms of p0 , p1 :
(5.22)

p2 = 1 − p0 − p1

Furthermore from the definition of pi on [0, 1], (5.22) implies 0 6
p2 = 1 − p0 − p1 , so that
(5.23)

p0 + p1 6 1

Substituting (5.22) back into (5.18) and (5.19) at equilibrium then
yields a system of two equations in two unknowns p0 , p1 under condition (5.23). Given β and µL real, finite with µL > 1, we want to find
solutions p0 , p1 :
eβp0

0 = ṗ0 =

(5.24)

− p0

1

eβp0 + (eµL βp1 + eµL β(1−p0 −p1 ) ) µL
0 = ṗ1 =

eµL βp1
eµL βp1 + eµL β(1−p0 −p1 )
(5.25)

1

×

(eµL βp1 + eµL β(1−p0 −p1 ) ) µL
1

− p1

eβp0 + (eµL βp1 + eµL β(1−p0 −p1 ) ) µL
Finally, multiplying through by the denominator of the first term of
(5.24) which is always strictly positive for β and µL real, finite with p0 ,
p1 defined on [0, 1], we have a converted system of equations which
will be analytically easier to work with:
1

0 = g0 ≡ eβp0 − p0 eβp0 − p0 (eµL βp1 + eµL β(1−p0 −p1 ) ) µL

0 = g1 ≡ eµL βp1 (eµL βp1 + eµL β(1−p0 −p1 ) )

(5.26)

1−µL
µL
1

(5.27)

− p1 eβp0 − p1 (eµL βp1 + eµL β(1−p0 −p1 ) ) µL
The planar system of equations (5.24) and (5.25), or alternatively (5.26)
and (5.27), can be solved conveniently graphically, for example, by
plotting the null clines of the surfaces on a graph and finding their
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(a) Intersection of the ṗ0 surface with
the null plane

(b) Intersection of the ṗ1 surface with
the null plane

(c) Projection of ṗ0 onto the (p0 , p1 )plane with its null cline

(d) Projection of ṗ1 onto the (p0 , p1 )plane with its null cline

(e) β = 1, µL = 2: Regime I

Figure 5.2: Graphical derivation of the null clines solution of the planar autonomous system (5.24) and (5.25) for parameter values β = 1,
µL = 2. The top panels show the intersection of the surfaces
dp0 /dt and dp1 /dt respectively with the null plane. The middle
panels show the projection of the surfaces, with their respective
null clines. The lower panel shows the intersection of the two
null clines in the (p0 , p1 )-plane, indicating one unique solution
whereby the mode shares of the correlated elemental alternatives
in the lower level nest are equal, p1 = p2 . We will call this qualitative pattern of solution behavior Regime I.

5.1 trinary nested logit model with social interactions

intersection. See Figure 5.2 on page 68. Depending on the value of β
and µL , the system may have more than one solution.
Alternatively, grouping terms and substituting back (5.22) to see
the symmetry breaking between p0 , p1 and p2 more clearly:
1

0 = g0 ≡ eβp0 − p0 (eβp0 + (eµL βp1 + eµL βp2 ) µL )
0 = g1 ≡ eµL βp1 (eµL βp1 + eµL βp2 )
− p1 (e

βp0

+ (e

µL βp1

+e

(5.28)

1−µL
µL

µL βp2

)

1
µL

(5.29)
)

♦
lemma (Characterization of solutions of the sociodynamic trinary
nested logit model) Suppose that individual choices in a large
sample population are characterized by the probabilities (5.14),
(5.15) and (5.16) where the only contribution to the systematic
utility of choices is a global field effect with utility parameter
β real, finite on the proportion pi of decision-making agents
that have chosen alternative i, and where the elemental choice
alternatives 1 and 2 are assumed to be correlated with scale
parameter µL > 1 real, finite. Then there will exist at least one
equilibrium solution of the sociodynamic trinary nested logit
model (5.17) with p1 = p2 defined on [0, 1/2] for all values of
β and µL real, finite. Any other solutions with p1 6= p2 will be
characterized by a transcendental relation between p1 and p2
that is dependent on β and µL :
ln

p1
= µL β(p1 − p2 )
p2

(5.30)

Proof. Making use of the symmetry between p1 and p2 , it is convenient to divide (5.19) by (5.20) to obtain:

1−µL
1
µ
βp
µ
βp
µ
βp
µL
L
1
L
1
L
2
e
(e
eβp0 + (eµL βp1 + eµL βp2 ) µL
+e
)
p1

=
1−µL
1
p2
µ
µ
βp
µ
βp
µ
βp
e L 2 (e L 1 + e L 2 ) L
eβp0 + (eµL βp1 + eµL βp2 ) µL
= eµL β(p1 −p2 )
(5.31)
Taking the natural logarithm of both sides:
ln

p1
= µL β(p1 − p2 )
p2

(5.32)

From (5.32) it is immediate that there will exist at least one solution
with p1 = p2 for all values of β and µL real, finite. In such case, from
the definition of pi on [0, 1], (5.22) implies 0 6 p0 = 1 − p1 − p2 =
1 − 2p1 , so that we have also
p1 6 1/2

(5.33)
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Any other solutions with p1 6= p2 will be characterized by a transcendental relation between p1 and p2 that is dependent on β and µL ,
thus proving the lemma. ♦
lemma (Limiting solutions of the sociodynamic trinary nested logit
model) Suppose that individual choices in a large sample population are characterized by the probabilities (5.14), (5.15) and
(5.16) where the only contribution to the systematic utility of
choices is a global field effect with utility parameter β on the
proportion pi of decision-making agents that have chosen alternative i, and where the elemental choice alternatives 1 and 2 are
assumed to be correlated with scale parameter µL > 1. Then any
solutions of the sociodynamic trinary nested logit model (5.17)
with p1 → 0 and p2 > 0, or with p2 → 0 and p1 > 0, or with
p1 → 1 or p2 → 0 implies either β → +∞ or µL → +∞ or both.
Proof. From (5.32) we can derive convenient relations for β and µL
in terms of the mode shares p1 , p2 and respectively µL and β for a
solution with p1 6= p2 :
β=

ln (p1 /p2 )
µL (p1 − p2 )

(5.34)

ln (p1 /p2 )
(5.35)
β(p1 − p2 )
We see thus that a solution with p1 → 0 implies either β → +∞ or
µL → +∞ or both for p2 > 0. Likewise a solution with p2 → 0 implies
either β → +∞ or µL → +∞ or both for p1 > 0. Furthermore by (5.22)
for mode shares p0 , p1 , p2 defined on [0, 1], a solution with p1 → 1
implies p2 → 0 , and vice versa, a solution with p2 → 1 implies
p1 → 0 , and thus we require again β → +∞ or µL → +∞ or both. In
summary, theoretically there can exist no true corner solutions with
p1 = 1 or p2 = 1 as well as no true boundary solutions in general
with p1 = 0 or p2 = 0 and p1 6= p2 for finite values of β and µL .
Such solutions if they exist, can only exist when at least one or both
of the parameters β and µL goes to infinity. In practice however, for
β and/or µL “sufficiently large” we may see the approximation of a
“corner” solution where p1 ≈ 1 or p2 ≈ 1 or a “boundary” solution
p1 ≈ 0 or p2 ≈ 0 and p1 6= p2 . ♦
µL =

5.1.3 Special Case: β = 0 (Null Model with No Social Interactions)
lemma (Characterization of solutions the null trinary nested logit
model with no social interactions) Suppose that individual
choices in a large sample population are characterized by the
probabilities (5.14), (5.15) and (5.16) under the special condition β = 0, so that there is null contribution to the systematic utility of choices, and where the elemental choice alternatives 1 and 2 are assumed to be correlated with scale parameter

5.1 trinary nested logit model with social interactions

µL > 1 real, finite. Then there will exist only one unique equilibrium solution of this null trinary nested logit model (5.17) with
β = 0. This solution will be characterized by p1 = p2 defined
on [1/4, 1/3]. The scale parameter µL > 1 will be given by:
µL =

ln 2
ln p1 − ln( 21 − p1 )

(5.36)

Proof. Consider the following special case:
(5.37)

β=0

Substituting (5.37) into (5.26) and (5.27), we have the simplification:
1

1

g0 |β=0 = e0 − p0 e0 − p0 (e0 + e0 ) µL = 1 − p0 − p0 · 2 µL = 0 (5.38)
g1 |β=0 = e0 (e0 + e0 )
=2

1−µL
µL

1−µL
µL

1

− p1 e0 − p1 (e0 + e0 ) µL

1

(5.39)

− p 1 − p 1 · 2 µL = 0

Solving (5.38) and (5.39) respectively for p0 and p1 :
1

p0 =

(5.40)

1

1 + 2 µL
p1 =

2

1−µL
µL
1

1 + 2 µL

1

2 µL
1
= ·
2 1 + 2 µ1L

(5.41)

Substituting into (5.22):
1

1

p2 = 1 − p0 − p1 = 1 −

1

1 + 2 µL
1

2 µL
1
− ·
2 1 + 2 µ1L

(5.42)

1
2 µL
= ·
2 1 + 2 µ1L
Thus comparing (5.41) and (5.42), we have
p1 = p2

(5.43)

This result is not surprising since the only thing that we have specified in this trinary nested logit null model with no social interactions
is an assumed correlation between choice alternatives 1 and 2. It follows that there is then nothing to distinguish between choice alternatives 1 and 2 and these two alternative must be chosen with an equal
likelihood, p1 = p2 . The actual value of these choice probabilities and
how different they are from p0 will be dependent on the extent of the
correlation as given by the scale µL of Gumbel distributed error terms
within the nest relative to the scale µ ≡ 1 of choosing the nest.
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Solving (5.40) or (5.41) for µL :
ln

1 − p0
1
ln 2
=
ln 2 : µL =
p0
µL
ln(1 − p0 ) − ln p0

1
ln 2
1
ln 2 = ln p1 : µL =
ln( − p1 ) +
2
µL
ln p1 − ln( 12 − p1 )

(5.44)

(5.45)

For the specific case µL = 1 when β = 0, we have by (5.40) and
(5.41):
1
1
21
p1 = p2 = ·
=
2 1 + 21
3
(5.46)
1
p0 = 1 − p1 − p2 =
3
and thus we regain the result established by Brock and Durlauf (2006)
in (4.18) in subsection 4.1.1. This is intuitive since when there is nothing in the model to influence choices, neither in the systematic utility for choice alternatives nor via presumed correlations in the error
structure, the outcome of decision-making can only be purely random. When there are three choice alternative, each will be chosen
with equal probability 1/3.
For the case µL → +∞ when β = 0, similarly we have:
1
20
1
·
=
0
2 1+2
4
1
p0 = 1 − p1 − p2 =
2

p1 = p2 =

(5.47)

This result too is intuitive. When the choice alternatives 1 and 2 are
infinitely correlated and there is nothing else in the systematic utility to distinguish between alternatives, the choice problem becomes
a random binary problem at the upper level of choosing between alternative 0, the isolate in its own nest on one hand, and alternatives
1 and 2 nested together on the other hand. These two options will be
chosen with equal probability: that is, probability 1/2 for alternative
0, and probability 1/2 for alternatives 1 and 2 together. Then since
there is nothing to distinguish between alternatives 1 and 2, these
will be chosen individually with probability 1/4.
In conclusion, it is apparent that any finite value of µL > 1 with
β = 0 will yield a unique solution to our system according to (5.40)
and (5.41) that lies on the line with p1 = p2 between the two solutions
(5.46) and (5.47).♦
5.2

equilibrium regimes in (β, µL )-parameter space

Following the approach indicated in Figure 5.2 on page 68, we now
proceed to explore the nature of the solutions of (5.24) and (5.25). We
repeat the null cline procedure many times over a sweep of values

5.2 equilibrium regimes in (β, µL )-parameter space

of β and values of µL , counting the number of equilibria each time
and identifying qualitatively equivalent patterns of the null clines in
terms of how they cross. Figure 5.3 on page 74 and Figure 5.4 on page
75 display a summary of this exploration which capture the major
equilibrium regimes. Each cell in Figures 5.3 and 5.4 corresponds to a
null cline portrait. The number indicated in the cell gives the number
of solutions.
See Figure 5.6 on page 77 and Figure 5.7 on page 78.
Figure 5.3 on page 74 shows a sweep of values of β from 0 to 8
and values of µL from 1 to 10, showing six solution regimes. Figure
5.4 on page 75 zooms in on the range of β from 2.6 to 2.8 and values
of µL from 1 to 1.1, yielding an additional solution regime seen only
at finer resolution, lying in between Regime I and Regime II, except
at the multinomial case. All of the individual null clines portraits in
Regime I are qualitatively similar to the null cline shown in Figure
5.2 on page 68. Figure 5.5 on page 76 shows representative null clines
for the rest of the regimes in Figure 5.3 and Figure 5.4. The coloring
of the cells in Figures 5.3 and 5.4 is such that yellow indicates one
unique solution, orange indicates three solutions, green indicates five
solutions and purple indicates seven solutions. It is important to note
however that even though Regime II, Regime III and Regime VI all
have seven solutions, the patterns of the how the null clines cross are
structurally different from each other in each of these cases as can be
seen in the representative null clines shown in Figure 5.5. Likewise,
even though Regime V in Figure 5.3 and Regime VII (only visible at
finer resolution) in Figure 5.4 both have three solutions, the patterns
of how the null clines cross are again structurally different from each
other as can be seen in Figure 5.5.
The intention of the coloring is to guide the eye in noticing the
patterns of the transitions between the regimes in (β, µL )-parameter
space. Such a transition between regimes is called a “bifurcation.”
At a bifurcation point in (β, µL )-parameter space, there is a structural
change in the pattern of the number and/or stability of equilibria. We
will study the stability of the equilibria later in this chapter, however
the way that the null clines cross already provides clues.
The cell at β = 3 and µL = 1 is a special point with four solutions,
indicated in red in Figure 5.3. It is a bifurcation point existing only at
this specific set of values of β = 3 and µL = 1. We will come back to
this special bifurcation point again when we characterize the types of
bifurcations, after we have studied the stability of the solutions. It is
sufficient to note at this stage that this point separates Regime II from
Regime III, both with seven solutions but with qualitatively different
null clines patterns.
Before proceeding to study stability however, it is useful to further
appreciate some qualitative findings thus far in order to better interpret our stability results later. We expect from the characterization
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Figure 5.3: Computationally-derived bifurcation curves in the (β, µL )-plane showing major regimes indicated with number of solutions of the system
at various points in parameter space. In Regime I there is one solution; in Regimes II, III and VI there are seven solutions; in Regime IV
there are five solutions; in Regime V there are three solutions. An additional regime with three solutions exists in the framed region for
small µL at finer resolution. See Figure 5.4 on page 75. The first row with µL = 1 corresponds to the multinomial logit case in Chapter 4.

5.2 equilibrium regimes in (β, µL )-parameter space

Figure 5.4: Detail of Figure 5.3 on page 74 showing computationally-derived
bifurcation curves at an interesting region in parameter space
near to the bifurcation to several different regimes, where empirical results in the case study in Chapter 7 occur (β = 2.7595,
µL = 1.0339). Zooming in on this region, we see that the actual estimated coefficients fall in a region with five steady-state
solutions. The values however are within one standard error of
regions in parameter space with one steady-state solution, three
steady-state solutions and seven steady-state solutions.

of solutions in (5.32) that there will exist at least one solution with
p1 = p2 for all values of β and µL real, finite. We find this in indeed
true. For the trinary nested logit null model with no social interactions (β = 0) we expect to see only one unique solution as shown in
subsection 5.1.3. This is indeed true as well. We see furthermore that
Regime I characterized by one unique solution extends from β = 0
over a range of values β > 0 dependent on µL .
Now, let us reflect on the multinomial case where µL = 1. As shown
in (4.18) in subsection 4.1.1, we expect to find a single unique equilibrium at pi = 1/3 for β = 0 and µL = 1, and indeed we do. The
pattern of a unique solution continues at µL = 1 for values of β up
until about β = 2.75 as can be seen in Figure 5.3 and Figure 5.4. For
µL = 1 and β → ∞, we expect to find seven solutions as in (4.19). In
practice for µL = 1 and β = 8, the values of the solutions are already
approaching the limiting solutions expected from (5.34) and (5.35).
The qualitative pattern of having precisely seven solutions with the
null clines crossing in this way, albeit with different solutions values
of pi , continues for at µL = 1 for values of β down until β = 3. Something special happens in the midrange between about β = 2.75 and
β = 3 when µL = 1.
When we look closely at Figure 5.4 near the point where Regime
I transitions to Regime II, we can see with increasing scale µL the
appearance of two different bifurcation curves seeming to come together at this point. On the one hand there is a transition from Regime
I with one unique solution to Regime VII with three solutions thus
changing the number of solutions by two. Let us call this Curve A.
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(a) β = 2.8, µL = 1.01: Regime II

(b) β = 6, µL = 2: Regime III

(c) β = 3, µL = 2: Regime IV

(d) β = 1, µL = 8: Regime V

(e) β = 2.2, µL = 8: Regime VI

(f) β = 2.72, µL = 1.025: Regime VII

Figure 5.5: Example null clines solutions of the system (5.24) and (5.25) in
the major regimes in parameter space shown in Figure 5.3 on
page 74 and Figure 5.4 on page 75 which display multiplicity of
equilibria, indicated with the number of 2-way symmetric steadystate solutions where the mode shares of the correlated elemental
alternatives in the lower level nest are equal, so that we have
p1 = p2 = 1 − p0 − p1 ; the 2-way symmetric solutions thus lie on
the line p1 = (1 − p0 )/2 : (a) seven equilibria, of which three with
p1 = p2 ; (b) seven equilibria, of which three with p1 = p2 ; (c)
five equilibria, of which one with p1 = p2 ; (d) three equilibria, of
which one with p1 = p2 ; (e) seven equilibria, of which one with
p1 = p2 ; and (f) three equilibria, of which three with p1 = p2
(inset shows lines do not cross in the region near p0 = 0.21,
p1 = 0.195).

5.2 equilibrium regimes in (β, µL )-parameter space

(a) ṗ0 surface

(b) ṗ1 surface

µL = 1.01; β = 2.8: Regime II

(c) ṗ0 surface

(d) ṗ1 surface

µL = 2; β = 6: Regime III

(e) ṗ0 surface

(f) ṗ1 surface

µL = 2; β = 3: Regime IV
Figure 5.6: Graphical derivation of the null clines solution of the planar autonomous system (5.24) and (5.25) in the major regimes in parameter space which display multiplicity of equilibria. Compare
with panels (a) through (c) in Figure 5.5 on page 76.
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(a) ṗ0 surface

(b) ṗ1 surface

µL = 8; β = 1: Regime V

(c) ṗ0 surface

(d) ṗ1 surface

µL = 8; β = 2.2: Regime VI

(e) ṗ0 surface

(f) ṗ1 surface

µL = 1.025; β = 2.72: Regime VII
Figure 5.7: Graphical derivation of the null clines solution of the planar autonomous system (5.24) and (5.25) in the major regimes in parameter space which display multiplicity of equilibria, continued
from Figure 5.6. Compare with panels (d) through (f) in Figure
5.5 on page 76 .

5.3 gradient system

On the other hand there is a transition from Regime VII with three
solutions to Regime II with seven solutions thus changing the number of solutions by four. Let us call this Curve B. The first Curve A
with the change of two solutions, appears to reach a sharp point with
increasing µL and decreasing β and then hook back again now with
decreasing µL and increasing β separating Regime II with seven solutions and Regime IV with five solutions, retaining the change in
two solutions, until finally reaching the special bifurcation point at
β = 3 and µL = 1 as seen in Figure 5.3. The Curve B with the change
of four solutions appears to simply keep on going with increasing
µL and decreasing β, to separate Regime I with one solution from
Regime IV with five solutions, retaining the change in four solutions,
and onwards in Figure 5.3 to separate Regime V with three solutions
from Regime VI with seven solutions, again retaining the change in
four solutions, appearing to level off at β = 2 with increasing µL .
Returning back to our special bifurcation at β = 3 and µL = 1, this
appears to be the endpoint of another bifurcation curve as well, separating Regime IV from Regime III with increasing µL and increasing
β, appearing eventually level off near β = 6. Let us call this Curve
C. As with the earlier mentioned Curve A separating Regime II from
Regime IV, this Curve C also is characterized by a change in two solutions, but the bifurcation is qualitatively different since the patterns of
the null clines in Regime II and Regime III are qualitatively different.
Finally for µL > 3 we can observe a curve separating Regime I with
one solution from Regime V with three solutions, thus changing the
number of solutions by two. Let us call this Curve D. The Curve D continues around to separate Regime IV with five solutions from Regime
VI with seven solutions, retaining the change in two solutions.
With these insights in mind, we now proceed to investigate the
stability of the solutions.
5.3

gradient system

Previously in section 4.3 we have seen that if we can characterize a
planar autonomous system as a gradient system, there is a straightforward visual way of directly determining the stability of the equilibria
from the geometry of the "potential function" surface. In this section
we will try to express the qualitative behavior of the sociodynamic trinary nested logit model as a gradient system. In subsection 5.3.1 we
will derive an alternative system of equations with the same qualitative solution behavior for analytical convenience. In subsection 5.3.2
we will derive the expression of the "potential function", proving the
central theorem of this section. In subsection 5.3.3 we will visualize
and discuss the three competing terms that comprise the "potential
function" for subsequent reference in section 5.4 in our characterization of the various equilibrium regimes in (β, µL )-parameter space.
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Consider the gradient system of differential equations:


∂G
∂G
(p) ,
(p)
ṗ = −∇G(p) ≡ −
∂p0
∂p1

(5.48)

Let the Hessian of G at the point p be the matrix of the second partial
derivatives:


∂2 G
∂2 G
(p)
(p)
2
∂p
∂p
0
1
 ∂p0


H≡
(5.49)


∂2 G
∂2 G
(p)
∂p1 ∂p0 (p)
∂p 2
1

Recall from section 4.3 that an equilibrium point p̄ of a gradient system (5.48) is hyperbolic if and only if the eigenvalues of the Hessian
matrix at p̄ are nonzero. If p̄ is a hyperbolic equilibrium of (5.48), then:
p̄ is an unstable node if and only if G has an isolated maximum at p̄;
p̄ is asymptotically stable if and only if G has an isolated minimum
at p̄; p̄ is a saddle point if and only if G has a saddle at p̄.
5.3.1

An Alternative System

Since we are primarily interested in qualitative behavior, for computational convenience we derive an alternative system of equations.
Making use of the symmetry between p1 and p2 , divide (5.19) and
(5.20) respectively by (5.18) to obtain:

1−µL
1
µ
βp
µ
βp
µ
βp
µL
L
1
L
1
L
2
eβp0 + (eµL βp1 + eµL βp2 ) µL
e
(e
+e
)
p1
=
.
1
p0
eβp0 eβp0 + (eµL βp1 + eµL βp2 ) µL
= eβ(µL p1 −p0 ) (eµL βp1 + eµL βp2 )

1−µL
µL

(5.50)

1−µL
1
eµL βp2 (eµL βp1 + eµL βp2 ) µL
eβp0 + (eµL βp1 + eµL βp2 ) µL
p2
=
.
1
p0
eβp0 eβp0 + (eµL βp1 + eµL βp2 ) µL
= eβ(µL p2 −p0 ) (eµL βp1 + eµL βp2 )

1−µL
µL

(5.51)
Taking the natural logarithm of both sides:
ln

p1
1 − µL
= β(µL p1 − p0 ) +
ln(eµL βp1 + eµL βp2 )
p0
µL

(5.52)

ln

1 − µL
p2
= β(µL p2 − p0 ) +
ln(eµL βp1 + eµL βp2 )
p0
µL

(5.53)

5.3 gradient system

Re-arranging terms and substituting in (5.22) at equilibrium:
1 − µL
ln(eµL βp1 + eµL βp2 )
µL
= ln(1 − p1 − p2 ) − ln p1 + β(µL p1 − (1 − p1 − p2 ))
1 − µL
+
ln(eµL βp1 + eµL βp2 )
µL
(5.54)

0 = g˘1 ≡ ln p0 − ln p1 + β(µL p1 − p0 ) +

1 − µL
ln(eµL βp1 + eµL βp2 )
µL
= ln(1 − p1 − p2 ) − ln p2 + β(µL p2 − (1 − p1 − p2 ))
1 − µL
ln(eµL βp1 + eµL βp2 ) = 0
+
µL
(5.55)
The 3-way symmetry between p0 , p1 and p2 is in general broken by
the term βµL p1 in (5.54), the term βµL p2 in (5.55) and the final term
in both equations.
If we consider the case µL = 1, the final term in both (5.54) and
(5.55) drops out, and the symmetry is restored in the terms βµL p1
and βµL p2 so that we recover an analogous system as we have in
Chapter 4.
0 = g˘2 ≡ ln p0 − ln p2 + β(µL p2 − p0 ) +

ğ1 |µL =1 ≡ ln p0 − ln p1 + β(p1 − p0 )
= ln(1 − p1 − p2 ) − ln p1 + β(p1 − (1 − p1 − p2 )) = 0
ğ2 |µL =1 ≡ ln p0 − ln p2 + β(p2 − p0 )
= ln(1 − p1 − p2 ) − ln p2 + β(p2 − (1 − p1 − p2 )) = 0

(5.56)

(5.57)

For β = 0, we have the special case:
ğ1 |β=0 = ln(1 − p1 − p2 ) − ln p1 + 0 +

1 − µL
ln(e0 + e0 )
µL

1 − µL
= ln(1 − p1 − p2 ) − ln p1 +
ln 2 = 0
µL
ğ2 |β=0 = ln(1 − p1 − p2 ) − ln p2 + 0 +
= ln(1 − p1 − p2 ) − ln p2 +

1 − µL
ln(e0 + e0 )
µL

1 − µL
ln 2 = 0
µL

(5.58)

(5.59)

Setting (5.58) equal to (5.59), we require:
p1 = p2

(5.60)

Thus substituting (5.60) back into (5.58) or into (5.59) gives the relation:


L
1 − µL
(1 − 2p1 ) 1−µ
µL
0 = ln(1 − 2p1 ) − ln p1 +
ln 2 = ln
·2
(5.61)
µL
p1

81

82

socio-dynamic trinary nested logit: theory

Exponentiating both sides of (5.61):
1=

L
(1 − 2p1 ) 1−µ
· 2 µL
p1

(5.62)

Solving (5.62) for p1
p1 = (1 − 2p1 )2
p1 =

2

1−µL
µL
1

1 + 2 µL

1−µL
µL

=2

1−µL
µL

1

− 2 µL p 1

1

1
2 µL
= ·
2 1 + 2 µ1L

(5.63)

Or alternatively, solving (5.61) for µL :
ln

1 − µL
1
p1
=
ln 2 =
ln 2 − ln 2
1 − 2p1
µL
µL
p1
1
ln 1
=
ln 2
µL
2 − p1
ln 2
µL =
ln p1 − ln( 21 − p1 )

(5.64)

Thus we recover the relation (5.36) for the scale parameter µL in our
lemma in subsection 5.1.3.
For the case µL → +∞ when β = 0, we likewise recover the limiting
solution (5.47) in subsection 5.1.3:
1
1
20
=
·
2 1 + 20
4
1
p0 = 1 − p1 − p2 =
2

p1 = p2 =

5.3.2

(5.65)

Expression of the Gradient System

theorem (The sociodynamic trinary nested logit model as a gradient system) Suppose that individual choices in a large sample
population are characterized by the probabilities (5.14), (5.15)
and (5.16) where the only contribution to the systematic utility
of choices is a global field effect with utility parameter β real,
finite on the proportion pi of decision-making agents that have
chosen alternative i, and where the elemental choice alternatives 1 and 2 are assumed to be correlated with scale parameter
µL > 1 real, finite. The qualitative stability of hyperbolic equilibrium solutions p0 , p1 , p2 defined on [0, 1] of the sociodynamic
trinary nested logit model (5.17) can be determined from the
isolated maxima, isolated minima and saddles of the function
G given by:

5.3 gradient system

G = p0 ln p0 + p1 ln p1 + p2 ln p2 −
−

β
(p0 2 + p1 2 + p2 2 )
2

1 − µL
((p1 + p2 ) ln(p1 + p2 ) − p1 ln p1 − p2 ln p2 ) + C̃
µL

(5.66)

Proof. Let us try to write the planar autonomous system (5.54) and
(5.55) as a gradient system:


∂G ∂G
=0
(5.67)
− ∇G = −
,
∂p1 ∂p2
In order to satisfy
ğ1 = −
we must have

Z

∂G
∂G
, ğ2 = −
∂p1
∂p2

(5.68)

Z

G = − ğ1 dp1 = − ğ2 dp2

(5.69)

Try to find potential function G by integrating ğ1 with respect to
p1 and integrating ğ2 with respect to p2 , then comparing terms. First,
integrating ğ1 with respect to p1 :
Z
Z
Z
− ğ1 dp1 = ln p1 dp1 − ln(1 − p1 − p2 )dp1
Z
− β (µL p1 − (1 − p1 − p2 ))dp1
(5.70)
Z
1 − µL
ln(eµL βp1 + eµL βp2 )dp1
−
µL
We evaluate the first two terms in (5.70) integrating by parts:
Z
Z
ln p1 dp1 − ln(1 − p1 − p2 )dp1
= (p1 ln p1 − p1 ) + (1 − p1 − p2 ) ln(1 − p1 − p2 ) − (1 − p1 − p2 )
= p1 ln p1 + (1 − p1 − p2 ) ln(1 − p1 − p2 ) − (1 − p2 )
(5.71)
We evaluate the third term in (5.70) similarly as follows:
Z
−β (µL p1 − (1 − p1 − p2 ))dp1 = −β(

µL p 1 2
p1 2
− p1 +
+ p1 p2 )
2
2

µL β 2 β
p1 − (−2p1 + p1 2 + 2p1 p2 )
2
2
µL β 2 β
=−
p1 − (1 − 2p1 + p1 2 + 2p1 p2 − 2p2 + p2 2 )
2
2
β
+ (1 − 2p2 + p2 2 )
2
µL β 2 β
β
=−
p1 − (1 − p1 − p2 )2 + (1 − 2p2 + p2 2 )
2
2
2
=−

(5.72)
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We evaluate the fourth term in (5.70) by applying (5.31)
Z
1 − µL
ln(eµL βp1 + eµL βp2 )dp1
−
µL
Z
1 − µL
=−
ln((eµL βp1 )(1 + eµL β(p2 −p1 ) ))dp1
µL
Z
1 − µL
=−
ln eµL βp1 + ln(eµL β(p2 −p1 ) + 1)dp1
µL
Z
1 − µL
=−
µL βp1 + ln(eµL β(p2 −p1 ) + 1)dp1
µL
Z
1 − µL
(1 − µL )
βp1 2 −
ln(eµL β(p1 −p2 ) + 1)dp1
=−
2
µL
Z
(1 − µL )
1 − µL
p2
2
=−
βp1 −
ln(
+ 1)dp1
2
µL
p1
Z
1 − µL
(1 − µL )
βp1 2 −
ln(p2 + p1 ) − ln p1 dp1
=−
2
µL
(1 − µL )
=−
βp1 2
2
1 − µL
((p2 + p1 ) ln(p2 + p1 ) − (p2 + p1 ) − p1 ln p1 + p1 )
−
µL
(5.73)
Finally, substituting (5.71), (5.72) and (5.73) back into (5.70), and absorbing terms exclusively in p2 into an additive constant:
Z
− ğ1 dp1 = p1 ln p1 + (1 − p1 − p2 ) ln(1 − p1 − p2 ) − (1 − p2 )
µL β 2 β
β
(1 − µL )
p1 − (1 − p1 − p2 )2 + (1 − 2p2 + p2 2 ) −
βp1 2
2
2
2
2
1 − µL
((p2 + p1 ) ln(p2 + p1 ) − (p2 + p1 ) − p1 ln p1 + p1 )
−
µL
β
β
= p1 ln p1 + (1 − p1 − p2 ) ln(1 − p1 − p2 ) − p1 2 − (1 − p1 − p2 )2
2
2
1 − µL
((p2 + p1 ) ln(p2 + p1 ) − p1 ln p1 ) + C1
−
µL
(5.74)
−

Similarly, integrating ğ2 with respect to p2 ,
Z
Z
Z
− ğ2 dp2 = ln p2 dp2 − ln(1 − p1 − p2 )dp2
Z
− β (µL p2 − (1 − p1 − p2 ))dp1
Z
1 − µL
ln(eµL βp1 + eµL βp2 )dp2
−
µL

(5.75)

5.3 gradient system

We evaluate (5.75) following similar steps as (5.71), (5.72) and (5.73),
and absorb terms exclusively in p1 into an additive constant:
Z
− ğ2 dp2 = p2 ln p2 + (1 − p1 − p2 ) ln(1 − p1 − p2 ) − (1 − p1 )
β
(1 − µL )
µL β 2 β
p2 − (1 − p1 − p2 )2 + (1 − 2p1 + p1 2 ) −
βp2 2
2
2
2
2
1 − µL
((p1 + p2 ) ln(p1 + p2 ) − (p1 + p2 ) − p2 ln p2 + p2 )
−
µL
β
β
= p2 ln p2 + (1 − p1 − p2 ) ln(1 − p1 − p2 ) − p2 2 − (1 − p1 − p2 )2
2
2
1 − µL
((p1 + p2 ) ln(p1 + p2 ) − p2 ln p2 ) + C2
−
µL
(5.76)
−

Without loss of generality, the terms in (5.76) that appear exclusively in terms of p2 can be absorbed into the additive constant term
in (5.74). Likewise, the terms in (5.74) that appear exclusively in terms
of p1 can be absorbed into the additive constant term in (5.76). Furthermore, the mixed terms that contain both p1 and p2 appear in both
in (5.74) and (5.76). Thus we can write:
G = p1 ln p1 + p2 ln p2 + (1 − p1 − p2 ) ln(1 − p1 − p2 )
β
β
β
− p1 2 − p2 2 − (1 − p1 − p2 )2
(5.77)
2
2
2
1 − µL
((p1 + p2 ) ln(p1 + p2 ) − p1 ln p1 − p2 ln p2 ) + C̃
−
µL
See Figure 5.10 on page 90. Or, substituting (5.22) to see the role of
µL in symmetry-breaking between p1 , p2 and p0 = 1 − p1 − p2 more
immediately:
G = p0 ln p0 + p1 ln p1 + p2 ln p2 −
−

β
(p0 2 + p1 2 + p2 2 )
2

1 − µL
((p1 + p2 ) ln(p1 + p2 ) − p1 ln p1 − p2 ln p2 ) + C̃
µL

(5.78)

Comparing with results with (4.72) in Chapter 4, we see that the potential function has the same form as the multinomial logit case, with
the addition now of the final term which is equal to zero when µL = 1.
♦
5.3.3

Understanding the Competing Terms

To understand (5.78) better, notice that this function can be written
neatly as the sum of three parts, where the first part is expressed
purely in terms of functions of p1 , p2 and p0 and is not parametrized,
the second part is parametrized linearly by β/2 and the third part is
parameterized by a function of µL .
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1 − µL
β
G(2) −
G(3) + C̃
2
µL
G(1) ≡ p0 ln p0 + p1 ln p1 + p2 ln p2
G = G(1) +

2

2

(5.79)

2

G(2) ≡ −(p0 + p1 + p2 )
G(3) = (p1 + p2 ) ln(p1 + p2 ) − p1 ln p1 − p2 ln p2
The first three logarithmic terms in (5.78) together form a bowlshaped surface with a single unique minimum point at the bottom
of the basin. See the upper panel of Figure 5.8 on page 87. The following term in β on the other hand forms an upside-down bowl for
β > 0, since the sign in front of β is negative. See the middle panel
of Figure 5.8. The term in β has three corner minima. We can expect
thus that depending on the magnitude of β, there will be interesting counteracting tendencies between the influence from the upward
bowl surface and the influence from the downward bowl surface with
β > 0 when added together. The presence of this downward bowl in
the sum in (5.78) will give a possibility to generate a multiplicity of
equilibria if β > 0 is large enough to counter the tendency from the
bowl from the first three logarithmic terms. When β < 0, however,
the unique minimum of the bowl from the first three terms will only
be further accentuated, since this second bowl would then also be
upward facing. Both bowl-shaped surfaces are however symmetric in
p0 , p1 and p2 .
The 3-way symmetry between p0 , p1 and p2 is in general broken by
the term in µL in (5.78). This term forms a half cone-shaped surface
lying on its side with the tip of the half cone at p0 = 1. See the lower
panel of Figure 5.8. Note that this cone is two-way symmetric across
the line p1 = (1 − p0 )/2. The minima of this surface are given by the
lines p1 = 0 and p2 = 1 − p0 − p1 = 0. The symmetry of the surface in
p1 = p2 reflects the presumed correlation between alternatives 1 and
2. If we consider the case µL = 1 as in the multinomial logit model,
the term in µL in (5.78) indeed drops out, and the 3-way symmetry is
restored:

G |µL =1 = p0 ln p0 + p1 ln p1 + p2 ln p2 −
= G(1) +

β
G(2) + C̃
2

β
(p0 2 + p1 2 + p2 2 ) + C̃
2
(5.80)

For β = 0, the quadratic terms p20 , p21 and p22 drop out of (5.78)
leaving only the logarithmic terms

5.3 gradient system

(a) G(1) = p0 ln p0 + p1 ln p1 + p2 ln p2

(b) G(2) = −(p20 + p21 + p22 )

(c) G(3) = (p1 + p2 ) ln(p1 + p2 ) − p1 ln p1 − p2 ln p2

Figure 5.8: Competing terms in the “potential” function G (5.79) for the sociodynamic trinary nested logit model: (a) Upward bowl with
one unique minimum; (b) Downward bowl with three corner
minima; (c) Half cone with minima along the sides p1 = 0,
p2 = 1 − p0 − p1 = 0.
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G |β=0 = p0 ln p0 + p1 ln p1 + p2 ln p2
1 − µL
((p1 + p2 ) ln(p1 + p2 ) − p1 ln p1 − p2 ln p2 ) + C̃
−
µL
1
1 − µL
1
= p0 ln p0 +
p1 ln p1 +
p2 ln p2 −
(p1 + p2 ) ln(p1 + p2 ) + C̃
µL
µL
µL
1 − µL
= G(1) −
G(3) + C̃
µL
(5.81)
In the special case β = 0 and µL = 1, where there is social interaction
and no correlation between alternatives, we are left with only the
first three terms of (5.78), yielding the symmetric upward bowl with
a unique minimum at p0 = p1 = p2 = 1/3.
G |β=0,µL =1 = p0 ln p0 + p1 ln p1 + p2 ln p2 + C̃ = G(1) + C̃

(5.82)

For β very large, the quadratic terms p20 , p21 and p22 dominate, yielding effectively the downward bowl with three corner minima: p0 = 1,
p1 = 1, p2 = 1.
β
β
lim G ≈ − (p0 2 + p1 2 + p2 2 ) = G(2) + C̃
β→∞
2
2

(5.83)

The dominance of the term in β in (5.78) for β → ∞ is thus irrespective of the value of the scale parameter µL . This is because the
parametrization of the term is linear in β/2, thus this term can become infinitely large. The parametrization of the term in µL in (5.78)
however is such that this term approaches G(3) as µL → ∞ since


1 − µL
lim −
≈1
(5.84)
µL →∞
µL
With these limiting cases in mind, let us now revisit the regimes
in (β, µL )-parameter space identified in Figure 5.3 on page 74 and
Figure 5.4 on page 75. .
5.4

equilibrium regimes in (β, µL )-parameter space, revisited

In this section we will characterize the stability of equilibria in each
of the regimes identified in Figure 5.3 on page 74 and Figure 5.4 on
page 75. To make this explicit we will briefly consider again in turn
the parameter values of β, µL as given in each of the representative
null clines portraits in Figure 5.2 on page 68 and Figure 5.5 on page
76.

5.4 equilibrium regimes in (β, µL )-parameter space, re-visited

Regime I. In Regime I, we expect to find one equilibrium as shown
in Figure 5.2. From our preliminary analysis we expect this equilibrium to be stable. Indeed on the surface in Figure 5.9 on page 89,
there is one isolated minimum at the bottom of the basin. This result is intuitive because at the corner values β = 0, µL = 1, we have
seen already that we will have the bowl-shaped surface in the upper
panel of Figure 5.8 given by the term G(1). In the region in (β, µL )parameter space near this point it is plausible that the contributions of
the term G(3) will move the position of the bottom of the basin away
from the three-way symmetric solution p0 = p1 = p2 = 1/3, but the
contributions of G(2) and G(3) will not be sufficient to change the
number and/or stability of equilibria. Furthermore from the preliminary analysis we expect there to be only one unique equilibrium all
along the axis β = 0. The delineation of Regime I in Figure 5.3 thus
makes sense.

(a) β = 1 , µL = 2 : Regime I

Figure 5.9: Example “potential” function G as given by (5.66) in Regime I
of the (β, µL )-parameter space shown in Figure 5.3 on page 74,
indicating one unique solution which is a stable node whereby
the mode shares of the correlated elemental alternatives in the
lower level nest are equal p1 = p2 . Compare with the null clines
solution of the system in Figure 5.2 on page 68.

Regime II. In Regime II we expect to find seven equilibria as shown
in the upper left panel of Figure 5.5. On the corresponding surface
in Figure 5.10 on page 90, and using the contour plots below the surface to guide the eye, we see that the centermost equilibrium is an
isolated minimum, thus stable, and also the three outermost equilibria are isolated minima, thus stable. The three equilibria in between
the centermost and outermost ones are saddle points. The number
and stability of equilibria are thus 3-way symmetric. This result too
is intuitive. We see a visual interplay here between the contribution
of the term G(1) in the one stable equilibrium near the center and
the contribution of the term G(2) as shown in the middle panel of
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(a) β = 2.8 , µL = 1.01 : Regime II

(b) β = 6 , µL = 2 : Regime III

(c) β = 3 , µL = 2 : Regime IV

(d) β = 1 , µL = 8 : Regime V

(e) β = 2.2 , µL = 8 : Regime VI

(f) β = 2.72, µL = 1.025: Regime VII

Figure 5.10: Example potential function G as given by (5.66) in the major
regimes in the (β, µL )-parameter space shown in Figure 5.3 on
page 74 and Figure 5.4 on page 75 which display multiplicity
of equilibria, indicated with the number of 2-way symmetric
steady-state solutions where the mode shares of the correlated
elemental alternatives in the lower level nest are equal: (a) four
stable nodes (of which two with p1 = p2 , two with p1 6= p2 ),
and three saddle points (of which one with p1 = p2 , two with
p1 6= p2 ); (b) three stable nodes (of which one with p1 = p2 , two
with p1 6= p2 ), three saddle points (of which one with p1 = p2 ,
two with p1 6= p2 ), and one unstable node (p1 = p2 ); (c) three
stable nodes (of which one with p1 = p2 , two with p1 6= p2 ),
and two saddle points (p1 6= p2 ); (d) two stable nodes (p1 6= p2 ),
and one saddle point (p1 = p2 ); (e) four stable nodes (p1 6=
p2 ), and three saddle points (of which one with p1 = p2 , two
with p1 6= p2 ); and (f) two stable nodes (p1 = p2 ), and one
saddle point (p1 = p2 ). Compare with corresponding panels (a)
through (f) for the null clines solution of the system in Figure
5.5 on page 76.

5.4 equilibrium regimes in (β, µL )-parameter space, re-visited

Figure 5.8 in the three outermost stable equilibria. The contribution
of the term G(3) slightly distorts the three-way symmetry of the contour plot for µL > 1, but since the parameter µL is not so large in
Regime II, the contribution of the term G(3) isn’t strong enough to
change the number and/or stability of the equilibria away from the
3-way symmetry.
Regime III. In Regime III we expect to find seven equilibria as shown
in the upper right panel of Figure 5.5. On the corresponding surface
in Figure 5.10, we see that the three corner solutions are isolated minima, thus stable, the three solutions midway along the boundaries are
saddle points and the solution at the center is an isolated maximum,
thus unstable. This result is intuitive since we know from the preliminary analysis that the term G(2) will prevail for large β. The surface
for Regime III in Figure 5.10 is qualitatively similar to G(2) in the middle panel of Figure 5.8. The contribution of the term G(3) for large
µL distorts the three-way symmetry of the surface and contour plot
for Regime III in Figure 5.10, but is not strong enough to change the
number and/or stability of the equilibria away from that determined
by G(2) for large enough β.
Regime IV. In Regime IV we expect to find five equilibria as shown
in the left panel of the middle row in Figure 5.5. On the corresponding surface in Figure 5.10, we see that the three corner solutions are
isolated minima, thus stable, and the two solutions midway along
and a little bit back from the edge of the boundaries at p1 = 0 and
p2 = 1 − p0 − p1 = 0 are saddle points. We see that the surface for
Regime IV in Figure 5.10 is visually the result of the surface in Regime
II combined with the added effect of the half-cone shaped influence
of the term G(3) in the lower panel of Figure 5.8. In Regime IV, the
parameter µL is indeed large enough to break the 3-way symmetry.
Compared with Regime II, the centermost stable node and the saddle point with p1 = p2 have disappeared as a result of the half-cone
shaped influence of the term G(3).
Regime V. In Regime V we expect to find three equilibria as shown
in the right panel of the middle row in Figure 5.5. On the corresponding surface in Figure 5.10 we see that the two solutions midway along
the boundaries at p1 = 0 and p2 = 1 − p0 − p1 = 0 are isolated minima, thus stable, and the center solution between them is a saddle
point. Here we see that the surface for Regime V in Figure 5.10 is visually the result of the bowl in Regime I in Figure 5.5 combined with
the half-cone shaped influence of the term G(3) in the lower panel
of Figure 5.8. As we saw in Regime VI, in Regime V now too, the
parameter µL is again large enough to break the 3-way symmetry. In
Regime V, the “basin” of the bowl in Regime I has been pushed upward along the line p1 = (1 − p0 )/2, and indeed so much so that the
stability of that initial point at the center of the basin has changed
and two new equilibria have appeared.
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Regime VI. In Regime VI we expect to find seven equilibria as shown
in the lower left panel of Figure 5.5. On the corresponding surface in
Figure 5.10, we see that the two solutions nearest to the corners p2 =
1 − p0 − p1 = 1 (ie. p0 = p1 = 0) and p1 = 1 and are isolated minima,
thus stable, and the two solutions midway along the boundaries at
p1 = 0 and p2 = 1 − p0 − p1 = 0 are saddle points. Near the nose
of the surface at p0 = 1, there are two isolated minima along the
boundaries at p1 = 0 and p2 = 1 − p0 − p1 = 0, and a solution
between them along the line p1 = (1–p0 )/2 that is a saddle point. We
see that the surface for Regime VI in Figure 5.10 is visually the result
of the half-cone shaped influence of the term G(3) in the lower panel
of Figure 5.8 pushing the surface for Regime IV upward even further
so that changes in number and stability of equilibria now also occur
near the nose of the surface at p0 = 1. Furthermore we can observe
the qualitative type of change that has occurred due the effect of the
parameter µL between Regime I and Regime V midway along the
cone, is the same that occurs between Regime IV and Regime VI near
the nose of the cone.
Regime VII. We see in Figure 5.4 that Regime VII only occurs for
a narrow range of values in between Regime I and Regime II. From
the lower right panel of Figure 5.5 we expect to find three solutions.
The corresponding surface for Regime VII in the lower right panel
of Figure 5.10 seems at first glance similar to the surface for Regime
II in the upper left panel of Figure 5.10. The contour plots beneath
the surfaces however reveal the key change. In Regime II there are
two mirror stable nodes and two mirror saddle points where p1 6= p2 ,
but in Regime VII the only solutions are along the line p1 = (1 −
p0 )/2. The equilibrium nearest the center of the surface is an isolated
minimum, thus stable. The equilibrium nearest the corner p0 = 1
is also an isolated minimum, thus stable. The equilibrium between
them is a saddle point. As with the Regime II, in Regime VII we
see here too the visual interplay here between the contribution of
the term G(1) in the one stable equilibrium near the center and the
contribution of the term G(2) as shown in the middle panel of Figure
5.8 in the three outermost stable equilibria. However in Regime VII
the parametrization by β is weaker, and importantly, in fact weak
enough to allow the contribution from µL parametrizing the term
G(3) to have enough effect to change the number and stability of
the equilibria away from the 3-way symmetry. There is thus a fragile
balance in Regime VII between the contributions from G(2) and G(3).
5.4.1 Qualitative Behavior: µL → ∞
In this subsection we will derive the qualitative behavior of the sociodynamic trinary nested logit model in the limit where the scale
parameter µL → ∞.

5.4 equilibrium regimes in (β, µL )-parameter space, re-visited

theorem (Qualitative behavior of the sociodynamic trinary nested
logit model in the limit µL → ∞) Suppose that individual
choices in a large sample population are characterized by the
probabilities (5.14), (5.15) and (5.16) where the only contribution
to the systematic utility of choices is a global field effect with
utility parameter β real, finite on the proportion pi of decisionmaking agents that have chosen alternative i. The qualitative stability of hyperbolic equilibrium solutions p0 , p1 , p2 defined on
[0, 1] of the sociodynamic trinary nested logit model (5.17) in
the limit where the nested elemental choice alternatives 1 and
2 are infinitely highly correlated with scale parameter µL → ∞,
can be determined from the isolated maxima, isolated minima
and saddles of the function G given by:
β
(p0 2 + p1 2 + p2 2 )
µL →∞
2
(5.85)
Proof. For µL very large, (5.78) simplifies as follows:
lim G = p0 ln p0 + (1 − p0 ) ln(1 − p0 ) −

β
(p0 2 + p1 2 + p2 2 )
2
+ ((p1 + p2 ) ln(p1 + p2 ) − p1 ln p1 − p2 ln p2 ) + C̃
β
= p0 ln p0 + (p1 + p2 ) ln(p1 + p2 ) − (p0 2 + p1 2 + p2 2 ) + C̃
2
β
= p0 ln p0 + (1 − p0 ) ln(1 − p0 ) − (p0 2 + p1 2 + p2 2 ) + C̃
2
(5.86)
Thus we see that for very strong correlation between alternatives 1
and 2, the logarithmic terms in (5.86) behave effectively as a binary
choice problem at the upper nest level, although the downward facing
bowl G(2) from the term in β as in (5.79) and Figure 5.8 on page 87
provides counteraction to this tendency for β 6= 0. ♦
See Figure 5.11 on page 94.
In the limit β → ∞ with µL → ∞, one saddle point (p1 = p2 )
and two stable nodes (p1 6= p2 ) merge to form a bifurcation point
at p0 = 1, p1 = p2 = 0. Regime III thus does not exist in theory
for µL → ∞. However, in Regime VIII, the saddle point and the two
stable node solutions near p0 ≈ 1, p1 ≈ 0 are so close together that
these are hardly distinguishable from each other, yielding a potential
seemingly visually similar to that in Regime III.
In the special case β = 0 and µL → ∞, where there is social interaction and infinite correlation between alternatives, we have a random
binary choice problem at the upper nest level, yielding a minimum at
p0 = p1 + p2 = 1/2
lim G = p0 ln p0 + p1 ln p1 + p2 ln p2 −

µL →∞

lim G |β=0 ≈ p0 ln p0 + (p1 + p2 ) ln(p1 + p2 ) + C̃

µL →∞

= p0 ln p0 + (1 − p0 ) ln(1 − p0 ) + C̃

(5.87)

93

94

socio-dynamic trinary nested logit: theory

(a) β = 0 , µL → ∞ : Bifurcation

(b) β = 1 , µL → ∞ : Regime V

(c) β = 2 , µL → ∞ : Bifurcation

(d) β = 3 , µL → ∞ : Regime VI

(e) β ≈ 6.226 , µL → ∞ : Bifurcation

(f) β = 10 , µL → ∞ : Regime VIII

Figure 5.11: Example potential functions in the limit µL → ∞: (a) one bifurcation point at p0 = 0.5, p1 = 0.25; (b) one saddle point
(p1 = p2 ), and two stable nodes (p1 6= p2 ); (c) two bifurcation
points at p0 = 0.5, p1 = 0 and 0.5, one saddle point (p1 = p2 ),
and two stable nodes (p1 6= p2 ); (d) three saddle points (of
which one with p1 = p2 , two with p1 6= p2 ), and four stable nodes (p1 6= p2 ); (e) one bifurcation point at p0 ≈ 0.122,
p1 ≈ 0.439, three saddle points (of which one with p1 = p2 ,
two with p1 6= p2 ), and four stable nodes (p1 6= p2 ); (f) one
unstable node (p1 = p2 ), four saddle points (of which two with
p1 = p2 , two with p1 6= p2 ), and four stable nodes (p1 6= p2 ).

5.5 bifurcations types

Having studied the number and stability of equilibria in the each of
the regimes, we are now able to characterize the bifurcations between
them. We will do this in the next section.
5.5

bifurcations types

In this section we will interpret in turn each of the Curves A through
D noted initially in section 5.2 as well as the special bifurcation point
at β = 3 and µL = 1 (colored in red in Figure 5.3) in light of our
results on stability of equilibria in the each of the regimes.
From the preliminary analysis in section 5.2, we found that crossing
Curves A through D in (β, µL )-parameter space is associated with a
change in the number of equilibria. However, knowing the stability of
any new equilibria and whether or not any already existing equilibria
have changed their stability in the process is also critically important
for physical interpretation. If we let p0 , p1 and p2 = 1 − p0 − p1
represent mode shares, then any point p = (p0 , p1 ) on the surfaces in
Figures and 5.10 represents a particular modal split. We can visually
imagine the natural progression of the system as a ball that rolls on
this surface. The system will typically naturally tend to roll toward a
stable solution, i.e. an isolated minimum in Figures and 5.10. If there
is only one stable solution, the system will tend to stay there. If there
are multiple stable solutions and if stochastic fluctuations are large
enough and/or a given isolated minimum shallow, the system may
be able to jump away from the path towards a particular isolated
minimum towards another one. On the other hand, with only just a
little nudge, the system will naturally tend to move away from an
unstable solution, i.e. an isolated maximum in Figures and 5.10. With
a saddle point there is a tendency to move toward it along one axis
but move away from it along the perpendicular axis. Both the number
and stability types of equilibria are thus necessary to characterize the
expected states in which we expect to find the system.
In the model that we have discussed, what type of surface we have
depends on the value of the utility parameter β for the weight of
the social feedback in the system (ie. how important other decisionmakers’ choices are in impacting a given decision-maker’s choice)
and the value of the scale parameter µL telling us the extent of the correlation between alternatives within a nest. We have seen that different values of β and µL produce seven qualitatively different regimes
for the number and stability types of equilibria.
Curve A. From the preliminary analysis in section 5.2, we found that
crossing Curve A between Regime I and Regime VII and between II
and Regime IV is associated with a change in the number of equilibria by two. Knowing the stability of the new equilibria and whether
or not any other existing equilibria also change stability during the
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process will allow us to more fully characterize the transition. Let us
consider a case where we start in Regime I and enter Regime VII with
increasing β, ie. increasing magnitude of the utility parameter for the
social feedback. Our original stable equilibrium at the bottom of the
basin remains unchanged in its stability, and two new equilibria suddenly appear along the line p1 = (1 − p0 )/2, one stable node and
one a saddle point. The presence of the new stable equilibrium gives
the system a theoretical possibility to jump to a different state, namely
the new stable equilibrium, where the modal split given by p0 , p1 and
p2 = 1 − p0 − p1 is quite different from the original modal split. As β
increases further, the new (outermost) stable node proceeds along the
line p1 = (1 − p0 )/2 toward the nose of the surface near p0 = 1. The
saddle point on the other hand, proceeds in the opposite direction
along the line p1 = (1 − p0 )/2 with increasing β towards the original
(centermost) stable node. At the border of Regime II and Regime IV,
the saddle node and the original stable node merge and disappear,
leaving the new outermost stable node. Vice versa, considering a case
where we start in Regime IV and enter Regime II with decreasing β,
this process is reversed. This phenomenon is called hysteresis. In the
hysteresis regime there are multiple equilibria. Which stable equilibrium the system has upon entering and existing, centermost or outermost in p0 , p1 and p2 = 1 − p0 − p1 , depends on the direction of
approach, increasing or decreasing β.
Curve B. From the preliminary analysis in section 5.2, we found
that crossing Curve B between Regime VII and Regime II, between
Regime I and Regime IV, and between Regime V and Regime VI is
associated with a change in the number of equilibria by four. Let us
consider again a case where we cross with increasing β. The original
equilibria in Regime VII, Regime I and Regime V remain unchanged,
but four new equilibria suddenly appear in Regime II, Regime IV and
Regime VI, two stable nodes and two saddle points. These new equilibria are mirror solutions in p1 and p2 diametrically across the line
p1 = (1 − p0 )/2. The transition is similar in character to the above discussed transition from Regime I to Regime VII, except that where earlier the change occurred for mode shares tending toward p0 , the isolated choice alternative, here the changes occur for mode shares tending toward p1 and p2 , the two nested choice alternatives. Also, importantly, whereas Curve A hooks around in (β, µL )-parameter space
so that hysteresis exists, Curve B does not. Curve B instead forms
a clean split of (β, µL )-parameter space extending from β ≈ 2.75 at
µL = 1 and tapering off at β = 2 as µL gets very large. The four
equilibria that are generated when crossing Curve B with increasing
β, remain for all values of β on the other side of the Curve B, and
retain their same stability. The location however of these four equilibria varies in terms of p0 , p1 and p2 = 1 − p0 − p1 as β and µL vary.
Because a new saddle point and a new stable node suddenly appear

5.5 bifurcations types

together at one point in terms of p0 , p1 and p2 = 1 − p0 − p1 (before separating and further migrating apart with increasing β), this
is called a saddle-node bifurcation. Furthermore this phenomena occurs everywhere along Curve B at two mirror points in p1 and p2
diametrically across the line p1 = (1 − p0 )/2. Curve B marks thus a
double saddle-node bifurcation.
Curve C. From the preliminary analysis in section 5.2, we found that
crossing Curve C between Regime IV and Regime III is associated
with a change in the number of equilibria by two. Examining the stability of equilibria in Figure 5.10 we see as was the case with crossing
Curve A inwards to the hysteresis region and the case crossing Curve
B with increasing β, that crossing Curve C with increasing β is also
a saddle-node bifurcation, but here one of qualitatively different nature.
Whereas the former bifurcations yielded pairs of saddle points and
stable nodes, the bifurcation when crossing Curve C with increasing
β yields a saddle point and an unstable node. In Figure 5.10 we see
this effect of the utility parameter β for the weight of the social feedback that parametrizes G(2) visually: compared with Regime IV, in
Regime III the top of the bowl from G(2) has fully poked up creating
the isolated maximum (i.e. unstable node) and with it a saddle point
that then moves along the line p1 = (1 − p0 )/2 toward the boundary
at p0 = 0 with increasing β. As was the case with Curve B, Curve C
also forms a clean split of (β, µL )-parameter space from its limit at
β = 3 at µL = 1 and tapering off near β ≈ 6 as µL gets very large.
The unstable equilibrium and the corresponding saddle point that are
generated when crossing Curve C with increasing β, remain for all
values of β on the other side of the Curve C, and retain their same
stability, although the location of these equilibria varies in terms of
p0 , p1 and p2 = 1 − p0 − p1 as β and µL vary.
Putting the role of Curves A, B and C into perspective in (β, µL )parameter space we see thus that the marked behavioral influence of
the utility parameter β for the weight of the social feedback which
parametrizes G(2) occurs in two distinct stages with increasing β. In
the first stage, two stable nodes suddenly appear that favor respectively each of the mode shares p1 and p2 of the nested alternatives
as we cross Curve B. For small values of µL this may be preceded
by the sudden appearance of a stable node that favor the mode share
p0 of the non-nested alternative, followed by the disappearance of
the original centermost stable node. Or for higher values of µL the
original centermost stable node will simply migrate along the line
p1 = (1 − p0 )/2 toward the corner mode share at p0 = 1. Either way
regardless of the value of µL whether the hysteresis region delineated
by Curve A is crossed or not, the result together with the unavoidable
crossing of Curve B is that we have now the existence of three stable
solutions that respectively favor the mode share of one of the each of
the three choice alternatives. Later with higher β an unstable node
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appears that specifically drives the system away from the center of
the surface in towards these corner solutions. This effect gives us the
social multiplier behavior.
Curve D. From the preliminary analysis in section 5.2, we found
that crossing Curve D inwards between Regime I and Regime V and
between Regime IV and Regime VI is associated with a change in the
number of equilibria by two. Examining the stability of equilibria in
Figure 5.10 however shows a very different bifurcation than we saw
with Curves A, B and C. Crossing the bifurcation curve D inwards
yields two new isolated minima, thus two new stable nodes. In addition, unlike the saddle-node bifurcation which has no effect on any
other existing equilibria, crossing Curve D does indeed have an effect
on the initially stable equilibrium along the line p1 = (1 − p0 )/2 that
favors the mode share p0 of the non-nested alternative. This initially
stable equilibrium in Regime I and Regime IV becomes a saddle point
in Regime V and Regime VI in Figure 5.10 with a ridge forming along
the line p1 = (1 − p0 )/2. Furthermore, the location of the sudden
occurrence of two new stable nodes is precisely that initially stable
equilibrium which becomes a saddle. Moving inwards across Curve
D, the stability of the initial equilibrium is transferred at that point
to the two new stable equilibrium. Moving further towards the interior of Curve D in (β, µL )-parameter space, the two stable equilibria
proceed further away from the line p1 = (1 − p0 )/2 each respectively
towards the boundaries at p1 = 0 and p2 = 1 − p0 − p1 = 0. This is
called a pitchfork bifurcation because of the geometry of the solutions
in terms of p0 and p1 . Crossing the Curve D outwards forms a reverse
pitchfork bifurcation. The two stable nodes merge together at the saddle node along the ridge and disappear, in the process transferring
their stability back to the solution on the line p1 = (1 − p0 )/2.
The significance of Curve D in (β, µL )-parameter space becomes
apparent when we recognize that crossing Curve D inwards is qualitatively equivalent to crossing Curve D with increasing scale parameter µL of the of the lower level nest. The pitchfork bifurcation that
we have just seen is qualitatively what occurs in the binary choice
logit model with social interactions studied by Aoki (1995), Brock
and Durlauf (2001a) and Blume and Durlauf (2003) . We see that with
high enough correlation between alternatives 1 and 2 in the trinary
nested logit model, and a certain level of social feedback in the model,
an equilibrium point where p1 = p2 will no longer be stable and
the modal split will be driven towards either p1 or p2 for the given
value of p0 . Here we see thus the influence of parameters β and µL
working together in determining the binary choice probabilities for
alternatives 1 and 2 within the nest given at the outset in (5.9) and
(5.10) in subsection (5.1.1).
On the contrary, when β = 0, the binary choice probabilities for
alternatives 1 and 2 within the nest in (5.9) and (5.10) reduce to

5.6 stability analysis

P(i = 1|nest1) = P(i = 2|nest1) = 1/2 for all µL , thus purely random
choice, as is logical when the systematic utility for elemental alternatives within the lower level nest is null. This leaves the parametrized
influence from µL to occur only in the upper level when choosing
nest0 or nest1, due to the factor 1/µL in (5.12) and (5.13) which acts
independently of β.
Point at β = 3, µL = 1. Finally we return to the special bifurcation
point at β = 3 and µL = 1 colored in red in Figure 5.3. It is apparent
that this point marks the joining of Curve A for β < 3 with Curve
C for β > 3. However unlike the crossing of other curves in (β, µL )parameter space where the different bifurcations occur coincidently at
completely different solutions in terms of p0 , p1 and p2 = 1 − p0 − p1 ,
here for the point at β = 3 and µL = 1 both the saddle-node bifurcation marking the exit of the hysteresis region with increasing β and
the saddle-node bifurcation marking the sudden appearance of the
unstable node with increasing β occur precisely at the same one very
special three-way symmetric solution point p0 = p1 = p2 = 1/3. Approaching the point β = 3 and µL = 1 with increasing β, the three
saddle nodes in Regime II in Figure 5.10 all proceed inwards towards
p0 = p1 = p2 = 1/3. At the point β = 3 and µL = 1 the three saddle
nodes come together with the existing centermost equilibrium in the
basin. Then in Regime III with further increasing β , the saddle nodes
continue their respective trajectories proceeding outwards toward the
respective boundaries p0 = 0, p1 = 0 and p2 = 1 − p0 − p1 = 0, but
with flipped directionality of the saddles in Regime III than was the
case in Regime II. Furthermore in the process of coming together with
the saddle nodes at the point β = 3 and µL = 1, the existing centermost equilibrium in Regime II which had been an isolated minimum,
thus stable, for β < 3 pops up to become an isolated maximum, thus
unstable, for β > 3 in Regime III. Such a bifurcation where the number of equilibria is the same before and after the bifurcation, but the
stability is transferred between them during a process of coming together at a single equilibrium point, is called transcritical.
5.6

stability analysis

In this section we characterize the stability of solutions of the sociodynamic trinary nested logit model via the eigenvalues of the Jacobian
matrix of the two-parameter planar autonomous system (5.26) and
(5.27), and derive expressions for the defining bifurcation curves in
the (β, µL )-plane rigorously analytically.
As we have seen initially in section 5.2 and discussed further in
section 5.4, Figure 5.3 on page 74 and Figure 5.4 on page 75 can be
visually decomposed into several distinct bifurcation curves in the
(β, µL )-plane separating separating major regimes. In this section we
will derive the analytical relations for these curves one by one. To
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do this, we draw on our earlier observations regarding the number
of 2-way symmetric steady-state solutions in each regime with p1 =
p2 where the mode shares of the correlated elemental alternatives in
the lower level nest are equal, as noted in the example null clines
solutions of the system (5.24) and (5.25) in Figure 5.2 on page 68 and
Figure 5.5 on page 76 and in the example potential functions (5.66)
in Figure 5.9 on page 89 and Figure 5.10 on page 90. In particular
it can be observed that: (i) the saddle-node bifurcations exhibiting
hysteresis behavior for Curve A and the saddle-node bifurcation for
Curve C are all cases where the resulting pairs of saddle points and
nodes are all characterized by p1 = p2 ; (ii) the pitchfork bifurcation
for Curve D is a case where one equilibrium forming the "handle" of
the pitchfork on one side of the bifurcation satisfies p1 = p2 but the
two new equilibria in the new "prongs" of the pitchfork on the other
side of the bifurcation satisfy p1 6= p2 ; (iii) the double saddle-node
bifurcation for Curve B is a case where the resulting pairs of saddle
points and nodes are all characterized by p1 6= p2 . See Figure 5.12 on
page 100.
In subsection 5.6.1 we compute the elements of the Jacobian matrix.
In subsection 5.6.2 we give a brief example of how the computation of
the eigenvalues of the Jacobian can be used to determine the stability
of hyperbolic equilibrium solutions. In subsection 5.6.3 we study the
solutions of the sociodynamic nseted logit model with p1 = p2 where
the mode shares of the correlated elemental alternatives in the lower
level nest are equal. In subsection 5.6.4 we derive an expression for
Curves A and C as shown in panel (a) of Figure 5.12. In subsection
5.6.5 we derive an expression for Curve D as shown in panel (b) of
Figure 5.12. In subsection 5.6.6 we re-visit the special case of a null
trinary nested logit model with no social interactions studied earlier
in subsection 5.1.3 and show that a bifurcation exists in the limit µL →
+∞ when β = 0. In subsection 5.6.7 we derive an expression for
Curve B as shown in panel (c) of Figure 5.12.

(a) Curve A and Curve C

(b) Curve D

(c) Curve B

Figure 5.12: Bifurcation curves in the (β, µL )-plane. Compare with Figure
5.3 on page 74 and Figure 5.4 on page 75.
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5.6.1

Elements of the Jacobian matrix

Recall from Section 4.2 that the stability type of equilibrium points of
planar autonomous systems can be determined under certain conditions from the approximation of the vector field g = (g0 , g1 ) with its
derivative, which is a linear vector field. Let the Jacobian of g at the
point p be the matrix:


∂g0
∂g0
(p)
(p)
∂p
∂p
0
1



J ≡ Dg(p) = 
(5.88)


∂g1
∂g1
∂p0 (p) ∂p1 (p)
To find possible values of the parameter β and µL which lead to
bifurcations in behavior, we are interested cases when at least one
eigenvalue λ of the Jacobian has zero real part.
q
1
1
λ1,2 = tr J ±
(tr J)2 − 4 det J
(5.89)
2
2
Note from the form of (5.89) that there will exist at least one zero
eigenvalue if the determinant of the Jacobian is equal to zero. There
will exist zero real part of a pair of complex eigenvalues, i.e. purely
imaginary eigenvalues, if the determinant is positive and trace is
equal to zero.
q
1
1
1
1
det J = 0 : λ1,2 = tr J ±
(tr J)2 − 4 · 0 = tr J ± tr J
2
2
2
2
(5.90)
λ1 = 0, λ2 = tr J
det J > 0, tr J = 0 : λ1,2 =

1
1
·0±
2
2

q
p
(0)2 − 4 det J = ±i det J (5.91)

For the system given by (5.26) and (5.27), the four terms in the
Jacobian matrix of g = (g0 , g1 ) can be computed using the sum rule,
the product rule and the chain rule:
∂g0
∂
=
∂p0
∂p0



1
βp0
βp0
µL βp1
µL β(1−p0 −p1 ) µL
e
− p0 e
− p0 (e
+e
)
1

= βeβp0 − eβp0 − βp0 eβp0 − (eµL βp1 + eµL β(1−p0 −p1 ) ) µL
1
−1
1
− p0 (eµL βp1 + eµL β(1−p0 −p1 ) ) µL (−µL βeµL β(1−p0 −p1 ) )
µL
1

= βeβp0 − eβp0 − βp0 eβp0 − (eµL βp1 + eµL β(1−p0 −p1 ) ) µL
+ βp0 eµL β(1−p0 −p1 ) (eµL βp1 + eµL β(1−p0 −p1 ) )

1−µL
µL

(5.92)
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1
∂
∂g0
eβp0 − p0 eβp0 − p0 (eµL βp1 + eµL β(1−p0 −p1 ) ) µL
=
∂p1
∂p1
1
1
−1
= − p0 (eµL βp1 + eµL β(1−p0 −p1 ) ) µL
µL
× (µL βeµL βp1 − µL βeµL β(1−p0 −p1 ) )
= −βp0 (eµL βp1 − eµL β(1−p0 −p1 ) )(eµL βp1 + eµL β(1−p0 −p1 ) )

1−µL
µL

(5.93)


1−µL
∂g1
∂
µL βp1 µL βp1
µL β(1−p0 −p1 ) µL
e
(e
+e
)
=
∂p0
∂p0


1
∂
βp0
µL βp1
µL β(1−p0 −p1 ) µL
−p1 e
− p1 (e
+e
)
+
∂p0
1−2µL
1 − µL µL βp1 µL βp1
e
(e
+ eµL β(1−p0 −p1 ) ) µL (−µL βeµL β(1−p0 −p1 ) )
=
µL
− βp1 eβp0
1−µL
1
−
p1 (eµL βp1 + eµL β(1−p0 −p1 ) ) µL (−µL βeµL β(1−p0 −p1 ) )
µL
= −β(1 − µL )eµL βp1 eµL β(1−p0 −p1 ) (eµL βp1 + eµL β(1−p0 −p1 ) )
− βp1 eβp0 + βp1 eµL β(1−p0 −p1 ) (eµL βp1 + eµL β(1−p0 −p1 ) )

1−2µL
µL

1−µL
µL

(5.94)


1−µL
∂
∂g1
µL βp1 µL βp1
µL β(1−p0 −p1 ) µL
=
)
e
(e
+e
∂p1
∂p1


1
∂
βp0
µL βp1
µL β(1−p0 −p1 ) µL
+
−p1 e
)
− p1 (e
+e
∂p1
1−µL

= µL βeµL βp1 (eµL βp1 + eµL β(1−p0 −p1 ) ) µL
1−2µL
1 − µL µL βp1 µL βp1
·e
+
(e
+ eµL β(1−p0 −p1 ) ) µL
µL
× (µL βeµL βp1 − µL βeµL β(1−p0 −p1 ) )
1

− eβp0 − (eµL βp1 + eµL β(1−p0 −p1 ) ) µL
1−µL
1
−
p1 (eµL βp1 + eµL β(1−p0 −p1 ) ) µL
µL
× (µL βeµL βp1 − µL βeµL β(1−p0 −p1 ) )
= µL βeµL βp1 (eµL βp1 + eµL β(1−p0 −p1 ) )

1−µL
µL

+ (1 − µL )βeµL βp1 (eµL βp1 + eµL β(1−p0 −p1 ) )

1−2µL
µL

× (eµL βp1 − eµL β(1−p0 −p1 ) )
1

− eβp0 − (eµL βp1 + eµL β(1−p0 −p1 ) ) µL
− βp1 (eµL βp1 + eµL β(1−p0 −p1 ) )
♦

1−µL
µL

(eµL βp1 − eµL β(1−p0 −p1 ) )
(5.95)
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Note that if µL = 1, then (5.92) - (5.95) reduces to the elements
of the Jacobian matrix for the trinary multinomial case as given in
subsection 4.2.1:
∂g0
∂p0

= βeβp0 − eβp0 − βp0 eβp0 − (eβp1 + eβ(1−p0 −p1 ) )1
µL =1

+ βp0 eβ(1−p0 −p1 ) (eβp1 + eβ(1−p0 −p1 ) )0
= βeβp0 − eβp0 − eβp1 − eβ(1−p0 −p1 ) − βp0 eβp0 + βp0 eβ(1−p0 −p1 )
(5.96)
∂g0
∂p1
=

= −βp0 (eβp1 − eβ(1−p0 −p1 ) )(eβp1 + eβ(1−p0 −p1 ) )0

µL =1
−βp0 eβp1

+ βp0 eβ(1−p0 −p1 )
(5.97)

∂g1
∂p0

= β(1 − 1)eβ(p1 +(1−p0 −p1 )) (eβp1 + eβ(1−p0 −p1 ) )

−1

µL =1

− βp1 eβp0 + βp1 eβ(1−p0 −p1 ) (eβp1 + eβ(1−p0 −p1 ) )

0

= −βp1 eβp0 + βp1 eβ(1−p0 −p1 )
(5.98)
∂g1
∂p1

= βeβp1 (eβp1 + eβ(1−p0 −p1 ) )0
µL =1

+ (1 − 1)βeβp1 (eβp1 + e(1−p0 −p1 ) )−1 (eβp1 − eβ(1−p0 −p1 ) )
− eβp0 − (eβp1 + eβ(1−p0 −p1 ) )1
− βp1 (eβp1 + eβ(1−p0 −p1 ) )0 (eβp1 − eβ(1−p0 −p1 ) )
= βeβp1 − eβp0 − eβp1 − eβ(1−p0 −p1 ) − βp1 eβp1 + βp1 eβ(1−p0 −p1 )
(5.99)
♦
Having computed the elements of the Jacobian matrix, we can now
write expressions for the determinant and the trace of the Jacobian for
use in computing the eigenvalues as given by (5.89). The determinant
of the Jacobian matrix is:
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det J =

∂g0 ∂g1 ∂g0 ∂g1
−
∂p0 ∂p1 ∂p1 ∂p0
1

= [βeβp0 − eβp0 − βp0 eβp0 − (eµL βp1 + eµL β(1−p0 −p1 ) ) µL
+ βp0 eµL β(1−p0 −p1 ) (eµL βp1 + eµL β(1−p0 −p1 ) )
[µL βeµL βp1 (eµL βp1 + eµL β(1−p0 −p1 ) )

1−µL
µL

]×

1−µL
µL

+ (1 − µL )βeµL βp1 (eµL βp1 + eµL β(1−p0 −p1 ) )

1−2µL
µL

× (eµL βp1 − eµL β(1−p0 −p1 ) )
1

− eβp0 − (eµL βp1 + eµL β(1−p0 −p1 ) ) µL
− βp1 (eµL βp1 + eµL β(1−p0 −p1 ) )

1−µL
µL

(eµL βp1 − eµL β(1−p0 −p1 ) )]
1−µL
µL

+ [βp0 (eµL βp1 − eµL β(1−p0 −p1 ) )(eµL βp1 + eµL β(1−p0 −p1 ) )
[ − β(1 − µL )eµL βp1 eµL β(1−p0 −p1 ) (eµL βp1 + eµL β(1−p0 −p1 ) )
− βp1 eβp0 + βp1 eµL β(1−p0 −p1 ) (eµL βp1 + eµL β(1−p0 −p1 ) )

]×

1−2µL
µL

1−µL
µL

]
(5.100)

The trace of the Jacobian matrix is:
tr J =

∂g0 ∂g1
+
∂p0 ∂p1
1

= βeβp0 − eβp0 − βp0 eβp0 − (eµL βp1 + eµL β(1−p0 −p1 ) ) µL
+ βp0 eµL β(1−p0 −p1 ) (eµL βp1 + eµL β(1−p0 −p1 ) )
+ µL βeµL βp1 (eµL βp1 + eµL β(1−p0 −p1 ) )

1−µL
µL

1−µL
µL

+ (1 − µL )βeµL βp1 (eµL βp1 + eµL β(1−p0 −p1 ) )

1−2µL
µL

× (eµL βp1 − eµL β(1−p0 −p1 ) )
1

− eβp0 − (eµL βp1 + eµL β(1−p0 −p1 ) ) µL
− βp1 (eµL βp1 + eµL β(1−p0 −p1 ) )

1−µL
µL

(eµL βp1 − eµL β(1−p0 −p1 ) )
1

= βeβp0 − 2eβp0 − βp0 eβp0 − 2(eµL βp1 + eµL β(1−p0 −p1 ) ) µL
+ β(p0 eµL β(1−p0 −p1 ) + µL eµL βp1 − p1 eµL βp1
+ p1 eµL β(1−p0 −p1 ) )(eµL βp1 + eµL β(1−p0 −p1 ) )

1−µL
µL

+ (1 − µL )βeµL βp1 (eµL βp1 − eµL β(1−p0 −p1 ) )
× (eµL βp1 + eµL β(1−p0 −p1 ) )

1−2µL
µL

(5.101)
♦
In the next subsection we will give an example of how the computation of the elements of the Jacobian matrix, and in turn the computation of the determinant and trace of the Jacobian, and finally the
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eigenvalues of the Jacobian are used to determine the stability of hyperbolic equilibrium solutions, that is, when all the eigenvalues of the
Jacobian matrix have nonzero real parts.
5.6.2

An Example

Looking ahead to the estimation results in Chapter 7, we find that the
estimated coefficients for the simple nested logit model with fully connected network given in Table 7.21 fall in an interesting region in parameter space, near to the bifurcation to several different regimes. We
will determine the stability of the equilibria in each of these regimes.
Case I. Suppose β = 2.7595, µL = 1.0339 (estimated values)
See Figure 5.13 on page 105. See Table 5.1 on page 106.

