
UvA-DARE is a service provided by the library of the University of Amsterdam (https://dare.uva.nl)

UvA-DARE (Digital Academic Repository)

Molecular modeling of odd viscoelastic fluids

Matus, P.; Lier, R.; Surówka, P.
DOI
10.1103/PhysRevE.110.044605
Publication date
2024
Document Version
Final published version
Published in
Physical Review E
License
Article 25fa Dutch Copyright Act (https://www.openaccess.nl/en/policies/open-access-in-
dutch-copyright-law-taverne-amendment)
Link to publication

Citation for published version (APA):
Matus, P., Lier, R., & Surówka, P. (2024). Molecular modeling of odd viscoelastic fluids.
Physical Review E, 110(4), Article 044605. https://doi.org/10.1103/PhysRevE.110.044605

General rights
It is not permitted to download or to forward/distribute the text or part of it without the consent of the author(s)
and/or copyright holder(s), other than for strictly personal, individual use, unless the work is under an open
content license (like Creative Commons).

Disclaimer/Complaints regulations
If you believe that digital publication of certain material infringes any of your rights or (privacy) interests, please
let the Library know, stating your reasons. In case of a legitimate complaint, the Library will make the material
inaccessible and/or remove it from the website. Please Ask the Library: https://uba.uva.nl/en/contact, or a letter
to: Library of the University of Amsterdam, Secretariat, Singel 425, 1012 WP Amsterdam, The Netherlands. You
will be contacted as soon as possible.

Download date:07 Dec 2025

https://doi.org/10.1103/PhysRevE.110.044605
https://dare.uva.nl/personal/pure/en/publications/molecular-modeling-of-odd-viscoelastic-fluids(c10dac4f-8626-4102-b91b-ab39ae9c048b).html
https://doi.org/10.1103/PhysRevE.110.044605


PHYSICAL REVIEW E 110, 044605 (2024)

Molecular modeling of odd viscoelastic fluids

Paweł Matus,1,* Ruben Lier,2,3,† and Piotr Surówka 4,‡

1Max Planck Institute for the Physics of Complex Systems and Würzburg-Dresden Cluster of Excellence ct.qmat, 01187 Dresden, Germany
2Institute for Theoretical Physics, University of Amsterdam, 1090 GL Amsterdam, The Netherlands

3Dutch Institute for Emergent Phenomena (DIEP), University of Amsterdam, 1090 GL Amsterdam, The Netherlands
4Institute of Theoretical Physics, Wrocław University of Science and Technology, 50-370 Wrocław, Poland

(Received 23 April 2024; accepted 11 September 2024; published 18 October 2024)

We consider an active, stochastic microscopic model of particles suspended in a fluid and show that the
coarse-grained description of this model renders odd viscoelasticity. The particles are odd dumbbells, each
featuring a robotic device as the bead, which exhibits a particular torque response. We show that this model
can be macroscopically treated as a viscoelastic fluid, analytically calculate the coefficients of the corresponding
viscoelastic model, and corroborate the results using molecular dynamics simulations. This study provides a
unified analytical framework for several experimental and numerical setups designed to elucidate odd effects in
fluids.

DOI: 10.1103/PhysRevE.110.044605

I. INTRODUCTION

Active matter is a class of matter that is composed of
individual agents that can consume energy from their envi-
ronment to perform work [1,2]. Unlike passive systems that
primarily respond to external stimuli, components of active
matter are capable of self-propulsion and can exhibit coor-
dinated behavior. Examples include biological systems like
flocks of birds, schools of fish, cells within living organisms,
as well as synthetic systems like self-propelled colloidal par-
ticles or ensembles of robots. When applied to metamaterials,
activity introduces a host of new capabilities and features
that make these materials even more intriguing for future
technologies [3,4].

Odd active materials represent a fascinating intersection
of active matter and systems with broken chiral symmetry.
These materials manifest as odd fluids and odd crystals,
characterized by their odd viscous or odd elastic response,
respectively [5]. Odd elastic materials exist in the form of
chiral starfish embryo crystals [6,7] or metamaterials that are
networks of nonreciprocal springs [8,9]. Odd fluid behavior
has been observed experimentally and numerically for sus-
pensions of externally rotated spinners [10,11], but also for
passive systems [12,13] as, unlike odd elasticity, odd viscosity
does not require activity to manifest.

Simultaneously, various common materials such as rub-
bers, wood, ligaments and tendons, or metals near their
melting point can display both solid-like and fluid-like prop-
erties depending on the timescale of the experiment, a
phenomenon known as viscoelasticity [14]. This observation
suggests that the behavior of parity-breaking materials can be
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more generically described by a novel hydrodynamic theory
dubbed “odd viscoelasticity” [15–20]. Odd viscoelastic theo-
ries feature unconventional transport coefficients, signatures
of which may include unusual pattern formation [17] and
probe particles displaying oscillatory velocity at long times
[19]. Interestingly, unlike odd elastic solids [8], odd viscoelas-
tic fluids can theoretically be found in active and passive
systems [16].

When formulating a theory of viscoelasticity, one typically
starts with a macroscopic description in terms of stress, strain,
and its derivatives. However, understanding the microscopic
origin of viscoelasticity is critical both at the theoretical and
the practical level. To this end, various toy systems can be
employed as a first step toward the development of a realistic
model. Dumbbell models can be used to model the behav-
ior of complex macromolecular systems like polymers in a
simple way [21–26]. Upon coarse-graining these models, the
continuum theory one arrives at is that of a viscoelastic fluid.
In this approach, a polymer molecule is approximated as a
dumbbell consisting of two large beads connected by a spring.
The beads represent clumps of atoms or monomers, while the
spring symbolizes the chain of monomers connecting them.

In this study, we consider a system of odd active agents
suspended in a fluid. The odd active agents that are being
considered are an active generalization of molecular dumbbell
models (see also [27–29]). By coarse-graining the micro-
scopic equations and performing numerical simulations, we
show that such a system gives rise to odd viscoelasticity,
and we provide analytical expressions for the coefficients in
the resulting model. Interestingly, similar systems have been
considered both in experiment [10] and numerical studies
[11,28–33], with Refs. [11,28] observing unusual time evolu-
tion of the stress response. At the same time, to the best of our
knowledge there has been no attempt at understanding the odd
viscoelastic behavior by coarse-graining a microscopic model.
Deriving macroscopic properties of such a model can serve as
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FIG. 1. Dumbbell in a decompressed state compared to the rest
state. Arrows represent the dumbbell forces given by Eq. (1).

a guide when designing metamaterials with desired features
and a point of reference for understanding experimental or
numerical results. This is precisely the purpose of this work.

The structure of this study is as follows. In Sec. II we
describe experimental systems of suspended dimers that dis-
play odd springs constants and formulate their corresponding
microscopic equations of motion with stochastic forces. In
Secs. III and IV we coarse-grain this model to find that
at a macroscopic level it is described by a theory of odd
viscoelasticity with two distinct elastic degrees of freedom
with different relaxation times. Then in Sec. V we compute
the evolution of the elastic stress as a function of time and
compare the result to a numerical simulation.

II. ODD DUMBBELLS

We will now describe a microscopic model of active dumb-
bells that display both a longitudinal and transverse force
when strained away from their rest state. Introducing the intra-
dumbbell distance vector R, we denote the dumbbell’s length
at rest by |R|rest = R� (see Fig. 1). Let us parametrize R by
a scalar δR ≡ |R| − R∗ expressing the deviation from the rest
state, and the unit vector r̂ ≡ R/|R|. For a small deviation δR,
such that δR/R∗ � 1, the force that the odd spring exerts on a
bead can be expressed as [8]

Fi(R) ≈ δR(κeδi j + κoεi j )r̂ j, (1)

where i, j are spatial indices, εi j is the Levi-Civita tensor
and κe, and κo represent the even and odd spring constants,
respectively. The broad features of the behavior of the system
will not depend on the exact formula for Fi(R) as long as
Eq. (1) is valid. In order to proceed with analytical treatment,
we take the elastic force exerted by the spring to be given by

Fi,elastic(R) = δR κer̂i. (2)

Because the elastic energy of the dumbbell is equal to
κe(δR)2/2, the equipartition theorem ensures that in equilib-
rium the average value of δR2 is1

〈δR2〉 = kT

κe
. (3)

1The temperature T is understood as the temperature of the bath
in which the dumbbells are suspended. We assume that T is not
affected by the activity of the suspended dumbbells. Eq. (3) can be
derived explicitly from the Fokker-Planck equation presented later
on in Eq. (10).

FIG. 2. Schematic model of an odd dumbbell. Cylinders inside
the beads represent rotating elements, such as flywheels, that act as
internal storage of angular momentum. The beads are connected by
an elastic element that functions as a spring. The coil wound around
the cylinder represent a spinning mechanism that applies an equal
torque M to each of the internal rotating elements when the spring is
deformed. Due to the conservation of the total angular momentum,
torque equal to −2M (represented by the middle arrow) has to be
simultaneously experienced by the rest of the dumbbell. Thus, as-
suming M ∝ δR, the mechanism effectively applies transverse forces
Fodd ∝ δR to the beads.

Thus, the approximation (1) will in general be valid when
kT/(κeR2

∗) � 1, which is what we assume from now on.
One way to introduce a transverse force consistent with

Eq. (1) is by coupling the beads to an internal reservoir
of angular momentum, which interacts with the rest of the
dumbbell when the bond between the beads is stretched or
compressed, as visualized schematically in Fig. 2. Let us first
consider the possibility that the torque M is directly propor-
tional to the deformation of the spring δR. Such a mechanism
is referred to as an “odd spring” in the literature [8]; a possible
realization of an odd spring for the dumbbells is discussed in
more detail in Appendix A. We can then parametrize M =
εi jRiFj = κoR∗δR for some coefficient κo, from which follows
that the odd part of the force is

Fi,odd = κo
R∗
R

δR εi j r̂ j ≈ δR κoεi j r̂ j, (4)

where we expanded in δR/R∗ and R ≡ |R|.
Remaining within the model of Fig. 2, we can also consider

the possibility that the cylinders are attached to mainsprings
that are kept wound, which leads to a constant torque acting
on the dumbbells independently of δR. We can include this
in our description of the system by introducing a constant
torque parametrized as M = ζ�R2

∗/2, which produces a driv-
ing force

Fi,rot = ζ�

2

R2
∗

R
εi j r̂ j ≈ ζ�(R∗ − δR)

2
εi j r̂ j . (5)

The frequency � corresponds to the frequency of counter-
clockwise dumbbell rotation in overdamped dynamics with ζ

representing the particle drag.
At this point we note that there can exist other mechanisms

that can induce a transverse force of a form similar to that
in Eq. (5). For example, the � term can possibly be used
to describe the rotation of a suspension of particles possess-
ing magnetic moments and subjected to a rotating magnetic
field, as in Fig. 3. In the latter case, the torque acting on
the dumbbells was found in Ref. [10] to lock the angular
velocity of the particles to the frequency � of the rotating
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FIG. 3. A rotating background magnetic field allows for springs
with a magnetic moment to display an odd spring force.

magnetic field such that their rotation is independent of the
fluid medium in which the particles lie. When this happens,
objectivity (independence of stress from vorticity) is violated
and a nonvanishing rotational viscosity ηR appears, which
relaxes the fluid vorticity ω to 2� through adding a term
proportional to −ηR(2� − ω) to the stress tensor. As shown
in Appendix C, we find ηR to be given by the formula

ηR = ndR2
∗ζ

8
, (6)

where nd is the dumbbell density. We analyze the effect of the
angular motion locking in more detail in Appendix C, but in
the main text we focus on the case without the locking.

In addition to the intra-dumbbell forces, we also consider
interactions with a background fluid, which damp the motion
of the beads with a rate ζ and introduce a stochastic force S(λ)

acting on the beads. In the overdamped regime, this gives the
following equations of motion:

ζ (ṙ(α) − u(r(α) )) = F(R) + S(α), (7a)

ζ (ṙ(β ) − u(r(β ) )) = −F(R) + S(β ), (7b)

where r(λ) are vectors of the coordinates of the dumbbell com-
ponents, R = r(β ) − r(α), u is the velocity of the background
fluid, and ζ is the drag coefficient. The stochastic forces are
modeled as a white noise, i.e.,〈

S(α)
i S(α)

j

〉 = 2Dζ 2δi jδ(t2 − t1) (8)

and similarly for S(β ), while 〈S(α)
i S(β )

j 〉 = 0. Note that in this
model the beads interact with one another only indirectly
via the springs and the background fluid, while the effects
of bead collisions are neglected. We also neglect short-range
hydrodynamic interactions, meaning that the model is valid
in the long-dumbbell limit R∗ 	 a, where a is the radius of a
bead.

III. CONTINUITY EQUATIONS

We now turn to derive odd viscoelastic behavior from
the model introduced in Sec. II. For this, in addition to the

relative vector R ≡ r(β ) − r(α) we define the center of mass
x ≡ (r(α) + r(β ) )/2, so that we can turn Eq. (7) into

Ṙi = Rj∂ jui − 2

ζ
Fi(R) + 1

ζ
f 1
i , (9a)

ẋi = ui + 1

ζ
f 2
i , (9b)

where we defined f1 = S(β ) − S(α) and f2 = (S(α) + S(β ) )/2.
Now we introduce the function ψ (x, R, t ), which represents
the probability of finding a dumbbell at position x at time t
with the intra-dumbbell vector equal to R. The Fokker-Planck
equation for the evolution of ψ (x, R, t ) can be derived from
Eq. (9), and it takes the form [21,24,25]

∂

∂t
ψ + ∂

∂xi
(ui ψ )

= −∂ jui
∂

∂Ri
(Rjψ ) + 2

ζ

∂

∂Ri
(Fi(R)ψ )

+ 2kT

ζ
�Rψ + kT

2ζ
�xψ, (10)

where we take into account the Einstein relation D = kT/ζ

with T representing the temperature of the fluid bath. In
Eq. (10), �R and �x are Laplace operators with respect to
Ri and xi, respectively.