(a) β = 2.7595, µL = 1.0339: Regime IV

Figure 5.13: Null clines solutions of the sociodynamic trinary nested logit
model with estimated coefficients in the case study in Chapter
7

Case II. Suppose β = 2.7595, µL = 1.015
Regime II with seven solutions: 4 asymptotically stable nodes, 3 saddle points. See panel (a) in Figure 5.14 on page 107. See Table 5.2 on
page 109.
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4

3

2

1

nr

0.267

0.267

0.158

0.158

0.700

p0

0.496

0.237

0.698

0.143

0.150

p1

0.237

0.496

0.143

0.698

0.150

p2

-2.23

-0.73

-5.57

-3.20

-1.29

∂g0
∂p0

-1.49

1.49

-2.37

2.37

0

∂g0
∂p1

-0.21

1.28

-0.17

2.20

-2.18

∂g1
∂p0

0.34

-1.15

-1.17

-3.55

-5.64

∂g1
∂p1

-1.08

-1.08

6.13

6.13

7.27

det J

-1.88

-1.88

-6.74

-6.74

-6.93

tr J

0.46

0.46

-1.08

-1.08

-1.29

λ1

-2.34

-2.34

-5.66

-5.66

-5.64

λ2

Saddle point

Saddle point

Asymptotically stable node

Asymptotically stable node

Asymptotically stable node

stability

5

Table 5.1: Stability analysis of the sociodynamic trinary nested logit model with estimated coefficients in the case study in Chapter 7 (β = 2.7595,
µL = 1.0339)
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(a) β = 2.7595, µL = 1.015: Regime II

(b) β = 2.72, µL = 1.025: Regime VII

(c) β = 2.71, µL = 1.0339: Regime I

Figure 5.14: Null clines solutions of the sociodynamic trinary nested logit
model with parameters within one standard error of the estimated coefficients in Chapter 7: (a) seven solutions; (b) three solutions (inset shows null clines do not cross in the region near
p0 = 0.21, p1 = 0.195); (c) one solution (inset shows null clines
do not cross in the region near p0 = 0.21, p1 = 0.19)
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Case III. Suppose β = 2.72, µL = 1.025
Regime VII with three solutions: 2 asymptotically stable nodes, 1 saddle point. See panel (b) in Figure 5.14 on page 107. See Table 5.3 on
page 109.
Case IV. Suppose β = 2.71, µL = 1.0339
Regime I with one solution: 1 asymptotically stable node. See panel
(c) in Figure 5.14 on page 107. See Table 5.4 on page 109.
5.6.3

Special Solution: p1 = p2

We have seen in subsection 5.1.2 that there exists at least one equilibrium solution of the sociodynamic trinary nested logit model (5.17)
with p1 = p2 defined on [0, 1/2] for all values of β and µL real, finite.
Let us now further examine the properties of this solution.
theorem (Solution surface for the solution p1 = p2 of the sociodynamic trinary nested logit model) Suppose that individual
choices in a large sample population are characterized by the
probabilities (5.14), (5.15) and (5.16) where the only contribution
to the systematic utility of choices is a global field effect with
utility parameter β real, finite on the proportion pi of decisionmaking agents that have chosen alternative i, and where the elemental choice alternatives 1 and 2 are assumed to be correlated
with scale parameter µL > 1 real, finite. The solution surface
for the solution of the sociodynamic trinary nested logit model
(5.17) with p1 = p2 defined on (0, 1/2) where the mode shares
of the correlated elemental alternatives in the lower level nest
are equal, is characterized by:
1
µL

=
p1 =p2

ln 2 + ln p1 + β(1 − 3p1 ) − ln(1 − 2p1 )
ln 2

(5.102)

Proof. Given the special two-way symmetry at equilibrium between
p1 and p2 in (5.19) and (5.20), suppose the following symmetric solution:
p1 = p2
(5.103)
Thus by (5.21) we can write:
p0 = 1 − p1 − p2 = 1 − 2p1

(5.104)

1
p1 = (1 − p0 )
2

(5.105)

or alternatively:
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nr

p0

p1

p2

1

0.676

0.162

0.162

Asymptotically stable node

2

0.167

0.160

0.673

Asymptotically stable node

3

0.167

0.673

0.160

Asymptotically stable node

4

0.253

0.240

0.507

Saddle point

5

0.253

0.507

0.240

Saddle point

6

0.378

0.311

0.311

Asymptotically stable node

7

0.443

0.279

0.279

Saddle point

stability

Table 5.2: Stability analysis of the sociodynamic trinary nested logit model
(β = 2.7595, µL = 1.015)

nr

p0

p1

p2

1

0.638

0.181

0.181

Asymptotically stable node

2

0.426

0.287

0.287

Asymptotically stable node

3

0.430

0.285

0.285

Saddle point

stability

Table 5.3: Stability analysis of the sociodynamic trinary nested logit model
(β = 2.72, µL = 1.025)

nr

p0

p1

p2

1

0.643

0.179

0.179

stability
Asymptotically stable node

Table 5.4: Stability analysis of the sociodynamic trinary nested logit model
(β = 2.71, µL = 1.0339)
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Substituting (5.103) into (5.26):
1

0 = g0 |p1 =p2 = eβp0 − p0 eβp0 − p0 (eµL βp1 + eµL β(1−p0 −p1 ) ) µL
1

= eβp0 − p0 eβp0 − p0 (eµL βp1 + eµL βp1 ) µL
1

= eβp0 − p0 eβp0 − 2 µL p0 eβp1
(5.106)
Substituting in (5.104) to write (5.106) in terms of p1 :
1

0 = g0 |p1 =p2 = eβ(1−2p1 ) − (1 − 2p1 )eβ(1−2p1 ) − 2 µL (1 − 2p1 )eβp1
1

= 2p1 eβ(1−2p1 ) − 2 µL (1 − 2p1 )eβp1
(5.107)
Dividing through by exp(βp1 ) which is always nonzero for β real,
finite:
1
0 = 2p1 eβ(1−3p1 ) − 2 µL (1 − 2p1 )
(5.108)
Re-arranging terms:
1
2p1 eβ(1−3p1 )
= 2 µL
1 − 2p1

(5.109)

Taking the natural logarithm of both sides, we have
ln 2 + ln p1 + β(1 − 3p1 ) − ln(1 − 2p1 ) =

1
ln 2
µL

(5.110)

where the values of p1 are restricted for µL real, finite:
p1 6= 0 ; p1 6=

1
2

Solving (5.110) for β we have:


1
1
β=
ln 2 + ln(1 − 2p1 ) − ln 2 − ln p1
1 − 3p1 µL
1

1
2 µL (1 − 2p1 )
=
ln
1 − 3p1
2p1

(5.111)

(5.112)

Alternatively, solving (5.110) for 1/µL we have:
1
ln 2 + ln p1 + β(1 − 3p1 ) − ln(1 − 2p1 )
=
µL
ln 2

(5.113)

And solving (5.110) for µL we have:
µL =

ln 2
ln 2 + ln p1 + β(1 − 3p1 ) − ln(1 − 2p1 )

(5.114)

See Figure 5.15 on page 111 and Figure 5.16 on page 111. ♦
It is visually apparent from the upper ridge of solutions at (1/µL ) =
1 along the line p1 = p2 = 1/3 for all β in the left and right panels

5.6 stability analysis

Figure 5.15: Solution surface (5.102) for the solution p1 = p2 of the sociodynamic trinary nested logit model where the mode shares of
the correlated elemental alternatives in the lower level nest are
equal. Theoretical level sets for various values of the inverse
of the lower level nest scale parameter (1/µL ) are projected in
color below the solution surface. Note however that in practice,
for correct empirical meaning when the scale of the upper level
nest is normalized to unity, the parameter µL will be defined to
be real and finite with µL > 1, so that the empirically allowed
values of (1/µL ) will be limited to the range from zero to one.

Figure 5.16: Detail of the solution surface (5.102) in Figure 5.15 , with the inverse of the lower level nest scale parameter (1/µL ) restricted to
the empirically meaningful range from 0 to 1. Level sets for various values of (1/µL ) are projected in color below the solution
surface.
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of Figure 5.16 on page 111, that the three-way symmetric equilibrium
solution of the sociodynamic trinary nested logit model (5.17) exists
for all values of the utility parameter β real, finite. This comes as no
surprise since we have already observed the special behavior of the
three-way symmetric equilibrium solution in Chapter 4 when studying the sociodynamic trinary multinomial logit model. The three-way
symmetric solution can be seen consistently in all panels of Figures
4.3 through 4.5 on pages 54-56. The persistence of the three-way symmetric equilibrium solution is also depicted clearly visually in the
summary bifurcation diagram for the sociodynamic trinary multinomial logit model in Figure 4.7 on page 58. From Figure 5.16 on page
111 however it becomes visually apparent that this three-way symmetric equilibrium solution only exists in the limit of the sociodynamic
trinary multinomial logit model. We formalize this useful fact in the
following lemma.
lemma (Three-way symmetric solution of the sociodynamic trinary
nested logit model exists for all β) There will exist at least one
equilibrium solution of the sociodynamic trinary nested logit
model (5.17) with 3-way symmetric mode shares p0 = p1 =
p2 = 1/3 for all values of the utility parameter β real, finite if
and only if the scale parameter µL = 1, i.e. in the sociodynamic
trinary multinomial logit case.
Proof. Suppose the following 3-way symmetric solution:
p ≡ p0 = p1 = p2

(5.115)

p = 1/3

(5.116)

Thus, by (5.21) we have:
Substituting (5.115) and (5.116) into (5.106) we have:
1

0 = g0 |p1 =p2 = eβp0 − p0 eβp0 − 2 µL p0 eβp1
1

1

1

1

= eβ /3 − (1/3)eβ /3 − 2 µL (1/3)eβ /3

(5.117)

1
µL

(2 − 2 ) β1/3
e
3
Since the utility parameter β is assumed to be real, finite, the term
eβ1/3 will be strictly positive. Thus to satisfy (5.117) we require
strictly
1
(5.118)
0 = (2 − 2 µL )
=

and therefore the 3-way symmetric solution (5.115) and (5.116) is
valid if and only if
(5.119)
µL = 1
Finally, since (5.118) is independent of β, we observe that the value of
the scale parameter µL = 1 furthermore satsifies (5.117) for all values
of the utility parameterβ real, finite. ♦
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lemma (Allowed values of β for the solution p1 = p2 of the sociodynamic trinary nested logit model) The allowed values of the
utility parameter β real, finite for the solution of the sociodynamic trinary nested logit model (5.17) with p1 = p2 defined
on (0, 1/2), where the mode shares of the correlated elemental
alternatives in the lower level nest are equal, are characterized
for values of the scale parameter µL > 1 real, finite by:
1
2p1
p1
1
1
ln
ln
<β6
; 0 < p1 <
3p1 − 1 1 − 2p1
3p1 − 1 1 − 2p1
3
1
−∞ < β < +∞ ; p1 =
3
p1
2p1
1
1
1
1
ln
ln
6β<
; < p1 <
3p1 − 1 1 − 2p1
3p1 − 1 1 − 2p1 3
2

(5.120)

Proof. From the previous lemma we know that the 3-way symmetric
solution p0 = p1 = p2 = 1/3 is valid for all values of the utility
parameterβ real, finite, thus proving the middle line of (5.120).
Now, since we have defined β and µL real, finite with µL > 1, then
it follows from (5.114)
− ln 2 < − ln(1 − 2p1 ) + ln p1 + β − 3βp1 6 0

(5.121)

where β and µL real, finite requires:
− ln 2 < − ln(1 − 2p1 ) + ln p1 + β − 3βp1
β(3p1 − 1) < − ln(1 − 2p1 ) + ln p1 + ln 2

(5.122)

so that we have
β<

1
2p1
1
ln
; p1 >
3p1 − 1 1 − 2p1
3

(5.123)

β>

1
1
2p1
; p1 <
ln
3p1 − 1 1 − 2p1
3

(5.124)

and

and where µL > 1 requires:
− ln(1 − 2p1 ) + ln p1 + β − 3βp1 6 0
− ln(1 − 2p1 ) + ln p1 6 β(3p1 − 1)

(5.125)

so that we have

and

p1
1
1
ln
6 β ; p1 >
3p1 − 1 1 − 2p1
3

(5.126)

p1
1
1
ln
> β ; p1 <
3p1 − 1 1 − 2p1
3

(5.127)

See Figure 5.17 on page 114. ♦

113

114

socio-dynamic trinary nested logit: theory

(a)

(b)

Figure 5.17: Allowed steady-state values of p1 = p2 , and the parameter β
shown in the range from 0 to 10, with µL > 1 real, finite: (a)
projection onto the (p1 , β)-plane of 1/µL on the range from 0 to
1, with 1/µL defined by (5.102); (b) limit curves given by (5.120).

theorem (Solution surface of the sociodynamic trinary nested logit
model for p0 when p1 = p2 ) Suppose that individual choices
in a large sample population are characterized by the probabilities (5.14), (5.15) and (5.16) where the only contribution to the
systematic utility of choices is a global field effect with utility
parameter β real, finite on the proportion pi of decision-making
agents that have chosen alternative i, and where the elemental
choice alternatives 1 and 2 are assumed to be correlated with
scale parameter µL > 1 real, finite. The solution surface for
p0 defined on (0, 1) for the solution p1 = p2 of the sociodynamic trinary nested logit model (5.17) where the mode shares
of the correlated elemental alternatives in the lower level nest
are equal, is characterized by:
1
ln (1 − p0 ) + (β/2)(3p0 − 1) − ln p0
=
µL
ln 2

(5.128)

Proof. Substituting (5.105) into (5.106) to write in terms of p0 :
1

0 = g0 |p1 =p2 = eβp0 − p0 eβp0 − 2 µL p0 e
1

β

= eβp0 (1 − p0 ) − 2 µL p0 e 2 e

β(1−p0 )
2

−βp0
2

(5.129)

Dividing through by exp(β(1 − p0 )/2) which is always nonzero for β
real, finite:
0=e

β(3p0 −1)
2

1

(1 − p0 ) − 2 µL p0

(5.130)

Re-arranging terms:
1
(1 − p0 ) β(3p0 −1)
e 2
= 2 µL
p0

(5.131)

Taking the natural logarithm of both sides, we have
ln (1 − p0 ) +

β
1
(3p0 − 1) − ln p0 =
ln 2
2
µL

(5.132)
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where the values of p0 are restricted for µL real, finite:
p0 6= 0 ; p0 6= 1
Solving (5.132) for β we have:


2
1
β=
ln 2 + ln p0 − ln (1 − p0 )
3p0 − 1 µL
1

2 µL p 0
2
ln
=
3p0 − 1 1 − p0

(5.133)

(5.134)

Similarly solving (5.132)for 1/µL we have:
1
ln (1 − p0 ) + (β/2)(3p0 − 1) − ln p0
=
µL
ln 2

(5.135)

And solving (5.132)for µL we have:
µL =

ln 2
ln (1 − p0 ) + (β/2)(3p0 − 1) − ln p0

(5.136)

♦
lemma (Allowed values of β for p0 for the solution p1 = p2 of the
sociodynamic trinary nested logit model) The allowed values of
utility parameter β real, finite for the solution p1 = p2 of the
sociodynamic trinary nested logit model (5.17) where the mode
shares of the correlated elemental alternatives in the lower level
nest are equal, is characterized for the non-nested mode share
p0 defined on (0, 1) and values of the scale parameter µL > 1
real, finite by:
1 − p0
2
1 − p0
1
2
ln
6β<
ln
; 0 < p0 <
1 − 3p0
2p0
1 − 3p0
p0
3
1
−∞ < β < +∞ ; p0 =
3
1 − p0
2
1 − p0 1
2
ln
<β6
ln
; < p0 < 1
1 − 3p0
p0
1 − 3p0
2p0
3

(5.137)

Proof. From an earlier lemma in this subsection, we know that the 3way symmetric solution p0 = p1 = p2 = 1/3 is valid for all values of
the utility parameterβ real, finite, hereby proving the middle line of
(5.137).
Now, since we have defined β and µL real, finite with µL > 1, then
it follows from (5.136)
0 < ln (1 − p0 ) + (β/2)(3p0 − 1) − ln p0 6 ln 2

(5.138)

where β and µL real, finite requires:
0 < ln (1 − p0 ) + (β/2)(3p0 − 1) − ln p0
(β/2)(1 − 3p0 ) < ln(1 − p0 ) − ln p0

(5.139)
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so that we have
β<

2
1 − p0
1
ln
; p0 <
1 − 3p0
p0
3

(5.140)

β>

2
1 − p0
1
ln
; p0 >
1 − 3p0
p0
3

(5.141)

and

and where µL > 1 requires:
ln (1 − p0 ) + (β/2)(3p0 − 1) − ln p0 6 ln 2
ln(1 − p0 ) − ln p0 − ln 2 6 (β/2)(1 − 3p0 )

(5.142)

so that we have

and

1 − p0
1
2
ln
6 β ; p0 <
1 − 3p0
2p0
3

(5.143)

2
1 − p0
1
ln
> β ; p0 >
1 − 3p0
2p0
3

(5.144)

♦
lemma (Relationship between g0 and g1 when p1 = p2 ) The two
equations of the two-parameter planar autonomous system
(5.26) and (5.27) satisfy the following relation for all values of
the utility parameter β and scale parameter µL real, finite with
µL > 1, for the solution of the sociodynamic trinary nested logit
model (5.17) with p1 = p2 defined on (0, 1/2), where the mode
shares of the correlated elemental alternatives in the lower level
nest are equal.
1
g1 |p1 =p2 = − g0 |p1 =p2
2
Proof. Substituting (5.103) into (5.27):

(5.145)

0 = g1 |p1 =p2 ≡ eµL βp1 (eµL βp1 + eµL β(1−p0 −p1 ) )

1−µL
µL

1

− p1 eβp0 − p1 (eµL βp1 + eµL β(1−p0 −p1 ) ) µL
= eµL βp1 (eµL βp1 + eµL βp1 )

1−µL
µL
1

− p1 eβp0 − p1 (eµL βp1 + eµL βp1 ) µL
=2

1−µL
µL

eµL βp1 (e(1−µL )βp1 ) − p1 eβp0 − p1 2

(5.146)
1
µL

eβp1

1
1 1
= 2 µL eβp1 − p1 eβp0 − p1 2 µL eβp1
2

1
1
= − 2p1 eβp0 − 2 µL (1 − 2p1 )eβp1
2

Substituting in (5.104) to write (5.146) in terms of p1 :
0 = g1 |p1 =p2 = −


1
1
2p1 eβ(1−2p1 ) − 2 µL (1 − 2p1 )eβp1
2

(5.147)

5.6 stability analysis

Substituting (5.107) into (5.147) we obtain a simple relationship between g0 and g1 for the special solution p1 = p2 :
1
g1 |p1 =p2 = − g0 |p1 =p2
2

(5.148)

Furthermore (5.147) will yield the same relationship for µL in terms
of p1 = p2 in (5.114), and for β in terms of p1 = p2 in (5.112), and
thus also for µL in terms of p0 and for β in terms of p0 . ♦
Finally, note also that we can substitute (5.104) back into (5.107) to
see the effect of µL on the symmetry-breaking of p0 and p1 = p2
more immediately:
1

0 = g0 |p1 =p2 = 2p1 eβ(1−2p1 ) − 2 µL (1 − 2p1 )eβp1
1

= 2p1 eβp0 − 2 µL p0 eβp1

(5.149)

Transcritical bifurcation, hysteresis loop and saddle-node bifurcation
The level sets of the solution surfaces (5.128) and (5.102) yield bifurcation diagrams for the special solution p1 = p2 of the sociodynamic
trinary nested logit model where the mode shares of the correlated
elemental alternatives in the lower level nest are equal, respectively
in the (β, p0 )-plane and in the (β, p1 )-plane, for given values of scale
parameter µL . We have already seen examples of these level sets for
various values of (1/µL ) projected in color below the solution surface (5.102) in Figure 5.16 on page 111 in the (β, p1 )-plane. In Figure
5.18 on page 118 we depict these bifurcation diagrams for the trinary
nested logit model for the special solution where p1 = p2 in both the
(β, p0 )-plane and in the (β, p1 )-plane for selected values of scale parameter µL showing the essential qualitative behavior. Recall that the
parameter range µL < 1 for the scale of the lower level nest is not empirically allowed when the scale of the upper level nest is normalized
to unity.
Hereby we see visually the transcritical bifurcation point at β = 3,
µL = 1 as discussed in section 5.5 in the top panels (a) and (b) of
Figure 5.18 on page 118. The transcritical bifurcation point disappears
for scale parameter of the lower nests µL > 1. We also see visually that
the hysteresis loop as discussed in section 5.5 exists for parameter
range (0 6 µL < µL ∗) and disappears for (µL > µL ∗). In the next
subsection we will derive the analytically this value of µL = µL ∗.
Furthermore we see visually that the transcritical bifurcation point at
β = 3, µL = 1 forms the limit of the saddle node bifurcation which
then subsequently persists for all µL > 1 in Curve C as discussed in
section 5.5.
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(a) p0 vs. β

(b) p1 vs. β

µL = 1 (Multinomial logit)

(c) p0 vs. β

(d) p1 vs. β

µL = 1.005

(e) p0 vs. β

(f) p1 vs. β

µL = µL ∗(approx. ≈1.0397)

(g) p0 vs. β

(h) p1 vs. β

µL = 2
Figure 5.18: Bifurcation diagrams for the solution p1 = p2 of the trinary
nested logit model where the mode shares of the correlated elemental alternatives in the lower level nest are equal, showing
bifurcations in the scale of the lower nests at µL = 1 and at
µL = µL ∗.
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5.6.4

Stability Analysis: p1 = p2

In this subsection, our goal is to derive an expression for Curves A
and C as shown in panel (a) of Figure 5.12.
The saddle-node bifurcations exhibiting hysteresis behavior for
Curve A and the saddle-node bifurcation for Curve C are all cases
where the characteristic pairs of saddle points and nodes that suddenly appear as we cross into Regime VII from Regime I and into
Regimes II and III from Regime IV are all solutions with p1 = p2
where the mode shares of the correlated elemental alternatives in the
lower level nest are equal. To emphasize, this is true for both directions of approach of the hysteresis region with increasing or decreasing utility parameter β for Curve A, as well as for the classic saddlenode bifurcation in Curve C. These bifurcations thus occur entirely on
the solution surface (5.114) of the sociodynamic trinary nested logit
model derived in the previous subsection 5.6.3. We can use this fact
to significantly simplify our analysis by studying the ordinary derivative of just one of the equations g0 or g1 in the system (5.26) and
(5.27). Which equation we choose is irrelevant since we have seen in
the previous subsection that the equations are directly linearly related
as in (5.148) for solutions with p1 = p2 . This leads us to the following
theorem which we prove in this subsection.
theorem (Bifurcation curve for the solution p1 = p2 of the sociodynamic trinary nested logit model) Suppose that individual
choices in a large sample population are characterized by the
probabilities (5.14), (5.15) and (5.16) where the only contribution
to the systematic utility of choices is a global field effect with
utility parameter β real, finite on the proportion pi of decisionmaking agents that have chosen alternative i, and where the
elemental choice alternatives 1 and 2 are assumed to be correlated with scale parameter µL > 1 real, finite. The equilibrium
solutions with p1 = p2 defined on (0, 1/2) on the solution surface (5.114) of the sociodynamic trinary nested logit model (5.17)
where the mode shares of the correlated elemental alternatives
in the lower level nest are equal, will be bifurcation points on
this surface if values of the parameter β satisfy:
β=

1
1
=
3p1 (1 − 2p1 )
3p0 p1

(5.150)

Proof. For the special solution p1 = p2 to find values of the parameters
β and µL which lead to bifurcations in behavior, that is, change in
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number or stability of stationary points, we are interested cases when
the derivative dg0 /dp1 evaluated at a stationary point is zero.

1
dg0
d 
0=
2p1 eβ(1−2p1 ) − 2 µL (1 − 2p1 )eβp1 p1 =p2
=
dp1 p1 =p2
dp1
g0 =0
g0 =0


= 2eβ(1−2p1 ) + (2p1 )(−2βeβ(1−2p1 ) ) p1 =p2
g0 =0


 1
− 2 µL (−2eβp1 + (1 − 2p1 )βeβp1 )

p1 =p2
g =0

0


1
β(1−2p1 )
= 2(1 − 2βp1 )e
− 2 µL (−2 + β(1 − 2p1 ))eβp1

p1 =p2
g0 =0

(5.151)
Dividing through by exp(βp1 ) which is always nonzero for β real,
finite
1

0 = 2(1 − 2βp1 )eβ(1−3p1 ) − 2 µL (−2 + β(1 − 2p1 ))

(5.152)

Re-arranging terms:
1
2(1 − 2βp1 )eβ(1−3p1 )
= 2 µL
−2 + β(1 − 2p1 )

(5.153)

Taking the natural logarithm of both sides:
ln 2 + ln(1 − 2βp1 ) + β(1 − 3p1 ) − ln(−2 + β(1 − 2p1 )) =

1
ln 2
µL
(5.154)

where the values of p1 are restricted for µL real, finite:
p1 6=

1
β−2
1 1
; p1 6=
= −
2β
2β
2 β

(5.155)

Solving (5.154) for µL :
µL =

ln 2
(5.156)
ln 2 + ln(1 − 2βp1 ) + β(1 − 3p1 ) − ln(−2 + β(1 − 2p1 ))

where we require the denominator is nonzero:
ln 2 + ln(1 − 2βp1 ) + β(1 − 3p1 ) − ln(−2 + β(1 − 2p1 )) 6= 0 (5.157)
Now, setting (5.153) equal to (5.109)we have the condition for which
a bifurcation will occur for the special solution p1 = p2 .
1

2 µL =

2p1 eβ(1−3p1 )
2(1 − 2βp1 )eβ(1−3p1 )
=
−2 + β(1 − 2p1 )
1 − 2p1

(5.158)

Re-arranging terms and simplifying:
(1 − 2βp1 )(1 − 2p1 ) = p1 (−2 + β(1 − 2p1 ))
1 − 2βp1 − 2p1 + 4βp1 2 = −2p1 + βp1 − 2βp1 2
6βp1 2 − 3βp1 + 1 = 0

(5.159)
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Solving for β:
β=

1
1
=
3p1 (1 − 2p1 )
3p0 p1

Or alternatively solving for p1 :
q
p
3β ± (−3β)2 − 4(6β)
3β ± 9β2 − 24β
=
p1 =
2(6β)
12β

(5.160)

(5.161)

Note that the null clines plot for F ≡ (5.156) - (5.114), or alternatively
for F* ≡ (5.153) - (5.109), gives the same result as (5.160) and (5.161).
♦
See Figure 5.19 on page 122. Figure 5.20 on page 123 and Figure
5.21 on page 123 show projections of this detail respectively onto the
(β, p1 )-plane and onto the (β, µL )-plane. The leftmost area in Figure
5.21 corresponds to Regime I in Figure 5.3 on page 74; the area under
the blue curve near β = 2.8 corresponds to Regime II in Figure 5.3
(the hysteresis regime, including also the Regime VII in Figure 5.4 on
page 75 ); the area under the blue curve with β > 3 corresponds to
Regime III in Figure 5.3. Regime IV in Figure 5.3 does not appear in
the projection in Figure 5.21 because the region of the solution surface
with the relevant value of µL is outside the selected detail in terms
of p1 ; the full solution surface for µL namely curves around to yield
multiple solutions in p1 as can be seen in the rotational visualization
of the surface given in terms of 1/µL in Figure 5.16 on page 111.
Regime V and VI are also out of scope in the selected detail in Figure
5.21.
Hysteresis regime: maximum value of µL
lemma (Maximum value of µL for hysteresis for the solution p1 =
p2 of the sociodynamic trinary nested logit model) The maximum value of scale parameter µL for hysteresis for an equilibrium solution with p1 = p2 defined on (0, 1/2) on the solution
surface (5.114) of the sociodynamic trinary nested logit model
(5.17) where the mode shares of the correlated elemental alternatives in the lower level nest are equal, and the corresponding
value of utility parameter β, are given by:
8
≈ 2.6667
3
3 ln 2
µL =
≈ 1.0397
2
(5.162)
1
p0 =
2
1
p1 = p2 =
4
Proof. To find the value of µL ∗ separating the regime where the hysteresis loop exists as in the top panel of Figure 5.18 on page 118 from
β=
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Figure 5.19: Detail of 3D solution surface (5.114) at hysteresis region in
(β, µL )-parameter space for the special solution p1 = p2 of
the sociodynamic trinary nested logit model where the mode
shares of the correlated elemental alternatives in the lower level
nest are equal. The blue curve (5.150) on the solution surface
delineates a continuous string of bifurcation points separating
regimes.

5.6 stability analysis

Figure 5.20: Projection onto (β, p1 )-plane of the 3D solution surface detail
in Figure 5.19 on page 122. The area to the right of the blue
curve in the lower left part of the plane is the hysteresis region.
Compare with Figure 5.17 on page 114 to see the location of this
region in larger context in (β, p1 )-parameter space.

Figure 5.21: Projection onto (β, µL )-plane of 3D solution surface detail in
Figure 5.19 on page 122. The area under the blue curve near
β = 2.8 is the hysteresis region. Compare with Figure 5.3 on
page 74. (Note that the µL -axis is reversed.)
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the regime where it does not exist in the bottom panel of Figure 5.18,
we are interested in the value of µL for which the lower curve in the
lower panel will first have a point of infinite sloop for decreasing µL .
It is evident from the projection of the 3D string of bifurcation points
onto the (β, p1 )-plane in Figure 5.20 on page 123 and onto the (β, µL )plane in Figure 5.21 on page 123 that this point occurs along the string
of bifurcation points at the lowest value of β. This is namely the point
where the derivative ∂g0 /∂p1 and the derivative dβ/dp1 evaluated at
a stationary point are both zero.
From (5.160) we have:


dβ
1
1
1 − 4p1
d
0=
=−
=
p1 =p2
dp1 g0 =0
dp1 3p1 (1 − 2p1 )
3 p1 2 (1 − 2p1 )2
dg0 /dp1 =0

(5.163)
Thus solving (5.163) for p1 and p0 :
p1 =

1
4

1
2
Substituting (5.164) back into (5.160) to determine β:
β=

(5.164)

p0 = 1 − 2p1 = 1 − 2 · (1/4) =

(5.165)

1
1
8
=
=
3p1 (1 − 2p1 )
3 · (1/4) · (1 − 2 · (1/4))
3

(5.166)

And finally substituting (5.164) and (5.166) back into (5.156) to determine µL :
ln 2
ln 2 + ln(1 − 2βp1 ) + β(1 − 3p1 ) − ln(−2 + β(1 − 2p1 ))
ln 2
=
8 1
8
ln 2 + ln(1 − 2 · 3 · 4 ) + 3 (1 − 3 · 14 ) − ln(−2 + 83 (1 − 2 · 41 ))
ln 2
ln 2
=
=
1
2
2
1
ln 2 + ln(− 3 ) + 3 − ln(− 3 )
ln 2 + ln(− 3 ) + 23 − ln(− 13 ) − ln 2
3 ln 2
=
≈ 1.03972
2
(5.167)
♦
µL =

Hysteresis regime: minimum and maximum value of p1
lemma (Minimum and maximum value of p1 for hysteresis for
the solution p1 = p2 of the sociodynamic trinary nested logit
model) The minimum and maximum values of mode share p1
for hysteresis for equilibrium solutions with p1 = p2 defined on
(0, 1/2) on the solution surface (5.114) of the sociodynamic trinary nested logit model (5.17) where the mode shares of the correlated elemental alternatives in the lower level nest are equal,
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and the corresponding value of utility parameter β and scale
parameter µL , are given by:
β ≈ 2.7456
µL = 1
p0 ≈ 0.5848

(5.168)

p1 = p2 ≈ 0.2076
β=3
µL = 1

(5.169)
1
p0 = p1 = p2 =
3
Proof. We can also use the relation (5.160) to derive the global lower
and upper value of the special solution p1 = p2 for the bifurcation to
and from the hysteresis regime. It is evident from the projection of the
3D string of bifurcation points onto the (β, p1 )-plane in Figure 5.20
on page 123 and onto the (β, µL )-plane in Figure 5.21 on page 123
that this point occurs when the string of bifurcation points reaches
the limit of the allowed solution values in the (β, p1 )-plane defined
by the constraint µL = 1.
Thus at this bifurcation point, from (5.125) and (5.160) we have:
1
p
1
ln
=
3p − 1 1 − 2p
3p1 (1 − 2p1 )

(5.170)

3p1 − 1
p1
p1 − (1 − 2p1 )
=
=
1 − 2p1
3p1 (1 − 2p1 )
3p1 (1 − 2p1 )

(5.171)

β=
Re-arranging terms:
ln

Or alternatively, exponentiating both sides:


p1
p1 − (1 − 2p1 )
= exp
1 − 2p1
3p1 (1 − 2p1 )

(5.172)

Substituting (5.104) to see the symmetry between p0 and p1 = p2
more immediately for the multinomial logit case where µL ≡ 1
p1
p1 − p0
= exp(
)
p0
3p1 p0

(5.173)

Equation (5.172) can be solved conveniently graphically by plotting
the left hand side (LHS) and the right hand side (RHS) and finding
their intersection, or alternatively taking the difference between the
LHS and RHS and finding the intersection with the p1 -axis. See Figure 5.22 on page 126.
Substituting the lower limit p1 = 0.20760 back into (5.160) to determine β:
β=

1
1
=
≈ 2.74564
3p1 (1 − 2p1 )
3 · (0.20760) · (1 − 2 · (0.20760))
(5.174)
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(a) LHS (red) and RHS (blue) of
(5.172) .

(b) Difference between LHS and RHS
of (5.172).

Figure 5.22: Graphical solution of value of p1 = p2 at µL = 1 on the cusp
bifurcation, yielding the global lower limit and global upper
limit of the special solution p1 = p2 for the bifurcation to the
hysteresis regime.

The value of p0 at the lower limit p1 = 0.20760 is given by (5.104):
p0 = 1 − 2p1 = 1 − 2 · (0.20760) ≈ 0.58480

(5.175)

Substituting the upper limit p1 = 1/3 back into (5.160) to determine
β:
1
1
β=
=
=3
(5.176)
3p1 (1 − 2p1 )
3 · (1/3) · (1 − 2 · (1/3))
The value of p0 at the upper limit p1 = 1/3 is given by (5.104):
p0 = 1 − 2p1 = 1 − 2 · (1/3) =

1
3

(5.177)

♦
Saddle-node bifurcation: behavior of β in the limit µL → +∞
lemma (Limit behavior of saddle-node bifurcation as µL → +∞ for
the solution p1 = p2 of the sociodynamic trinary nested logit
model) The limit behavior of utility parameter β as scale parameter µL → +∞ for the saddle-node bifurcation of an equilibrium solution with p1 = p2 defined on (0, 1/2) on the solution
surface (5.114) of the sociodynamic trinary nested logit model
(5.17) where the mode shares of the correlated elemental alternatives in the lower level nest are equal, is given by:
β ≈ 6.2260
µL → +∞
p0 ≈ 0.1220

(5.178)

p1 = p2 ≈ 0.4390
Proof. Finally, we can use the relation (5.160) to derive the upper value
of parameter β as µL → ∞ for the bifurcation generating an unstable
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node. It is evident from the projection of the 3D string of bifurcation
points onto the (β, p1 )-plane in Figure 5.20 on page 123 and onto
the (β, µL )-plane in Figure 5.21 on page 123 that this point occurs
when the string of bifurcation points reaches the limit of the allowed
solution values in the (β, p1 )-plane defined by the constraint µL finite
shown in Figure 5.17 on page 114.
Thus at this bifurcation point, from (5.122) and (5.160) we have:
1
2p
1
ln
=
3p − 1 1 − 2p
3p1 (1 − 2p1 )

(5.179)

2p1
p1 − (1 − 2p1 )
3p1 − 1
=
=
1 − 2p1
3p1 (1 − 2p1 )
3p1 (1 − 2p1 )

(5.180)

β=
Re-arranging terms:
ln

Or alternatively, exponentiating both sides:


2p1
p1 − (1 − 2p1 )
= exp
1 − 2p1
3p1 (1 − 2p1 )

(5.181)

Substituting (5.104) to see the symmetry between p0 and p1 = p2
more immediately at the bifurcation
p1 − p0
2p1
= exp(
)
p0
3p1 p0

(5.182)

Equation (5.181) can be solved conveniently graphically by plotting
the left hand side (LHS) and the right hand side (RHS) and finding
their intersection, or alternatively taking the difference between the
LHS and RHS and finding the intersection with the p1 axis. See Figure 5.23 on page 128.
Substituting p1 = 0.439025 back into (5.160) to determine β:
1
1
=
≈ 6.22598
3p1 (1 − 2p1 )
3 · (0.439025) · (1 − 2 · (0.439025))
(5.183)
The value of p0 at the limit p1 = 0.439025 is given by (5.104):
β=

p0 = 1 − 2p1 = 1 − 2 · (0.439025) ≈ 0.12195

(5.184)

♦
5.6.5

Stability Analysis: p1 = p2 , Continued

In this subsection, our goal is to derive an expression for Curve D as
shown in panel (b) of Figure 5.12.
The pitchfork bifurcation for Curve D is a case where one equilibrium forming the "handle" of the pitchfork on one side of the bifurcation satisfies p1 = p2 (i.e. in Regimes I and IV) but the two new
equilibria in the new "prongs" of the pitchfork on the other side of
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(a) LHS (red) and RHS (blue) of
(5.181) .

(b) Difference between LHS and RHS
of (5.181).

Figure 5.23: Graphical solution of value of p1 = p2 as µL → ∞ on the cusp
bifurcation, yielding the global upper limit of parameter β in
the (β, µL )-parameter space for the bifurcation generating an
unstable node.

the bifurcation satisfy p1 6= p2 (i.e. in Regimes V and VI). Thus in
order to characterize these bifurcation points, we will need to return
our study of the eigenvalues of the Jacobian matrix of both equations
of the two parameter planar autonomous system (5.26) and (5.27), instead of merely studying the derivative of a single differential equation as in the previous subsection 5.6.4. However we can use the fact
that the bifurcation point occurs at a solution with p1 = p2 where
the mode shares of the correlated elemental alternatives in the lower
level nest are equal, to still simplify our analysis.
At the special solution p1 = p2 , the four terms in the Jacobian
matrix of g = (g0 , g1 ) given by (5.92) - (5.95) are:
∂g0
∂p0

= βeβp0 − eβp0 − βp0 eβp0
p1 =p2
1

− (2 µL eβp1 ) + βp0

eµL βp1 µ1 βp1
(2 L e
)
2eµL βp1

1
1
1
= βeβp0 − eβp0 − βp0 eβp0 − (2 µL eβp1 ) + βp0 (2 µL eβp1 )
2
1
1
= (β − 1 − βp0 )eβp0 + ( βp0 − 1)(2 µL eβp1 )
2
1
1
βp0
= (2βp1 − 1)e
+ ( βp0 − 1)(2 µL eβp1 )
2
1−µL
∂g0
= −βp0 (eµL βp1 − eµL βp1 )(2eµL βp1 ) µL = 0
∂p1

(5.185)

(5.186)
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1
∂g1
eµL βp1 eµL βp1
µL βp1 µL
(2e
)
= −β(1 − µL ) µ βp
∂p0
(2e L 1 )(2eµL βp1 )
1
eµL βp1
(2eµL βp1 ) µL
− βp1 eβp0 + βp1
µ
βp
(2e L 1 )
1
1
β
β
= − (1 − µL )(2 µL eβp1 ) − βp1 eβp0 + p1 (2 µL eβp1 )
4
2
1
β
βp0
µL βp1
= (µL − 1 − 2p1 )(2 e
) − βp1 e
4
1−µL
∂g1
= µL βeµL βp1 (2eµL βp1 ) µL
∂p1

+ (1 − µL )βeµL βp1 (2eµL βp1 )
1

1−2µL
µL

(eµL βp1 − eµL βp1 )

− eβp0 − (2eµL βp1 ) µL − βp1 (2eµL βp1 )
= µL β

(5.187)

1−µL
µL

(eµL βp1 − eµL βp1 )

1
1
eµL βp1
(2 µL eβp1 ) + 0 − eβp0 − (2 µL eβp1 ) − 0
µ
βp
L
1
(2e
)

1
1
= ( µL β − 1)(2 µL eβp1 ) − eβp0
2

(5.188)

To determine bifurcations in behavior, that is, change in number or
stability of stationary points, we are interested cases when at least one
eigenvalue of the Jacobian has zero real part. Recall from the outset
of section 5.6 that there will exist at least one zero eigenvalue if the
determinant of the Jacobian is equal to zero. There will exist a zero
real part of a complex eigenvalue if the determinant is positive and
trace is equal to zero.
q
1
1
1
1
det J = 0 : λ1,2 = tr J ±
(tr J)2 − 4 ∗ 0 = tr J ± tr J
2
2
2
2
(5.189)
λ1 = 0, λ2 = tr J
q
p
1
1
det J > 0, tr J = 0 : λ1,2 = ∗ 0 ±
(0)2 − 4 det J = ±i det J
2
2
(5.190)
.
Let us first consider (5.189) where the determinant is equal to zero
for the special solution with p1 = p2 where the mode shares of the
correlated elemental alternatives in the lower level nest are equal:
∂g0 ∂g1 ∂g0 ∂g1
0 = det J =
−
=
∂p0 ∂p1 ∂p1 ∂p0


1
1
βp0
µL βp1
= (2βp1 − 1)e
+ ( βp0 − 1)(2 e
)
2


1
1
βp0
µL βp1
× ( µL β − 1)(2 e
)−e
−0
2

(5.191)

Since ∂g0 /∂p1 = 0 for the special solution p1 = p2 , we thus must have
either ∂g0 /∂p0 = 0 or ∂g1 /∂p1 = 0 for the determinant to be zero.
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We will consider each of these cases in turn below. Hereby we will
retrieve results from subsection 5.6.4, but we will now also be able to
express Curve D as shown in panel (b) of Figure 5.12. Then later at
the end of this subsection we will consider the case (5.190) where the
trace is equal to zero and the determinant is strictly positive for the
special solution with p1 = p2 .
Case I. Suppose ∂g0 /∂p0 = 0
From (5.185) we have:
1
1
(2βp1 − 1)eβp0 + ( βp0 − 1)(2 µL eβp1 ) = 0
2
1
1
β(1−2p1 )
(2βp1 − 1)e
+ ( β(1 − 2p1 ) − 1)(2 µL eβp1 ) = 0
2
1
1
(2βp1 − 1)eβ e−2βp1 + ( β − βp1 − 1)(2 µL eβp1 ) = 0
2
1
1
(2βp1 − 1)eβ + ( β − βp1 − 1)(2 µL e3βp1 ) = 0
2

(5.192)

Solving (5.192) for µL we re-gain the same result as (5.156)
µL =

ln 2
(5.193)
ln 2 + ln(1 − 2βp1 ) + β(1 − 3p1 ) − ln(−2 + β(1 − 2p1 ))

Thus as derived previously in (5.160), solutions where a bifurcation
occurs will satisfy
β=

1
1
=
3p1 (1 − 2p1 )
3p0 p1

and equivalently:
q
p
3β ± (−3β)2 − 4(6β)
3β ± 9β2 − 24β
=
p1 =
2(6β)
12β

(5.194)

(5.195)

Substituting both +/ - branches of (5.195) back into (5.114) we obtain
the bifurcation cusp for µL in terms of β. See Figure 5.24 on page
131.
The example null clines solutions in panel (e) in Figure 5.2 on page
68 and panels (b) and (c) in Figure 5.14 on page 107, and also in panel
(a) in Figure 5.14 and in Figure 5.13 on page 105 show that transition
between Regime I to Regime VII to Regime I, and transition between
Regime I to Regime VII and Regime II to Regime IV, that is, crossing the cusp in (β, µL )-parameter space inwards and then outwards,
yields a hysteresis loop. The example null clines solutions in panels
(c) and (b) in Figure 5.5 show that transition between Regime IV to
Regime III, yields a classic saddle-node bifurcation.
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Figure 5.24: Bifurcation cusp in (β, µL )-parameter space satisfying
∂g0 /∂p0 = 0, yielding the same result as depicted in Figure
5.21 on page 123. Compare also with Figure 5.3 on page 74 and
Figure 5.4 on page 75.

Case II. Suppose ∂g1 /∂p1 = 0
We saw at the outset of this subsection that the element of the Jacobian
matrix ∂g0 /∂p1 = 0 for the special solution p1 = p2 and thus we
must have either ∂g0 /∂p0 = 0 or ∂g1 /∂p1 = 0 for the determinant
of the Jacobian matrix to be zero. Having retrieved the results from
subsection 5.6.4 by considering the case ∂g0 /∂p0 = 0 for the special
solution p1 = p2 , we now proceed to consider the case ∂g1 /∂p1 = 0
for the special solution p1 = p2 . This leads to the following theorem
which we will prove in this subsection. Hereby we will now be able
to express Curve D as shown in panel (b) of Figure 5.12.
theorem (Bifurcation curve for the solution p1 = p2 of the sociodynamic trinary nested logit model, continued) Suppose that
individual choices in a large sample population are characterized by the probabilities (5.14), (5.15) and (5.16) where the only
contribution to the systematic utility of choices is a global field
effect with utility parameter β real, finite on the proportion pi
of decision-making agents that have chosen alternative i, and
where the elemental choice alternatives 1 and 2 are assumed
to be correlated with scale parameter µL > 1 real, finite. The
equilibrium solutions with p1 = p2 defined on (0, 1/2) of the
sociodynamic trinary nested logit model (5.17) where the mode
shares of the correlated elemental alternatives in the lower level
nest are equal, will be bifurcation points for which at least one
zero eigenvalue occurs and for which emerging solutions upon
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bifurcation are asymmetric in the mode shares p1 6= p2 , if values of the parameters β and µL satisfy:
β=

1
µL p 1

(5.196)

Proof. Suppose ∂g1 /∂p1 = 0 at the special solution p1 = p2 . From
(5.188) we have:
1
1
( µL β − 1)(2 µL eβp1 ) − eβp0 = 0
2
1
1
( µL β − 1)(2 µL eβp1 ) = eβp0 = eβ(1−2p1 ) = eβ e−2βp1
2
1
1
( µL β − 1)(2 µL e3βp1 ) = eβ
2
eβ
e3βp1 = 1
2 µL ( 12 µL β − 1)

(5.197)

Re-arranging terms:
1

2 µL =

eβ(1−3βp1 )
( 21 µL β − 1)

(5.198)

Comparing the condition (5.109) for solution g = 0 under the special
solution p1 = p2 , and condition (5.198) for det J = 0, we have
1

2 µL =

eβ(1−3βp1 )
2p1 eβ(1−3p1 )
=
1 − 2p1
( 21 µL β − 1)

(5.199)

Re-arranging terms and simplifying:
1
1 − 2p1 = 2p1 ( µL β − 1) = µL βp1 − 2p1
2
1 = µL βp1

(5.200)

and solving for β
β=

1
µL p 1

(5.201)

or similarly, solving for p1
p1 =

1

(5.202)

µL β

gives us a condition for which a bifurcation will occur for the special
solution p1 = p2 .
Substituting (5.201) back into (5.114) we obtain
µL =

ln 2
+ β(1 − 3 µL1β ) − ln(1 − 2 µL1β )

ln 2

=
ln
=

ln 2 + ln

1
µL β

(2/µL β)
1−(2/µL β)

+β−

3
µL

=

ln 2
− ln( 12 µL β − 1) + β − µ3L

ln 2
ln

1
(µL β/2)−1

+β−

3
µL

(5.203)
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Re-arranging terms and simplifying
1
0 = µL β − ln 2 − µL ln( µL β − 1) − 3
2

(5.204)

we obtain a transcendental relation between µL and β for the bifurcation curve. ♦

Figure 5.25: Bifurcation curve in (β, µL )-parameter space
∂g1 /∂p1 = 0. Compare with Figure 5.3 on page 74.

satisfying

The example null clines solutions in panel (e) in Figure 5.2 on page
68 and panel (d) in Figure 5.5 on page 76, and panels (c) and (e) in
Figure 5.5 show that transition between Regime I to Regime V, and
transition between Regime IV to Regime VI, that is, crossing the bifurcation curve in (β, µL )-parameter space inwards, yields a pitchfork
bifurcation.
Alternatively, we can solve (5.197) directly for p1 . Taking the natural logarithm of both sides of (5.197):
3βp1 = β −
Thus:
p1 =

1
1
ln 2 − ln( µL β − 1)
µL
2

1
1
1
1
−
ln 2 −
ln( µL β − 1)
3 3µL β
3β
2

(5.205)

(5.206)

Now recall from (5.107) and (5.147) that considering (5.26) or (5.27)
for the case p1 = p2 , we have:
1

0 = g0 |p1 =p2 = −2 · g1 |p1 =p2 = 2p1 eβ(1−2p1 ) − 2 µL (1 − 2p1 )eβp1
(5.207)
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Multiplying (5.207) through by 3β exp(2βp1 )
1

0 = 2 · 3βp1 eβ − (3β − 2 · 3βp1 )(2 µL e3βp1 )

(5.208)

Substituting (5.197) and (5.205) into (5.208)


1
1
β
0 = 2e
β−
ln 2 − ln( µL β − 1)
µL
2


1
1
1
eβ
− 3β − 2(β −
ln 2 − ln( µL β − 1)) · 2 µL 1
µL
2
2 µL ( 12 µL β − 1)


1
1
= 2eβ β −
ln 2 − ln( µL β − 1)
µL
2


2
1
eβ
− β+
ln 2 + 2 ln( µL β − 1)
µL
2
( 12 µL β − 1)
(5.209)
Multiplying (5.209) through by the inverse of the second term in the
difference, and simplifying:


1
1
0 = (µL β − 2) β −
ln 2 − ln( µL β − 1)
µL
2


2
1
− β+
ln 2 + 2 ln( µL β − 1)
µL
2
µL β
1
= µL β 2 −
ln 2 − µL β ln( µL β − 1)
µL
2
(5.210)
2
1
− 2β +
ln 2 + 2 ln( µL β − 1)
µL
2
2
1
−β−
ln 2 − 2 ln( µL β − 1)
µL
2
1
= µL β2 − β ln 2 − µL β ln( µL β − 1) − 3β
2
Thus we re-gain the same result as above (5.204):
1
0 = µL β − ln 2 − µL ln( µL β − 1) − 3
2
Dividing (5.211) through by 3 and re-arranging terms:
1
1
1
1
1 = µL β − ln 2 − µL ln( µL β − 1)
3 
3
3
2

1
1
1
1
= µL β
−
ln 2 −
ln( µL β − 1)
3 3µL β
3β
2

(5.211)

(5.212)

Substituting (5.206) into (5.212), we re-gain (5.200)
1 = µL βp1
♦

(5.213)
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Pitchfork bifurcation: minimum value of µL
lemma (Minimum value of µL for pitchfork bifurcation of the solution p1 = p2 of the sociodynamic trinary nested logit model
with emerging solutions p1 6= p2 ) The minimum value of scale
parameter µL , and the corresponding value of utility parameter β, for pitchfork bifurcation of the equilibrium solution with
p1 = p2 defined on (0, 1/2) of the sociodynamic trinary nested
logit model (5.17) where the mode shares of the correlated elemental alternatives in the lower level nest are equal, but for
which the new emerging solutions upon bifurcation are asymmetric in these mode shares p1 6= p2 , occurs for:
β ≈ 1.6238
µL ≈ 3.2060
p0 ≈ 0.6158

(5.214)

p1 = p2 ≈ 0.1921
Proof. To find the lower value of µL ∗ at which the bifurcation point
appears that gives rise to the pair of pitchfork bifurcations that then
subsequently exist for all µL > µL ∗, we are thus interested in where
the partial derivative of (5.204) with respect to β evaluated along the
bifurcation curve in (β, µL )-parameter space is equal to zero.


∂
1
0=
µL β − ln 2 − µL ln( µL β − 1) − 3
∂β
2
(5.215)
1 2
µL
1
= µL − µ L 1
= µL (1 −
)
2
µL β − 2
2 µL β − 1
Since µL > 1, we must have
0 = 1−

µL
: µL β − 2 = µL
µL β − 2

(5.216)

Solving for µL
µL =

2
β−1

(5.217)

2
µL

(5.218)

or solving for β
β = 1+

Substituting (5.218) back into (5.204)) we have
2
1
2
) − ln 2 − µL ln[ µL (1 +
) − 1] − 3
µL
2
µL
1
= µL − ln 2 − µL ln( µL ) − 1
2

0 = µL (1 +

(5.219)

Re-arranging terms:
1
1
µL − 1 = ln 2 + µL ln( µL ) = ln(2 · ( µL )µL )
2
2

(5.220)
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Exponentiating both sides:
1
exp(µL − 1) = 2( µL )µL
2

(5.221)

Or:

 µ µL
1
L
=
(5.222)
2e
2e
This equation can be solved conveniently graphically by plotting the
left hand side (LHS) and the right hand side (RHS) of (5.222) and finding their intersection, or alternatively by plotting (5.219) and finding
the intersection with the µL axis. See Figure 5.26 on page 136.

(a) LHS and RHS of (5.222).

(b) Equation (5.219).

Figure 5.26: Graphical solution of global lower limit of µL for pitchfork bifurcation.

Then substituting µL ≈ 3.20603 back into (5.218) we can determine
the value of β at the bifurcation point:
β = 1+

2
2
= 1+
≈ 1.62382
µL
3.20603

(5.223)

Using (5.202) to solve for p1
p1 =

1
≈ 0.192085
(3.20603)(1.62382)

(5.224)

The value of p0 at the limit p1 ≈ 0.192085 is given by (5.104):
p0 = 1 − 2p1 = 1 − 2 · (0.192085) ≈ 0.61583

(5.225)

♦
Pitchfork bifurcation: behavior of β in the limit µL → +∞
lemma (Limit behavior of pitchfork bifurcation as µL → +∞ of
the solution p1 = p2 of the sociodynamic trinary nested logit
model with emerging solutions p1 6= p2 ) The limit behavior of
utility parameter β as scale parameter µL → +∞ for pitchfork
bifurcation of the equilibrium solution with p1 = p2 defined

5.6 stability analysis

on (0, 1/2) of the sociodynamic trinary nested logit model (5.17)
where the mode shares of the correlated elemental alternatives
in the lower level nest are equal, but for which the new emerging solutions upon bifurcation are asymmetric in these mode
shares p1 6= p2 , is given by:
β=0
µL → +∞
1
p0 =
2
p1 = p2 =

(5.226)
1
4

β → +∞
µL → +∞
p0 = 1

(5.227)

p1 = p2 = 0
Proof. The null cline for (5.204) [equivalently (5.211)] gives us the bifurcation curve for the case ∂g1 /∂p1 = 0 for the special solution
p1 = p2 . We saw previously via (5.183) that the bifurcation curve
for the case ∂g0 /∂p0 = 0 for the special solution p1 = p2 reaches a
limit of β ≈ 6.22598 in the limit µL → +∞ . We are thus interested
to find whether β also tapers off to some finite value for the case
∂g1 /∂p1 = 0 as well, or whether the branches of β instead go to ±∞.
To determine the behavior of β for large µL it is convenient to write
(5.204) as follows:


1
3
ln 2
− ln( µL β − 1) −
0 = µL β −
≡ µL · f(µL , β)
(5.228)
µL
2
µL
Since we have defined µL > 1, we require that the term f(β, µL )
be equal to zero in order for the product with µL to be zero. Then,
taking the limit µL → +∞ we have
1
0 = lim f(µL , β) ≈ β − ln( µL β − 1)
µL →∞
2

(5.229)

Re-arranging terms
1
β ≈ ln( µL β − 1)
2
Exponentiating both sides

(5.230)

1
e β ≈ µL β − 1
2

(5.231)

2(eβ + 1)
β

(5.232)

Solving for µL
µL ≈
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For the limit µL → +∞ , we must have that either the denominator
on the right hand side is zero, or the numerator goes to infinity. Thus
β=0; β→∞

(5.233)

♦
Case III. Suppose tr J = 0 and det J > 0
We now consider the case (5.190) where the trace of the Jacobian is
equal to zero and the determinant of the Jacobian is strictly positive
for the special solution with p1 = p2 . If values of the parameters β
and µL real, finite exist such that (5.190) is true, we will have zero real
part of a pair of complex eigenvalues, i.e. purely imaginary eigenvalues. We will now show that (5.190) cannot be satisfied for solutions
of sociodynamic trinary nested logit model with p1 = p2 . This leads
us to the following lemma.
lemma (No bifurcation points of the sociodynamic trinary nested
logit model with p1 = p2 having purely imaginary eigenvalues)
Suppose that individual choices in a large sample population
are characterized by the probabilities (5.14), (5.15) and (5.16)
where the only contribution to the systematic utility of choices
is a global field effect with utility parameter β real, finite on
the proportion pi of decision-making agents that have chosen
alternative i, and where the elemental choice alternatives 1 and
2 are assumed to be correlated with scale parameter µL > 1
real, finite. The equilibrium solutions with p1 = p2 defined on
(0, 1/2) of the sociodynamic trinary nested logit model (5.17)
where the mode shares of the correlated elemental alternatives
in the lower level nest are equal, exhibit no bifurcation points
with purely imaginary eigenvalues.
Proof. Let us consider (5.190) for the special solution p1 = p2 ,


∂g0 ∂g1
0 = tr J|p1 =p2 =
+
∂p0 ∂p1 p1 =p2
1
1
= (2βp1 − 1)eβp0 + ( βp0 − 1)(2 µL eβp1 )
2
1
1
+ ( µL β − 1)(2 µL eβp1 ) − eβp0
2
1
1
1
= 2(βp1 − 1)eβp0 + ( βp0 − 2 + µL β)(2 µL eβp1 )
2
2
1
1
1
= 2(βp1 − 1)eβ(1−2p1 ) + ( β(1 − 2p1 ) − 2 + µL β)(2 µL eβp1 )
2
2
1
1
1
= 2(βp1 − 1)eβ e−2βp1 + ( β − βp1 − 2 + µL β)(2 µL eβp1 )
2
2
(5.234)
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For there to exist a zero real part of a complex eigenvalue, we also
require that the determinant of the Jacobian is strictly positive. However since ∂g0 /∂p1 = 0 for the special solution p1 = p2 , we have the
simplification:
0 < det J =

∂g0 ∂g1 ∂g0 ∂g1
∂g0 ∂g1
−
=
−0
∂p0 ∂p1 ∂p1 ∂p0
∂p0 ∂p1

(5.235)

Without further computation, we thus can conclude already immediately that there can exist no purely imaginary eigenvalues, since
(5.234) and (5.235) cannot be simultaneously satisfied. The requirement (5.234) that the trace is zero implies that ∂g0 /∂p0 and ∂g1 /∂p1
must both be zero or have opposite signs, but the requirement (5.235)
that the determinant is strictly positive implies that ∂g0 /∂p0 and
∂g1 /∂p1 must be non-zero and have the same signs. ♦
Special Case: β = 0, Re-visited

5.6.6

In this subsection we re-visit the special case of a null trinary nested
logit model with no social interactions studied earlier in subsection
5.1.3 and show that a bifurcation exists in the limit µL → +∞ when
β = 0.
Recall from (5.47) that for the case µL → +∞ when β = 0, we have:
1
1
20
=
·
0
2 1+2
4
1
p0 = 1 − p1 − p2 =
2
p1 = p2 =

(5.236)

At the limiting solution (5.236), the four terms in the Jacobian matrix of g = (g0 , g1 ) given by (5.92) - (5.95) are:
∂g0
∂p0

p0 =1/2
p1 =p2 =1/4

1
1
= βeβ/2 − eβ/2 − β eβ/2 − (eµL β/4 + eµL β/4 ) µL
2

1−µL
1
+ β eµL β/4 (eµL β/4 + eµL β/4 ) µL
2
1
1
β
1 eµL β/4
µL β/4 µL
= eβ/2 − eβ/2 − (2eµL β/4 ) µL + β
(2e
)
2
2 2eµL β/4
1
β
β
= ( − 1)eβ/4 eβ/4 + ( − 1)(2 µL eβ/4 )
2
4
1
1
β β/4
β
=( e
− eβ/4 + 2 µL − 2 µL )eβ/4
2
4

∂g0
∂p1

p0 =1/2
p1 =p2 =1/4

(5.237)

1−µL
1
= −β (eµL β/4 − eµL β/4 )(eµL β/4 + eµL β/4 ) µL = 0
2

(5.238)
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∂g1
∂p0

p0 =1/2
p1 =p2 =1/4

= −β(1 − µL )eµL β/4 eµL β/4 (eµL β/4 + eµL β/4 )

1−2µL
µL

1−µL
β β/2 β µL β/4 µL β/4
e
+ e
(e
+ eµL β/4 ) µL
4
4
1
eµL β/4 eµL β/4
µL β/4 µL
= −β(1 − µL ) µ β/4
(2e
)
(2e L
)(2eµL β/4 )

−

1
β β/2 β eµL β/4
µL β/4 µL
e
+
(2e
)
4
4 (2eµL β/4 )
1
1
β
β
β
(2 µL eβ/4 )
= − (1 − µL )(2 µL eβ/4 ) − eβ/4 eβ/4 +
4
4
4·2
1 µ1
β β/4 µ1
β/4
(2 L µL − · 2 L − e
)
= e
4
2

−

∂g1
∂p1

p0 =1/2
p1 =p2 =1/4

= µL βeµL β/4 (eµL β/4 + eµL β/4 )

+ (1 − µL )βeµL β/4 (eµL β/4 + eµL β/4 )

1−2µL
µL

(5.239)

1−µL
µL

(eµL β/4 − eµL β/4 )

1

− eβ/2 − (eµL β/4 + eµL β/4 ) µL
− βp1 (eµL β/4 + eµL β/4 )

1−µL
µL

(eµL β/4 − eµL β/4 )

1
1
eµL β/4
(2eµL β/4 ) µL + 0 − eβ/2 − (2eµL β/4 ) µL − 0
µ
β/4
L
(2e
)
1
1 µ1 β/4
= µL β 2 L e
− eβ/4 eβ/4 − 2 µL eβ/4
2
1
1 1
= (µL β 2 µL − eβ/4 − 2 µL )eβ/4
2

= µL β

(5.240)

To check for bifurcations in behavior, that is, change in number or
stability of stationary points, we are interested cases when at least
one eigenvalue of the Jacobian has zero real part. Recall from (5.89)
that there will exist at least one zero eigenvalue if the determinant of
the Jacobian is equal to zero. There would exist a zero real part of a
complex eigenvalue if the determinant is positive and trace is equal to
zero; however, we have seen already in (5.234) and (5.235) in Case III
at the end of the previous subsection that the conditions tr J = 0 and
det J > 0 cannot be simultaneously satisfied for the special solution
p1 = p2 , since we have ∂g0 /∂p1 = 0. Thus we do not need to consider
any possibility of purely imaginary eigenvalues.
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Evaluating the determinant at the limiting solution (5.236), for the
case µL → +∞ when β = 0:


∂g0 ∂g1 ∂g0 ∂g1
det J|β=0 =
−
∂p0 ∂p1 ∂p1 ∂p0 β=0
µL →∞
µL →∞

1
β
β 1
= ( eβ/4 − eβ/4 + 2 µL − 2 µL )eβ/4
2
4
1
1 1
× (µL β 2 µL − eβ/4 − 2 µL )eβ/4
2

β=0
µL →∞

β=0
µL →∞

−0

(5.241)

0 0
1
· 2 − 20 )e0 (µL β 20 − e0 − 20 )e0
4
2
µL β
= (−1 − 1) · (
− 1 − 1) = −µL β + 4
2
= (0 · e0 − e0 +

Suppose the bifurcation curve in (β, µL )-parameter space defined
by ∂g1 /∂p1 = 0 for the special solution p1 = p2 approaches β = 0 as
µL → +∞ . Then substituting (5.236) into (5.200) we have:
µL β =

1
1
=
=4
p1
(1/4)

(5.242)

Substituting (5.242) into (5.241) we have that the determinant is
indeed equal to zero, re-confirming the bifurcation at β = 0 as
µL → +∞ in our earlier result (5.233). ♦
5.6.7

General Stability Analysis

In this subsection, our goal is to derive an expression for Curve B as
shown in panel (c) of Figure 5.12.
The double saddle-node bifurcation for Curve B is a case where
the resulting pairs of saddle points and stable nodes when crossing
from Regime VII to II, from Regime I to IV, and from Regime V to
VI, are all characterized by p1 6= p2 . In order to express the Jacobian
matrix at these bifurcation points we will need to relax the analytically
convenient simplification which we applied in subsections 5.6.4 and
5.6.5 that the bifurcation occurs at a solution with p1 = p2 where the
mode shares of the correlated elemental alternatives in the lower level
nest are equal, and consider now the stability analysis in the general
case for all equilibrium solutions p0 , p1 , p2 defined on [0, 1] of the
sociodynamic trinary nested logit model (5.17).
Let us return to the original stability analysis at the outset of section
5.6. Since we are interested in evaluating the Jacobian matrix of g =
(g0 , g1 ) at equilibrium solutions, we can use equilibrium equations
(5.18) - (5.20) to simplify the elements of the Jacobian (5.92) - (5.95).
For analytical convenience, we make the following definition:
1

Z ≡ eβp0 + (eµL βp1 + eµL β(1−p0 −p1 ) ) µL

(5.243)
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Substituting (5.22) and (5.243) into (5.18) - (5.20)
eβp0

p0 =

1

=

eβp0 + (eµL βp1 + eµL β(1−p0 −p1 ) ) µL

eβp0
Z

(5.244)

1

(eµL βp1 + eµL βp2 ) µL
eµL βp1
·
p1 = µ βp
e L 1 + eµL βp2 eβp0 + (eµL βp1 + eµL βp2 ) µ1L
=

eµL βp1 (eµL βp1 + eµL β(1−p0 −p1 ) )
Z

1−µL
µL

(5.245)

1

eµL βp2
(eµL βp1 + eµL βp2 ) µL
p2 = µ βp
·
µ
βp
e L 1 + e L 2 eβp0 + (eµL βp1 + eµL βp2 ) µ1L
=

eµL βp2 (eµL βp1

+ eµL β(1−p0 −p1 ) )

1−µL
µL

(5.246)

Z
Adding (5.245) and (5.246)
1

(eµL βp1 + eµL βp2 ) µL
(eµL βp1 + eµL βp2 )
·
p1 + p2 = µ βp
(e L 1 + eµL βp2 ) eβp0 + (eµL βp1 + eµL βp2 ) µ1L
=

(eµL βp1

1

(5.247)

+ eµL β(1−p0 −p1 ) ) µL

Z
Re-writing (5.92) - (5.95) using (5.244) - (5.247)
∂g0
∂p0

1

= βeβp0 (1 − p0 ) − (eβp0 + (eµL βp1 + eµL β(1−p0 −p1 ) ) µL )
g=0

+ βp0 eµL β(1−p0 −p1 ) (eµL βp1 + eµL β(1−p0 −p1 ) )

1−µL
µL

= β(p0 Z)(1 − p0 ) − Z + βp0 (p2 Z) = Z[βp0 (1 − p0 ) − 1 + βp0 p2 ]
= Z[βp0 (p1 + p2 ) − 1 + βp0 p2 ] = Z[βp0 p1 + 2βp0 p2 − 1]
(5.248)
∂g0
∂p1

= −βp0 (eµL βp1 − eµL β(1−p0 −p1 ) )
g=0

× (eµL βp1 + eµL β(1−p0 −p1 ) )

1−µL
µL

(5.249)

= −βp0 (p1 − p2 )Z = −Z[βp0 p1 − βp0 p2 ]
∂g1
∂p0

= −β(1 − µL )eµL βp1 eµL β(1−p0 −p1 )
g=0

× (eµL βp1 + eµL β(1−p0 −p1 ) )

1−µL +1−µL −1
µL
1−µL

− βp1 eβp0 + βp1 eµL β(1−p0 −p1 ) (eµL βp1 + eµL β(1−p0 −p1 ) ) µL
1
= −β(1 − µL )(p1 Z)(p2 Z)
− βp1 (p0 Z) + βp1 (p2 Z)
(p1 + p2 )Z
p1 p2
= −Z[β(1 − µL )
+ βp0 p1 − βp1 p2 ]
(p1 + p2 )
(5.250)
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∂g1
∂p1

= µL βeµL βp1 (eµL βp1 + eµL β(1−p0 −p1 ) )

1−µL
µL

g=0

+ (1 − µL )βeµL βp1 (eµL βp1 + eµL β(1−p0 −p1 ) )

1−µL +1−µL −1
µL

× (eµL βp1 − eµL β(1−p0 −p1 ) )
1

− (eβp0 + (eµL βp1 + eµL β(1−p0 −p1 ) ) µL )
− βp1 (eµL βp1 + eµL β(1−p0 −p1 ) )

1−µL
µL

(eµL βp1 − eµL β(1−p0 −p1 ) )
1
= µL β(p1 Z) + (1 − µL )β(p1 Z)(p1 − p2 )Z
(p1 + p2 )Z
− Z − βp1 (p1 − p2 )Z
= Z[µL βp1 + (1 − µL )βp1

(p1 − p2 )
− 1 − βp1 (p1 − p2 )]
(p1 + p2 )
(5.251)

Having computed convenient general relations for the elements of
the Jacobian matrix at equilibrium, we can now write general expressions for the determinant and the trace of the Jacobian matrix at equilibrium solutions for use in (5.90) and in (5.91) to characterize when
at least one eigenvalue of the Jacobian has zero real part. We will
first consider the case (5.90) where the determinant is equal to zero.
Hereby we will naturally retrieve results for this case from subsections 5.6.4 and 5.6.5, but the general form will now also allow us to
derive Curve B as shown in panel (c) of Figure 5.12 for the case when
the bifurcation occurs at a solution with p1 6= p2 where the mode
shares of the correlated elemental alternatives in the lower level nest
are not equal. Then later at the end of this subsection we will consider
the case (5.91) where the trace is equal to zero and the determinant is
strictly positive in the general case.
Case I. Suppose det J = 0
Our goal is to find possible values of the parameters β and µL real,
finite such that general solutions to the system of equations (5.26)
and (5.27) are bifurcation points. From (5.90), we know that there will
exist at least one zero eigenvalue if the determinant of the Jacobian is
equal to zero. This leads us to the following theorem which we prove
in this subsection.
theorem (General characterization of β and µL at bifurcation
points of the sociodynamic trinary nested logit model for which
at least one zero eigenvalue occurs) Suppose that individual
choices in a large sample population are characterized by the
probabilities (5.14), (5.15) and (5.16) where the only contribution
to the systematic utility of choices is a global field effect with
utility parameter β real, finite on the proportion pi of decision-
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making agents that have chosen alternative i, and where the
elemental choice alternatives 1 and 2 are assumed to be correlated with scale parameter µL > 1 real, finite. The equilibrium
solutions p0 , p1 , p2 defined on [0, 1] of the sociodynamic trinary nested logit model (5.17) will be candidates for bifurcation
points for which at least one zero eigenvalue occurs, if values of
the parameters β and µL satisfy:
µL =

2βp0 [p1 p1 + p1 p2 + p2 p2 ] − (p1 + p2 )
βp1 p2 [3βp0 (p1 + p2 ) − 2]

(5.252)

Proof. Let us consider (5.90).
∂g0 ∂g1 ∂g0 ∂g1
−
=
∂p0 ∂p1 ∂p1 ∂p0
= Z[βp0 p1 + 2βp0 p2 − 1]

0 = det J =

(p1 − p2 )
− 1 − βp1 (p1 − p2 )]
(p1 + p2 )
p1 p2
− Z[βp0 p1 − βp0 p2 ] × Z[β(1 − µL )
+ βp0 p1 − βp1 p2 ]
(p1 + p2 )
(5.253)
Dividing through by Z2 , which is always positive for β and µL real,
finite with µL > 1 and collecting terms in β
× Z[µL βp1 + (1 − µL )βp1

0 = (βp0 (p1 + 2p2 ) − 1)[βp1 (µL +
− β2 p0 p1 (p1 − p2 )(

(1 − µL )(p1 − p2 )
− p1 + p2 ) − 1]
(p1 + p2 )

(1 − µL )p2
+ p0 − p2 )
(p1 + p2 )
(5.254)

Multiplying out
(1 − µL )(p1 − p2 )
− p1 + p2 ] + 1
(p1 + p2 )
(1 − µL )(p1 − p2 )
− β[p0 (p1 + 2p2 ) + p1 (µL +
− p1 + p2 )]
(p1 + p2 )
(1 − µL )(p1 − p2 )
− β 2 p0 p1 p2
− β2 p0 p1 (p1 − p2 )(p0 − p2 )
(p1 + p2 )
(5.255)

0 = β2 p0 p1 (p1 + 2p2 )[µL +
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Using (5.22) to write –p = –1 + p0 + p2
0 = β2 p0 p1 (p1 + 2p2 )[µL +

(1 − µL )(p1 − p2 )
+ (−1 + p0 + p2 ) + p2 ]
(p1 + p2 )

+ 1 − βp0 (p1 + 2p2 )
(1 − µL )(p1 − p2 )
+ (−1 + p0 + p2 ) + p2 )
(p1 + p2 )
(1 − µL )(p1 − p2 )
− β2 p0 p1 p2
− β2 p0 p1 (p1 − p2 )(p0 − p2 )
(p1 + p2 )
(1 − µL )(p1 − p2 )
+ p0 + 2p2 ]
= β2 p0 p1 (p1 + 2p2 )[−(1 − µL ) +
(p1 + p2 )
+ βp1 (µL +

+ 1 − βp0 (p1 + 2p2 )
(1 − µL )(p1 − p2 )
+ p1 (p0 + 2p2 )]
(p1 + p2 )
(1 − µL )(p1 − p2 )
− β2 p0 p1 p2
− β2 p0 p1 (p1 − p2 )(p0 − p2 )
(p1 + p2 )

− β[−p1 (1 − µL ) + p1

(5.256)
Collecting terms in (1 − µ)
0 = −β2 p0 p1 (p1 + 2p2 )[(1 − µL ) −

(1 − µL )(p1 − p2 )
]
(p1 + p2 )

+ β2 p0 p1 (p1 + 2p2 )(p0 + 2p2 ) + 1
+ βp1 [(1 − µL ) −

(1 − µL )(p1 − p2 )
]
(p1 + p2 )

− β[p0 (p1 + 2p2 ) + p1 (p0 + 2p2 )]
− β 2 p0 p1 p2

(1 − µL )(p1 − p2 )
− β2 p0 p1 (p1 − p2 )(p0 − p2 )
(p1 + p2 )
(5.257)

145

146

socio-dynamic trinary nested logit: theory

Expanding terms and simplifying
0 = −β2 p0 p1 (p1 + 2p2 )[

2p2 (1 − µL )
]
(p1 + p2 )

+ β2 p0 p1 (p0 p1 + 2p0 p2 + 2p1 p2 + 4p2 2 ) + 1
2p2 (1 − µL )
] − β(p0 p1 + 2p0 p2 + p1 p0 + 2p1 p2 )
(p1 + p2 )
(1 − µL )(p1 − p2 )
− β 2 p0 p1 p2
(p1 + p2 )

+ βp1 [

− β2 p0 p1 (p0 p1 − p0 p2 − p1 p2 + p2 2 )
= −β2 p0 p1 p2

(1 − µL )(p1 − p2 )
2(1 − µL )(p1 + 2p2 )
− β 2 p0 p1 p2
(p1 + p2 )
(p1 + p2 )

+ β2 p0 p1 (3p0 p2 + 3p1 p2 + 3p2 2 ) + 1
2p2 (1 − µL )
] − β(2p0 p1 + 2p0 p2 + 2p1 p2 )
(p1 + p2 )
(1 − µL )(2p1 + 4p2 + p1 − p2 )
= −β2 p0 p1 p2
(p1 + p2 )
+ βp1 [

+ 3β2 p0 p1 p2 (p0 + p1 + p2 ) + 1
(1 − µL )
− 2β(p0 p1 + p0 p2 + p1 p2 )
(p1 + p2 )
(1 − µL )
= −3β2 p0 p1 p2 (1 − µL ) + 3β2 p0 p1 p2 + 2βp1 p2
(p1 + p2 )
+ 2βp1 p2

− 2β(p0 p1 + p0 p2 + p1 p2 ) + 1
(5.258)
Thus
0 = 3µL β2 p0 p1 p2 + 2βp1 p2

(1 − µL )
− 2β(p0 p1 + p0 p2 + p1 p2 ) + 1
(p1 + p2 )
(5.259)

Comparing (5.259) with results in the Appendix for the trinary
multinomial logit model, we see that symmetry is broken additively by the second term in the sum. Alternatively, we can see the
symmetry-breaking as a multiplicative factor as follows:
0 = 3µL β2 p0 p1 p2 + 2βp1 p2

(1 − µL )
− 2β(p0 p1 + p0 p2 )
(p1 + p2 )

− 2βp1 p2 + 1
(1 − µL )
]+1
(p1 + p2 )
(p1 + p2 − 1 + µL )
+1
= 3µL β2 p0 p1 p2 − 2β(p0 p1 + p0 p2 ) − 2βp1 p2
(p1 + p2 )
(µL − p0 )
= 3µL β2 p0 p1 p2 − 2β(p0 p1 + p0 p2 ) − 2βp1 p2
+1
(p1 + p2 )
(µL − p0 )
= 3µL β2 p0 p1 p2 − 2β[p0 p1 + p0 p2 + p1 p2
]+1
(1 − p0 )
(5.260)
= 3µL β2 p0 p1 p2 − 2β(p0 p1 + p0 p2 ) − 2βp1 p2 [1 −
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Re-arranging terms:
(µL − p0 )
]−1
(1 − p0 )
1
3µL β2 p0 p1 p2 − 2µL βp1 p2
(1 − p0 )
−p0
]−1
= 2β[p0 p1 + p0 p2 + p1 p2
(1 − p0 )
3β2 p0 p1 p2 (1 − p0 ) − 2βp1 p2
µL [
]
(1 − p0 )
(1 − p0 )
p0 p1 (1 − p0 ) + p0 p2 (1 − p0 ) − p0 p1 p2
]−
= 2β[
(1 − p0 )
(1 − p0 )
3µL β2 p0 p1 p2 = 2β[p0 p1 + p0 p2 + p1 p2

Multiplying through by (1 − p0 )
µL βp1 p2 [3βp0 (1 − p0 ) − 2]
= 2β[p0 p1 (1 − p0 ) + p0 p2 (1 − p0 ) − p0 p1 p2 ] − (1 − p0 )
= 2β[p0 p1 (p1 + p2 ) + p0 p2 (p1 + p2 ) − p0 p1 p2 ] − (1 − p0 )

(5.261)

= 2β[p0 p1 p1 + p0 p1 p2 + p0 p2 p2 ] − (1 − p0 )
= 2βp0 [p1 p1 + p1 p2 + p2 p2 ] − (1 − p0 )
Solving (5.261) for µL we have:
2βp0 [p1 p1 + p1 p2 + p2 p2 ] − (1 − p0 )
βp1 p2 [3βp0 (1 − p0 ) − 2]
2βp0 [p1 p1 + p1 p2 + p2 p2 ] − (p1 + p2 )
=
βp1 p2 [3βp0 (p1 + p2 ) − 2]
µL =

(5.262)

hence proving the theorem. ♦
For all thoroughness, note that for the special solution p1 = p2 , we
have
2βp0 [3p1 2 ] − (2p1 )
3βp0 p1 − 1
βp0 [3p1 ] − 1
=
=
2
βp1 [3βp0 (2p1 ) − 2]
βp1 [3βp0 (p1 ) − 1]
βp1 (3βp0 p1 − 1)
(5.263)
and thus we naturally re-gain (5.150) from subsection 5.6.4 as well
as (5.196) from subsection 5.6.5 for this solution with p1 = p2 where
the mode shares of the correlated elemental alternatives in the lower
level nest are equal:
µL =

3βp0 p1 − 1 = 0 : β =

µL =
♦

1
3p0 p1

1
1
: β=
βp1
µL p1

(5.264)

(5.265)
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Alternatively, note that we can also solve (5.260) for β using the
quadratic formula:


(µL −p0 )
p0 p1 + p0 p2 + p1 p2 (1−p0 )
β+,− =
3µL p0 p1 p2
r
(5.266)
2
L −p0 )
p0 p1 + p0 p2 + p1 p2 (µ
−
3µ
p
p
p
L 0 1 2
(1−p0 )
±
3µL p0 p1 p2
This yields a general expression for the utility parameter β at bifurcation points of the sociodynamic trinary nested logit model (5.17) for
which at least one zero eigenvalue occurs. To determine whether or
not the special solution p1 = p2 is the only solution when the condition (5.90) holds, we can substitute the general expression (5.266)
for β at bifurcation points back into the planar autonomous system
(5.26) and (5.27) and solve graphically, plotting the null clines of the
surfaces g0 and g1 on a graph and finding their intersection for a
sweep of the scale parameter µL > 1. See Figures 5.27 through 5.30 on
pages 149 - 152.
We see visually in Figures 5.27 through 5.30 that we indeed recover
the bifurcation points given by (5.150) from subsection 5.6.4 as well
as (5.196) from subsection 5.6.5 for the solution with p1 = p2 , but we
also in addition find bifurcation points with p1 6= p2 where the mode
shares of the correlated elemental alternatives in the lower level nest
are not equal. This occurs for all values of the scale parameter µL > 1.
These asymmetric bifurcation points in the mode shares p1 6= p2 have
the special property that they always occur in pairs as mirror solutions
across the line p1 = p2 = 1 − p0 − p1 , or otherwise said, across the
line p1 = (1 − p0 )/2, in the figures. The trajectory of the bifurcation
points with p1 6= p2 in the panels for β− on the left side of Figures
5.27 through 5.30 over the sweep of the scale parameter µL > 1 forms
the green curve in Figure 5.33 on page 154.
Alternatively, as the behavior for the special solution p1 = p2 is
now well-understood and we are primarily interested at this stage
in determing any possible solutions with p1 6= p2 we can substitute
(5.34) into the general equation for the determinant (5.253) and into
one of either (5.26) or (5.27) for sweep of the parameter µL . The intersection of the null cline condition for bifurcation over β with the
solution trajectory of the system over β gives the bifurcation points.
See Figure 5.31 on page 153 and Figure 5.32 on page 153 Additional
detailed plots of solution trajectories over β with p1 6= p2 and null
clines for the determinant of the Jacobian with p1 6= p2 for a sweep of
values of µL are given in the Supplemental Resources in the electronic
companion to this dissertation.
We can now obtain the trajectory of the bifurcation points in the
(p0 , p1 )-plane over all β and all µL satisfying det J = 0. It is evident
from Figures 5.27 and 5.28 and Figure 5.22 on page 126 that the bi-
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(a) β-

(b) β+

µL = 1 (Multinomial logit) : Regime I → [Bifurcation point] →
Regime II → [Bifurcation point] → Regime III

(c) β-

(d) β+

µL = 1.005 : Regime I → Regime VII → Regime II → Regime IV →
Regime III

(e) β-

(f) β+

µL = 1.03 : Regime I → Regime VII → Regime I → Regime IV →
Regime III
Figure 5.27: Null clines solution of system at values of β satisfying det J = 0,
for a sweep of selected values of µL having different bifurcation
regime sequences over β.
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(a) β-

(b) β+

µL ≈ 1.0397 : Regime I → [Bifurcation point] → Regime I →
Regime IV → Regime III

(c) β-

(d) β+

µL = 2 : Regime I → Regime IV → Regime III

(e) β-

(f) β+

µL ≈ 3.20603 : Regime I → [Bifurcation point] → Regime I →
Regime IV → Regime III
Figure 5.28: Null clines solution of system at values of β satisfying det J = 0,
for a sweep of selected values of µL having different bifurcation
regime sequences over β, continued from Figure 5.27.
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(a) β-

(b) β+

µL = 3.5 : Regime I → Regime V → Regime I → Regime IV →
Regime III

(c) β-

(d) β+

µL ≈ 4 : Regime I → Regime V → Regime IV → Regime III

(e) β-

(f) β+

µL = 4.5 : Regime I → Regime V → Regime VI → Regime IV →
Regime III
Figure 5.29: Null clines solution of system at values of β satisfying det J = 0,
for a sweep of selected values of µL having different bifurcation
regime sequences over β, continued from Figures 5.27and 5.28.
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Large µL

(a) β-

(b) β+

µL = 10 : Regime I → Regime V → Regime VI → Regime IV →
Regime III

(c) β-

(d) β+

µL = 100 : Regime I → Regime V → Regime VI → Regime IV →
Regime III
Figure 5.30: Null clines solution of system at values of β satisfying det J = 0,
for large values of µL .
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Figure 5.31: Example solution trajectory over β with p1 6= p2 and null cline
for det J with p1 6= p2 , yielding bifurcation in parameter β, for
a selected value of µL = 1.1. The blue curves are the solution
trajectories over β with p1 6= p2 . The red curve is the null cline
for the determinant of the Jacobian with p1 6= p2 . The intersection shows two bifurcation points with the same value of p0
and mirror values of p1 and p2 = 1 − p0 − p1 .

(a) Bifurcation point in Figure 5.31
with p1 > p2 .

(b) Bifurcation point in Figure 5.31
with p1 < p2 .

Figure 5.32: Detail of solution trajectory over β with p1 6= p2 and null cline
for det J with p1 6= p2 , yielding bifurcation in parameter β, for
a selected value of µL = 1.1.
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furcation points satisfying det J = 0 with β- given by (5.266) traverse
all valid values of the line p1 = p2 , that is, p1 = (1 − p0 )/2 on the
segment from (p0 , p1 ) = (1/3, 1/3) to (p0 , p1 ) ≈ (0.58480, 0.20760)
over µL = 1 to µL = 3 ln(2)/2 ≈ 1.03972 as given by (5.167). Likewise, it is evident from Figures 5.28 through 5.30 and Figure 5.26
on page 136 that the bifurcation points satisfying det J = 0 with βgiven by (5.266) traverse all valid values of the line p1 = (1 − p0 )/2
on the segment from (p0 , p1 ) = (1/5, 1/4) to (p0 , p1 ) → (1, 0) over
µL ≈ 3.20603 to µL → ∞. Finally, it is evident from Figures 5.27
through 5.30 and Figure 5.23 on page 128 that the bifurcation points
satisfying det J = 0 with β+ given by (5.266) traverse all valid values
of the line p1 = (1 − p0 )/2 on the segment from (p0 , p1 ) = (1/3, 1/3)
to (p0 , p1 ) ≈ (0.12195, 0.439025) over µL = 1 to µL → ∞. These
three segments together cover the blue line in Figure 5.33 on page
154 entirely from (p0 , p1 ) ≈ (0.12195, 0.439025) to (p0 , p1 ) → (1, 0).
We obtain the trajectory of the bifurcation points in the (p0 , p1 )-plane
over all β and all µL satisfying det J = 0 with p1 6= p2 , from the series of detailed graphical solutions in the Supplemental Resources in
the electronic companion to the dissertation. These bifurcation points
with p1 6= p2 form the green curve in Figure 5.33 on page 154.

Figure 5.33: Bifurcation trajectory in the (p0 , p1 )-plane over all β and all µL .

Substituting the values of p1 and p2 in the green trajectory in Figure 5.33 (obtained in the Supplemental Resources from the detailed
plots of solution trajectories over β with p1 6= p2 and null clines for
the determinant of the Jacobian with p1 6= p2 for a sweep of values
of µL ) back into (5.35)we obtain the bifurcation curve for µL in terms
of β. See Figure 5.34 on page 155. ♦
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Figure 5.34: Bifurcation curve in the (β, µL )-plane satisfying det J = 0 for
p1 6= p2 . Compare with Figure 5.3 on page 74 and Figure 5.4 on
page 75.

The example null clines solutions in panels (b) and (a) in Figure
5.14 on page 107, in panel (c) in Figure 5.14 and in Figure 5.13 on
page 105 (or similarly panel (e) in Figure 5.2 on page 68 and panel (c)
in Figure 5.5 on page 76), and in panels (d) and (e) in Figure 5.5 show
that transition between Regime VII to Regime II, transition between
Regime I to Regime IV, and transition between Regime V to Regime
VI, that is, crossing the bifurcation curve in (β, µL )-parameter space,
yields a pair of saddle-node bifurcations with mirror solutions in p1
and p2 . ♦
Twin saddle-node bifurcations: behavior of β for µL = 1
lemma (Maximum value of β for twin saddle-node bifurcations at
µL = 1 for the pair of mirror solutions p1 6= p2 of the sociodynamic trinary nested logit model ) The maximum value of utility parameter β at scale parameter µL = 1 for the twin saddlenode bifurcation of the pair of mirror equilibrium solutions of
the sociodynamic trinary nested logit model (5.17) across the
line p1 = p2 = 1 − p0 − p1 , where the mode shares of the correlated elemental alternatives in the lower level nest are asymmetric p1 6= p2 , occurs for:
β ≈ 2.7456
µL = 1
p0 = p1 ≈ 0.2076
p2 ≈ 0.5848

(5.267)
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β ≈ 2.7456
µL = 1
p0 = p2 ≈ 0.2076

(5.268)

p1 ≈ 0.5848
Proof. At µL = 1, the sociodynamic trinary nested logit model reduces
to the sociodynamic trinary multinomial logit model. By symmetry,
the saddle node bifurcation of the solution p1 = p2 when crossing
Curve A at µL = 1 given by (5.168) must be accompanied by two other
saddle-node bifurcations with p1 6= p2 at µL = 1 for mirror solutions
across from each other on both sides of the line p1 = p2 = 1 − p0 − p1 .
Hereby we retrieve the result from the second lemma in subsection
4.2.2 as given by (4.45), (4.46) and (4.48). Indeed we have already seen
visually in the computationally derived bifurcation curves in Figure
5.4 on page 75 that Curve A and Curve B come together at µL = 1.
Twin saddle-node bifurcation: behavior of β in the limit µL → ∞
lemma (Limit behavior of twin saddle-node bifurcation as µL → ∞
for the pair of mirror solutions of the sociodynamic trinary
nested logit model with p1 6= p2 ) The limit behavior of utility
parameter β as scale parameter µL → +∞ for the twin saddlenode bifurcation of the pair of mirror equilibrium solutions of
the sociodynamic trinary nested logit model (5.17) across the
line p1 = p2 = 1 − p0 − p1 , where the mode shares of the correlated elemental alternatives in the lower level nest are asymmetric p1 6= p2 , is given by:
β=2
µL → ∞
p0 = p1 =

1
2

(5.269)

1
2

(5.270)

p2 = 0
β=2
µL → ∞
p0 = p2 =
p1 = 0
Proof. Consider the following limiting case:
µ→∞

(5.271)

We have already seen visually in panel (c) of Figure 5.11 on page 94
in subsection 5.4.1 that twin saddle-node bifurcations occur midway
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along the boundaries at p1 = 0 and p2 = 1 − p0 − p1 = 0 of the potential function surface for β = 2. We will now prove this rigorously.
Consider the following solution:
p0 = p1 =

1
; p2 = 0
2

(5.272)

or alternatively:
1
; p1 = 0
(5.273)
2
Substituting (5.272) into (5.26) and (5.27) for µL very large, we have:


1
1 β/2 1 µL β/2
β/2
0 µL
− e
lim g0 |p0 =p1 = 1 = lim e
− (e
+e )
2
µL →∞
µL →∞
2
2
1
1
1
1
≈ eβ/2 − (eµL β/2 ) µL = 0 ; β >
2
2
µL
(5.274)


1−µL
µL β/2 µL β/2
0 µL
(e
+e )
lim g1 |p0 =p1 = 1 = lim e
2
µL →∞
µL →∞


1
1
1
+ lim − eβ/2 − (eµL β/2 + e0 ) µL
µL →∞
2
2
(5.275)
1−µL
1 β/2 1 µL β/2 µ1
µL β/2 µL β/2 µL
(e
)
− (e
) L
≈e
− e
2
2
eµL β/2
1
1
1
= µ β/2 (eβ/2 ) − eβ/2 − eβ/2 = 0 ; β >
L
2
2
µ
e
L
p0 = p2 =

At the solution (5.272) for µL very large, the four terms in the Jacobian matrix of g = (g0 , g1 ) given by (5.92) - (5.95) are:


∂g0
1 β/2
β/2
β/2
= lim βe
lim
−e
−β e
µL →∞
µL →∞ ∂p0
2
p0 =p1 = 21


1−µL
1
1 0 µL β/21
0 µL
µL β/2
0 µL
+e )
+ lim −(e
+ e ) + β e (e
µL →∞
2
1−µL
1
β
β
≈ eβ/2 − eβ/2 − (eµL β/2 ) µL + (eµL β/2 ) µL
2
2
β/2
β
β e
= eβ/2 − 2eβ/2 +
2
2 eµL β/2
(5.276)


1−µL
∂g0
1 µL β/2
0
µL β/2
0 µL
lim
= lim −β (e
− e )(e
+e )
µL →∞ ∂p1
µL →∞
2
p0 =p1 = 1
2

β (eµL β/2 ) β/2
β
≈−
(e
) = − (eβ/2 )
µ
β/2
2 (e L
2
)
(5.277)
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∂g1
∂p0 p0 =p1 = 1
2


1−2µL
µL
µL β/2 0 µL β/2
0
e (e
+e )
= lim −β(1 − µL )e
µL →∞


1−µL
+ lim −βp1 eβ/2 + βp1 e0 (eµL β/2 + e0 ) µL
lim

µL →∞

µL →∞

≈ −β(1 − µL )
= −β(1 − µL )

1

eµL β/2
(eµL β/2 )
1
(eµL β/2 )

2

(e

µL β/2

(eβ/2 ) −

)

1
µL

β
β (eµL β/2 ) µL
− eβ/2 +
2
2 (eµL β/2 )

β β/2 β (eβ/2 )
e
+
2
2 (eµL β/2 )

1
eβ/2
β
= −β( − µL ) µ β/2 − eβ/2
L
2
2
e

lim

µL →∞

∂g1
∂p1

(5.278)

= lim µL βeµL β/2 (eµL β/2 + e0 )
p0 =p1 = 21

1−µL
µL

µL →∞

1−2µL

+ (1 − µL )βeµL β/2 (eµL β/2 + e0 ) µL (eµL β/2 − e0 )
1−µL
1
1
− eβ/2 − (eµL β/2 + e0 ) µL − β (eµL β/2 + e0 ) µL (eµL β/2 − e0 )
2
1−µL

∼ µL βeµL β/2 (eµL β/2 ) µL + (1 − µL )βeµL β/2 (eµL β/2 )
=
1−µL
1
− 2eβ/2 − β (eµL β/2 ) µL (eµL β/2 )
2
2
µ
β/2
L
(eµL β/2 )
e
β/2
∼
) + (1 − µL )β
(eβ/2 )
= µL β µ β/2 (e
2
(e L
)
(eµL β/2 )

1−2µL
µL

(eµL β/2 )

1
(eµL β/2 )
− 2eβ/2 − β (eβ/2 ) µ β/2
2
(e L
)
1
= µL β(eβ/2 ) + (1 − µL )β(eβ/2 ) − 2eβ/2 − β (eβ/2 )
2
β β/2
β
β/2
β/2
= (e
) − 2e
= ( − 2)(e
)
2
2

(5.279)
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Let us consider case (5.189)
∂g0 ∂g1 ∂g0 ∂g1
0 = det J =
−
=
∂p0 ∂p1 ∂p1 ∂p0



β
β β/2
β eβ/2
β/2
β/2
e
− 2e
+
( − 2)(e
)
=
2
2 eµL β/2
2



β β/2
β β/2
1
eβ/2
− − (e
)
−β( − µL ) µ β/2 − e
2
2
2
e L


 


β β/2
β
β β/2
β β/2
β/2
β/2
=
e
− 2e
( − 2)(e
) − − (e
)
− e
2
2
2
2
β
β
= ( − 2)2 (eβ ) − ( )2 (eβ ) = (4 − 2β)(eβ )
2
2
(5.280)
Solving for β real, finite we have:
β=2

(5.281)

♦
Case II. Suppose tr J = 0 and det J > 0
We continue our search for possible values of the parameters β and
µL real, finite such that the solutions to the system of equations (5.26)
and (5.27) are bifurcation points. From (5.91), we know there will
exist zero real part of a pair of complex eigenvalues, i.e. purely imaginary eigenvalues, if the determinant is positive and trace is equal
to zero. However, since we have been able to express the qualitative
behavior of the sociodynamic trinary nested logit model as a gradient system in section 5.3 we expect that there are no purely imaginary eigenvalues. Indeed in subsection 5.6.5 we have already shown
that there are no solutions of the sociodynamic trinary nested logit
model with purely imaginary eigenvalues satisfying p1 = p2 where
the mode shares of the correlated elemental alternatives in the lower
level nest are equal. In this subsection we will prove that there are
no such purely imaginary eigenvalues for the sociodynamic trinary
nested logit model in general. This leads us to the following theorem.
theorem (No bifurcation points of the sociodynamic trinary nested
logit model with purely imaginary eigenvalues) Suppose that
individual choices in a large sample population are characterized by the probabilities (5.14), (5.15) and (5.16) where the only
contribution to the systematic utility of choices is a global field
effect with utility parameter β real, finite on the proportion pi
of decision-making agents that have chosen alternative i, and
where the elemental choice alternatives 1 and 2 are assumed
to be correlated with scale parameter µL > 1 real, finite. The
equilibrium solutions p0 , p1 , p2 defined on [0, 1] of the sociodynamic trinary nested logit model (5.17) exhibit no bifurcation
points with purely imaginary eigenvalues.
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Proof. Let us consider (5.91).
∂g0 ∂g1
+
= Z[βp0 p1 + 2βp0 p2 − 1]
∂p0 ∂p1
(p1 − p2 )
+ Z[µL βp1 + (1 − µL )βp1
− 1 − βp1 (p1 − p2 )]
(p1 + p2 )
(5.282)
Dividing through by Z, which is always positive for β and µL real,
finite with µL > 1, and re-arranging terms
0 = tr J =

0 = βp0 p1 + 2βp0 p2 − 1 + µL βp1 + (1 − µL )βp1

(p1 − p2 )
(p1 + p2 )

− 1 − βp1 (p1 − p2 )
= µL βp1 + (1 − µL )βp1

(p1 − p2 )
− βp1 (p1 − p2 )
(p1 + p2 )

(5.283)

+ βp0 p1 + 2βp0 p2 − 2
Using (5.22) to write −p = −1 + p0 + p2
0 = µL βp1 + (1 − µL )βp1

(p1 − p2 )
+ βp1 (−1 + p0 + p2 ) + βp1 p2
(p1 + p2 )

+ βp0 p1 + 2βp0 p2 − 2
= −(1 − µL )βp1 + (1 − µL )βp1

(p1 − p2 )
(p1 + p2 )

+ βp0 p1 + βp1 p2 + βp1 p2 + βp0 p1 + 2βp0 p2 − 2
= −(1 − µL )βp1 + (1 − µL )βp1

(p1 − p2 )
(p1 + p2 )

+ 2β(p0 p1 + p1 p2 + p0 p2 ) − 2
(5.284)
Collecting terms in (1 − µ)
0 = −(1 − µL )βp1

(p1 + p2 )
(p1 − p2 )
+ (1 − µL )βp1
(p1 + p2 )
(p1 + p2 )

+ 2β(p0 p1 + p1 p2 + p0 p2 ) − 2
= −2βp1 p2

(5.285)

(1 − µL )
+ 2β(p0 p1 + p1 p2 + p0 p2 ) − 2
(p1 + p2 )

Thus
0 = −βp1 p2

(1 − µL )
+ β(p0 p1 + p1 p2 + p0 p2 ) − 1
(p1 + p2 )

(5.286)
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Further re-arranging terms
(1 − µL )
+ β(p0 p1 + p0 p2 ) + βp1 p2 − 1
(p1 + p2 )
(1 − µL )
]−1
= β(p0 p1 + p0 p2 ) + βp1 p2 [1 −
(p1 + p2 )
(p1 + p2 − 1 + µL )
= β(p0 p1 + p0 p2 ) + βp1 p2
−1
(p1 + p2 )
(µL − p0 )
−1
= β(p0 p1 + p0 p2 ) + βp1 p2
(p1 + p2 )
(µL − p0 )
= β[p0 p1 + p0 p2 + p1 p2
]−1
(1 − p0 )
0 = −βp1 p2

(5.287)

Solving (5.287) for β
β=

1
L −p0 )
p0 p1 + p0 p2 + p1 p2 (µ
(1−p0 )

(5.288)

Alternatively, solving (5.287) for µL
−p0
1
= β[p0 p1 + p0 p2 + p1 p2
]−1
(1 − p0 )
(1 − p0 )
p0 p1 (1 − p0 ) + p0 p2 (1 − p0 ) − p0 p1 p2
(1 − p0 )
= β[
]−
(1 − p0 )
(1 − p0 )

µL βp1 p2

(5.289)

µL βp1 p2 = β[p0 p1 (1 − p0 ) + p0 p2 (1 − p0 ) − p0 p1 p2 ] − (1 − p0 )
= β[p0 p1 (p1 + p2 ) + p0 p2 (p1 + p2 ) − p0 p1 p2 ] − (1 − p0 )
= β[p0 p1 p1 + p0 p1 p2 + p0 p2 p2 ] − (1 − p0 )
= βp0 [p1 p1 + p1 p2 + p2 p2 ] − (1 − p0 )
(5.290)
βp0 [p1 p1 + p1 p2 + p2 p2 ] − (1 − p0 )
βp1 p2
βp0 [p1 p1 + p1 p2 + p2 p2 ] − (p1 + p2 )
=
βp1 p2
For the special solution p1 = p2 , we have
µL =

µL =

βp0 [3p1 2 ] − (2p1 )
3βp0 p1 − 2
=
2
βp1
βp1

(5.291)

(5.292)

Furthermore, the condition that the trace of the Jacobian equals zero
requires from (5.286)
βp1 p2

(1 − µL )
− β(p0 p1 + p1 p2 + p0 p2 ) = −1
(p1 + p2 )

(5.293)

The condition that the determinant of the Jacobian is strictly positive
requires from (5.259):
3µL β2 p0 p1 p2 + 2βp1 p2

(1 − µL )
− 2β(p0 p1 + p0 p2 + p1 p2 ) + 1 > 0
(p1 + p2 )
(5.294)
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Substituting (5.293) into (5.294)
3µL β2 p0 p1 p2 − 2 + 1 = 3µL β2 p0 p1 p2 − 1 > 0

(5.295)

3µL β2 p0 p1 p2 > 1
Finally, substituting (5.288) into (5.295)

3µL p0 p1 p2
0 < 3µL β2 p0 p1 p2 − 1 = 
2 − 1 (5.296)
L −p0 )
p0 p1 + p0 p2 + p1 p2 (µ
(1−p0 )
To determine whether or not there exist any solutions with purely
imaginary eigenvalues, we substitute (5.288) back into (5.26) and
(5.27) and solve graphically for a sweep of the scale parameter µL ,
plotting the null clines of the surfaces g0 and g1 on a graph and
finding their intersection, subject to the condition (5.296). ♦
Alternatively, we can obtain the same result by invoking symmetry.
Instead of using equations (5.18) and (5.19) as the basis for our study,
use instead (5.19) and (5.20). Our system of converted equations is
then:
0 = g1 ≡ eµL βp1 (eµL βp1 + eµL βp2 )

1−µL
µL
1

(5.297)

− p1 eβ(1−p1 −p2 ) − p1 (eµL βp1 + eµL βp2 ) µL
0 = g2 ≡ eµL βp2 (eµL βp1 + eµL βp2 )
− p2 e

β(1−p1 −p2 )

− p2 (e

1−µL
µL

µL βp1

+e

µL βp2

)

1
µL

(5.298)

Here we have the convenient simplification
g2 (p1 , p2 ) = g1 (p2 , p1 )
Thus

∂g2
∂p1

=
g=0

∂g1
∂p2

(5.299)
(5.300)

g=0

so that the Jacobian matrix of the vector field g = (g1 , g2 ) is symmetric when evaluated at an equilibrium point p of the system (5.297)
and (5.298).


∂g1
∂g1
(p)
(p)
∂p2
 ∂p1


J≡
(5.301)


∂g2
∂g2
∂p1 (p) ∂p2 (p)
Since the off-diagonal terms of the Jacobian are real for the system
(5.297) and (5.298) for p0 , p1 , p2 defined on [0, 1] and the parameters
β and µL real, finite with µL > 1, by (5.300) the product of the offdiagonal terms must be greater than or equal to zero.
∂g2 ∂g1
·
>0
∂p1 ∂p2

(5.302)
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Recall from (5.91) at the outset of section 5.6 that there will exist
zero real part of a pair of complex eigenvalues, ie. purely imaginary
eigenvalues, if the determinant is strictly positive and trace is equal to
zero. For the trace to be equal to zero, we must have that the diagonal
terms of the Jacobian are equal and opposite sign, or both equal to
zero:
∂g1 ∂g2
tr J =
+
=0:
∂p1 ∂p2
(5.303)
∂g1
∂g2
=−
∂p1
∂p2
As a consequence, the product of the diagonal terms of the Jacobian
must thus be less than or equal to zero
∂g1 ∂g2
·
60
∂p1 ∂p2

(5.304)

Now, for the determinant to be strictly positive we must have that the
product of the diagonal terms is strictly greater than the product of
the off-diagonal terms:
∂g1 ∂g2 ∂g1 ∂g2
·
−
·
>0:
∂p1 ∂p2 ∂p2 ∂p1
∂g1 ∂g2
∂g1 ∂g2
·
>
·
∂p1 ∂p2
∂p2 ∂p1

det J =

(5.305)

The condition (5.304) then implies that the product of the offdiagonal terms must be strictly less than zero
0>

∂g1 ∂g2
∂g1 ∂g2
·
>
·
∂p1 ∂p2
∂p2 ∂p1

(5.306)

However this is a contradiction with the requirement (5.302) that the
product of the off-diagonal terms must be greater than or equal to
zero since the elements of the Jacobian are real in this case. Thus
(5.303) and (5.305) cannot be simultaneously satisfied for the system
(5.297) and (5.298) with p0 , p1 , p2 defined on [0, 1] and the parameters
β and µL real, finite with µL > 1, and we have that there can be no
purely imaginary eigenvalues. ♦
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5.7

bringing it all together

In this section, we visualize the analytical results derived in this chapter for the sociodynamic trinary nested logit model in three convenient graphical ways. First, in subsection 5.7.1 we plot an overview of
all analytically derived bifurcation curves together in (β, µL )-plane
from subsections 5.6.4, 5.6.5 and 5.6.7. Hereby we retrieve the seven
major regimes in parameter space which we determined computationally at the outset of this chapter in Figure 5.3 on page 74 and Figure
5.4 on page 75 in section 5.2. Next, in subsection 5.7.2 we depict the solution trajectories in the (p0 , p1 )-plane over utility parameter β for a
sweep of selected values of scale parameter µL . Finally, in subsection
5.7.3 we depict the general bifurcation diagrams for the sociodynamic
trinary nested logit model, in the (β, p0 )-plane and in the (β, p1 )plane, for a sweep of selected values of scale parameter µL , whereby
we see visually the five different types of bifurcations separating the
various regimes: transcritical, hysteresis, double saddle-node, saddlenode, pitchfork.
5.7.1

Analytical Bifurcation Curves

See Figure 5.35 on page 165.
In the limit µL → ∞, we have β = 0 and β → ∞ on the curve
satisfying ∂g1 /∂p1 = 0. The orange curve eventually crosses the blue
curve at µL ≈ 156, yielding one additional regime with 9 solutions.
However for large µL , the saddle point and the 2 stable node solutions near p0 ≈ 1, p1 ≈ 0 are so close together that these are hardly
distinguishable from each other for β > 6. See for example panel (f)
in Figure 5.11 on page 94.
5.7.2

Solution Trajectories

See Figure 5.36 on page 166.
5.7.3

General Bifurcation Diagrams

See Figures 5.37 through 5.39 on pages 167-169.
See Figure 5.40 on page 170.
5.8

conclusions and recommendations for further research

This chapter has studied the theoretical equilibrium behavior of the
trinary nested logit model with social interactions. First we have observed that the trinary sociodynamic choice problem can be written

5.8 conclusions and recommendations for further research

Detail:

blue curve p1 = p2 :

∂g0
∂p0

orange curve p1 = p2 :
green curve p1 6= p2 :

=0
∂g1
∂p1

∂g0
∂p0

·

=0
∂g1
∂p1

−

∂g0
∂p1

·

∂g1
∂p0

=0

Figure 5.35: Analytically-derived bifurcation curves in the (β, µL )-plane
showing major regimes. Compare with Figure 5.3 on page 74
and Figure 5.4 on page 75.
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(a) µL = 1 (Multinomial logit)

(b) µL = 1.005

(c) µL = 1.03

(d) µL = 2

(e) µL = 3.5

(f) µL = 4.5

Figure 5.36: Solution trajectories in the (p0 , p1 )-plane over β for selected
values of µL .
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(a) p0 vs. β

(b) p1 vs. β

µL = 1 (Multinomial logit) : Regime I → [Bifurcation point] →
Regime II → [Bifurcation point] → Regime III

(c) p0 vs. β

(d) p1 vs. β

µL = 1.005 : Regime I → Regime VII → Regime II → Regime IV →
Regime III

(e) p0 vs. β

(f) p1 vs. β

µL = 1.03 : Regime I → Regime VII → Regime I → Regime IV →
Regime III
Figure 5.37: General bifurcation diagrams for the sociodynamic trinary
nested logit model. Compare with panels with corresponding
µL in Figure 5.18 on page 118. Compare with null clines solutions of system at values of β satisfying det J = 0 showing
bifurcation points in Figure 5.27 on page 149.
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(a) p0 vs. β

(b) p1 vs. β

µL ≈ 1.0397 : Regime I → [Bifurcation point] → Regime I →
Regime IV → Regime III

(c) p0 vs. β

(d) p1 vs. β

µL = 2 : Regime I → Regime IV → Regime III

(e) p0 vs. β

(f) p1 vs. β

µL ≈ 3.20603 : Regime I → [Bifurcation point] → Regime I →
Regime IV → Regime III
Figure 5.38: General bifurcation diagrams for the sociodynamic trinary
nested logit model, continued from Figure 5.37. Compare with
panels with corresponding µL in Figure 5.18 on page 118. Compare with null clines solutions of system at values of β satisfying det J = 0 showing bifurcation points in Figure 5.28 on page
150.
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(a) p0 vs. β

(b) p1 vs. β

µL = 3.5 : Regime I → Regime V → Regime I → Regime IV →
Regime III

(c) p0 vs. β

(d) p1 vs. β

µL ≈ 4 : Regime I → Regime V → Regime IV → Regime III

(e) p0 vs. β

(f) p1 vs. β

µL = 4.5 : Regime I → Regime V → Regime VI → Regime IV →
Regime III
Figure 5.39: General bifurcation diagrams for the sociodynamic trinary
nested logit model, continued from Figures 5.37 and 5.38. Compare with null clines solutions of system at values of β satisfying det J = 0 showing bifurcation points in Figure 5.29 on page
151.
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asn

asn

sp

sp

un

total

p1 = p2

p1 6= p2

p1 = p2

p1 6= p2

p1 = p2

I

1

–

–

–

–

1

II

2

2

1

2

–

7

III

1

2

1

2

1

7

IV

1

2

–

2

–

5

V

–

2

1

–

–

3

VI

–

4

1

2

–

7

VII

2

–

1

–

–

3

VIII

1

4

1

2

1

9

Table 5.5: Characterization of the number of solutions of the sociodynamic
trinary nested logit model in different regimes (ASN: Asymptotically stable node; SP: Saddle point; UN: Unstable node)

(a) µL = 1 (Multinomial logit)

(b) µL = 1.005

(c) µL = 1.03

(d) µL ≈ 1.0397

Figure 5.40: Detail of bifurcation diagrams for p1 versus β near the hysteresis region: (a) Regime I → [Bifurcation Point] → Regime II
→ [Bifurcation Point] → Regime III; (b) Regime I → Regime
VII → Regime II → Regime IV → Regime III; (c) Regime I →
Regime VII → Regime I → Regime IV → Regime III; (d) Regime
I → [Bifurcation Point] → Regime I → Regime IV → Regime III.
Compare with the lower panel of Figure 5.35 on page 165 showing detail of bifurcation curves in the (β, µL )-plane with major
regimes.
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as a planar autonomous system. By applying a graphical null clines
approach, the number of solutions is counted and charted across a
sweep of the ulility parameter for the aggregate social feedback and
a sweep of the scale parameter for the lower nest. This reveals seven
qualitatively distinct solution regimes. Next a gradient system is derived which allows us to easily visually characterize the stability of
the solutions. Five types of bifurcations are observed which describe
the transitions between the regimes. Finally, the bifurcation curves
which were initially observed computationally are rigorously derived
analytically. We will use these theoretical results in this chapter as a
benchmark for our further exploration of the socio-dynamic multinomial logit model later in Chapter 7.
This work also marks a starting point for a number of elaborations
and variations. Here are just a few important directions.
Higher number of choice alternatives. The consideration of a trinary
choice model in this chapter is a direct extension of the binary choice
work carried out by economists Aoki, Blume, Brock, Durlauf and
Ioannides, guided by the general multinomial results by Brock and
Durlauf (2002, 2006). By applying techniques from the mathematics
of dynamical systems, it is possible to observe a previously unnoticed hysteresis regime in midrange parameter space for the utility
of the social feedback in the trinary sociodynamic multinomial logit
model. Consideration of the scale parameter for the nesting further
introduces additional solution regimes. Presumably a similar study
with a higher number of choice alternatives would yield even more
complex regimes. It would also allow the estimation of additional
parameters, such as alternative specific constants, scale parameters
for different nests, and/or alternative specific feedback effects. In the
Appendix, in a parallel exploration to that in this chapter, we see
that even something seemingly as simple as the addition of an alternative specific constant in sociodynamic trinary multinomial logit
model yields regimes qualitatively similar to that in this chapter, but
also another regime not observed here.
Alternative form of choice kernel. This chapter considered the nested
logit model in response to Brock and Durlauf’s suggestion (2002,
2006) in their multinomial logit work. The convenient closed form
of the probabilities in the nested logit model also allows a rigorous
analytical approach to derivation of bifurcation curves, bifurcation
diagrams, trajectory of solutions, and trajectory of bifurcations. Via
numerical techniques however, it would be possible to study a probit choice model or a mixed logit model. It could be very interesting
to see if qualitatively similar regimes arise for a sociodynamic probit
model and/or a sociodynamic mixed logit model as observed in this
thesis for the sociodynamic nested logit model.
Additional observed heterogeneity. Consideration of the nested logit
model accommodates the possibility of unobserved heterogeneity im-
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pacting the presumed correlation structure of the alternatives. A key
aspect in the theoretical results in this chapter however is the assumption that the only observed explanatory variable in the systematic utility for the elemental choice alternatives within a nest is the
feedback effect. While such a specification may be plausible for a
fad, it is much less intuitive for transportation mode choice where
other explanatory variables would be assumed to be significant, including both attributes of the alternatives such as travel time, as well
as characteristics of the decision-making agents such as gender, age
and income. In Part III of this thesis, a multi-agent based simulation
model is therefore presented which gives straightforward possibility
to test more realistic empirical cases. The multi-agent based model
is docked against the analytical results in this chapter for the special
case of homogeneous agents as a means to verify the implementation
of the computational model, before proceeding to add additional heterogeneity.
Local social-spatial feedback. The theoretical results in this chapter are
derived on the basis of global feedback. Another extension as indicated at the outset of Part II is the consideration of local social-spatial
networks. In Part III of this thesis, we illustrate the multi-agent based
simulation of a discrete choice model with local interactions using microdata on transportation mode choice of households in the Netherlands as a testbed, highlighting some hypothesized network interaction effects on the basis of socioeconomic peer group, spatial proximity of residential location and spatial proximity of work location in
a trinary sociodynamic nested logit model. Much empirical work in
understanding local social-spatial feedback is still needed as we will
see the computational results prove to be highly dependent on the
presumed structure of the local feedback in the econometric model estimated. A stream of research by Carrasco and Miller (2006), Carrasco
et al (2008), Axhausen (2008), van den Berg et al (2009), Kowald and
Axhausen (2012), Carrasco and Cid-Aguayo (2012) provide promising
progress in the measurement of personal networks as related to travel
behavior.
In conclusion, the multiplicity of equilibria and the bifurcations
between regimes in parameter-space, is clearly accentuated and becomes obvious when the only systematic part of the utility function
is the feedback effect. There is thus nothing else in the utility to
dampen or counter the feedback effect. Nonetheless the theoretical
model points at underlying qualitative patterns which plausibly may
exist also in fully-specified empirical models with detailed systematic
utility functions that account for heterogeneous choice based on individual characteristics of decision-makers and individual-specific attributes of choice alternatives, and that account for local social-spatial
networks – even if this is less easy to expose and detect in empirical
models. It is our hope that this thesis serves as a call to other re-
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searchers, both to empiricists to try to quantify how possible bifurcations affect results in empirical models, as well as to methodologists
in how to further tackle the problem.
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Part III
DECISION IN NETWORKS
In Part II, we have derived theoretical results for the equilibrium behavior of the trinary nested logit model with social interactions, assuming homogeneous decision makers,
global interactions and laws of large of numbers, but allowing for unobserved preference heterogeneity between
choice alternatives. Next, by drawing on the computational possibilities permitted through social simulation of
multi-agent systems (Macal and North 2010), Part III of
this thesis relaxes the assumption of global interactions
and considers instead local interactions within several hypothesized social and spatial network structures. Additional heterogeneity is thus hereby induced by the influence on a given decision maker’s choice by the particular network connections he or she has and the particular
perceived percentages, for example, of the agent’s neighbors or socioeconomic peers making each choice. Discrete
choice estimation results controlling these heterogeneous
individual preferences are embedded in a multi-agent
based simulation model in order to observe the evolution
of choice behavior over time with sociodynamic feedback
due to the network effects. The multi-agent based simulation approach also gives us an additional advantage in the
possibility to test size effects, and thus relax the assumption of large numbers, as well as test the effect of different
initial conditions. Finally an extra benefit is gained via the
multi-agent based simulation approach in that we are not
confined to study only the equilibrium behavior, and have
the possibility here to observe the time-varying trajectories of the choice behavior. This is important since smaller
network sizes are revealed to be associated with higher
volatility of the choice behavior in this model, and consequently stochastic cycling between equilibria. Furthermore being able to observe the emergent behavior allows
us to see the subtle role of the unobserved heterogeneity
in the nested logit model in breaking the symmetry of
the multinomial logit model. We can see the temporal patterns by which theoretically predicted dominant equilibria emerge or not according to different social and spatial
network scenarios.

6

S O C I O - D Y N A M I C B I N A R Y L O G I T : A P P L I C AT I O N

This chapter explores a multi-agent based model of binary choice
behavior with interdependence of decision makers’ choices. Related
early agent based modeling approaches to social influence on networks are Hedstrom [2004], Rolfe [2004], Rahmandad and Sterman
[2004], Stauffer [2001], Flache and Hegselmann [2001], Deffuant, Amblard, Weisbuch and Faure [2002], Urbig [2003], Stauffer, Sousa and
Schulze [2004], among others in a large stream of interdisciplinary
research on opinion dynamics addressed by both social scientists and
physical scientists alike. The research presented in this chapter notably differs from these works in its focus on issues that arise in
statistical estimation for empirical application of such agent based
models, and the interplay between the econometric estimation on one
hand and the agent based model on the other. Studying the longrun behavior of more than 120,000 multi-agent based simulation runs
reveals that the initial estimation process can be highly sensitive to
small variations in network instantiations. We show that this is an
artifact of two issues in estimation, and highlight particular attention
that is due at low network density and at high network density. This
finding is an important warning with respect to empirical application
of agent based models.
In addition to this contribution, we present a number of sub-results
which we believe are important to highlight as good practice with
agent based modelling. One key feature of agent based modelling
is internal verification, or otherwise said, how can the researcher be
confident that the agent based model is performing the actions that
it is expected to do? What is the evidence that the programming implementation of the abstract or conceptual model is correct? There
are many subtleties of agent based modelling code that arise with
scheduling and simulation of probabilistic events over time steps involving ordering of agents and multiple random seeds for different
draws. Short of complete re-implementation of the conceptual model
with a different modelling toolbox or with a different language by a
different team, there are all too often few guarantees of internal verification with a complex model. To address this fact, we begin our modelling endeavor with a very simplified model studied previously by
others, building up our agent based model step by step, and adding
different layers of complexity one at a time. In our case, this means
adding different kinds of heterogeneity to the agent based model.
In section 6.1, we begin by benchmarking the agent based model
with established analytical results where agent heterogeneity is not
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explicitly treated. Subsequently in the rest of the chapter, we incrementally add different layers of complexity, first relaxing the condition of global connectivity to allow for local connectivity (and
thus heterogeneous information), and then bringing in additional heterogeneity in the agent characteristics (such as gender) and agentspecific attributes of trips (such as travel purpose, travel time, travel
cost). In section 6.2, two abstract classes of networks are considered
to introduce agent heterogeneity via an explicit local interaction structure. In sections 6.3 and 6.4, the model is applied in an example of
intercity travel demand using empirical data to introduce individual agent heterogeneity beyond that induced by the local interaction
structure. Discrete choice estimation results controlling overall mechanisms related to individual heterogeneous preferences are embedded
in the agent based model to be able to observe the simulated evolution of choice behavior over time with sociodynamic feedback due to
network effects.
6.1

multi-agent based social simulation

Due to the focus on heterogeneous agents’ evaluation of alternatives,
the discrete choice theory framework lends itself quite naturally to
combination with social simulation of multi-agent systems. In a recent tutorial on agent-based modeling, Macal and North (2010, p. 151)
write:
“Agent based modeling and simulation is (an) approach to modeling complex systems composed of interacting, autonomous ‘agents.’ Agents have behaviors, often described by simple rules, and interactions with other
agents, which in turn influence their behaviors. By modeling agents individually, the full effects of the diversity
that exists among agents in their attributes and behaviors
can be observed as it gives rise to the behavior of the system as a whole. By modeling systems from the ‘ground
up’ – agent-by-agent and interaction-by-interaction – selforganization can be observed in such models. Patterns,
structures, and behaviors emerge that were not explicitly
programmed into the models, but arise through the agent
interactions. The emphasis on modeling the heterogeneity of agents across a population and the emergence of
self-organization are two of the distinguishing features of
agent based simulation as compared to other simulation
techniques. . . ”
In this dissertation, the agents are our sample population of decision
makers. Their behavior is their choice between a number of discrete
choice alternatives. The simple rule that the agents follow to update
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their decisions is a stochastic rule given by individual choice probabilities Pn (i|Cn ) . The emergent system behavior that we will be interested to track is the proportions of agents in the population that have
made each choice. The types of patterns that we will be interested
to observe is whether or not a run-away effect occurs with agents
flocking to one of the choices, whether there are multiplicity of such
steady states, what the stability of the steady states is, and if there is
evidence of stochastically transitioning between stable steady states.
Once we have conceptually specified the agents, their behaviors
and the interactions with other agents, a computational engine is necessary to “make the model run”, i.e. to simulate the repeated updating of choices made by each agent. Although it is possible to program
the agents, their behaviors and the interactions with other agents
from scratch with a programming language such as Java, Python, C or
C++, there are dedicated agent based modeling “toolkits” which simplify this task and provide handy modules such as schedulers. In their
excellent tutorial, Macal and North () describe the many useful services that agent based modeling toolkits can provide: project specification (via a library oriented approach, an integrated development environment, or both); agent specification (including specialized support
features for adaptation and learning, optimization, social networks,
geographical information systems, etc); input data specification and
storage in a variety of formats; model execution (including visual display of single runs during runtime and interactive probing, as well as
batch execution of multiple runs on one computer or divided over a
cluster); results storage and analysis; and model packaging and distribution. For the purposes of this project we used the Repast modeling
platform (http://repast.sourceforge.net) developed at University
of Chicago Argonne National Laboratory by North, Macal and other
collaborators.
The multi-agent based simulations for the runs in this dissertation
are carried out in two phases: the initialization phase and the iteration
(simulation) phase. We will describe each of these phases briefly.
6.1.1

Initialization

During the initialization phase, the survey data is read into memory
and the agents and their interactions are specified. Concretely, this
involves reading in two flat text files: one file contains a “node list”
indicating agent-by-agent for all agents which other agents a given
agent is connected to for a particular run as defined by agent characteristics in the survey data; the other file contains an ordinary table
of other information specific to each agent. Both files are organized
with one row per agent, but the node list file has in general varying
row width, since the number of agents that each agent is connected
to will in general vary across agents, except for the special case with
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a fully connected network where everyone is connected to everyone.
The table of other information per agent is rectangular. The reason
for the separation of the input information into two files is primarily
technical, and facilitates the convenience of modifying independently
the initial conditions in terms of the initial mode choices and the hypothesized network structure of the agent interactions.
With regard to the implementation of the agent interactions, a
brief note is worth mentioning at this point, regarding so-called “self
loops.” This refers to counting an agent’s own current state (i.e. which
alternative the agent chose most recently), in the aggregate effect influencing the agent’s evaluation of utilities for a possible change of
choice. Later in this chapter, in the case study application in sections
6.3 and 6.4 we specifically test the effect of including the agent’s own
choice or not in the aggregate influence for a sweep of network densities. For simplicity here, the weight from an agent’s own choice
is counted in the same way together with all of the other reference
agents for that agent. In a practical application for policy purposes
however, it could be highly relevant to also estimate a separate coefficient for the influence from an agent’s own past choice(s), depending
on the particular choice context, such as in Dugundji, Poorthuis and
van Meeteren (2011). This is to be expected to yield additionally complexity in the envelope of possible steady state outcomes, depending
on the magnitude of such influence.
6.1.2

Iteration

During the simulation phase, each agent one-by-one executes their
interactions with their connections to find out what choices their reference agents have most recently made, and then updates their own
choice according to the probabilistic logit rule. The action of one single agent executing interactions, computing the choice distribution
seen by that particular agent, and then updating their own choice is
one iteration in our case study. Whether or not a given agent actually
changes their previously made choice during the updating stage of
the iteration is determined by computing the individual choice probabilities for each alternative according to the choice distribution seen
by the given agent of their reference agents, and dividing a line from
zero to one into bins according to these choice probabilities. The agent
then makes its choice by drawing a uniform random number from
zero to one and seeing in which bin this number falls. Each agent
is chosen in randomized order without replacement by the scheduler until all agents have executed their interactions and have had
a chance to update their choice. The scheduler then starts all over
again and again choosing agents without replacement, and iterates
as many times as necessary until the fixed maximum number of iterations is reached. This entire process is called a single simulation run.
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The randomized order sequence used by the scheduler for a given
run is set by a pseudo-random number generator seed. We will then
want to repeat a particular simulation run with different seeds some
number of times in order to check if there are any systematic consequences of the decision making order. By setting the agent decision
making order sequence with the seed however, we have the possibility to repeat an exact particular run if necessary. This can be useful
for example, to zoom in on the details of the time steps, for probing
agents during run-time, to make modifications in inputs, and/or to
export different output for analysis. Concretely, the iteration/simulation phase involves accessing two flat text files: one file contains the
necessary stochastic dynamic parameters such as the total number
of runs to carry out, the seed for the agent decision making order for
each run, and the total number of iterations per run; the other file contains the necessary configuration information for the logit rule such
as the values of the estimated coefficients.
6.1.3

Benchmark Model

For the purpose of verifying the programming implementation of the
agent based model in this section, we now calculate some analytical
benchmark results for the long term system behavior of ϕ. For the
case f(ϕ) = ϕ, we have simply the derivative f 0 (ϕ) = 1. The condition
for local stability at an equilibrium state reduces to:


d
dϕ
6 0 : (1 − ϕ2 ) · β 6 2
(6.1)
dϕ dt ϕ=tanh 1 βf(ϕ)
2

For the case β = 0.03, we have effectively a repeated coin toss. In
the long term, f(ϕ) ≈ 0 and for β close to zero, we have also βf(x) ≈ 0.
This corresponds to a situation where the curve y = tanh(1/2)βf(ϕ)
crosses the line y = ϕ at ϕ = 0 "from above" at the left panel in
Figure 6.1. The solution at ϕ = 0 is stable; moving a little bit away
from the solution at ϕ = 0 along the tanh curve returns you back to
the solution at ϕ = 0. Indeed we also see the inequality in equation
(6.1) is satisfied:
(1 − ϕ2 ) · β = (1 − 02 ) · 0.03 = 0.03 6 2

(6.2)

For the case β = 5, the dynamics of the system converge to one
of two stable equilibria. We find bimodal behavior. In the long term,
we have effectively f(ϕ) ≈ +1 or f(ϕ) ≈ −1. In the former case we
effectively recover the "certain" choice in favor of alternative i :

Pin =

eβf(ϕ)
e5·(0.9856)
138.1
=
=
= 0.9928
5·(0.9856)
βf(ϕ)
139.1
e
+1
e
+1

(6.3)
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Figure 6.1: Plotted graphs of y = ϕ and y = tanh(1/2)βϕ, versus ϕ showing
stable equilibrium at ϕ = 0 for β = 0.03, and unstable equilibrium at ϕ = 0 for β = 5; both the y-axis and ϕ are shown in the
range from −1 to 1

In the latter case we effectively recover the "certain" choice against
alternative i (ie. in favor of alternative j) :

Pin =

eβf(ϕ)
0.0072
e5·(−0.9856)
= 0.0072
=
=
5·(−0.9856)
βf(ϕ)
1.0072
e
+1
e
+1

(6.4)

This corresponds to the situations where the curve y =
tanh(1/2)βf(ϕ) crosses the line y = ϕ "from above" respectively
at ϕ = 0.9856 ≈ +1 and at ϕ = −0.9856 ≈ −1 in the right panel
in Figure 6.1. These solutions are stable. Indeed the inequality in
equation (6.1) is satisfied in both cases:
(1 − ϕ2 ) · β = (1 − 0.98562 ) · 5 = 0.143 6 2
(1 − ϕ2 ) · β = (1 − (−0.9856)2 ) · 5 = 0.143 6 2

(6.5)

The solution at ϕ = 0 is unstable, where the curve y =
tanh(1/2)βf(ϕ) crosses the line y = ϕ "from below." Indeed we see
the inequality in equation (6.1) is violated:
(1 − ϕ2 ) · β = (1 − 02 ) · 5 = 5 > 2

(6.6)

Using the Repast (http://repast.sourceforge.net) multi-agent
based modeling platform we created a computational version of the
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binary logit model with social interactions and replicated the benchmark analytical results. Figure 6.2 shows a schematic of the working of a single simulation run for the fully connected network and
global social influence. Figure 6.3 shows the parameter sweep in the
response surface analysis for a set of simulations.

Figure 6.2: The working of a single simulation run for a fully connected
network with global social influence

Figure 6.3: The parameter sweep (response surface analysis) for a set of simulations with a fully connected network and global social influence
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Example time series for N = 100 agents with f(x) = x are shown
in Figure 6.4. There are two classes of behavior. With a low value
of the parameter β, we obtain one class of behavior with a stable
equilibrium at x = 0, as predicted analytically in the left panel of
Figure 6.1, with the condition for local stability met in equation (6.2).
Conversely, using a high value of the parameter β, we obtain another
class of behavior with an unstable equilibrium at x = 0, and with the
system being driven away over time with equal probability towards
a steady state either the extreme x = +1 or the extreme x = −1, as
predicted analysis in the right panel of Figure 6.1, with the conditions
for local stability met in equation (6.5) and violated in equation (6.6).
Cumulative histograms for 500 runs (i.e. 500 distinct random seeds
defining the decision making order) are shown in Figure 6.5, plotting
the value of x after 2000 iterations, reproducing the analytical results.

Figure 6.4: Example time series of f(x) = x for individual simulation runs
with 100 agents in a fully connected network for low certainty
(β = 0.03), and for high certainty (β = 5) with two distinct random seeds; the y-axis is shown in the range from −1 to 1; the
time axis is shown from time step t = 0 to 2000.

6.1.4

Road Map

In the following sections, we turn towards introducing agent-level
heterogeneity in our model. Table 6.1 presents a road map for the remainder of this chapter which we will unfold step by step. Recall in
Chapter 3 we have considered the case of global information. At this
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Figure 6.5: Histograms of f(x) = x after 2000 iterations over 500 simulation
runs (i.e. 500 distinct random seeds) with 100 agents in a fully
connected network for low certainty (β = 0.03) and for high
certainty (β = 5); the bins of the histogram encompass a range
from −1 to 1

point, we will relax the limiting case of the fully connected network
to allow for heterogeneous local information. Until now, we have considered xi = Ni /N and xj = Nj /N to be the global proportions of
agents who have made each choice. In what follows in the remainder
of this chapter, xin and xjn are the local proportions of agents in a
given agent’s "reference" group who have made each choice.
We will define what we mean by a reference group in section 6.2,
in terms of a network structure among the agents. Whereas in section
6.1 every agent sees the same global choice proportions, in the rest
of this chapter the choice proportions that influence a given agent’s
choice are allowed to be heterogeneous. Different agents in general
will see different choice proportions depending on their specific reference group, except in the special case of a fully connected network
where we recover the results in Chapter 3. The abstract classes of network models with local social influence which we will discuss starting in section 6.2 have the model in section 6.1 as a limit when the
link probability is unity.
The empirical model which we will discuss in sections 6.3 and
6.4 goes a step further and subsequently considers a global bias towards one alternative over another, heterogeneous agent characteristics (eg. gender, travel purpose) as well as agent-specific attributes of
the choice alternatives (eg. travel time, travel cost), all of which additionally influence decision making in a heterogenous way. While
agent characteristics vary across agents, the agent-specific attributes
of the choice alternative in general vary across both the alternatives
and the agents, eg. travel time, travel cost are in general different
for travel by car versus public transit, and also different for the trip
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Time steps per run (T )

Random decision making seed

Self loops switch

Random network generator seed

Rewiring probability (w)

Link probability (p)

Network class

Number of agents (N)

global (x)

2000

1 to 500

true

n/a

n/a

1

fully connected

100

section 6.1

βxn

local (xn )

2000

1 to 50

true

1 to 10

n/a

0 to 0.025

Erdős-Rényi

100

section 6.2

β=5

βxn

local (xn )

2000

1 to 50

true

1 to 10

0 to 0.3

0.04

Watts-Strogatz

100

section 6.2

h = 0 | h 6= 0

estimated per network

βxn + h + γ 0 Sn + ζ 0 zn

local (xn )

2000

1 to 50

true | false

1 to 20

n/a

0 to 0.9

Erdős-Rényi

235

fixed

hi 6= 0

fixed

βxn + h + γ 0 Sn + ζ 0 zn

local (xn )

2000

1 to 50

true

1 to 20

n/a

0 to 0.1

Erdős-Rényi

235

Table 6.1: Response surface analysis in step-by-step development of multi-agent based simulation model

Form of social influence

βx

β=5

h=0

estimated per network

Logit rule

section 6.4

Systematic utility (Vn )

β = 0.03; β = 5

h=0

none

section 6.3

Certainty parameter (β)

h=0

none

(Stochastic) network parameters

Alternative specific constant

none

(Stochastic) dynamic parameters

Other utility parameters

6.2 abstract classes of heterogeneous local information

made by agent 1 from origin A to destination B versus the trip made
by agent 2 from origin C to destination D. In the special case that
no bias, no agent characteristics and no agent-specific attributes are
considered, we again recover the model in section 6.1 as a limit.
The preliminary assumptions that we have made until now have
been useful for the purpose of model verification in the incremental
process of building up the agent based model, step-by-step. If we had
immediately considered the case of full heterogeneity in sections 6.3
and 6.4, the dimensionality of the system of equations to be solved as
a benchmark would theoretically be as large as the number of agents
in the system without simplifications. This said, for the special limiting case of a network with link probability approaching unity, we
can indeed derive some additional approximate mean field analytical results as a guidepost which we will return to at the end of this
chapter.
6.2

abstract classes of heterogeneous local information

Aoki’s model described in Chapter 3 assumes uniform, global and
perfect information access. The very fact that certain influences are
transferred via social interactions, and thus via social networks implies heterogeneous local information. Therefore, in the following we
extend the model to explicitly model interaction networks. See Figure
6.6.
In our model each decision making entity n is assigned a set of
"reference" decision making entities influencing its choice. In section
6.2, we will discuss different two ways of making this assignment
during the initialization phase of the multi-agent based model. Then
at each time step during the iteration phase, the decision making
entities look at the choices their particular reference entities made in
the previous round, plus their own choice, and calculate localized
values of the difference in systematic utility between the alternatives:
Vin − Vjn ≡ βf(xin − xjn ) = βf(xn )

(6.7)

The critical difference between equation (6.7) here and equation
(3.3) on page 27 considered in the initial presentation of the field effects model at the outset of Chapter 3 is that subscript n now becomes
important in determining xn = xin − xjn . The "reference" relationships introduced here define a graph or network. Let us denote this
graph by G = (N, L), where N is the set of nodes (vertices) and L is
the set of links (edges) between them. In our case, each decision making entity is a node, i.e., N = (1, . . . , n, . . . , N) and a decision maker’s
"reference" entities are defined by its links Ln . We assume that edges
are symmetric.
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Figure 6.6: The working of a single simulation run for a network with heterogeneous local social influence

It is hypothesized that different network structures yield different
system behavior. In practice however, it can be difficult to reveal the
exact details of the relevant network(s) of reference entities influencing the choice of each decision making entity. Moreover, the actual reference entities for a given decision making entity may not be among
those in the data sample. One way to test the above hypothesis theoretically even without reliable empirical information about the social
influence network is by studying abstract classes of networks in the
hope of identifying classes of networks that yield similar results.
6.2.1

Erdős-Rényi Networks

An early abstract model of social interaction is due to Erdős and
Rényi [1959]. Their random network consists of a number of nodes
and set of random edges between them, such that the probability of
the existence of a given link is uniform across all possible edges. The
actual number of the links is determined by the density p of the network, which is usually perceived as a parameter of the Erdős-Rényi
graph. Here network density p is defined as the ratio of the number of actual existing links to the number of all theoretically possible
links in a fully connected network with the given number of nodes.
Otherwise said, p is the "link probability," the probability that a link
exists.

6.2 abstract classes of heterogeneous local information

One advantage of studying random networks is that they are perhaps the simplest possible networks that are general enough to describe a wide range of graphs, from unconnected nodes to a fully
connected network (ie. a graph that contains all possible links, as in
our initial implementation of the Aoki model in section 6.1). In addition, they accomplish this without introducing any explicit bias into
the structure of the network. Moreover, results are known about important properties such as at approximately what value of p will the
network become connected (ie. when each node is "reachable" along
the edges from any other node), or otherwise said, when a so-called
"giant component" will emerge. Finally, an important feature of random networks which is observed in real-life social networks is the
so-called "small world" property: the average path length l (the average number of "hops" between an arbitrary pair of nodes) is less
than or of the order ln(N), where N is the number of nodes. Figure
6.7 shows the response surface analysis for a set of simulations using the Erdős-Rényi network for assignment of reference groups with
heterogeneous local social influence.

Figure 6.7: The parameter sweep (response surface analysis) for a set of simulations with heterogeneous local social influence on an ErdősRényi random network

With the discrete choice model on a fully connected network, both
analytical results and computational replications (top panel in Figure
6.4, and left panel in Figure 6.5) confirm that for f(x) = x, values of
the certainty parameter close to zero will yield βf(x) ≈ 0 and we get
effectively a "fair coin toss" between the alternatives. The probability
of choosing alternative i in the binary case is one-half. This is due
to the fact that the relative "certainty" of others’ choices becomes low
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and thus there is accordingly low importance in the valuation of the
utility. Therefore, there is no reason to believe that the structure of
the underlying interaction network would play any significant role
in determining the outcome. In order to understand the effect of network structure, it is much more interesting to take a high certainty
case, to see where the bifurcation arises as the network structure is
varied. The following experiments were therefore carried out with a
high value of the certainty parameter, β = 5. For cases where the network density p approaches unity, we should recover the results from
Chapter 3, another verification check in the modelling process.
As a base consistency check, testing our model with p = 1.0 should
yield a model equivalent to the one discussed in the section 6.1. Simulations confirm this expectation. With low connectivity, however, we
get a different picture. Figure 6.8 shows results for density values
ranging from 0 to 0.025 (p = 0, 0.005, 0.010, 0.015, 0.020, and 0.025).
It is clear that low densities yield behavior similar to that of low certainty, while higher p values display tendencies toward the high certainty outcome of the global information model.
The density values above were chosen to embrace the critical point
when a giant component emerges, i.e., when, in practical terms, the
graph becomes connected. It is known (Molloy and Reed, 1998) that
this occurs around p = 1/N + δ, where N is the number of nodes
and δ > 0 is a small value. In case of 100 agents this formula gives
p = 0.01 as the critical point. Indeed, simulation results show "random outcomes" for sub-critical densities. Also, a significant change
in behavior occurs around a density of 0.02. The range in between
yields more ambiguous outcomes, which may warrant further study.
Nonetheless, the overall picture suggests that it doesn’t really matter
what structure the interaction network has; as long as it is connected,
it starts yielding outcomes similar to the fully connected graph.
6.2.2

Watts-Strogatz Networks

In the previous subsection we found that random networks yield behavior similar to that based on global aggregate information, given
connectedness, or more precisely, the existence of a giant component.
This result may be counter-intuitive as it appears relatively easy to
craft examples where it is, at least, unlikely that one alternative will
eventually reach total dominance. Therefore, we re-visit the unbiased
nature of the Erdős-Rényi graph. An important property that is observed in real-life social networks, but not embodied in a random
network, is "clustering": ie. two friends of a certain person are more
likely to be mutual friends themselves than an arbitrary pair of individuals.
The abstract network model to overcome this deficiency is the
Watts-Strogatz model, which starts from an ordered network, or lat-
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Figure 6.8: Histograms of f(x) = x after 2000 iterations over 500 runs with
100 agents in an Erdős-Rényi network for a sweep of network
densities from p = 0 to p = 0.025 by increment p = 0.005, with
high certainty (β = 5); the bins of the histogram encompass a
range from −1 to 1
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tice, which contrary to the random network, has high clustering, but
long average path length, or in effect, no small world property. The
dimensionality of the lattice is a parameter, although only 1D and 2D
models are commonly discussed in this context. The extent to which
the neighbors are connected is also a parameter of the Watts-Strogatz
model. To avoid artificial boundary effects, toric lattices are considered which are "wrapped around," that is, nodes on the boundary
of the system link to nodes at the opposite boundary. "Shortcuts" are
then introduced into these systems to create the Watts-Strogatz model,
by randomly rewiring a few links. The controlling parameter is the
probability of rewiring w, which gives the probability that each original link in the system is replaced by a random connection. Only a
very few shortcuts, i.e., a fairly low w, is needed to achieve the small
world property. Figure 6.9 shows the response surface analysis for a
set of simulations using the Watts-Strogatz network for assignment
of reference groups with heterogeneous local social influence.

Figure 6.9: The parameter sweep (response surface analysis) for a set of simulations with heterogeneous local social influence on a WattsStrogatz network

Turning our attention back to our discrete choice model, the first
thing to consider is the density of the social influence network, now
modeled as a Watts-Strogatz graph. In the following we fix the link
probability at p = 0.04 (1D with extent 2) a network density that is
sufficiently high to be in the two-equilibrium regime of the random
network model. Indeed, experiments with w = 1.0, which renders the
Watts-Strogatz model equivalent to that of Erdős and Rényi, confirm
this. Varying w from 0 to 0.3 shows, however, that this is not always
the case. See Figure 6.10. When rewiring is unlikely, the system stays
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in the "fair coin toss" regime. Then, as the average path length l falls
below the small world threshold, the outcome converges to the two
certain choices behavior.

Figure 6.10: The effect of rewiring w and decreasing average path length l in
histograms of f(x) = x after 2000 iterations over 500 runs with
100 agents in a Watts-Strogatz network for constant network
density (p = 0.04) and high certainty (β = 5); the bins of the
histogram encompass a range from −1 to 1; the "small world
threshold" is average path length ln(100) ≈ 4.6

6.2.3

Preliminary Conclusions

Our initial results with both Erdős-Rényi and Watts-Strogatz graphs
suggest that when a network representing the interactions between
a decision making entity and the aggregate behavior of other (local)
reference entities has the small world property, the system behaves
in the long-run as Aoki’s original model with global mean field infor-
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mation. If we are only interested in long-run behavior and not how
long the system takes to transition there, testing for the small world
property may be an empirically advantageous alternative to collecting data on the precise details of a social network. But what happens
if agents have an inherent heterogeneity beyond that induced by local
interactions? Is the same still true?
6.3

an empirical example

Having docked our agent based model against analytical mean field
results in section 6.1 and having explored the behavior of some abstract classes of networks in section 6.2, in the next step of our model
development process we now turn our attention to an empirical application of intercity transportation mode choice behavior. Here we
include individual level heterogeneity in two ways.
We use revealed preference survey data collected by the Hague
Consulting Group for the Netherlands Railways to assess factors
which influence the binary choice between car versus rail for intercity travel. We also test the role of the social influence, modeled as an
Erdős-Rényi graph over a full sweep of link probabilities from zero
to one. In the limit that the link probability approaches zero, we have
a classical binary logit model without social interaction. In the limit
that the link probability approaches one, we recover a fully connected
network discussed in section 6.1. For the special case of very high link
probabilities, we can therefore establish some additional approximate
theoretical benchmark results to re-verify our agent based model.
At the outset of the dissertation in section 2, we discussed the notion of a "systematic" utility Vin that a given decision making entity
n is presumed to associate with a particular alternative i. For the purpose of the step-by-step development of our agent based model, we
have considered until now the interaction effect as the only term in
the systematic utility. In typical transportation applications, the systematic utility is commonly assumed to be defined by a function of
observable characteristics Sn of the decision making entity and observable attributes zin of the choice alternative for a given decision
making entity:
Vin = hi + V(Sn , zin )

(6.8)

The term hi is a so-called "alternative specific constant" (ASC), included as good practice to explicitly account for any underlying bias
for one alternative over another alternative. In other words, hi reflects
the mean of εjn − εin , that is, the difference in the utility of alternative i from that of j when all else is equal. Since it is the difference
that is relevant, for a general multinomial case with J alternatives we
can define a set of at most J − 1 alternative specific constants. For our
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binary case, we can thus define only one constant, which we will call
h.
In sections 6.3 and 6.4, we will consider the term Vin − Vjn in equation . to have the general form:
Vin − Vjn ≡ βf(xin − xjn ) = βf(xn )

(6.9)

= βxn + h + γ 0 Sn + ζi 0 zin − ζj 0 zjn

where γ = [γ1 , γ2 , . . .] 0 , ζi = [ζi1 , ζi2 , . . .] 0 and ζj = [ζj1 , ζj2 , . . .] 0
are vectors of unknown utility parameters respectively corresponding
to the relevant observable agent characteristics Sn , and observable
agent-specific attributes zin of the choice alternative such that:
γ 0 Sn = γ1 Sn1 + γ2 Sn2 + ...
ζi 0 zin = ζi1 zin1 + ζi2 zin2 + ...

(6.10)

0

ζj zjn = ζj1 zjn1 + ζj2 zjn2 + ...
In general the utility parameters ζi and ζj may take alternative specific values, however in this chapter we will consider only "generic"
values of the utility parameters ζ ≡ ζi = ζj and define zn ≡ zin − zjn
so that we have the further simplification:
Vin − Vjn = βf(xn ) = βxn + h + γ 0 Sn + ζ 0 zn

(6.11)

The following is a description based on an (unpublished) Hague
Consulting Group report which appeared in Ben-Akiva and
Morikawa [1990] of the revealed preference intercity travel survey
data that we use in this chapter :
"The city of Nijmegen, in the eastern part of the Netherlands near the border with West Germany, was selected as
the data collection site. This city has rail connections with
the major cities in the western metropolitan area called the
Randstad which contains Amsterdam, Rotterdam and The
Hague. Traveling from Nijmegen to the Randstad takes approximately two hours by both rail and car.
The sample consisted of residents of Nijmegen who:
made a trip in the previous three months to Amsterdam,
Rotterdam or The Hague; did not use a yearly rail pass, or
other types of pass which would eliminate the marginal
cost of the trip; had the possibility of using a car (ie. possessed a driver’s license and had a car available in the
household); and had the possibility of using rail (ie. did
not have very heavy baggage, were not handicapped, and
did not need to visit multiple destinations).
Qualifying residents of Nijmegen were identified in a
random telephone survey and requested to participate in a
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home interview. 235 interviews were conducted out of the
365 people who were reached by telephone and satisfied
the above criteria. ... The home interview first asked about
a recent intercity trip from Nijmegen to the Randstad. The
respondents were requested to report the characteristics
of that trip and those of a trip to the same destination but
with the other (non-chosen) mode."
The intercity travel survey data thus have 235 observations, corresponding to 235 distinct heterogeneous agents in our model. Descriptions of the survey variables available for use in our modeling endeavor and their summary statistics are given in Table 6.2. There are
no reported missing values.
As in section 4.2, in our agent based model each decision making
entity n is again assigned a set of "reference" decision making entities
influencing its choice. See Figure 6.11. At each time step, the decision
making entities look at the choices their particular reference entities
made in the previous round, plus their own choice, and calculate
localized values of the difference in systematic utility between the
alternatives:
Vin − Vjn = βxn + h + γ1 · gendern + γ2 · businessn
+ γ3 · shoprecn + ζ1 · (ttcar − ttrail)n

(6.12)

+ ζ2 · (tccar − tcrail)n + ζ3 · (ovtcar − ovtrail)n

Figure 6.11: The working of a single simulation run for a network with
heterogeneous local social influence, node characteristics and
choice attributes per node

0.443
0.247
0.400

1 if respondent is female; 0 if male
1 if trip purpose is business; 0 otherwise
1 if trip purpose is shopping or recreation; 0 otherwise
In-vehicle travel time for car alternative
Travel cost in NLG for the car alternative
Out-of-vehicle time to walk from parking place to destination
In-vehicle travel time for the rail alternative
Travel cost in NLG for the rail alternative
Out-of-vehicle time for the rail alternative (access plus egress)

Sn

Sn

Sn

zin , i = car

zin , i = car

zin , i = car

zjn , j = rail

zjn , j = rail

zjn , j = rail

gender

business

shoprec

ttcar

tccar

ovtcar

ttrail

tcrail

ovtrail

15.0

11.83

21.1

6.4

23.74

21.7

0.491

0.432

0.498

0.483

std dev

All travel times are given in minutes; all travel costs are given in Dutch guilders (NLG)

5

1

15

0

1

45

0

0

0

0

min

The trip purpose indicators are derived from a 3-level categorical variable: business; shopping/recreation; other.

32.7

35.31

97.1

5.2

31.45

98.5

0.366

mean

1 if rail was used on the recent intercity trip; 0 if car

description

yn

type

choice

name

Table 6.2: Variables in Hague Consulting Group intercity travel survey data.
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Figure 6.12: The parameter sweep (response surface analysis) for a set of
simulations with heterogeneous local social influence, node
characteristics and choice attributes on an Erdős-Rényi random
network; certainty parameter β and other utility parameters are
estimated per network instantiation

We are interested in how the dynamics of the discrete choices of
these heterogeneous individuals depend on the structure of the underlying social influence network. Figure 6.12 shows the response surface analysis for a set of simulations using the Erdős-Rényi network
for assignment of reference groups with heterogeneous local social
influence, agent characteristics and agent-specific choice attributes.
We vary the network density p on the parameter range (0, 1) ranging from a non-connected to a fully connected graph, excluding endpoints. In each case, we repeatedly situate the agents in 20 distinct
instantiations of an Erdős-Rényi graph per network density value. As
in section 6.2 we might expect a transition in long-run sociodynamic
behavior to occur at network density p = 1/N + δ, where N is the
number of nodes and δ > 0 is a small value. In case of 235 agents,
this formula gives p ≈ 0.005 as a lower bound for a critical point.
However given that previously we saw a significant change in behavior only at p = 0.02 with 100 agents, we might also similarly expect
interesting changes in behavior to become noticeable only with values of p significantly higher than the lower bound. Keeping this in
mind, we select the following 30 values of p to sample: 0.005 to 0.100
at increment 0.005 (20 network density values), 0.200 to 0.600 at increment 0.100 (5 network density values), 0.700 to 0.900 at increment
0.050 (5 network density values).

6.3 an empirical example

For these 600 networks (30 network density values times 20 network instantiations per density value), we repeatedly compute the
local interaction field variable xn for each of the 235 agents in the
sample in two ways, one with counting the agent’s own choice in its
reference group (that is, with so-called "self loops"), and one without
counting the agent’s own choice in its reference group (that is, without self loops). The econometric considerations regarding these two
approaches to the local interaction field variable xn are discussed
in section 6.4. From a theoretical perspective, the model with self
loops is interesting because in the limiting case of network density
p = 1 (a fully connected network), we recover Aoki’s original model
if there were no other explanatory variables in the utility function.
Likewise from a theoretical perspective, the model without self loops
is interesting because in the limiting case of network density p = 0
(a non-connected network), we have pure random behavior if there
were no other explanatory variables in the utility function. From a
multi-agent based simulation perspective, the model with self loops
at low network density might logically provide inertia in the behavior,
damping down the volatility of switching from one choice to another.
At high network density, when the number of agents is large, there
is not likely to be discernible difference in the multi-agent based simulation behavior between the model with self loops and without self
loops.
After some preliminary model specification testing, we proceed to
repeatedly estimate sets of the utility parameters β, h, γ1 , γ2 , γ3 , ζ1 ,
ζ2 , ζ3 in equation (6.12) via maximum likelihood estimation for each
of the 1200 network scenarios described above, with two different
binary logit utility specifications: (i) with the alternative specific constant h freely estimated, and (ii) with the alternative specific constant
constrained to zero. Using the distinct sets of coefficients for each of
the 2400 estimated models, we then run 50 multi-agent based simulations with distinct pseudo-random number sequences for 2000 iterations per each run, per each model. The value of x representing the
difference between the aggregate mode shares xi and xj in the sample at the last time step of each run is counted in histograms, one per
each network instantiation. We group these histograms by network
density in each of the four experimental settings (with or without self
loops and with and without an alternative specific constant). Figure
6.13 shows aggregated histograms from selected groups from each
experimental setting with corresponding network density values.
According to our results from section 6.2, we might potentially expect to see behavioral transitions occurring somewhere in the low
network densities. However, the most striking result is that only with
the model with the alternative specific constant and with self loops do
we ever get the signature 2-peak histogram which we know from the
analytical benchmark, and abstract experimentation with the Erdős-
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Figure 6.13: Selected aggregated histograms for a sweep of network density
p = 0.005 to p = 0.9 for four model specifications with and
without an alternative specific constant and with and without
self loops; there are 235 heterogeneous agents in a Erdős-Rényi
network with 20 network instantiations per density value, 50
multi-agent based simulation runs per network instantiation,
and 2000 iterations per simulation run; the values of the set
of utility parameters are re-estimated per each network instantiation; the bins of the histogram encompass a range from −1 to
1

6.3 an empirical example

Rényi and Watts-Strogatz graphs. Thus we can conclude that adding
additional agent-specific heterogeneity in our model beyond the heterogeneity automatically induced by the localized interactions does
indeed seem to matter.
A closer analysis of the histograms reveals a significant insight: not
all of the network instantiations for the models with the alternative
specific constant and with self loops give the signature 2-peak histogram. In fact at higher network densities we see both the single
sharply-peaked distribution and the signature 2-peak histogram coexisting as outcomes with the alternative specific constant and with
self loops, giving a hint at some kind of instability in the model. See
Figure 6.14. This insight motivates a further analysis of the estimated
coefficient values which we will undertake in section 6.4.

Figure 6.14: Selected detailed histograms for four Erdős-Rényi network instantiations with different network generator random seeds at
network density p = 0.9, for the model specification with an
alternative specific constant and with self loops; there are 235
heterogeneous agents, 50 multi-agent based simulation runs per
network instantiation, and 2000 iterations per run; the value of
the model coefficients are re-estimated per each network instantiation; the bins of the histogram encompass a range from −1 to
1

For the case shown in Figure 6.14 with p = 0.9, we may suppose
that the network density is close enough to approaching unity that
the mean field analytical results in section 6.1 may be relevant as
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an approximate guidepost. Using the mean values of variables given
in Table 6.2 and the estimated utility parameters β, h, γ1 , γ2 , γ3 ,
ζ1 , ζ2 , ζ3 for each of the network instantiations with random seeds
shown in Figure 6.14, we plot the left-hand-side and the right-handside of equation on a graph, and find their intersection for βf(xn) =
Vin–Vjn = βxn + h + γ 0 Sn + ζ 0 zn as given in equation (6.12). In
Figure 6.15, we can see that the effect of adding the alternative specific
constant, the agent characteristics and the agent-specific attributes of
choice alternatives to the model is to shift the tanh curve horizontally
so that the curve no longer crosses the line y = ϕ at ϕ = 0.

Figure 6.15: Plotted graphs of y = ϕ and y = tanh(1/2)[βxn + h + γ 0 Sn +
0 ] versus ϕ for values of estimated utility parameters β, h, γ ,
ζzn
1
γ2 , γ3 , ζ1 , ζ2 , ζ3 for the specific network instantiations with the
same network generator random seeds shown in Figure 6.14;
stable equilibria are seen where the tanh curves the line y = ϕ
"from above," and unstable equilibrium are seen where the tanh
curves the line y = ϕ "from below"; both the y-axis and ϕ are
shown in the range from −1 to 1

6.3 an empirical example

A larger value of the certainty parameter β is accordingly necessary
to achieve the signature bimodal behavior. We see this is true for both
a shift of the tanh curve to the right as shown in the left panel of
Figure 6.16 where we have:

1
h + γ 0 S̄ + ζ 0 z̄ = −0.226 < 0
β

(6.13)

and a shift of the tanh curve to the left as shown in the right panel
of Figure 6.16 where we have:

1
h + γ 0 S̄ + ζ 0 z̄ = 0.132 > 0
β

(6.14)

In the former the transition from unimodal behavior to bimodal
behavior occurs at approximately β ≈ 3.5 and in the latter it occurs
at approximately β ≈ 3, depending on the absolute magnitude of the
shift.