Before proceeding further, let us introduce two isotropic
rank-two tensors:

γi jkl = 1
2δikδ jl + 1

2δilδ jk − 1
2δi jδkl , (11a)

γ o
i jkl = 1

4 (εikδ jl + εilδ jk + ε jkδil + ε jlδik ). (11b)

So defined γi jkl and γ o
i jkl are both traceless and symmetric

under the exchange of i ↔ j and k ↔ l , but while γi jkl is
parity-even: γi jkl = γkli j, γ o

i jkl is parity-odd: γ o
i jkl = −γ o

kli j .
We then denote for any tensor Ci j

C〈i j〉 = γi jklCkl , Co
〈i j〉 = γ o

i jklCkl ,

C = TrCi j, CA = εi jCi j . (12)

As explained in Appendix B, we will assume the dumbbells
in the fluid to be dilute, so that all the viscous and inertial
contributions from the dumbbells are small compared to the
fluid contributions and are thus neglected. With these prepa-
rations, the mass and momentum conservation of the fluid can
be described in terms of the following continuity equations:

∂tρ
f + ∂i(ρ

fui ) = 0, (13a)

ρf (∂t ui + u j∂ jui ) + ∂ jTi j = 0, (13b)

where ρf is the fluid density and the stress tensor Ti j can be
decomposed as

Ti j = T (f)
i j + T (s)

i j + pdδi j . (14)

T (f)
i j is the stress tensor of the fluid, which takes form

T (f )
i j = pfδi j − ηi jkl Dkl , (15)

where Di j = ∂iu j, pf is the fluid pressure and

ηi jkl = ηsγi jkl + 1
2ηbδi jδkl . (16)
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Furthermore, pd = 2ndkT is the dumbbell pressure and T (s)
i j

is the component of the stress tensor related to the spring
force and given by the Irving-Kirkwood virial stress formula
[21,24,34]

T (s)
i j = −

∫
d2R RjFi(R)ψ. (17)

The detailed derivation of Eqs. (13), (14), and (17) can be
found in Appendix B. There we show how by calculating the
zeroth and first moment of the Fokker-Planck equation with
respect to the dumbbell momentum one can find the continuity
equations for the dumbbell density and momentum, respec-
tively. These equations are then added to the corresponding
equations for the background fluid, producing the abovemen-
tioned formulas.

IV. ODD JEFFREYS MODEL

The stress tensor Ti j given in Eq. (14) can be decomposed
into a constant part and a nonequilibrium part T̃i j as follows:

Ti j = (pf + ndkT )δi j − κo

2κe
ndkT εi j − ndR2

∗ζ�

4
εi j + T̃i j .

(18)

The constant antisymmetric stress is proportional to the
strength of the driving and expresses a steady injection of
angular momentum into the system. Note that by tuning the
strength of the driving to ζ�/2 = −kT κo/(κeR2

∗) the constant
torque can be made to vanish.

The nonequilibrium part T̃i j evolves in time in a nontrivial
way due to the behavior of the component T (s)

i j . Its evolution
can be found by multiplying the Fokker-Planck equation in
Eq. (10) by RjFi(R) and integrating over R, as implied by
Eq. (17). The resulting equations are then simplified by ex-
panding up to the first order in gradients, as well as to the
lowest order in 〈δR2〉/R2. The details of this lengthy cal-
culation can be found in Appendix C. The main finding is
that the evolution of T̃i j is described by a generalized odd
Maxwell model, the equation for which involves second time
derivatives. In a symbolic notation we can write

∂2

∂t2
T̃ + α

∂

∂t
T̃ + βT̃ = −σ

∂

∂t
D − ξD, (19)

where all the symbols with underlines denote tensors, namely,
T̃ = T̃i j and D = Di j are rank-two tensors, while α =
αi jkl , β = βi jkl , σ = σi jkl , and ξ = ξi jkl are rank-four ten-

sors. A schematic representation of Eq. (19) in the form of
a viscoelastic circuit is shown in Fig. 4. All the rank-four ten-
sors in Eq. (19) can be analytically calculated, however, their
physical meaning is not immediately clear in this formulation.
In order to elucidate it, we notice that when the frequency of
the perturbation is sufficiently high, the third term on the left
hand side and the second term on the right-hand side can be
neglected; conversely, when the frequency is low enough, the
first term on the left-hand side can be neglected. Therefore,
if the timescales in the problem are well separated, the gen-
eralized Maxwell model reduces to two odd Jeffreys models,
one describing the high-frequency evolution, and one describ-
ing the low-frequency evolution of stress. Splitting the stress

FIG. 4. Viscoelastic circuit corresponding to the generalized
Maxwell model given in Eq. (19). The elements in the circuit
correspond to four-tensors and adhere to odd viscoelastic Kirchhoff
laws [15,16]. They are related to the tensors in Eq. (19) by α =
(C1 : K−1

1 + C2 : K−1
2 ), β = C1 : C2 : K1

−1 : K2
−1, σ = (C1 + C2)

and ξ = (C1 : C2 : K−1
1 + C1 : C2 : K−1

2 ), where the colon represents

a contraction of the last two indices of one tensor with the first two
indices of another: (α : β )i jkl = αi jmnβmnkl .

tensor T̃i j into its traceless symmetric component, trace, and
the antisymmetric component, we then obtain the following
set of equations valid for both regimes:

∂

∂t
T̃〈i j〉 + χsT̃〈i j〉 + χoT̃ o

〈i j〉

= −γs
∂

∂t
D〈i j〉 − (ζs + γsχs − γoχo)D〈i j〉

−γo
∂

∂t
Do

〈i j〉 − (ζo + γoχs + γsχo)Do
〈i j〉, (20a)

∂

∂t
T̃ + χbT̃ = −γb

∂

∂t
D − (ζb + γbχb)D, (20b)

while the antisymmetric component is related to the trace
of T̃i j :

T̃ A = κo

κe
(T̃ + ηbD). (21)

Equations 20(a) and 20(b) represent the odd Jeffreys model of
viscoelasticity. The interpretation of the different coefficients
is as follows: χs gives the stress relaxation rate; χo gives
the frequency of rotation of stress in the T̃〈xx〉 − T̃〈xy〉 space;
γs and γo are the instantaneous shear and odd viscosities,
respectively; and ζs and ζo are the instantaneous shear and
odd elasticities, respectively. Furthermore, note that for times
t 	 χ−1

s , after the relaxation has taken place, the stress tends
to

T̃ → −
(

ζb

χb
+ γb

)
D, (22a)

T̃ A → −κo

κe

(
ζb

χb
+ γb − ηb

)
D, (22b)

T̃〈i j〉 → −
(

χsζs + χoζo

χ2
s + χ2

o

+ γs

)
D〈i j〉

−
(

χsζo − χoζs

χ2
s + χ2

o

+ γo

)
Do

〈i j〉. (22c)

In the following we consider odd dumbbell models with
κe 	 ζ�, which is a valid approximation in systems in which
the relaxation of elastic deformations takes place much faster
than the rotation period. In this case we can distinguish
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two regimes of interest. One corresponds to the evolution
of the system at times on the order of ζ/κe or shorter: this
is the timescale on which the relaxation of the elastic strain
given by