Figure 6.16: Plotted graphs of y = ϕ and y = tanh(1/2)[βxn + h + γ 0 Sn +
0 ] versus ϕ for values of estimated utility parameters β, h, γ ,
ζzn
1
γ2 , γ3 , ζ1 , ζ2 , ζ3 for the specific network instantiations with network generator random seeds 1 and 9 at top left and bottom left
panels of Figure 6.15, with a sweep of the certainty parameter
β embracing the transition from unimodal to bimodal behavior;
both the y-axis and ϕ are shown in the range from −1 to 1
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6.4

some issues in estimation

We plot the sets of estimated coefficient values for the same 30 network density values swept in section 6.3. Figure 6.17 shows selected
detail from the estimated coefficient values for the four model specifications with and without an alternative specific constant and with
and without self loops (20 network instantiations per density value).
Analyzing the plots, the clue to our puzzling behavior in section 6.3
becomes obvious in light of our analytical results. Far from being constant across all estimated models, we see instead systematic variation
in the estimated coefficient values. From section 6.2 we know that the
coefficient on the interaction variable must be sufficiently large and
positive in order to trigger the signature 2-peak histogram long-run
behavior. What we see is that for many of the models, this coefficient
on the local interaction variable is in fact negative. In such case we
can never expect to see the signature 2-peak histogram.
To test the hypothesis of whether the results in section 6.3 may have
more to do with the particular value of the estimated coefficient on
the local interaction variable rather than the density of the network
per se, we construct the following experiment. We choose a set of
estimated coefficients with a fairly high value of the coefficient on
the interaction variable. See Table 6.3. In this case, the coefficients
correspond to the network instantiation with network generator random seed = 1 for network density p = 0.6 for the model with an
alternative specific constant and with self loops. It is our first observation of sharp bimodal behavior as we sweep the link probability
from p = 0.005 to p = 0.9, but we could have used any arbitrarily
chosen set of coefficients with sufficiently high coefficient on local
interaction variable to yield the signature 2-peak histogram for longrun behavior. Now suppose there is an exogenous shock to the system
whereby the network density p changes, but the estimated coefficients
are not re-calibrated. Figure 6.18 shows the response surface analysis
for a set of simulations using the Erdős-Rényi network for assignment
of reference groups with heterogeneous local social influence, agent
characteristics and agent-specific choice attributes, with fixed utility
parameters.
We plot groups of histograms resulting from a parameter sweep
of p from 0.005 to 0.100 at increment 0.005, with 20 network instantiations per density. Figure 6.19 shows selected groups of aggregated
histograms from this series confirming that here we do indeed consistently get the originally predicted transition in long-run sociodynamic behavior for all 20 network instantiations at network density
p = 1/N + δ, with N the number of nodes and δ > 0 a small value.
There are two subtle issues to understand about the estimation.
One issue has to do with correlation of explanatory variables. The
other issue has to do with an explanatory variable or linear combi-
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Figure 6.17: Estimated coefficient values for the four model specifications
with and without an alternative specific constant, and with and
without self loops; there are 20 network instantiations per density value for a sweep of network density p = 0.005 to 0.9
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Table 6.3: Example binary logit model estimation results with local field variable

estimated parameters

value

std err

t-stat

choosing each mode, defined generically

9.63

3.64

2.65

Rail bias (alternative specific constant)

3.14

1.10

2.85

0.972

0.351

2.77

1.05

0.438

2.39

-0.951

0.420

2.27

In-vehicle travel time

-0.0121

5.98e-3

2.03

Travel cost

-0.0253

7.27e-3

3.48

Out-of-vehicle travel time

-0.0589

0.0124

4.75

Share of agent’s reference group

Female bias for rail
Business trip bias for rail
Shopping/recreation trip bias for rail

Null log likelihood (L0 )

-162.9

Final log likelihood

-111.9

Likelihood ratio test

102.0

Rho-squared

(ρ2 )

0.313

nation thereof being (almost) a perfect predictor for the dependent
variable. What we must recognize about the local interaction variable
is that in networks with a large number of agents and at high network density, the "local" interaction variable will become effectively
constant across agents in the network, whereby the variable will become highly correlated with the value of unity included in the model
when estimating an alternative specific constant. This leads to a violation in the estimation process. In fact the local interaction variable
will be perfectly correlated with unity at network density p = 1 (a
fully connected network) when the model includes self loops.
In Figure 6.17, we can visually track the increasing correlation as
the network density increases, between the coefficient on the local interaction variable the alternative specific constant (ASC) for rail in the
models with the ASC. To see this more clearly, it is illustrative to recast the estimated coefficient values for the local interaction variable,
in terms of an ensemble of static plots of the estimated coefficient
value for the local interaction variable versus network density, by network instantiation. See Figure 6.20. In Figure 6.21 we also show the
correlation value versus network density for the same ensemble of
plots per network instantiation.
When the model does not include an alternative specific constant,
the local interaction variable takes on this function at high densities.
Since the alternative specific constant happened to be positive for this
case study in the baseline model without any interaction, simple cal-
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Figure 6.18: The parameter sweep (response surface analysis) for a set of
simulations with heterogeneous local social influence, node
characteristics and choice attributes on an Erdős-Rényi random
network; certainty parameter β and other utility parameters are
fixed

culation can show that the coefficient on the local interaction variable
will be negative for this case study in models without an alternative
specific constant for high network density, since the "local" interaction
variable itself will be negative (the sample mode share for rail is less
than the sample mode share for car). This is the very simple reason
for why we never saw the signature 2-peak histogram in the movies
in section 6.3 for the models without an alternative specific constant
at high network density.
At low network densities in models with self loops, we have a problem in that the local interaction variable will be almost a perfect predictor for the dependent variable, particularly if we do not have time
series data. At high network density in models without self loops and
with an alternative specific constant, we are confronted with a double effect: not only is the local interaction variable almost perfectly
correlated with unity whereby we have a violation in estimation due
to the correlation between explanatory variables, but additionally a
precise linear combination of the local interaction variable and unity
is actually highly correlated with the choice variable itself, leading to
the second violation in estimation. This linear combination is a perfect predictor for the model without self loops and with an alternative
specific constant when network density p = 1.
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Figure 6.19: Selected aggregated histograms with constrained coefficients
for a sweep of network density p = 0.005 to p = 0.1 for the
model specification with an alternative specific constant and
with self loops; there are 235 heterogeneous agents in a ErdősRényi network with 20 network instantiations per density value,
50 multi-agent based simulation runs per network instantiation,
and 2000 iterations per simulation run; the values of the set of
utility parameters are held fixed across network instantiations;
the bins of the histogram encompass a range from −1 to 1
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Figure 6.20: Ensembles of plots for 20 network instantiations depicting the
envelope of values of estimated local interaction coefficient versus network density, for models with an alternative specific constant, with and without self loops

Figure 6.21: Ensembles of plots for 20 network instantiations depicting the
envelope of values for the correlation between local interaction
coefficient and alternative specific constant, versus network density, for models with an alternative specific constant, with and
without self loops
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Figure 6.22: Ensembles of plots for 20 network instantiations depicting the
envelope of values for rho-squared (model fit) versus network
density

6.5 conclusions and recommendations for further research

To see this more clearly, we plot the rho-squared values for the
model fit versus network density for the ensemble of 20 network instantiations for all four classes of models with and without self loops
and with and without an alternative specific constant. See Figure 6.22.
6.5

conclusions and recommendations for further research

In this chapter, we have explored a multi-agent based model of discrete choices with interdependence of decision makers’ choices. By
applying the model to an example of intercity travel demand using
empirical data, we introduced individual agent heterogeneity beyond
that induced by the local interaction structure. We found that the
model’s characteristic phase transition is dependent on network density and clustering in examples with Erdős-Rényi graphs and WattsStrogatz graphs, and on the importance of the estimated value of
the coefficient for the local interaction variable relative to other coefficients in the binary model. For a specific set of coefficients the appearance of a phase transition is robust against different instantiations of
a random network at given network density, but the estimation process to determine the set of coefficients can be highly sensitive to the
small variations in the different instantiations, particularly in models
including an alternative specific constant.
Special care must be taken in estimation of empirical models:
• With networks with very low densities when the model includes self loops; and
• With networks with very high densities when the model includes an alternative specific constant (ASC), especially in a
model without self loops.
In general, preference goes to models with an ASC in order to ensure
the error terms in the utility function have zero mean and the estimated coefficients are unbiased. Whether self loops are implemented
or not in an empirical model depends on the rationale of the system,
and ideally on availability of panel data over multiple time periods.
In addition to this central contribution, there are a number of subresults which we believe are important to highlight as good practice with agent based modelling. One key feature of agent based
modelling is internal verification, or otherwise said, how can the researcher be confident that the agent based model is performing the
actions that it is expected to do? What is the evidence that the programming implementation of the abstract or conceptual model is correct? To address this fact, we begin our modelling endeavor with a
very simplified model studied previously by others, building up our
agent based model step by step, and adding different layers of com-
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plexity one at a time. In our case, this means adding different kinds
of heterogeneity to the agent based model.
In section 6.1, the dynamics of the model are driven by choices
made by the agents. For this simple model, we are able to calculate
an analytical solution. We show that the agent based model yields the
same results as the analytical benchmark. This gives us confidence
that the subtleties of scheduling, event simulation and sequences of
random draws in our model behave exactly as expected. We can then
proceed to add additional complexity.
In section 6.2, there is additional heterogeneity due to the network
structure and the fact that agents have local information, rather than
global information. We experiment with two different abstract classes
of networks to see the effect of density and of clustering. Our results
with Erdős-Rényi and Watts-Strogatz graphs suggest that when a network representing the interactions between a decision making entity
and the aggregate behavior of other (local) reference entities has the
small world property, the system behaves in the long-run as the original analytical model with global mean field information. If we are
only interested in long-run behavior and not how long the system
takes to transition there, testing for the small world property may
be an empirically advantageous alternative to collecting data on the
precise details of a social network.
In section 6.3, we finally add heterogeneity due to individual characteristics of agents (gender) as well as agent-specific attributes of
choice alternatives (travel purpose, travel time, travel cost). We find
that adding this additional layer of heterogeneity beyond the heterogeneity induced by the local information of the behavior of other
agents in a given agent’s reference group does indeed matter. The additional layer of heterogeneity dampens the social effect of the flocking behavior. The parameter beta must be significantly higher than
the case in section 6.2 in order to recover the signature two-peak histograms.
Whereas in section 6.3, we re-estimated the coefficients driving the
social dynamics for each network instantiation at each experimental
level of level network density, in section 6.4, we now consider the
case of an exogenous shock to the social system whereby the network
density is varied, but the estimated coefficients are not re-calibrated.
Choosing a set of estimated coefficients with significantly high positive beta, we do recover the signature two-peak histograms for all
network instantiations at a given level of network density. We conclude therefore that the absence of this signature behavior in many
of the runs in section 6.3 has to do with the initial values of the estimated coefficients, and in particular the sensitivity of the estimation
process at low network density and high network density depending
on whether or not self loops are considered.

6.5 conclusions and recommendations for further research

The results presented in this chapter form the basis of further research, investigating, for example, what class of networks may be
needed to address interactions between identifiable decision making
entities. Technically, these may also be well-modeled by interaction
graphs. This is an interesting question in particular, as the current results suggest that more sparse networks are more dependent on the
actual reference structure. Another important direction concerns discrete choices on abstract network models with more realistic degree
distributions (in this case, the distribution of the number of "references" the decision making entities have). Both the Erdős-Rényi graph
and Watts-Strogatz graph yield a Poisson degree distribution, which
is unlike various real-life cases.
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S O C I O - D Y N A M I C T R I N A RY N E S T E D L O G I T:
A P P L I C AT I O N

In this chapter, we continue our study of the simulated evolution of
choice behavior over time with positive feedback due to network effects, using computational techniques from the field of multi-agent
based simulation. To achieve this, the discrete choice estimation results controlling overall mechanisms related to individual heterogeneous preferences are embedded in a computational version of the
model created using the Repast multi-agent based modeling platform.
An important extension is that we now consider a case where there
are shared unobserved attributes of the choice alternatives. We revisit
a classic approach to statistical prediction in such a situation given an
observed sample of decision making agents in a population, namely
the nested logit model. Additionally a key feature is that we explicitly consider non-global interactions, in an example with a social and
spatial network structure that we can visualize and analyze using
geographic information systems tools and techniques.
Table 7.1 highlights the contribution of this dissertation relative to
the context of existing literature along the dimensions of the discrete
choice model kernel, the specification of the systematic utility, the
approach to studying behaviour over time and the interaction framework.
In Chapter 6 results are presented for a binary logit model with
non-global interactions and other explanatory variables included in
the utility for a parameter sweep of network density across a series
of networks in the abstract class of random networks. In this chapter we present results for the behavior over time of a nested logit
model with non-global interactions, using an empirical treatment of
which decision makers influence each other defined on the basis of socioeconomic group and spatial proximity of residential location. We
deliberately choose the nested logit model as a starting point for this
chapter in incrementally extending existing literature. In Chapter 8
we will consider more complex discrete choice models.
In section 7.1 we present a strategy for introducing social and spatial network interdependencies in choice models as a generic feedback
effect. In section 7.2 we will review the data available to us, make a
hypothesis regarding a network of commonality between different
agents in different places based on common attributes in terms of social grouping between places, and estimate coefficients for the models
presented. In section 7.3 we will estimate a benchmark nested logit
model with a global (fully connected) network and the only explana-
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Table 7.1: Contribution of the dissertation in the context of existing literature by other authors. By the designation “Empirically defined”
is understood a fully specified systematic utility containing the
feedback effect as well as attributes of choice alternatives and/or
characteristics of decision making agents.

choice

systematic

behavior

global

local

kernel

utility

over time

network

network

Binary

Feedback

Theoretical

Brock, Durlauf;

logit
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7.1 conceptualizing social-spatial networks

tory variable in the systematic utility being the field variable. In section 7.4 we will make a hypothesis regarding a network of commonality between different agents in different residential districts based
on common attributes in terms of social grouping between districts,
and we will estimate coefficients for the model with field variables for
residential district and socioeconomic group. In section 7.5 we will return to the benchmark model to study in more detail the impact of
initial conditions and network size on emergent outcomes. In section
7.6 we will study in more detail the impact of sociographic networks
on the emergent outcomes, in scenarios for clusters and overlapping
groups. In section 7.7 we will come back to the fully specified empirical model again to study in more detail the impact of the utility
parameters and the network connectivity on the emergent outcomes.
In this chapter we will find that the simulated evolution of choice
behavior over time with positive feedback due to network effects
is critically sensitive to the discrete choice estimation results defining the individual heterogeneous preferences. Heterogeneity matters!
The emergent outcomes are remarkably, dramatically different not
only with the inclusion of heterogeneity in the systematic utility in
the extension of the model from one including the feedback effect
only versus an empirically defined systematic utility, but also with
the inclusion of shared unobserved heterogeneity in the extension
of the model from multinomial logit to nested logit. This finding in
turn opens a wide spectrum of research along various dimensions for
more detailed understanding of the impact of agent heterogeneity on
emergent outcomes for any policy related considerations.
7.1

conceptualizing social-spatial networks

In conceptualizing the interaction framework, a distinction is hypothesized between social versus spatial interactions and between identifiable versus aggregate interactions. We speak of interaction between
“identifiable” decision makers when the links in the network are well
known and explicitly defined on an individual decision maker by decision maker basis. We speak of interaction between “aggregate” decision makers when interdependence is assumed to take place only
at an aggregate level with links being defined, for example, more generally based on decision maker characteristics. We speak of “spatial”
network interactions when the interdependence represents a confluence of decision makers in geographic terms. For example, decision
makers may be linked based on spatial proximity of residential location, work location or some other geographical point of reference
such as school, childcare, shopping, healthcare, leisure/recreation or
other relevant activity location. We speak of “social” network interactions when decision makers are linked based on social circles. The decision makers need not be proximally situated in geographical terms
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and the interaction is not necessarily centered at a particular geographic point of reference; interaction may take place at a distance,
so to speak.
The framework for the mechanisms of interactions is proposed as
follows:
• Interactions among individuals within households – for example, joint residential location choice in a dual income earner
household (Timmermans et al, 1992); coordinating activity
schedules and travel patterns within a household.
• Interactions between identifiable households proximally situated in a spatial network – for example, both nuisance from
neighbors as well as conversely satisfaction with neighbors are
very strong factors in the inclination to move house, both for under 55 and over 55 age groups in the Netherlands (Hooimeijer
and van Ham, 2000); coordinating carpooling with neighbors or
co-workers.
• Interactions between identifiable households associated in a social network, not necessarily proximally or tangentially situated
in a spatial network – for example, attraction to a particular
municipality in choice of residential location because friends or
family live there; awareness about availability of certain alternatives in the choice set generation process through information
transmission in the social network via friends, family, neighbors
and/or co-workers, be that the suitability of a particular neighborhood in residential location choice, or the suitability of using
a park-and-ride transferium for a commute, or the existence of
a carpool facility.
• Interactions between a household and the aggregate actions of
other households proximally situated in a spatial network – for
example, high volatility or conversely stagnancy of turnover in
housing stock in a particular neighborhood affecting the general
desirability of a neighborhood or the possibility to move there;
social pressure to own a car because other neighbors or other
co-workers on average do, regardless of whether there is any
direct social contact with these persons; improved feasibility for
higher level of public transit service associated with higher volume of public transit ridership in a particular region.
• Interactions between a household and the aggregate actions of
other households associated in a social network, not necessarily
proximally or tangentially situated in a spatial network – for
example, preference for a particular type of housing situation
(as opposed to preference for a specific municipality); social
acceptance of cycling or public transit because friends, family,
neighbors and/or co-workers also cycle or use public transit.

7.1 conceptualizing social-spatial networks

Table 7.2: Interaction mechanism framework: some illustrative examples.
Global interactions between a decision maker and the aggregate
actions of other decision makers in the entire sample population
(general societal bandwagon effects) may be addressed as the special limiting case of a fully connected network.

interactions

identifiable

aggregate

Spatial network

Coordinating carpooling

Feasibility of high level

with neighbors

of public transit service

Personal awareness about

Social acceptance of

mode choice alternatives

cycling / public transit

Social network

• Interactions between a household and the aggregate actions of
other households in a (sub)population, not necessarily associated in a social network nor proximally or tangentially situated
in a spatial network – because of a general trend or societal
bandwagon effect.
Furthermore, an important distinction can be understood in this particular problem domain among (social and/or spatial) network interactions impacting choices, such as transport mode choice, which
do not necessarily endogenously affect the household’s reference position in a network (eg. whether a household chooses carpool versus
transit in a multi-modal trip, or chooses a uni-modal trip, will not spatially affect the fact of who the household’s neighbors or co-workers
are), as opposed to network interactions impacting “sorting” type
choices, such as residential location choice, which obviously endogenously impact the household’s reference position in a spatial network
and potentially also within a social network (eg. in moving to a new
neighborhood a household per definition acquires new neighbors).
In summary, illustrative examples of such interactions along the
above described dimensions for the exogenous network case in the
given problem domain, that is, transportation mode choice, are provided in Table 7.2.
Typically survey data for interaction between identifiable decision
makers would include explicit information on the relevant networks
for each decision maker for the decision of interest. The members
of the networks might then in turn be surveyed. In travel demand
data collection a typical practice is to sample households from the
population and then survey all members of that household above
a certain age. As of the time of embarking on the current research,
we were unaware of any travel demand datasets that would take, for
example, a “snowball sampling” approach collecting explicit information on inter-household networks of decision makers. As suggested
in Table 7.2, some examples of research questions we might like to
answer relating to inter-household networks include spatial coordi-
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nation/feasibility and social awareness/acceptance in the take-up of
various transportation mode choices. In absence of survey data on
interaction between identifiable decision makers at inter-household
level, we turn instead to consider aggregate interactions between decision makers and use a priori beliefs about the social and/or spatial
dimension of interactions to formulate the connectivity of the network.
In the case study to be discussed, we have rich socioeconomic data
for each respondent as well as the geographic location of each respondent’s residence. This allows us to define aggregate interactions
by grouping agents into geographic neighborhoods or into socioeconomic groups where the influence is assumed to be more likely. In the
simplest case, these groups are assumed to be mutually exclusive and
collectively exhaustive and each agent n belongs to one and only one
group g. The agent is influenced by the average choice behavior of his
or her group, and the influence by other groups is assumed to be negligible. At a global level, the picture is a fragmented or disconnected
network of clustered groups. If we are interested in equilibrium behavior, the consequences of such an assumption are important: there
is no transmission of influence across groups, and the global picture
is a weighted average behavior of the separate clusters. Thus we consider the case with overlapping groups, with agents for example connected by social group as well as by residential district. This leads to
a giant cluster for the empirical example under consideration, with
the important implication that influence can spread throughout the
entire population.
In section 7.2 we will review the socioeconomic and geographic
data available to us. Starting in section 7.3 we will finally consider
the evolution of choice behavior over time. Although it is important
to begin with a well-specified model before adding subsequent elaborations, note that the techniques presented here could be applied to
any choice model.
7.2
7.2.1

data preparation
Overview of the Data

The data to be used in this case study originates from activity based
travel questionnaires administered by the Municipality of Amsterdam Agency for Infrastructure, Traffic and Transport (dIVV) during
the period 1992-1997 in Amsterdam and a neighboring suburb to the
south of the city, Amstelveen.
The data set received from the dIVV is a subset of their modal
split database containing only the direct home-work trips and direct
work-home trips from this database, where the purpose of the trip at
the non-home location is classified as either ‘work’ or ‘business.’ Geo-
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graphical location is given in terms of the centroid of a traffic analysis
zone (TAZ). There are 381 TAZ centroids in Amsterdam (nrs. 1-381)
and 48 TAZ centroids in Amstelveen (nrs. 414-461), with a total of 933
TAZs in the whole of the Netherlands. Records with origin, destination or residence TAZ listed as 0 have been removed by the dIVV from
the database. Mode choice is collected in 10 categories. The database
furthermore includes only records of trips where respondents have
indicated one of the first six choices of the ten options:
• External system public transit (364 trips)
• Internal system public transit (862 trips)
• Car driver (2446 trips)
• Car passenger (252 trips)
• Moped/motorcycle (65 trips)
• Bicycle (1379 trips)
• Taxi (excluded)
• Not applicable (excluded)
• Walking (excluded)
• Other (excluded)
The data is organized by trip (5368 direct home-work or work-home
trips), grouped by respondent (2925 respondents who have made
these trips), household (2328 households with a respondent who
made such a trip) and address (2321 addresses where there is a household with a respondent who made such a trip). Although the subset
includes only the direct home-work (hw) and work-home (wh) trips,
some information about tours can be inferred from the sequential
number of the trip in a given respondent’s entire daily sequence as in
Table 7.3.
Some issues:
• Commute trips with stops underway are not included, only direct trips.
• It isn’t possible to distinguish, for example, between on the one
hand, 1 home based tour having 4+ trips between the outward
journey-to-work and the return journey-to-home, versus on the
other hand, 2 home based tours having stops underway on the
return journey-to-home trip of the first tour, as well as stops
underway on the outward journey-to-work trip of the second
tour.
• Some respondents indicate returning “home” or starting from
“home” that is not their primary residential address.
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Table 7.3: Inferred daily tour sequence. Gaps in a respondent’s entire daily
sequence (as inferred from the sequential numbering of the trips)
due to trips with other trip purposes that were not made available
in the subset of data released by the municipality, are given by
empty brackets ( ). The “hw-wh” sequence can actually be further
distinguished: with no stops between (1577); with stops between
but work location is same (235); with stops between and different
work locations (170).

inferred sequence

minimum tours

respondents

hw-( )

1

606

hw-( )--hw-( )

2

4

hw-( )--hw-wh

2

15

hw-( )--hw-wh--hw-wh

3

1

hw-wh

1

1982

hw-wh--( )-wh

2

3

hw-wh--( )-wh--hw-wh

3

1

hw-wh--hw-( )

2

20

hw-wh--hw-( )--hw-wh

3

1

hw-wh--hw-wh

2

103

hw-wh--hw-wh--hw-wh

3

6

( )-wh

1

166

( )-wh--hw-( )

2

5

( )-wh--hw-wh

2

8

( )-wh--( )-wh

2

3

( )-wh--( )-wh--hw-( )

3

1

Total respondents

2925
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• Some respondents indicate going to 2 or more work locations.
• It isn’t clear whether the data from the given day is typical or
an anomaly for that respondent.
The database is built from cross-sections carried out in five rounds
over a period of six years, with different respondents (a so-called
rolling “pseudo-panel”). In fact, however, because each of the five
rounds are cross-sectional samples over respondents living in different – practically non-overlapping – regions, it might be difficult to
separate a temporal year effect from a geographical residential location effect. To visualize the data, we create a thematic map. See Figure
7.1.
The five samples are roughly as follows:
• 1992 – Suburb (Amstelveen)
• 1994 – East and west middle ring (Amsterdam)
• 1995 – South middle ring and southeast annex (Amsterdam)
• 1996 – North and west garden cities (Amsterdam)
• 1997 – Center and south (Amsterdam)
The pale grey circles in the map indicate the centroids of the traffic analysis zones in Amsterdam and Amstelveen adhered to by the
dIVV. Residential locations of sampled respondents are known to the
precision of a TAZ centroid. Red dots represent the residential locations of (clusters of) direct-commuting respondents choosing public
transit, green diamonds show the (clusters of) bicycle users, blue circles show the (clusters of) car drivers, pink squares show the (clusters
of) car passengers.
To visualize the geometry of roadways and train stations, we also
create a second thematic map. See Figure 7.2. Major roadways – including the important A10 ring road around Amsterdam – are shown
in red, and secondary roadways are shown in orange. Other roads
are shown in green and blue. Train stations of the national railway
system are shown with red stars. The national 4-digit postcode regions and the dIVV travel analysis zone centroids are shown in gray,
and the 4-digit postcode regions sampled by the dIVV during the period 1992-1997 are shown in the background with the same coloring
scheme as in Figure 7.1 to guide the eye in comparison.
Some initial first impressions: Zones with minimal public transit
service show no public transit users in the database, for example
in Amstelveen (southern suburb) and North Amsterdam (across the
bay); car users are distributed across the entire region in practically
all zones; bicycle users are absent in the most peripheral zones in far
Amstelveen, far East Amsterdam, Southeast and North Amsterdam
and far West Amsterdam; there are some regions in the city center
with high public transit service and no transit users.
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Figure 7.1: Primary residential locations (known to precision of a TAZ centroid) of respondents sampled by the dIVV in the period 19921997 making direct home-work or direct work-home trips – indicated with commuter mode choice. The polygons indicate boundaries of national 4-digit postcode regions. The orange colored
area shows roughly the 4-digit postcode regions of residential
locations sampled in 1992; yellow shows roughly 1994; green
shows roughly 1995; blue shows roughly 1996; purple shows
roughly 1997. The pale grey circles indicate centroids of traffic
analysis zones in Amsterdam (361 TAZs) and in Amstelveen
(48 TAZs). Red dots represent the primary residential location
of (clusters of) direct-commuting respondents choosing public
transit; green diamonds indicate bicycle or moped/motorcycle
users; blue circles indicate (clusters of) car drivers; pink squares
indicate (clusters of) car passengers.
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(b)

(c)

Figure 7.2: Transportation network in Amsterdam and immediate environs.
The national railway lines are not shown in the main diagram,
but its stations are indicated with red stars. The TAZ centroids
and 4-digit postcode regions are shown in gray and the sampled
region is shown in the background to guide the eye, using the
same coloring scheme as Figure 7.1. Inset (b) indicates roadway
category and number of such road segments in the Netherlands.
Inset (c) shows national railway lines and local bus/tram/metro
lines.
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7.2.2

Considerations

This case study reports on the development of a transportation mode
choice model. The central questions which this case study aims to
answer is:
To what extent can a respondent’s mode choice be explained by his or her neighbors’ mode choices and those
choices made by a respondent’s socioeconomic peers, after
controlling for travel mode attributes such as travel time,
as well as sociodemographic characteristics?
Note however, that causality will not be addressed, that is, the question of whether a respondent chooses a residential location a priori
based on a certain travel mode lifestyle of the residents in a neighborhood, or whether after having moved to a location a respondent
is then a posteriori influenced by the travel behavior of his or her
neighbors.
Given the above described data set, there are several considerations
that come to mind immediately:
(1) First, the samples are stratified by residential location. For a
residential choice model to be estimated at later date, we will thus
have the case of choice based sampling. Since it cannot be assumed
that sampling fractions in each of the strata have been chosen a priori to equal the population shares, if we want to estimate any model
other than a simple multinomial model (with a full set of J − 1 alternative specific constants, where J is the number of alternatives), we
will need to consider appropriate estimation procedure options. One
possibility may be weighted exogenous sample maximum likelihood
(WESML), as described in Ben-Akiva and Lerman (1985, pp. 238-239).
The WESML estimator is computationally tractable and consistent
under very general conditions, but not in general asymptotically efficient (Manski and Lerman, 1977; Lerman and Manski, 1979). Another possibility may be to address the sample likelihood of a general
stratified sample with nonoverlapping strata described in Ben-Akiva
and Lerman (1985, pp. 235-236) via simulation. Fortunately, with the
travel mode choice model at hand, we have an exogenously stratified sample and the usual estimation procedure for a simple random
sample applies.
(2) Presumably there may be a bias in commuter mode choice incurred by only having direct home-work and direct work-home trips
in this particular subset of the database. For example, we might hypothesize that there is a potential flexibility afforded by the car in carrying out complex trip chains. If so, the proportion of car users might
be under-represented in the data set as compared to the population
share of all commuters, as the car users may be disproportionately
excluded in the set of commuters making stops on the way to and
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from work. It is isn’t clear at this stage how to adjust for such a potential bias. At this point, we proceed under the assumption that any
extensions to population shares are only made for shares of direct
work-home or direct home-work trips, and not for population shares
of all commute trips.
(3) To test for a temporal year effect and/or geographical residential location effect, there are several possibilities. First, we might want
try including a limited set of dummy variables for year or district
directly in the specification the utility function. Second, a market
segmentation test for taste variations might be entirely appropriate.
Third, we might want to try a random coefficients model, where coefficients for records from the same year or district differ from the
population mean by the same unobserved amount.
(4) The same approach as outlined in (3) might also be interesting
to apply for the purpose of the trip at the non-home location in understanding if there is any distinction between the two classifications
"work" versus "business".
(5) Presumably the best residential location choice model possible
here to be estimated at later date, would be one at the TAZ centroid
level, that is, the smallest scale available, and thus most homogeneous
within the unit of analysis. However, there may be several trade-offs
to be considered. Since there are 381 TAZs in Amsterdam plus 48
TAZs in Amstelveen, for a total of 429 possible TAZs, a model estimation procedure using sampling of alternatives for a residential location choice might be a computationally tractable option, using the
approach proposed by Guevara (2010). There are two caviats. First, in
order to flexibly account for spatial correlation between end alternatives, it may be interesting to experiment with a mixed cross-nested
logit structure as described in Bhat and Guo (2003). Without results
for sampling of alternatives for such structures, it could mean at least
in the short term, that it might be necessary to apply the “brute force”
method of compiling attributes, and calculating utilities and individual choice probabilities for all realistically possible TAZ for each respondent. This may be computationally prohibitive as well as logistically impractical due to run time constraints, with such a number of
end alternatives for combined residential location choice and mode
choice. Second, corrections for aggregation of elemental alternatives
(residences) within a zone would need to be applied, as described in
Ben-Akiva and Lerman (1985). The number of residences per zone
is known at the level of a centroid of a 6-digit postcode. Although
x,y-coordinates of the centroids are available for import into a GIS
package, it is not immediately clear how to carry out a mapping of
data from the 6-digit postcode centroid to a TAZ centroid. Much more
straightforward would be if it were possible to obtain access to a GIS
file with the traffic analysis zone boundaries, then it would be simple
matter to aggregate data from the 6-digit postcode centroids within
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the TAZ boundaries. If such a file does exist, it may not be possible
to obtain access to it for various reasons. On the other hand, it is
a straighforward matter to aggregate data from the 6-digit postcode
centroids with the 4-digit postcode boundaries using data immediately at hand.
(6) Development of a tour based model is beyond the scope of this
case study. Furthermore, gaps in the available data as described in
the subsection 7.2.1 “Overview of the data” due to having only direct
home-work and direct work-home trips and thus incomplete and/or
ambiguous tour information poses additional challenges. Thus, a simple trip based model is considered here. However, because one of the
central research questions to be answered is concerned with the explanatory power of the average choice behavior in residential neighborhood on a given respondent’s commute mode choice, having multiple trips over the course of the day for one individual in the sample
could bias results and confound decision making, correlation and constraints of mode choice of trips at the tour level and respondent level,
with the research question. It was therefore decided to include only
one trip per person in the sample. In practice, the one trip per person
was selected on the basis of being the first trip in the day for which
there was data for a given respondent. While not a perfect solution
(particularly if a respondent happened to travel by different modes
on an outward versus return journey), compared to the corrections
necessary when including multiple trips per person and treatment of
ambiguous information due to having only direct trips, the chosen
approach seems the most straightforward. Additionally, reducing the
sample size from on the order of 5368 trips to on the order 2925 trips
gives computational advantages with respect to memory constraints
and estimation time.
7.2.3

Sample Preparation

The sample is reduced from 5368 trips to 2925 trips, that is, from
multiple trips per respondent to one trip per respondent, as described
above in the subsection 7.2.2 “Considerations.” In doing so, however,
we create several additional variables for potential future reference
summarizing some of the lost information, in accordance with points
identified in the subsection 7.2.1 “Overview of the data.”
• Number of direct home-work and work-home trips made per
respondent in their day sequence
• Inferred day tour sequence type
• Whether the respondent has indicated an alternate residence,
that is, returning “home” or starting from “home” that is not
their primary residential address, among any of their trips (not
just the one trip selected for inclusion in the sample)
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• Whether the respondent has indicated going to more than 1
work location in their day sequence
• Whether the respondent switches modes in their day sequence
Frequencies for these created variables are given in Tables 7.4 to 7.8.
Table 7.4: Direct commute trips per respondent

direct commute trips

frequency

percent

1

772

26.4

2

1994

68.2

3

47

1.6

4

103

3.5

5

3

0.1

6

5

0.2

10

1

0.0

2925

100.0

Total

Table 7.5: Inferred tour sequence

inferred tour sequence

frequency

percent

Direct outward commute only

606

20.7

Direct return commute only

166

5.7

Direct commute with no trips between

1577

53.9

Direct commute with work based trips

235

8.0

Direct open jaw commute tour

170

5.8

Two direct commute tours

103

3.5

68

2.3

2925

100.0

Other sequence
Total

Table 7.6: More than 1 home location in day sequence

> 1 home location

frequency

percent

No

2843

97.2

Yes

82

2.8

2925

100.0

Total

At this stage three brief points are nonetheless worth noting:
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Table 7.7: More than 1 work location in day sequence

> 1 work location

frequency

percent

No

2653

90.7

Yes

272

9.3

2925

100.0

Total

Table 7.8: More than 1 transport mode in day sequence

> 1 transport mode

frequency

percent

No

2820

96.4

Yes

105

3.6

2925

100.0

Total

(1) More than half of the respondents (53.9%) have a direct commute with no other trips in between their direct outward journey
from home-to-work and their direct return journey from work-tohome. We may like to know if these respondents have structurally
different preferences than respondents with more complex day commute tour sequences. It might be interesting to carry out a simple
market segmentation at later stage to test for taste variation for the
set of respondents with the single direct commute tour versus respondents with other inferred day sequence types.
(2) Only 3.6% of respondents indicate having different direct commute travel modes for different direct commute trips during the
course of the day. Thus there appears to be a very high correlation for
direct commute mode choice among these trips for a given respondent, and concerns hypothesized earlier in this regard are upheld.
Likewise, any bias to be incurred with regard to any neighborhood
feedback effect, due to considering the mode choice of the one selected trip in the day sequence as representative of a general choice
behavior for direct commute trips of a respondent, might be hypothesized to be not so serious. A stability analysis of the contributions
of these few respondents in the preference structure of the sample
might be interesting to carry out at later stage by repeating the final
analysis when replacing the selected trip with instead one of the trips
by the same respondent with an alternate mode for inclusion in the
sample.
(3) Fairly few persons indicate having more than 1 work location
(9.3%) and even less indicate having more than 1 “home” location
(2.8%) in their day tour sequence. We may like to know if having a
more complex geographical pattern in the day sequence affects mode
preference. These might be interesting dummy variables to experi-
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ment with including in the model. Also, as similarly just mentioned
in (2) with respect to mode choice, it may interesting to carry out a
stability analysis of final results when replacing the primary residential location with instead the alternate residential location for the few
respondents with more than 1 “home” location with regard to our
study of neighborhood feedback.
Until now we have discussed aspects of correlation and decision
making among trips in a tour and tours in a day sequence, and reduced the research problem to one of direct commute mode choice
behavior at the respondent level. We will soon address a hypothesized relation between individual choice behavior and average choice
behavior of neighbors and socioeconomic peers. But what about the
intermediate level of decision making within a household? There are
many possible approaches to this question, most of which are beyond the scope of this case study. For example, we might imagine a
nested preference structure where one household member’s choice
is conditional on another household member’s choice. Another approach might be imagining a structure where we treat the data set
effectively as panel data where different household members’ choices
from the same household are treated as repeated observations. A very
simple approach might be including a dummy indicator variable in
the utility specification for a given respondent if another member of
the household chooses a particular mode. A fourth approach might
involve estimating separate models with market segmentation by
household composition. Of course, combinations of these approaches
are also possible.
The travel surveys administered by the Municipality of Amsterdam
dIVV during the period 1992-1997 have been carried out among all
persons in a household above the age of 12. In principle, this gives
a very rich database for investigating the approaches to the modeling of correlation and decision making within a household. Unfortunately, as the available subset of this database contains only direct
home-work and direct work-home trips, much of the information
about household composition and mode choice behavior of individuals within a household is lost. Nonetheless due to the coding of the
records not only by trip sequentially within a day, and by respondent, but also by household, it is possible to infer some information.
For example, it is not possible to differentiate whether a household
with only one respondent is the data subset is indeed a single person household, or a single worker household, or in fact actually a
multiple worker household but only one worker of which makes a
direct commute with no stops to or from work on the survey day. It is
however possible to conclude definitively that a household does have
more than one direct-commuting worker, and not only one. Thus we
create a dummy indicator variable as follows:
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Table 7.9: More than 1 direct commuter per household

> 1 direct commuter

frequency

percent

No

1763

60.3

Yes

1162

39.7

Total

2925

100.0

• Whether a respondent resides in a household where there is
definitively at least one other person with a direct home-work
or direct work-home commute
The frequency for this created variable is given in Table 7.9. More than
one-third of respondents (39.7%) can be definitively concluded to belong to a multiple worker household where at least of these workers
make direct home-work and/or direct work-home trips. Recognizing that the number of actual multiple worker households might be
greater than this, nonetheless, as described above it might interesting to carry out a market segmentation test on this variable. In doing
so, we test for taste variations in respondents where there might be
correlation or constraints in decision making among multiple directcommuting members of a household, versus respondents from other
households.
7.2.4

The Choice Dimension, Availability of Alternatives and Exclusion of
Records

Next we consider the choice dimension and availability of alternatives. There are two variables in the dIVV database specifically indicating for each respondent the availability of a car and the availability
of a bicycle. A three-way cross tabulation of the these two variables by
the primary mode choice described in the subsection 7.2.1 “Overview
of the data” is presented in Table 7.10.
Several observations in this regard:
• There are 22 car drivers plus 64 car passengers, that is, 86 respondents total traveling by car mode, for whom travel by car
is unavailable according to the dummy indicator variable for
car availability.
• There are 13 respondents traveling by bicycle for whom travel
by bicycle is unavailable according to the dummy indicator variable for bicycle availability.
• There 21 respondents traveling by external public transit and
150 traveling by internal public transit, that is 171 public transit

7.2 data preparation

Table 7.10: Car availability by bicycle availability by primary transportation
mode

primary mode

External public transit

car:

bicycle:

bicycle:

No

Yes

No

21

101

122

Yes

7

72

79

28

173

201

No

150

183

333

Yes

43

119

162

193

302

495

No

9

13

22

Yes

282

995

1277

Total

291

1008

1299

No

15

49

64

Yes

14

67

81

Total

29

116

145

No

0

21

21

Yes

1

12

13

Total

1

33

34

No

8

383

391

Yes

5

355

360

13

738

751

Total
Internal public transit

Total
Car driver

Car passenger

Moped/motorcycle

Bicycle

Total

total

users, who according to the car and bicycle availability dummies actually had no choice.
First, due to the number of logical inconsistencies in the data, the
accuracy of the two availability variables is called into question. Second, the proportion of transit users whose records would be excluded
from the data set, that is, 171 respondents with “no choice” divided
by 201 plus 495 external and internal public transit users, or about
one-fourth (!), is rather high. By outright excluding these records, we
lose valuable information about the behavior of these individuals and
lose statistical power in estimating coefficients for the transit mode.
Furthermore, it is precisely the public transit attributes which could
be important for policy forecasting in terms of being variables which
might be most likely to be in the control of the dIVV to adjust. On the
other hand, not including any variables to indicate the availability of
alternatives could bias results.
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Table 7.11: Driver’s licence by car availability

driver’s license

car:

car:

total

No

Yes

No

639

0

639

Yes

314

1972

2286

Total

953

1972

2925

Taking these points into consideration, we look for an alternative.
In keeping with the spirit of the case study to understand a general
choice behavior at a respondent level and in particular any explanatory power of neighborhood feedback, one possibility is to consider
instead the availability of a mode at the level of a longer time horizon, rather than availability at a given day. The decision to buy – or
particularly to borrow or to rent – a bicycle even if a bicycle is not
immediately “available” on a given day, might be assumed to be one
with not such high threshhold or fixed costs so as to outright exclude
travel by bicycle in general.
Similarly, even the decision to buy – or particularly to borrow or
to rent – a car even if a car is not immediately “available” on a given
day, might be considered to be one with not such a high threshhold or
fixed costs so as to outright exclude travel by car in general. This last
case is all the more relevant with the appearance of highly flexible,
on-demand car rental services in Amsterdam and environs such as
“Greenwheels,” where cars can be picked up and dropped off at a
multitude of locations. On the other hand, obtaining a driver’s license
is not something to be arranged immediately on-demand and places
a substantial, effective barrier with a longer time horizon. In fact, in
the Netherlands, even repeated attempts at the driving test before
ultimately obtaining a license is not uncommon.
By way of exploratory consideration of the usefulness of the possession of a driver’s license as an indicator variable for availability of
travel by the car mode, we perform a cross tabulation of this against
the original “car availability” dummy variable. Results are presented
in Table 7.11. Indeed every respondent who is indicated to have a
car available according to the original dummy variable (1972 respondents) also a driver’s license. On the other hand, there are 314 additional respondents who do have a driver’s license who theoretically
couldn’t travel by car mode according to the original availability variable. There remain 639 respondents with neither a car available according to the original indicator variable nor a license. The lowering
of the barrier for which car mode is excluded is thus achieved and is
at the same time logically consistent with the original variable.

7.2 data preparation

Using possession of a drivers’ license as an indicator for availability
of travel by car is also consistent with the approach taken in numerous other studies. There is one important outstanding fact however,
namely that this particular dataset includes car passenger as a mode
choice not only car driver – although car passenger is indeed the second smallest mode choice category (145 respondents) after moped/motorcycle (34 respondents) and followed by external public transit
(201 respondents). All other mode choices have on the order of 500
respondents or more, and the car driver category in particular has
almost an order of magnitude more respondents (1299 respondents)
than the car passenger category. At this point we adopt the analysis practice of the dIVV by merging the external and internal public
transit categories to one public transit category and by merging the
bicycle with moped/motorcycle category to one two-wheeled mode
category (referred to from here forward simply as “bicycle” following dIVV convention). Merging of the car driver and car passenger
category is now also considered.
Presumably a car passenger could just as well be a car driver provided the respondent in question is in possession of a driver’s license.
A car passenger without a driver’s license is more problematic, as
their mode choice is unavoidably contingent on the choice behavior
of the driver, and potentially also activity and scheduling constraints,
in order to choose this mode. Establishing conditions for the availability of travel by car without possession of a driver’s license for the
respondents who in fact chose to travel by public transit or by bicycle
is beyond the scope of this study. Furthermore, while the full dIVV
database involving all trips in a day, for all members of a household
above the age of 12, presents interesting and rich modeling possibilities for developing such activity based and time-of-day based conditions, the available data containing only the direct home-work and
work-home trips hardly supports such an approach.
A cross tabulation of primary mode choice for direct home-work
and direct work-home trips by possession of a driver’s license is
given in Table 7.12. The number of car drivers without a license is
10 and the number of car passengers without a license is 53. Rather
than exclude records these records from the sample, it is decided to
use car ownership as an explanatory variable in the model and from
this point forward, the remaining car drivers and car passengers are
merged into one category.
Next, we consider a procedure applied by the dIVV of excluding
records for respondents traveling by bicycle who have a travel time
greater than 75 minutes. We would like to know if these records can
be considered exceptional in the context of our sample. Figure 7.3
shows histograms of travel time by bicycle for the set of respondents
who choose travel by bicycle or moped/motorcycle for their direct
commute.
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Table 7.12: Primary transportation mode by driver’s license

primary mode

license:

license:

No

Yes

Bicycle/moped/motorcycle

266

519

785

Public transit

310

386

696

Car driver

10

1289

1299

Car passenger

53

92

145

639

2286

2925

Total

(a)

total

(b)

Figure 7.3: Histograms of total travel time by bicycle for direct-commuting
respondents choosing bicycle or moped/motorcycle. Inset (a)
with no respondents excluded, has mean 23.6, and standard deviation 19.0. Inset (b) with 6 respondents in the right tail of the
original distribution having travel time greater than 75 minutes
excluded, has mean 22.5, and standard deviation 12.2.

Indeed there are only 6 respondents of 785 respondents total choosing bicycle or moped/motorcycle in the sample, or less than 0.8%. Of
these, the most extreme record is more than 16 standard deviations
away from the mean. Excluding these records likewise reduces the
mean by more than one minute and reduces the standard deviation
by more than 8 minutes. Thus, the procedure applied by the dIVV
is accepted for this dataset, as these very few records seem have an
exceptional influence on the distribution. Out of curiosity, we might
wonder if this situation occurred due these 6 records being disproportionately moped/motorcycle users, that is, respondents with in fact a
motorized means of transport, rather than unusually avid cyclers. A
cross tabulation of travel time by bicycle by primary mode in Table
7.13 shows that only 1 of these records is from the moped/motorcycle
category, and the most extreme case is indeed a bicycle user.
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Table 7.13: Reported travel time by primary transportation mode for respondents traveling by bicycle/moped/motorcycle with travel time
greater than 75 minutes

travel time

moped/motorcycle

bicycle

total

75.2

0

1

1

93.6

0

1

1

100.8

0

1

1

136.1

0

1

1

219.7

1

0

1

342.9

0

1

1

Total

1

5

6

Table 7.14: Reported travel time by dummy variable ‘More than 1 transport
mode in day sequence’ for respondents traveling by bicycle/moped/motorcycle with travel time greater than 75 minutes

>1 mode:

>1 mode:

No

Yes

75.2

1

0

1

93.6

1

0

1

100.8

1

0

1

136.1

1

0

1

219.7

1

0

1

342.9

1

0

1

Total

6

0

6

travel time

total

We now take a moment to assess the records excluded until now.
There are 6 records excluded on the basis of being exceptionally avid
two-wheeled mode users. While for purposes of consistency in procedure we uphold the exclusion of these records, we might still like to
have an idea whether the respondents in the excluded records might
have made other trips by an alternate mode among the trips that were
not selected for inclusion in the sample in the subsection 7.2.3 “Sample Preparation.” A cross tabulation of travel time by bicycle for the
6 excluded records with travel time greater than 75 minutes by the
dummy variable created in the previous subsection for whether the
respondent switches modes in their day sequence, shows that none of
these traveled by an alternate mode. See Table 7.14. Thus even if we
do a stability analysis at later stage as proposed in the subsection 7.2.3
“Sample Preparation” point 2, these records will remain excluded.
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Finally, we consider availability of the public transit mode. We
would like to know if there are any respondents for whom travel by
public transit is networkwise inconsistent with respect to the location
of their residence relative to their work location. That is, we would
like to know whether there are trips such that upon the respondent’s
arrival to the nearest public transit stop by their access mode, the respondent can more efficiently continue from the same stop by their
egress mode, without actually traveling by the primary public transit mode at all. Such a scenario would arise for example as follows.
Suppose there is a geometry of points along a line in order A – B –
C – /... / – D. Point A is the location of the respondent’s residence.
Points B and D are immediately sequential public transit stops with
no other public transit stops in between. Point C is the work location,
and point C is closer in time and distance by the egress mode to point
B than it is to point D.
To identify whether there are indeed any respondents in the sample with networkwise inconsistent public transit alternatives, first we
filter the sample for records with travel cost by public transit equal
to zero, and then we compute the descriptive statistics for all travel
attributes for the public transit mode. See Table 7.15. Indeed there
are 62 such records in the sample, and all 62 records show that the
total travel time and total travel distance for the public transit alternative is comprised solely of travel time and travel distance for access
and egress with no actual travel by the public transit mode itself (local bus, express bus, external express bus, tram, express tram, metro,
local train, regional train, intercity train). An availability dummy variable for public transit is created as follows:
• Whether the respondent has a trip with in-vehicle travel time
for the public transit alternative greater than zero
Since the travel attributes for the public transit mode are generated
from zone-by-zone network skims, there may in fact be some respondents who actually chose public transit even though the trip is networkwise inconsistent. A cross tabulation of primary mode against
the newly created public transit availability dummy shows that are
indeed 6 such respondents, who are accordingly removed from the
sample for reasons of consistency. See Table 7.16. Furthermore we
note by way of a double check that the dummy variable defined on
the basis of in-vehicle travel time for public transit gives a total of
62 respondents for whom public transit is unavailable. Since the 62
records shown earlier in Table 7.15 are all listwise valid, it is precisely
the same 62 respondents who have zero travel cost by public transit
as those who have zero in-vehicle travel time by public transit, and we
conclude there are no further hidden inconsistencies in this regard.
As discussed earlier regarding the record exclusions on the basis of
being exceptionally avid two-wheeled mode users, we might like to
have an idea whether the newly excluded 6 public transit users with
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Table 7.15: Descriptive statistics for records with zero public transit costs

variable

n

min

max

mean

sd

Waiting time public transit

62

0

0

0

0

Transfer time public transit

62

0

0

0

0

Access time public transit

62

2.08

9.80

4.51

1.90

Egress time public transit

62

2.08

8.03

4.34

1.64

In-vehicle time public transit

62

0

0

0

0

Total travel time public transit

62

4.16

17.67

8.87

3.47

Access distance public transit

62

112

1743

433

264

Egress distance public transit

62

62

1062

390

161

In-vehicle distance public transit

62

0

0

0

0

Total distance public transit

62

224

2805

824

3956

Number of transfers

62

0

0

0

0

Travel time local bus

62

0

0

0

0

Travel time express bus

62

0

0

0

0

Travel time external express bus

62

0

0

0

0

Travel time tram

62

0

0

0

0

Travel time express tram

62

0

0

0

0

Travel time metro

62

0

0

0

0

Travel time local train

62

0

0

0

0

Travel time regional train

62

0

0

0

0

Travel time intercity train

62

0

0

0

0

Distance local bus

62

0

0

0

0

Distance express bus

62

0

0

0

0

Distance external express bus

62

0

0

0

0

Distance tram

62

0

0

0

0

Distance express tram

62

0

0

0

0

Distance metro

62

0

0

0

0

Distance local train

62

0

0

0

0

Distance regional train

62

0

0

0

0

Distance intercity train

62

0

0

0

0

Cost train for external travel

62

0

0

0

0

Cost all networks except ext. train

62

0

0

0

0

Cost public transit

62

0

0

0

0
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Table 7.16: Primary transportation mode (recoded) by public transit availability

primary mode

transit:

transit:

No

Yes

33

746

779

6

690

696

Car

24

1420

1444

Total

63

2856

2925

Bicycle/moped/motorcycle
Public transit

total

Table 7.17: Primary transportation mode (recoded) by dummy variable
‘More than 1 transport mode in day sequence’ for public transit users with networkwise inconsistent trips

>1 mode:

>1 mode:

No

Yes

Public transit

6

0

6

Total

6

0

6

primary mode

total

networkwise inconsistent trips might have made other trips by an
alternate mode among the trips that were not selected for inclusion
in the sample in the subsection 7.2.3 “Sample Preparation.” A cross
tabulation of primary mode choice by the dummy variable created in
the previous subsection for whether the respondent switches modes
in their day sequence, shows that none of these traveled by an alternate mode. See Table 7.17. Thus even if we do a stability analysis at
later stage as proposed in the subsection 7.2.3 “Sample Preparation”
point 2, these records will remain excluded.
The last point to check is whether the combination of the public transit availability dummy and the condition for travel time by
bicycle/moped/motorcycle less than 75 minutes as an availability
dummy leaves any respondents with only the car alternative for their
mode choice, and thus in fact have no choice. Such records would also
introduce bias into our results and should be excluded. A three-way
cross tabulation of the two dummy variables by the primary mode
choice is presented in Table 7.18. There are indeed no such respondents with “no choice”.
This concludes our discussion of choice dimension, availability of
alternatives and exclusion of records. The final sample has 2913 respondents. Frequencies for the primary mode choice are given in Table 7.19. The proportion of respondents during the period 1992-1997
residing in Amsterdam/Amstelveen and making direct home-work
or work-home trips who are choosing public transit is slightly less

7.3 benchmark model with global interactions

Table 7.18: Travel time less than 75 minutes for bicycle, by public transit
availability by primary mode (recoded)

primary mode

bicycle

transit:

transit:

<75 min

No

Yes

total

Bicycle/moped

No

0

0

0

/motorcycle

Yes

33

746

779

Total

33

746

779

No

0

140

140

Yes

0

550

550

Total

0

690

690

No

0

353

353

Yes

24

1067

1091

Total

24

1420

1444

Public transit

Car

Table 7.19: Primary transportation mode (recoded)

primary mode

frequency

percent

Bicycle/moped/motorcycle

779

26.7

Public transit

690

23.7

Car

1444

49.6

Total

2913

100

than one-quarter (23.7 %), the proportion choosing bicycle/moped
motorcycle is slightly more than one-quarter (26.7 %) and the proportion choosing car is slighlty less than one-half (49.6 %).
7.3

benchmark model with global interactions

For the purpose of comparison in the extension from existing literature and docking of the multi-agent based simulation, we first estimate a benchmark nested logit model with a fully connected network
and the only explanatory variable in the systematic utility being the
field variable. Since we do not include any sociodemographic information yet about the agents, since we do not include agent-specific
attributes of the home-to-work or work-to-home trips yet, since we
do not take availability of transportation mode alternatives for specific agents yet into consideration, since the network is assumed here
to be fully connected and since the model includes self loops, that
is, each agent counts it own choice in evaluating the choices made
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Table 7.20: Definition of global field variables for reference mode choice
model, with self loops

variable
fullbisl

type

description

xi , i = bi

Mode share of all agents in the sample
choosing to commute by bicycle,
motorcycle or moped

fullptsl

xi , i = pt

Mode share of all agents in the sample
choosing to commute by public transit
(internal and/or external system)

fullcasl

xi , i = ca

Mode share of all agents in the sample
choosing to commute by car
(either as a driver or a passenger)

by reference agents, the descriptions of the systematic utilities of the
agents are therefore perfectly homogeneous. This is a case for which
the steady state solutions of the sociodynamic system can be solved
analytically as derived in Chapter 5.
Three global field variables are defined as in Table 7.20. The designation “sl” refers to “self loops.” That is, the mode choice of a
given decision making agent n is indeed included here when considering the average behavior of the reference group perceived by that
agent, for the special case of a fully connected network where the
reference group is the entire sample. As a consequence, there is no
variation of the field variable among agents with a fully connected
network. That is why it is not possible to estimate a set of alternative
specific constants in this case, as mentioned earlier in Table 7.1. The
field variable will be perfectly correlated with the set of alternative
specific constants in the case of a global (fully connected) or uniform
network.
The reason why we include self loops in this case, is because if
we did not include self loops, the field variables would be a perfect
predictor of choice when considering a fully connected network. Endogeneity is assumed not to be relevant here since the influence of
the agent’s own choice in the average over the entire sample will be
negligible.
Using the notation of uppercase letters to denote estimated coefficients and the notation of lowercase letters to denote variables, the
linear-in-parameters systematic utilities for the benchmark nested
logit model are specified as follows for bicycle/motorcycle/moped
(bi), internal/external system public transit (pt), and car driver/passenger (ca) modes:
V_bi = FULL*fullbisl

7.3 benchmark model with global interactions

Table 7.21: Estimation results for benchmark nested logit model with fully
connected network. The t-statistic for the utility parameter is
against 0; for the scale parameter it is against 1.

estimated parameters

value

std err

t-stat

with self loops, defined generically

2.7595

0.1551

17.79

Scale parameter for transit-car nest

1.0339

0.0500

0.6774

Share of agents choosing each mode,

Null log likelihood (L0 )

-3200.3

Final log likelihood

-3034.6

Likelihood ratio test

331.4

V_pt = FULL*fullptsl
V_ca = FULL*fullcasl

Estimation of three successive nested logit models first with public
transit nested with bicycle, then with public transit nested with car,
and finally with bicycle nested with car, show the second nesting
structure to be indicated, namely, a transit-car nest. See Figure 7.4.
Table 7.21 provides the estimation results for this benchmark nested
logit model.

Figure 7.4: Depiction of the nesting structure of a trinary discrete choice
model with unobserved heterogeneity that is shared between
public transit and car driver/passenger mode alternatives. Such
a shared attribute not observed in the particular subset of raw
data made available for analysis might be for example crow’s
flight distance (above a certain threshold) between residential location and work/business location. The inclusion of travel time
attributes in the systematic utilities however may be a reasonable proxy, thus a possible reason why the models estimated in
sections 7.4 and 7.7 indicate a different nesting structure.
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7.3.1

Transition Dynamics: Simulated Evolution of Choice Behavior over
Time

Using the Repast multi-agent based modeling platform, we create
computational versions of the model. The discrete choice estimation
results controlling overall mechanisms related to individual preferences are embedded in the multi-agent based computational model.
In this way, we are able to study the simulated evolution of choice behavior over time with positive feedback due to network effects. We investigate the simulated transition dynamics for the benchmark nested
logit model estimated in Table 7.21 with the fully connected network
and the only explanatory variable in the model being the field variable. Example time series results are shown in Figure 7.5. Each run is
allowed to iterate for 600,000 time steps. This is on average 200 revisions of choices with asynchronous decision making for the sample
size of roughly 3000 agents.
The temporal dynamics show a moderately slow transition to either
one of two steady states. One of the emergent equilibrium solutions
has a mode share for bicycle of 0.70 and mode shares for public transit
and car of each 0.15. The other emergent equilibrium solutions has a
mode share of approximately 0.70 for car and mode shares for public
transit and bicycle of each approximately 0.15.
Note that because of the symmetry of the system where public
transit and car are nested together and the agents are otherwise homogeneous in this case, at any mode share value for which there is an
equilibrium solution for public transit, there should theoretically exist a dual equilibrium solution with an analogous mode share value
for car, and vice versa. This implies that there should be a third equilibrium solution with a mode share of approximately 0.70 for public
transit and mode shares for car and bicycle of each approximately
0.15. However given that the initial starting conditions for the sample are almost 50% for car commuters, and less than 25% for public
transit users, in the computational simulations we find that this third
stable solution never has a chance to emerge.
When the global field variable is the only component of the systematic utility, there are simplifications that make the steady state behavior also possible to solve analytically. In Chapter 5, five equilibrium
solutions of the benchmark nested logit dynamic system are found
with the particular estimated parameter values from Table 7.21. The
stable steady state solutions nrs. 1 and 2 in Table 7.22 are confirmed in
Figure 7.5. Solution nr. 3 is the theoretically expected solution which
we don’t find in practice in the computer simulations as mentioned
in the previous paragraph. For Random seeds 5 and 6 in Figure 7.5
we do see the temporary appearance of the saddle node solution nr.
4 at the beginning of the time series, although as to be expected, the
solution does not persist. Saddle node solution nr. 5 never has an op-

7.3 benchmark model with global interactions

Figure 7.5: Example time series with different random seeds determining
the agent decision making order for a benchmark sociodynamic
trinary nested logit model with only a generic global field variable in the systematic utility for each mode
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Table 7.22: Analytical equilibrium solutions for the benchmark sociodynamic nested logit model with fully connected network

nr

stability

bicycle

transit

car

1

Asymptotically stable node

0.700

0.150

0.150

2

Asymptotically stable node

0.158

0.143

0.698

3

Asymptotically stable node

0.158

0.698

0.143

4

Saddle point

0.267

0.237

0.496

5

Saddle point

0.267

0.496

0.237

portunity to emerge because of the values of the initial mode shares,
and would not be expected to persist anyway.
It is also instructive to note that since the scale parameter for the
transit-car nest in Table 7.21 is close to unity, the emergent mode
shares in the first equilibrium solution of 70% for bicycle commuters
and 15% each for public transit and car commuters are analogous
to the emergent equilibrium solution with a mode share of approximately 70% for car commuters and approximately 15% each for public transit and bicycle commuters. In numerical terms, the emergent
mode shares are close to a perfectly symmetrical case of a trinary
multinomial logit model. The significant impact however of the scale
parameter for the public transit-car nest being 1.03 instead of exactly
1 however, is that the first equilibrium solution with 70% for bicycle
commuters has a chance to emerge. In a pure multinomial case, while
the equilibrium solution exists theoretically, the solution wouldn’t
emerge in practice since the initial starting conditions for the sample are almost 50% for car commuters, and less than 25% for bicycle
commuters. Without the nesting to account for shared unobserved
heterogeneity between public transit and car, in a perfectly homogeneous multinomial case with initial conditions of almost 50% car
commuters, the positive feedback effect of the car mode in a global
(fully connected) or uniform network will always “win” in practice
over time over the other two modes with initial conditions of mode
share of about 25%.
Although this benchmark model is too stylized to be seriously applied for policy purposes in transportation mode choice without any
explanatory variables in the model except the hypothesized field variable, the exercise of estimating the benchmark model, investigating
the emergent behavior over time and corroborating the computational
results with analytical results is good practice in that it gives us confidence that the computational model is behaving as we expect. The exercise is also useful as a baseline in understanding corner solutions in
parameter space before proceeding to more complex empirical models.

7.4 impact of agent heterogeneity on emergent outcomes

7.4

7.4.1

impact of agent heterogeneity on emergent outcomes
Field Variables for Residential District and Socioeconomic Group

Next we turn to the specification of the aggregate interdependence.
Raw variables available for use in the model are described in Table
7.23.
We begin with the broad classification by residential district as
shown in Figure 7.6. There are 9 districts represented in the sample,
ranging in size from 223 sampled respondents to 461 sampled respondents. The mean size is 323 respondents with standard deviation 74,
skewness 0.32 and kurtosis 0.19.

Figure 7.6: Transportation mode count for commuters in the sample
grouped by residential district. Sampled residential locations are
given in terms of the centroid of a traffic analysis zone, indicated
in the figure with small gray circles. There are 9 sampled residential districts each with a distinctively characteristic population in
part reflective of period of construction of the district. Adhering
to the original numbering of districts in the raw data set these
are: (1) Amsterdam Center, (2) Amsterdam West, (3) Amsterdam
South, (4) Amsterdam East, (6) Amsterdam North, (8) Amsterdam Far West, (9) Amstelveen, (10) Amsterdam Southeast, (16)
Far Amstelveen. The number of respondents in the sample per
district is indicated in the inset. The non-sampled regions of the
Municipality of Amsterdam represent the industrial harbor district to the west, the commercial office park district to the southeast, and the primarily agricultural district to the north.
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Table 7.23: Description of raw variables in transportation mode choice data set

Public transit availability
Sn

Ain , i = pt

1 if agent n is female, 0 if male

1 if agent n owns a car, 0 otherwise

1 if public transit alternative is available for agent n, 0 otherwise

description

Car ownership
Sn

Income range of agent n by governmental classification:

type

Gender
Sn

variable

Income category

Public transit in-vehicle time

Travel time for bicycle mode

Residential location

Education level

Age category

zin , i = pt

zin , i = pt

zin , i = bi

Sn

Sn

Sn

Out-of-vehicle time for travel by public transit, in minutes

In-vehicle travel time in minutes by public transit

Travel time in minutes by bicycle

Residential location of agent n given by centroid of a traffic analysis zone

Education level achieved: elementary; lower vocational; high school; post high school; other

Age range of agent n: 12-17 years; 18-29 years; 30-44 years; 45-59 years; 60+ years

0-5000 NLG; 5000-AOW; AOW-social minimum; social minimum-Zkf; Zkf+

Out-of-vehicle time for transit
Travel time for car mode

zin , i = ca

zin , i = ca

Time in minutes to park car

Travel time in minutes by car

(access, egress, waiting, transferring, etc)
Parking time for car mode

7.4 impact of agent heterogeneity on emergent outcomes

Next using the three variables age, income and education, 13 socioeconomic groups are defined. See Table 7.24. The socioeconomic
groups range in size from 99 sampled respondents to 385 sample respondents. The mean size is 224 respondents with standard deviation
111, skewness 0.33, and kurtosis –1.8.
In both Figure 7.6 and Table 7.24, we find distinct clusters of agents
whereby the commuter mode share per district and per socioeconomic group deviates notably from the overall modal split in the
sample as a whole. For example, in district 1 (Amsterdam Center)
the mode share by bicycle is highest, whereas at the periphery of
the metropolitan region, in district 8 (Amsterdam Far West) and in
district 16 (South Amstelveen) the mode share by car is the highest.
This is intuitive with respect to the urban density in general, and concentrations of residential locations and work locations in particular.
What is not immediately obvious from the geographical distributions
of mode shares per district in the thematic map in Figure 7.6 is how
much of the mode share is due to attributes of the transportation alternatives and characteristics of the decision makers, and how much
of this may be due to social influence by neighbors and residential
self-selection. For the socioeconomic group of commuters with above
average incomes in Table 7.24, it is similarly intuitive that the mode
share by car is higher than those groups with the same age category
and same education level with lower incomes. Again what is not immediately obvious from simply studying the cross-tabulations in Table 7.24 is how much of the variation in mode shares is due to having
more spending power for travel by car and how much is due to social
influence to travel by car when income is a certain level and status
pressures. To understand these questions we need to delve deeper.
One way of doing this is by estimating various discrete choice models with different specifications.
In absence of detailed data on the exact interaction framework between identifiable decision makers at inter-household level, we turn
instead to consider aggregate interactions between decision makers.
We hypothesize a network of commonality between different agents
in different residential districts based on common attributes in terms
of social grouping between districts. This way we take into account
in a general way both possible socioeconomic influences as well as
possible feedback due to local neighbourhood effects. See Figure 7.7
Three field variables are defined as in Table 7.25.
The designation “dsd” (district sociodemographics) in Table 7.25
refers to the hypothesized network of commonality between different
agents in different residential districts, based on common attributes
in terms of social grouping between districts. This is to be contrasted
with the designation “full” in Table 7.20 in the definition of a global
field variable for the treatment with a fully connected or uniform
network. In section 7.7 various other treatments are additionally hy-
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Table 7.24: Commuter mode share and sample count by socioeconomic
group, defined on the basis of age category in years, education
level and income category. Education is coded: elementary education and lower vocational education (LO/LBO); high school education and other (MO/other); post high school education (HO).
Income category is based on the Dutch governmental classification: zkf+ indicates above average incomes, 0-zkf is all else.
Where income level is not explicitly specified, respondents from
all incomes falling in the given age/education group are included.

socioeconomic

bicycle

transit

car

group

sample
count

12-29, LO/LBO

0.24

0.31

0.45

112

12-29, MO/other

0.27

0.32

0.41

385

12-29, HO

0.30

0.34

0.36

329

30-44, LO/LBO

0.20

0.24

0.55

117

30-44, MO/other, 0-zkf

0.26

0.29

0.45

353

30-44, HO, 0-zkf

0.41

0.21

0.37

361

30-44, MO/other, zkf+

0.11

0.17

0.72

115

30-44, HO, zkf+

0.22

0.14

0.63

338

45-up, LO/LBO

0.23

0.16

0.61

175

45-up, MO/other, 0-zkf

0.27

0.21

0.52

175

45-up, HO, 0-zkf

0.35

0.20

0.46

101

45-up, MO/other, zkf+

0.15

0.15

0.70

99

45-up, HO, zkf+

0.24

0.17

0.59

193

Total

779

690

1444

2913

Table 7.25: Definition of local field variables for transportation mode choice
model, without self loops

variable
dsdbinsl

type

description

xin , i = bi

Share of agent’s fellow district residents
and socioeconomic peers in the sample
choosing to commute by bicycle

dsdptnsl

xin , i = pt

Share of agent’s fellow district residents
and socioeconomic peers in the sample
choosing to commute by public transit

dsdcansl

xin , i = ca

Share of agent’s fellow district residents
and socioeconomic peers in the sample
choosing to commute by car

7.4 impact of agent heterogeneity on emergent outcomes

pothesized and estimated. The designation “nsl” refers to “no self
loops.” That is, the mode choice of a given decision making agent n
is not included when considering the average behavior of the reference group perceived by that agent. The reason why we do this, is to
avoid endogeneity. In practice however, if the reference group is very
large, the influence of the agent’s own choice in the average will be
negligible.

Figure 7.7: Abstract visualization of network interdependence defined by
residential district plus socioeconomic group using the freely
available software program Pajek developed by Batagelj and Mrvar (http://pajek.imfm.si). Red dots represent fully connected
residential districts; the numbering of the districts indicated in
parentheses corresponds to the same district numbering as in
Figure 7.4. The darkness and width of lines gives an indication
of the number of links between districts induced by socioeconomic group; this is in turn a reflection of both the number of
respondents in the sample living in a given district indicated in
Figure 7.4 as well as the similarity of the districts in terms of
residential group stratification.

7.4.2

Specification of Utility Functions

Various piecewise linear specifications of all travel time related variables as well as age were tested against linear, quadratic and logarithmic forms of these variables. Similarly various generic forms
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Table 7.26: Definition of constants, decision maker characteristics and trip
attributes in mode choice model

variable
ascpt

type
hi , i = pt

definition
1 if alternative i is the public transit mode,
0 otherwise

ascca

hi , i = ca

1 if alternative i is the car mode, 0 otherwise

carown

Sn

1 if agent n owns a car, 0 otherwise,
defined in the systematic utility for car

gender

Sn

1 if agent n is female, 0 if male, defined
alternative specifically for transit and car

aowmin

Sn

1 if income category AOW-social minimum,
0 otherwise, defined for bicycle

lnage

Sn

Natural logarithm of age in years as given by
midpoint of age category, defined for transit

age4559

Sn

Age 45 to 59 defined piecewise continuously
for public transit: max [0, min (age - 45, 15)]

ttbi

zin , i = bi

Travel time in minutes by bicycle,
defined in the systematic utility for bicycle

ivtsqpt

zin , i = pt

In-vehicle travel time in minutes by transit,
squared, defined for public transit

ovtpt

zin , i = pt

Out-of-vehicle travel time by public transit
in minutes, defined for public transit

lnttca

zin , i = ca

Natural logarithm of travel time in minutes
by car, defined for car

parksqca

zin , i = ca

Time in minutes to park car, squared,
defined in the systematic utility for car

of the categorical variables were tested against alternative specific
forms. Considering various a priori hypotheses of behavior in the
greater Amsterdam region and after statistical comparison of the alternative nonlinear specifications of variables against the linear versions thereof using loglikelihood ratio tests and non-nested tests (BenAkiva and Lerman 1985), the following definitions of observable characteristics Sn of the decision making agents, observable attributes zin
of the choice alternatives for a given decision making agent, and alternative specific constants hi as given in Table 7.26 are ultimately
used in a baseline multinomial logit model, in addition to the field
variables xin defined in Table 7.25.
Additionally, an availability indicator variable for the bicycle mode
is defined using the raw variable for travel time for the bicycle mode,

7.4 impact of agent heterogeneity on emergent outcomes

as: 1 if travel time by bicycle for decision making entity n is less than
75 minutes, 0 otherwise.
Using the notation of uppercase letters to denote estimated coefficients and the notation of lowercase letters to denote variables, the
linear-in-parameters systematic utilities for the baseline model are
thus specified as follows for bicycle/motorcycle/moped (bi), internal/external system public transit (pt) and car driver/passenger (ca)
modes:
V_bi = DSD*dsdbinsl + AOWMIN_BI*aowmin + TT_BI*ttbi
V_pt = DSD*dsdptnsl + ASC_PT*ascpt + GEND_PT*gender
+ AGE4559_PT*age4559 + LNAGE_PT*lnage
+ IVTSQ_PT*ivtsqpt + OVT_PT*ovtpt
V_ca = DSD*dsdcansl + ASC_CA*ascca + GEND_CA*gender
+ CAROWN_CA*carown + LNTT_CA*lnttca
+ PARKSQ_CA*parksqca

After estimation of the baseline multinomial logit model, estimation
of three successive nested logit models first with public transit nested
with bicycle, then with public transit nested with car, and finally with
bicycle nested with car, show the first nesting structure to be most significant in terms of loglikelihood ratio test and in terms of the a t-test
on the nest coefficient. See Figure 7.8. The third nesting structure was
not indicated. The nested logit model thus adds one additional parameter to the multinomial specification, namely the scale parameter
µL for the transit-bicycle nest. Table 7.27 provides estimation results
for the baseline multinomial logit and final nested logit model.

Figure 7.8: Depiction of the nesting structure of a trinary discrete choice
model with unobserved heterogeneity that is shared between
public transit and bicycle/motorcycle/moped mode alternatives.
It is not possible to identify both the scale parameter of the upper
level nest and the lower level nest(s), since what matters is only
the ratio; in practice, typically the upper level nest is fixed to 1.

Note that in the case of the benchmark nested logit model with the
only explanatory variable in the systematic utility being the global
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Table 7.27: Estimation results for multinomial logit [mnl] and nested logit
model specifications with sociogeographic network interdependence defined by residential district and socioeconomic group.
All t-statistics (indicated in itallic below the estimated coefficient
value) are against 0, except where noted for the scale parameter.

estimated parameters

mnl

nested

Share of agent’s district residents and

1.91

1.93

socioeconomic peers choosing each mode

4.54

5.59

Alternative specific constant for transit

0.15

0.20

0.18

0.50

0.32

-1.11

0.65

-2.14

2.54

2.53

24.68

24.84

0.56

0.24

4.64

3.12

0.45

0.28

3.70

2.46

-0.48

-0.17

-2.92

-1.87

-0.72

-0.30

-3.10

-2.12

0.0409

0.0194

2.13

1.80

-0.0810

-0.0375

-14.96

-4.38

-3.95e-4

-2.90e-4

-4.42

-3.68

-0.0252

-0.0191

-2.87

-3.26

-1.40

-0.50

-7.11

-1.97

-0.0117

-0.0136

-7.51

-8.35

Scale parameter for transit-bicycle nest

–

2.51

(t-statistic against 1)

–

2.48

Null log-likelihood (L0 )

-2977

-2977

Final log-likelihood

-2063

-2055

Likelihood ratio test

1829

1844

0.3072

0.3096

Alternative specific constant for car
Car ownership, defined for car
Gender, defined for transit
Gender, defined for car
Low income, defined for bicycle
Natural logarithm of age, for transit
Age 45 to 59, piecewise, for transit
Travel time for bicycle
In-vehicle time for transit, squared
Out-of-vehicle time for transit
Natural logarithm of travel time for car
Parking time for car, squared

Rho-squared

(ρ2 )
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field variable, the nesting structure in Figure 7.4 is differently indicated than in the case in Figure 7.8 with the full empirical model. The
reason for this is because without other explanatory variables in definition of the systematic utilities, the nesting structure is forced to try
to grossly capture the effect of all of these omitted variables as shared
unobserved heterogeneity. In the case of a well-specified model, the
nesting structure is able to capture any remaining shared unobserved
heterogeneity at a more refined level. The fine-tuned shared unobserved heterogeneity when observed characteristics and observed attributes are properly accounted for, may have a different structure
than that of the gross shared unobserved heterogeneity when there is
little in the model.
It is possible to identify maximum J − 1 alternative specific constants hi and maximum J − 1 alternative specific variables for each
characteristic Sn of the decision making agents. For our case of a trinary mode choice model, that is a maximum of 2 in both cases. The
reason why defining 3 alternative specific constants in our trinary
choice case would be non-identifiable, is because all that matters is
the difference between the alternative specific constants hj − hi for elemental alternatives i, j in J. Similarly defining 3 alternative specific
variables for a given characteristic Sn would be non-identifiable, because all that matters is the effect of the alternative specific variables
on the relative utility between the elemental alternatives.
Most estimated coefficients in Table 7.27 for the multinomial logit
versus the nested logit model are within two standard errors of each
other. A noteworthy exception is the scale parameter estimated for
the nested logit model (4 standard errors difference). We will see that
the inclusion of shared unobserved heterogeneity in this way has a
critical impact on the simulated evolution of choice behaviour over
time.
7.4.3

Transition Dynamics: Multinomial Logit Model with Empirically
Defined Systematic Utility and Local Field Variable

Using the Repast multi-agent based modeling platform, we investigate the simulated temporal dynamics over time due to the hypothesized aggregate feedback effect among agents defined by residential
district and socioeconomic group. Example time series results for different random seeds are shown in Figure 7.9 for the multinomial logit
case. As in Figure 7.5, the light gray time series again represent agents
choosing bicycle/motorcycle/moped, the dark gray time series again
represent agents choosing public transit, and the black times series
again represent agents choosing car. Similarly each run is allowed
to iterate for 600,000 time steps, on average 200 revisions of choices
with asynchronous decision making for the sample size of roughly
3000 agents.
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The temporal dynamics in Figure 7.9 show the relatively rapid
emergence of only one single equilibrium solution with a mode share
of approximately 60% for car commuters and approximately 25% for
public transit and approximately 15% for bicycle commuters. The
general picture in Figure 7.9 is thus notably different than Figure
7.5 along four different dimensions: the magnitude of the “winning”
mode share; the emergence of only one steady state solution; the symmetry breaking of the “non winning” mode shares; and the speed of
the transition to the steady state.
We have already noted that the simulated behavior over time of
the benchmark nested logit model estimated in Table 7.21 is close to
multinomial since the scale parameter on the nesting structure is only
1.03. Since the value of the coefficient on the field variable is 1.91 for
the multinomial logit model in Table 7.27 as compared to the value of
2.76 in the benchmark nested logit model in Table 7.21, that is, since
the coefficient is lesser in magnitude in Table 7.27, we might expect
that the emergent effect on mode share of the “winning” mode is
lesser in magnitude – which it indeed is.
Also since we now have a true multinomial logit model, it is understandable that the car mode always “wins” given the existing initial
conditions of almost 50% car commuters; the other modes never have
a chance to “win” over time over the car mode given the starting conditions – especially since the coefficient on the feedback is even less
strong here than versus in section 7.3.
We see here that the symmetry of the mode share of “non-winning”
modes in the emergent equilibrium solution is broken. Instead of the
mode share of the “non-winning” modes in the steady state solution
being each (approximately) 15% in Figure 7.5, we see that in Figure
7.9 the mode share of public transit commuters is consistently higher
at a level of approximately 25% than the mode share of bicycle commuters at approximately 15%. This symmetry breaking is due to the
heterogeneity of the agents in the model estimated in Table 7.27 with
fully specified, empirically defined systematic utilities as compared to
the homogeneous agent case in Table 7.21 with only a generic global
field variable in the systematic utilities. Finally, we note that the convergence to steady state solution is relatively rapid in Figure 7.9 as
compared to Figure 7.5. Since the coefficient on the field variable is
less strong here than versus in section 7.3, the rapidity of the convergence would not seem to be purely due to the magnitude of the
coefficient on the feedback. We hypothesize two distinct mechanisms
for the rapidity of the convergence phenomenon. As with the symmetry breaking of the “non-winning” mode shares phenomenon, one
hypothesis could be again the fact of the observed heterogeneity of
the agents in the fully specified, empirically defined systematic utilities as compared to the homogeneous agent case. Another hypothesis
could be simply the efficiency of information flow in the smaller ref-
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Figure 7.9: Example time series with different random seeds seeds determining the agent decision making order for a sociodynamic trinary
multinomial logit model with fully specified systematic utility
for each mode and empirically defined local field variable
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erence group defined by residential district and socioeconomic group
versus the time necessary for information flow in the entire sample.
Further research is necessary to separate these two effects. Sections
7.5 through 7.7 compare the behavior over time of information flow
with various hypothesized empirically-defined aggregate interaction
effects.
7.4.4

Transition Dynamics: Nested Logit Model with Empirically Defined
Systematic Utility and Local Field Variable

Finally, we investigate the simulated temporal dynamics over time
due to the hypothesized aggregate feedback effect among agents defined by residential district and socioeconomic group in the nested
logit case. Example time series results for different random seeds
are shown in Figure 7.10. Again as in Figures 7.5 and 7.9, the light
gray time series again represent agents choosing bicycle/motorcycle/moped, the dark gray time series again represent agents choosing
public transit, and the black times series represent agents choosing
car. Similarly each run is allowed to iterate for 600,000 time steps, on
average 200 revisions of choices with asynchronous decision making
for the sample size of roughly 3000 agents.
Comparing the time series for the multinomial versus the nested
logit case, we obtain yet again dramatically different results for the
steady state solutions of the system. The temporal dynamics in Figure
7.10 show the rapid emergence of a perhaps surprising single equilibrium solution with a mode share of approximately 93% for public
transit commuters and approximately 5% for car and approximately
2% for bicycle commuters.
Since in practice the rapid time evolution of behaviour from an initial case where almost 50% of commuters in the sample choose car to
a steady state solution where 93% of commuters choose public transit is unexpected and counter-intuitive, further research is necessary
to understand how this result arises. The result is particularly significant when we realize that most estimated coefficients in Table 7.27
for the multinomial logit versus the nested logit model are within
two standard errors of each other. A noteworthy exception of course
is the scale parameter estimated for the nested logit model (4 standard errors difference). In any case, the effect of considering shared
unobserved heterogeneity through the introduction of the scale parameter, that is, the effect of common unobserved attributes of the
choice alternatives in the error structure clearly cannot be ignored
in an empirical application of a discrete choice model with network
dynamic interactive feedback.

7.4 impact of agent heterogeneity on emergent outcomes

Figure 7.10: Example time series with different random seeds determining
the agent decision making order for a sociodynamic trinary
nested logit model with fully specified systematic utility for
each mode and empirically defined local field variable
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7.5

initial conditions and network size in benchmark
models

Although we are fundamentally interested in non-global interactions,
we continue our modeling endeavor by first re-visiting our fully connected network with global interactions. The reason for this is that
when the model includes “self loops”, that is, each agent counts it
own choice in evaluating the choices made by reference agents, the
steady state solutions of the sociodynamic system can be solved analytically as derived in Chapter 5, since the agents are perfectly homogenous in this special case. We have seen that such an analytical
benchmark is useful for verification of our programming implementation of the multi-agent based model to confirm that we get expected
results under known conditions in parameter space. Moreover, the
benchmark can help us to interpret emergent outcomes as we change
the parameter settings step-by-step away from the known analytical
case. By studying the simulation results for the fully connected network under controlled conditions varying the initial starting mode
shares and network size, it can help us gain insight in subsequently
understanding the behavior of the system with hypothesized sociogeographic networks.
We thus return to the benchmark nested logit model from section
7.3 where the only observed explanatory variable in the model is the
network interaction variable. Unobserved heterogeneity across the
transportation mode choice alternatives is captured by nesting the
alternatives that are assumed to be correlated. In a typical empirical
application we would usually consider additionally other explanatory variables in the specification of the utility function, including
individual-specific socioeconomic characteristics of the commuters
(eg. gender) as well as individual-specific attributes of the choice alternatives (eg. travel time), and the availability of alternatives (eg. while
Amsterdam and Amstelveen are well served by public transit, not
everyone in the sample might be able to commute by public transit
if there is no transit service at their work destination). We deliberately restrict our consideration in this section to the minimal model
in order well understand the fundamental behavior of the benchmark
model first before proceeding to an even more complex situation. This
way we can focus on understanding the network effect in the nested
logit model without confounding the contributions to the long-run
results.
It is important to re-emphasize that our goal with the estimation
here is not an analysis to inform policy, but rather simply to generate
parameters to study the abstract behavior of a minimal nested logit
model with social interactions. We will be interested in recognizing
trends in the broad classification of behavior not in precise outcomes.
If we were interested in precise outcomes such as for policy purposes,
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it would be important not only to include obvious additional explanatory variables in the model but also to apply a test, and if relevant a
correction, for possible endogeneity of the network variables. Likewise we accept the fact that the scale parameter in Table 7.21 is only
weakly statistically significant for this particular data set owing to
the relative similarity between the bicycle mode share and the public transit mode share in the modal split, and still apply the nested
model for its theoretical value.
Using the Repast (http://repast.sourceforge.net) modeling
platform, the computational version of this model allows us to experiment with different hypothetical scenarios that can either be derived
from the sample data, or tweaked by the modeler accordingly to
study variation. As depicted in Figure 7.11, there are three aspects
that we will consider: initial starting mode shares, network size and
network connectivity. In order not to confound the effects of the utility parameters in the econometric estimation with the time-varying
evolution of the mode shares, we use the estimated coefficient values
in Table 7.21 for all multi-agent based simulations in this section and
the next section. We defer the re-estimation of parameters based on
different network structures until section 7.7.

Figure 7.11: The working of a single simulation run.

7.5.1

Benchmark Models

Example time series results for the mode shares with a fully connected network under different scenarios are shown in Figure 7.12.
Each run is allowed to iterate for 600,000 time steps. This is approx-
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imately 200 revisions of choices with asynchronous decision making
for the network of 2913 agents. The light gray time series represents
the proportion choosing bicycle at any given time step, the dark gray
time series represent the proportion choosing public transit and the
black times series represents the proportion of agents choosing car.
Figure 7.13 shows observed long-run outcomes at the last time step
when applying different random seeds for determining the decision
making order for agents evaluating the choice distribution and updating their choice.

Figure 7.12: Example time series for benchmark sociodynamic nested logit
(NL) and multinomial logit (MNL) models on a fully connected
network, as well as the benchmark sociodynamic nested logit
model under different initial conditions

Sociodynamic Trinary Nested Logit
We recall from section 7.3 that there are five equilibrium solutions
for the long-run behavior of the benchmark nested logit model with
sociodynamic feedback with global interactions for the particular estimated parameter values in Table 7.21. Three of these solutions are
stable and two of these solutions are unstable as in Table 7.22. Due
to the symmetry of the system whereby transit and car are nested
together, at any mode share value for which there is a solution for
transit, there will be a dual solution with an analogous mode share
value for car, and vice versa.

7.5 initial conditions and network size in benchmark models

Figure 7.13: Observed mode shares at t = 600, 000 with different random
seeds determining the agent decision making order for benchmark sociodynamic nested logit (NL) and multinomial logit
(MNL) models on a fully connected network, as well as the
benchmark sociodynamic nested logit model under different
initial conditions

From Table 7.22 we know the most stable solution occurs with a
mode share for bicycle of 0.700 and mode shares for transit and car
of each 0.150. In practice we do not expect to see the saddle node
solutions. Also, for initial starting mode shares as in the survey data
with almost 50% car commuters, and less than 25% transit users, we
might expect in practice that stable solution nr. 2 listed in Table 7.22
with mode share 0.698 for car and mode share 0.143 for transit will be
more likely to be reached than its dual solution nr. 3 with the mode
shares reversed. In the upper left panel of Figure 7.12 we see an example time series where the stable solution nr. 2 is gradually reached.
In the upper left panel of Figure 7.16, over multiple runs we indeed
consistently obtain the analytically predicted first two equilibrium solutions in Table 7.22.
In section 5.3 we saw that the solutions of the sociodynamic nested
logit model can be visualized in terms of a so-called “potential” surface, where any stable equilibria are isolated minima, any unstable
equilibria are isolated maxima, and any saddle points are points at
the center of saddle-shaped forms on the surface which have minima
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in one direction but maxima in a crossing direction. The five solutions in Table 7.22 can be depicted in this way as in Figure 7.14. As
depicted in Figure 7.4, the mode share for elemental alternative 0,
the pendant in its own “nest” is given by p0 , and the mode shares
for elemental alternatives 1 and 2, assumed to be correlated and thus
nested together are given by p1 and p2 . Note however that the full
modal split is entirely specified given only p0 and p1 since the mode
shares must sum to unity and thus p2 can be calculated immediately
as p2 = 1 − p0 − p1 . In the nested logit model estimated in Table
7.21, bicycle/moped/motorcycle is the pendant alternative, and public transit and car driver/passenger are the nested alternatives. We
can imagine a ball rolling on the surface in the Figure 7.14 and tending to settle in one of the basins of attraction formed by the isolated
minima, i.e. stable equilibria. The depth of a basin furthermore gives
an indication how stable the solution is, both locally in the region
around the minimum and globally with respect to any other minima.
In Figure 7.14 we see three basins near the three corners of the surface
with minima at the stable solutions (p0 = 0.7, p1 = 0.15), (p0 = 0.16,
p1 = 0.14), and (p0 = 0.16, p1 = 0.7). The minimum at the solution
(p0 = 0.7, p1 = 0.15) with leading bicycle mode share is the most stable; it is thus accordingly the lowest in Figure 7.14. If the ball comes
to settle in one of the other two equilibria, in order to exit, it must
roll up over a small passage at a saddle point, respectively (p0 = 0.27,
p1 = 0.24), or (p0 = 0.27, p1 = 0.5). These saddles namely have minima from the curved upward sides of the surface, but importantly
maxima along the direction of the trough to the basin of attraction. If
the ball is stochastically able to clear the saddle point and thus escape
basin of attraction, the ball would then tend to roll down the smooth
incline towards the lowest, most stable equilibrium, in this case the
equilibrium with leading mode share of the pendant alternative, bicycle/moped/motorcycle. We will return to the concept of stochasticity
shortly.
Sociodynamic Trinary Multinomial Logit
By way of comparison, we also estimate a sociodynamic multinomial
logit model with a fully connected network. See Table 7.28. According
to Brock and Durlauf’s general theoretical results reviewed in section
4.1.1, there exist multiple equilibria when β > 3. However, using the
approach presented in Chapter 4, we compute the analytical equilibria and find that there are in fact seven equilibrium solutions even
for β = 2.79. Four of these solutions are stable and three of these
solutions are saddle points. See Table 7.29. In the multinomial model
there is perfect three-way symmetry. At any mode share value for
which there is a solution for one alternative, there will also be a solution for the other two alternatives as well. Importantly, the feedback
in the system is apparently “dominant enough” to cause runaway
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Figure 7.14: Visualization of analytical solutions of the sociodynamic nested
logit model on a potential surface

flocking. Comparing the pattern of the solutions in Table 7.22 and
Table 7.29, we see that with the multinomial logit model we get two
extra equilibria: the missing saddle node that was lost, and a stable
equilibrium where all mode shares are equal. The latter stable equilibrium is indeed predicted by Brock and Durlauf for β < 3.
It is worth noting that the initial modal split in the data described
in Table 7.19 on page 241 appears back as a steady state equilibrium point in the results in Table 7.22 for the sociodynamic nested
logit model (solution nr. 4, a saddle point), but not in Table 7.29 for
the sociodynamic multinomial logit model. The reason for this is because the initial model split in the data set is not symmetric among

Table 7.28: Estimation results for benchmark multionomial logit model with
fully connected network. The t-statistic for the utility parameter
is against 0.

estimated parameters

value

std err

t-stat

2.7885

0.1520

18.35

Share of agents choosing each mode,
with self loops, defined generically
Null log likelihood (L0 )

-3200.3

Final log likelihood

-3034.8

Likelihood ratio test

330.9

265

266

socio-dynamic trinary nested logit: application

Table 7.29: Analytical equilibrium solutions for the benchmark sociodynamic multinomial logit model with fully connected network

nr

stability

bicycle

transit

car

1

Asymptotically stable node

0.687

0.156

0.156

2

Asymptotically stable node

0.156

0.156

0.687

3

Asymptotically stable node

0.156

0.687

0.156

4

Asymptotically stable node

0.333

0.333

0.333

5

Saddle point

0.261

0.261

0.478

6

Saddle point

0.261

0.478

0.261

7

Saddle point

0.478

0.261

0.261

any pairs of mode shares, while the sociodynamic multinomial logit
model can only have long-run, steady-state solutions where pairs of
mode shares are equal as seen in Table 7.29. Brock and Durlauf (2002,
2006) discuss further the intuition underlying this phenomenon. In
the nested logit model however, the symmetry of pairs of mode shares
within a given modal split is broken by the nest scale parameter. In
short, the scale parameter in the nested logit model allows an extra
degree of freedom which permits the re-capturing of the initial modal
split as one of the long-run outcomes. The fact that the initial modal
split happens to be a saddle point in the example in this case study is
specific to this particular data set. A different data set with different
initial modal split could yield an equilibrium outcome with different
stability.
From Table 7.29 we know the most stable solutions for the sociodynamic multinomial logit model with our data occur for the trio of
symmetric solutions where the mode share for one of the alternatives
is 0.687 and mode shares for the other alternatives are each 0.156.
In addition the three-way symmetric solution with all mode shares
equal to one-third is also stable. In practice we again do not expect to
see the saddle node solutions. Also, for the initial modal split in the
survey data with 0.267 bicycle mode share, 0.237 transit mode share
and 0.496 car mode share, we might expect in practice that stable solution nr. 2 and nr. 4 listed in Table 7.29 will be more likely to be
reached than the others due to their proximity to the initial starting
condition. Solution nr. 3 with the mode share of 0.687 for transit will
be least likely to be reached due to the mode share for transit being
lowest initially. In the upper right panel of Figure 7.12 we see an example time series where the three-way symmetric stable solution nr.
4 is reached fairly quickly. Furthermore in this example the system
does not manage to stochastically jump out this local basin of attraction even though it is not globally one of the most stable solutions.
In the upper right panel of Figure 7.13, over multiple runs we indeed
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consistently obtain the predicted “nearby” solutions nr. 2 and nr. 4
in Table 7.29. In one time series the system traverses over the locally
stable center solution and proceeds to onwards to the globally more
solution nr. 1 in Table 7.29. Stable solution nr. 3 is not reached.
7.5.2

Transition Dynamics: Effect of Initial Conditions

Next, we test a hypothetical case where the initial mode shares are
not determined from the survey, but are tweaked so that the starting
mode shares are equal, ie. all one-third. In this initially non-biased
case, we might expect the most stable equilibrium to be dominant. In
the example time series in the lower left panel of Figure 7.12 we see
initially ambivalent average behavior, but once the runaway effect is
established, the series proceeds to the stable solution and then stays
there. Over multiple runs with different random seeds determining
the decision making order we find in the lower left panel of Figure
7.13 that all runs went to the dominant equilibrium.
Then, we consider a hypothetical case where the initial mode share
for public transit is very high (80%). The example time series in the
lower right panel of Figure 7.12 moves easily to the stable solution
nr. 3 listed in Table 7.22, and stays there. Over multiple runs with
different random seeds, we find in the lower right panel of Figure
7.13 that all runs are locked in at this steady state.
7.5.3

Transition Dynamics: Network Size Effects

Next we consider the effect of the size of the network on the long-run
behavior. Since our sociographic networks with clustered groups can
be expected to show the weighted average behavior of the separate
clusters, it is useful to see how a separate cluster behaves. In our case
study, a separate cluster is assumed by design to be a fully connected
network of a subset of the total number of agents. Table 7.30 presents,
for example, initial sample mode shares in the raw data by residential
district.
The time series in the left panel of Figure 7.15 shows an example
for District 16 (Amstelveen South) where N = 461. It is interesting
to consider District 16 since it is the district with the largest number
of respondents in the sample. Here the initial mode share for car
within the district is also particularly high (66.2%). However, instead
of finding a long-run lock-in at stable solution nr. 2 listed in Table 7.22,
because the dynamics become more volatile with the lesser number of
agents we see that the time series stochastically cycles between all three
stable equilibria in Table 7.22, and all modes have an opportunity in
turn to become dominant.
The time series in the right panel of Figure 7.15 shows an example
for District 10 (Amsterdam Southeast) where N = 243. District 10 is
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Table 7.30: Commuter mode share and sample count by residential district.
Numbering of districts adheres to the original numbering in the
raw data set; non-sampled regions include the west industrial
harbor district, the southeast commercial office park district, and
the primarily agricultural district to the north of Amsterdam.

residential

bicycle

transit

car

district

sample
count

1: Amsterdam Center

0.408

0.287

0.306

363

2: Amsterdam West

0.324

0.264

0.412

352

3: Amsterdam South

0.334

0.216

0.450

329

4: Amsterdam East

0.314

0.269

0.417

223

6: Amsterdam North

0.220

0.260

0.520

254

8: Amsterdam Far West

0.200

0.235

0.565

340

9: Amstelveen North

0.247

0.193

0.560

348

10: Amsterdam Southeast

0.132

0.362

0.506

243

16: Amstelveen South

0.206

0.132

0.662

461

690

1444

2913

Total

779

the district with the second smallest number of respondents in the
sample after District 4 (Amsterdam East). Here the initial mode share
for transit within the district is relatively highest (36.2%) among all
districts as seen in Table 7.30. With the smaller district size however
the dynamics become even more volatile, even more easily stochastically flipping between the stable equilibria.
In Figure 7.16, when considering the behavior over multiple runs
with different random seeds determining the order in which agents
make decisions, we find a picture of emergent outcomes scattered
across the three stable equilibria, transitioning through the region of
the saddle node equilibria. Furthermore the most stable solution nr.
1 is notably dominant over all runs, despite the initial conditions of
starting with high car mode share in District 16. Comparing District
10 with N = 243 to District 16 with N = 461 we see that the picture is
slightly more scattered, spending relatively more time transitioning
through the saddle node region and relatively less time in a stuck in
a stable steady state.
The reason for the volatility with the smaller network size has to
do with the assumption of each agent’s choice being influenced here
by the percentage of agents the reference group making each choice.
Since each cluster by definition here contains only a subset of the total
number of agents in the data sample, the influence of an individual
agent updating a choice is larger within the fully connected cluster
than when considering the entire data sample being fully connected.
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Figure 7.15: Example time series for the benchmark sociodynamic nested
logit model on fully connected extracted subsets of the sample
with different sizes

This relatively larger jump in mode share for a particular mode alternative as a given agent updates its choice within a smaller reference
group, gives the possibility to jump out of a particular steady state
and move to another one.
7.5.4

Interim Conclusions

In summary, thus far we have seen: 1) lock-in at the analytically predicted stable steady states, 2) manifestation of the analytically predicted most stable equilibrium being dominant, and 3) for a fully
connected network with smaller size, the larger jump in mode share
as an agent updates each choice per iteration breaks the lock-in that
we found when the entire sample is fully connected. Given this knowledge, we now proceed to our study of sociogeographic networks.
7.6

7.6.1

sociogeographic networks: clusters and overlapping groups
Definition of Interaction Variables

We begin our detailed consideration of the impact of sociogeographic
networks on emergent outcomes with a broad classification by residential district. The districts in the Municipality of Amsterdam are
meaningful entities for the purpose of our case study since they have
their own local government structures with their own directly elected
representative aldermen. In the multi-party system in the Netherlands, the composition of the majority coalition in one district may
be different than the majority coalition in another district reflecting
the different local cultures associated with the districts. As a result the
districts have the possibility to organize themselves in different ways
and set different spending priorities. Residents identify themselves

269

270

socio-dynamic trinary nested logit: application

Figure 7.16: Observed mode shares by increment t = 100, 000 until t =
600, 000 with different random seeds determining the agent decision making order for the benchmark sociodynamic nested
logit model on fully connected extracted subsets of the sample
with different sizes. Compare with the upper left panel of Figure 7.13 on page 263. Initial conditions have no significant effect
on long-run outcomes as sociodynamics become more volatile
with smaller clusters.

with their districts and often deliberately choose to live in a particular district, and not another district. In our case study, there are 9
districts represented in the data, ranging in size from 223 sampled respondents (District 4, Amsterdam East) to 461 sampled respondents
(District 16, Amstelveen South). As described earlier in section 7.4, the
mean size is 323 respondents with standard deviation 74, skewness
0.32 and kurtosis 0.19.
In the urban economics literature, the phenomenon of residential
self-organization was famously studied by Tiebout (1956). His focus
on local variations in public expenditure and the thereby associated
residential mobility of “consumer-voters” was a direct challenge to
Samuelson’s earlier conjecture (1954, 1955) that public goods could
not be allocated efficiently when assuming public expenditures are
handled solely at a central, federal government level, and Musgrave’s
analysis (1959) that the only mechanism for determining the level of
public goods would have to be political. Initially ignored, Tiebout’s
model became popularized after his untimely death following Oates’
empirical work (1969) on effects of property taxes and local public
spending on property values. Fischel (2006) provides a 50th anniversary edited volume sampling the plethora of research exploring different facets, expansions and variations of Tiebout’s seminal work
now extending to social sciences beyond public economics. Tiebout’s
simple seven tenet hypothesis also lends itself naturally to computational modeling via multi-agent based simulation. Kollman, Miller
and Page (1997) is a notable example. Gulyás and Dugundji (2006)
have explored the possibility for agents to dynamically update their
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transportation mode choice and their residential location. In the interest of the explicit aim of simplicity in this chapter, however, and in
order to avoid confounding effects, the residential location and work
location are both assumed to be static. Nonetheless the visionary perspective of Tiebout in viewing a population not as a stationary one,
but as one in motion, is deeply appreciated. This is an important direction for further research as noted in the Preface to this thesis and
as outlined in Dugundji et al (2001).
In order to be able to test the effect of spatial scale, by way of comparison with the network interdependence defined by residential district, we also define a smaller neighborhood region of influence on the
basis of 4-digit postcode. There are 67 postcode regions represented
in the sample, ranging in size from 10 sampled respondents to 161
sampled respondents. The mean size is 43 with standard deviation
32, skewness 2.1 and kurtosis 4.4. As with districts, the postcode definitions are also meaningful in that they do not have arbitrary boundaries: residents know in which postcode zone they live and the postcode zones have different reputations. The postcodes in the greater
Amsterdam metropolitan region are generally defined such that there
is homogeneity within a zone, and heterogeneity across zones, in
terms of land uses and built environment according to the period that
the zone was originally developed and/or subsequently re-developed
in the incremental growth of the region over the years. Our assumption is that the postcode boundaries delineate spatial peers and that
agents residing within a particular postcode have similar underlying
preferences and values, thus exerting a relatively stronger influence
than agents who live outside the postcode.
Next, under the assumption that respondents are influenced by the
choice behavior of others in their own socioeconomic class regardless
of their residential location, we define 13 socioeconomic groups using the three variables age, income and education as in section 7.4.
The groups range in size from 99 sampled respondents to 385 sample
respondents. The mean size is 224 respondents with standard deviation 111, skewness 0.33, and kurtosis –1.8. Our assumption is that
a respondent’s direct friends and colleagues are likely of a similar
socioeconomic status. For the purposes of the case study, we consider here a relatively dense network of overlapping groups where
agents are connected by both their residential district and socioeconomic class.
Finally, since we are considering commute behavior and the work
location is known in the data set, we define postcode regions for the
work locations. Here again the idea is that due to urban planning
policy in the Netherlands the type of work locations and their accessibility will tend to be more homogeneous within a postcode zone
than across postcodes. The sociocultural and practical acceptance of
traveling to work by bicycle, for example, may be likely to be higher
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Table 7.31: Summary statistics for networks with clusters and networks with
overlapping influence groups: Residential district clusters [dtr];
Residential postcode clusters [pc4]; Residential district and socioeconomic group [dsd]; Residential and work postcode [pww].
Diameter, radius and average path length are defined within connected components.

network statistics

dtr

Average degree

338.6

Diameter

dsd

pww

66.8

576.8

108.2

1

1

2

5

Radius

1

1

2

3

Average path length

1

1

1.8

2.3

0.116

0.0229

0.198

0.0371

9

67

1

1

Network density
Components

pc4

in a postcode zone where many commuters already travel by bicycle. This in turn may inspire other workers who initially travel by
another transportation mode, to revise their mode choice. The mechanism may occur through various different means, such as direct communication with their colleagues, financial travel re-imbursement incentives from their employers, simply being aware that colleagues
commute by bicycle, or even just seeing lots of other bicycles parked
outside on the street or in a bicycle parking area. Furthermore if there
is a critical mass of bicycle commuters to a particular area, there is
more stimulus to provide better bicycle facilities, such as covered bicycle parking and dedicated bicycle paths. Regardless of the precise
underlying mechanism of the interaction, such an effect can approximately modeled in the aggregate as an agent being influenced by
the proportion of other agents in their work postcode zone making a
given mode choice. For the purposes of the case study, we define connectivity of interactions with an overlapping network where an agent
is influenced both by the proportion of agents making a given choice
in their work postcode zone and their residential postcode zone. This
leads to a network which is much less dense than the scenario with
overlapping residential districts and socioeconomic groups.
7.6.2

Summary Network Statistics

Table presents summary network statistics.
Average Degree
Average degree refers to the average number of “links” (in our case
the number of “reference” decision making entities) that the agents
have, with average being taken over all agents in the data set. Since
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the size of the residential district clusters ranges from 223 sampled respondents (District 4, Amsterdam East) to 461 sampled respondents
(District 16, Amstelveen South) it is obvious that the average degree
over all the residential district clusters will be a number between
these extremes. Likewise the residential postcode clusters range in
size from 10 sampled respondents to 161 sampled respondents and
thus the average degree over all the residential postcode clusters will
again be a number between these extremes. It is interesting to see how
many more links are added on average when considering the overlapping groups, that is, adding the influence from social group to the
residential districts and adding the influence from the work postcode
to the residential district postcode. In our scenarios the overlapping
groups add on average roughly 60-70% more links (reference decision makers) for a given agent as compared to the relevant clustered
scenario.
Network Density
Related to the average degree is the concept of density, introduced
earlier in the previous chapter in section 6.2.1. The network density
is the total number of existing links in the network divided by all
theoretically possible links if everyone were linked to everyone else
as in the case of the fully connected network. In our scenarios, this
measure is the same as the average degree divided by the number
of agents. The average degree for the residential district clusters is
roughly five times higher than the residential postcode clusters and
thus the density is also roughly five times higher. Likewise the density
for the overlapping residential district and social group is about 5.3
times higher than the overlapping residential and work postcodes.
Components
The components measure tells how many isolated groups there are in
the data with no connections between them. Since there are nine districts and 67 postcodes represented in the data, this is the respective
number of components for these scenarios. It is interesting to see that
by adding the influence from social group to the residential districts
and by adding the influence from the work postcode to the residential postcode, there becomes only one giant component where it is
possible for influence to flow along links and spread throughout the
entire network. In our scenarios with the overlapping groups, there
are no longer any parts of the population that are not reachable from
somewhere else. Influence can reach everybody along some path.
Average Path Length (within connected components)
The average path length tells how many links this takes on average
to travel by the shortest way. For the district and social group this is
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1.8 links, for the residential and work postcode this is 2.3 links. In
the case of the clusters, the average path length is defined within the
cluster. Since everybody is assumed to be connected to everyone else
within the cluster, the average path length is then just 1.
Radius and Diameter (within connected components)
The radius and the diameter of the network are both computed by determining the farthest distance traveling by the shortest way between
any two agents. The radius is the shortest of these farthest distances
over all agents; the diameter is the farthest of these farthest distances.
The diameter is thus equivalent to the longest shortest path. Similar
to the average path length, for the case of the clusters, radius and diameter are defined with the clusters. Since everyone is connected to
everyone within the cluster, the shortest path is always 1 within the
cluster, and thus the radius and diameter are also 1. It is interesting
to see that for the overlapping residential district and social group
the radius and diameter are both equal to 2. That means that influence is maximum only 2 links away from anyone. By the design of
the overlapping groups, this implies that influence can always travel
from decision maker A with a given residential district and social
group to decision maker B with another residential district and social group travelling either first through the district of A to the social
group of B and then through the social group of B to the district of
B, or vice versa first though the social group of A to the district of B
and then through the district of B to the social group of B. With overlapping residential district and work postcode however the radius is
3 and there is variation between the radius and diameter. Statistically
speaking if we were to do a crosstabulation of residential and work
postcode, there will be many empty cells.
7.6.3

Transition Dynamics: Residential Clusters and Overlapping Influence Groups

Using our multi-agent based model, we now explore the evolution of
the choice behavior of the nested logit model with feedback defined
by these sociogeographic networks. By experimental design, the network of disconnected residential district clusters and the network of
overlapping residential district and social group are approximately
five times more dense than the network of disconnected postcode
zone clusters and the network of overlapping residential and work
postcode zones, respectively. Example time series for the nested logit
model with sociogeographic network interaction are shown in Figure 7.17. We will be interested to compare these example time series
with that of the baseline nested logit model on a fully connected network shown in Figure 7.12. As in the previous section, each run is
allowed to iterate for 600,000 time steps; the light gray time series
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represents mode share for bicycle, dark gray represents mode share
for public transit and black represents mode share for car. Observed
mode shares at t = 600, 000 with different random seeds determining
the agent decision making order are shown in Figure 7.18. We will
be interested to compare these emergent outcomes with that of the
baseline nested logit model on a fully connected network shown in
Figure 7.13.

Figure 7.17: Example time series for the benchmark sociodynamic nested
logit model on different sociogeographic networks

Residential Clusters
We first consider the two scenarios with a disconnected network of
clustered groups. From our study of fully connected networks in section 7.5, we know that smaller network size leads to more volatile
sociodynamics in our model. Since we saw evidence of this volatility
already in the largest district comprising 461 agents, we might expect
that all other residential districts (with the smallest having only 223
agents) and accordingly all postcode zones (ranging in size from 161
to 10 agents) can only be more volatile. Furthermore since transmission of influence is prohibited across the separate clusters, the overall
time-varying behavior of the global modal split must logically be the
weighted average behavior of the mode shares within the separate
clusters. In the example time series in the upper left panel of Figure
7.17 we see initially persistent average behavior across the clusters
with high mode share for car, but then over time the most stable equi-
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Figure 7.18: Observed mode shares at t = 600, 000 with different random
seeds determining the agent decision making order for the
benchmark sociodynamic nested logit model on different sociogeographic networks. In the upper panels, global behavior
is weighted average behavior of separate clusters; initial conditions have no significant effect on long-term outcomes when
clusters are small. In the lower panels, influence can spread
throughout entire sample; initial mode shares matter, but dominant equilibrium ultimately prevails in connected, sparse network. Compare with the upper left panel of Figure 7.13 on page
263.

librium in Table 7.22 tends to become dominant. However, we see in
the example time series that the overall bicycle mode hovers around
0.5 never reaches the mode share of 0.7 that it did in section 7.5 in
the upper left panel of Figure 7.12, since there is no interaction mechanism in this scenario to coordinate across clusters.
With the volatility that we saw ranging from District 16 to D/istrict
10 in Figure 7.12 and given the dispersion of long-run outcomes
across different seeds that we saw in Figure 7.16, we might presume
that is unlikely that all 9 clusters here will happen to be in the same
equilibrium at the same time. While the majority of clusters may tend
to be at the most stable equilibrium in the long-run, probabilistically
there will be some clusters that will be in one of the other two stable equilibria, or in the process of transitioning between equilibria.
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Table 7.32: Example emergent commuter mode share outcomes by residential district, for the benchmark sociodynamic nested logit model
on residential district clusters. Numbering of districts adheres to
the original numbering in the raw data set; non-sampled regions
include the west industrial harbor district, the southeast commercial office park district, and the primarily agricultural district to
the north of Amsterdam.

residential

bicycle

transit

car

district

sample
count

1: Amsterdam Center

0.719

0.124

0.157

363

2: Amsterdam West

0.188

0.165

0.648

352

3: Amsterdam South

0.152

0.672

0.176

329

4: Amsterdam East

0.762

0.139

0.099

223

6: Amsterdam North

0.134

0.138

0.728

254

8: Amsterdam Far West

0.653

0.176

0.171

340

9: Amstelveen North

0.167

0.161

0.672

348

10: Amsterdam Southeast

0.745

0.140

0.115

243

16: Amstelveen South

0.755

0.104

0.141

461

Total

1390

588

935

2913

Table 7.32 shows the emergent commuter mode share outcomes at
t = 600, 000 by residential district for the benchmark sociodynamic
nested logit model on residential district clusters for the specific example time series in the upper left panel of Figure 7.17. Five of the
nine districts (that is, District 1, 4, 8, 10 and 16) are near the most stable equilibrium where mode share for bicycle is highest (nr. 1 in Table
7.22). Three of the nine districts (that is, District 2, 6 and 9) are near
the stable equilibrium where mode share for car is highest (nr. 2 in Table 7.22), and one of districts (District 3) is near the stable equilibrium
where mode share for transit is highest (nr. 3 in Table 7.22).
In the example time series in the upper right panel of Figure 7.17,
we find that the overall behavior across the 67 postcode clusters
moves fairly rapidly to a roughly equal split of one-third for each
mode. Here the volatility within the clusters is so high that no single mode ever stays dominant for very long and there are so many
clusters that the average behavior statistically tends to be non-biased,
with perhaps only a slight tendency towards the most stable equilibrium. Indeed the picture of the observed mode shares at t = 600, 000
with different random seeds determining the agent decision-making
order in the upper right panel of Figure 7.18 shows a concentration of
outcomes near an equal modal split of one-third, one-third, one-third,
just slightly tending more towards the bicycle mode.
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Overlapping Influence Groups
Now, given this behavioral information within isolated clusters, we
proceed to understand what happens in the empirically most relevant scenarios with overlapping groups, where we have interaction
within socioeconomic and spatially defined groups but there is a possibility for transmission of influence across groups. In the example
time series in the lower left panel of Figure 7.17 with interaction defined by overlapping residential district and social group, we find
initial prominence of the high mode share for car as we did in the
case of the network of disconnected residential district clusters, but
here there is indeed the possibility for eventual coordination across
clusters, with the entire sample locking-in to one of the stable equilibria in Table 7.22. In the example in Figure 7.17 we find the most
stable equilibrium prevailing with high mode share for bicycle; time
series with other random seeds for defining the decision making order of the agents showed stable equilibrium nr. 2 in Table 7.22 prevailing with high mode share for car. We never found transit mode
prevailing, presumably due to inability to overcome the initial conditions with low transit mode share. The observed long-run outcomes
at time step t = 600, 000 when applying different random seeds thus
yields a similar picture as the left panel of Figure 7.16.
The example time series in the lower right panel of Figure 7.17 with
interaction defined by the relatively less dense network of overlapping residential and work postcode zones is just as interesting. With
the relatively small cluster sizes in this scenario, we find initial statistical tendency towards an overall non-biased split fluctuating around
one-third for each mode, similar to the case of the network of disconnected residential postcode clusters. Because of the possibility for
transmission of influence across clusters here though, eventually the
most stable equilibrium gradually takes over as in the case we saw
with the hypothetical fully connected network with initially equal
mode shares. Over multiple runs with different random seeds determining the decision making order in the lower right panel of Figure
7.18 we find that all runs indeed tended towards to the dominant
equilibrium, just as on fully connected network with initially equal
mode shares.
7.6.4

Transition Dynamics: Effect of Initial Conditions with Sociogeographic Networks

For thoroughness we now repeat the analysis for the four sociogeographic network scenarios, carrying out a sensitivity test to the effect
of non-biased initial conditions. Example time series for the nested
logit model with initial equal mode shares are shown in Figure 7.19.
We will be interested to compare these example time series with those
shown in Figure 7.17 where the initial modal split is the same as the
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sample. As in the previous section, each run is allowed to iterate
for 600, 000 time steps; the light gray times series represents mode
share for bicycle, dark gray represents mode share for public transit
and black represents mode share for car. Observed mode shares at
t = 600, 000 with different random seeds determining the agent decision making order are shown in Figure 7.20. We will be interested to
compare these emergent outcomes with those shown in Figure 7.18.

Figure 7.19: Example time series for the benchmark sociodynamic nested
logit model on different sociogeographic networks with initial
equal mode shares

Residential Clusters
For the case of residential district clusters we expect that the overall
time-varying behavior of the global modal split will again logically
be the weighted average behavior of the mode shares within the separate districts. However with an initially unbiased overall modal split,
there is no longer anything to distinguish between the choice alternatives within the nest, car and transit. If the number of districts is
large enough, on average we will expect the number of districts that
have leading mode share for car to be the same as the number of
districts that have leading mode share for transit. If the number of
agents within districts are roughly similar, the overall mode shares
for car and transit will then be roughly similar as well. In the example time series in the upper left panel of Figure 7.19 we indeed see
the mode share for car and transit varying together. Furthermore, as

279

280

socio-dynamic trinary nested logit: application

Figure 7.20: Observed mode shares at t = 600, 000 with different random
seeds determining the agent decision making order for the
benchmark sociodynamic nested logit model on different sociogeographic networks with initial equal mode shares. Compare
with Figure 7.18 on page 276 and the lower left panel of Figure
7.13 on page 263.

before in the upper left panel of Figure 7.17, over time the most stable
equilibrium in Table 7.22 with leading mode share for bicycle tends
to become more dominant.
Table 7.33 shows the emergent commuter mode share outcomes at
t = 600, 000 within the residential districts for the specific example
time series in the upper left panel of Figure 7.19, and confirms these
insights numerically. Four of the nine districts (i.e. Districts 1 through
4) are near the most stable equilibrium where mode share for bicycle
is highest (nr. 1 in Table 7.22) and one of the districts (District 9) is
in the process of transitioning to that equilibrium. Two of the nine
districts (i.e. Districts 6 and 8) are near the stable equilibrium where
mode share for car is highest (nr. 2 in Table 7.22). One of districts (District 16) is near the stable equilibrium where mode share for transit
is highest (nr. 3 in Table 7.22) and one of the districts (District 10) is
at the saddle point at the entry to the basin of attraction of this stable
equilibrium.
The concentration of outcomes in upper left panel of Figure 7.20
along the line p1 = (1 − p0 )/2, where p0 is the pendant alternative bi-
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Table 7.33: Example emergent commuter mode share outcomes by residential district, for the benchmark sociodynamic nested logit model
on residential district clusters with initial equal mode shares.
Numbering of districts adheres to the original numbering in the
raw data set; non-sampled regions include the west industrial
harbor district, the southeast commercial office park district, and
the primarily agricultural district to the north of Amsterdam.

residential

bicycle

transit

car

district

sample
count

1: Amsterdam Center

0.719

0.124

0.157

363

2: Amsterdam West

0.659

0.190

0.151

352

3: Amsterdam South

0.684

0.158

0.158

329

4: Amsterdam East

0.762

0.139

0.099

223

6: Amsterdam North

0.134

0.138

0.728

254

8: Amsterdam Far West

0.200

0.150

0.650

340

9: Amstelveen North

0.572

0.193

0.236

348

10: Amsterdam Southeast

0.300

0.523

0.177

243

16: Amstelveen South

0.156

0.696

0.148

461

Total

1334

796

783

2913

cycle and p1 is the nested alternative car, shows that observed mode
shares at t = 600, 000 with different random seeds confirm these insights too. This line namely reflects the relation p1 = p2 = 1 − p0 − p1
(i.e. equal mode shares for car and transit). Furthermore, the cluster
of outcomes on this line shows the mode share for bicycle primarily
between 0.4 and 0.5 being more dominant that the other modes. In
comparison, the upper left panel of Figure 7.18 also shows the dominance of the bicycle mode, but the outcomes lie clearly above the line
p1 = (1 − p0 )/2, more towards mode share for car due to the initial
modal split favoring car.
For the case of residential postcode clusters, due to the even higher
volatility than the case of the districts within the smaller size postcode
zones, we already saw in upper right panel of Figure 7.17 that the
overall behavior across the 67 postcode clusters moves fairly rapidly
to a roughly equal split of one-third for each mode. Since the modal
split in upper right panel of Figure 7.19 starts at initial equal mode
shares, the qualitative picture is not much different after the transient
effects of the initial time steps than in the upper right panel of Figure
7.17. The outcomes of the observed mode shares at t = 600, 000 with
different random seeds determining the agent decision making order
in the upper right panels of Figure 7.18 and Figure 7.20 are qualitatively identical, both showing a concentration of outcomes near an
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equal modal split of one-third, one-third, one-third, just slightly tending more towards the bicycle mode.
Overlapping Influence Groups
For the case of overlapping residential district and social group, we
recall the ability in the lower left panel of Figure 7.17 to coordinate
influence across clusters. Thus we may again expect the entire sample
to lock in to one of the stable equilibria in Table 7.22. However, we
also recall in the lower left panel of Figure 7.12 that for the fully
connected network with initial equal mode shares, the most stable
equilibrium prevailed. The transition was slow and steady and there
was not enough stochasticity to escape the dominance. In terms of
the imagery of system as a ball rolling on the “potential” function in
Figure 7.14, the system is a big, heavy ball which has as its starting
position a point on the long, smooth incline to the lowest basin of
attraction. After a little stochastic nudge to get it in motion, once it
gets rolling, the ball rolls all the way down the smooth incline to
that basin of attraction and then can’t be pushed out. With both the
insights from Figure 7.17 and Figure 7.12 in mind, we might expect
the time series in the lower left panel of Figure 7.19 to look quite
similar to that in the lower left panel of Figure 7.12. Indeed this turns
out to be true. Furthermore, all runs when applying different random
seeds yield a similar picture, so that the observed long-run outcomes
at time step t = 600, 000 in the lower left panel of Figure 7.20 is
qualitatively identical to the lower left panel of Figure 7.13 for the
sociodynamic nested logit model on a fully connected network with
initial equal mode shares.
For the case with the relatively less dense network of overlapping
residential and work postcode zones, we already saw in the lower
right panel of Figure 7.17 that after a period of fluctuating around
one-third for each mode, the possibility for transmission of influence
across clusters drives the convergence to the dominant equilibrium.
Since the modal split in lower right panel of Figure 7.19 starts at
initial equal mode shares, the qualitative picture is not much different
after the transient effects of the initial time steps than in the lower
right panel of Figure 7.17. Compared with the example time series for
the sociodynamic nested logit model on the overlapping residential
district and social group in the lower left panel of Figure 7.19, the runaway to the stable equilibrium takes longer to take-off with the less
dense network, hovering longer around the initial equal mode shares.
In terms of the imagery of system as a ball rolling on the “potential”
function in Figure 7.14, the system is a big, but less heavy ball that
takes a little bit more of a stochastic nudge to build up momentum. It
doesn’t move as fast as the big, heavy ball. Nonetheless, once it gets
rolling, the ball rolls all the way down the smooth incline to the most
stable basin of attraction and then can’t be pushed out.
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Over multiple runs with different random seeds in the lower right
panel of Figure 7.20 we find that all runs for overlapping residential and work postcode zones indeed tended towards the dominant
equilibrium. Compared with the lower right panel of Figure 7.18 for
overlapping residential and work postcode zones with initial mode
shares as in the data sample, we see there that one run was on its
way towards the stable equilibrium but had not quite yet reached it
due to the starting modal split there having leading mode for car and
thus further to “travel” in mode share space. With the initial equal
mode shares in the lower right panel of Figure 7.20 all runs did indeed squarely reach the stable equilibrium, just as in the lower left
panel of Figure 7.13 on a fully connected network with initial equal
mode shares, and in the lower left panel of Figure 7.20 on the overlapping residential district and social group, despite having taken longer
to get there.
7.6.5

Interim Conclusions

In summary, we have seen: 1) global modal choice behavior in a disconnected network of clustered groups is the weighted average behavior of separate clusters; 2) smaller cluster sizes yield more volatility in our nested logit model with sociodynamic feedback and as
a result, a tendency towards an overall non-biased modal split averaged over many clusters; 3) with sufficient volatility, initial conditions
have no significant effect on long-term outcomes; 4) with overlapping
groups, influence can spread throughout entire sample; 5) for a giant
cluster with sufficient network density and sufficient average degree,
the precise connectivity of the network doesn’t appear to matter in
the long-run, but the initial conditions of the starting mode shares
do matter; the emergent distribution of outcomes for overall modal
split gives the same picture as the analytically predicted outcomes
for a fully connected network with the given initial conditions; 6) the
analytically predicted most stable equilibrium ultimately prevails in
connected, sparse network of overlapping clusters; initial conditions
of the starting mode shares don’t seem to matter here.
7.7

7.7.1

utility parameters and connectivity in empirical
models
Definition of Interaction Variables

Now we proceed to the specification of a full empirical model. We
consider a broad classification by residential district as defined earlier in section 7.4. Similarly using the three variables age, income and
education, socioeconomic groups are defined. In addition, to be able
to test the effect of spatial scale, we define a smaller neighborhood re-
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Table 7.34: Descriptive statistics for local field variables

variable

mean

std dev

min

max

Share of agent’s fellow district residents choosing:
Bicycle/moped/motorcycle

0.268

0.080

0.132

0.409

Public transit

0.238

0.062

0.133

0.364

Car driver/passenger

0.497

0.108

0.307

0.663

Share of agent’s social group peers choosing:
Bicycle/moped/motorcycle

0.269

0.071

0.114

0.414

Public transit

0.238

0.070

0.145

0.338

Car driver/passenger

0.498

0.112

0.366

0.728

Share of agent’s district residents and social group peers choosing:
Bicycle/moped/motorcycle

0.271

0.057

0.128

0.399

Public transit

0.238

0.048

0.138

0.351

Car driver/passenger

0.493

0.082

0.339

0.664

Share of agent’s postcode residents and social group peers choosing:
Bicycle/moped/motorcycle

0.268

0.063

0.100

0.424

Public transit

0.237

0.061

0.126

0.387

Car driver/passenger

0.498

0.097

0.341

0.741

gion of influence on the basis of 4-digit postcode as in section 7.6. We
may hypothesize that the smaller spatial scale network interdependence defined by postcode may be more homogeneous with regard
to choice behavior than that for the variables defined on the basis of
district. Thus we may expect the coefficient on these variables to be
relatively stronger. Network interaction variables for four scenarios
are presented in Table 7.34. Two scenarios consider clustered groups:
Residential district; Social group. Two scenarios consider overlapping
groups: District and social group; Postcode and social group.
The case of overlapping groups is depicted abstractly in Figure 7.21.
For simplicity, the reference agents that a given agent is connected to
are counted all together, without any discrimination as to which of
the groups the reference agent belongs to. A reference agent is also
not counted twice if the reference agent happens to belong to two of
the groups that the given agent does. For example in the case of overlapping district and social group, suppose we are interested to characterize the interactions of decision maker Henk. Ingrid is in Henk’s
social group and they both live in Amsterdam North, Jan also lives in
Amsterdam North but is not in Henk’s social group, and Kees is in
Henk’s social group but lives in Amsterdam West. The network connections of Henk for his reference group are simply: Henk, Ingrid, Jan,
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Kees, counting himself, and without distinction as to social group or
district, and without counting Ingrid twice. In this way, there is only
one feedback effect per agent, namely the combined aggregate effect
of the influence from both reference groups indiscriminately. This allows us to focus on changes in the network structure at an abstract
level, rather than on the influence from particular groups. In a more
detailed analysis, particularly for a policy purposes, it could indeed
be natural to estimate separate coefficients for each group. This is
what is done in Chapter 8 when we focus on econometric estimation
of such variables. When studying the impact of multiple influences
from different groups with different coefficients per group, the complexity of the envelope of possible steady state outcomes is likely to
increase significantly. It is conceivable that along one dimension of
influence there could be a strong feedback, but along another dimension there could be a moderate feedback, yielding different competing tendencies. Particularly the time varying trajectories of the mode
shares is likely to be quite interesting and would be useful direction
for further exploration.

Figure 7.21: Abstract visualization of separate clustered groups and overlapping groups. With overlapping groups, influence can spread
across the clusters.

7.7.2

Specification of Utility Functions

A trinary transportation mode choice model to work is estimated using the freely available, open source optimization toolkit Biogeme
(Bierlaire, 2003. Various piecewise continuous specifications of all
travel time related variables as well as age were tested against simple
linear, quadratic and logarithmic forms of these variables. Considering various a priori hypotheses of behavior in the region and after statistical comparison of the alternative nonlinear specifications of variables against the linear versions thereof using loglikelihood ratio tests
and non-nested tests, a baseline multinomial logit model is estimated.
Estimation of three successive nested logit models first with public
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transit nested with bicycle, then with public transit nested with car,
and finally with bicycle nested with car, show the first nesting structure to be most significant in terms of loglikelihood ratio test and in
terms of the a t-test on the nest coefficient. The third nesting structure
was not indicated. The nested logit model thus adds one additional
parameter to the multinomial specification, namely the scale parameter for the transit-bicycle nest. The first two columns of Table 7.35 give
estimation results for network interdependence defined by residential
district and social group, respectively. The last two columns of Table
7.35 are treatments where social and spatial interdependence are considered jointly: agents are assumed not to distinguish between their
socioeconomic peers’ and their fellow district residents or neighbors
when considering their choice behavior.
We conclude from t-tests on the network interaction variables, that
for this particular case study and the network definitions under consideration, systematic field effects representing social and spatial network interactions between an agent and the aggregate behavior of
other reference agents do indeed have explanatory power. On the basis of non-nested model specification tests in Table 7.36, we find the
fit for overlapping postcode and social group is best, as expected. The
fit for broad district clusters alone is worst. Interestingly, there is no
there is no statistically significant gain in fit at the 0.05 level between
the scenario with social group clusters versus the scenario with overlapping district and social group. In light of the latter finding, we
will find that the emergent outcomes over time when these models
are embedded in a multi-agent based simulation with feedback are
particularly noteworthy.
For continuity in the model development process extending the
original discrete choice with interactions research by Aoki (1995),
Brock and Durlauf (2001a, 2002, 2006) and Blume and Durlauf (2003),
a nested logit model is considered in this chapter. However, it is worth
mentioning that an important econometric issue arises in the empirical estimation of discrete choice models using a nested logit specification in that, while unobserved heterogeneity is accounted for across
alternatives, the Gumbel error terms are still assumed to be identically and independently distributed across decision makers. It is not
obvious that this is in fact a valid assumption when we are specifically considering interdependence between decision makers’ choices.
We might reason that if there is a systematic dependence of each decision maker’s choice on an explanatory variable that captures the
aggregate choices of other decision makers who are in some way related to that decision maker, as we have done, then there might be
an analogous dependence in the error structure. Otherwise said, the
same unobserved effects might be likely to influence the choice made
by a given decision maker as well as the choices made by those in the
decision maker’s reference group. The results and coefficients of such
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Table 7.35: Estimation results for nested logit models with different sociogeographic networks: Residential district clusters [dtr]; Socioeconomic group clusters [soc]; Residential postcode and socioeconomic group [psd]. All t-statistics (indicated in itallic below
the estimated coefficient value) are against 0, except for the scale
parameter for which it is against 1. Compare with Table 7.27.

estimated parameters

dtr

soc

psd

Share of agent’s network choosing

1.23

1.57

1.91

each mode, defined generically

4.85

5.90

6.27

Alternative specific constant for transit

1.02

-0.464

-0.443

2.11

-1.03

-1.05

-0.717

-0.733

-0.978

-1.30

-1.38

-1.94

2.56

2.51

2.51

25.2

24.6

24.6

0.288

0.269

0.249

3.07

3.18

3.28

0.260

0.327

0.310

2.26

2.84

2.74

-0.211

-0.196

-0.173

-1.93

-1.99

-1.93

-0.610

-0.155

-0.131

-3.31

-1.03

-0.97

0.0320

0.0170

0.0146

2.48

1.50

1.39

-0.0442

-0.0407

-0.0381

-4.33

-4.41

-4.70

-3.16e-4

-3.14e-4

-2.98e-4

-3.85

-3.96

-3.85

-0.0206

-0.0186

-0.0185

-3.15

-3.16

-3.26

-0.654

-0.623

-0.545

-2.36

-2.39

-2.24

-0.0131

-0.0154

-0.0148

-7.89

-9.98

-9.53

2.07

2.36

2.51

2.05

2.32

2.65

Null log likelihood (L0 )

-2977

-2977

-2977

Final log likelihood

-2060

-2054

-2049

1834

1846

1856

0.3029

0.3049

0.3066

Alternative specific constant for car
Car ownership, defined for car
Gender, defined for transit
Gender, defined for car
Low income, defined for bicycle
Natural log of age, defined for transit
Age 45 to 59, piecewise, for transit
Travel time for bicycle
In-vehicle time for transit, squared
Out-of-vehicle time for transit
Natural log of travel time for car
Parking time for car, squared
Scale for transit-bicycle nest

Likelihood ratio test
Adjusted rho-squared

(ρ̄2 )
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Table 7.36: Non-nested tests of model specifications with different sociogeographic networks. The non-nested test bounds the probability of
erroneously choosing the incorrect model over the true specification under the null hypothesis that model 1 with higher adjusted
rho-squared is the true model.

s=2rL0 +df

Φ(−s1/2 )

0.00202

12.04

0.00026

Don’t reject

0

0.00165

9.84

0.00085

Don’t reject

dtr

0

0.00370

22.06

0.00000

Don’t reject

soc

dsd

0

0.00037

2.20

0.06901

Reject

psd

soc

0

0.00168

10.02

0.00077

Don’t reject

psd

dsd

0

0.00205

12.22

0.00024

Don’t reject

df:

Difference in degrees of freedom between models 1 and 2

r

Difference in adjusted rho-squared between models 1 and 2

L0

Null log likelihood

Φ

Standard normal cumulative distribution function

1

2

df

r

soc

dtr

0

dsd

dtr

psd

comments

a model are likely to be biased (Train, 2009). Making an analogy of
inter-agent causality and correlation with the more well-understood
panel data approach towards time causality and correlation (Heckman, 1981a, 1981b), later in Chapter 8 we present and compare several
modeling strategies to highlight some main hypothesized interaction
effects using mixed generalized extreme value models with field and
“panel” effects. Walker et al (2011) re-visit this application and apply
a less computationally intensive multi-stage instrumental variables
approach developed by Berry (1994) and Berry, Levinson and Pakes
(1995, 2004) to control for endogeneity. Other applications addressing endogeneity in discrete choice estimation in the transportation
literature are: Train and Winston (2007) who also use this same multistage approach to correct for price endogeneity in auto ownership
choice; Guevara and Ben-Akiva (2006) who correct for price endogeneity in residential housing choice, using the “control function” approach developed by Hausman (1978), Heckman (1978) and Heckman
and Robb (1985) applied to a logit model; Goetzke and Weinberger
(2012) who apply the control function approach with a binary probit
model to test the impact of contextual and endogenous social interaction effects on auto ownership, using the two-stage conditional maximum likelihood estimation technique proposed by Rivers and Vuong
(1988); Goetzke (2008) and Goetzke and Andrade (2010) who account
for endogeneity stemming from social network effects in a spatially
autoregressive mode choice model using spatial lags as instrumental variables; and Goetzke and Rave (2011) who derive an instrument
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from records with excluded trip purposes to study endogenous effects of “bicycle culture” in German cities.
For the purposes of this section, we accept that the estimated values
may be biased. Our goal here is simply to generate various plausible
parameter values under different scenarios, in order to be able to characterize the long-run dynamics of the nested logit model with social
feedback. While for an application for policy purposes precise parameter values would be crucially important, in this section the focus is
more abstract. We are interested in getting an idea methodologically
under what conditions a runaway effect is generated and what influences this. It is very useful to understand the dynamic behavior
of a benchmark nested logit model, before proceeding to understand
the dynamic behavior of models with even more complex kernels.
Such an understanding built up step-by-step is important both theoretically and conceptually as well as for good practice in multi-agent
based simulation.
7.7.3

Transition Dynamics: Effect of Empirically Defined Systematic Utility with Sociogeographic Networks

Using the Repast agent based modeling platform, we create a computational version of our nested logit models with heterogeneous agents
and sociogeographic network interaction. Discrete choice estimation
results controlling overall mechanisms related to individual heterogeneous preferences are embedded in the multi-agent based model
to be able to observe the simulated evolution of choice behavior over
time with sociodynamic feedback due to network effects. Example results for different random seeds are shown in Figure 7.22. Each run
is allowed to iterate for 600,000 time steps, or roughly about 200 revisions of choices with asynchronous decision making for the sample
size of 2913 agents.
There are several immediately striking features of the long-run results. First, we notice that in all scenarios, the long-run mode shares
in Figure 7.22 moved significantly away from the initial overall modal
split (23.7% public transit share; 26.7% bicycle or moped/motorcycle
share; 49.6% auto driver or auto passenger share). Second, we notice
that the long-run results are also fairly stable: there is little variation
in the long-run results for a given scenario. This is true for both scenarios with overlapping groups where influence has the possibility,
in principle, to spread through the entire sample. Since it is also true
for both scenarios with disconnected clusters where there is no possibility for transmission of influence across groups, this implies that
the modal split within the clusters was effectively the same across
clusters for a given scenario. Third, we notice in all cases the auto
share strongly decreased. This is especially remarkable since the auto
mode had initially a share about twice as large as either of the other
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modes. We see that the feedback effect was thus indeed significant in
dynamically hindering the auto mode in the long-run in all scenarios
in a well-defined manner.

Figure 7.22: Observed mode shares at t = 600, 000 with different random
seeds determining the agent decision making order for empirically defined sociodynamic nested logit models with fully specified systematic utility on different sociogeographic networks

What is curious is that the feedback effect on one hand dynamically
propels the transit mode for the case of network interaction by residential district clusters, and by overlapping residential district and
social group, and on the other hand dynamically propels the bicycle
mode for the case of network interaction by social group clusters, and
by overlapping postcode and social group. This is a dramatic difference, emphasizing how important it would be in an application for
policy purposes to know in the case of clusters whether influence actually works through neighbors or though socioeconomic peers, or
in the case of overlapping groups what the regional scale is of neighborhood influence. We can in any case conclude resoundingly: if a
feedback effect can be assumed, the precise details of the connectivity sociographic networks matter!
It is important to recognize however that there are two stages in
our process where the sociogeographic network enters. First, the network enters in the econometric estimation in determining the value
of the estimated coefficients. Second, the network enters in the multi-
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agent based simulation in determining the course of the spread of
influence when the feedback is strong enough. We may wonder then
what is the driving factor of the results: is it simply the strength of
the feedback effect relative to the other components of the utility? or
is it the connectivity of the network during the transmission process?
or both? For example, if a feedback effect can be assumed, in a campaign to promote a particular mode or new service, we would want
to know whether to focus efforts on the way the mode is promoted
to make the adoption most convincing, or whether to focus for example, on seeding opinion makers to try to influence the connectivity
of the sociogeographic network. Concretely, if say, Twitter were used
to get the word out to market a mode, is it the art of sending an enticing enough tweet to generate many re-tweets? or is it the number
of followers that receive the tweet and the shape of the network? or
both?
To gain some insight to the answer with regard to this particular
case study, we run a hypothetical simulation experiment with sociogeographic networks swapped, while holding the utility parameters
fixed. Example results for different random seeds are shown in Figure 7.23. We find that only in the case of the social group parameters
did the connectivity of the network seem to have some slight effect
on the outcome of the multi-agent simulation. In our particular case
study, we conclude that the strength of the feedback effect relative to
the other components of the utility is the dominant factor in generating the long-run results. That is, in our particular case study, the
connectivity appears not to be very relevant at the transmission stage.
This said, it is important to note that the networks studied here are
fairly dense by definition, due to the nature of the aggregate interaction assumed within groups. Results in Chapter 6 for a binary choice
model with social interactions on abstract classes of networks over a
sweep of network density from a classical case of independent agents
on one hand to a fully connected network on the other hand, holding utility parameters constant, indicated that sparse networks were
more sensitive in the outcomes of transmission.
7.8

conclusions and recommendations for further research

We have extended previous work on discrete choice with social interactions in important ways. First, we present a framework for conceptualizing the interdependence of decision makers’ choices, making a
distinction between social versus spatial network interdependencies
and between identifiable versus aggregate agent interdependencies.
In our empirical application, we consider a model where an agent’s
choice is directly influenced by the proportions of the agent’s neighbors, colleagues and/or socioeconomic peers making each choice;
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Figure 7.23: Observed mode shares at t = 600, 000 with different random
seeds determining the agent decision making order for hypothetical experiment with time evolution of sociodynamic nested
logit models where estimated utility parameters and sociogeographic networks are swapped. Compare with Figure 7.22 on
page 290.

given the availability of appropriate data, our approach is principle
directly extendable to the identifiable agent case. We introduce additional heterogeneity in the model through different mechanisms, such
as individual-specific sociodemographic characteristics of the agents,
individual-specific attributes of the choice alternatives, and the availability of alternatives. Finally we introduce unobserved heterogeneity
by accounting for common unobserved attributes of the choice alternatives in the error structure. We observe that these extensions generate dramatically different temporal dynamics and thus cannot be
ignored in any true empirical application.
A careful specification of both observed and unobserved heterogeneity matters critically for emergent temporal outcomes when there
is sociodynamic feedback in the model, even when the feedback takes
the simple form of an aggregate field variable. Agent heterogeneity
impacts the magnitude of the mode shares, the speed of the transition to the steady state as well as very fundamentally the number
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of possible observable steady state solutions. Also the detailed effect
of induced heterogeneity is important to understand in different network structures, including the speed of information flow across them.
Misrepresentation of the appropriate scale at which social influence
occurs and of the appropriate network structure can yield strongly
flawed policy implications when studying social feedback.
In order to separate out effects, more research is needed to explore
systematically different model configuration treatments. In particular,
the importance of observed heterogeneity (the effect of availability
of alternatives, the effect of various explanatory sociodemographic
agent characteristics, the effect of various agent-specific attributes of
choice alternatives) relative to the importance of shared unobserved
heterogeneity is interesting to understand better.
In this chapter we considered various sociogeographic network scenarios. First we depict influence within a disconnected network of
clustered groups. Next we depict influence within overlapping social and spatial groups. We observe that the estimated utility parameters for different hypothetical sociogeographic network scenarios can
generate dramatically different dynamics. This finding underscores
the need for more empirical research to understand actual sociogeographic influence networks, including those at the population level.
Given the availability of suitable temporal data another interesting extension to this research would be to estimate a time lag coefficient, representing the importance of an agent’s choice on the existing
choice. We might intuitively expect that there may be a resistance to
change. The introduction of such a time lag variable might result in a
more intuitively expected steady state solution than the perhaps surprising result we discovered in section 7.4 for the empirical nested
logit model with sociogeographic network effects.
Also very important for any policy application, particularly for
transportation mode choice, would be the introduction of not only
positive feedback, but also negative feedback into the model to account for congestion effects in addition to agglomeration effects. The
absence of negative feedback to account for congestion effects in the
model over time may also possibly be one of the reasons for some
of the empiricially counterintutive results we discovered. If too many
commuters travel by car, roads may become congested, and traffic
jams may result. The increased travel time due to slower moving or
still-standing traffic over some route segments may discourage commuters from choosing the car mode. The result in practice is that
there is some maximum car mode share that roads can handle and
commuters will tolerate. This will vary according to the road system
of a given metropolitan region and the norms and values of a given
population. On the other hand, if too many commuters travel by public transit, seats may not be available on certain route segments, which
in turn may discourage certain strata of the population from travel-
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ing by public transit. Some strata of the population may be sensitive
to crowded public situations in general, even regardless of whether
there is a seat available or not. Furthermore, for example with the
train system there is a maximum number of trains that can ride over
a given shared rail system out of safety considerations. It may not
be possible in practice to transport the entire commuting population
over a given rail system particularly if freight transport by train runs
over the same rail system as passenger trains. The result in practice is
that just as with road system, there is some maximum public transit
mode share that the public transit system can handle and commuters
will tolerate. This too will vary according to the public transit system
of a given metropolitan region and the norms and values of a given
population.
Note however that norms and values of a given population may
change over time. These can be represented as the global interactions
between a decision maker and the aggregate actions of other decision
makers in the entire population and may be addressed as the special
limiting case of a fully connected or uniform network. Temporal data
would be required in order to separate out a global field variable from
an alternative specific constant.
In closing, an important stream of research in social network
analysis on so-called stochastic “actor oriented” modeling of the
co-evolution of networks and behavior is due to Snijders and colleagues. See Snijders, van de Bunt and Steglich (2010) for a tutorial introduction, and Steglich, Snijders and Pearson (2010) for
a comprehensive empirical application. Other references are available at the SIENA website (http://www.stats.ox.ac.uk/~snijders/
siena/). These models are currently intended for relatively small,
closed networks up to about a thousand nodes where knowledge
about the existence of links between all pairs of nodes has been
collected via survey data over at least two waves. The models are
not intended for simulating the projected evolution of large synthetic population-wide networks. Nevertheless recent work by Snijders, Koskinen and Schweinberger (2010) on maximum likelihood estimation for social network dynamics may provide useful insights for
further exploration in the transportation land use planning domain
as well, although proofs for consistency and asymptotic normality of
the estimator are not yet available.

Part IV
CHALLENGES
An econometric issue that arises in empirical estimation
of a social feedback effect in discrete choice models using
standard multinomial logit or nested logit models is that
the error terms are assumed to be identically and independently distributed across decision makers (Ben-Akiva
and Lerman, 1985). It is not obvious that this is in fact
a valid assumption when we are specifically considering
interdependence between decision makers’ choices. We
might reason that if there is a systematic dependence of
each decision maker’s choice on an explanatory variable
that captures the aggregate choices of other decision makers who are in some way related to that decision maker,
then there might be an analogous dependence in the error structure. Otherwise said, the same unobserved effects
might be likely to influence the choice made by a given
decision maker as well as the choices made by those in
the decision maker’s reference group. In terms of transportation mode choice, for example accessibility measures
for residents in the neighborhood could play such a role
to the extent that these were unable to be directly captured through explanatory variables in the utility specification. In this case, the use of transportation mode shares
of neighbors living in the same zone as an explanatory
variable will be correlated with the unobserved error of
the given decision maker, which is a classic case of endogeneity. The results and coefficients of such a model are
likely to be biased (Louviere et al 2006; Train 2009). In
Part IV, we explore issues in the empirical estimation of
discrete choice models with feedback effects, by specifically testing for correlation among agents in the error
structure in an empirical case study of mode choice to
work, through the used of mixed Generalized Extreme
Value family models. We conclude highlighting important
outstanding challenges and recommendations for future
work in moving discrete choice models with aggregation
social interactions in transportation into practice.

8

E C O N O M E T R I C C O N S I D E R AT I O N S

An econometric issue that arises in empirical estimation of models
with network effects is that the same unobserved effects might be
likely to influence the choice made by a given decision-maker as well
as the choices made by those in the decision-maker’s reference group.
To try to separate out effects, it is critically important to begin with
an as well-specified model as possible, making use of relevant available explanatory variables as we have done in sections 7.4 and 7.7. In
sections 8.1, 8.2 and 8.3 in this chapter we continue this exploration of
issues in the empirical estimation of discrete choice models with field
effects, by specifically testing for correlation among agents in the error structure in the particular empirical case study of mode choice to
work from Chapter 7, through the use of mixed GEV family models.
It is namely the intent to capture potential bias induced by endogeneity, by explicitly accounting for the supposed correlation in the error
structure. Important however is that we want to avoid confounding
correlation among alternatives with any potential correlation among
agents. We thus use the GEV structure in the choice model kernel
to capture correlation between alternatives, and use mixing to capture correlation between decision-makers. For completeness, we also
compare field effect models to baseline models where limited social
and spatial interdependence can be introduced as alternative-specific
dummy variables. The latter modeling approach in turn can be used
to move suspected endogeneity out of the non-linear choice model
to a linear regression where endogeneity is easier to manage as reviewed in section 8.4. In section 8.5 we place our research into context by reviewing alternative approaches to modeling dependence between observational units from spatial and social econometrics, including important recent advances since the time of initially carrying
out this research. As far as we are aware, the research presented in
sections 8.1, 8.2 and 8.3 is the first example of the empirical estimation
of a discrete choice model among multiple choice alterantives with social and/or spatial state dependence, where correlation among choice
alternatives as well as correlation among decision-making agents in
the error structure are also both tested.
8.1

baseline model with no inter-agent dependencies

To understand how the introduction of social and spatial network
interdependencies affects the random utility model formulations,
thereby prompting attention to the treatment of correlation between
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decision-makers, it is useful to first briefly review a basic model where
flexible specification of correlation between discrete choice alternatives
is addressed. The treatment of correlation between choice alternatives
is namely a well-developed field that has attracted attention already
many years: in the case of nested logit, dating back to Ben-Akiva
(1973); in the case of binary probit, arguably dating back to Thurstone (1927). For details on treatment of correlation between alternatives, the interested reader is referred to the following excellent
reference works|: Ben-Akiva and Lerman (1985), Train (2009), and
Ben-Akiva and Bierlaire (1999). Although we choose the cross-nested
logit model (McFadden, 1978; Small, 1987) as a starting point here owing to its fairly general closed form, the strategies presented in this
section for introducing social and spatial network interdependencies
could in principle be applied to any suitable choice model that sufficiently captures correlation between alternatives.
To put the methodological development into perspective, in building step-by-step from the theoretical work of Aoki (1995), Brock and
Durlauf (2001a, 2002, 2006) and Blume and Durlauf (2003), first let us
recall the presentation of the multinomial logit model in Chapter 2
at the outset of this dissertation. We let the utility Uin that a given
decision-making agent n is presumed to associate with a particular
elemental alternative i in his choice set Cn , be given by:
Uin = Vin + εin

(8.1)

where Vin is the deterministic (to the modeler) or so-called “systematic” utility and εin is an error term. In the random utility maximization model, the utilities are not known to the modeler with certainty
and are therefore treated as random variables (Manski 1977). The
individual choice probability Pn (i|Cn ) that the individual decisionmaking entity n chooses alternative i within the choice set Cn is equal
to the probability that the utility Uin of alternative i for individual n
is greater than or equal to the utilities of all other alternatives in that
individual’s choice set:
Pin ≡ Pn (i|Cn ) = Pr[Uin > Ujn , ∀j ∈ Cn ]

Pr Vin + εin > Vjn + εjn , ∀j ∈ Cn

(8.2)

By making assumptions about the joint probability distribution of
the full set of disturbances εin , we can derive specific forms of the
random utility model. As shown in Ben-Akiva and Lerman (1985),
under the assumption of independent and identically Gumbel (type
I extreme value) distributed disturbances εin with strictly positive
scale parameter µ > 0, the individual choice probability Pn (i|Cn )

8.1 baseline model with no inter-agent dependencies

that agent n chooses alternative i within nest Cn has a convenient
closed form expression, given by:

Pn (i|Cn ) = Pr Vin + εin > Vjn + εjn , ∀j ∈ Cn



= Pr Vin + εin > max Vjn + εjn
j∈Cn
(8.3)
µV
in
e
= P µV
e jn
j∈Cn

The derivation makes convenient use of the special property that if
εjn are Jn independent Gumbel distributed random variables with
common scale parameter µ, then max εjn is also Gumbel distributed
with that same scale parameter µ. Another special property which
is important for arriving at the closed form expression, is that the
difference of two Gumbel distributed random variables with a common scale parameter is logistically distributed. It is this latter fact
from which stems the name “logit,” or logistic probability unit model.
When there are more than two choice alternatives, this model is called
multinomial logit (MNL).
Train (2009) explains clearly the significance of the multinomial
logit as well as, at the same time, its shortcoming:
"The standard logit model exhibits independence from
irrelevant alternatives (IIA), which implies proportional
substitution across alternatives. . . . this property can be
seen either as a restriction imposed by the model or as the
natural outcome of a well specified model that captures
all sources of correlation over alternatives into representative utility, so that only white noise remains. Often the
researcher is unable to capture all sources of correlation
explicitly, so that the unobserved portions of utility are
correlated and IIA does not hold. In these cases, a more
general model than standard logit is needed.
Generalized extreme value (GEV) models constitute a
large class of models that exhibit a variety of substitution
patterns. The unifying attribute of these models is that
the unobserved portions of utility for all alternatives are
jointly distributed as a generalized extreme value. This
distribution allows for correlations over alternatives and,
as its name implies, is a generalization of the univariate
extreme value distribution that is used for standard logit
models."
One member of the GEV family with a fairly general closed form
expression for the individual choice probability that captures correlation among alternatives is the cross-nested logit model (CNL).
In accordance with the formulation in Ben-Akiva and Bierlaire
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(1999), we assume a population of N decision-making entities indexed (1, . . . , n, . . . , N). Each agent is faced with a single choice
among elemental alternatives i in the composite choice set Cn =
(C1n , . . . , Cmn , . . . , CMn ) of some universal choice set C of alternatives (1, . . . , i, . . . , J). In general the composite choice set Cn will vary
in size and content across agents: not all elemental alternatives i in
the universal choice set may be available to all agents. The overall correlation structure of alternatives is however assumed to be the same
across agents, aside from availability. The indexing (1, . . . , m, . . . , M)
represent so-called “nests” of elemental alternatives which are assumed to be correlated. The CNL model relaxes the nested logit
model described earlier, such that the grouping of elemental alternatives into nests need not be mutually exclusive. A set of parameters
αim defined to have value between 0 to 1 inclusive, specifies the degree of “membership” of alternative i in nest m.
Let Uimn = Vin + εin + Vmn + εmn + ln αim be the utility that
a given agent n is presumed to associate with a particular alternative i in choice nest Cmn , where Vin is the systematic utility associated with alternative i given choice nest Cmn , similarly Vmn is the
systematic utility associated with the particular choice nest Cmn itself, and εin and εmn are the respective error terms independent
for all i ∈ Cmn and all Cmn ∈ Cn . Under the assumption of independent and identically Gumbel distributed disturbances εin with
strictly positive scale parameter µm , and under the assumption of
the distribution of the disturbances εmn such that the random variable maxi∈Cmn Uimn is Gumbel distributed with scale parameter µ,
then the probability Pn (i) that agent n chooses alternative i from the
composite choice set Cn is simply the sum of the joint probabilities
Pn (i, Cmn ) across all nests:

Pn (i) =

M
X

Pn (i, Cmn ) =

m 0 =1

M
X

Pn (i|Cmn )Pn (Cmn )

(8.4)

m 0 =1

The conditional probability Pn (i|Cmn ) that agent n chooses alternative i given choice nest Cmn , the so-called “log-sum” Imn , and the
probability Pn (Cmn ) that agent n chooses the particular choice nest
Cmn itself, are:
Pn (i|Cmn ) =

α eµm Vin
P im
αjm eµm Vjn

(8.5)

j∈Cmn

Imn =

X
1
ln
αjm eµm Vjn
µm

(8.6)

eµVmn +µImn
M
P
eµVm 0 n +µIm 0 n

(8.7)

j∈Cmn

Pn (Cmn ) =

m 0 =1

8.2 social-spatial interdependencies in choice models

Note that the CNL model will reduce to the nested logit model
if the set of parameters αim is such that the grouping of elemental
alternatives into nests is mutually exclusive. This will further reduce
to the multinomial logit model if the scale µm for the lower nests is
equal to the scale µ for the upper nest. We focus on the CNL model
here to make sure we have a general form that will capture correlation
among alternatives. We want to avoid confounding correlation among
alternatives with any potential correlation among agents.
8.2

social-spatial interdependencies in choice models

An important econometric issue arises in empirical estimation of field
effects in discrete choice models in that the error terms may not
be identically and independently distributed across decision-makers.
Namely, when we are specifically considering interdependence between individuals’ choices, we might expect that if there is a systematic dependence of each decision-maker’s choice on a field effect, ie.
an explanatory variable pign that captures the aggregate choices of
others who are in some way related to that decision-maker, then there
might be an analogous dependence in the error structure. This can be
expressed formally in the utility function through the allowance for a
group-specific error term ξign for alternative i for each individual’s
reference group gn . In the special case that the groups are shared
by multiple decision-makers (ie. each member of the reference group
faces the same reference members), it is also possible to estimate a
so-called "fixed" effect, an alternative specific constant for each reference group. Finally, there may be alternative-specific random taste
variation on the parameter for the field effect, and dependence in
the error structure can also be manifested in the portion ζign of an
alternative-specific deviation defining the difference between individual n’s parameters and the average for the population, that is specific to each individual’s reference group gn in the taste variation
on the parameter for the field effect. In this section we thus present
these five strategies for introducing social and spatial network interdependencies in choice models: as a generic field effect (subsection
8.2.1), as unobserved group heterogeneity (subsection 8.2.2), as a set
of alternative-specific dummy variables (subsection 8.2.3), and as a
random parameter field effect, with unobserved individual heterogeneity and unobserved group heterogeneity (subsection 8.2.4).
8.2.1

Strategy 1: Field Effect for Reference Group

We introduce a feedback effect among agents by allowing the systematic utility Vin to be a linear-in-parameter β first order function of
the proportion pin of a given decision-maker’s reference entities who
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have made this choice. The variable pin is termed a “field variable.”
This model differs from the field effects model in Part II, however, in
that we consider non-global interactions. We do consider an aggregated feedback, but agents see different proportions, depending on
who their particular reference entities are. In fact, even agents within
the same group see (slightly) different proportions of reference agents
choosing each alternative because an agent’s own choice is not included in these proportions. If we had data available to support treatment of network interaction effects with identifiable households, the
approach could be further generalized for example to allow different
weights on different ties (see section 8.5).
8.2.2

Strategy 2: Unobserved Group Heterogeneity (“Panel” Effect)

Next we consider correlation among agents in the disturbance of the
utility. We model the correlation among agents within a group g as a
panel effect. In a typical choice model application with panel data, the
panel aspect captures correlation across multiple responses from the
same individual. The panel implementation that we use captures correlation among different decision-makers based on the connectivity
in a social and/or spatial network. By casting the research question
in this way, it allows us to draw upon a wealth of literature spawned
by Heckman (1981a, 1981b) on understanding the properties of choice
models in the presence of both state dependence and serial correlation. Let ξg = [ξ1g , . . . , ξig , . . . , ξJg ]T be a vector of unobserved random terms where the ξig are now additively introduced to the utility
function Uin . The probability Pn (i) that agent n chooses alternative
i from the composite choice set Cn is the integral over Pn (i|ξg )f(ξg )
with respect to ξg where f(ξg ) denotes the multivariate probability
density of ξg . It is namely our intent to capture potential bias induced
by endogeneity, by explicitly accounting for the supposed correlation
in the error structure. Where these error terms can be shown to be statistically insignificant, we assume that the hypothesized endogeneity
has negligible effect.
Bhat (2000) proposed a related use of panel effects to study unobserved spatial heterogeneity from multiple reference groups in discrete choice models, without studying field effects. He considered a
specification of the group-specific error term for alternative i of the
form
(8.8)
ξign ≡ ξih + ξiw
where ξih and ξiw are normally distributed random terms that capture unobserved variations across home-zones (h) and work-zones
(w), respectively. Bhat’s work forms the first example in travel demand literature of the use of Halton sequences for simulated estimation draws.