Ci j =
∫

R
r̂i r̂ jδR ψ (23)

takes place. The coefficients in this regime are as follows:

γs = ηs, χs = 2κe

ζ
, ζs = ndR2

∗κe

4
, (24a)

γo = 0, χo = 0, ζo = ndR2
∗κo

4
, (24b)

γb = ηb, χb = 2κe

ζ
, ζb = ndR2

∗κe

2
. (24c)

The second regime corresponds to times on the order of
ζ/κe or longer: it is on this timescale that the alignment tensor
Xi j relaxes, with Xi j defined as

Xi j ≡ R2
∗

∫
R

r̂i r̂ jψ. (25)

The corresponding coefficients are

γs = ηs + ndR2
∗ζ

8
, χs = 8kT

ζR2∗

(
1 + κ2

o

κ2
e

)
,

ζs = ndR2
∗ζ

8

(
χs + κo

κe
χo

)
, (26a)

γo = κo

κe

ndR2
∗ζ

8
, χo = 2� − 4kT κo

κeR2∗ζ
,

ζo = ndR2
∗ζ

8

(
χo − κo

κe
χs

)
, (26b)

γb = ηb + ndR2
∗ζ

4
, χb = 0, ζb = 0. (26c)

Some interesting observations can be made at this point
using Eq. (22). Firstly, the post-relaxation viscosities in the
short-time regime that can be read off from Eqs. (22) and
(24) are equal to the instantaneous viscosities γb, γs and γo in
the long-time regime in Eq. (26). This agreement can be seen
as a check on the consistency of the two-regime approach.
Secondly, for t → ∞ the stress tensor tends to

T̃ → −
(

ηb + ndR2
∗ζ

4

)
D, (27a)

T̃ A → −κo

κe

ndR2
∗ζ

4
D, (27b)

T̃〈i j〉 → −
(

ηs + ndR2
∗ζ

4

)
D〈i j〉. (27c)

Clearly, odd viscosity vanishes in the zero-frequency limit.
While it might seem to be a nontrivial result given the com-
plicated expression in Eq. (22c), we will show that it can be
expected on general grounds. To this end, let us consider the
evolution of the object

Ui j ≡
∫

R
RiRjψ. (28)

Multiplying the Fokker-Planck equation in Eq. (10) by RiRj

and calculating the average produces the evolution equa-
tion for Ui j :

D
Dt

Ui j + Ui j∂kuk = 2U(ik∂ku j) + 4

ζ
T (s)

(i j)

+ 4kT

ζ
δi j + ndkT

4ζ
�xUi j, (29)

where D
Dt ≡ ∂

∂t + u · ∇. Let us assume that after a constant
shear rate is turned on, Ui j first builds up and then relaxes
to a steady value, so that at long times D

Dt Ui j → 0. Due
to the isotropy of the system, in the hydrodynamic regime
Ui j = Usδi j + O(∂ ), where Us is some constant and O(∂ ) is
a gradient correction. We thus have at the leading order

T (s)
(i j) → −ndkT δi j − ζ

2
Us∂〈iu j〉. (30)

Thus, in the t → ∞ limit there is only the shear viscosity
induced by drag. This conclusion is reached assuming only
(1) an overdamped collisionless dumbbell model, in which
(2) the tensor Ui j reaches a steady state. For our model, Us is
given by

Us = ndR2
∗

2
, (31)

and Ui j relaxes to Ui j = Usδi j + O(∂ ) whenever the tempera-
ture is nonzero. This reproduces the results of Eq. (27).

On the other hand, we also observe that the stress relax-
ation rate is proportional to kT , so that in the zero-temperature
limit odd viscosity will be equal to its instantaneous value

γo = κo
κe

ndR2
∗ζ

8 even for t → ∞. We confirm these predictions
in numerical simulations presented in the next section.

V. SIMULATION RESULTS

To show that the odd viscoelastic models discussed in
this paper can indeed describe a system composed of a large
amount of particles described by microscopic equations, we
perform numerical simulations for a many-particle system
where we trace the evolution of the stress tensor. The goal of
the simulations is to test the accuracy of the coarse-graining
analysis, verifying the validity of the approximations that
were employed in obtaining the analytical results. Further-
more, numerical studies give an opportunity to study the
effects of inter-dumbbell interactions on the odd viscoelastic
behavior. As the central result of this work consists of predict-
ing the evolution of stress under applied shear, see Eq. (19),
we concentrate on that part of the problem by subjecting the
system to a constant shear rate while ignoring the dynamics
of the background fluid itself.

The computations are based on the publicly available
code developed in Ref. [28], to which we introduced ade-
quate modifications. The simulation consists of two parts.
First, we consider exclusively the evolution of the stress in
absence of shear and we find that in the presence of inter-
dumbbell interactions the qualitative behavior that is predicted
by the analytics is retained. Then, we consider a model in
the presence of shear, which will enable us to study the full
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viscoelastic response. More details about the simulations can
be found in the subsequent subsections.

A. Stress tensor evolution without shear

We consider a setup where the background fluid is fully
homogeneous and at rest, so that Di j = 0. The evolution of
stress is then given by

∂t

⎛
⎜⎜⎜⎜⎝

T̃〈xx〉
T̃〈xy〉
1
2 T̃

1
2 T̃ A

⎞
⎟⎟⎟⎟⎠ = M

⎛
⎜⎜⎜⎜⎝

T̃〈xx〉
T̃〈xy〉
1
2 T̃

1
2 T̃ A

⎞
⎟⎟⎟⎟⎠, (32)

with

M =

⎛
⎜⎜⎜⎝

−χs −χo 0 0
χo −χs 0 0
0 0 −χb 0
0 0 0 −χb

⎞
⎟⎟⎟⎠. (33)

The viscoelastic coefficients in this setup can be found numer-
ically by measuring stress-stress correlation functions. This
can be done based on the code developed in Ref. [28], in
which we modify the formula for the intra-dumbbell force.
In order to simulate the odd-dumbbell model introduced in
Sec. II, we take the force to be

Fi = δR κer̂i + εi j r̂ j
R∗
R

(
κoδR + ζ�

2
R∗

)
. (34)

A system of dumbbells is then subjected to a Langevin evo-
lution and allowed to thermalize, after which the stress-stress
correlator is measured during a longer period of evolution.