8.2 social-spatial interdependencies in choice models

8.2.3

Strategy 3: Alternative-Specific Dummy Variable for Reference
Group

For completeness, we also consider a more typical model specification
with a complete set of alternative-specific dummy variables (ASDV)
by reference group. This would be a case of observed group heterogeneity. In general we can expect a complete set of ASDV to perform
well in terms of the loglikelihood value, in being very flexible in capturing variation across alternatives and across groups. The difficulty
with adding a complete set of ASDV is the proliferation of estimated
parameters if there are a large number of groups and/or large number of alternatives. In such case we might run considerable risk of
overfitting our model.
8.2.4

Strategies 4 and 5: Random Field Effect and Panel Field Effect

Finally, we allow the field effect described in strategy #1 to have
alternative-specific variance associated with it. In strategy #4 we
model this variance most generally as unobserved individual heterogeneity (random parameter field effect). In strategy #5 we model this
variance as unobserved group heterogeneity: the variance on the field
effect is constrained to be equal for agents in the same reference group
(“panel” field effect). The distinction between this last model versus
strategies #1 and #2 estimated directly together is that here the unobserved group heterogeneity is on the field effect itself, instead of being
estimated on its own. Strategies #4 and #5 thus gain flexibility in capturing variation across alternatives and across individuals/groups as
with the complete set of ASDV in strategy #3, but without the drawback of a potential proliferation of estimated parameters with large
number of groups and/or alternatives.
8.2.5

Notation

We formalize these strategies as follows. For notational convenience
we define qin to be a vector-valued function of length Ki of observable characteristics of the decision-making agent and observable attributes of the choice alternative for a given decision-making agent
whereby polynomial, exponential, logarithmic, piecewise linear, and
other real transformations of the agent characteristics and choice attributes may be applied as deemed appropriate by the modeler. In a
classical discrete choice model, the systematic utility Vin is assumed
to be defined by a linear-in-parameters function of the variables qin :
Vin = V(qin ) = ϑi 0 qin = ϑ1 qin1 + . . . + ϑKi qinKi

(8.9)

where ϑi = [ϑ1 , . . . , ϑKi ] 0 is a vector of Ki unknown alternativespecific parameters, and the length of the vector is allowed to vary
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across alternatives. By defining one of the variables qink to be a
dummy variable hi for alternative i, an alternative specific constant
can be included to explicitly account for any underlying bias for one
alternative over another alternative. This is typically done when the
number of choice alternatives J in the universal choice set is not too
large, and there is no concern about implications of proliferation of
parameters for model overfit in subsequent use of the model for prediction purposes.
As in chapter 7, we let pign represent the (hypothesized) endogenous perceptions by individual n of the choice behaviors for alternative i of others in his reference group gn . Such perceptions are often
not available to the modeler as observables from survey data; in diverse literature these are typically expressed as the expectations by
individual n of his group members’ (weighted) average behavior or
his group members’ weighted average utility. (We discuss the consequences of these different modeling approaches later in section 8.5.)
The different modeling strategies #1 to #5 may be expressed in general as follows
Uin = γin pign + ϑi 0 qin + ξign + ηin

(8.10)

where: γin is an unknown alternative-specific random parameter;
ξign is a group-specific error term for alternative i for each individual’s reference group gn ; ηin is an individual-specific error term for
alternative i for individual n.
In general, the parameter vector ϑi = [ϑ1 , . . . , ϑKi ] 0 may also be
expressed with taste variation. However we will be specifically interested in taste variation on the parameter γin for the endogenous
social effect, which we can express as
γin = βi + ζign + ψin

(8.11)

where:βi is an unknown alternative-specific scalar parameter; ζign
is the portion of an alternative-specific deviation defining the difference between individual n’s parameters and the average for the
population, that is specific to each individual’s reference group gn ;
ψin is the portion of an alternative-specific deviation defining the difference between individual n’s parameters and the average for the
population, that varies across all decision-makers.
8.3

results and discussion

All model strategies are estimated using the freely available optimization toolkit Biogeme (http://biogeme.epfl.ch) developed by Michel
Bierlaire. Estimation of three successive nested logit models first with
public transit nested with bicycle, then with public transit nested with
car, and finally with bicycle nested with car, show the first two nesting structure to be significant in terms of loglikelihood ratio test and

8.3 results and discussion

in terms of a t-test on the nest coefficient. The third nesting structure
was not indicated.
Thus a cross-nested structure with public transit nested with both
bicycle and car is a logical choice. This cross-nesting structure was
tested against a general structure where all 3 alternatives could belong to each of 2 nests, and showed no significant loss of fit. Furthermore, the nest coefficient on the public transit and car nest and the
nest coefficient on the public transit and bicycle nest are constrained
to be equal. Finally constraining the two parameters αpt,m defining
the degree of “membership” of the public transit alternative in each
of the two nests m to be equal also showed no significant loss of fit,
and improvement in the t-test on αpt,m . The baseline cross-nested
model thus adds two additional parameters, namely a generic nest
coefficient and a generic membership in the nests.
Example estimation results for the case of network interdependence defined by socioeconomic group are given in Table 8.1.
All model strategies are shown, with the exception of the complete set of ASDV that is omitted out of space limitations for its
39 estimated parameters. The loglikelihood, number of estimated
parameters and adjusted rho-squared are given in Table 8.2 for all
model strategies, and various reference group treatments. The summary results from Table 8.1 re-appear in the first column of Table
8.2. The second and third columns of Table 8.2 give summary results
for network interdependence defined by residential district and residential postcode, respectively. The fourth and the fifth columns are
treatments where social and spatial interdependence are considered
jointly: agents are assumed not to distinguish between their socioeconomic peers’ and their fellow district residents or neighbors when
considering their choice behavior. In the remaining sixth through
ninth columns of Table 8.2, the specification is extended to allow
agents to weigh any influence from their socioeconomic peers differently from any influence from their fellow district residents and
furthermore differently from any influence from their more immediate neighbors.
All estimations shown in Table 8.2 that involve mixing (model
strategies #2, #1+2, #4, #5) have 500 Halton draws. Two parallel sets
of estimations carried out first with 250 Halton draws and then afterwards with an alternative optimization algorithm, all yield coefficients with magnitudes within 2 standard deviations of the reported
estimations. All sigmas for the random parameters and “panel” effects were started at 1.0 to be sure that any move towards zero is
indeed a real effect and not an artifact of simulation error.
Specification tests are given in Table 8.3 and Table 8.4. We conclude
from loglikelihood ratio tests on the field effect model versus the baseline model, that for this particular case study and the network definitions under consideration, systematic field effects representing social
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Baseline
mnl

Baseline
cnl

cnl

Effect

Field

#1

cnlp

Effect

Panel

#2

cnlp

Panel

Field+

#1+#2

mncl

Field

Random

#4

mnclp

Field

Panel

#5

Table 8.1: Example estimation results for various model strategies with network interdependence defined by socioeconomic peer group.

model strategy:

estimated parameters

1.18

9.33e-1

3.62e-1

1.10

6.30e-1

-0.07

-2.59e-2

-1.39

-8.49e-1

2.17e+0

0.73

2.95e-1

0.68

4.40e-1

16.67

2.12e+0

0.03

1.27e-2

-1.24

-8.88e-1

4.42e-1

6.03

2.92e+0

-0.88

-5.16e-1

-1.34

-9.20e-1

4.46

4.25e-1

16.70

2.11e+0

0.11

4.23e-2

-1.18

-8.43e-1

1.06e+0

9.61e-1

0.90

2.09e+0

17.04

4.23e-1

4.37

3.91e-1

2.10e+0

2.08

2.19e+0

16.70

4.45e-1

4.43

4.48e-1

3.64

1.12e+0

2.60e+0

17.10

4.12e-1

4.53

3.91e-1

3.28

-3.02e-1

1.39e+0

25.30

4.05e-1

4.41

3.62e-1

3.63

-3.25e-1

-2.26

Share of agent’s socioeconomic

5.61e-1

4.21

3.93e-1

3.35

-3.02e-1

-2.34

3.29

4.67

3.17e-1

3.69

-2.95e-1

-2.26

4.21

4.02e-1

2.99

-3.39e-1

-2.17

3.44

3.31

-3.32e-1

-2.57

5.20

-4.77e-1

-2.46

peer group choosing each mode
Alternative specific constant for transit
Alternative specific constant for car
Car ownership, defined for car
Gender, defined for transit
Gender, defined for car
Low income, defined for bicycle

-2.88

Parking time for car, squared

Natural log of travel time for car

Travel time for bicycle

Out-of-vehicle time for transit

In-vehicle time for transit, squared

-1.20e-2
-9.15

-9.21

-5.25

-7.56
-1.37e-2

-9.93e-1

-10.30

-15.50
-1.48e+0

-6.30e-2

-2.48

-2.53
-8.30e-2

-1.65e-2

-4.34

-4.59
-2.20e-2

-3.18e-4

2.47

2.44
-4.08e-4

3.47e-2

4.68E-02

-4.32

-4.42

Age 45 to 59, piecewise, for transit

-7.37e-1

-9.94e-1

Natural log of age, defined for transit

cnl

mnl

estimated parameters, cont’d

-9.05

-1.18e-2

-5.12

-9.43e-1

-10.20

-6.08e-2

-2.65

-1.71e-2

-4.34

-3.09e-4

1.92

2.60e-2

-1.60

-2.85e-1

#1

-8.92

-1.16e-2

-5.14

-9.50e-1

-10.34

-6.26e-2

-2.68

-1.77e-2

-4.20

-3.03e-4

1.36

2.10e-2

-3.44

-6.53e-1

#2

-8.92

-1.16e-2

-5.11

-9.40e-1

-10.27

-6.17e-2

-2.72

-1.77e-2

-4.25

-3.03e-4

1.27

1.89e-2

-1.32

-2.71e-1

#1+2

-5.04

-1.69e-2

-3.95

-9.63e-1

-8.02

-6.39e-2

-2.71

-2.25e-2

-3.84

-3.89e-4

1.88

2.94e-2

-1.33

-2.70e-1

#4

-8.91

-1.15e-2

-5.09

-9.32e-1

-10.26

-6.14e-2

-2.72

-1.76e-2

-4.24

-3.02e-4

1.17

1.73e-2

-1.35

-2.73e-1

#5
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estimated parameters, cont’d
Scale for transit-bicycle nest
(t-statistic against 1)
Membership parameter for transit
(t-statistic against 1)
Variance of random coeff for transit
Variance of random coeff for bicycle
Variance of random coeff for car

Draws
Final log-likelihood

mnl

-2073.16

3.10

1.53e+0

cnl

6.48e-1

3.35

1.60e+0

#1

6.41e-1

3.25

1.56e+0

#2

6.47e-1

3.33

1.59e+0

#1+2

6.57e-1

2.38

1.65e+0

#4

6.48e-1

3.37

1.60e+0

#5

6.36e-1

-4.01e-3

20.75

4.50e-2

-0.02

14.37
-1.23e-3

0.03

6.63e-1

20.60

1.96e-3

-0.02

-3.56e-2

2.55

20.38

0.02

1.80e-1

-0.03

-1.03e-3

20.60

2.75e-1

2.78

2.74e+0

-0.01

19.80

3.75

1.64e-3

3.06

500

-11.25

-3.37e-3

0.03

500

-2048.75

-7.50

-0.02

500

-2047.91

-11.24

500

-2048.69

-11.38

-2054.22

-11.20

-2052.15

-11.30

-2066.03

All t-statistics (indicated in itallic below the estimated coefficient value) are against 0, except where noted against 1.
Compare #1 with the nested logit model with field effect in the second column of Table 6.29.

8.3 results and discussion

and spatial network interactions between an agent and the aggregate
behavior of other reference agents do indeed have explanatory power.
Also, on the basis of non-nested tests, the fit is better than models
with “panel” effects representing unobserved heterogeneity between
reference groups and no systematic field effects. Finally, on the basis
of loglikelihood ratio tests, there is no statistically significant gain in
fit at the 0.05 level by adding the “panel” effects, when the systematic
field effects are already included in the model.
For the case of network interdependence defined by residential district, a loglikelihood ratio test on the model with a complete set of
alternative specific dummy variables (ASDV) for reference group versus the field effect model shows no significant additional explanatory
power of the ASDV. With network interdependence defined by socioeconomic group, a loglikelihood ratio test shows that the complete set
of ASDV does indeed have explanatory power over the field effect
model, but it comes at the expense of 23 additional variables.
Loglikelihood ratio tests on the “random field” effect versus the
field effect, shows that there is indeed significant unobserved individual heterogeneity at the 0.05 level on the field variables with all
network definition treatments except residential district. For residential district this may not be so surprising given our finding that the
complete set of ASDV also showed no statistically significant improvement over the field effect, but gives now further information: not only
is there no additional explanatory power due to group heterogeneity,
there is also no additional explanatory power due to unobserved individual heterogeneity.
Loglikelihood ratio tests on the “panel field” effect versus the field
effect, show that there is no significant unobserved group heterogeneity at the 0.05 level on the field variables. At the 0.1 level however,
for the case of network interdependence defined by socioeconomic
group there is significant unobserved group heterogeneity. This is
in-line with our finding that the complete set of ASDV for socioeconomic group showed statistically significant improvement over the
field effect model for socioeconomic group. Similarly on the basis of
non-nested tests on the “random field” effect versus the “panel field”
effect, only for network interdependence defined by socioeconomic
group can we not safely bound the probability of incorrectly selecting the wrong model at less than 0.05, under the hypothesis that the
model with higher adjusted rho-squared (random field effect) is the
correct one.
An interesting finding with respect to this particular case study is
that the specifications allowing agents to weigh both any influence
from their socioeconomic peers as well as any influence from their
spatial network, and furthermore allowing the possibility to weight
these influence differently, all outperform models where each agent
belongs to one and only one group. Also interesting is that the speci-
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19

-2048.75

0.306

19

-2047.91

0.306

19

-2048.69

0.304

18

-2054.22

0.305

16

-2052.15

soc

0.303

19

-2054.87

0.304

19

-2052.01

0.303

19

-2054.87

0.301

18

-2063.61

0.304

16

-2054.88

dtr

0.319

19

-2009.55

0.320

19

-2004.79

0.319

19

-2009.55

0.302

18

-2061.22

0.320

16

-2009.55

pc4

0.306

19

-2048.06

0.306

19

-2047.08

0.306

19

-2048.54

0.303

18

-2058.55

0.305

16

-2051.9

dsd

0.307

19

-2044.42

0.308

19

-2042.51

0.307

19

-2043.86

0.302

18

-2059.17

0.307

16

-2047.61

psd

0.307

23

-2040.95

0.309

23

-2033.31

0.308

20

-2041.27

0.303

18

-2058.55

0.308

17

-2042.92

soc+dtr

0.319

23

-2005.1

0.320

23

-2002.55

0.320

20

-2005.1

0.302

18

-2061.22

0.321

17

-2005.1

dtr+pc4

0.321

23

-1999.1

0.324

23

-1989.9

0.322

20

-1999.34

0.302

18

-2059.17

0.323

17

-1999.58

soc+pc4

0.321

27

-1994.02

0.324

27

-1984.37

0.323

21

-1994.49

0.302

18

-2059.17

0.324

18

-1994.65

soc+dtr+pc4

Table 8.2: Loglikelihood, number of estimated parameters and adjusted rho-squared for various reference-group treatments

model strategy
#1: Field effect

#2: Panel effect

#1+#2: Field and panel

#4: Random field effect

#5: Panel field effect

0.305
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Table 8.3: Likelihood ratio specification tests. The likelihood ratio rest rejects the null hypothesis that restrictions are true if -2[LR − LU ] is
greater than χ2DF , where LR is the final log-likelihood of the restricted model, LU is the final log-likelihood of the unrestricted
model, and df is the difference in degrees of freedom between
the models.

model(s)

df

-2[LR − LU ]

χ2DF (0.05)

p-value

Field effect (#1: unrestricted) vs. Baseline (restricted)
soc

1

27.76

3.84

0.000

dtr

1

22.3

3.84

0.000

pc4

1

112.96

3.84

0.000

dsd

1

28.26

3.84

0.000

psd

1

36.84

3.84

0.000

soc+dtr

2

46.22

5.99

0.000

dtr+pc4

2

121.86

5.99

0.000

soc+pc4

2

132.9

5.99

0.000

soc+dtr+pc4

3

142.76

7.81

0.000

Panel effect (#2: unrestricted) vs. Baseline (restricted)
soc

3

23.62

7.81

0.000

dtr

3

4.84

7.81

0.184

pc4

3

9.62

7.81

0.022

dsd

3

14.96

7.81

0.002

psd

3

13.72

7.81

0.003

soc+dtr

3

14.96

7.81

0.002

dtr+pc4

3

9.62

7.81

0.022

soc+pc4

3

13.72

7.81

0.003

soc+dtr+pc4

3

13.72

7.81

0.003

Field and panel effect (#1+#2: unrestricted) vs. Field effect (#1: restricted)
soc

3

6.92

7.81

0.074

dtr

3

0.02

7.81

0.999

pc4

3

0

7.81

1.000

dsd

3

6.72

7.81

0.081

psd

3

7.50

7.81

0.058

soc+dtr

3

3.3

7.81

0.348

dtr+pc4

3

0

7.81

1.000

soc+pc4

3

0.48

7.81

0.923

soc+dtr+pc4

3

0.32

7.81

0.956
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model(s)

df

-2[LR − LU ]

χ2DF (0.05)

p-value

Random field effect (#4: unrestricted) vs. Field effect (#1: restricted)
soc

3

8.48

7.81

0.037

dtr

3

5.74

7.81

0.125

pc4

3

9.52

7.81

0.023

dsd

3

9.64

7.81

0.022

psd

3

10.20

7.81

0.017

soc+dtr

6

19.22

12.59

0.004

dtr+pc4

6

5.1

12.59

0.531

soc+pc4

6

19.36

12.59

0.004

soc+dtr+pc4

9

20.56

16.92

0.015

Panel field effect (#5: unrestricted) vs. Field effect (#1: restricted)
soc

3

6.8

7.81

0.079

dtr

3

0.02

7.81

0.999

pc4

3

0

7.81

1.000

dsd

3

7.68

7.81

0.053

psd

3

6.38

7.81

0.095

soc+dtr

6

3.94

12.59

0.685

dtr+pc4

6

0

12.59

1.000

soc+pc4

6

0.96

12.59

0.987

soc+dtr+pc4

9

1.26

16.92

0.999

Field effect model (#1) with various network interdependence
s+d vs s

1

18.46

3.84

0.000

s+d vs d

1

23.92

3.84

0.000

d+p vs d

1

99.56

3.84

0.000

d+p vs p

1

8.9

3.84

0.003

s+p vs s

1

105.14

3.84

0.000

s+p vs p

1

19.94

3.84

0.000

s+d vs dsd

1

17.96

3.84

0.000

s+p vs psd

1

96.06

3.84

0.000

s+d+p vs d+p

1

20.9

3.84

0.000

s+d+p vs s+p

1

9.86

3.84

0.002

soc (s): Socioeconomic peer group clusters
dtr (d): Residential district clusters
pc4 (p): Residential 4-digit postcode clusters
dsd: Overlapping residential district and socioeconomic group
psd: Overlapping residential postcode and socioeconomic group
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Table 8.4: Non-nested specification tests. The non-nested test bounds the
probability of erroneously choosing the incorrect model over the
true specification under the null hypothesis that the model with
higher adjusted rho-squared (ρ̄2 ) is the true model.

model(s)

df

r=

s=

diff.ρ̄2

2rL0 +df

Φ(−s1/2 )

comments

Field effect (#1: higher ρ̄2 ) vs. Panel effect (#2)
soc

-2

0.00137

6.14

0.00061

Don’t reject

dtr

-2

0.00360

19.46

0.00001

Don’t reject

pc4

-2

0.01803

105.34

0.00000

Don’t reject

dsd

-2

0.00291

15.30

0.00005

Don’t reject

psd

-2

0.00455

25.12

0.00000

Don’t reject

soc+dtr

-1

0.00559

32.26

0.00000

Don’t reject

dtr+pc4

-1

0.01919

113.24

0.00000

Don’t reject

soc+pc4

-1

0.02035

120.18

0.00000

Don’t reject

0

0.02167

129.04

0.00000

Don’t reject

soc+dtr+pc4

Random field effect (#4: higher ρ̄2 ) vs. Panel field effect (#5)
soc

0

0.00028

1.68

0.09746

Reject at 0.05

dtr

0

0.00096

5.72

0.00839

Don’t reject

pc4

0

0.00160

9.52

0.00102

Don’t reject

dsd

0

0.00033

1.96

0.08076

Reject at 0.05

psd

0

0.00064

3.82

0.02532

Don’t reject

soc+dtr

0

0.00257

15.28

0.00005

Don’t reject

dtr+pc4

0

0.00086

5.10

0.01196

Don’t reject

soc+pc4

0

0.00309

18.40

0.00001

Don’t reject

soc+dtr+pc4

0

0.00324

19.30

0.00001

Don’t reject

Field effect model (#1) with various network interdependence
dsd vs soc

0

0.00008

0.50

0.23975

Reject at 0.2

dsd vs dtr

0

0.00100

5.96

0.00732

Don’t reject

psd vs soc

0

0.00152

9.08

0.00129

Don’t reject

pc4 vs psd

0

0.01278

76.12

0.00000

Don’t reject

soc: Socioeconomic peer group clusters
dtr: Residential district clusters
pc4: Residential 4-digit postcode clusters
dsd: Overlapping residential district and socioeconomic group
psd: Overlapping residential postcode and socioeconomic group
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fications allowing agents to weigh any influence from their fellow district residents differently from any influence from their more immediate neighbors also perform better than a uniform spatial network.
8.4

endogeneity

Our main aim in sections 8.1, 8.2 and 8.3 has been to explore the empirical estimation of discrete choice models with social and/or spatial
feedback effects, including various forms of unobserved (group) heterogeneity. We specifically test for correlation among agents in the
error structure, as well as in the systematic utility. Nonetheless an
open question may still be the issue of potentially biased estimates
due to endogeneity in the field effect, even despite our efforts to explicitly model unobserved heterogeneity in strategies #2, #1+2, #4 and
#5.
An alternative strategy for introducing social and spatial network
dependencies in choice models is a multi-stage approach, estimating
first a complete set of ASDV for reference group as in strategy #3, and
then second, writing each ASDV as the sum of a field effect plus an
error term so as to be able to apply instrumental variables in a linear
regression. Note that applying contextual variables in the utility in
the place of the feedback effect is a slightly different research question than the feedback effect itself as endogeneity is removed. In this
section we will review this approach as well as another estimation
method that entails finding instruments which are correlated with
the suspected endogenous variable but uncorrelated with the error
term (Train 2009).
Suppose for simplicity that there are no random taste variations on
the parameter γin for the field effect :
γin ≡ βi : ζign = 0, ψin = 0

(8.12)

We can then write the general expression (8.10)for the utility as
Uin = βi pign + ϑi 0 qin + ξign + ηin

(8.13)

where the systematic utility is given by:
Vin = βi pign + ϑi 0 qin

(8.14)

and the error term is composed of two parts:
εin = ξign + ηin

(8.15)

In the two estimation methods discussed in this section, we assume
by construction that the individual-specific error term ηin for alternative i for individual n is uncorrelated with all the variables pign and
qin in the systematic utility. Furthermore we assume the variables

8.4 endogeneity

qin are truly exogenous, meaning that they are uncorrelated with
both the group-specific error term ξign for alternative i for each individual’s reference group gn , as well as the individual-specific error
term ηin for alternative i for individual n. If a social field effect or network effect pign is correlated with the reference group-specific error
term ξign , standard estimation methods will fail to retrieve consistent
estimators of model parameters.
8.4.1

The BLP Approach

The BLP approach, developed in a series of papers by Berry (1994)
and Berry, Levinsohn, and Pakes (1995, 2004), requires the endogenous variable to be shared (i.e. equal value) between multiple decision makers in the same “market.”
pign ≡ pig

(8.16)

The error is then also presumed to be shared (i.e. equal value) between multiple decision makers in the same “market.”
ξign ≡ ξig

(8.17)

This approach may be suitable in social influence models when
the suspected endogeneity occurs via a field effect. In this case each
reference group is interpreted as a “market.”
The key to the BLP approach is to isolate the terms in (8.13) for
the social field effect pig and the reference group-specific error ξig ,
that are suspected to be correlated, and to replace these with a set of
market-specific, alternative-specific constants κig as follows:
Uin = βi pig + ϑi 0 qin + ξig + ηin
= [βi pig + ξig ] + ϑi 0 qin + ηin

(8.18)

0

= κig + ϑi qin + ηin
where
κig ≡ βi pig + ξig

(8.19)

The issue with the suspected correlation between pig and ξig is
thus effectively moved out of the choice model to a linear model (8.19)
where it is more straightforward to handle via two-stage instrumental
variables approach. The field effect is expressed in terms of a linearin-parameters function of a vector of exogenous variables zig :
pig = θi 0 zig + νig

(8.20)

where: θi = [θi , . . . , θi ]’ is a vector of K∗i unknown alternativespecific parameters, whereby the length of the vector is allowed to
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vary across alternatives; and νig is a group-specific error term for
alternative i for each reference group g.
The fitted values of the field effect are then used to estimate (8.19):
κig = βi p̂ig + ωig

(8.21)

p̂ig = θ̂i0 zig

(8.22)

where

Since by design, the fitted values of the field effect are uncorrelated
with the error ωig , ordinary least squares regression (8.21) will result
in a consistent estimate of the parameter βi . The least square residuals of (8.21) and the fitted values of the field effect are then inserted
back into the choice model as follows:
Uin = κig + ϑi 0 qin + ηin
= [βi p̂ig + ω̂ig ] + ϑi 0 qin + ηin

(8.23)

0

= βi p̂ig + ϑi qin + ω̂ig + ηin
where
ω̂ig = κig − κ̂ig = κig − β̂i p̂ig

(8.24)

This three-stage approach is thus summarized as follows:
1. Estimate a choice model with constants corresponding to each
alternative and market
2. The field effect variable is regressed on exogenous instruments
and the fitted values of the field effect are calculated for each
market.
3. Regress the set of constants from step 1 on the fitted values of
the field effect from step 2 in a linear model and calculate the
residuals. The choice model is then corrected by replacing the
constants with the entire right hand side of this linear model,
including residuals.
Walker et al. (2011) use this approach to deal with endogeneity in the
field effect term in a multinomial logit model of mode choice in the
Netherlands.
8.4.2

The Control Function Approach

The control function approach, proposed by Hausman (1978), Heckman (1978) and Heckman and Robb (1985), is an approach for dealing with endogeneity at the individual-level. Rivers and Vuong (1988)
provide an application to binary probit models with fixed coefficients.

8.4 endogeneity

Guevara (2010) provides an application to multinomial choice models with fixed coefficients. Petrin and Train (2010) provide an application to multinomial choice models with random coefficients. This
approach is in principle applicable in social influence models both for
field effects and conditional autoregressive network effects, however
the only application to social influence models in the transportation
literature that the authors are aware of is for the case of field effects
which we review below.
In the case of field effects, we again make the assumptions (8.16)
and (8.17) in the expression (8.13) and we also require that it is possible to express the field effect as in (8.20) in terms of a linear-inparameters function of a vector of exogenous variables zig plus an
error term νig :
Uin = βi pig + ϑi 0 qin + ξig + ηin
pig = θi 0 zig + νig

(8.25)

As above, our concern is that the social field effect pig might be correlated with the reference group-specific error term ξig . Explicitly in
the system (8.25), the concern is the possible correlation between the
error terms ξig and νig .
The key to the control function approach is to decompose the reference group-specific error term ξig into its conditional expectation
given νig , and the deviations σig around this expectation. The conditional expectation E(ξig |νig ) is called the “control function”. Importantly, by design, the deviations σig are uncorrelated with νig and
thus also uncorrelated with social field effect pig . The utility function
in the system (8.25) can then be written:
Uin = βi pig + ϑi 0 qin + E(ξig |νig ) + σig + ηin

(8.26)

ξig ≡ E(ξig |νig ) + σig

(8.27)

where

The issue with the suspected correlation between pig and ξig is
thus effectively removed from the choice model through the explicit
inclusion of the control function E(ξig |νig ) as an explanatory variable
in the utility function. The remaining error σig + ηin in the utility
function is no longer correlated with any explanatory variables. A
change of scale is however expected between the utility functions in
(8.25) and (8.26) since ξig and σig have different variance.
Since by design, the exogenous variables zig are uncorrelated with
the error νig , ordinary least squares regression of the second equation
in the system (8.25) will result in a consistent estimate of the vector of
parameters θi . The least square residuals are then inserted back into
the control function in the choice model as follows:
Uin = βi pig + ϑi 0 qin + E(ξig |ν̂ig ) + σig + ηin

(8.28)
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where
ν̂ig = pig − p̂ig = pig − θ̂i0 zig

(8.29)

This two-stage approach is thus summarized as follows:
1. The field effect variable is regressed on exogenous variables and
residuals are calculated.
2. The residuals from step 1 are then used in an auxiliary variable
(the control function) in the estimation of the choice model. The
auxiliary variable can be used to test whether the field effect
variable is exogenous.
The usefulness of the control function approach depends on the ability to express the distribution of ξig conditional on νig . For example,
if it can be assumed that ξig and νig are jointly normal with zero
mean and constant covariance matrix, then the expectation of ξig
conditional on νig is simply ρi νig where ρi reflects the covariance.
The utility function (8.26) can then be written:
Uin = βi pig + ϑi 0 qin + ρi νig + σig + ηin

(8.30)

E(ξig |νig ) = ρi νig

(8.31)

where

The deviations σig in this case are then normal with constant variance. If the error term ηin is also normal then the choice probability
is mixed probit. If the error term ηin is extreme value then the choice
probability is mixed logit. If the deviations σig can be neglected then
the choice probability does not involve mixing. The coefficient ρi can
be used to test whether the field effect pig is exogenous, under the
null hypothesis ρi = 0. The two-stage estimation approach leads to
consistent estimates of the parameters up to a scale.
Goetzke and Weinberger (2012) use the control function approach
in their study of the influence of endogenous and contextual social
effects on automobile ownership in New York City.
8.4.3

Instrument Selection

Guevara (2010) presents an excellent overview of the state-of-the-art
in testing the validity of instruments in discrete choice models. Sargan (1958) and later Basman (1960) noted that validation of instruments may be possible in linear regression models if there are more
instruments than endogenous variables, using the residuals of the
instrumental variable regression. Lee (1992) noted that the objective
function of a two-stage minimum chi-squared estimator proposed by
Amemiya (1978) and further studied by Amemiya (1979, 1983), Lee
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(1981) and Newey (1987) can be similarly used to construct a test for
over-identifying restrictions for the probit model when an endogenous variable can be written in terms of instrumental variables. Guevara and Ben-Akiva (2008) propose an extension of the Sargan test
specifically for logit models using the generalized residuals concept
for non-linear models developed by Cox and Snell (1968) and applied
by McFadden (1987) for a test of omitted attributes, extending a result
by Engle (1984) for binary logit. Guevara (2010) also proposes an additional “direct” test for the validity of instruments in discrete choice
models, based on an alternative implementation of McFadden’s (1987)
test for omitted attributes used by Train, Ben-Akiva and Atherton
(1989). Whereas the Amemiya-Lee-Newey test and Guevara and BenAkiva’s (2008) test require the calculation of auxiliary variables and
the estimation of several auxiliary regressions, Guevara’s “direct” test
can be carried out using a simple log-likelihood ratio test with a single re-estimation of the original choice model, again provided that
there are more available instruments than endogenous variables.
8.5

extensions

As far as we are aware, the research presented in sections 8.1, 8.2 and
8.3 is the first example of the empirical estimation of a discrete choice
model among multiple choice alterantives with social and/or spatial state dependence, where correlation among choice alternatives as
well as correlation among decision-making agents in the error structure are also both tested. That this was achievable with readily available software was facilitated by two features: (1) the implementation
in Biogeme (Bierlaire 2003) of mixed GEV panel models; and (2) the
specific formulation of the interdependence between decision-makers
in clusters or overlapping groups, whereby the state dependence in
the systematic utility can be modeled as a field effect, and the serial
correlation in the error structure can be modeled as a "panel" effect
(albeit correlation between choice observation by different decisionmakers, rather than a classical correlation between the choice observations by a single decision-maker over time). As noted in subsection
8.2.2, the implementation of a "panel" effect in the context of spatial
correlation of errors between different decision-makers in the context
of home and work location was done earlier by Bhat (2000), but without modeling the state dependence in the systematic utility.
There is however a long tradition of research in spatial and social
econometrics in studying correlation between observational units, although as far as we are aware before the time of our initial work,
this research had focused primarily on linear regression with continuous dependent variables, not discrete dependent variables. The
spatial models that do deal with discrete dependent variables are binary choice, typically using binary probit-based models, not choice
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between multiple discrete response alternatives whereby correlation
between choice alternatives would be a concern in addition to correlation between decision-makers. To place our work in context, we
very briefly review the framework of this earlier spatial and social
econometric research in subsections 8.5.1, 8.5.2 and 8.5.3, respectively
on the conditional autoregressive lag model, the simultaneous autoregressive lag model and the simultaneous autoregressive error model.
One reason for the lack of attention until recently to discrete choice
models between multiple choice alternatives in the presence of correlation between decision-makers, has to the with the fact that in
a general multivariate probit model formulation with fully flexible
specification of errors, the estimation requires the highly computationally demanding solution of a multi-dimensional integral that is
as large as the number N of decision-makers in the sample times the
number of choice alternatives minus one (J − 1), without simplifying
assumptions such as we make with the specific formulation of the
interdependence between decision-makers in clusters or overlapping
groups. In many applications without such simplifying assumptions,
the solution of such an N x (J − 1) integral by simulated estimation is
prohibitive. In our work presented in sections 8.1, 8.2 and 8.3, through
the formulation of the inter-agent interdependence in clusters or overlapping groups and the use of mixed GEV panel models implemented
in Biogeme, a closed form GEV structure is used to capture correlation between alternatives, and the (panel) mixing is used to capture
correlation between decision-makers.
Since the time of our initial work, there have been two landmark research contributions by Bhat (2009, 2011) that facilitate accomodating
flexible correlation between decision-makers in circumstances in discrete choice models between multiple choice alternatives. In chronological order, this is first the copula approach to specifying correlation between decision-makers reviewed in subsection 8.5.4, and then
subsequently the maximum approximate composite likelihood estimation approach for multinomial probit-based unordered response
models which accomodates both state dependence in the systematic
utility (see subsection 8.5.2) as well as flexible correlation in the error
structure (see subsection 8.5.3).
8.5.1

Conditional Autoregressive Lag

Spatial and social econometric models classically use a weighting matrix winn 0 to represent social or spatial distance. The weighting matrix describes the degree of influence between observational units. In
the consideration of discrete response the weighting matrix may in
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general be different for different choice alternatives i. A simple measure of absolute influence is given by:

1 if n 0 ∈ gn
(8.32)
winn 0 =
0 otherwise
For example, Sidharthan et al (2011) test the effect of county comembership. A measure of relative influence, normalized by the number Ngn of persons in the reference group of agent n, is given by:

winn 0 =

1/Ngn if n 0 ∈ gn
0 otherwise

(8.33)

Páez and Scott (2007) and Páez, Scott and Volz (2008) give a useful
summary of these ideas; Akerlof (1997) and Leenders (2002) provides
further discussion. Various other flexible formulations are also possible. For example, Sidharthan et al. (2011) estimate an inverse distance
weighting matrix, where people living closer to an individual exert
more influence than people living farther away. They also test this
against other formulations of the weight matrix such as based on inverse of exponentiated distance, as well as specifications of income and
age similarity created using demographic "distance" measures.
State dependence between decision-makers can be expressed in
terms of the weight matrix as follows:


y
i1
N
X
 . 
. 
pign ≡ pin =
winn 0 yin 0 = [win1 · · · winN ] 
 .  = win yi
0
n =1
yiN
(8.34)
where yin 0 equals one if individual n 0 chose alternative i and zero
otherwise. Note that field effect variables studied in this dissertation
can similarly be expressed in general in this way, with suitable definition of an N x N weight matrix.
As is the case with the field effect formulation, we must be careful
as the social lag term yin 0 is likely to suffer endogeneity errors due
to omitted variable bias and simultaneity. A useful property of this
model is that it can be estimated using standard software as long
as the weighing matrix has no parameters (i.e. the weights are fully
known before estimation) and appropriate measures are taken for
handling endogeneity in yin 0 .
Goetzke (2008) analyzes transit mode choice using a spatial autogressive formulation of the weighting matrix but assumes that yin 0 is
exogenous to simplify model estimation. Adjemian et al. (2010) use
a similar model to predict auto ownership by class with a series of
binary logit models. In simulation studies, Páez and Scott (2007) and
Páez, Scott and Volz (2008) modify equation (8.34) by having the util-
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ity an individual gains from choosing an alternative depend on the
past choices of peers:
pign t ≡ pin,t =

N
X

winn 0 yin 0 ,t−1

n 0 =1




yi1,t−1


..
 = win yi,t−1
= [win1 · · · winN ] 
.


yiN,t−1

8.5.2

(8.35)

Simultaneous Autoregressive Lag

Since conditional autoregressive models have simultaneity issues, an
alternative approach is to model the decision process as a system of
simultaneous equations. Behaviourally, the formulation is different
from the conditional autoregressive and field effect formulations as
the individual is assumed to be affected by perceptions of the preferences of others, modeled by the latent utilities Uin 0 , rather than the
perceptions of the others’ actual decisions yin 0 .


U
i1
N
X
 . 
..  = win Ui
pign ≡ pin =
winn 0 Uin 0 = [win1 · · · winN ] 


n 0 =1
UiN
(8.36)
Substituting (8.36) into (8.10) we have
Uin = γin win Ui + ϑi 0 qin + ξign + ηin

(8.37)

Suppose for simplicity of exposition that there are no random taste
variations in (8.11) on the parameter γin for the state dependence
between decision-makers:
γin ≡ βi : ζign = 0, ψin = 0

(8.38)

and there is no additional network-specific error term for alternative i
for each individual’s reference group gn in the utility function (8.37)
ξign = 0

(8.39)

If we let Wi , Qi and ηi each respectively be the N vertically stacked
terms win , qin and ηin , then expressing (8.37) in vector form we have
a system of N simultaneous equations:
Ui = βi Wi Ui + ϑi 0 Qi + ηi

(8.40)
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In the spatial econometrics literature, (8.40) is referred to as the
spatially autoregressive lagged dependent variable model (SAL). Rearranging terms, we have:
Ui − βi Wi Ui = ϑi 0 Qi + ηi
(I − βi Wi )Ui = ϑi 0 Qi + ηi
Ui = (I − βi Wi )

−1

0

(ϑi Qi ) + (I − βi Wi )

(8.41)
−1

ηi

where I is the N x N identity matrix. The term (I − βi Wi ) − 1 is referred to as the “Leontif inverse” (Anselin 2002). Equivalently, making
the definitions:
Vi ≡ (I − βi Wi )−1 (ϑi 0 Qi )
(8.42)
εi ≡ (I − βi Wi )−1 ηi
for the vectors Vi = [Vi1 , . . . , ViN ] 0 , and εi = [εi1 , . . . , εiN ] 0 we can
write the system of N simultaneous equations simply as:
Ui = Vi + εi

(8.43)

In contrast with (8.1), it is important to emphasize in (8.43) with
the definitions (8.42) that the utility Uin for a single individual n is
thus related to both the systematic utility and the error of all the other
individuals in the system through the N x N weight matrix Wi in the
Leontif inverse. Due to the general correlation of the error for a given
individual with the error of other individuals, special techniques are
necessary for estimation. In the case that there is flexible correlation
between multiple alternatives with unordered response, estimation of
the simultaneous autoregressive lag model will in general involve a
multidimensional integral of degree given by the number N of individuals in the sample times the number of choice alternatives in the
universal choice set minus one (J − 1).
Fleming (2004) surveys various approaches for estimation of binary
probit simultaneous autoregressive lag models, including the Expectation Maximization (EM) algorithm due to McMillen (1992), and
Bayesian estimation with a Monte Carlo Markov Chain procedure
involving Gibbs sampling with a Metropolis-Hastings algorithm due
to LeSage (2000) and Bolduc et al (1997). Extending Vijverberg (1997),
Beron et al. (2003) and Beron and Vijverberg (2004) propose a recursive importance sampling (RIS) technique that is a more general form
of the well-known GHK simulator (Geweke 1989, Hajivassiliou 1993,
Keane 1993, 1994) to directly evaluate the likelihood function involving maximum simulated likelihood. Fleming (2004) also proposes a
weighted non-linear version of the two stage least squares (or instrumental variables) estimator described by Kelejian and Prucha (1998)
for the continuous-dependent variable case.
In a landmark paper, Bhat (2011) proposes the maximum approximate composite marginal likelihood (MACML) estimation approach
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for multinomial probit models, including formulations for panel models, as well as social/spatial independencies. A key component of
Bhat’s approach is the analytic approximation for the evaluation of
the multivariate standard normal cumulative distribution (MVNCD)
function by decomposition into a product of conditional probabilities,
as proposed by Solow (1990) based on Switzer (1977), and refined by
Joe (1995). The second key component of Bhat’s approach is composite marginal likelihood (CML) inference, i.e. maximizing a “surrogate
likelihood function that compounds much easier-to-compute, lowerdimensional, marginal likelihoods” (Lindsay 1988, Cox and Reid 2004,
Zhao and Joe 2005; Varin 2008, Varin et al. 2011). By combining
MVNCD analytic approximation with CML inference, Bhat’s resulting “simulation-free” estimation involves only univariate and bivariate cumulative normal distribution function evaluations, permitting
estimation of model structures otherwise infeasible. In a companion paper, Bhat and Sidharthan (2011) demonstrate in a simulation
evaluation that the MACML estimation method for mixed multinomial probit models is substantially faster, more stable and the absolute percentage bias are smaller than maximum simulated likelihood
(MSL) estimation. Bhat and Sidharthan (2012) present an extension of
the MACML approach to accommodate non-normal mixing in crosssectional and panel multinomial probit using the multivariate skewnormal distribution function. In a series of applications, Sidharthan
et al. (2011) apply the MACML approach to children’s school travel
mode choice accounting for effects of spatial and social interaction,
Sidharthan and Bhat (2012) incorporating spatial dynamics and temporal dependency in land use change models, and Paleti et al. (2013)
model household vehicle type choice accommodating spatial dependence effects.
Whalen et al (2012) estimate an ordinal probit model with a spatially lagged dependent variable in an application exploring the influence of membership in tertiary street communities (T-communities),
on sense of community in a university town. They apply a composite
marginal likehood (CML) approach whereby a pairwise likelihood
function is formed by the product of the likelihood contributions of
all pairs (or couplets) of individuals, without the necessity for an
MVNCD approximation.
8.5.3

Simultaneous Autoregressive Error

Analogous to the formulation in subsection 8.5.2 of a simultaneous
autoregressive lag, correlations in the error terms can also be expressed in terms of the weighting matrix winn 0 representing social
or spatial distance. Suppose again for simplicity of exposition that
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there are no random taste variations in (8.11) on the parameter γin
for the state dependence between decision-makers:
γin ≡ βi : ζign = 0, ψin = 0

(8.44)

The error in the general utility functions (8.1) and (8.10) can then be
expressed as:
εin = ξign + ηin
(8.45)
We allow for spatially correlated errors by making the definition


εi1
N
X
 . 
. 
ξign ≡ λi
winn 0 εin 0 = λi [win1 · · · winN ] 
 .  = λi win εi
0
n =1
εiN
(8.46)
Substituting (8.46) into (8.45) we have
εin = λi win εi + ηin

(8.47)

If we let Wi and ηi each respectively be the N vertically stacked
terms win and ηin , then expressing (8.47) in vector form we have a
system of N simultaneous equations:
εi = λi Wi εi + ηi

(8.48)

Re-arranging terms, we have:
εi − λi Wi εi = ηi
(I − λi Wi )εi = ηi
εi = (I − λi Wi )

−1

(8.49)
ηi

where I is the N x N identity matrix. Now expressing the utility function (8.10) in vector form under the conditions (8.44), we have a system of N simultaneous equations:
Ui = βi pi + ϑi 0 Qi + (I − λi Wi )−1 ηi

(8.50)

where pi and Qi are respectively the N vertically stacked terms pign
and qin . In the spatial econometrics literature, (8.50) is referred to as
the spatially autoregressive error model (SAE). Equivalently, making
the definitions:
V i ≡ β i p i + ϑi 0 Q i
(8.51)
for the vectors Vi = [Vi1 , . . . , ViN ] 0 , we can write the system of N
simultaneous equations as:
Ui = Vi + (I − λi Wi )−1 ηi = Vi + εi

(8.52)
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Again, in contrast with (8.1), it is important to emphasize in (8.52)
that the utility Uin for a single individual n is thus related to the
error of all the other individuals in the system through the N x N
weight matrix W. As is the case with the simultaneous autoregressive
lag model, when there is flexible correlation between multiple alternatives with unordered response, estimation will in general involve a
multidimensional integral of degree given by the number N of individuals in the sample times the number of choice alternatives in the
universal choice set minus one (J − 1).
Due to the general correlation of the error for a given individual
with the error of other individuals, special techniques are again necessary for estimation. All of the full spatial information estimators
reviewed in Fleming (2004) for binary probit spatial autoregressive
lag models mentioned in subsection 8.5.2 can also be used for binary
probit spatial autogressive error models: the EM algorithm, RIS simulator and the Gibbs sampler. Fleming (2004) also proposes a weighted
non-linear feasible generalized least squares estimator based on the
work of Kelejian and Prucha (1999). In the special case that errors are
heteroscedastic and the off-diagonal terms of the variance-covariance
matrix are zero, a two-step Generalized Method of Moments (GMM)
procedure due to Pinkse and Slade (1998) can be used. For multinomial probit spatial autogressive error models, Bhat’s (2011) MACML
estimation approach discussed in subsection 8.5.2 can be used.
8.5.4

Copula Approach

Bhat and Sener (2009) propose the novel use of a copula (Sklar 1959,
1973) to accommodate spatial error correlation across individuals in
discrete choice models, thus avoiding the need for the specification
of a weight matrix as in the case of the autoregressive models. They
explain:
“A copula is a device or function that generates a stochastic dependence relationship among random variables
with pre-specified (parametric) marginal distributions. In
essence, the copula approach separates the marginal distributions from the dependence structure, so that the dependence structure is entirely unaffected by the marginal
distributions assumed. This provides substantial flexibility in correlating random variables, which may not even
have the same marginal distributions.”
Bhat and Sener (2009) consider the Farlie-Gumbel-Morgenstern
(FGM) family of copulas which is suited to incorporate spatial correlation and has a simple analytic form allowing for either positive
or negative dependence. By combining a binary logit distribution for
each individual error term with the FGM copula to generate the dependence between error terms, the result is a spatial logit model
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structure with a closed-form solution for joint choice probabilities.
In an application to teenagers’ weekday physical activity participantion, they show their spatially correlated heteroscedastic binary logit
model leads to a better model fit than a standard binary logit model
which does not take the error correlations between individuals into
account.
Bhat, Sener and Eluru (2010) and Sener, Eluru and Bhat (2010) extend the copula approach to ordered choice models with applications
respectively to spatial correlation on one hand and social correlation
in clusters (family units) on the other.
For the spatial correlation case, Bhat, Sener and Eluru (2010) compare FGM and Gaussian copulas paired with ordinal logit and ordinal
probit models. By using the composite marginal likelihood (CML) inference approach to estimation discussed earlier in subsection 8.5.2,
they again avoid the need for simulation techniques. In an application
to the daily episode frequency of teenagers’ weekday recreational activity participation, they find that a Logistic-Gaussian model has the
best fit for both physically active and inactive recreation, highlighting the value of separating the univariate marginal distribution of a
given individual from the multivariate dependence structure between
individuals.
For the case of social correlation in family units, Sener, Eluru and
Bhat (2010) consider Clayton, Gumbel, Frank, and Joe variants of
Archimedean copulas, since they provide closed form multivariate
cumulative distribution functions when there are identical dependencies between pairs of individual within a cluster. The number of computations increases rapidly with the number of individuals within a
cluster, but they find this is not problematic with clusters sizes of 6 or
less individuals due to the closed form structures. In an application
to weekend physical activity participation levels within family units
comparing the four Archimedean copulas paired with ordinal logit
and ordinal probit models, they find that a Logistic-Clayton model
specification provides the best data fit, revealing a clear asymmetry
in the dependence relationship of the physical activity propensities
of individuals in the same family.
Sener and Bhat (2012) extend the copula approach to unordered
multinomial choice, comparing FGM and Gaussian copulas and a
new Generalized Gumbel (GG) copula proposed by Bhat (2009). They
explain while the former copulas are “radially symmetric and assume the property of asymptotic independence”, the GG copula allows “asymmetric and extreme tail dependence, ie. the dependence
is higher in the right tail than in the left tail”. They apply CML inference to avoid the need for simulation. In an application to teenagers’
social and recreational activity participation, they find that the MNLGG model has the best fit, implying that teenagers in close residential
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proximity tend to have more correlation of higher activity levels, than
correlation of lower activity levels.
8.6

conclusions and recommendations for further research

In this chapter we re-visit the framework for conceptualizing the interdependence of decision-makers’ choices, making a distinction between social versus spatial network interdependencies and between
identifiable versus aggregate agent interdependencies, presented earlier at the outset of Chapter 7. We discuss five strategies for introducing social and spatial network interdependencies into choice models,
focusing on feedback effects and on correlated effects. Due to the nature of available data, we are unable to consider identifiable agent
interaction in the case study. Instead we consider aggregate agent interdependencies and apply the model strategies for nine variations
on three network treatments, one of these defined by socioeconomic
group and two defined spatially based on residential location. According to likelihood ratio and non-nested specification tests, the best
performing model strategy for this particular case study is what we
term a “random field effect” model, namely one with unobserved
individual heterogeneity on the group mean state dependence.
By casting the research question on social and spatial network interdependencies in terms of an analogy with the treatment of typical
panel data, we gain two important benefits. First it allows us to build
on some well-understood properties of typical panel data models.
Second, but not least, it allows us to apply freely available software
for the estimation of the models with social-spatial interdependence.
In so doing, we hope to stimulate researchers and practitioners to
adopt these techniques due to the relatively lower entry barrier for
researchers and practitioners than could be the case if dedicated own
code would need to be written or if expensive software would need
to be purchased.
The modeling strategies presented in this chapter can be useful
for researchers and practitioners who have a priori reason to believe
there is a feedback effect ("true" state dependence) in their work, for
example, on theoretical or qualitative grounds. Even without such a
priori knowledge, the so-called field variable applied throughout this
dissertation can still be a very powerful and practical means of capturing variation in a data set, especially in avoiding proliferation of estimated parameters as compared to estimating a complete set of fixed
effects, although strict caution must then be exercised in the interpretation of predictions over time. Access to temporal panel data would
allow a possibility to remove ambiguity and be more definitive about
results. It is ultimately our hope that researchers and practitioners
will start to pay more attention to the importance and consequences
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of agent interdependence. In particular it would be an important impulse to science and informed policy decision-making to see more
temporal panel data collected with the aim towards understanding
the potential inherent dynamic associated with feedback effects.
Our goal in this dissertation has been a systematic, step-by-step
exploration of discrete choice with social and spatial interactions,
where the conditions in the seminal work of Aoki (1995), Brock and
Durlauf (2001a, 2002, 2006) and Blume and Durlauf (2003), assuming homogeneous decision-makers, global interactions and laws of
large of numbers, are relaxed one at time. We have started our journey with binary choice where correlation between alternatives is not
relevent, and then proceeded to multinomial choice where it can indeed be relevant. The research presented in Part II allows for unobserved preference heterogeneity between choice alternatives by studying the nested logit model. Next, by drawing on the computational
possibilities permitted through social simulation of multi-agent systems (MAS), Part III relaxes the assumption of global interactions and
considers instead local interactions within several hypothesized social and spatial network structures. Additional heterogeneity is thus
hereby induced by the influence on a given decision-maker’s choice
by the particular network connections he or she has and the particular
perceived percentages, for example, of the agent’s neighbors or socioeconomic peers making each choice. Discrete choice estimation results controlling these heterogeneous individual preferences are embedded in a multi-agent based simulation model in order to observe
the evolution of choice behavior over time with socio-dynamic feedback due to the network effects. The MAS approach also gives us an
additional advantage in the possibility to test size effects, and thus
relax the assumption of large numbers, as well as test the effect of
different initial conditions. Finally an extra benefit is gained via the
MAS approach in that we are not confined to study only the equilibrium behavior, and have the possibility here to observe the timevarying trajectories of the choice behavior. Averaged over time, the
emergent behavior can yield a quite different picture than the theoretical results predicted in the seminal work. To bring the work of this
dissertation full circle, it would be desirable at this point to return to
the theoretical analysis in Part II and develop mean field benchmark
results for the cross-nested logit model. After doing this, it would be
desirable to return to the agent-based modeling analysis in Part III
and explore simulation results when additional unobserved heterogeneity is explicitly added to the utility and to taste variations on
the estimated parameter for the field effect. It is to be expected that
the additional symmetry-breaking with the cross-nested logit model
will yield even more equilibrium regimes and additional new complex patterns of bifurcation behavior than that already presented for
the nested logit model in Chapter 5. Furthermore it is hypothesized
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that the additional fluctuations when adding a panel effect, a random
field effect or a panel field effect as described in strategies #2, #4 and
#5 in this chapter, may yield interesting results as an extension of
the simulation results in Chapter 7. However as this dissertation is
already exceptionally lengthy as it is, both of these exercises are left
for future research.
We maintain in any case that a systematic approach to incrementally relaxing conditions is most appropriate for deeper understanding of such a non-linear complex system. It would be difficult to
appreciate bifurcations in a cross-nested model, without having understood bifurcations in a multinomial logit and nested logit model
first. Likewise, it would be difficult to appreciate the changes due to
adding further unobserved and induced heterogeneous fluctuations,
without having understood models without these fluctuations. Having the in-depth and thorough understanding developed systematically in this dissertation forms a solid foundation and jumping off
point for further work, which we hope will lead to and inspire much
continued research into the future – theoretical, computational, and
econometric.

9

OUTLOOK

In this chapter we make a few recommendations for future work in
moving discrete choice models with aggregation social interactions
in transportation into practice. We highlight a few of the basic theoretical concepts that we seen throughout the thesis in policy context
as speculative avenues for future research. We reflect on the citations
by other authors of some of the research in this thesis that has already appeared in conference proceedings and journal publications,
and present a general picture of the diffusion in the scientific literature. Finally we suggest research directions related to methodological
extensions and innovative data collection.
9.1

concepts in policy context

Although it is not possible in this methodologically oriented thesis to
draw concrete policy conclusions, it may nonetheless be worth highlighting a few of the basic theoretical concepts that we seen throughout the thesis in policy context as speculative avenues for future research.
9.1.1

Multiplicity of Equilibria

The first concept is the possible existence of multiple equilibria, as
already shown theoretically by Brock and Durlauf in the multinomial logit model with social interactions. Here we may think of two
highly developed western nations, Germany and the United States,
with very different national public attitudes towards public transit as
studied and discussed in depth in Buehler and Pucher (2012):
“. . . a detailed analysis of public transport demand in Germany and the USA, using uniquely comparable national
travel surveys from 2001/2002 and 2008/2009 for both
countries [shows] public transport has been far more successful in Germany than in the USA, with much greater
growth in overall passenger volumes and trips per capita.
Even controlling for differences between the countries in
demographics, socio-economics, and land use, logistic regressions shows that Germans are five times as likely as
Americans to use public transport. Moreover, public transport in Germany attracts a much broader cross-section of
society and for a greater diversity of trip purposes.”

331

332

outlook

Buehler and Pucher attribute this difference to a “coordinated package
of mutually supportive policies” taken in Germany. If however there is
also social influence at play, the transition from one equilibrium to
another may not be linear in terms of the policies.
9.1.2

Initial Conditions

A second concept is that even if multiple equilibria do theoretically
exist, it may not be possible for a population to converge on some of
these equilibria depending on the current state of the system. In short,
initial conditions may matter depending on the circumstances. This
suggests that if social influence is at play, potentially even if a host
of complementary policies were adopted in some cities in the United
States, perhaps even then it still wouldn’t be possible to reach the
widespread acceptance of public transit in these cities in the United
States, particularly among affluent households, as is the case in Germany, let alone as is the case in Switzerland (Buehler and Pucher
2012), or that of the widespread acceptance of travel to work by bicycle as is the case in the Netherlands (Pucher and Buehler 2008) –
without a serious shock to system in the United States, including in a
social sense.
9.1.3

Volatility and Stochastic Cycling

A third concept is the volatility of social influence in a discrete choice
model with social interactions if the network of influence is small. In
such case when averaged over time, or averaged over multiple small
groups, the modal split outcome can appear purely random when
in fact there is significant social influence occurring. This suggests
not to immediately discard a possibility of social influence purely on
the basis of aggregate measures without looking deeper into possible
structure at a lesser level of aggregation in space or time.
9.1.4

Spread of Influence via Overlapping Groups

A fourth key concept is the spread of influence through overlapping
groups giving a possibility to coordinate on an outcome. Here we may
think of an important turning point in Amsterdam transportation policy and mobility behavior described eloquently in Bertolini (2007) in
the early 1970’s where “an unorthodox coalition of local inhabitants fearing displacement and emerging youth movements wanting to affirm their
alternative visions of urban life” took to the streets to protect the characteristic Amsterdam city center from demolition for large scale transportation projects. The result of these protests was a sharp turn in
local transport policy that favored both accessibility and liveability.
It also marked the turnaround of the previously steadily declining
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bicycle mode share which had reached its lowest point around 1970
with the steadily increasing adoption of the car. By the mid 1990’s,
the bicycle mode share to work in Amsterdam had returned to more
or less the same level as it was just after World War II. In a study of a
large number of European cities, Kenworthy and Laube (2005) show
that Amsterdam had the highest proportion by far of non-motorized
traffic (51% of all trips in 1995, ie. counting all trip purposes, not only
commute trips from home to work).
9.1.5

Solution Regimes

A fifth concept is the qualitatively different patterns of theoretically
possible solutions. The number and stability of equilibria is qualitatively different in the seven regimes revealed in the the nested logit
model with social interactions studied in detail in Chapter 5. This suggests the importance of understanding a system well enough to capture unobserved heterogeneity between alternatives where relevant,
and applying the appropriate nesting structure of elemental alternatives, since not doing so seems to yield qualitatively different possible
outcomes. If we recall the initial condition effect and consider the following median commuter mode shares to work for the top 60 most
“bicycle-friendly” American cities as reported in 2011 by the United
States Census Bureau : 2.9% walking, 0.8% bicycle, 74.9% car, 4.3%
transit (other modes not cited), and only 4.7% median of this population who doesn’t have access to a car, it is not difficult to develop
an unlikely picture for escape from the dominance of the car in the
United States, if the solution regime would happen to include an unstable equilibrium or saddle point blocking the escape from a corner
mode share.
9.1.6

Speed of Convergence

A sixth concept is speed of convergence and related to this, the open
question of whether complex social systems in practice actually do
ever reach convergence. The example time series results from the
multi-agent based simulations in Part III of this thesis additionally underscore the key importance of understanding the system well with
proper specification of the model, since transition dynamics can apparently also be markedly different, not only the possible outcomes. It
also raises the rhetorical question of whether a social system is ever in
an “equilibrium” steady state, or whether the system is continuously
in a state of dynamic disequilibrium, proceeding in the direction of an
equilibrium, but then receiving a shock of varying strength in policy
terms, and consequently re-adjusting its path. Empirical longitudinal
(pseudo-)panel data is clearly necessary to try to resolve this open
question.
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9.2

diffusion in scientific literature

Given the circumstances of the completion of this dissertation, it is
possible to reflect on the diffusion in the scientific literature of some of
the work from Chapters 6, 7 and 8. The multi-agent based simulation
research reported in Sections 6.2 and 6.3 appeared in internal proceedings of the Conference on Urban Planning and Urban Systems
(CUPUM 2003), and Agent 2003. The research reported in Sections
7.3 and 7.4 was originally presented at Agent 2004 and CUPUM 2005
and ultimately appeared in revised and expanded form in Environment and Planning Part B: Planning and Design (2008). The econometric research reported in Chapter 8 was originally presented in
2005 at the Annual Meeting of the Transportation Research Board
and appeared subsequently in Transportation Research Record: Journal of the Transportation Research Board (2005). Table 9.1 on page 335
shows citations by other authors of the multi-agent based simulation
research. Table 9.2 on page 336 shows citations by other authors of
both the multi-agent based simulation research and the econometric
research. Table 9.3 on page 337 shows citations by other authors of
the econometric research. Table 9.4 on page 340 shows citations by
other authors of the guest editorials of special issues coming from
two workshops in 2005 and 2007 hosted in Amsterdam "Frontiers
in Transportation: Social (and Spatial) Interactions" appearing respectively in in Environment and Planning Part B: Planning and Design
(2008) and Transportation Research Part A (2011). Table 9.5 on page
341 presents a general picture of scientific literature types and venues
of these selected citations. 1
9.3

future research goals

We have extended previous work on discrete choice with social interactions in important ways. Previous theoretical work has assumed
homogeneous decision-makers, global interactions and laws of large
of numbers. We have allowed for the possibility of unobserved heterogeneity, and through the computational possibilities created by social
simulation of multi-agent systems, we have been able to incrementally test the effect of local interactions via abstract network classes
over a sweep of parameters such as network density, clustering and
average path length, as well as test the effect of varying the initial
conditions, network size effects and the effect of local interactions
via clustered influence groups and via overlapping influence groups
1 Selected citations by other authors are obtained as of 15 February 2013 via the
Netherlands portal for Google Scholar scholar.google.nl. As the intention of this
reflection is merely to present a general picture of diffusion, and not to compute
detailed citation statistics, steps were not taken to systematically search for possible
additional citations in other databases such as SciVerse Scopus www.scopus.com and
Thomson Reuters (ISI) Web of Knowledge wokinfo.com.
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Table 9.1: Selected citations by other authors of the multi-agent based simulation research reported in Sections 6.2 and 6.3 and in Sections 7.3 and 7.4
(excluding works which also cite the econometric research reported in Chapter 8)

9.3 future research goals
335

outlook
336

Table 9.2: Selected citations by other authors of both the multi-agent based simulation research reported in Sections 6.2 and 6.3 and in Sections 7.3 and
7.4 as well as the econometric research reported in Chapter 8
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Table 9.3: Selected citations by other authors of the econometric research reported in Chapter 8 (excluding works which also cite the multi-agent based
simulation research reported in Chapters 6 and 7)
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Table 9.4: Selected general citations of the guest editorials for special journal issues "Social networks, choices, mobility, and travel" (2008) and "Transportation and social interactions" (2011)
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Table 9.5: General picture of scientific literature types and venues for selected citations by other authors of research reported in Sections
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in hypothesized sociogeographic networks. Through the deliberate
incremental approach we have been able to compare the emergent
modal split outcomes from the multi-agent based simulations with
the theoretical analytical results and track the changes caused by the
relaxation of various restrictive assumptions one-by-one. Through the
multi-agent based social simulation, we have additionally been able
to observe time-varying trajectories instead of only the steady states.
This has yielded key insights regarding the volatility of the influence
in small size networks as well as possible consequences this volatility in isolated clusters of influence and when influence groups overlap. Furthermore the simulations have allowed the observation of different speeds of convergence, and lead to the rhetorical question of
whether a social system ever in fact reaches a steady-state equilibrium
at all.
Further research is needed to systematically explore more comprehensive utility specifications, including for example the specific effects of availability of alternatives, agent-specific socio-demographic
characteristics and agent-specific attributes of choice alternatives.
Also very important for any policy application, particularly for transportation mode choice, would be the introduction of not only positive feedback, but also negative feedback into the model to account
for congestion effects in addition to agglomeration effects. Other relevant variations may include time-varying propagation of effects from
separate coefficients for the influence from different reference groups
(as estimated in Chapter 8 but not yet studied when embedded in
a multi-agent based simulation), as well as the estimation of a separate effect for an agent’s own past choices (although this latter effect
may already to some extent be captured by the inclusion of sociodemographic characteristics and agent-specific attributes of choice alternatives in the systematic utility).
In order to be able to apply the multi-agent based simulation model
in this dissertation for policy purposes, more extensive data would
be desirable than what was available at the time for this exploratory
methodological study applying abstract classes of networks and hypothesized sociogeographic network scenarios. Manski (1995) highlights three hypotheses in his classic monograph
“to explain the common observation that individuals belonging to the same group tend to behave similarly... endogenous effects, wherein the propensity of an individual
to behave in some way varies with the prevalence of
that behavior in the group; contextual effects, wherein the
propensity of an individual to behave in some way varies
with the distribution of background characteristics in the
group; and correlated effects, wherein individuals in the
same group tend to behave similarly because they face
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similar institutional environments or have similar individual characteristics.”
The first two hypotheses express inter-agent causality in a model. The
third hypothesis does not. The important distinction between the two
inter-agent causal effects is that the first involves feedback that can
be reinforcing over the course of time depending on the strength of
the coefficient on the feedback effect in relation to the rest of the
utility function. The policy implications of the approaches are widely
different, especially if there exists a case of an inherent dynamic with
feedback. Access to temporal panel data is highly desirable in order
to better empirically distinguish the effects during the estimation of
the utility parameters.
In addition to the availability of empirical data on the change in the
choice distribution over time and the changes in agent characteristics,
and the changes in agent-specific attributes of the choice alternatives
over time, another consideration in applying the agent-based model
for policy purposes is the availability of data on the possible change
in the population itself, both its size and its network structure. The
agent-based models in this thesis operated on the basis of a fixed
number of agents given by the survey sample collected by Hague
Consulting Group in Chapter 6, and the microdata collected by the
Agency for Infrastructure, Traffic and Transport of the Municipality
of Amsterdam in Chapter 7. We have fixed the population in the initialization phase of the models and these populations continue at
each time step throughout all iterations of a simulation run. In a policy application however, the links in the base population may change
among existing agents, and furthermore perhaps some agents may
leave and other new agents may enter.
A challenging direction of research addresses evolving networks,
in coupling with the evolving behavioral dynamics (Gulyás and
Dugundji, 2006). A motivation for this direction of work is to be able
to account for residential mobility, occupational mobility and other
life cycle changes in social-spatial networks impacting transportation
mode choice (Dugundji et al, 2001). An important distinction can be
namely understood in the land use transportation planning problem domain between network interactions impacting choices, such
as transport mode choice, which do not endogenously affect the
decision-maker’s reference position in the network (eg. whether an
agent chooses to travel by car versus rail for an intercity trip will
not affect the fact of who the agent’s neighbors are), as opposed to
network interactions impacting “sorting” type choices, such as residential location choice, which do indeed endogenously affect the
decision-maker’s reference position in a spatial network and potentially also within a social network (eg. in moving to a new neighborhood an agent per definition acquires new neighbors). The econometric aspects of estimating utility parameters for a residential location
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choice model with social and spatial network interactions are nontrivial and data intensive (Dugundji 2006). Some considerations are
addressed in Appendix D.
In absence of survey data on interaction between identifiable
decision-makers at inter-household level, in the dissertation we instead consider aggregate decision-makers and use a priori beliefs
about the social and/or spatial dimension of interactions to formulate the connectivity of the network. Using rich socioeconomic data
for each respondent as well as the geographic location of each respondent’s residence and workplace, we define aggregate interactions
by grouping agents into geographic neighborhoods or into socioeconomic groups where the influence is assumed to be more likely. Technically, however, interactions between identifiable decision-makers
may also be modeled using the approach described in this dissertation given the availability of suitable data.
In an application of the agent-based model for policy purposes, it
may furthermore be useful to scale up the number of agents in the
simulation to the actual relevant population size. In the domain of
transportation land use planning, simulation on the basis of a realistic
number of agents can be critically important for understanding congestion on the transportation network. Iterative proportional fitting is
a well-established technique applied in transportation modeling for
the purpose of generating synthetic populations, eg. see Arentze, Timmermans and Hofman (2008) for an example in an operational model
in the Netherlands. An open question however is how to scale up social networks from survey data to a synthetic population. In Chapter
7 we have seen that network size and connectivity do indeed impact
emergent outcomes of a discrete choice model with social and spatial
interactions. This underscores of the key importance of pioneering
modeling efforts (see e.g. Maxwell and Carley 2009 and Barrett et al.
2009 for reports on on-going work) as well as other recent modeling
efforts to depict and understand realistic social networks at the population level in geographic space (Butts and Acton, 2011; Butts, Acton,
Hipp and Nagle, 2012; Arentze, van den Berg and Timmermans, 2012;
Hackney and Kowald, 2011; Arentze, Kowald and Axhausen, 2012).
Putting these desirable data and modeling features together for
policy purposes, a challenging set of statistical questions also arises
for the econometric estimation with regard to the sampling frame
for data collection. If it can be assumed that the sample of decisionmakers is drawn at random from the population, or more precisely,
that the combinations (i, S, zi ) are chosen at random from the population where we conceptualize the population distribution as defined over the choice i in universal choice set C, as well as over the
agent characteristics S, the agent-specific attributes zi of the choice
alternatives, then the maximum likelihood estimates of the utility parameters of the binary logit model are consistent and asymptotically
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efficient. Various extensions of the maximum likelihood procedure
for discrete choice models have been developed for estimation with
general stratified samples (eg. exogenous samples, where sampling
strata are segmented by the decision-maker characteristics S and/or
attributes of alternatives zi , and choice-based samples, where each
choice alternative in C corresponds to a separate stratum), enriched
samples (eg. pooling of exogenously stratified samples with one or
more choice-based samples), and double or multi-stage samples (eg.
carrying first a small survey and then using information obtained to
design a second survey). See for example, Manksi and Lerman (1977),
Manski and McFadden (1981), Cosslett (1981) and Daganzo (1980,
1982) for early work. An intriguing direction for further research,
when collecting data on data on social networks using a technique
such as snowball sampling (Goodman, 1961; Kowald and Axhausen,
2012), is what modifications may be necessary in the estimation procedure for the utility parameters of (complex) discrete choice models
capable of capturing endogenous effects, contextual effects and correlated effects, and what the formal properties of estimates are under
such a sampling scheme where the selection of decision-makers is
inherently interdependent by design and the choice behavior, characteristics, choice attributes and links are followed over time.
A traditional obstacle however to having such rich temporal data
sets in the past has been the respondent burden in documenting their
behavior over an extended time. New possibilities created by modern information and technology change this. As a spin-off from one
of the student term projects in the interdisciplinary research master
course module Advanced Network Analysis which I have taught for
four years at the Universiteit van Amsterdam, we have applied discrete choice models with social interactions to data collected from
the on-line social networking site Twitter. This modeling effort was
made possible on the basis of rich temporal panel data obtained conveniently over an extended period of time. The Twitter data namely
allows both the definition of identifiable network interactions, as well
as the possibility to separate causal, correlated and contextual effects.
Dugundji, Poorthuis and van Meeteren (2011) present an example of
the empirical estimation of discrete choice model with network interaction effects, specifically testing for correlation among agents in the
error structure in the particular empirical case study, through the use
of a mixed multinomial panel logit model. The data set furthermore
contained more than one million tweet records, giving us the opportunity to explore the performance of the models with different log
likelihood optimization algorithms with large data. Making excellent
use of high performance computing facilities at SARA, the methods
reported in this dissertation are also indeed proven to be useful in
this realm as well.
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With primary sponsorship respectively from the NWO in the
Netherlands and the NSF Office of International Science and Engineering in the USA, two high-level international workshops were
coordinated and hosted in Amsterdam in 2005 and 2007, Frontiers
in Transportation: Social Interactions bringing together different disciplines ranging from civil engineers to urban planners to economists
to sociologists to computer scientists to transportation practitioners to
put social networks on the international research agenda in the transportation field (http://www.e-du.nl/frontiers). The two sessions
on “Innovative Data Collection” in the 2005 workshop highlighted
two new directions: using techniques from sociology to study individual level ego-networks; and using emerging technologies such as
intelligent bus cards and mobile phones to collect massive dynamic,
longitudinal real-time data from personal electronic streams. This second session was notably inspired by an artist’s project already as early
as 2002 at the Waag Society for new media, Realtime Amsterdam
(http://realtime.waag.org). In 2009 the Waag Society has recently
contributed to the development of a pre-alpha version of a Personal
Travel Assistant for public transit spearheaded by the Municipality of
Amsterdam Agency for Infrastructure, Traffic and Transport, giving
a timely impulse for a new data analysis project.
Furthermore in 2009, two important and timely developments with
respect to intelligent travel information in the Netherlands were publicly announced: the inauguration of cooperation of provinces and the
central government to provide a common national data warehouse
for electronic streams from roadside equipment and cameras; and
the intention to develop a parallel cooperation to provide a common
national data warehouse for public transportation data. By analyzing
dynamic data from different sources and coupling with other spatial and non-spatial databases, relations with land use, weather, trip
attributes, socio-economic characteristics of the passengers and possible social and spatial consumer interaction in travel behavior of the
population can be established. Based on this, predictions of passenger
flows can be made. Accordingly in the spirit of rapid technological developments, one of the outcomes of the innovative data collection discussion group at the 2009 Frontiers in Transportation workshop held
in Canada was the perceived need to collaborate internationally to
develop best practices for fusion of electronic data streams (mobile
phones, roadside equipment, on-board navigation devices, intelligent
transit cards, etc), incorporating where possible the richness of social
interactions (at aggregate and/or disaggregate level as appropriate)
in mobility analysis both for short term traffic management and for
long term transportation land use planning applications.
In early 2010, Barabási and colleagues report on “Limits of Predictability in Human Mobility” in Science magazine:

9.4 big picture

“A range of applications, from predicting the spread of human and electronic viruses to city planning and resource
management in mobile communications, depend on our
ability to foresee the whereabouts and mobility of individuals, raising a fundamental question: To what degree
is human behavior predictable? Here we explore the limits of predictability in human dynamics by studying the
mobility patterns of anonymized mobile phone users.”
Notably, however the reported research only deals with the geo-trace
information from mobile phones. Yet there are additional aspects of
mobile phones that make this an even richer medium for empirical
data collection and analysis, such as the call and SMS records of mobile phones, and the possibility to install a researcher-designed application on mobile phones (Lee, Lippman, Pentland and Dugundji
2011), or a publicly provided application such as the Personal Travel
Assistant developed at the Municipality of Amsterdam – let alone the
additional possibilities created by data fusion.
With the advent of nearly 5 billion mobile phone users on the
planet and every increasing personal electronic information traces of
all sorts, we are at the dawn of new data possibilities with synergies
between communications science, physics, mathematics, economics,
behavioral science, computer science, engineering, and spatial planning. It is my aim to join forces with colleagues around the world to
push forward the boundaries of this promising line of research.
9.4
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In closing, this brings us to two projects that had been proposed in
2007 in the SURFNET/NWO Enlighten Your Research optical path
competition: one addressing long term land use transportation planning, the other addressing short term intelligent traffic management.
Both make innovative use of travel information through modern ICT
in their respective time frames, and address the impending global
importance of state-of-the-art green solutions. Both projects were just
a bit ahead of their time in 2007, but ICT developments since then
have brought these ideas into hand reach now. Radio-astronomers
in Netherlands and China now indeed make excellent use of optical
technology for their cooperation. If the inter-continental ICT infrastructure is in place, perhaps transportation and urban planning researchers and practitioners can also now partially make use of the
same ICT infrastructure to intensify collaboration as well.
Education, research and development are rapidly globalizing. It is
critical for western countries’ position in the knowledge economy,
for companies, researchers, academics, and students, to have a robust, high quality-of-service platform for distance interaction (communication, decision-making, learning). Furthermore, tackling of ma-
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jor global issues requires intensified global cooperation, beginning
with cross-cultural awareness. Climate change is arguably one of the
most significant global issues of our time. Given the unprecedented
rapid rate of urbanization and motorization already taking place in
megacities in China and India and other populous metropolitan regions worldwide, it is critical that countries and cities work together
to leap-frog to state-of-the-art clean solutions. Compounded by land
use and infrastructural decisions having sometimes practically irreversible consequences, there is no time to wait.
The Netherlands has world-class innovative knowledge and experience in civil and environmental engineering, spatial planning, and
networked governance. However, how can this be transferred to conditions in megacities in China or India? That is a complex question involving not only technical and economic aspects but also questions of
policy-making and local and national governmental decision-making
processes. The situation offers a huge potential for government bodies, NGOs, knowledge institutes and private sector to play a strategic
role in global developments by connecting their expertise abroad.

Part V
APPENDIX

A

S O C I O - D Y N A M I C B I N A R Y L O G I T : T H E O R Y,
REVISITED

In this appendix we re-visit the binary logit model with social interactions reviewed in Chapter 3, applying techniques from the mathematics of dynamical systems and bifurcation theory.
In section A.1, we describe the sociodynamic binary logit model for
choice between two alternatives as a scalar autonomous differential
equation in the utility parameter β for the level of aggregate social
influence. In section A.2, we characterize the stability of solutions via
the derivative of the equation, and search for values of the parameter β such that a solution is a bifurcation point. We show that there
is one bifurcation point for this equation, which has cubic degeneracy. This yields a pitchfork bifurcation. In section A.3, we see that a
potential function can be derived, yielding an alternative method for
determining the stability of the equilibria. .
a.1

scalar autonomous equation

Recall the formulation of the multinomial logit model in section 2.1.
Under the assumption of independent and identically Gumbel distributed error terms, the probability Pn (i|C) that the individual decision making entity n chooses alternative i within the binary choice
set C = 0, 1 is given by:
Pn (i|C) =

eµVin
1
P
eµVjn

(A.1)

j=0

where µ is a strictly positive scale parameter which we normalize to
1, following standard convention.
µ≡1

(A.2)

If we assume that the only contribution to the systematic utility of
choices is a global field effect with utility parameter β real, finite on
the proportion pi of decision-making agents that have chosen alternative i, then in such a case, when the agents include their own choice
with equal weight to others’ choices in the calculation of the field effect for a given alternative, the agents’ choice behavior is perfectly homogeneous across agents. The probabilities of choosing respectively
alternatives 0, 1, among the two possible alternatives in the choice set
are:
eβp0
(A.3)
P(i = 0|C) = βp
e 0 + eβp1
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P(i = 1|C) =

eβp1
eβp0 + eβp1

(A.4)

For a large sample population, the rate of change of the proportions
p0 , p1 of decision-making agents that have chosen each alternative is
given by the probabilities P(i|C) of choosing respectively alternatives
0, 1 among the two possible alternatives in the choice set, minus these
proportions. This yields a system of two equations in two unknowns,
with p0 , p1 defined on [0, 1]. Given β real, finite, we will be interested
to find the steady-state solutions p0 , p1 of the system.
ṗ0 =

eβp0
− p0
eβp0 + eβp1

(A.5)

ṗ1 =

eβp1
− p1
eβp0 + eβp1

(A.6)

p0 , p1 ∈ [0, 1]

(A.7)

At equilibrium:
ṗ0 = 0 : p0 =

eβp0
eβp0 + eβp1

(A.8)

ṗ1 = 0 : p1 =

eβp1
eβp0 + eβp1

(A.9)

eβp0 + eβp1
=1
eβp0 + eβp1

(A.10)

Adding (A.8), (A.9):
p0 + p1 =
Solving (A.10) for p1 :
p1 = 1 − p0

(A.11)

Substituting (A.11) back into (A.5) at equilibrium:
ṗ0 =

eβp0
− p0 = 0
eβp0 + eβ(1−p0 )

(A.12)

Multiplying (A.12) through by the denominator of the first term
which is always strictly positive for β real, finite with p0 , p1 defined
on [0, 1], we have an alternative equation that is analytically easier to
work with:
g ≡ eβp0 − p0 eβp0 − p0 eβ(1−p0 ) = 0
(A.13)
Or, combining terms to see the symmetry in p0 and p1 = 1 − p0 more
immediately:
g = (1 − p0 )eβp0 − p0 eβ(1−p0 ) = p1 eβp0 − p0 eβp1 = 0

(A.14)

This scalar equation can be solved conveniently graphically, for example, by plotting the curve g and finding its intersection with the p0 axis. Depending on the value of β, the equation may have more than

A.2 stability analysis

one solution. Note however, that by the symmetry of (A.14), there is
always at least one solution, regardless of the value of β.
p0 = 1 − p0 : p0 =

a.2

1
2

(A.15)

stability analysis

A stationary point of g is locally stable if the derivative dg/dp0 evaluated at the point is negative:
dg
dp0


d  βp0
e
− p0 eβp0 − p0 eβ(1−p0 )
dp0

=
g(p0 )=0

g(p0 )=0

= βeβp0 − βp0 eβp0 + βp0 eβ(1−p0 ) − eβp0 − eβ(1−p0 )
= β(e

βp0

− p0 e

βp0

− p0 e

β(1−p0 )

)

g(p0 )=0

+2βp0 eβ(1−p0 ) − eβp0 − eβ(1−p0 )
= (2βp0 − 1)e

β(1−p0 )

−e

g(p0 )=0

g(p0 )=0

βp0

(A.16)
Thus we have the condition for local stability:
dg
dp0

= (2βp0 − 1)eβ(1−p0 ) − eβp0 < 0
g(p0 )=0

(2βp0 − 1)e

β(1−2p0 )

(A.17)

<1

Note that if β is any real, non-positive value, then this local stability
condition will always be satisfied. Since we have defined p0 on the
interval [0, 1], then for β real, non-positive, we see exp(β(1–2p0 ) will
always take a non-negative value and (2βp0 − 1) will always take
a strictly negative value, so that the left hand side is always nonpositive. Thus, we can see already that any bifurcation in behavior
must take place when β is a strictly positive value.
A stationary point of g is locally unstable if the derivative dg/dp0
is positive. Thus we have the condition for local instability:
dg
dp0

= (2βp0 − 1)eβ(1−p0 ) − eβp0 > 0
g(p0 )=0

(2βp0 − 1)e

β(1−2p0 )

(A.18)

>1

To find values of the parameter β which lead to bifurcations in
behavior, that is, change in number or stability of stationary points,
we are interested cases when the derivative dg/dp0 is zero:
dg
dp0

= (2βp0 − 1)eβ(1−p0 ) − eβp0 = 0
g(p0 )=0

(A.19)
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Dividing through by exp(βp0 ) + exp(β(1–p0 )) which is always positive for β real, finite:
(2βp0 − 1)

eβ(1−p0 )
eβp0
−
=0
eβp0 + eβ(1−p0 ) eβp0 + eβ(1−p0 )

(A.20)

Substituting (A.8), (A.9) and (A.11) into (A.20):
0 = (2βp0 − 1)(1 − p0 ) − p0

(A.21)

= −2βp0 2 + 2βp0 − 1
Solving for β
β=

1
2p0 (1 − p0 )

(A.22)

Substituting (A.22) into (A.13)
0 = eβp0 − p0 eβp0 − p0 eβ(1−p0 )
1

= e 2p0 (1−p0 )

p0

= (1 − p0 )e

1

− p0 e 2p0 (1−p0 )

1
2(1−p0 )

− p0 e

p0

1

− p0 e 2p0 (1−p0 )

(1−p0 )

(A.23)

1
2p0

Re-arranging terms
1

1

(1 − p0 )e 2(1−p0 ) = p0 e 2p0

(A.24)

Note by symmetry that the left-hand side and the right-hand side are
equal when the terms in the products individually are equal:
(1 − p0 ) = p0
1

(A.25)

1

e 2(1−p0 ) = e 2p0

(A.26)

Furthermore, assuming (A.25) implies (A.26). Therefore, solving
(A.25) for p0
1
p0 =
(A.27)
2
Substituting (A.1.23) into (A.1.18)
β=

1
1
= 1
=2
2p0 (1 − p0 )
2 2 (1 − 21 )

(A.28)

Verification that (A.27) is the only solution when (A.19) holds, can be
seen conveniently graphically by plotting the left-hand-side and the
right-hand-side of (A.24) on a graph and finding their intersection.
To determine the behavior at the bifurcation point it is necessary
to examine higher orders of the Taylor expansion of g. For computational convenience and clarity of the symmetry we repeat the computation of the first derivative using the form of g in (A.14)

d 
dg
g 0 (p0 ) ≡
=
(1 − p0 )eβp0 − p0 eβ(1−p0 )
dp0
dp0
(A.29)
βp0
= β(1 − p )e
− eβp0 − (−β)p eβ(1−p0 ) − eβ(1−p0 )
0

0

= (β(1 − p0 ) − 1)eβp0 + (βp0 − 1)eβ(1−p0 )

A.2 stability analysis

We re-confirm for (A.14), (A.29) with the values p0 and β given by
(A.27), (A.28) we have:
1
g(p0 = )
2

1
1
1
1
1
1
= (1 − )e2· 2 − e2(1− 2 ) = e − e = 0
2
2
2
2

β=2

1
g 0 (p0 = )
2

β=2

1
1
1
1
= (2(1 − ) − 1)e2· 2 + (2 · − 1)e2(1− 2 )
2
2

(A.30)

(A.31)

= 0·e+0·e = 0
We compute the second derivative:
g 00 (p0 ) ≡


d2 g
d 
βp0
β(1−p0 )
=
(β(1
−
p
)
−
1)e
+
(βp
−
1)e
0
0
dp0 2
dp0

= β(β(1 − p0 ) − 1)eβp0 − βeβp0 − β(βp0 − 1)eβ(1−p0 ) + βeβ(1−p0 )
= (β2 (1 − p0 ) − 2β)eβp0 − (β2 p0 − 2β)eβ(1−p0 )
(A.32)
Evaluating at the bifurcation point:
1
g 00 (p0 = )
2

β=2

1
1
1
1
= (22 (1 − ) − 2 · 2)e2· 2 − (22 · − 2 · 2)e2(1− 2 )
2
2

= −2e + 2e = 0
(A.33)
Since the bifurcation point is degenerate at second order, we proceed
to compute the third derivative:

d3 g
d  2
βp0
2
β(1−p0 )
(1
−
p
)
−
2β)e
p
−
2β)e
=
(β
−
(β
0
0
dp0 3
dp0
= β(β2 (1 − p0 ) − 2β)eβp0 − β2 eβp0

g 000 (p0 ) ≡

+ β(β2 p0 − 2β)eβ(1−p0 ) − β2 eβ(1−p0 )
= (β3 (1 − p0 ) − 3β2 )eβp0 + (β3 p0 − 3β2 )eβ(1−p0 )
(A.34)
Evaluating at the bifurcation point:
1
g 000 (p0 = )
2

β=2

1
1
1
1
= (23 (1 − ) − 3 · 22 )e2· 2 + (23 · − 3 · 22 )e2(1− 2 )
2
2

= −8e + −8e = −16e
(A.35)

Cubic degeneracy: Pitchfork bifurcation
See Figure A.1 on page 356.
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Figure A.1: Bifurcation diagram for the sociodynamic binary logit model
showing a bifurcation point at β = 2, separating two regimes:
there is one stable equilibrium at p = 0.5 for β < 2; for β > 2 the
equilibrium at p = 0.5 becomes unstable with the appearance of
two new stable equilibria

a.3

potential function

The potential function is given by
Z
Z

G = − gdp0 = − eβp0 − p0 eβp0 − p0 eβ(1−p0 ) dp0
Z
Z
Z
= − eβp0 dp0 + p0 eβp0 dp0 + eβ p0 e−βp0 dp0

(A.36)

We evaluate the first term by a simple change of variables. Let
y ≡ βp0 : dy = βdp0
Then

Z
eβp0 dp0 =

Z
1
1
1
ey dy = ey = eβp0
β
β
β

(A.37)

(A.38)

We evaluate the second term in (A.36) by integration by parts. Let
u ≡ p0 : du = dp0
dv ≡ e

βp0

Z

dp0 : v = eβp0 dp0

Then, applying the result in (A.38)
Z
Z
Z
βp0
p0 e
dp0 = udv = uv − vdu
Z
1 βp0
1
1
1 βp0
= p0 e
−
e
dp0 = p0 eβp0 − 2 eβp0
β
β
β
β
1 βp0
= (βp0 − 1) 2 e
β

(A.39)

(A.40)

A.3 potential function

Similarly, we evaluate the third term in (A.36). By suitable change of
variables
w ≡ −βp0 : dw = −βdp0
(A.41)
we have:
Z
e

−βp0

Z
1
1
1
dp0 = −
ew dw = − ew = − e−βp0
β
β
β

so that integrating by parts:


Z
Z
1 −βp0
p0 −βp0
β
−βp0
β
− (− e
)dp0
e
p0 e
dp0 = e
− e
β
β


1
1
= eβ −p0 e−βp0 − 2 e−βp0
β
β
1
= −(βp0 + 1) 2 eβ(1−p0 )
β

(A.42)

(A.43)

Finally, substituting (A.38), (A.40), (A.43) into (A.36) gives
Z
1
1
1
G = − gdp0 = − eβp0 + (βp0 − 1) 2 eβp0 − (βp0 + 1) 2 eβ(1−p0 )
β
β
β
1
1
= −(β(1 − p0 ) + 1) 2 eβp0 − (βp0 + 1) 2 eβ(1−p0 )
β
β
(A.44)
Alternatively, since we are primarily interested in qualitative behavior, divide (A.8) by (A.9) to obtain:

eβp0 (eβp0 + eβp1 )
p0
(A.45)
= eβ(p0 −p1 )
= βp  βp
p1
e 1 (e 0 + eβp1 )
Taking the natural logarithm of both sides:
ln

p0
= β(p0 − p1 )
p1

(A.46)

Substituting in (A.11) at equilibrium:
ln

p0
= β(p0 − (1 − p0 )) = β(2p0 − 1)
1 − p0

(A.47)

Alternative equation, rearranging terms:
ğ ≡ − ln p0 + ln(1 − p0 ) + β(2p0 − 1) = 0

(A.48)

This form can also be obtained by moving the second term in (A.14)
to the right hand side, taking the natural logarithm and then moving
the right hand side back to the left hand side as follows:
(1 − p0 )eβp0 = p0 eβ(1−p0 )
ln(1 − p0 ) + βp0 = ln p0 + β(1 − p0 )
ğ ≡ − ln p0 + ln(1 − p0 ) + β(2p0 − 1) = 0

(A.49)
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Alternative potential function is thus given by:
Z
Z
Z
Z
Ğ = − ğdp0 = ln p0 dp0 − ln(1 − p0 )dp0 + β(1 − 2p0 )dp0
(A.50)
To evaluate the first term in (A.50), integrate by parts. Let

Then

1
dp0
u ≡ ln p0 : du =
p
Z 0
dv ≡ dp0 : v = dp0 = p0

(A.51)

Z
Z
ln p0 dp0 = udv = uv − vdu
Z
1
= p0 ln p0 − p0 ·
dp0 = p0 ln p0 − p0
p0

(A.52)

Z

We evaluate the second term by a simple change of variables. Let
y ≡ (1 − p0 ) : dy = −dp0
Then, applying the result in (A.52)
Z
Z
ln(1 − p0 )dp0 = − ln ydy = −(y ln y − y)

(A.53)

(A.54)

= −(1 − p0 ) ln(1 − p0 ) + 1 − p0
Finally, substituting (A.52) and (A.54) into (A.50) gives
Z
Ğ = − ğdp0 = (p0 ln p0 − p0 ) − (−(1 − p0 ) ln(1 − p0 ) + 1 − p0 )
Z
+ β (1 − 2p0 )dp0
= p0 ln p0 + (1 − p0 ) ln(1 − p0 ) − 1 + β(p0 − p0 2 )
β
β
β
= p0 ln p0 + (1 − p0 ) ln(1 − p0 ) − p0 2 − (1 − 2p0 + p0 2 ) + ( − 1)
2
2
2
β 2 β
2
= p0 ln p0 + (1 − p0 ) ln(1 − p0 ) − p0 − (1 − p0 ) + C
2
2
(A.55)
Or, substituting (A.11) to see the symmetry in p0 and p1 = 1 − p0
more immediately:
Ğ = p0 ln p0 + p1 ln p1 −

β
(p0 2 + p1 2 ) + C
2

(A.56)

B

S O C I O - D Y N A M I C B I N A RY L O G I T W I T H
C O N S TA N T B I A S : T H E O R Y

In this appendix, we apply techniques from the mathematics of
dynamical systems and bifurcation theory to continue our exploration of the binary logit model with social interactions originally
studied by Aoki (1995), Brock and Durlauf (2001a), and Blume and
Durlauf (2003), when adding a constant bias for one the choice alternatives. Doing so yields a bifurcation cusp separating two steadystate regimes. One regime has a single unique stable solution, and
one regime has multiple equilibria of which two solutions are stable
and one solution is unstable.
In section B.1, we describe the sociodynamic binary logit model
with constant bias as a two parameter scalar autonomous differential equation in the utility parameter β for the generic aggregate social influence for both choice alternatives, and in the alternative specific constant bias h for one of the choice alternatives. Solving this
equation for h, yields a three dimensional solution surface for h in
terms of β and the mode share p0 or p1 . The level sets of the surface
provide classical bifurcation diagrams in the (β, p0 )-plane or in the
(β, p1 )-plane for given values of the parameter h. In section B.2, we
characterize the stability of solutions via the derivative of the original equation, and find values of the parameters (β, h) such that the
solutions are bifurcation points. We show that the bifurcation points
have quadratic degeneracy for h 6= 0, confirming the saddle-node bifurcation noticed visually from the level sets of the solution surface.
Plotting this bifurcation curve on the solution surface and then projecting the curve onto the (β, h)-plane yields a bifurcation cusp. In
section B.3, we see that a potential function can be derived, yielding
an alternative way of determining the stability of the equilibria. In section B.4, we visualize the analytical results derived in this appendix in
terms of the bifurcation cusp in the (β, h)-plane, showing the solution
of the scalar autonomous differential equation and the corresponding
potential function at various points in (β, h)-parameter space for the
two solution regimes. We see in this visualization very naturally how
symmetry is broken by the alternative specific constant bias.
b.1

symmetry-breaking two parameter bifurcation

Recall the formulation of the multinomial logit model in section 2.1.
Under the assumption of independent and identically Gumbel distributed error terms, the probability Pn (i|C) that the individual deci-
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sion making entity n chooses alternative i within the binary choice
set C = 0, 1 is then given by:
eµVin
1
P
eµVjn

Pn (i|C) =

(B.1)

j=0

where µ is a strictly positive scale parameter which we normalize to
1, following standard convention.
µ≡1

(B.2)

If we now assume that the only contributions to the systematic utility of choices are a global field effect with utility parameter β real, finite on the proportion pi of decision-making agents that have chosen
alternative i, and a constant bias h real, finite for choice alternative 0,
then in such a case, when the agents include their own choice with
equal weight to others’ choices in the calculation of the field effect
for a given alternative, the agents’ choice behavior is perfectly homogeneous across agents. The probabilities of choosing respectively
alternatives 0, 1, among the possible alternatives in the choice set are:
P(i = 0|C) =

eβp0 +h
eβp0 +h + eβp1

(B.3)

P(i = 1|C) =

eβp1
eβp0 +h + eβp1

(B.4)

For a large sample population, the rate of change of the proportions
p0 , p1 of decision-making agents that have chosen each alternative is
given by the probabilities P(i|C) of choosing respectively alternatives
0, 1 among the two possible alternatives in the choice set, minus these
proportions. This yields a system of two equations in two unknowns,
with p0 , p1 defined on [0, 1]. We refer to (B.5) as the sociodynamic
binary logit model with constant bias. Given β and h real, finite, we will
be interested to find the steady-state solutions p0 , p1 of the system.
eβp0 +h
− p0
eβp0 +h + eβp1
eβp1
ṗ1 = βp +h
− p1
e 0 + eβp1
ṗ0 =

(B.5)

p0 , p1 ∈ [0, 1]
At equilibrium:
ṗ0 = 0 : p0 =

eβp0 +h
eβp0 +h + eβp1

(B.6)

B.1 symmetry-breaking two parameter bifurcation

eβp1
eβp0 +h + eβp1

(B.7)

eβp0 +h + eβp1
=1
eβp0 +h + eβp1

(B.8)

ṗ1 = 0 : p1 =
Adding (B.6), (B.7):
p0 + p1 =
Solving (B.8) for p1 :

p1 = 1 − p0

(B.9)

Substituting (B.9) back into (B.5) at equilibrium:
ṗ0 =

eβp0 +h
− p0 = 0
eβp0 +h + eβ(1−p0 )

(B.10)

Multiplying (B.10) through by the denominator of the first term
which is always strictly positive for β and h real, finite with p0 , p1
defined on [0, 1], we have an alternative equation that is analytically
easier to work with:
g ≡ eβp0 +h − p0 eβp0 +h − p0 eβ(1−p0 ) = 0

(B.11)

Or, combining terms to see the effect of h on the symmetry-breaking
of p0 and p1 = 1 − p0 more immediately:
g = (1 − p0 )eβp0 +h − p0 eβ(1−p0 ) = p1 eβp0 +h − p0 eβp1 = 0 (B.12)
This scalar equation can be solved conveniently graphically, for example, by plotting the curve g0 and finding its intersection with the
p0 -axis. Depending on the value of β, the equation may have more
than one solution. If h = 0, we recover the symmetric equation (A.14).
Note however, the symmetric solution (A.15) will no longer apply for
(B.12) when h 6= 0 except in the limit β → ±∞.
Re-writing (B.12), re-arranging terms and taking the natural logarithm to solve for h:
p1 eβp0 eh − p0 eβp1 = 0
p0 β(p1 −p0 )
eh =
e
p1
h = ln p0 − ln p1 + β(p1 − p0 )

(B.13)

Or equivalently, substituting (B.9) into (B.13) to write h in terms of β
and p0 alone:
h = ln p0 − ln(1 − p0 ) + β(1 − 2p0 )

(B.14)

We can now plot a three dimensional surface in (β, p0 , h)-space for h
in terms of β and p0 . The solutions of (B.12) are simply the level sets
of (B.14).
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b.2

stability analysis

To find values of the parameters β and h which lead to bifurcations
in behavior, that is, change in number or stability of stationary points,
we are interested cases when the derivative dg/dp0 evaluated at a
stationary point is zero.
0=

dg
dp0

=
g(p0 )=0


d 
(1 − p0 )eβp0 +h − p0 eβ(1−p0 )
dp0

g(p0 )=0

= β(1 − p0 )eβp0 +h − eβp0 +h − (−β)p0 eβ(1−p0 ) − eβ(1−p0 )
= (β(1 − p0 ) − 1)e

βp0 +h

+ (βp0 − 1)e

g(p0 )=0

β(1−p0 )
g(p0 )=0

(B.15)
Dividing through by exp(βp0 + h) + exp(β(1 − p0 )) which is always
positive for β and h real, finite, and then substituting (B.6), (B.7) and
(B.9) at equilibrium:
0 = (β(1 − p0 ) − 1)
+(βp0 − 1)

eβp0 +h
eβp0 +h + eβ(1−p0 )

g(p0 )=0

eβ(1−p0 )
eβp0 +h + eβ(1−p0 )

g(p0 )=0

(B.16)

= (β(1 − p0 ) − 1)p0 + (βp0 − 1)(1 − p0 )
= βp0 − βp0 2 − p0 + βp0 − 1 − βp0 2 + p0
= −2βp0 2 + 2βp0 − 1
Solving for β we recover the same result as in (A.22)
β=

1
1
=
2p0 (1 − p0 )
2p0 p1

(B.17)

Thus we find that the symmetry-breaking role of h has an effect
on the value of p0 and p1 = 1 − p0 at equilibrium, but it does not
effect the relation between β and p0 , p1 . Furthermore, since p0 , p1
are defined on [0, 1] by (B.5), we see immediately that there can exist a bifurcation only for strictly positive values of the parameter β,
independent of h. More precisely, since p0 = p1 = 21 can never be a
solution of (B.12) for h 6= 0 when β is real, finite we have:
β=

1
2p0 p1

> 2 if h 6= 0

(B.18)

By plotting the continuous string of values (β, p0 , h) in (β, p0 , h)space with β given by (B.17) and h given by (B.14), we obtain curve
of bifurcation points on the stationary solution surface that separates
the behavior of the system into two different regimes in terms of
the number and stability of stationary points for given β and h. See
Figure B.1 on page 363.

B.2 stability analysis

Figure B.1: Solution surface for the sociodynamic binary logit model with
constant bias. The blue line depicts the continuous string of bifurcation points separating the two regimes. Level sets for various values of alternative specific constant are projected in color
below the solution surface, retrieving the bifurcation diagrams
in Figure A.1 on page 356 for h = 0 and Figure B.2 on page 365
for h > 0 and h < 0. The projection of the continuous string of
bifurcation points onto the (β, h)-plane yields a cusp as shown
in Figure B.3 on page 368.
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Substituting (B.17) back into (B.14), we can also obtain an equation
for h in terms of p0 .
h = ln p0 − ln(1 − p0 ) +

(1 − 2p0 )
2p0 (1 − p0 )

(B.19)

To determine the behavior at a bifurcation point it is necessary to
examine higher orders of the Taylor expansion of g. We compute the
second derivative:

d 
d2 g
βp0 +h
β(1−p0 )
=
(β(1
−
p
)
−
1)e
+
(βp
−
1)e
0
0
dp0 2
dp0
= β(β(1 − p0 ) − 1)eβp0 +h − βeβp0 +h
g 00 (p0 ) ≡

− β(βp0 − 1)eβ(1−p0 ) + βeβ(1−p0 )
= (β2 (1 − p0 ) − 2β)eβp0 +h − (β2 p0 − 2β)eβ(1−p0 )
(B.20)
For convenience let be Z a normalization factor which is by definition
always positive for β and h real, finite
Z ≡ eβp0 +h + eβ(1−p0 )

(B.21)

Substituting (B.6), (B.7) at equilibrium in terms of (B.21) and (B.9):
g 00 (p0 )
=

= (β2 (1 − p0 ) − 2β)p0 Z − (β2 p0 − 2β)(1 − p0 )Z

g(p0 )=0
2
Z(β p0 − β2 p0 2

− 2βp0 − β2 p0 + 2β + β2 p0 2 − 2βp0 )

= Z(−4βp0 + 2β) = 2Zβ(−2p0 + 1)
(B.22)
Let p0 = p0 be a stationary point. Since Z is strictly positive as
defined in (B.21), since β is strictly positive as defined in (B.17) with
p0 defined on [0, 1] by (B.5), since p0 = 21 can never be a solution of
(B.12) for h 6= 0, then we have:
g 00 (p0 )

g(p0 )=0

1
= 2Zβ(−2p0 + 1) > 0 if h 6= 0, and p0 ∈ [0, )
2
(B.23)

1
= 2Zβ(−2p0 + 1) < 0 if h 6= 0, and p0 ∈ ( , 1]
2
(B.24)
Since we have established behavior at second order for h 6= 0, there is
no need to proceed to compute the third derivative.
g 00 (p0 )

g(p0 )=0

Quadratic degeneracy: Saddle-node bifurcation
See Figure B.2 on page 365.

B.2 stability analysis

(a) h > 0

(b) h < 0

Figure B.2: Bifurcation diagrams for sociodynamic binary model with: (a)
positive alternative specific constant for choice alternative 0 and
(b) negative alternative specific constant for choice alternative
0 showing a bifurcation point at β = β∗ > 2, separating two
regimes: there is one stable equilibrium for β < β∗; for β > β∗
we have the appearance of a pair of new equilibria, one stable
and one unstable. Compare with Figure A.1 on page 356.
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b.3

potential function

We try to find potential function G by integrating g with respect to
p0
Z

Z

G = − gdp0 = − (1 − p0 )eβp0 +h − p0 eβ(1−p0 ) dp0
Z
Z
h
βp0
β
= −e (1 − p0 )e
dp0 + e
p0 e−βp0 dp0

(B.25)

We evaluate the integral in the first term in (B.25) by parts. Suppose
u ≡ (1 − p0 ) : du = −dp0
Z
1
dv ≡ eβp0 dp0 : v = eβp0 dp0 = eβp0
β

(B.26)

then we have:
Z
Z
Z
βp0
(1 − p0 )e
dp0 = udv = uv − vdu
Z
1
1
1
1 βp0
− − eβp0 dp0 = (1 − p0 ) eβp0 + 2 eβp0
= (1 − p0 ) e
β
β
β
β
1 βp0
= (β(1 − p0 ) + 1) 2 e
β
(B.27)
Similarly, we evaluate the integral in the second term in (B.25). Suppose
u ≡ p0 : du = dp0

Z
1
dv ≡ e−βp0 dp0 : v = e−βp0 dp0 = − e−βp0
β

(B.28)

then integrating by parts:
Z
Z
Z
−βp0
p0 e
dp0 = udv = uv − vdu
Z
p0 −βp0
1
1
1
=− e
− (− e−βp0 )dp0 = −p0 e−βp0 − 2 e−βp0 (B.29)
β
β
β
β
1 −βp0
= −(βp0 + 1) 2 e
β
Substituting (B.27) and (B.29) into (B.25) gives
Z
1
1
G = − gdp0 = −eh (β(1 − p0 ) + 1) 2 eβp0 − eβ (βp0 + 1) 2 e−βp0
β
β
1 βp0 +h
1 β(1−p0 )
= −(β(1 − p0 ) + 1) 2 e
− (βp0 + 1) 2 e
β
β
(B.30)
Or, substituting (A.2.7) to re-write in terms of p0 , p1
G = −(βp1 + 1)

1 βp0 h
1
e
e − (βp0 + 1) 2 eβp1
2
β
β

(B.31)

B.4 bifurcation cusp in (β, h)-parameter space

The symmetry in the potential function is broken by the factor exp(h)
in the first term.
Alternatively, divide (B.6) by (B.7) to obtain:

eβp0 +h (eβp0 +h + eβp1 )
p0
= βp  βp +h
= eβ(p0 −p1 )+h
(B.32)
p1
e 1 (e 0 + eβp1 )
Taking the natural logarithm of both sides:
ln

p0
= β(p0 − p1 ) + h
p1

(B.33)

Substituting in (B.9) at equilibrium:

ln

p0
= β(p0 − (1 − p0 )) + h = β(2p0 − 1) + h
1 − p0

(B.34)

Alternative equation, rearranging terms:
ğ ≡ − ln p0 + ln(1 − p0 ) + β(2p0 − 1) + h = 0

(B.35)

Alternative potential function:
Z
Z
Z
Z
Ğ = − ğdp0 = ln p0 dp0 − ln(1 − p0 )dp0 + (β(1 − 2p0 ) − h)dp0
(B.36)
Substituting (A.52) and (A.54) into (B.36) gives
Z
Ğ = − ğdp0 = (p0 ln p0 − p0 ) − (−(1 − p0 ) ln(1 − p0 ) + 1 − p0 )
Z
+ (β(1 − 2p0 ) − h)dp0
= p0 ln p0 + (1 − p0 ) ln(1 − p0 ) − 1 + β(p0 − p0 2 ) − hp0
= p0 ln p0 + (1 − p0 ) ln(1 − p0 )
β
β
β
− p0 2 − (1 − 2p0 + p0 2 ) − hp0 + ( − 1)
2
2
2
β 2 β
= p0 ln p0 + (1 − p0 ) ln(1 − p0 ) − p0 − (1 − p0 )2 − hp0 + C
2
2
(B.37)
Or, substituting (B.9) to re-write in terms of p0 , p1
Ğ = p0 ln p0 + p1 ln p1 −

β
(p0 2 + p1 2 ) − hp0 + C
2

(B.38)

The symmetry in the alternative potential function is broken by the
term −hp0 .
b.4

bifurcation cusp in (β, h)-parameter space

See Figure B.3 on page 368
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Figure B.3: Bifurcation curves in the (β, h)-plane showing the potential function and the graphical solution of the system at various points in parameter
space. The blue cusp shows the bifurcation curve separating the two regimes.

C

S O C I O - D Y N A M I C T R I N A RY L O G I T W I T H
C O N S TA N T B I A S : T H E O R Y

In this appendix, we apply techniques from the mathematics of dynamical systems and bifurcation theory to continue our exploration of
the multinomial logit model with social interactions originally studied by Brock and Durlauf (2002, 2006), when adding a constant bias
for one the choice alternatives. Doing so yields rich bifurcation diagrams revealing eight emergent steady-state regimes where symmetry is broken by the constant bias.
In section C.1, we describe the sociodynamic trinary multinomial
logit model with constant bias as a two parameter planar autonomous
system in the utility parameter β for the level of aggregate social influence and in the constant bias h for one of the choice alternatives.
Then in section C.2, by applying a graphical null clines approach, the
number of solutions is counted and charted in the (β, h)-plane across
a sweep of the utility parameter and a sweep of the bias parameter,
paying particular attention to the inherent (broken) symmetries in
the trinary choice model between the biased and non-biased alternatives. In section C.3, we derive expressions for the defining bifurcation
curves in the (β, h)-plane rigorously analytically by characterizing
the stability of solutions via the eigenvalues of the Jacobian matrix
of the system. In order to do this, we draw heavily on qualitative
observations regarding the number of 2-way symmetric steady-state
solutions in each regime where the mode shares of the non-biased alternatives are equal. In section C.4, we see that a qualitatively similar
alternative system of equations can be expressed as a gradient system,
yielding a straightforward visual way of directly determining the stability of the equilibria. In section C.5, we visualize the analytical results derived in this appendix in terms of the bifurcation curves in the
(β, h)-plane, in terms of the solution trajectories in the (p0 , p1 )-plane
over utility parameter β for a sweep of the bias parameter h, and in
terms of classical bifurcation diagrams in the (β, p0 )-plane and in the
(β, p1 )-plane for a sweep of the bias parameter h.
c.1

two parameter planar autonomous system

Recall the formulation of the multinomial logit model in section 2.1.
Under the assumption of independent and identically Gumbel distributed error terms, the probability Pn (i|C) that the individual deci-
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sion making entity n chooses alternative i within the trinary choice
set C = 0, 1, 2 is then given by:
Pn (i|C) =

eµVin
2
P
eµVjn

(C.1)

j=0

where µ is a strictly positive scale parameter which we normalize to
1, following standard convention.
µ≡1

(C.2)

If we now assume that the only contributions to the systematic utility of choices are a global field effect with utility parameter β real, finite on the proportion pi of decision-making agents that have chosen
alternative i, and a constant bias h real, finite for choice alternative 0,
then in such a case, when the agents include their own choice with
equal weight to others’ choices in the calculation of the field effect
for a given alternative, the agents’ choice behavior is perfectly homogeneous across agents. The probabilities of choosing respectively
alternatives 0, 1, 2 among all possible alternatives in the choice set
are:
eβp0 +h
(C.3)
P(i = 0|C) = βp +h
e 0 + eβp1 + eβp2
P(i = 1|C) =

P(i = 2|C) =

eβp1
eβp0 +h + eβp1 + eβp2

(C.4)

eβp2
+ eβp1 + eβp2

(C.5)

eβp0 +h

For a large sample population, the rate of change of the proportions p0 , p1 , p2 of decision-making agents that have chosen each alternative is given by the probabilities P(i|C) of choosing respectively
alternatives 0, 1, 2 among the three possible alternatives in the choice
set, minus these proportions. This yields a system of three equations
in three unknowns, with p0 , p1 , p2 defined on [0, 1]. We refer to (C.6)
as the sociodynamic trinary multinomial logit model with constant bias.
Given β and h real, finite, we will be interested to find the steadystate solutions p0 , p1 , p2 of the system.
eβp0 +h
− p0
eβp0 +h + eβp1 + eβp2
eβp1
ṗ1 = βp +h
− p1
e 0 + eβp1 + eβp2
eβp2
ṗ2 = βp +h
− p2
e 0 + eβp1 + eβp2
ṗ0 =

p0 , p1 , p2 ∈ [0, 1]

(C.6)

C.1 two parameter planar autonomous system

At equilibrium:
ṗ0 = 0 : p0 =

eβp0 +h
eβp0 +h + eβp1 + eβp2

(C.7)

ṗ1 = 0 : p1 =

eβp1
eβp0 +h + eβp1 + eβp2

(C.8)

ṗ2 = 0 : p2 =

eβp2
eβp0 +h + eβp1 + eβp2

(C.9)

Adding (C.7), (C.8), (C.9):
p0 + p1 + p2 =

eβp0 +h + eβp1 + eβp2
=1
eβp0 +h + eβp1 + eβp2

(C.10)

Solving (C.10) for p2 :
p2 = 1 − p0 − p1

(C.11)

Substituting (C.11) back into (C.6) at equilibrium:
ṗ0 =

eβp0 +h
− p0 = 0
eβp0 +h + eβp1 + eβ(1−p0 −p1 )

(C.12)

eβp1
− p1 = 0
(C.13)
eβp0 +h + eβp1 + eβ(1−p0 −p1 )
Converted equations that are easier to work with, multiplying
through by the denominator of the first term which is always strictly
positive for β real, finite with p0 , p1 defined on [0, 1]:
ṗ1 =

g0 ≡ eβp0 +h − p0 eβp0 +h − p0 eβp1 − p0 eβ(1−p0 −p1 ) = 0

(C.14)

g1 ≡ eβp1 − p1 eβp0 +h − p1 eβp1 − p1 eβ(1−p0 −p1 ) = 0

(C.15)

This planar system of equations can be solved conveniently graphically, for example, by plotting the null clines of the surfaces g0 and
g1 on a graph and finding their intersection. Depending on the value
of β, the system may have more than one solution.
Alternatively, grouping terms and substituting back (C.11), to see
the symmetry breaking between p0 , p1 and p2 clearly:
g0 = (1 − p0 )eβp0 +h − p0 (eβp1 + eβp2 ) = 0

(C.16)

g1 = (1 − p1 )eβp1 − p1 (eβp0 +h + eβp2 ) = 0

(C.17)

♦
Note that the system (C.16) and (C.17) can also be solved for h as
follows:
p0 (eβp1 + eβ(1−p0 −p1 ) )
eh =
(C.18)
(1 − p0 )eβp0
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eh =

(1 − p1 )eβp1 − p1 eβ(1−p0 −p1 )
p1 eβp0

(C.19)

Taking the natural logarithm of both sides of the system (C.18) and
(C.19):
h = −βp0 − ln(1 − p0 ) + ln p0 + ln(eβp1 + eβ(1−p0 −p1 ) )

(C.20)



h = −βp0 − ln p1 + ln (1 − p1 )eβp1 − p1 eβ(1−p0 −p1 )

(C.21)

lemma (Characterization of solutions of the sociodynamic trinary
multinomial logit model with constant bias) Suppose that individual choices in a large sample population are characterized
by the probabilities (C.3), (C.4) and (C.5) where the only contributions to the systematic utility of choices are a global field
effect with utility parameter β real, finite on the proportion pi
of decision-making agents that have chosen alternative i, and a
constant bias h real, finite for choice alternative 0. Then there
will exist at least one equilibrium solution of the sociodynamic
trinary multinomial logit model with constant bias (C.6) with
p1 = p2 defined on [0, 1/2] for all values of β and h real, finite.
Any other solutions with p1 6= p2 will be characterized by a
transcendental relation between p1 and p2 that is dependent on
β:
p1
ln
= β(p1 − p2 )
(C.22)
p2
Proof. Making use of the symmetry between the mode shares p1 and
p2 for the non-biased choice alternatives, it is convenient to divide
(C.8) by (C.9) to obtain:

eβp1 eβp0 +h + eβp1 + eβp2
p1
= βp  βp +h
= eβ(p1 −p2 )
p2
e 2 e 0 + eµL βp1 + eµL βp2

(C.23)

Taking the natural logarithm of both sides:
ln

p1
= β(p1 − p2 )
p2

(C.24)

From (C.24) we see that there will exist at least one solution with
p1 = p2 for all values of β. In such case, from the definition of pi on
[0, 1], (C.10) implies 0 6 p0 = 1 − p1 − p2 = 1 − 2p1 , so that we have
also
p1 6 1/2

(C.25)

Any other solutions with p1 6= p2 will be characterized by a transcendental relation between p1 and p2 that is dependent on β, thus
proving the lemma. ♦

C.1 two parameter planar autonomous system

We can also use (C.22) to write a convenient relation for β in terms
of the mode shares p0 , p1 , p2 for the case p1 6= p2 :
β=

1
p1
p1
1
ln
ln
=
(p1 − p2 ) p2
(p1 − (1 − p0 − p1 ) (1 − p0 − p1 )

(C.26)

For the case p1 6= p2 , we can substitute (C.26) into (C.32) to obtain a
relation for h in terms of the mode shares p0 , p1 , p2 :
h = ln

p0
p0 (p1 − p0 ) p1
+ β(p1 − p0 ) = ln
+
ln
p1
p1 (p1 − p2 ) p2

(C.27)

♦
lemma (Limiting solutions of the sociodynamic trinary multinomial
logit model with constant bias) Suppose that individual choices
in a large sample population are characterized by the probabilities (C.3), (C.4) and (C.5) where the only contributions to the
systematic utility of choices are a global field effect with utility
parameter β real, finite on the proportion pi of decision-making
agents that have chosen alternative i, and a constant bias h real,
finite for choice alternative 0. Then any solutions of the sociodynamic trinary multinomial logit model with constant bias (C.6)
with p0 → 0 implies h → −∞ for β real, finite when p1 6= p0
or p2 6= p0 . Likewise a solution with p1 → 0 or p2 → 0 implies
h → +∞ for β real, finite when p1 6= p0 or p2 6= p0 .
Proof. It is also convenient making use of the symmetry between the
mode shares p1 and p2 of the non-biased choice alternatives, to divide
(C.8) and (C.9) respectively by (C.7), to obtain:

eβp1 eβp0 +h + eβp1 + eβp2
p1
= eβ(p1 −p0 )−h
(C.28)
= βp +h  βp +h
p0
e 0
e 0 + eµL βp1 + eµL βp2

eβp2 eβp0 +h + eβp1 + eβp2
p2
= βp +h  βp +h
= eβ(p2 −p0 )−h
p0
e 0
e 0 + eµL βp1 + eµL βp2

(C.29)

Taking the natural logarithm of both sides:
ln

p1
= β(p1 − p0 ) − h
p0

(C.30)

ln

p2
= β(p2 − p0 ) − h
p0

(C.31)

From (C.30) and (C.31), we can derive simple relations for h in terms
of the mode shares p0 , p1 , p2 and the parameter β:
h = ln

p0
+ β(p1 − p0 )
p1

(C.32)

h = ln

p0
+ β(p2 − p0 )
p2

(C.33)
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Here we see immediately that a solution with p0 → 0 implies h →
−∞ for β real, finite when p1 6= p0 or p2 6= p0 . Likewise a solution
with p1 → 0 or p2 → 0 implies h → +∞ for β real, finite when
p1 6= p0 or p2 6= p0 , thus proving the lemma.♦
Also noteworthy from (C.32) and (C.33) is the fact that for a solution with p1 = p0 or p2 = p0 , the value of h is always null, independent of β for β real, finite. We will characterize these unusual
symmetric solutions in the next lemma.
lemma (Symmetric solutions of the sociodynamic trinary multinomial logit model with constant bias) Suppose that individual
choices in a large sample population are characterized by the
probabilities (C.3), (C.4) and (C.5) where the only contributions
to the systematic utility of choices are a global field effect with
utility parameter β real, finite on the proportion pi of decisionmaking agents that have chosen alternative i, and a constant
bias h real, finite for choice alternative 0. Then any symmetric
solutions of the sociodynamic trinary multinomial logit model
with constant bias (C.6) with p1 = p0 or p2 = p0 imply β → +∞
for all real, finite h > 0, and β → −∞ for all real, finite h < 0.
Otherwise, if h = 0, then there will exist a solution with p1 = p0
and p2 = p0 for all β.
Proof. We can similarly solve (C.30) and (C.31) for β in terms of the
mode shares p0 , p1 , p2 and the parameter h, respectively when
p1 6= p0 or p2 6= p0 :
h + ln(p1 /p0 )
β=
(C.34)
(p1 − p0 )
β=

h + ln(p2 /p0 )
(p2 − p0 )

(C.35)

Here we see that a solution with p1 = p0 or p2 = p0 implies β → +∞
for all real, finite h > 0, and β → −∞ for all real, finite h < 0.
Otherwise, if h = 0, then there will exist a solution with p1 = p0 and
p2 = p0 for all β,thus proving the lemma. ♦
c.2

equilibrium regimes in (β, h)-parameter space

See Figure C.1 on page 375.
See Figure C.2 on page 376 and Figure C.3 on page 377.
c.3

stability analysis

In subsection C.2 we have seen computationally-derived bifurcation
curves in the (β, h)-plane showing major regimes for the planar autonomous two-parameter system given by (C.12) and (C.13). Figure
C.1 on page 375 can be visually decomposed into three distinct curves.

C.3 stability analysis

Figure C.1: Computationally-derived bifurcation curves in the (β, h)-plane
showing major regimes indicated with number of solutions of
the system at various points in parameter space. In Regime I
there is one solution; in Regimes II and III there are seven solutions; in Regimes V and VII there are five solutions; in Regime
VIII there are 3 solutions. Two additional regimes exist for small
h at finer resolution, namely Regime IV with 3 solutions and
Regime VI with 5 solutions. The row h = 0 corresponds to the
sociodynamic multinomial logit case in Appendix section A.3,
with the familiar bifurcation points at β ≈ 2.74 and at β = 3.

See Figure C.4 on page 378. In this section we will derive the analytical relations for these curves one by one.
Since the stability type of an equilibrium point is a local property,
the stability type of equilibrium points of planar autonomous systems
can be determined under certain conditions from the approximation
of the vector field g = (g0 , g1 ) with its derivative, which is a linear
vector field.
Suppose that g = (g0 , g1 ) is a C1 function and let Jacobian of g at
the point p be the matrix:


∂g0
∂g0
(p)
(p)
∂p1
0

J ≡ Dg(p) =  ∂p
(C.36)
∂g1
∂g1
(p)
(p)
∂p0
∂p1
To find possible values of the parameter β and h which lead to
bifurcations in behavior, that is, change in number or stability of sta-

375

376

socio-dynamic trinary logit with constant bias: theory

(a) h = −0.5; β = 1.5: Regime I–

(b) h = 0.5; β = 1.5: Regime I+

(c) h = −0.01; β = 2.8: Regime II–

(d) h = 0.01; β = 2.77: Regime II+

(e) h = −0.5; β = 6: Regime III–

(f) h = 0.5; β = 6: Regime III+

Figure C.2: Example null clines solution in each of the regimes in parameter space shown in Figure C.1 on page 375, indicated with
the number of 2-way symmetric steady-state solutions where
the mode shares of the nonbiased choice alternatives are equal,
p1 = p2 = 1 − p0 − p1 and thus, p1 = (1 − p0 )/2: (a) one equilibrium, always satisfies p1 = p2 , compare with Regime I nested
logit; (b) one equilibrium, always satisfies p1 = p2 , compare
with Regime I nested logit; (c) seven equilibria, 3 with p1 = p2 ,
compare with Regime II nested logit; (d) seven equilibria, 3 with
p1 = p2 , compare with Regime II nested logit; (e) seven equilibria, 3 with p1 = p2 , compare with Regime III nested logit;
(f) seven equilibria, 3 with p1 = p2 , compare with Regime III
nested logit.

C.3 stability analysis

(a) h = −0.01; β = 2.75: Regime VI

(b) h = 0.01; β = 2.75: Regime IV

(c) h = −0.5; β = 4: Regime VII

(d) h = 0.5; β = 4: Regime V

(e) h = −0.5; β = 3: Regime VIII

(f) h = 0.5; β = 3: Regime I+

Figure C.3: Example null clines solution in each of the regimes in parameter space shown in Figure C.1 on page 375, indicated with
the number of 2-way symmetric steady-state solutions where
the mode shares of the nonbiased choice alternatives are equal,
p1 = p2 = 1 − p0 − p1 and thus, p1 = (1 − p0 )/2, continued
from Figure C.2 on page 376: (a) five equilibria, 1 with p1 = p2 ,
compare with Regime IV nested logit; (b) three equilibria, 3 with
p1 = p2 , compare with Regime VII nested logit; (c) five equilibria, 3 with p1 = p2 ; (d) five equilibria, 1 with p1 = p2 , compare
with Regime IV nested logit; (e) three equilibria, 1 with p1 = p2 ,
compare with Regime V nested logit; (f) one equilibrium, always
satisfies p1 = p2 , compare with Regime I nested logit.
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(a) Curve A’

(b) Curve B’

(c) Curve C’

Figure C.4: Bifurcation curves in the (β, h)-plane. Compare with Figure C.1
on page 375.

tionary points, we are interested cases when at least one eigenvalue
of the Jacobian has zero real part. Recall that there will exist one zero
eigenvalue if the determinant of the Jacobian is equal to zero. There
will exist a zero real part of a complex eigenvalue if the determinant
is positive and trace is equal to zero.
q
1
1
1
1
det J = 0 : λ1,2 = trJ ±
(trJ)2 − 4 ∗ 0 = trJ ± trJ
2
2
2
2
(C.37)
λ1 = 0, λ2 = trJ
q
p
1
1
detJ > 0, trJ = 0 : λ1,2 = ∗ 0 ±
(0)2 − 4 det J = ±i det J (C.38)
2
2

c.3.1

Elements of the Jacobian matrix

For the system given by (C.14) and (C.15), the four terms in the Jacobian matrix (C.36) are computed directly using the sum rule, the
product rule and the chain rule:
∂g0
= βeβp0 +h − eβp0 +h − eβp1 − eβ(1−p0 −p1 )
∂p0
(C.39)

− βp0 eβp0 +h + βp0 eβ(1−p0 −p1 )
= (β(1 − p0 ) − 1)eβp0 +h − eβp1 + (βp0 − 1)eβ(1−p0 −p1 )

∂g0
= −βp0 eβp1 + βp0 eβ(1−p0 −p1 ) = βp0 (−eβp1 + eβ(1−p0 −p1 ) )
∂p1
(C.40)
∂g1
= −βp1 eβp0 +h + βp1 eβ(1−p0 −p1 )
∂p0
= βp1 (−e

βp0 +h

+e

β(1−p0 −p1 )

(C.41)

)

∂g1
= βeβp1 − eβp0 +h − eβp1 − eβ(1−p0 −p1 )
∂p1
− βp1 eβp1 + βp1 eβ(1−p0 −p1 )
= −eβp0 +h + (β(1 − p1 ) − 1)eβp1 + (βp1 − 1)eβ(1−p0 −p1 )
♦

(C.42)
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c.3.2

Special Solution: p1 = p2

theorem (Solution surface for the solution p1 = p2 of the sociodynamic trinary multinomial logit model with constant bias) Suppose that individual choices in a large sample population are
characterized by the probabilities (C.3), (C.4) and (C.5) where
the only contributions to the systematic utility of choices are
a global field effect with utility parameter β real, finite on the
proportion pi of decision-making agents that have chosen alternative i, and a constant bias h real, finite for choice alternative 0.
The solution surface for the solution of the sociodynamic trinary
multinomial logit model with constant bias (C.6) with p1 = p2
defined on (0, 1/2) where the mode shares of the non-biased
choice alternatives are equal, is characterized by:
h|p1 =p2 = ln

p0
+ β(p1 − p0 )
p1

(C.43)

Proof. Given the special 2-way symmetry at equilibrium between p1
and p2 in (C.8) and (C.9), suppose the following symmetric solution:
p1 = p2 = 1 − p0 − p1

(C.44)

1 − p0 = 2p1 ; p0 = 1 − 2p1

(C.45)

so that:
Considering (C.18) for the case p1 = p2 , we have:
p0 (eβp1 + eβp1 )
2p0 eβp1
2p0 eβp1
=
=
p1 =p2
(1 − p0 )eβp0
(1 − p0 )eβp0
(2p1 )eβp0
p0 eβp1
(1 − 2p1 )eβp1
=
=
βp
p1 e 0
p1 eβ(1−2p1 )
(1 − 2p1 ) β(3p1 −1)
=
e
p1

eh

=

(C.46)

Taking the logarithm of both sides [or equivalently, considering (C.20)
for the case p1 = p2 ], we re-gain the same general result as (C.32):
h|p1 =p2 = ln p0 + ln(eβp1 + eβp1 ) − ln(1 − p0 ) − βp0
= ln p0 + ln 2 + βp1 − ln(1 − p0 ) − βp0
= ln(1 − 2p1 ) + ln 2 + βp1 − ln(2p1 ) − β(1 − 2p1 )

(C.47)

= ln(1 − 2p1 ) + ln 2 − ln(2p1 ) + β(3p1 − 1)
= ln

(1 − 2p1 )
p0
+ β(3p1 − 1) = ln
+ β(p1 − p0 )
p1
p1

Likewise, solving for β we re-gain the same general result as (C.34):
β|p1 =p2 =

h − ln(1 − 2p1 ) − ln 2 + ln(2p1 )
h + ln(p1 /p0 )
=
(C.48)
(3p1 − 1)
(p1 − p0 )

379

380

socio-dynamic trinary logit with constant bias: theory

Note that considering (C.19) for the case p1 = p2 , gives the same
result as (C.46) [and thus also (C.47) and (C.48)], since:
(1 − p1 )eβp1 − p1 eβp1
(1 − 2p1 )eβp1
=
p1 eβp0
p1 eβp0
βp
βp
p0 e 1
2p0 e 1
= 1
=
βp0
(1 − p0 )eβp0
2 (1 − p0 )e
eh =

(C.49)

♦
See Figure C.5 on page 381 and Figure C.6 on page 382.
c.3.3

Stability Analysis: p1 = p2

In this subsection, our goal is to derive an expression for Curve A’ as
shown in panel (a) of Figure C.4 on page 378.
theorem (Bifurcation curve for the solution p1 = p2 of the sociodynamic trinary multinomial logit model with constant bias) Suppose that individual choices in a large sample population are
characterized by the probabilities (C.3), (C.4) and (C.5) where
the only contributions to the systematic utility of choices are
a global field effect with utility parameter β real, finite on the
proportion pi of decision-making agents that have chosen alternative i, and a constant bias h real, finite for choice alternative 0.
The equilibrium solutions with p1 = p2 defined on (0, 1/2) on
the solution surface (C.43) of the sociodynamic trinary multinomial logit model with constant bias (C.6) where the mode
shares of the non-biased choice alternatives are equal, will be
bifurcation points on this surface if values of the parameter β
satisfy:
β=

1
1
=
3p1 (1 − 2p1 )
3p0 p1

(C.50)

Proof. For the special solution p1 = p2 to find values of the parameters
β and h which lead to bifurcations in behavior, that is, change in
number or stability of stationary points, we are interested cases when
the derivative of g0 (or alternatively g1 ) evaluated at a stationary
point is zero.

dg0
d 
=
2p1 eβ(1−2p1 )+h − 2(1 − 2p1 )eβp1
dp1 p1 =p2
dp1
g0 =0


= 2eβ(1−2p1 )+h + (2p1 )(−2βeβ(1−2p1 )+h ) p1 =p2

0=

p1 =p2
g0 =0

g0 =0

βp1

βp1



−2(−2e
+ (1 − 2p1 )βe
) p1 =p2
g0 =0


= 2(1 − 2βp1 )eβ(1−2p1 )+h − 2(−2 + β(1 − 2p1 ))eβp1

p1 =p2
g0 =0

(C.51)
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(a) p0 vs. β

(b) p1 vs. β

h = 0.5 compare with nested logit µL = 2

(c) p0 vs. β

(d) p1 vs. β

h = h∗(approx. ≈ 0.0265) compare with nested logit µL ≈ 1.0397

(e) p0 vs. β

(f) p1 vs. β

h = 0.01 compare with nested logit µL = 1.005
Figure C.5: Bifurcation diagrams for the special solution of the sociodynamic trinary multinomial logit model where the mode shares
of the unbiased alternatives are equal (p1 = p2 ), showing bifurcations at h = h∗ and h = 0 separating regimes without a
hysteresis loop (h > h∗), with a hysteresis loop (h∗ < h 6 0)
and without a hysteresis loop (h < 0).
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(a) p0 vs. β

(b) p1 vs. β

h = 0 (Multinomial logit with no bias)

(c) p0 vs. β

(d) p1 vs. β

h = −0.01

(e) p0 vs. β

(f) p1 vs. β

h = −0.5
Figure C.6: Bifurcation diagrams for the special solution of the sociodynamic trinary multinomial logit model where the mode shares
of the unbiased alternatives are equal (p1 = p2 ), showing bifurcations at h = h∗ and h = 0 separating regimes without a
hysteresis loop (h > h∗), with a hysteresis loop (h∗ < h 6 0)
and without a hysteresis loop (h < 0), continued from Figure
C.5 on page 381.
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Re-arranging terms:
eh

p1 =p2

=

(−2 + β(1 − 2p1 )) β(3p1 −1)
e
(1 − 2βp1 )

(C.52)

Taking the natural logarithm of both sides:
h|p1 =p2 = β(3p1 − 1) + ln(−2 + β(1 − 2p1 )) − ln(1 − 2βp1 )

(C.53)

where the values of p1 are restricted for h real, finite:
p1 6=

β−2
1 1
1
; p1 6=
= −
2β
2β
2 β

(C.54)

Now, setting (C.52) equal to (C.46) we have the condition for which
a bifurcation will occur for the special solution p1 = p2 .
eh =

(−2 + β(1 − 2p1 )) β(3p1 −1) (1 − 2p1 ) β(3p1 −1)
e
=
e
(1 − 2βp1 )
p1

(C.55)

Re-arranging terms and simplifying:
(1 − 2βp1 )(1 − 2p1 ) = p1 (−2 + β(1 − 2p1 ))
1 − 2βp1 − 2p1 + 4βp1 2 = −2p1 + βp1 − 2βp1 2

(C.56)

6βp1 2 − 3βp1 + 1 = 0
Solving for β:
β=

1
1
=
3p1 (1 − 2p1 )
3p0 p1

Or alternatively solving for p1 :
q
p
3β ± (−3β)2 − 4(6β)
3β ± 9β2 − 24β
p1 =
=
2(6β)
12β

(C.57)

(C.58)

Substituting both +/ - branches of (C.58) back into (C.47) we obtain
the bifurcation curve for h in terms of β. See Figure C.7 on page 384.
Note that the null clines plot for F ≡ (C.53) - (C.47) [or alternatively
for F∗ ≡ (C.52) - (C.46)] gives the same graphical result as (C.57) and
(C.58). ♦
Hysteresis regime: maximum value of h∗
lemma (Maximum value of h∗for hysteresis for the solution p1 = p2
of the sociodynamic trinary multinomial logit model with constant bias) The maximum value of bias parameter h for hysteresis for an equilibrium solution with p1 = p2 defined on (0, 1/2)
on the solution surface (C.43) of the sociodynamic trinary multinomial logit model with constant bias (C.6) where the mode
shares of the non-biased choice alternatives are equal, and the
corresponding value of utility parameter β, are given by:

383

384

socio-dynamic trinary logit with constant bias: theory

Figure C.7: Bifurcation cusp in (β, h)-parameter space. Compare with Figure C.1 on page 375.

8
≈ 2.6667
3
2
h = ln 2 − ≈ 0.02648
3
(C.59)
1
p0 =
2
1
p1 = p2 =
4
Proof. To find the value of h∗ separating the regime where the hysteresis loop does not exist as in the top panel of Figure C.5 on page
381 from the regime where the hysteresis loop exists as in the bottom
panel of Figure C.5, we are interested in the value of h for which the
upper curve of p0 versus β and the lower curve of p1 = p2 versus β
will first have a point of infinite sloop for decreasing h as shown in the
mid panel of Figure C.5. This is namely the point where the derivative dg0 /dp1 (or alternatively dg1 /dp1 ) and the derivative dβ/dp1
evaluated at a stationary point are both zero.
From (C.57) we have:


dβ
d
1
1
1 − 4p1
0=
=
=−
p =p
dp1 g01=0 2
dp1 3p1 (1 − 2p1 )
3 p1 2 (1 − 2p1 )2
β=

dg0 /dp1 =0

(C.60)
Thus solving (C.60) for p1 :
p1 =

1
= 0.25
4

(C.61)
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Substituting (C.61) back into (C.57) to determine β:
β=

1
1
8
=
= ≈ 2.6667
3p1 (1 − 2p1 )
3 · (1/4) · (1 − 2 · (1/4))
3

(C.62)

And finally substituting (C.61) and (C.62) back into (C.47) to determine h:
(1 − 2(1/4)) 8
(1 − 2p1 )
+ (3(1/4) − 1)
+ β(3p1 − 1) = ln
p1
(1/4)
3
8
2
= ln 2 − (1/4) = ln 2 − ≈ 0.026481
3
3
(C.63)
♦

h|p1 =p2 = ln

c.3.4

Stability Analysis: p1 = p2 , Continued

In this subsection, our goal is to derive an expression for Curve B’ as
shown in panel (b) of Figure C.4 on page 378.
At the solution (C.44), the four terms in the Jacobian matrix of
g = (g0 , g1 ) simplify to:
∂g0
∂p0

= βeβp0 +h − eβp0 +h − 2eβp1 − βp0 eβp0 +h + βp0 eβp1
p1 =p2
βp0 +h

= βe

− βp0 eβp0 +h − eβp0 +h + βp0 eβp1 − 2eβp1

= (β − βp0 − 1)eβp0 +h + βp0 eβp1 − 2eβp1
= (2βp1 − 1)eβp0 +h + (βp0 − 2)eβp1
(C.64)
∂g0
∂p1
∂g1
∂p0
∂g1
∂p1

= −βp0 eβp1 + βp0 eβp1 = 0

(C.65)

p1 =p2

= −βp1 eβp0 +h + βp1 eβp1 = βp1 (eβp1 − eβp0 +h ) (C.66)
p1 =p2

= βeβp1 − eβp0 +h − eβp1 − eβp1 − βp1 eβp1 + βp1 eβp1
p1 =p2
βp1

= βe

− 2eβp1 − eβp0 +h = (β − 2)eβp1 − eβp0 +h
(C.67)

To determine bifurcations in behavior, let us first consider (C.37)
for the special solution p1 = p2 ,
∂g0 ∂g1 ∂g0 ∂g1
−
=
∂p0 ∂p1 ∂p1 ∂p0


= (2βp1 − 1)eβp0 +h + (βp0 − 2)eβp1 (β − 2)eβp1 − eβp0 +h − 0
(C.68)
Since ∂g0 /∂p1 = 0 for the special solution p1 = p2 , we thus must
have either ∂g0 /∂p0 = 0 or ∂g1 /∂p1 = 0 for the determinant to be
zero.
0 = det J =
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Case I. Suppose ∂g0 /∂p0 = 0
0 = (2βp1 − 1)eβp0 +h + (βp0 − 2)eβp1

(C.69)

Solving (C.69) for h:
eh = −
=e

(βp0 − 2)eβp1
(β(1 − 2p1 ) − 2)eβp1
=
−
−2p1 )
(2βp1 − 1)eβp0
(2βp1 − 1)eβ(1

β(3p1 −1)

(β − 2βp1 − 2)
·
(1 − 2βp1 )

(C.70)

Taking the natural logarithm of both sides:
h = β(3p1 − 1) + ln(β − 2βp1 − 2) − ln(1 − 2βp1 )

(C.71)

Or alternatively, to see the symmetry-breaking in terms of p0 and p1 :
h = β(p1 − p0 ) + ln(βp0 − 2) − ln(1 − 2βp1 )

(C.72)

Comparing the condition (C.46) for solution g = 0 for the case
p1 = p2 , and the condition (C.70) for det J = 0 for the case p1 = p2 ,
we have:
2p0 eβp1
(βp0 − 2)eβp1
eh =
=
−
(C.73)
(1 − p0 )eβp0
(2βp1 − 1)eβp0
Re-arranging terms:
2p0 (1 − 2βp1 ) = (βp0 − 2)(1 − p0 )
2p0 − 4βp0 p1 = βp0 − 2 − βp0 2 + 2p0
−4βp0 p1 = βp0 (1 − p0 ) − 2

(C.74)

−4βp0 p1 = 2βp0 p1 − 2
1 = 3βp0 p1
Solving for β:
β=

1
3p0 p1

=

1
3p1 (1 − 2p1 )

(C.75)

Or alternatively, re-writing (C.74)
0 = 1 − 3βp0 p1 = 1 − 3βp1 (1 − 2p1 ) = 6βp1 2 − 3βp1 + 1

(C.76)

Solving for p1 :
q
3β ± (−3β)2 − 4(6β)
p1+,1− =

2(6β)

=

3β ±

p
9β2 − 24β
12β

(C.77)

Note that the null clines plot for F ≡ (C.46) - (C.70) [or alternatively
for F∗ ≡ (C.47) - (C.71)] gives the same result as (C.75) and (C.77).
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Case II. Suppose ∂g1 /∂p1 = 0
theorem (Bifurcation curve for the solution p1 = p2 of the sociodynamic trinary multinomial logit model with constant, continued) Suppose that individual choices in a large sample population are characterized by the probabilities (C.3), (C.4) and (C.5)
where the only contributions to the systematic utility of choices
are a global field effect with utility parameter β real, finite on
the proportion pi of decision-making agents that have chosen
alternative i, and a constant bias h real, finite for choice alternative 0. The equilibrium solutions with p1 = p2 defined on
(0, 1/2) of the sociodynamic trinary multinomial logit model
with constant bias (C.6) where the mode shares of the nonbiased choice alternatives are equal, will be bifurcation points
for which at least one zero eigenvalue occurs and for which
emerging solutions upon bifurcation are asymmetric in the
mode shares p1 6= p2 , if values of the parameter β satisfy:
p1 =

1
β

(C.78)

Proof. Suppose ∂g1 /∂p1 = 0 at the special solution p1 = p2 :
(β − 2)eβp1 − eβp0 +h = 0

(C.79)

(β − 2)eβp1
= eβ(p1 −p0 ) (β − 2) = eβ(3p1 −1) (β − 2)
eβp0

(C.80)

Solving (C.79) for h:
eh =

Taking the natural logarithm of both sides:
h = β(3p1 − 1) + ln(β − 2)

(C.81)

Or alternatively, to see the symmetry-breaking in terms of p0 and p1 :
h = β(p1 − p0 ) + ln(β − 2)

(C.82)

Comparing the condition (C.46) for solution g = 0 for the case
p1 = p2 , and the condition (C.80) for det J = 0 for the case p1 = p2 ,
we have:
p0 eβp1
(β − 2)eβp1
eh =
=
(C.83)
p1 eβp0
eβp0
Re-arranging terms:

p0
= (β − 2)
p1

(C.84)

Solving for β:
β=

p0
1 − 2p1
1 − 2p1 + 2p1
1
+2 =
+2 =
=
p1
p1
p1
p1

(C.85)
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Solving for p1 :
p1 =

1
β

(C.86)

Substituting (C.86) back into (C.47), we obtain h in terms of β:
(1 − 2p1 )
1
+ β(3p1 − 1) = ln(
− 2) + 3βp1 − β
p1
p1
= ln(β − 2) + 3 − β

h = ln

(C.87)

Alternatively, we can also solve (C.81) directly for p1 :
p1 =

h + β − ln(β − 2)
3β

(C.88)

Considering (C.16) for the case p1 = p2 , we have:
0 = g0 |p1 =p2 = (1 − p0 )eβp0 +h − p0 (eβp1 + eβp2 )
= 2p1 eβp0 +h − 2p0 eβp1

= 2 p1 eβp0 +h − (1 − 2p1 )eβp1


= 2 p1 eβ(1−2p1 )+h − eβp1 + 2p1 eβp1

= 2 p1 (eβ+h e−2βp1 + 2eβp1 ) − eβp1

(C.89)

Multiplying (C.89) through by exp(−βp1 /2):
0 = p1 (eβ+h e−3βp1 + 2) − 1
Substituting (C.88) into (C.90) for the case p1 = p2 , we have:



eβ+h
h + β − ln(β − 2)
+2 −1
0=
3β
eh+β−ln(β−2)


  β+h
h + β − ln(β − 2)
e
ln(β−2)
=
·e
+2 −1
3β
eh+β
1
= (h + β − ln(β − 2)) − 1
3

(C.90)

(C.91)

Solving for hin terms of β yields the same result as (C.87):
h = 3 − β + ln(β − 2)

(C.92)

We thus obtain the bifurcation curve for h in terms of β. See Figure
C.8 on page 389.
Note that considering (C.17) for the case p1 = p2 , we regain the
same result as (C.92) since:
0 = g1 |p1 =p2 = (1 − p1 )eβp1 − p1 (eβp0 +h + eβp2 )
= (1 − 2p1 )eβp1 − p1 eβp0 +h

1
1
= − · 2 p1 eβp0 +h − (1 − 2p1 )eβp1 = − ·g0 |p1 =p2
2
2
♦

(C.93)
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Figure C.8: Bifurcation curve in (β, h)-parameter space satisfying
∂g1 /∂p1 = 0. Compare with Figure C.1 on page 375.

Case III. Suppose tr J = 0 and det J > 0
lemma (No bifurcation points of the sociodynamic trinary multinomial logit model with constant bias and with p1 = p2 having
purely imaginary eigenvalues) Suppose that individual choices
in a large sample population are characterized by the probabilities (C.3), (C.4) and (C.5) where the only contributions to
the systematic utility of choices are a global field effect with
utility parameter β real, finite on the proportion pi of decisionmaking agents that have chosen alternative i, and and a constant bias h real, finite for choice alternative 0. The equilibrium
solutions with p1 = p2 defined on (0, 1/2) of the sociodynamic
trinary multinomial logit model with constant bias (C.6) where
the mode shares of the non-biased choice alternatives are equal,
exhibit no bifurcation points with purely imaginary eigenvalues.
Proof. Let us consider (C.38) for the special solution p1 = p2 ,
∂g0 ∂g1
+
∂p0 ∂p1


= (2βp1 − 1)eβp0 +h + (βp0 − 2)eβp1 + (β − 2)eβp1 − eβp0 +h

0 = trJ =

= 2(βp1 − 1)eβp0 +h + (βp0 − β − 4)eβp1
= 2(βp1 − 1)eβp0 +h + (β(p0 − 1) − 4)eβp1
= 2(βp1 − 1)eβ(1−2p1 )+h + 2(βp1 − 2)eβp1
(C.94)
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In order for there to exist a zero real part of a complex eigenvalue,
we also require that the determinant of the Jacobian is strictly positive. However since ∂g0 /∂p1 = 0 for the case p1 = p2 , we have the
simplification:
∂g0 ∂g1 ∂g0 ∂g1
−
∂p0 ∂p1 ∂p1 ∂p0


= (2βp1 − 1)eβp0 +h + (βp0 − 2)eβp1 (β − 2)eβp1 − eβp0 +h
(C.95)
Without further computation, we thus can conclude already immediately that there can exist no purely imaginary eigenvalues, since
(C.94) and (C.95) cannot be simultaneously satisfied. The requirement
(C.94) that the trace is zero implies that ∂g0 /∂p0 and ∂g1 /∂p1 must
both be zero or have opposite signs, but the requirement (C.95) that
the determinant is strictly positive implies that ∂g0 /∂p0 and ∂g1 /∂p1
must be non-zero and have the same signs.♦
0 < det J =

c.3.5

General Stability Analysis

In this subsection, our goal is to derive an expression for Curve C’ as
shown in panel (c) of Figure C.4 on page 378.
To do this, we want to find possible values of the parameters β
and h real, finite such that general solutions to the system of equations (C.14) and (C.15) are bifurcation points. From (C.37), we know
that there will exist at least one zero eigenvalue if the determinant of
the Jacobian is equal to zero. This leads us to the following theorem
which we prove in this subsection.
theorem (General characterization of β and h at bifurcation points
of the sociodynamic trinary multinonmial logit model with constant bias for which at least one zero eigenvalue occurs) Suppose that individual choices in a large sample population are
characterized by the probabilities (C.3), (C.4) and (C.5) where
the only contributions to the systematic utility of choices are
a global field effect with utility parameter β real, finite on the
proportion pi of decision-making agents that have chosen alternative i, and a constant bias h real, finite for choice alternative 0.
The equilibrium solutions p0 , p1 , p2 defined on [0, 1] of the sociodynamic trinary multinomial logit model with constant bias
(C.6) will be candidates for bifurcation points for which at least
one zero eigenvalue occurs, if values of the parameter β satisfy:
0 = 3p0 p1 p2 β2 − 2(p0 p1 + p0 p2 + p1 p2 )β + 1

(C.96)
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Proof. Let us consider case (C.37)
0 = det J =

∂g0 ∂g1 ∂g0 ∂g1
−
=
∂p0 ∂p1 ∂p1 ∂p0

(βeβp0 +h − eβp0 +h − eβp1 − eβ(1−p0 −p1 ) − βp0 eβp0 +h + βp0 eβ(1−p0 −p1 ) )
• (βeβp1 − eβp0 +h − eβp1 − eβ(1−p0 −p1 ) − βp1 eβp1 + βp1 eβ(1−p0 −p1 ) )
− (−βp0 eβp1 + βp0 eβ(1−p0 −p1 ) ) • (−βp1 eβp0 +h + βp1 eβ(1−p0 −p1 ) )
= [−eβp0 +h − eβp1 − eβ(1−p0 −p1 ) + β(eβp0 +h − p0 eβp0 +h ) + βp0 eβ(1−p0 −p1 ) ]
• [ − eβp0 +h − eβp1 − eβ(1−p0 −p1 ) + β(eβp1 − p1 eβp1 ) + βp1 eβ(1−p0 −p1 ) ]
− (−βp0 eβp1 + βp0 eβ(1−p0 −p1 ) ) • (−βp1 eβp0 +h + βp1 eβ(1−p0 −p1 ) )
(C.97)
Substituting (C.14) and (C.15) into (C.97)
0 = (−eβp0 +h − eβp1 − eβ(1−p0 −p1 ) + βp0 eβp1 + 2βp0 eβ(1−p0 −p1 ) )
• ( − eβp0 +h − eβp1 − eβ(1−p0 −p1 ) + βp1 eβp0 +h + 2βp1 eβ(1−p0 −p1 ) )
− (−βp0 eβp1 + βp0 eβ(1−p0 −p1 ) ) • (−βp1 eβp0 +h + βp1 eβ(1−p0 −p1 ) )
(C.98)
Re-grouping terms:
0 = (eβp0 +h + eβp1 + eβ(1−p0 −p1 ) ) • (eβp0 +h + eβp1 + eβ(1−p0 −p1 ) )
− (eβp0 +h + eβp1 + eβ(1−p0 −p1 ) ) • (βp0 eβp1 + 2βp0 eβ(1−p0 −p1 ) )
− (eβp0 +h + eβp1 + eβ(1−p0 −p1 ) ) • (βp1 eβp0 +h + 2βp1 eβ(1−p0 −p1 ) )
+ (βp0 eβp1 + 2βp0 eβ(1−p0 −p1 ) ) • (βp1 eβp0 +h + 2βp1 eβ(1−p0 −p1 ) )
− (−βp0 eβp1 + βp0 eβ(1−p0 −p1 ) ) • (−βp1 eβp0 +h + βp1 eβ(1−p0 −p1 ) )
(C.99)
Dividing through by the first term, which is always positive for β real,
finite:
0 = 1−
+

β(p0 eβp1 + 2p0 eβ(1−p0 −p1 ) + p1 eβp0 +h + 2p1 eβ(1−p0 −p1 ) )
(eβp0 +h + eβp1 + eβ(1−p0 −p1 ) )

β(p0 eβp1 + 2p0 eβ(1−p0 −p1 ) )
β(p1 eβp0 +h + 2p1 eβ(1−p0 −p1 ) )
•
(eβp0 +h + eβp1 + eβ(1−p0 −p1 ) ) (eβp0 +h + eβp1 + eβ(1−p0 −p1 ) )

β(p1 eβp0 +h − p1 eβ(1−p0 −p1 ) )
β(p0 eβp1 − p0 eβ(1−p0 −p1 ) )
•
(eβp0 +h + eβp1 + eβ(1−p0 −p1 ) ) (eβp0 +h + eβp1 + eβ(1−p0 −p1 ) )
(C.100)
Substituting (C.7), (C.8), (C.9) and (C.11) into (C.100), we re-gain the
same result as the multinomial logit case:
−

0 = 1 − β[p0 p1 + 2p0 (1 − p0 − p1 ) + p1 p0 + 2p1 (1 − p0 − p1 )]
+ β[p0 p1 + 2p0 (1 − p0 − p1 )] • β[p1 p0 + 2p1 (1 − p0 − p1 )]
− β[p0 p1 − p0 (1 − p0 − p1 )] • β[p1 p0 − p1 (1 − p0 − p1 )]
(C.101)
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Multiplying out and re-grouping terms, we similarly re-gain the same
result as the multinomial logit case:
0 = 1 − 2β[p0 p1 + p0 (1 − p0 − p1 ) + p1 (1 − p0 − p1 )]
+ 3β2 p0 p1 (1 − p0 − p1 )

(C.102)

Thus, substituting (C.11) and re-arranging terms:
0 = 3p0 p1 p2 β2 − 2(p0 p1 + p0 p2 + p1 p2 )β + 1

(C.103)

Solving for β using the quadratic formula:
q
(p0 p1 + p0 p2 + p1 p2 ) ± (p0 p1 + p0 p2 + p1 p2 )2 − 3p0 p1 p2
β=
3p0 p1 p2
(C.104)
♦
For all thoroughness, given the special 2-way symmetry in the system (C.7), (C.8), (C.9), let us first re-consider the symmetric solution:
p1 = p2

(C.105)

p0 = 1 − 2p1

(C.106)

Thus, by (C.10)
Substituting (C.105) and (C.106) into (C.104):
q
2
(2p1 (1 − 2p1 ) + p1 2 ) ± (2p1 (1 − 2p1 ) + p1 2 ) − 3p1 2 (1 − 2p1 )
β=
3p1 2 (1 − 2p1 )
q
2
2p1 − 3p1 2 ± (2p1 − 3p1 2 ) − 3p1 2 + 6p1 3
=
3p1 2 (1 − 2p1 )
p
2p1 − 3p1 2 ± 4p1 2 − 12p1 3 + 9p1 4 − 3p1 2 + 6p1 3
=
3p1 2 (1 − 2p1 )
q
p
2
(1 − 3p1 )2
2
−
3p
±
1
2 − 3p1 ± 1 − 6p1 + 9p1
=
=
3p1 (1 − 2p1 )
3p1 (1 − 2p1 )
2 − 3p1 ± (1 − 3p1 )
=
3p1 (1 − 2p1 )
(C.107)
For the case β– with a minus sign in (C.104), we re-gain the same
result as (C.75)
β− =

2 − 3p1 − (1 − 3p1 )
1
1
=
=
3p1 (1 − 2p1 )
3p1 (1 − 2p1 )
3p0 p1

(C.108)

Substituting (C.108) into (C.89) for the case p1 = p2 , we have:
0 = g0 |p1 =p2 = 2p1 eβp0 +h − 2p0 eβp1
1

= 2p1 e 3p0 p1
= 2p1 e

p0 +h

1
3p1 +h

1

− 2p0 e 3p0 p1
− 2p0 e

1
3p0

p1

(C.109)

C.3 stability analysis

Re-arranging terms:
1

1

p1 e 3p1 eh = p0 e 3p0
p0 3p1 − 3p1
p0 p3p1 −pp 0
1 =
eh =
e 0
e 0 1
p1
p1

(C.110)

Taking the logarithm of both sides, we re-gain (C.47) with β– given
by (C.108):
p0
1
h = ln
+
(p1 − p0 )
(C.111)
p1 3p0 p1
For the case β+ with a plus sign in (C.104), we re-gain the same
result as (C.86)
2 − 3p1 + (1 − 3p1 )
3 − 6p1
1 − 2p1
1
=
=
=
3p1 (1 − 2p1 )
3p1 (1 − 2p1 )
p1 (1 − 2p1 )
p1
(C.112)
Substituting (C.112) into (C.89) for the case p1 = p2 , we have:
β+ =

0 = g0 |p1 =p2 = 2p1 eβp0 +h − 2p0 eβp1
1

= 2p1 e p1

p0 +h

1

− 2p0 e p1

p1

p0
+h

= 2p1 e p1

(C.113)
− 2p0 e

Re-arranging terms:
p0

p1 e p1 eh = p0 e
p0 1− pp0
p0 p1p−p0
1 =
eh =
e
e 1
p1
p1

(C.114)

Taking the logarithm of both sides, we re-gain (C.47) for h with β+
given by (C.112):
p0
1
h = ln
+
(p1 − p0 )
(C.115)
p1 p1
We can also use (C.102) to write a general expression for p0 in
terms of p1 and β. Multiplying out and re-grouping terms in orders
of p0 , we have:
0 = 1 − 2β[p0 p1 + p0 (1 − p0 − p1 ) + p1 (1 − p0 − p1 )]
+ 3β2 p0 p1 (1 − p0 − p1 )
= 1 − 2β(p0 p1 + p0 − p0 2 − p0 p1 + p1 − p0 p1 − p1 2 )
+ 3β2 (p0 p1 − p0 2 p1 − p0 p1 2 )
= 1 − 2β(−p0 2 + p0 − p0 p1 + p1 − p1 2 )
+ 3β2 (−p0 2 p1 + p0 p1 − p0 p1 2 )
= 1 + 2βp0 2 − 2β(p0 − p0 p1 ) − 2β(p1 − p1 2 )
− 3β2 p0 2 p1 + 3β2 (p0 p1 − p0 p1 2 )
= (2 − 3βp1 )βp0 2 − 2β(1 − p1 )p0 + 3β2 p1 (1 − p1 )p0
+ 1 − 2β(p1 − p1 2 )
= (2 − 3βp1 )βp0 2 − (2 − 3βp1 )(1 − p1 )βp0 + 1 − 2βp1 (1 − p1 )
(C.116)
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For computational convenience define:
a ≡ (2 − 3βp1 )β
b ≡ −(2 − 3βp1 )(1 − p1 )β

(C.117)

c ≡ 1 − 2βp1 (1 − p1 )
Solving for p0 using the quadratic formula:
√
−b ± b2 − 4ac
p0+,0− =
2a

(C.118)

Now, to verify whether or not (C.105) is the only solution when
(C.37) holds, we substitute (C.104) back into (C.14) and (C.15) and
solve graphically, plotting the null clines of the surfaces g0 and g1 on
a graph and finding their intersection for a sweep of the parameter h.
See Figures C.9 throughC.12 on pages 395-398. .
Alternatively, we can substitute (C.34) and (C.35) into the general
equation for the determinant (C.23) and into one of either (C.14) or
(C.15) for sweep of the parameter h. The intersection of the null cline
solutions of the system with the conditions for bifurcation give the
bifurcation points. See Figure C.13 on page 399. See Figure C.14 on
page 400 and Figure C.15 on page 401.
It is evident from Figures C.9 through C.12 on pages 395-398, Figure C.13 on page 399 and Figures C.14 and C.15 on pages 400-401
that the bifurcation points traverse all valid values of the line p1 = p2
, that is, p1 = (1 − p0 )/2 over all β and all h. We can obtain the trajectory of the bifurcation points in the (p0 ,p1 )-plane over all β and all h
with p1 6= p2 , from the null clines plot of (C.26) - (C.104).
Substituting the values of p1 and p2 in the green trajectory in Figure C.16 back into (C.27) we obtain the bifurcation curve for h in
terms of β for p1 6= p2 . See Figure C.17 on page 402.♦
c.4

gradient system

theorem (The sociodynamic trinary multinomial logit model with
constant bias as a gradient system) Suppose that individual
choices in a large sample population are characterized by the
probabilities (C.3), (C.4) and (C.5) where the only contributions
to the systematic utility of choices are a global field effect with
utility parameter β real, finite on the proportion pi of decisionmaking agents that have chosen alternative i, and a constant
bias h real, finite for choice alternative 0. The qualitative stability
of hyperbolic equilibrium solutions p0 , p1 , p2 defined on [0, 1]
of the sociodynamic trinary multinomial logit model with constant bias (C.6) can be determined from the isolated maxima,
isolated minima and saddles of the function G given by:

C.4 gradient system

(a) β–

(b) β+

h = 10 Regime I → Regime V → Regime III

(c) β–

(d) β+

h = 1.5 Regime I → Regime V → Regime III

(e) β–

(f) β+

h = 0.5 Regime I → Regime V → Regime III
Figure C.9: Null clines solution of system for parameter values of β– and β+
showing bifurcations, for selected values of h > 0 with different
bifurcation regime sequences over β. Compare with Figure 4.1
on page 45.
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(a) β–

(b) β+

h ≈ 0.02648 Regime I → [Bifurcation Point] → Regime I → Regime V
→ Regime III

(c) β–

(d) β+

h = 0.02 Regime I → Regime IV → Regime I → Regime V → Regime
III

(e) β–

(f) β+

h = 0.01Regime I → Regime IV → Regime II → Regime V → Regime
III
Figure C.10: Null clines solution of system for parameter values of β– and
β+ showing bifurcations, for selected values of h > 0 with
different bifurcation regime sequences over β. Compare with
Figure 4.1 on page 45.

C.4 gradient system

(a) β–

(b) β+

h = −0.01 Regime I → Regime VI → Regime II → Regime VII →
Regime III

(c) β–

(d) β+

h = −0.05 Regime I → Regime VI → Regime VIII→ Regime VII →
Regime III

(e) β–

(f) β+

h ≈ −0.13104 Regime I → [Bifurcation Point] → Regime VIII →
Regime VII → Regime III
Figure C.11: Null clines solution of system for parameter values of β– and
β+ showing bifurcations, for selected values of h > 0 with
different bifurcation regime sequences over β. Compare with
Figure 4.1 on page 45.
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(a) β–

(b) β+

h = −0.5 Regime I → Regime VIII → Regime VII → Regime III

(c) β–

(d) β+

h = −1.5 Regime I → Regime VIII → Regime VII → Regime III

(e) β–

(f) β+

h = −10 Regime I → Regime VIII → Regime VII → Regime III
Figure C.12: Null clines solution of system for parameter values of β– and
β+ showing bifurcations, for selected values of h > 0 with
different bifurcation regime sequences over β. Compare with
Figure 4.1 on page 45.