We shall focus by the way of example on the correla-
tion function Cxyxx(t ) = 〈T̃xy(t )T̃xx(0)〉, the formula for which
reads

Cxyxx(t ) = 〈
T̃ 2

〈xx〉
〉
e−χst sin(χot ) + 1

4 〈T̃ · T̃ A〉e−χbt , (35)

with 〈. . .〉 denoting an equal-time correlator. Using 〈(δR)2〉 =
kT/κe and isotropy of the distribution of r̂i in a steady state
one can prove

〈
T̃ 2

〈xx〉
〉 = ndR2

∗kT κe

8

(
1 + κ2

o

κ2
e

)

+ ndR4
∗ζ

2�2

32
+ O((kT )2),

〈T̃ 2〉 = κendR2
∗kT, 〈T̃ · T̃ A〉 = κondR2

∗kT . (36)

The values given above are only valid for the short-time evo-
lution, after which a relaxation of the elastic part of the stress
tensor takes place. Calculating the post-relaxation correlation
functions requires some care, the appropriate values are cal-
culated in Appendix C in Eq. (C27). One finds that in the
long-time regime 〈T̃ 2〉 = 〈T̃ · T̃ A〉 = 0, while for 〈T̃ 2

〈xx〉〉, the

following replacement should be made:

〈
T̃ 2

〈xx〉
〉 → ndR4

∗ζ�

32

(
ζ� − 4kT κo

κeR2∗

)
+ O((kT )2). (37)

Finally, the formula that captures both the short-time and
long-time behavior is

Cxyxx(t ) = ndκoR2
∗kT

4
exp

(
−2κe

ζ
t

)

+ ndR4
∗ζ

2�2
∗

32
exp

[
−8kT

ζR2∗

(
1 + κ2

o

κ2
e

)
t

]
sin (2�t ),

(38)

where we assumed for simplicity that ζ� 	 kT κo/(κeR2
∗)

in the second line of the equation. In Fig. 5 the behavior
of Cxyxx(t ) obtained by the means of numerical simulations
is compared to the analytically-derived formula given in
Eq. (38). While the approximations used in the derivation are
seen to introduce some discrepancies between the two results,
the overall behavior turns out to be accurately described by
the theory, especially regarding the scaling of the various
coefficients with the parameters of the system.

Furthermore, to test the limits of applicability of the model
we introduced bead-bead interactions in the form of the
Lennard-Jones potential:

E = 4ε
∑
i< j

[(
σ

ri j

)12

−
(

σ

ri j

)6
]
, (39)

where ri j = |ri − r j | is the distance between beads num-
bered i and j. We focused on the case 2σ < R∗, which
means that the bead-bead interactions happen mostly dur-
ing inter-dumbbell collisions, while intra-dumbbell collisions
are rare. As seen in Fig. 6 interactions are found to in-
crease the oscillation period while reducing the relaxation
time of the out-of-equilibrium stress tensor, but the over-
all shape of the stress correlation function remains broadly
intact. This behavior can be observed across a wide range
of interaction parameters, with the relative change of the
oscillation frequency and extinction coefficients plotted in
Fig. 6. Noticeably, the increase of the extinction coefficient
is typically a more significant effect than the decrease of the
frequency.

B. Stress tensor evolution with shear

Now we turn to a simulation that allows us to directly test
the validity of the viscoelastic model as given in Eqs. (20),
(24), and (26). While using a similar setup to the one described
in the previous subsection, we now impose a small constant
deformation rate on the region of simulation starting at a
certain time t = 0. The deformation imposed is in the form of
a simple shear equivalent to imposing D〈xy〉 = 1

2 DA = const.
and D〈xx〉 = D = 0. Then the average stress tensor of the sys-
tem of dumbbells is directly measured. As we do not model
the dynamics of the background fluid, we set ηs = ηo = ηb =
0. The results are shown in in Fig. 7, where they are com-
pared with the analytical prediction that combines both the
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FIG. 5. Comparison of numerical results for the correlation functions Cxyxx (t ) = 〈T̃xy(t )T̃xx (0)〉 with the analytical result of Eq. (38). In the
left panel we present results for different odd spring constants κo in the short-time regime, setting ζ� = 0 and kT = 0.2. In the right panel
we present results for different temperatures kT across both regimes, setting ζ� = 6 and κo = 20. In all simulations κe = 30, ζ = 30, nd =
0.4, R2

∗ = 1.

short-time and the long-time effects:

T̃〈i j〉 = −ndR2
∗ζ

8

(
A(t )D〈i j〉 + B(t )Do

〈i j〉
)
, (40)

where

A(t ) = (1 − e−2κet/ζ )(2 − e−χst )

×
(

cos (χot ) + κo

κe
sin (χot )

)
, (41a)

B(t ) = κo

κe
(1 − e−2κet/ζ )(2 − e−χst )

×
(

cos (χot ) − κe

κo
sin (χot )

)
, (41b)

where the coefficients χs and = χo relate to the long-time
regime and are found in Eq. (26). At the same time the trace

and the antisymmetric parts of stress are predicted to be zero,
T̃ = T̃ A = 0.

The simulations fully corroborate the results of Sec. IV,
apart from the fact that T̃ and T̃ A are found to grow slowly
with time; this behavior can be attributed to effects nonlinear
in Di j , which are not captured by the linear Jeffreys model.
In particular, the simulations confirm that the long-term odd
viscosity tends to zero as a result of thermal fluctuations, but
remains constant in the zero temperature case.

VI. CONCLUSION

In this work we consider a microscopic model of dumb-
ells with odd active forces suspended in a fluid. We provide
two examples of systems in which such a suspension of odd
dumbbells considered could appear, focusing particularly on

FIG. 6. Effect of introducing bead-bead interactions modeled by the Lennard-Jones potential with range σ and strength ε. (a) A function of
the form A exp(−γ t ) cos(2�∗t ) is fitted to the numerically obtained correlation function Cxyxx (t ). The diagrams present the relative deviation
of the extinction coefficient γ and the frequency �∗ from their interaction-free values γ0 and �; the deviations are defined as γ−γ0

γ0
and �∗−�

�

respectively. (b) Three examples of the correlation functions Cxyxx (t ) obtained for different values of the interaction parameters. The plots
correspond to the data points from panel (a) marked by triangles with colors (shades of gray) matching the plots. The parameters used are
κe = 30, κo = 0, ζ = 30, ζ� = 6, nd = 0.4, R2

∗ = 1 and kT = 0.1.
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FIG. 7. Evolution of all the components of stress under a constant simple shear Dxy = 0.00126. Numerical results (solid lines) are compared
with analytical predictions (dashed lines). The T̃〈xy〉 and T̃〈xx〉 components of stress corresponds to the even and odd responses, respectively; for
the trace and antisymmetric components, the Jeffreys model predicts T̃ = T̃ A = 0. The left panel shows the zero-temperature case kT = 0,
while in the right panel kT = 0.1. In both simulations we set � = 0, κe = 30, κo = 20, ζ = 30, nd = 0.4, R2

∗ = 1. The oscillations visible
in the right panel result from finite-temperature fluctuations coupled with a finite size of the numerical sample.

the relation between these odd forces and angular momentum
conservation.

In the overdamped limit, we coarse-grain the microscopic
equations of these systems to obtain a macroscopic descrip-
tion of the dumbbell suspension, which is the theory of odd
viscoelasticity. Specifically, we find two distinct regimes in
time where two distinct objects relax to their equilibrium
value; both of these regimes can be described by their own
distinct odd Jeffreys model. One of these regimes, lasting for
a time of the order of ζ/κe, where ζ is the drag coefficient
and κe is the elastic constant of a single colloidal particle,
can be seen as the elastic regime: it is at this timescale that
odd-elastic effects can be observed. Following it is a time
window ζ/κe � t � R2

∗ζ/(kT ), where R∗ is the radius of the
particle and kT/ζ is the effective diffusion constant, when the
system displays odd viscosity. Finally, at times of the order
of R2

∗ζ/(kT ) the odd response dies out. We have also shown
that the vanishing of odd response at long times is a feature
that can generically be expected in this class of systems,
which, however, does not prevent the emergence of transient
(or, equivalently, finite-frequency) odd elastic and odd viscous
behaviors, as proven by our analysis.