C.4 gradient system

(a) h = 0 (no bias)

Figure C.13: Solution trajectory over β and null clines for det J for the sociodynamic trinary multinomial logit model with h = 0, yielding
bifurcation in parameter β. The blue curves are the solution
trajectories over β. The red and pink curves are the null clines
for the determinant of the Jacobian. The intersection shows
three 2-way symmetrical bifurcation points for β ≈ 2.7456 (ie.
p0 = 0.2076, p1 = 0.2076; p0 = 0.2076, p1 = 0.5848; p0 = 0.5848,
p1 = 0.2076), one 3-way symmetrical bifurcation point for
β = 3 (ie. p0 = p1 = p2 = 1/3), and three 2-way symmetrical bifurcation points in the limit β → ∞ (ie. p0 = 0, p1 = 0;
p0 = 0, p1 = 1; p0 = 1, p1 = 0). Compare with Figure 4.1
on page 45: Regime I → [Bifurcation Point] → Regime II →
[Bifurcation Point] → Regime III
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(a) h = 10

(b) h = 1.5

(c) h = 0.5

(d) h ≈ 0.02648

(e) h = 0.02

(f) h = 0.01

Figure C.14: Example solution trajectory β and null clines for det J , yielding
bifurcation in parameter β, over a sweep of parameter h > 0.
The blue curves are the solution trajectories over β. The red
and pink curves are the null clines for the determinant of the
Jacobian. Compare with panels with corresponding h in Figure
C.9 on page 395 and Figure C.10 on page 396: (a) Regime I →
Regime V → Regime III; (b) Regime I → Regime V → Regime
III; (c) Regime I → Regime V → Regime III; (d) Regime I →
[Bifurcation Point] → Regime I → Regime V → Regime III; (e)
Regime I → Regime IV → Regime I → Regime V → Regime III;
(f) Regime I → Regime IV → Regime II → Regime V → Regime
III

C.4 gradient system

(a) h = −0.01

(b) h = −0.05

(c) h ≈ −0.13104

(d) h = −0.5

(e) h = −1.5

(f) h = −10

Figure C.15: Example solution trajectory β and null clines for det J , yielding
bifurcation in parameter β, over a sweep of parameter h < 0.
The blue curves are the solution trajectories over β. The red
and pink curves are the null clines for the determinant of the
Jacobian. Compare with panels with corresponding h in Figure C.11 on page 397 and Figure C.12 on page 398: (a) Regime
I → Regime VI → Regime II → Regime VII → Regime III;
(b) Regime I → Regime VI → Regime VIII → Regime VII →
Regime III; (c) Regime I → [Bifurcation Point] → Regime VIII
→ Regime VII → Regime III; (d) Regime I → Regime VIII
→ Regime VII → Regime III; (e) Regime I → Regime VIII
→ Regime VII → Regime III; (f) Regime I → Regime VIII →
Regime VII → Regime III
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Figure C.16: Bifurcation trajectory in the (p0 ,p1 )-plane over all β and all h

Figure C.17: Bifurcation curve in the (β, h)-plane satisfying det J = 0 for
p1 6= p2 . Compare with Figure C.1 on page 375.

C.4 gradient system

β
(p0 2 + p1 2 + p2 2 ) − hp0 + C0
2
(C.119)
Proof. Since we are primarily interested in qualitative behavior, for
computational convenience we derive an alternative system of equations using (C.30)and (C.31). Re-arranging terms and substituting in
(C.11) at equilibrium:
G = p0 ln p0 + p1 ln p1 + p2 ln p2 −

0 = ğ1 ≡ − ln p1 + ln p0 + β(p1 − p0 ) − h
= − ln p1 + ln(1 − p1 − p2 ) + β(p1 − (1 − p1 − p2 )) − h
0 = ğ2 ≡ − ln p2 + ln p0 + β(p2 − p0 ) − h
= − ln p2 + ln(1 − p1 − p2 ) + β(p2 − (1 − p1 − p2 )) − h

(C.120)

(C.121)

Try to find potential function G by integrating ğ1 with respect to p1
and integrating ğ2 with respect to p2 , then comparing terms.
Z
Z
ğ1 dp1 = (− ln p1 + ln(1 − p1 − p2 ) + β(p1 − (1 − p1 − p2 )) − h)dp1
Z
Z
= − ln p1 dp1 + ln(1 − p1 − p2 )dp1
Z
Z
+ β p1 − (1 − p1 − p2 )dp1 − h dp1
= − (p1 ln p1 − p1 ) − (1 − p1 − p2 ) ln(1 − p1 − p2 ) + (1 − p1 − p2 )
p1 2
p1 2
− p1 +
+ p1 p2 ) − hp1
2
2
= −p1 ln p1 − (1 − p1 − p2 ) ln(1 − p1 − p2 )
β
β
β
+ p1 2 + (1 − 2p1 + p1 2 + 2p1 p2 ) − hp1 + (1 − p2 − )
2
2
2
= −p1 ln p1 − (1 − p1 − p2 ) ln(1 − p1 − p2 )
β
β
+ p1 2 + (1 − 2p1 + p1 2 + 2p1 p2 ) − hp1 + C1
2
2
+ β(

(C.122)

Likewise
Z
Z
ğ2 dp2 = (− ln p2 + ln(1 − p1 − p2 ) + β(p2 − (1 − p1 − p2 )) − h)dp1
= −p2 ln p2 − (1 − p1 − p2 ) ln(1 − p1 − p2 ) +
+

β 2
p2
2

β
(1 − 2p2 + p2 2 + 2p1 p2 ) − hp2 + C2
2

(C.123)

In order to satisfy
ğ1 = −
we must have

Z

∂G
∂G
, ğ2 = −
∂p1
∂p2

(C.124)

Z

G = − ğ1 dp1 = − ğ2 dp2

(C.125)

Without loss of generality, the terms in (C.123) that appear exclusively in terms of p2 can be absorbed into the additive constant term
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in (C.122). Likewise, the terms in (C.122) that appear exclusively in
terms of p1 can be absorbed into the additive constant term in (C.123).
Furthermore, the only mixed terms that contain both p1 and p2 appear in both in (C.122) and (C.123). Thus we can write:
G = −(−p1 ln p1 − p2 ln p2 − (1 − p1 − p2 ) ln(1 − p1 − p2 )
β
β
β
+ p1 2 + p2 2 + (1 − 2p1 + p1 2 − 2p2 + p2 2 + 2p1 p2 )
2
2
2
(C.126)
− hp1 − hp2 ) + C̃
= p1 ln p1 + p2 ln p2 + (1 − p1 − p2 ) ln(1 − p1 − p2 )
β
− (p1 2 + p2 2 + (1 − p1 − p2 )2 ) + h(p1 + p2 ) + C̃
2
Or, substituting (C.11) to see the symmetry-breaking in p0 versus p1
and p2 more immediately:
G = p0 ln p0 + p1 ln p1 + p2 ln p2 −

β
(p0 2 + p1 2 + p2 2 )
2

+ h(p1 + p2 ) + C̃
β
(p0 2 + p1 2 + p2 2 ) + h(1 − p0 ) + C̃
2
β
= p0 ln p0 + p1 ln p1 + p2 ln p2 − (p0 2 + p1 2 + p2 2 ) − hp0 + C0
2
(C.127)
See Figure C.18 on page 405 and Figure C.19 on page 406. ♦
= p0 ln p0 + p1 ln p1 + p2 ln p2 −

c.5
c.5.1

bringing it all together
Analytical Bifurcation Curves

See Figure C.20 on page 408.
c.5.2

Solution Trajectories

See Figure C.21 on page 409.
c.5.3

General Bifurcation Diagrams

See Figure C.23 on page 411.
See Figure C.26 on page 414

C.5 bringing it all together

(a) h = −0.5; β = 1.5: Regime I–

(b) h = 0.5; β = 1.5: Regime I+

(c) h = −0.01; β = 2.8: Regime II–

(d) h = 0.01; β = 2.77: Regime II+

(e) h = −0.5; β = 6: Regime III–

(f) h = 0.5; β = 6: Regime III+

Figure C.18: Example potential functions for the sociodynamic trinary multinomial logit model with constant bias in each of the regimes
in parameter space shown in Figure C.1 on page 375. Compare
with the null clines solution of the system in Figure C.2 on page
376: (a) 1 stable node (p1 = p2 ); (b) 1 stable node (p1 = p2 ); (c)
4 stable nodes (2 with p1 = p2 , 2 with p1 6= p2 ), 3 saddle
points (1 with p1 = p2 , 2 with p1 6= p2 ); (d) 4 stable nodes (2
with p1 = p2 , 2 with p1 6= p2 ), 3 saddle points (1 with p1 = p2 ,
2 with p1 6= p2 ); (e) 3 stable nodes (1 with p1 = p2 , 2 with
p1 6= p2 ), 3 saddle points (1 with p1 = p2 , 2 with p1 6= p2 ),
1 unstable node (1 with p1 = p2 ); (f) 3 stable nodes (1 with
p1 = p2 , 2 with p1 6= p2 ), 3 saddle points (1 with p1 = p2 , 2
with p1 6= p2 ), 1 unstable node (1 with p1 = p2 )
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(a) h = −0.01; β = 2.75: Regime VI

(b) h = 0.01; β = 2.75: Regime IV

(c) h = −0.5; β = 4: Regime VII

(d) h = 0.5; β = 4: Regime V

(e) h = −0.5; β = 3: Regime VIII

(f) h = 0.5; β = 3: Regime I+

Figure C.19: Example potential functions for the sociodynamic trinary multinomial logit model with constant bias in each of the regimes in
parameter space shown in Figure C.1 on page 375. Compare
with the null clines solution of the system in Figure C.3 on
page 377: (a) 3 stable nodes (1 with p1 = p2 , 2 with p1 6= p2 ),
2 saddle points (p1 6= p2 ); (b) 2 stable nodes (p1 = p2 ), 1 saddle point (p1 = p2 ); (c) 3 stable nodes (1 with p1 = p2 , 2 with
p1 6= p2 ), 2 saddle points (p1 = p2 ); (d) 3 stable nodes (1 with
p1 = p2 , 2 with p1 6= p2 ), 2 saddle points (p1 6= p2 ); (e) 2 stable
nodes (p1 6= p2 ), 1 saddle point (p1 = p2 ); (f) 1 stable node
(p1 = p2 ).

C.5 bringing it all together

asn

asn

sp

sp

un

total

p1 = p2

p1 6= p2

p1 = p2

p1 6= p2

p1 = p2

I

1

–

–

–

–

1

II

2

2

1

2

–

7

III

1

2

1

2

1

7

IV

2

–

1

–

–

3

V

1

2

–

2

–

5

VI

1

2

–

2

–

5

VII

1

2

2

–

–

5

VIII

–

2

1

–

–

3

Table C.1: Characterization of the number of solutions of the sociodynamic
trinary multinomial logit model with constant bias in different
regimes (ASN: Asymptotically stable node; SP: Saddle point; UN:
Unstable node)
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Detail:

blue curve p1 = p2 :

∂g0
∂p0

orange curve p1 = p2 :
green curve p1 6= p2 :

=0
∂g1
∂p1

∂g0
∂p0

·

=0
∂g1
∂p1

−

∂g0
∂p1

·

∂g1
∂p0

=0

Figure C.20: Analytically-derived bifurcation curves in the (β, h)-plane
showing major regimes. Compare with Figure C.1 on page 375

C.5 bringing it all together

(a) h = 10

(b) h = 1.5

(c) h = 0.05

(d) h ≈ 0.02648

(e) h = 0.02

(f) h = 0.01

Figure C.21: Solution trajectories in the (p0 ,p1 )-plane over all β for selected
values of the constant bias h for choice alternative 0: (a) Regime
I → Regime V → Regime III; (b) Regime I → Regime V →
Regime III; (c) Regime I → Regime V → Regime III; (d) Regime
I → [Bifurcation Point] → Regime I → Regime V → Regime III;
(e) Regime I → Regime IV → Regime I → Regime V → Regime
III; (f) Regime I → Regime IV → Regime II → Regime V →
Regime III
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(a) h = 0 (no bias)

(b) h = −0.01

(c) h = −0.05

(d) h ≈ −0.13104

(e) h = −0.5

(f) h = −10

Figure C.22: Solution trajectories in the (p0 ,p1 )-plane over all β for selected
values of the constant bias h for choice alternative 0, continued
from Figure C.21 on page 409: (a) Regime I → Regime II →
[Bifurcation Point] → Regime III; (b) Regime I → Regime VI →
Regime II → Regime VII → Regime III; (c) Regime I → Regime
VI → Regime VIII → Regime VII → Regime III; (d) Regime I
→ [Bifurcation Point] → Regime VIII → Regime VII → Regime
III; (e) Regime I → Regime VIII → Regime VII → Regime III; (f)
Regime I → Regime VIII → Regime VII → Regime III

C.5 bringing it all together

(a) p0 vs. β

(b) p1 vs. β

h = 0.05 Regime I → Regime V → Regime III

(c) p0 vs. β

(d) p1 vs. β

h ≈ 0.02648 Regime I → [Bifurcation Point] → Regime I → Regime V
→ Regime III

(e) p0 vs. β

(f) p1 vs. β

h = 0.02 Regime I → Regime IV → Regime I → Regime V → Regime
III
Figure C.23: General bifurcation diagrams for the sociodynamic multinomial logit model with constant bias. Compare with panels with
corresponding h in Figure C.5 on page 381. Compare with null
clines solutions of system at values of β satisfying det J = 0
showing bifurcation points in Figure C.10 on page 396.
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(a) p0 vs. β

(b) p1 vs. β

h = 0.01 Regime I → Regime IV → Regime II → Regime V →
Regime III

(c) p0 vs. β

(d) p1 vs. β

h = 0 (no bias) Regime I → [Bifurcation Point] → Regime II →
[Bifurcation Point] → Regime III

(e) p0 vs. β

(f) p1 vs. β

h = −0.01 Regime I → Regime VI → Regime II → Regime VII →
Regime III
Figure C.24: General bifurcation diagrams for the sociodynamic multinomial logit model with constant bias. Compare with panels with
corresponding h in Figure C.5 on page 381 and Figure C.6 on
page 382. Compare with null clines solutions of system at values of β satisfying det J = 0 showing bifurcation points in Figure C.10 on page 396 and Figure C.11 on page 397.

C.5 bringing it all together

(a) p0 vs. β

(b) p1 vs. β

h = −0.05 Regime I → Regime VI → Regime VIII → Regime VII →
Regime III

(c) p0 vs. β

(d) p1 vs. β

h ≈ −0.13104 Regime I → [Bifurcation Point] → Regime VIII →
Regime VII → Regime III

(e) p0 vs. β

(f) p1 vs. β

h = −0.5 Regime I → Regime VIII → Regime VII → Regime III
Figure C.25: General bifurcation diagrams for the sociodynamic multinomial logit model with constant bias. Compare with panels with
corresponding h in Figure C.6 on page 382. Compare with null
clines solutions of system at values of β satisfying det J = 0
showing bifurcation points in Figure C.11 on page 397 and Figure C.12 on page 398.
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(a) h = 0 (no bias)

(b) h = 0.01

(c) h = 0.02

(d) h ≈ 0.02648

Figure C.26: Detail of bifurcation diagrams for p1 versus β for the sociodynamic trinary multinomial logit model with constant bias near
the hysteresis region. Compare with the lower panel of Figure
C.20 on page 408 showing detail of bifurcation curves in the
(β, h)-plane: (a) Regime I → [Bifurcation Point] → Regime II →
[Bifurcation Point] → Regime III; (b) Regime I → Regime IV →
Regime II → Regime V → Regime III; (c) Regime I → Regime
IV → Regime I → Regime V → Regime III; (d) Regime I →
[Bifurcation Point] → Regime I → Regime V → Regime III

C.5 bringing it all together

(a) h = 0 (no bias)

(b) h = −0.01

(c) h = −0.05

(d) h ≈ −0.13104

Figure C.27: Detail of bifurcation diagrams for p1 versus β for the sociodynamic trinary multinomial logit model with constant bias near
the hysteresis region, continued from Figure C.26 on page 414.
Compare with the lower panel of Figure C.20 on page 408 showing detail of bifurcation curves in the (β, h)-plane: (a) Regime
I → [Bifurcation Point] → Regime II → [Bifurcation Point] →
Regime III; (b) Regime I → Regime VI → Regime II → Regime
VII → Regime III ; (c) Regime I → Regime VI → Regime VIII →
Regime VII → Regime III ; (d) Regime I → [Bifurcation Point]
→ Regime VIII → Regime VII → Regime III
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SOME CHALLENGES IN MODELING RESIDENTIAL
CHOICE

How is residential choice associated with the geography of family
networks? To what extent are the geographical characteristics of family networks associated with residential location, and residential relocation, and what part do socio-demographic variables and the sociospatial context play in this association? Why is this methodologically
challenging to address? What are some directions forward based on
key works in the literature?1
The classical approach to answering the first part of the subquestion relating to residential location would be an econometric discrete choice model. Some of the early examples of this approach applied to residential location are due to Lerman (1975), Quigley (1976)
and McFadden (1978). Advantages of this highly heterogeneous and
disaggregate approach are the well-developed underlying theories of
individual behavior, the time-proven policy application of such models over 40 years, the possibilities for precise statistical tests, and welldeveloped measures of goodness of model fit.
d.1

dynamic choice modeling

To address the second part of the sub-question relating to residential
re-location an excellent theoretical starting point within the discrete
choice framework is due to Ben-Akiva and de Palma (1986). Provided
the availability of suitable data, there are strong reasons to consider
a dynamic model as motivated by the authors:
"... A static choice model assumes the existence of an
equilibrium stat that can be considered as the stationary
solution of a dynamical process. A static model is a valid
approach if at least the following two conditions are met:
(i) the dynamical adjustment process must be sufficiently
rapid relative to typical time scales of changes in the exogenous variables; and (ii) the psychological and monetary transition costs are negligible.
In the case of residential location behavior, it is unreasonable to assume that these conditions are even approx1 This appendix is based on a conference paper presented at the Annual Meeting of the
Transportation Research Board, Washington, DC, 2006. There have been numerous
advances since then which are beyond the scope of this thesis to review. Nonetheless,
this appendix provides an overview of scientific considerations and some directions
which the interested reader may find useful.
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imately true. The annual residential mobility rate (i.e. the
percentage of households that move during one year is
low, e.g. in the U.S. it is usually less than 20 percent); and
the transaction costs of moving, buying and selling are
significant even relative to the price of expensive homes.
Thus, static choice models assume that the change from
an alternative i to a different alternative j is instantaneous
and independent of i. Long adjustment periods and significant transition costs that strongly depend on i imply
that a decision to change to alternative j takes time, and
must depend on i and, hence, require the use of a dynamic
choice model. ..."
A key issue here however would be the availability of either panel
data (that is, cross-sectional data repeated among the same set of
survey respondents over time, at least 2 waves preferably more), or
of retrospective data, or of stated preference/choice data.
d.2

temporal correlation, state dependence and heterogeneity

There is a very important issue to address when attempting to consider temporal models. This issue is expounded clearly in a seminal
paper by Heckman (1981a):
"... it is often noted that individuals who have experienced (an) event under study in the past are more likely
to experience the event in the future than are individuals who have not experienced the event. The conditional
probability that an individual will experience the event in
the future is a function of past experience. There are two
distinct explanations for this empirical regularity.
One explanation is that as a consequence of experiencing an event, preferences, prices or constraints relevant
to future choices are altered. In this case past experience
has a genuine behavioral effect in the sense that an otherwise identical individual who did not experience the event
would behave differently in the future than an individual
who experienced the event. This explanation applies even
in an environment of perfect certainty so that all relevant
information is available to the individual but not necessarily to the observing economist. Structural relationships of
this sort give rise to true state dependence, ...
A second explanation for this phenomenon is that individuals may differ in their propensity to experience the
event. If individual differences are correlated over time,
and if these differences are not properly controlled, pre-

D.3 initial conditions problem

vious experience may appear to be a determinant of future experience solely because it is a proxy for temporally persistent unobservables that determine choices. Improper treatment of unmeasured variables gives rise to a
conditional relationship between future and past experience that is termed spurious state dependence. ..."
The control for (unobserved) heterogeneity in the sample plays a crucial role in distinguishing "true" state dependence from "spurious"
state dependence. Failing to do so can seriously bias coefficient estimates. The Biogeme software developed by Bierlaire has the functionality to flexibly test for unobserved heterogeneity with a variety of
functional forms and with a variety of model specifications.
d.3

initial conditions problem

There is also a second critical issue to consider when attempting to
consider temporal models. This issue is similarly clearly expounded
by Heckman (1981b):
"... Before parameters generating a stochastic process
with dependence among time-ordered outcomes can be
estimated, the process must somehow be initialized. In
much applied work in the social sciences, this problem is
treated casually. Two assumptions are typically invoked:
either the initial conditions or relevant presample history
of the process are assumed to be truly exogenous variables, or else the process is assumed to be in equilibrium.
The first assumption is valid only if the disturbances
that generate the process are serially independent or if a
genuinely new process is fortuitously observed at the beginning of the sample at the analyst’s disposal. If the process has been in operation prior to the time it is sampled,
and if the disturbances of the model are serially dependent, the initial conditions are not exogenous variables.
Treating them as exogenous variables results in inconsistent parameter estimates. the confluence of serial dependence in unobservables and state dependence in the process results in an important and neglected problem...
The second assumption – initial stationarity of the process – does lead to a tractable solution to the problem. But
this assumption is unattractive in many applications, especially when time-varying exogenous variables drive the
stochastic process. ..."
In the case of residential re-location, it would be ideal for example to
have retrospective residential history for each surveyed respondent
back to their residence at place of birth, as such could be considered
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a clear initial condition. If such retrospective data is not available,
there are approximate estimators which could be considered based
on a stream of work stemming from Heckman’s seminal work in this
area.
d.4

sampling of observations

Another data-related question which would guide the choice of
model specification and econometric estimator used has to do with
sampling considerations. Is the data sample stratified by residential
location? Is so, for a residential location choice model, we will thus
have the case of choice-based sampling.
If it can be assumed that sampling fractions in each of the strata
have been chosen a priori to equal the population shares, we have
a convenient simplification. The maximum likelihood estimator for
simple random samples is in this case entirely appropriate, otherwise known as exogenous sample maximum likelihood (ESML) estimation.
If the sampling fractions in each of the strata have not been chosen
a priori to equal the population shares, but we are willing to restrict
ourselves to a simple multinomial logit choice model with a full set
of J − 1 alternative specific constants, where J is the number of alternatives, we have result derived by McFadden that the standard
ESML procedure yields consistent estimates for all parameters except
the constants. If each choice is a separate stratum and if the population shares are known, then the constants for each alternative can
also be consistently estimated by subtracting the natural logarithm of
the ratio of the sampling fraction to the population share from the
exogenous sample estimate. Cosslett (1981) has shown the estimates
obtained in this way are in fact the maximum likelihood estimates.
Koppelman and Garrow (2005) have extended this result to derive a
procedure for efficient estimation of nested logit models with choicebased samples.
Nonetheless, even the nested logit model may prove to be too limiting for the purposes of the research question, particularly given the
potential model framework chosen for the treatment of temporal aspects, as well as for critical aspects of treatment of the relationships
between respondents in the sample to be discussed below. In such
case, we will need to consider other appropriate estimation procedure
options. One possibility may be weighted exogenous sample maximum likelihood (WESML). The WESML estimator is computationally tractable and consistent under very general conditions, but not in
general asymptotically efficient (Manski and Lerman, 1977; Lerman
and Manski, 1979). Another possibility may be to address the sample
likelihood of a general stratified sample with non-overlapping strata

D.5 definition of the choice alternative

described in Ben-Akiva and Lerman (1985), via simulation drawing
on modern day computational capabilities.
In the case of so-called enriched sampling, that is, the pooling of
exogenously stratified samples with one or more choice-based samples, Cosslett (1981) has derived analogous results for the multinomial logit model as in the case of choice-based sampling described
above. For models other than the multinomial logit, a tractable option
may be a combined ESML–WESML estimator, as long as a consistent
estimator of the parameters exists for each sample. Another approach
to combining information in different samples is to estimate different
parameters from each of the subsamples and then to take a weighted
average of the various estimates. This "weighted average" estimator
will in general however not be asymptotically efficient even if the estimated parameters from the individual samples are (Ben-Akiva and
Lerman, 1985).
d.5

definition of the choice alternative

An important feature to understand about discrete choice models is
that the attributes of not only the respondent’s actually-made choice
must be known, but also the attributes of other choice alternatives
that the respondent may have reasonably had at the respondent’s disposal when they made their choice. In a stated preference or stated
choice survey framework the modeling problem is largely fixed in
advance by the survey designer’s considered choice of attributes to
include in the survey. Occasionally in a revealed preference framework, the survey will specifically ask detailed attribute information
about other alternatives that a respondent had considered. If neither
of these are the case with a particular given data set to be analyzed,
the researcher must make reasonable assumptions regarding the attributes of other choice alternatives which the respondent may have
considered. There are several issues to be addressed in turn in this
regard.
First and foremost, while in a given data set precise attribute information about a respondent’s actual residence and the actual geographical location of this residence may be known, even if precise
data at the same level of detail were well-known about every other
particular individual residence in this study area and its geographical
location, and even if there were the computational capacity to handle
all the attribute information for all of the particular individual residences in the study area, depending upon the size and scope of the
study area, we may still want to aggregate this data to some level
for any practical forecasting application. In most cases the choice between elemental residences would typically be aggregated to the level
of a residential locational zone, for which there is reliable data for every zone in the study area during at all relevant time periods of the
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study and there would be expected to be reliable data at foreseeable
periods in the future for forecasting purposes. In principle the "best"
residential location choice model possible, would still be one at the
smallest scale available, and thus most homogeneous within the unit
of analysis, provided residential location is known for all surveyed
respondents and all (retrospective) time periods at this level. In practice, this choice may be largely dictated by available secondary data,
by the model structure chosen, the complexity of the model, the size
and scope of the study area, the intended use of the model whether
descriptive or predictive, and the computational capacity available.
d.6

aggregation of elemental alternatives

Lerman (1975) has derived a key result that with simple multinomial
logit choice model, it is possible to obtain estimates of the underlying parameters of respondents’ true individual utility functions even
when the only data available refers to aggregated groups (residential
zones) of true behavioral elemental alternatives (residences). Namely,
the mean values of independent variables describing these groups
can be used without introducing major bias into the estimates, provided we have access to information about the size of the group, in
this case, number of residences per zone, which we enter in the utility
function as a natural logarithm with coefficient constrained to unity.
Thus, to repeat, it is critical in the consideration of what secondary
data and what zonal scale we wish to study, to determine not only
at what geographical level there is reliable data about mean values
of independent variables, but also at what geographical level there is
information about the raw number of residences per zone.
Usefully, no theoretical requirement is placed in Lerman’s derivation of the aggregated elemental alternative model that a respondent
actually perceive the group (residential zone) as a behavioral unit. In
Lerman’s words: “... perception of the grouping method is neither a
necessary nor a sufficient condition for obtaining consistent estimates
of the parameters of the utility function.” However, a key assumption
in Lerman’s derivation is that higher order terms in the expansion of
the expected maximum utility of the group could be safely ignored.
Lerman has shown by way of some simple numerical examples that
the first order Taylor series approximation of the utility of aggregated
elemental alternative is fairly accurate when alternatives within the
group are relatively homogeneous. Careful consideration must therefore be given to whether homogeneity of alternatives is reasonable in
the case of the actual empirical study at hand. Nonetheless as Lerman
himself notes:
"... In reality, given the need for some grouping of alternatives imposed by limitations in the available data,
it is unlikely that any single grouping will be optimal

D.7 spatial correlation of alternatives (zones)

in all dimensions. Some geographical groupings would
be extremely homogeneous with respect to transportation
level of service, but may cross jurisdictional boundaries.
Others might be extremely homogeneous with respect to
neighborhood characteristics, but would be ... subject to
extreme variability in transportation services. ... Clearly,
some tracts will be extremely heterogeneous, perhaps to
an extent which violates the assumption inherent in the
first order Taylor expansion to an unacceptable degree.
This may be particularly true for a tract drawn to include
the classical right side and wrong side of the tracks. In
such a case, the average price and other characteristics will
tend to exhibit a bimodal distribution and the mean will
not be a good estimate of the attributes of either type of
unit (on one side of the tracks or the other)."
The goal is thus in Lerman’s words: “a fair compromise between extremes.”
d.7

spatial correlation of alternatives (zones)

Diametrically opposite to the desired homogeneity of elemental alternatives within a residential zone is the issue of spatial correlation
of the elemental alternatives between zones. Paradoxically the more
homogeneous the zones under consideration are, very often the more
likely that these zones are correlated in their unobserved attributes
with neighboring zones. What can be done about this?
McFadden and Train (2000) have established an important hallmark
result which forms the basis for a direction for solution:
"...Under mild regularity conditions, any discrete choice
model derived from random utility maximization has
choice probabilities that can be approximated as closely as
one pleases by a mixed, or random coefficients, multinomial logit (MMNL) model. Practical estimation of a parametric mixing family can be carried out by Maximum
Simulated Likelihood Estimation or Method of Simulated
Moments, and easily computed instruments are provided
that make the latter procedure fairly efficient. The adequacy of a mixing specification can be tested simply as an
omitted variable test with appropriately defined artificial
variables. An application to a problem of demand for alternative vehicles shows that MMNL provides a flexible and
computationally practical approach to discrete response
analysis."
Bhat and Guo (2003) have proposed an extension of the mixed multinomial logit model which can be used as an approach to addressing
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spatial correlation by building the generalized extreme value model
originally derived by McFadden (1978) and on recent computational
developments in the simulation of advanced choice models:
"...The MMNL class of models is very general in structure and can accommodate both relaxations of the independent and identically distributed assumption as well as
unobserved response heterogeneity within a simple unifying framework. Consequently, the need to consider a
mixed generalized extreme value (MGEV) class may appear unnecessary. However, there are instances when substantial computational efficiency gains may be achieved
using a MGEV structure. Consider, for instance, a model
for household residential location choice. It is possible,
if not very likely, that the utility of spatial units that
are close to each other will be correlated due to common unobserved spatial elements. A common specification in the spatial analysis literature for capturing such
spatial correlation is to allow alternatives that are contiguous to be correlated. In the MMNL structure, such
a correlation structure will require the specification of
as many error components as the number of pairs of
spatially-contiguous alternatives and leads to a high dimension of integration. On the other hand, a carefully
specified GEV model can accommodate the spatial correlation structure within a closed-form formulation. However, the GEV model structure cannot accommodate unobserved random heterogeneity across individuals. One
could superimpose a mixing distribution over the GEV
model structure to accommodate such heterogeneity, leading to a parsimonious and powerful MGEV structure. ..."
An alternative to Bhat and Guo’s approach has been proposed by
Vichiensan and Miyamoto (2004), using a specialized factor analytic
error structure with a mixed multinomial logit model.
Bhat and Guo’s approach is directly implementable using the
earlier-mentioned Biogeme software developed by Bierlaire. Vichiensan and Miyamoto’s approach requires self-written estimation code.
d.8

sampling of alternatives (zones)

A second dilemma in addition to spatial correlation that can arise
when striving towards the consideration of homogeneity of housing
units with residential zones, is the handling of the proliferation of the
number of zones. Clearly the smaller the zones are, the more of them
to be dealt with in model. The denominator in individual choice probability in a simple multinomial logit model, for example, in principle

D.8 sampling of alternatives (zones)

includes the sum of the exponentiated utility functions for each and
every possible zone in the full universe of zones in the study area.
With a very large number of zones, this computation may become
impractical depending on the available computational capacity.
Fortunately, there are some simplifying results enumerated in BenAkiva and Lerman (1985) regarding the estimation of choice models
using a sample of the alternatives (zones) in the computation of the
individual choice probabilities, instead of the full universe of zones.
Various sampling schemes are possible, including simple random
sampling of alternatives, importance sampling of alternatives, independent importance sampling of alternatives, importance sampling
with replacement, and stratified importance sampling. Note that this
sampling of discrete alternatives (residential zones) for each observation in the data set to be used in the computation of the individual
choice probabilities is distinctly different from and not to be confused
with any sampling of observations applied in the initial survey design
as discussed above in the Section D.4 “Sampling of observations.”
An early application of simple random sampling of alternatives
dates back to a report by Rijkswaterstaat in the Netherlands (1977)
on a study of destination choice (zones) in the framework of a transportation demand model. An application of the same time-tested simple random sampling of alternatives approach is by Waddell and
Nourzad (2002) in a residential location model as part of a larger
integrated land use and transportation model development effort in
the Salt Lake City greater region. They predict the probability that a
household will choose a housing unit defined by a grid cell of 150
meters by 150 meters, representing thus a highly disaggregate choice
model with over 500,000 alternatives.
"The effect of accessibility on residential location is a
research topic with a long and venerated tradition in the
literature within urban economics, planning, geography
and transportation. The recent surge of interest in integrated land use and transportation planning and modeling and in the potential for new-traditional neighborhood
design to curb Americans’ appetite for auto travel, or at
least to stimulate more walking, have renewed research
activity on this topic. The question that this paper seeks
to answer is how accessibility at a traditional regional
scale interacts with accessibility at the local neighborhood
scale to influence residential location choices. Households
must trade off multiple dimensions of a residential location choice, including commute times to work, access to
shopping and other maintenance and leisure activities, the
quality and price of housing, and other amenities associated with the location of housing. This is the first paper
to our knowledge to explore the degree to which local, or

425

426

some challenges in modeling residential choice

neighborhood accessibility influences residential location,
controlling for regional accessibility and other housing
and neighborhood characteristics. We also examine the
interaction between auto ownership and regional accessibility in influencing residential location. The approach
presented in this paper significantly extends an earlier approach to modeling residential location, by adding substantially greater geographic detail and examining neighborhood effects and vehicle ownership. ..."
Until recently, the results for sampling of alternatives wereknown
only for simple multinomial logit models. Guevara (2010) presents
a method that allows for consistent estimation of parameters belonging to the GEV family, when only a true choice set is available. He
employs the method in detail for nested logit and cross-nested logit
models. McConnel and Tseng (2000), Nerella and Bhat (2004) and
Chen et al (2005) have studied the impact of sampling of alternatives
in mixed logit models. However, in order to account for spatial correlation between zones as described above, it may be interesting to
experiment with a mixed GEV structure as described in Bhat and
Guo (2003). Since we don’t (currently) have results for sampling of
alternatives for such structures, this is a ripe area for further research
contribution. Alternatively, with sufficient computing power and a
distributed approach, we might attempt to apply the "brute force"
method of compiling attributes, and calculating utilities and individual choice probabilities for all realistically possible residential zones
for each respondent - although this may simply prove to be a computationally prohibitive task depending on the number of zones modeled and the model structure.
d.9

correlation between decision makers, state dependence and heterogeneity

Until now, we have reviewed critical aspects of potential temporal
correlation of observations in a dynamic choice model as well as potential spatial correlation of alternatives in a highly disaggregate location choice model. With this particular research question we will
have yet another important aspect of correlation to consider, namely
a potential correlation between respondents. Furthermore, the same
issue of separating out "true" state dependence from "spurious" state
dependence described lucidly in the earlier cited quote by Heckman
(1981a), will apply similarly when considering interactions between
respondents. Manski (1995) draws attention to this dilemma:.
"There is a long-standing interdisciplinary split between
economists and sociologists on the channels through
which society affects the individual. Whereas sociologists

D.9 correlation between decision makers, state dependence and heterogeneity

hypothesize that society affects individuals in myriad
ways, economists often assume that society acts on individuals only by constraining their opportunities. Many
economists regard such central sociological concepts as
norms and reference groups as spurious epiphenomenon
explainable by processes operating entirely at the level of
the individual. ...
Sociologists, social psychologists and some economists
have long been concerned with reinforcing endogenous
effects, wherein the propensity of an individual to behave
in some way increases with the prevalence of that behavior in the reference group. . . . Economists have always
been fundamentally concerned with a particular nonreinforcing endogenous effect: an individual’s demand for
a product varies with price, which is partly determined by
aggregate demand in the relevant market. Contextual effects became an important concern of sociologists in the
1960s, when substantial efforts were made to learn how
youth are influenced by their school and neighborhood
environment. The recent resurgence of interest in spatial
concepts of the underclass has spawned new empirical
studies.
Distinguishing among endogenous, contextual and correlated effects is important because these hypotheses have
differing implications for the prediction of social interactions. ... Contextual and correlated effects [cannot] generate [a] social multiplier. ... [A] problem . . . arises when a
researcher observes the distribution of behavior in a population and wishes to infer whether the ... behavior in some
group influences the behavior of the individuals that compose the group. I refer to this as a reflection problem because it is similar to the problem of interpreting the almost
simultaneous movements of a person and his reflection in
a mirror. Does the mirror image cause the person’s movements or reflect them? An observer who does not understand something of optics and human behavior would not
be able to tell."
Chapter 8 addressed in detail five strategies for introducing social
and spatial network interdependencies into choice models, focusing
on feedback effects and on correlated effects. We consider aggregate
agent interdependencies and apply the model strategies for nine hypothetical variations on three network treatments, one of these defined by socioeconomic group and two defined spatially. As discussed previously in the case of dynamic models, control for (unobserved) heterogeneity in the sample plays a crucial role in distinguishing “true” state dependence (what Manski terms “endogenous”
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effects) from “spurious” state dependence (what Manski terms “contextual” and “correlated” effects). According to likelihood ratio and
non-nested specification tests, the best performing model strategy for
the particular case study is what we have termed a “random field
effect” model, namely one with unobserved individual heterogeneity
on the group mean state dependence.
d.10

boundary conditions problem

In a typical choice model application with panel data, the model specification captures correlation across multiple responses from the same
individual over time. The “panel” implementation applied in Chapter 8 captures correlation among different decision-makers based
on their connectivity in a social and/or spatial network. One important distinction between the social-spatial causality and correlation discussed here and the time causality and correlation traditionally understood in panel data literature is however that the concept
of initial values (Heckman 1981a, 1981b) can be less obvious. Time
generally points in only one direction (unless foresight is considered), whereas inter-agent dependencies can point in dual directions
(decision-maker A influences decision-maker B, and decision-maker
B influences decision-maker A). Furthermore inter-agent dependence
is clearly not necessarily one-dimensional. Nonetheless if it can be
assumed that the aggregate field variable can be seen as being effectively self-contained and not incurring bias in pointing by definition
to unobserved decision-makers outside of the data set, the case is similar to one with a time series which is observed from the beginning.
In such case there is no "Initial conditions problem" as these values
are well-defined.
That said, we can also easily imagine alternative constructions not
discussed in Chapter 8 which could much more obviously incur
bias. For example, social-spatial boundary conditions could be critical in the case of modeling social-spatial Markov random field state
dependence (Kindermann and Snell, 1980) instead of group mean
field state dependence, and in the case of modeling social-spatial
auto-regressive correlation instead of unobserved group heterogeneity. This is in fact one driving motivation for the particular strategies
presented in Chapter 8.
In addressing residential choice and the geography of family networks, we would have to look carefully at boundary conditions and
whether or not state dependence points to persons outside of the data
set for which we have insufficient or no information.

D.11 decision-making within a household
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decision-making within a household

Until now we have considered aspects of decision-making at the
household level and subtle issues related to separating out potential correlation between households from the direct dependence of
a given household’s choice behavior on the choice behavior of other
households. But what about the level of decision-making within a
household? There are many possible approaches to this question
ranging from conditional or nested choice structures to the use of
indicator variables to specification of (factor analytic) error terms to
market segmentation to combinations of these approaches.
To our knowledge, Lerman (1975) is the first to address decisionmaking within a household in the discrete choice modeling of residential location. Due to the additional behavioral complexity in the
mobility decision process for multi-worker households, Lerman estimates separate models for single-worker households and multiworker households. He proposes four behavioral hypotheses for the
location decision of multi-worker households:
"(1) complete primary worker dominance; (2) a primary
worker with the remaining workers secondary (i.e. without fixed workplace) in the location decision; (3) some or
all workers with fixed workplaces but each with different weights; (4) complete equality in the perception of the
work trip attributes."
Note that even though the first hypothesis logically reduces to a
single-worker model, Lerman still applies market segmentation for
single-worker versus multi-worker households, reasoning that the
fact that multiple members of the household work might alter the importance of various location and housing attributes to the household.
Nonetheless, models reflecting both the first and second hypotheses
performed poorly in Lerman’s study, pointing to the necessity to consider the workplace of some or all workers in the household as fixed
in the mobility decision. The third hypothesis proved too computationally demanding to test at the time of Lerman’s study. The fourth
hypothesis greatly simplifies the form of the utility function by avoiding the need to identify each worker’s travel times and costs separately; when there are equal weights, travel times and costs for individual workers in a household can be summed into a total household
travel time and total household travel cost. This gave plausible results
in Lerman’s study, although the statistical significance of many estimates were low, a problem exacerbated by the smaller sample size
of multi-worker households versus single-worker households in his
study. Drawing on modern computational capacity and advances in
estimation procedures, Abraham and Hunt (1997) are indeed able to
apply Lerman’s third hypothesis in a nested logit model of home
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location, workplace location and home-to-work transportation mode
choice:
"Household behavior in the selection of home location
and the selection of workplace locations and commuting
modes for employed members involves trade-offs among
the attributes of the available alternatives for the different household members. A modified form of nested logit
model representing this behavior has been developed and
estimated using disaggregate revealed preference observations collected in Calgary, Alberta, Canada. Three categories of choice – choice of home location for the household, choice of workplace location for each worker in the
household, and choice of mode for the trip to work for
each worker in the household – are treated as a joint
choice made by the household, allowing for differing numbers of workers in different households. A nesting structure that takes into account the greater similarity among
mode alternatives is combined with a system for weighting, by age and gender, the contributions of different individual workers’ utilities to the total household utility. This
leads to a nested logit model in which each household
has its own nesting structure that is based on age and
gender of the household members. The utility function
coefficients and weighting function parameters were estimated with full-information maximum likelihood by using purpose-built software. The resulting model extends
consideration of household spatial behavior at the disaggregate level beyond the one-worker and sequentialconditional choice paradigms and provides various insights into the nature of this behavior."
d.12

activity-based modeling

Both Lerman’s multinomial logit approach (1975) and Abraham and
Hunt’s nested logit approach (1997) cited in the previous section
consider only households with workers in their residential location
choice models. Lerman motivates his decision at the time as follows:
"... Almost all urban location models assume that every household has workers. However, the 1968 Washington Home Interview Survey indicated that approximately
12.3% of all households had no full time workers at all.
These households consist primarily of retired persons,
but may also include the long term unemployed, households on welfare, or the unemployable handicapped. Such
households have locational decision processes which are

D.12 activity-based modeling

completely unaffected by work trip level of service. Instead, the other factors such as jurisdictional attributes,
access to spatial opportunities, ... probably dominate their
location choices.
Furthermore, for retired households in particular, the
dynamics of location decisions may be very important.
These households may have made location decisions
while one or more members was employed, and the adjustment process may be extremely slow. The location in
which they may presently reside is not necessarily optimal for them; rather, it reflects the difficulties associated
with relocating if one is elderly, and the strong social ties
which developed after living in a location for an extended
period.
Because the locational decisions of households without
workers are more subtle than those of households with
workers and are poorly understood, the empirical study ...
does not include any such households. ..."
Presumably the development of a residential location model which
includes households with no workers will be important in residential
choice and the geography of family networks, both to be able to dock
the existing research on elderly migration and distances to children,
as well as generally to be able to answer questions regarding elder
care given the burgeoning population of elderly to be expected as
the post World War II baby boomers move into old age. One point
that is reinforced however in the quoted passage by Lerman is the
importance of developing a dynamic choice model, as noted already
earlier here.
An important stream of research that may be able to be drawn
upon in the development of a model for households with no works is
so-called activity-based modeling. It shifts the focus in travel demand
modeling from typical home-to-work commuter models to consider
the whole range of activities carried out by a household over the
course of a day. In fact Waddell and Nourzad (2002) conclude their
earlier quoted article as follows:
"The limitations of the current four-step travel models,
and advances in activity-based travel modeling suggest
that over the next few years we will begin to see the emergence of more fundamentally integrated land use and
activity-based travel models. Residential location choices
are, after all, highly dependent with the labor force choices
of household members, the vehicle ownership choices of
the household, and the activity and travel patterns chosen.
Further research on these interdependencies and their representation in operational models presents an important
challenge."
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In fact, related to the topic of Section D.11 "Decision-Making within
a Household," within the stream of activity-based modeling research,
an important new direction for research is indeed intra-household
interactions. There are various reasons why we might expect a priori that intra-household interaction would be important in travel demand behavior. For example, Vovsha, Bradley and Bowman (2004)
and Vovsha, Gliebe, Peterson and Koppelman (2004) highlight research on coordination of individual daily activity patterns, joint participation in activities and travel, and intra-household mechanisms
for allocation of maintenance activities.
d.13

market segmentation

As outlined earlier in Section D.11 “Decision-making within a household,” Lerman (1975) drew attention to the necessity to apply market
segmentation across single-worker versus multi-worker households.
Clearly this reasoning would also extend to the necessity for a separate model for households with no workers. However, there may
also be other dimensions along which we might hypothesize would
fundamentally structurally alter the importance of various location
and housing attributes to households. Some such examples may be
regional variation, dependent on the geographical scope of the study
area, and/or race, ethnicity or recent immigration status. Market segmentation when applied in the form of separate models per market
segment comes however at the expense of smaller sample sizes for the
separate models, potentially leading to high unreliability in (some)
parameter estimates, a problem which Lerman also faced. An alternative to market segmentation may be a random coefficients model,
where estimated parameters for observations from the same market
segment differ from the population means by the same unobserved
amount for a given explanatory variable.
A more straightforward model specification possibility which captures some utility variation due to market segments without fundamentally structurally altering the importance of various location and
housing attributes to households, may simply be the inclusion of a
(limited) set of dummy variables for the market segments directly
in the specification of the utility function, or the estimation of particular (sets of) explanatory variables crossed with market segment
dummies.
One particular instantiation of this last approach is detailed in
Chapter 8 namely the inclusion of a complete set of variables for
the market segments defined by the fractions of households per segment choosing a particular alternative for households in that segment (and zero otherwise). See the above Sections D.9 “Correlation
between decision makers, state dependence and heterogeneity,” and
D.10 “Boundary conditions problem.” The instantiation is interesting
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because it implies an endogenous set of variables. In the case study
in the dissertation, it proves to be a very powerful approach, however
absolute care must be taken to control for unobserved heterogeneity
in the error terms across the market segments to avoid bias. Likewise
attention must be paid to boundary conditions.
d.14

cohort analysis

An important and timely scientific contribution with potentially
strong possibility for application in addressing residential choice and
the geography of family networks is that in Bush (2005):
"... [As the] 78 million people in the United States born
between 1946 and 1965... move into old age, they will
square the age pyramid and double the current number
of senior citizens. The Boomers will not only increase
the numbers of people 65+, their lifestyles and associated
travel behavior are expected to differ from those of the
current 65+. When compared with today’s 65+ population,
the Boomers are expected to carry with them into old age
a higher propensity for auto ownership use, increased female independence, as well as higher levels of education,
increased economic stability, and improved health. These
differences would cause one to expect that the Boomers,
when they comprise the 65+ population, will travel more
than the 65+ population of today.
The possibility that the aging Boomers will have increased travel demand has personal, public safety and
policy implications. According to Rosenbloom: for the last
two decades, every auto-related travel indicator for the elderly
has gone resolutely up. However, with aging, people experience physical, financial, emotional and mental barriers
to driving, and most people eventually have to stop driving. When seniors can no longer drive, maintaining mobility becomes a health issue. Seniors who remain active
and mobile live longer. There is a significant correlation
between mobility and well-being; holding demographic,
psycho-social and medical factors constant, mobility loss
has been shown to be significantly related to declines in activity levels as well as substantial increases in depression.
Therefore, as increasing numbers of Boomers with higher
mobility expectations face the reality of post-driving life,
the associate personal cost may be high. ...
As children [the Boomers] caused the physical expansion of communities, and as adults they have driven social and market change. When they move into retirement,
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baby boomers will expect public policy to address their
transportation needs.
Yet, forecasts to inform policy decisions with respect
to anticipating these needs and addressing the safety and
personal implications of increased 65+ travel, are currently
limited. Previous demand models of 65+ travel have failed
to incorporate generation differences and have forecasted
only broad travel characteristics. Drawing on the theory of
generations and previous work modeling cohort (or generation) effects, this paper investigates empirically whether
generation differences exist in travel between the Boomers
and current 65+ population. In particular, it incorporates
theoretically motivated cohort variables related to the historical processes of motorization and gender role evolution over the last century. Second, the paper provides a
forecast of the aging Boomers’ travel demand with respect
to activities requiring travel. ..."
Bush summarizes her findings:
"In the estimated models, the cohort variables are significant, and cohort variable inclusion increases forecasted
travel. The implication for transportation modeling is
that historical location and generation membership affects transportation behavior. The implication for planners
is that in preparing for future 65+ transportation needs,
studying the current 65+ population is not adequate. The
Boomers will comprise a new generation of 65+ with different associated travel needs."
The implication for the given research question is that if there is an
intention to move beyond descriptive research to consider forecasting,
careful attention will likely be necessary to account for cohort effects.
d.15

exogenous versus endogenous network

An interesting finding with respect to the particular case study in
Chapter 8 is that the specifications allowing agents to weigh both any
influence from their socioeconomic peers as well as any influence
from their spatial network, and furthermore allowing the possibility
to weight these influence differently, all outperform models where
each agent belongs to one and only one group. Also interesting is
that the specifications allowing agents to weigh any influence from
their fellow district residents differently from any influence from their
more immediate neighbors also perform better than a uniform spatial
network.
The importance of distinguishing social versus spatial influence
networks in transportation mode choice behavior can be especially
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relevant if the model would in turn be coupled to, for example, a residential choice behavior model. Transportation mode choice, in itself,
does not necessarily affect a decision-maker’s reference position in
a social-spatial network. Whether an agent decides to travel by car
versus public transit will not change in a directly causal sense who
his/her neighbors are, nor who his/her fellow district residents are,
nor will it have consequences for who the decision-maker’s age, income and education level peers are. Here, the network is wholly static
with respect to the choice dimension. This is what is we term an exogenous network relative to the research question under study. Residential location choice, on the other hand, will per definition impact
a decision-maker’s reference position in a spatial network. In moving to a new neighborhood, a decision-maker per definition acquires
new neighbors, and potentially also new fellow district residents if
the move of house is out of the existing district. In this case the spatial
network, in particular, is dynamic with respect to the choice dimension. This is what is we term an endogenous network relative to the
research question under study.
Although there may be some subtleties in accounting for changing network size due to births and deaths, the family relationship
network is in principle exogenous, with one major exception. This
exception is marital relation. Whether a household decides to live in
one province or another, one municipality or another, one neighborhood or another, will have no affect on who the parents or siblings
of any members of this household are. What the residential location
decision may have an effect on, is who a future spouse of a member of the household will be. Depending on the nature of the data,
there may not be sufficient information to estimate the marital relation endogenously, however. In such case we would need for practical
purposes need to consider the entire family relationship network as
exogenous.
Another consideration, depending on the sampling scope of the
data set, is if we would like to consider potential influences from
neighbors or fellow district residents on residential choice. As shown
by Hooimeijer and van Ham (2000) on the basis of the national Woningbehoefte Onderzoek 1998 in the Netherlands, both nuisance from
neighbors as well as conversely satisfaction with neighbors are very
strong factors in the inclination to move house, both for under 55
and over 55 age groups in the Netherlands. In such case we would
then per definition need to address the endogenous nature of the
(spatial) reference network in an empirical application of residential
re-location.
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S U M M A RY

Suppose you have the possibility to choose to adopt one of a number
of different behaviors or to choose to buy one of a number of different products. Moreover, suppose the choice is multi-dimensional or
more generally, that there are common unobserved attributes of the
choice alternatives. A classic approach to statistical prediction in such
a situation given an observed sample of decision making agents in a
population is the nested logit model, proposed by Ben-Akiva (1973) in
the context of passenger travel demand modeling and generalized by
McFadden (1978) in the context of modeling the choice of residential
location. The utility that a given decision making agent is presumed
to associate with a particular elemental alternative is assumed to be
comprised by a deterministic (to the modeler) or so-called “systematic” utility and an error term. The nested logit derives its name from
the partitioning of the choice set into mutually exclusive and collectively exhaustive “nests” of elemental alternatives which are assumed
to be correlated.
Now suppose your choice is additionally influenced by your individual perception of the average choices made by your neighbors,
colleagues and/or socioeconomic peers. Such a specification is interesting because of the inherent dynamic that could arise if the choice
model were to be applied repeatedly in successive time steps with
the shares of decision makers continuously updated as a result of
the choice in the previous time step. If the social influence is not important relative to other contributions in the utility, then the distribution of decision makers’ choices may not effectively change over time.
However, if the social influence is strongly positive and “dominant
enough” relative to other contributions in the utility, there may arise
a runaway situation after several repeated time steps with a large
share of decision makers flocking to one particular choice alternative.
In short, the specification captures feedback between decision makers
that can potentially be reinforcing over the course of time. In diverse
literature this is referred to as a social multiplier, a cascade, a bandwagon effect, imitation, contagion, herd behavior, etc. (Manski 1995).
Blume et al. (2011) give an extensive literature review of social interactions models in economics, including notably a section on discrete
choice models of social interactions. The relative lack of attention to
such models in the field of transportation is surprising. Namely, if
there is theoretical or qualitative reason to believe that a feedback effect exists, it can have very important implications for the prediction
of (system-wide) results over the course of time. For example, in the
introduction of a new transportation mode alternative, if there is a
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“dominant enough” feedback effect, this can propel the adoption of
the new mode over time.
How dominant is “dominant enough” under different conditions?
Our starting point in considering interdependence of various decision makers’ choices is a trio of papers by economists Aoki (1995),
Brock and Durlauf (2001) and Blume and Durlauf (2003). They introduce social interactions in binary discrete choice models by allowing
a given agent’s choice for a particular alternative to be dependent on
the overall share of decision makers that choose that alternative. Such
formulation with perfectly homogeneous agents permits the derivation of analytical results for when runaway flocking will occur. Using
different approaches, all three papers show the existence of multiple
equilibria depending on the values of the parameters of the model.
In moving from an idealized homogeneous agent setting towards
a practical empirical setting with heterogeneous agents, there are various extensions that can be addressed, such as: i) the complexity of
the discrete choice model kernel; ii) the complexity of the feedback
effect; and iii) the complexity of the utility specification. Each of these
extensions offers possibility to add additional types of heterogeneity
to the model. In this thesis we systematically explore each of these
extensions in turn.
• Complexity of the discrete choice model kernel. Brock and Durlauf
(2002, 2006) have extended their results on the behavior of binary choice models with global social interactions to multinomial choice with global social interactions. As in the case of
binary choice, also in multinomial choice, they show the existence of multiple equilibria depending on the values of the parameters of the model. In Part II of this thesis, we make Brock
and Durlauf’s multinomial results precise for the case of trinary multinomial choice and extend the results for the case of
nested logit with global interactions. Hereby a previously unnoticed hysteresis regime in midrange parameter space is revealed
when there are more than two choice alternatives in the multinomial logit model. By considering the nested logit model, a possibility to account for unobserved heterogeneity between choice
alternatives is allowed via the nesting of alternatives that are assumed to be correlated. Our analysis of the nested logit model
with global social interactions yields rich bifurcation diagrams
demonstrating several major additional new emergent steady
state regimes where symmetry is broken by the scale parameter
for the level of correlation between alternatives.
• Complexity of the feedback effect. While the behavior over time
derived in early work assumed each decision maker to be influenced by all other decision makers (so-called global interactions), Ioannides (2006) derives more general behavior for the
case of binary choice where each decision maker is influenced
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by only a subset of decision makers (so-called local or nonglobal interactions). By considering local interactions, heterogeneity is induced since different agents will perceive different
shares of agents making each choice dependent on the local network of each agent. This is important since in an empirical setting, a feedback effect defined globally would be perfectly correlated with a set of alternative specific constants in the discrete
choice model. In Part III of this thesis, we illustrate the multiagent based simulation of a discrete choice model with local
interactions using microdata on transportation mode choice of
households in the Netherlands as a testbed, highlighting some
hypothesized network interaction effects first on the basis of abstract classes of networks in a sociodynamic binary logit model,
and then on the basis of socioeconomic peer group, spatial proximity of residential location and spatial proximity of work location in a sociodynamic trinary nested logit model. Much empirical work in understanding local social-spatial feedback is
still needed as the computational results prove to be highly dependent on the presumed structure of the local feedback in the
econometric model estimated.
• Complexity of the utility specification. A key aspect in the theoretical results in Part II of this thesis is the assumption that the
only observed heterogeneity in the systematic utility for the elemental choice alternatives is the feedback effect. While such a
specification may be plausible for a fad, it is much less intuitive
for transportation mode choice where other explanatory variables would be assumed to be significant, including attributes
of the alternatives such as travel time, as well as characteristics
of the decision making agents such as gender, age and income.
In Part III of this thesis, a multi-agent based simulation model
is therefore presented which gives straightforward possibility to
test more realistic empirical cases. The multi-agent based model
is docked against the analytical results in Part II for the special
case of homogeneous agents as a means to verify the implementation of the computational model, before proceeding to add
additional heterogeneity. In Part IV of the thesis, issues in the
econometric estimation of discrete choice models with feedback
effects are also explored.
We observe that the extensions of adding all three different types
of heterogeneity, namely, unobserved heterogeneity captured via the
nesting structure, induced heterogeneity via local interactions, and
the observed heterogeneity via the fully specified systematic utility,
produce dramatically different results. It can therefore be concluded
undeniably that heterogeneity matters! In the remainder of this summary, we review detailed contributions.
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part ii mean field analysis
Sociodynamic Binary Logit: Theory
The binary discrete choice problem with social interactions has a direct analogy in statistical physics. The choices of decision making
entities can be seen as spins of atoms. With social feedback, these
choices can become spontaneously polarized toward one alternative
or another giving rise to observed aggregate preferences in blocks
of a sampled population. In Chapter 3 we review Aoki’s derivation
(1995) of the binary logit model with social interactions and see that
the polarization only happens however, when the parameter b, the
coefficient characterizing the interaction effect, is higher than a certain critical value. Below this critical value, the choices are oriented at
random when there are no other explanatory variables in the model,
producing no net aggregate preferences. We will use these results
as a benchmark later in this thesis in Chapter 6 when exploring under what circumstances the phase transition to the polarized state
occurs and when it breaks down, in a case study where induced heterogeneity and observed heterogeneity are incrementally added via
local interactions and via a fully specified systematic utility.
Sociodynamic Trinary Multinomial Logit: Theory
In Chapter 4, we apply techniques from the mathematics of dynamical systems and bifurcation theory to re-visit the multinomial
logit model with social interactions originally studied by Brock and
Durlauf (2002, 2006).We conclude that the sociodynamic trinary multinomial logit model has not only one, but in fact two bifurcation values of the parameter b, the coefficient characterizing the interaction
effect. One bifurcation occurs when the Jacobian of the system has
double zero eigenvalues. Another bifurcation occurs when the Jacobian has one zero eigenvalue and one negative, real eigenvalue. We
find furthermore that the Jacobian of the system with b real, finite
has no purely imaginary eigenvalues. This fact guides our search for
a potential function which we derive to characterize the stability of
solutions in the three regimes easily visually. We find that the regime
between the two bifurcation points is an intuitively logical, but previously unnoticed hysteresis regime. The significance of this regime
becomes all the more relevant when we estimate a trinary multinomial logit model with social interactions on the basis of empirical
data later in this thesis in Chapter 7 and find the system in the case
study indeed lies in this interesting hysteresis regime.
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Sociodynamic Trinary Nested Logit: Theory
In Chapter 5, we study the theoretical equilibrium behavior of the trinary nested logit model with social interactions. First we observe that
the trinary sociodynamic nested choice problem can be written as a
two parameter planar autonomous system. By applying a graphical
null clines approach, the number of solutions is counted and charted
across a sweep of the utility parameter for the aggregate social feedback and a sweep of the scale parameter for the lower nest. This reveals seven qualitatively distinct solution regimes. Inspired by our
success in finding a potential function in Chapter 4 for the sociodynamic multinomial logit model, next a gradient system is derived
which again allows us to easily visually characterize the stability of
the solutions. Five types of bifurcations are observed which describe
the transitions between the regimes. Finally, the bifurcation curves
which were initially observed computationally are rigorously derived
analytically. This detailed theoretical work marks a starting point for
a number of elaborations and variations such as higher number of
choice alternatives, alternative form of choice kernel, additional observed heterogeneity, local social-spatial feedback.
The multiplicity of equilibria, and furthermore the qualitatively distinct solution regimes and the different types of bifurcations between
regimes in parameter space, is clearly accentuated and becomes obvious when the only systematic part of the utility function is the feedback effect. There is thus nothing else in the utility to dampen or
counter the feedback effect. Nonetheless the presence of the different regimes and their bifurcations in the “minimal” theoretical model
points at underlying patterns which plausibly may exist also in fully
specified empirical models with detailed systematic utility functions
that account for heterogeneous choice based on individual characteristics of decision makers and individual-specific attributes of choice
alternatives, and that account for local social-spatial networks – even
if this is less easy to expose and detect in empirical models. It is our
hope that this thesis serves as a call to other researchers, both to empiricists to try to quantify how the different solution regimes and the
possible bifurcations between them affect results in empirical models,
as well as to methodologists in how to further tackle the problem.
part iii decision in networks
Sociodynamic Binary Logit: Application
In Chapter 6, we explore a multi-agent based simulation model
of binary discrete choice with interdependence of decision makers’
choices in an application to intercity travel demand using empirical
data. In our approach in doing so, there is a key aspect of agent based
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modeling which we believe is important to highlight as good practice,
namely internal verification. Otherwise said, how can the researcher
be confident that the agent based model is performing the actions
that it is expected to do? What is the evidence that the programming
implementation of the abstract or conceptual model is correct? To
address this, we begin our modeling endeavor with the theoretical
model studied in Chapter 3, building up our agent based model step
by step, and deliberately adding different layers of complexity one at
a time. In our case, this means adding different kinds of heterogeneity
to the agent based model.
First, we consider the theoretical model where the only contribution to the systematic utility is the social influence of choices made
by agents in fully connected network. We show that the emergent
outcomes of this agent based model for various values of the characteristic parameter β yield the same results as the analytical benchmark from Chapter 3. This gives us confidence that the subtleties of
scheduling, event simulation and sequences of random draws in our
agent based simulation model behave as expected.
Next, we add heterogeneity to the network structure so that agents
have local information, rather than global information. We experiment with two different abstract classes of networks to be able to
specifically test the effect of density and of clustering. Our results
with Erdős-Rényi and Watts-Strogatz graphs suggest that when a network representing the interactions between a decision making entity
and the aggregate behavior of other (local) reference entities has the
small world property, the system behaves in the long run as the original analytical model with global mean field information. If we would
only be interested in emergent steady state outcomes and not how
long the system takes to transition there, testing for the small world
property may be an empirically advantageous alternative to collecting full detailed data on the precise nature of a social network.
Then, we add heterogeneity due to individual characteristics of
agents (gender) as well as agent-specific attributes of choice alternatives (travel purpose, travel time, travel cost). We find that adding
this additional layer of heterogeneity beyond the heterogeneity induced by the local information of the behavior of other agents in
a given agent’s reference group does indeed matter. The additional
layer of heterogeneity dampens the social effect of the flocking behavior. The utility parameter b for the social influence must be significantly higher than in the minimal model in order to recover the
signature phase transition.
We show furthermore that for a specific set of utility coefficients
the appearance of a phase transition is robust against different instantiations of a random network at given network density, but the
estimation process to determine the set of coefficients can be highly
sensitive to the small variations in the different instantiations. Special
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care must be taken in estimation of empirical models with networks
with very low densities when the model includes self loops, and with
networks with very high densities when the model includes an alternative specific constant especially in a model without self loops. In
general, preference goes to models with an alternative specific constant in order to ensure the error terms in the utility function have
zero mean and the estimated coefficients are unbiased. Whether self
loops are implemented or not in an empirical model depends on the
rationale of the system, and ideally on availability of panel data over
multiple time periods.
The results presented in this chapter form the basis of further research, investigating, for example, what class of networks may be
needed to address interactions between identifiable decision making
entities. Technically, these may also be well modeled by interaction
graphs. This is an interesting question in particular, as the results
suggest that more sparse networks are more dependent on the actual reference structure. Another important direction concerns discrete choices on abstract network models with more realistic degree
distributions, that is, the distribution of the number of "references"
the decision making entities have.
Sociodynamic Trinary Nested Logit: Application
In Chapter 7, we continue our exploration of the multi-agent based
simulation of discrete choice with interdependence of decision makers’ choices, now in an application to trinary commuter transportation mode choice with various sociogeographic network scenarios.
Hereby we present a framework for conceptualizing the interdependence of decision makers’ choices, making a distinction between social versus spatial network interdependencies and between identifiable versus aggregate agent interdependencies. In our empirical application, we consider a model where an agent’s choice is directly
influenced by the proportions of the agent’s neighbors, colleagues
and/or socioeconomic peers making each choice. First we depict influence within a disconnected network of clustered groups. Next we
depict influence within overlapping social and spatial groups. We observe that the estimated utility parameters for different hypothetical
sociogeographic network scenarios can generate dramatically different dynamics. This finding underscores the need for more empirical
research to understand actual sociogeographic influence networks, including those at the population level.
We also introduce observed heterogeneity in the model through
sociodemographic characteristics of the agents, individual-specific attributes of the choice alternatives, and the availability of alternatives.
Finally we introduce unobserved heterogeneity by accounting for
common unobserved attributes of the choice alternatives in the er-
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ror structure. We observe that these extensions generate dramatically
different temporal dynamics and thus cannot be ignored in any true
empirical application.
In order to delve deeper and disentangle the contributions of the
effects, we therefore then deliberately return to our minimal nested
logit model. We also take advantage of the computational possibilities
permitted through social simulation of multi-agent systems to study
not only the steady state behavior, but also the transition dynamics
– an important needed direction for research suggested by Blume et
al (2011). We study step-by-step, incrementally in turn, the effects of
initial starting conditions, size effects, and the effects of various types
of local interaction networks, including both clustered groups as well
as overlapping groups. Doing so, we are able to draw on our earlier
theoretical results to use as a benchmark in interpreting multi-agent
simulation results.
With regard to effects of initial starting conditions and size effects,
we demonstrate: 1) lock-in at the analytically predicted stable steady
states, 2) manifestation of the analytically predicted most stable equilibrium being dominant, and 3) for a fully connected network with
smaller size, the larger jump in mode share as an agent updates each
choice per iteration breaks the lock-in that we found when the entire
sample is fully connected.
With regard to effects of various types of local interaction networks,
we demonstrate: 1) global choice behavior in a disconnected network
of clustered groups is the weighted average behavior of separate clusters; 2) smaller cluster sizes yield more volatility in our nested logit
model with sociodynamic feedback and as a result, a tendency towards an overall non-biased modal split averaged over many clusters;
3) with sufficient volatility, initial conditions have no significant effect
on long-term outcomes; 4) with overlapping groups, influence can
spread throughout entire sample; 5) for a giant cluster with sufficient
network density and sufficient average degree, the precise connectivity of the network doesn’t appear to matter in the long-run, but the
initial conditions of the starting mode shares do matter, and the emergent distribution of outcomes for overall modal split gives the same
picture as the analytically predicted outcomes for a fully connected
network with the given initial conditions; 6) the analytically predicted
most stable equilibrium ultimately prevails in connected, sparse network of overlapping clusters, and the initial conditions of the starting
mode shares don’t seem to matter in this case.
Next we study the effect of observed heterogeneity via the complexity of the utility specification on the emergent outcomes. Here we
rely purely on computational techniques. It is important to recognize
however that there are two stages in our process where the sociogeographic network enters. First, the network enters in the econometric
estimation in determining the value of the estimated coefficients. Sec-
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ond, the network enters in the multi-agent based simulation in determining the course of the spread of influence when the feedback
is strong enough. We may wonder then what is the driving factor of
the results: Is it simply the strength of the feedback effect relative to
the other components of the utility? Or is it the connectivity of the
network during the transmission process? Or both?
To gain some insight to the answer with regard to this particular
case study, we run a hypothetical simulation experiment with sociogeographic networks swapped, while holding the utility parameters
fixed. We find that the strength of the feedback effect relative to the
other components of the utility is the dominant factor in generating
the long-run results. That is, in our particular case study, the connectivity appears not to be very relevant at the transmission stage, concurring with our earlier findings in Chapter 6 for the sociodynamic
binary logit application for scenarios where the network representing
the interactions between a decision making entity and the aggregate
behavior of other (local) reference entities has the small world property. This said, it is important to note that the sociogeographic networks studied in Chapter 7 are fairly dense by definition, due to the
nature of the aggregate interaction assumed within groups. Results
in Chapter 6 for a simple binary choice model with social interactions
on abstract classes of networks over a sweep of network density, holding utility parameters constant, indicated that sparse networks were
more sensitive in the outcomes of transmission.
part iv challenges
Econometric Considerations
In Chapter 8, we discuss five strategies for introducing social and spatial network interdependencies into choice models, focusing on feedback effects and on correlated effects. Due to the nature of data available to us, we are unable to consider identifiable agent interaction in
the case study. Instead we consider aggregate agent interdependencies and apply the model strategies for nine variations on three network treatments, one of these defined by socioeconomic group and
two defined spatially based on residential location. According to likelihood ratio and non-nested specification tests, our best performing
model strategy for this case study is what we term a “random field
effect” model, namely one with unobserved individual heterogeneity
on the group mean state dependence.
We believe this approach can be useful for researchers and practitioners who have a priori reason to believe there is a feedback effect
in their work, for example, on theoretical or qualitative grounds. Even
without such a priori knowledge, the field variable can still be a very
powerful and practical means of capturing variation in a data set, es-
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pecially in avoiding proliferation of estimated parameters, although
strict caution must then be exercised in the interpretation of predictions over time. Access to temporal data would allow researchers and
practitioners to remove ambiguity and be more definitive about their
results. We hope that researchers and practitioners will start to pay
more attention to the importance and consequences of agent interdependence. In particular we would be enthused to see more temporal
data collected via modern electronic means such as GPS trackers and
mobile phones with the aim towards understanding the potential inherent dynamic associated with feedback effects.
Outlook
We have found in this thesis that careful specification of both observed and unobserved heterogeneity matters critically for emergent temporal outcomes when there is sociodynamic feedback in the
model, even when the feedback takes the simple form of an aggregate field variable. Agent heterogeneity impacts the magnitude of
the mode shares, the speed of the transition to the steady state as
well as very fundamentally the number of possible observable steady
state solutions. Also the detailed effect of induced heterogeneity is
important to understand in different network structures, including
the speed of information flow across them. Misrepresentation of the
appropriate scale at which social influence occurs and of the appropriate network structure can yield strongly flawed policy implications
when studying social feedback.
We conclude highlighting recommendations for future research,
having extended previous work on discrete choice with social interactions in important ways.

S A M E N VAT T I N G

Stelt u zich voor dat u de keuze heeft om één van een aantal verschillende gedragswijzen aan te nemen of om één van een aantal verschillende producten te kopen. Neemt u hierbij aan dat deze keuze
een multidimensionaal karakter heeft, of meer in het algemeen, dat
er gemeenschappelijke kenmerken van de keuzealternatieven zijn
die niet door buitenstaanders kunnen worden waargenomen. Een
klassieke benadering om statistische voorspellingen te doen in een
dergelijke situatie op basis van een waargenomen steekproef van
besluitvormers uit de populatie is het geneste logit-model, geïntroduceerd door Ben-Akiva (1973) in het kader van het modelleren van
reisgedrag en gegeneraliseerd door McFadden (1978) in het kader
van de woonlocatiekeuze. Het nut dat een besluitvormer associeert
met een bepaald alternatief wordt hierin verondersteld te bestaan uit
een (voor de wetenschapper) deterministisch of zogenaamd "systematisch" nut plus een storingsterm. Het geneste logit-model ontleent
zijn naam aan de indeling van de verzameling keuzes in elkaar uitsluitende en gezamenlijk volledige "nesten" van keuzealternatieven
die worden geacht onderling gecorreleerd te zijn.
Neem nu aan dat uw keuze ook wordt beïnvloed door uw individuele perceptie van de gemiddelde keuzes van uw buren, collega’s en/of anderen van uw sociaal-economische groep. Een dergelijke modelspecificatie is interessant vanwege de inherente dynamiek
die kan ontstaan als het keuzemodel herhaaldelijk wordt toegepast in
opeenvolgende tijdsperioden, waarbij de fracties van beslissers voor
elk alternatief continu worden bijgewerkt als gevolg van de keuzes in
de vorige periode. Als de sociale invloed relatief onbelangrijk is ten
opzichte van andere bijdragen in het nut, dan zal de keuzeverdeling
over de tijd niet effectief veranderen. Als de sociale invloed echter
wel sterk positief en "voldoende dominant" is ten opzichte van andere bijdragen in het nut, kan na een aantal herhaalde perioden
een lock-in ontstaan, waarbij het grootste deel van de besluitvormers massaal voor een bepaald alternatief kiest. Met andere woorden,
de specificatie bevat feedback tussen besluitvormers die in de loop
der tijd zelfversterkend kan gaan werken. In uiteenlopende literatuur
wordt dit aangeduid als een sociale multiplier, een ‘waterval’, het
bandwagon-effect, imitatie, besmetting, kuddegedrag, enz. (Manski
1995). Blume et al. (2011) geven een uitgebreid literatuuronderzoek
van sociale interacties in de economie dat ook een sectie bevat over
discrete keuze modellen van sociale interacties. Het relatieve gebrek
aan aandacht voor dergelijke modellen op het gebied van transport
is verrassend. Als er namelijk theoretische of kwalitatieve redenen
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zijn om te veronderstellen dat er een feedback-effect bestaat, kan
het zeer belangrijke gevolgen hebben voor voorspellingen van (geaggregeerde) uitkomsten door de tijd heen. Bij de introductie van een
nieuw vervoersmiddel bijvoorbeeld is het van belang om te weten of
er een "voldoende dominant" feedback effect is dat de populariteit
van het vervoersmiddel voortdrijft.
Hoe dominant is "voldoende dominant" onder verschillende omstandigheden? Ons uitgangspunt bij het onderzoek van onderlinge
afhankelijkheid van de keuzes binnen een populatie besluitvormers is
een drietal artikelen van de economen Aoki (1995), Brock en Durlauf
(2001) en Blume en Durlauf (2003). Deze auteurs introduceren sociale
interacties in binaire discrete-keuzemodellen door een keuze van een
bepaalde besluitvormer af te laten hangen van het totale deel van
de besluitvormers dat dit alternatief kiest. Een dergelijke formulering
met perfect homogene besluitvormers maakt het mogelijk op analytische wijze te bepalen wanneer een lock-in zal optreden. Aan de hand
van verschillende methoden tonen alle drie artikelen aan dat er in
het model, afhankelijk van de waarden van de parameters, meerdere
evenwichten bestaan.
Om de stap te maken van een geïdealiseerde omgeving met homogene besluitvormers naar een praktische empirische omgeving zijn
er verschillende uitbreidingen mogelijk, zoals: i) de complexiteit van
de verdeling in het discrete-keuzemodel, ii) de complexiteit van het
feedback-effect, en iii) de complexiteit van de nutsspecificatie. Elk van
deze uitbreidingen biedt de mogelijkheid om een aanvullend type
heterogeniteit aan het model toe te voegen. In dit proefschrift onderzoeken we op systematische wijze achtereenvolgens elk van deze
uitbreidingen.
• Complexiteit van de verdeling in het discrete-keuzemodel. Brock en
Durlauf (2002, 2006) breiden eerdere resultaten over het gedrag
in binaire-keuzemodellen met globale sociale interacties uit tot
multinomiale keuze met globale sociale interacties. Evenals in
het geval van binaire keuzes tonen ze onder multinomiale
keuzes het bestaan van meerdere evenwichten aan, afhankelijk van de parameters van het model. In Deel II van dit proefschrift werken we de resultaten van Brock en Durlauf uit voor
het geval van drieledige multinomiale keuzes, en breiden we
de resultaten voor het geneste logit-model uit met globale interacties. Hierbij openbaart zich een voorheen onopgemerkte
hysteresis voor tussenliggende parameterwaarden als er meer
dan twee keuzealternatieven zijn in het multinomiale logitmodel. Dankzij het gebruik van het geneste logit-model wordt
het mogelijk niet-waargenomen heterogeniteit tussen keuzealternatieven mee te nemen door het inbedden van alternatieven
die geacht worden gecorreleerd te zijn. Onze analyse van het
geneste logit-model met globale sociale interacties resulteert in
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rijke bifurcatie-diagrammen met verscheidene nieuwe en belangrijke evenwichtsregimes waar de symmetrie wordt verbroken
door de schalingsparameter van het correlatieniveau tussen alternatieven.
• Complexiteit van het feedback-effect. In eerder werk werd het
gedrag als functie van de tijd afgeleid onder de aanname
dat elke besluitvormer beïnvloed wordt door alle andere
besluitvormers (zogenaamde globale interacties). Ioannides
(2006) onderzoekt meer algemeen gedrag in het geval van
binaire keuzes waar iedere besluitvormer wordt beïnvloed
door een deel van de besluitvormers (zogenaamde lokale of
niet-globale interacties). Onder lokale interacties wordt de
heterogeniteit opgewekt doordat verschillende agenten een
verschillend deel van de agenten waarnemen, waardoor de
keuze van elke agent hangt af van diens lokale netwerk. Dit
is van belang aangezien in een empirische toepassing een
globaal gedefinieerd feedback-effect perfect gecorreleerd zou
zijn met een verzameling specifieke alternatieve constanten in
het discrete-keuzemodel. In Deel III van dit proefschrift illustreren we de multi-agentsimulaties van een discrete-keuzemodel
aan de hand van microdata van transportkeuze van Nederlands
huishoudens. De simulaties bevestigen enkele hypotheses over
netwerkinteractie-effecten: eerst op basis van abstracte klassen
van netwerken in een sociaal-dynamisch binair logit-model,
en vervolgens op basis van sociaal-economische omgeving,
ruimtelijke nabijheid van woonlocatie en ruimtelijke nabijheid
van werklocatie in een sociaal-dynamisch drieledig genest
logit-model. Aanvullend empirisch werk zal het begrip van
lokale sociaal-ruimtelijke feedback verder moeten verduidelijken, aangezien de numerieke resultaten zeer gevoelig bleken af
te hangen van de veronderstelde structuur van lokale feedback
in het geschatte econometrische model.
• Complexiteit van de nutsspecificatie. Een belangrijk aspect van de
theoretische resultaten in Deel II van dit proefschrift is de aanname dat de enige waargenomen heterogeniteit in het systematische nut voor keuzealternatieven bestaat uit het feedbackeffect. Hoewel een dergelijke specificatie plausibel kan zijn voor
modegrillen, is het veel minder intuïtief voor transportkeuze,
waar andere verklarende variabelen mogelijk significant worden geacht, enerzijds eigenschappen van de alternatieven zoals
reistijd en anderzijds karakteristieken van de besluitvormende
agenten zoals geslacht, leeftijd en inkomen. In Deel III van
dit proefschrift wordt daarom een multi-agentsimulatiemodel
gepresenteerd waarin eenvoudig meer realistische empirische
cases kunnen worden getoetst. Om de implementatie te con-
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troleren wordt het multi-agentmodel eerst gekoppeld aan de
analytische resultaten uit Deel II voor het speciale geval
van homogene agenten, en vervolgens wordt heterogeniteit
toegevoegd. In Deel IV van dit proefschrift worden ook kwesties in de econometrische schatting van discrete-keuzemodellen
met feedback-effecten verkend.
De uitbreidingen met verschillende typen heterogeniteit, te weten
niet-waargenomen heterogeniteit vastgelegd in de geneste structuur,
heterogeniteit opgewekt door de lokale interacties, en waargenomen
heterogeniteit door volledig gespecificeerd systematisch nut, leiden
tot zeer uiteenlopende resultaten.
In dit proefschrift hebben we gevonden dat een nauwkeurige specificatie van zowel waargenomen als niet-waargenomen heterogeniteit
van cruciaal belang is voor de uitkomsten die zich in de loop der
tijd voordoen als het model sociaal-dynamische feedback bevat, zelfs
als deze feedback de simpele vorm aanneemt van een geaggregeerde
variabele. Heterogeniteit tussen agenten heeft invloed op de grootte
van fracties voor bepaalde keuzes, op de snelheid van de transitie
naar het evenwicht, en op het essentiële punt van het aantal mogelijk evenwichtsuitkomsten. Het is ook van belang het precieze effect
te begrijpen van heterogeniteit dat wordt opgewekt in verschillende
netwerkstructuren, waaronder de snelheid van informatiestromen
door het netwerk. Een onjuiste voorstelling van de schaal waarop sociale invloed plaatsvindt en van de netwerkstructuur kan tot volledig
verkeerde beleidsaanbevelingen leiden bij het bestuderen van sociale
feedback.
Op basis van de onderzochte uitbreidingen van discretekeuzemodellen met sociale interacties besluiten we met enkele
aanbevelingen voor toekomstig onderzoek.
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