Through numerical simulation, we verify that the coarse-
graining procedure provides quantitatively accurate predic-
tions for time-dependent correlations of the elastic stress
tensor, including in the presence of weak interdumbbell
interactions.

The analytical and numerical results of this work offer a
foundation for potentially observing odd viscoelastic fluids
in experiment. Furthermore, the coarse-graining procedure
provides a deeper understanding of the circumstances under
which the coefficients of an odd viscoelastic fluids can arise.
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APPENDIX A: ODD SPRING MODEL

In this Appendix, we present a possible mechanism of
generating odd spring force acting on the dumbbell. The di-
agram in Fig. 8 should be read as follows: there is a rigid
rod connecting the two beads constituting the dumbbell (the
thick brown line in the sketch). Due to symmetry between the
two beads we concentrate on just one half of the dumbbell.
The vector R/2 = R∗+δR

2 r̂ connects the center of the dumbbell
with the center of the bead and we denote the radius of the
cylinder by rs. We also introduce a coordinate z equal to the
displacement of the bead along the direction of the rod from

FIG. 8. Schematic representation of one half of the odd dumbbell
from Fig. 2 as seen from above, with O denoting the center of the
dumbbell. The colors (shades of gray) match the ones in Fig. 2,
while the black lines, arrows and labels are auxiliary and serve to
explain the mechanism. A more detailed description of the Figure is
the content of Appendix A.
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its rest state. In other words,

z =
√

(R∗ + δR)2

4
− r2

s −
√

R2∗
4

− r2
s . (A1)

The end of the rod is attached to a spring, which in turn exerts
force on the cylinder through some mechanism. If the other
end of the spring deviates from its original position with
respect to the bead by w, the elastic energy of the spring
is 1

2κ (z + w)2 with some spring constant κ . The spring ex-
erts a force at the cylinder, which is applied at the point of
contact with the cylinder and directed along the rod. Thus,
the cylinder experiences linear acceleration due to the force
F = −κ (z + w) (shown on the sketch) and angular accelera-
tion due to the torque M = rsF .

Let us now turn to energetic considerations. To rotate the
cylinder, the spring needs to do work on it: to be exact, the
work done when the end of the spring is displaced by w is
equal to 1

2κ w2. On the other hand, the internal degree of
freedom w does not feature in the equations of motion for
the odd dumbbell. One possibility for eliminating w from the
dynamics of the dumbbell is by keeping w roughly equal to 0
all the time by using a device (denoted A on the sketch) that
pushes the end of the spring back to w = 0 when w reaches
a certain value, which we denote as ±δw. This device is
necessarily active, as every activation of the mechanism costs
energy 1

2κ (δw)2, and so requires a source of energy to run.
Having assumed now the presence of the active device A

thanks to which always w ≈ 0, let us calculate the forces
acting on the bead. The force F can be projected along and
perpendicular to R, and in the situation shown in the sketch it
is equal to

Fi = −κz(cos(θ )r̂i + sin(θ )εi j r̂ j )

= −κz

⎛
⎝

√
1 − 4r2

s

(R∗ + δR)2
r̂i + 2rs

R∗ + δR
εi j r̂ j

⎞
⎠

= −κ

2

(√
(R∗ + δR)2 − 4r2

s −
√

R2∗ − 4r2
s

)

×
⎛
⎝

√
1 − 4r2

s

(R∗ + δR)2
r̂i + 2rs

R∗ + δR
εi j r̂ j

⎞
⎠

≈ −κ
R∗√

R2∗ − 4r2
s

(√
R2∗ − 4r2

s

R∗
r̂i + 2rs

R∗ + δR
εi j r̂ j

)
δR,

(A2)

which can be expressed in the form

Fi ≈ −
(

κer̂i + R∗
R∗ + δR

κoεi j r̂ j

)
δR. (A3)

APPENDIX B: DERIVATION OF THE STRESS TENSOR

In this Appendix, we derive the equation for momentum
conservation, which includes the stress tensor of Eq. (17). In
the main text we formulated the microscopic equations for

the overdamped limit. To study momentum conservation, we
must first extend these equations for the dumbbell components
given by Eq. (7) to include inertia, namely

mr̈(λ) + ζ (ṙ(λ) − uf (r(λ) )) + (−1)λF(R) − S(λ) = 0, (B1)

where λ ∈ {α, β} and

(−1){α,β} = { −1, 1}. (B2)

Eq. (B1) can be rewritten to

ṙ(λ) = v(λ), (B3a)

v̇(λ) = − ζ

m
(v(λ) − uf (r(λ) )) − (−1)λ

1

m
F(R) + 1

m
S(λ).

(B3b)

We can then obtain the Fokker-Planck equation [35](
∂

∂t
+

∑
λ

v(λ) · ∇r(λ)

)
ψ

=
∑

λ

{
ζ

m
∇v(λ) · [(v(λ) − uf (r(λ) ))ψ]

+(−1)λ
1

m
F(r(β ) − r(α) ) · ∇v(λ)ψ + kT ζ

m2
�v(λ)ψ

}
. (B4)

Let us define a local average of a quantity A over the distribu-
tions of beads as

〈A〉(λ) ≡
∫

r(α),r(β ),v(α),v(β )
A(r(α), r(β ), v(α), v(β ), t )ψδ(r − r(λ) ),

(B5)

where we employ the notation
∫

r(α),r(β ),v(α),v(β ) ≡ ∫
d2r (α)

d2r (β )d2v(α)d2v(β ). Let us define n(λ) ≡ 〈1〉(λ) and v̄(λ) ≡
〈v(λ)〉(λ)/n(λ). A simple integration of Eq. (B4) gives

∂t (n
(λ) ) + ∇(n(λ)v̄(λ) ) = 0. (B6)

Further by multiplying Eq. (B4) by mv
(λ)
i and integrating, we

can derive the momentum balance equation for the separate
momenta of the dumbbell component λ. In the process we
have to calculate the quantity

Q(λ) =
∫

r(α),r(β ),v(α),v(β )
Fi(r(β ) − r(α) )ψδ(r − r(λ) ). (B7)

After changing the variables to the centre of mass position x =
(r(α) + r(β ) )/2 and intra-dumbbell vector R = r(β ) − r(α), we
expand the delta function to the linear order in R, obtaining

Q(λ) ≈
∫

x,R,v,vR

Fi(R)ψ
[
δ(r − x) − (−1)λR/2∇rδ(r − x)

]

=
∫

x,R,v,vR

Fi(R)ψδ(r − x) − (−1)λ
1

2
∇ j

×
∫

x,R,v,vR

R jFi(R)ψδ(r − x). (B8)

The expansion above is possible assuming that the distribution
function does not vary considerably on the length of a typical
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dumbbell. Integrating Eq. (B4) with mv
(λ)
i leads to

∂t
(
mn(λ)v̄

(λ)
i

) + ∂ j

[
m

〈
v

(λ)
i v

(λ)
j

〉(λ) − 1

2

∫
R,v,vR

R jFi(R)ψ

]

= −ζn(λ)(v̄(λ)
i − uf

i ) − (−1)(λ)
∫

R,v,vR

Fi(R)ψ. (B9)

The gradient term on the left hand side of Eq. (B9) can be
rewritten as

m〈v(λ)
i v

(λ)
j 〉(λ) − 1

2

∫
R,v,vR

R jFi(R)ψ

≡ mn(λ)v̄
(λ)
i v̄

(λ)
j + T (λ),(k)

i j + T (λ),(s)
i j , (B10)

where

T (λ),(k)
i j = m

〈(
v̄

(λ)
i − v

(λ)
i

)(
v̄

(λ)
j − v

(λ)
j

)〉(λ)
, (B11a)

T (λ),(s)
i j = −1

2

∫
R,v,vR

R jFi(R)ψ. (B11b)

T (λ),(k)
i j is a part of the stress tensor that describes kinematic

transfer of momentum, and it can be expanded as a dumbbell
pressure term plus viscous corrections, which can be ignored
when the dumbbells are dilute. With this assumption we have

T (λ),(k)
i j ≈ p(λ)δi j, p(λ) = n(λ)kT . (B12)

T (λ),(s)
i j describes the stress induced by contractions of the

springs and its corresponding evolution equation will be de-
rived in Appendix C. Using Eq. (B6), Eq. (B9) then turns into

mn(λ) D
Dt

v̄
(λ)
i + ∂ jT

(λ),(s)
i j + ∂i p

(λ)

= −(−1)(λ)
∫

R,v,vR

Fi(R)ψ − ζn(λ)
(
v̄

(λ)
i − uf

i

)
, (B13)

where

D
Dt

v̄
(λ)
i = ∂t v̄

(λ)
i + v̄

(λ)
j ∂ j v̄

(λ)
i . (B14)

Because we take the dumbbells to be dilute and their motion
to be overdamped by the background fluid, we can set the first
term on the left hand side of Eq. (B13) to zero. Then we have

∂i p
(λ) + ∂ jT

(λ),(s)
i j = −ζn(λ)(v̄(λ)

i − uf
i

) − (−1)(λ)

×
∫

R,v,vR

Fi(R)ψ. (B15)

There are two terms in Eq. (B15), which prevent the momen-
tum from being conserved. Firstly, there is the term coming
from the averaged dumbbell force Fi(R) evaluated at the
dumbbell center of mass r. Because the beads act on each
other with equal and opposite forces, the contribution of this
term will vanish when the equations for the two dumbbell
components are added. Next, the term in Eq. (B15) that repre-
sents drag of the background fluid expresses coupling with the
solvent, together with which the dumbbells form a “two-fluid
medium” [36–38]. To see that the total linear momentum is
conserved, we consider the conservation laws of the back-
ground fluid. The equations of motion of the background

fluid are

∂tρ
f + ∂i

(
ρf uf

i

) = 0, (B16a)

ρf D
Dt

uf
i + ∂ jT

(f)
i j = −ζ

⎛
⎝2nduf

i −
∑

λ=α,β

n(λ)v̄
(λ)
i

⎞
⎠, (B16b)

where

T (f)
i j = pf δi j − ηf

i jkl D
f
kl . (B17)

ηf
i jkl is the viscosity tensor of the background fluid. After

adding Eq. (B15) for α and β to Eq. (B16b), the conservation
of the total momentum becomes exact, i.e., we have

ρf D
Dt

uf
i + ∂i p

d + ∂ jT
(s)

i j + ∂ jT
(f)

i j = 0 (B18)

with

pd = 2ndkT, (B19a)

T (s)
i j = −

∫
R,v,vR

R jFi(R)ψ. (B19b)

APPENDIX C: DERIVATION OF THE
RHEOLOGICAL EQUATIONS

In this Appendix, we derive rheological equations for a
broad class of dumbbell models, in which in addition to the
dumbbells displaying even and odd elastic forces, they can
be subject to an internally or externally induced rotation. The
force acting on the beads is assumed to take the form

Fi(R) = δR

(
κeδi j + R∗

R
κoεi j

)
r̂ j

+ ζ�

2

R2
∗

R
εi j r̂ j + α

ζ

2

R2
∗

R
(r̂ j∂ jui − r̂i r̂l r̂ j∂ jul ). (C1)

The terms in Eq. (C1) have the following interpretation:
(1) δR(κeδi j + R∗

R κoεi j )r̂ j represents both the even and odd
elastic forces acting on the dumbbell that are proportional to
the extension of the spring.

(2) ζ�

2
R2

∗
R εi j r̂ j is a force that induces an approximately

steady rotation of the dumbbell with frequency � in the over-
damped limit. It is related to a nonzero torque exerted either
by internal degrees of freedom, or by an external driving force.

(3) α
ζ

2
R2

∗
R (r̂ j∂ jui − r̂i r̂l r̂ j∂ jul ) is a nonconventional term,

which, when α is set to 1, cancels the component of the
fluid drag perpendicular to R in the equations of motion.
Namely, setting α = 1 and κo = 0 leads to Ṙi ≈ −�εi jR j +
r̂i r̂lR j∂ jul − δRκer̂i + 1

ζ
f 1
i , which ensures that the angular

motion of the dumbbells remains locked to the rotating mag-
netic field in agreement with the findings of Ref. [10], modulo
fluctuations. On the contrary, for models without external
driving there is no mechanism that could lead to such a lock-
ing, and consequently α = 0.

We now proceed to derive the rheological equations. The
main object of interest is the stress tensor T (s)

i j defined in
Eq. (17), which exhibits a nontrivial time evolution that can
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be found using the Fokker-Planck equation, Eq. (10). We
simplify the resulting equations by performing simultaneously
two expansions: the first one is expanding the equations up
to the first order in gradients around an isotropic steady-state
solution in order to obtain a hydrodynamic description; and
the second is expanding terms contributing to the stress tensor
up to the second order in δR/R∗, and then replacing every
instance of δR2 by its average value given in Eq. (3). The
validity of these approximations is ultimately justified by the
agreement we obtain with the numerical simulations.

Let us begin by decomposing the stress tensor T (s)
i j given

in Eq. (17) into separate terms. To this end, we define three
symmetric tensors Ci j, Xi j and Yi jkl :

Ci j ≡ R∗
∫

R
r̂i r̂ jδRψ,

Xi j ≡ R2
∗

∫
R

r̂i r̂ jψ,

Yi jkl ≡ R2
∗

∫
R

r̂i r̂ j r̂k r̂lψ, (C2)

and notice that

∫
R

r̂iR jδRψ = R∗
∫

R
r̂i r̂ jδRψ +

∫
R

r̂i r̂ jδR2ψ

≈ Ci j + kT

κeR2∗
Xi j . (C3)

T (s)
i j can then be decomposed as

T (s)
i j = −κi jklCkl − �i jkl Xkl − α

ζ

2
∂kuiXk j + α

ζ

2
∂kulYi jkl

(C4)

with κi jkl defined as

κi jkl = κeγi jkl + 1
2κeδi jδkl + κoγ

o
i jkl + 1

2κoεi jδkl (C5)

and �i jkl as

�i jkl = kT

R2∗
γi jkl + 1

2

kT

R2∗
δi jδkl + ζ

2
� γ o

i jkl + ζ

4
� εi jδkl .

(C6)

Firstly, we will obtain steady-state expressions for the ten-
sors Ci j, Xi j and Yi jkl . Due to isotropy of the system in
equilibrium and symmetricity of the tensors they have to
take the form Ci j = Cδi j + O(∂ ), Xi j = Xδi j + O(∂ ), Yi jkl =

Y (δi jδkl + δikδ jl + δilδ jk ) + O(∂ ), where C, X, Y , are some
coefficients. These coefficients can be determined as follows:

1

2
Xii = R2

∗
2

∫
R

ψ = ndR2
∗

2
= X, (C7)

1

8
Yiikk = R2

∗
8

∫
R

ψ = ndR2
∗

8
= Y. (C8)

In fact, the calculation above shows that the trace of Xi j is
fixed by the definition of Xi j , and it is only the traceless com-
ponent of Xi j that can evolve out of equilibrium. To find the
steady-state expression for Ci j , Eq. (10) is multiplied by δR
and integrated, producing in the absence of velocity gradients
(∂iu j = 0):

D
Dt

∫
R

δR ψ = −2κe

ζ

∫
R

δR ψ + 2kT

ζ

∫
R

1

R
ψ

≈ −2κe

ζ

∫
R

δR ψ + 2ndkT

ζR∗
(C9)

with the approximation valid up to the first order in
kT/(κeR2

∗). It implies that

1

2
Cii = R∗

2

∫
R

δR ψ = ndkT

2κe
= C. (C10)

Altogether, T (s)
i j can be expanded up to the first order in gradi-

ents as follows,

T (s)
i j = −ndkT δi j − κo

2κe
ndkT εi j − α

ndR2
∗ζ

8
D〈i j〉

− ndR2
∗ζ

8
(2� − αDA)εi j + T̃ (s)

i j + O(∂2), (C11a)

T̃ (s)
i j = −κi jklC̃kl − �i jkl X̃kl , (C11b)

with C̃i j, X̃i j ∼ O(∂ ). Following Appendix B, the total stress
tensor is obtained by adding the fluid part of the stress tensor
and the dumbbell pressure term, resulting in

Ti j = (pf + ndkT )δi j − κo

2κe
ndkT εi j − ηi jkl Dkl

− α
ndR2

∗ζ
8

D〈i j〉 − ndR2
∗ζ

8
(2� − αDA)εi j + T̃ (s)

i j

+ O(∂2). (C12)

Evidently, on this level of approximation, the effect of the
“drag-cancelling” term parametrized by α in Eq. (C1) is to
increase the shear viscosity of the fluid-dumbbell system and
to introduce a rotational viscosity equal to ηR = ndζR2

∗/8.
Note also that the constant antisymmetric stress disappears
when ζ� = −2kT κo/(κeR2

∗).
In order to find the dynamical equations for T̃ (s)

i j , Eq. (10)
is multiplied by r̂i r̂ jδR and after integrating one obtains the
equation

D
Dt

Ci j = (1 − α)∂l uiCl j + (1 − α)∂l u jCli + ∂l umR∗
∫

R
r̂i r̂ j r̂l r̂m

(
R∗ − δR + 2αδR − α

4kT

κeR∗

)
ψ − 2κe

ζ
Ci j

− 4kT

κeR2∗

(
κo

ζ
+ �

)
X o

〈i j〉 − 2�Co
〈i j〉 + α

2kT

κeR2∗
(∂l uiXl j + ∂l u jXli ) − 8kT

ζR2∗
C〈i j〉 + 2kT

ζR2∗
Xi j, (C13)
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where we expanded in δR/R∗ up to second order and replaced δR2 by its equilibrium value kT/κe. In the derivation we used the
identities

∂Rl (r̂i r̂ jδR) = (δil r̂ j + δ jl r̂i − 2r̂i r̂ j r̂l )
δR

R∗
+ r̂i r̂ j r̂l , (C14a)

∂2
Rl

(r̂i r̂ jδR) = 2(δi j − 2r̂i r̂ j )
δR

R
+ 1

R
r̂ir̂ j . (C14b)

The third term on the right-hand side of Eq. (C13) can be simplified as follows:

∂l umR∗
∫

R
r̂i r̂ j r̂l r̂m

(
R∗ − δR + 2αδR − α

4kT

κeR∗

)
ψ = ∂l um

ndR2
∗

8
(δi jδlm + δilδ jm + δimδ jl ) + O(∂2) + O(kT · ∂ ). (C15)

Dropping all terms of the order O(∂2),O(kT · ∂ ),O((kT )2), Eq. (C13) can be transformed into

∂

∂t
Ci j = ndR2

∗
4

(δi jDll + D〈i j〉) − 2κe

ζ
Ci j − 2�Co

〈i j〉 + 2kT

ζR2∗
Xi j − 4kT

κeR2∗

(
κo

ζ
+ �

)
X o

〈i j〉. (C16)

Similarly, multiplying Eq. (10) by r̂i r̂ j and integrating, one obtains the equation for the evolution of Xi j . Dropping terms of the
order O(∂2),O(kT · ∂ ),O((kT )2), one obtains

∂

∂t
Xi j = (1 − α)

{
∂muiXm j + ∂mujXmi − 2∂mul R

2
∗

∫
R

r̂i r̂ j r̂l r̂mψ

}
− 4

(
κo

ζ
− �

)
Co

〈i j〉 − 8kT

ζR2∗
X〈i j〉 − 2

(
� − 4kT κo

ζκeR2∗

)
X o

〈i j〉,

(C17)

which can be further simplified as

∂

∂t
Xi j = (1 − α)

ndR2
∗

2
D〈i j〉 − 4

(
κo

ζ
− �

)
Co

〈i j〉 − 8kT

ζR2∗
X〈i j〉 − 2

(
� − 4kT κo

ζκeR2∗

)
X o

〈i j〉. (C18)

Using the definition of T̃ (s)
i j given in Eq. (C11b) and

Eqs. (C16) and (C18), the equation of motion for the trace
component turns out to be

∂

∂t
T̃ (s) + 2κe

ζ
T̃ (s) = −ndR2

∗κe

2
D, (C19)

and the antisymmetric component is simply proportional to
the trace part,

T̃ (s)A = κo

κe
T̃ (s). (C20)

Regarding the traceless component T̃ (s)
〈i j〉, the set of two cou-

pled first-order equations of motion given in Eqs. (C16) and
(C18) can be expressed as a second-order equation of motion
for T̃ (s)

〈i j〉. In order to achieve this, Eq. (C16) multiplied by
−κi jkl and Eq. (C18) multiplied by −�i jkl are added together,
and in the resulting equations C̃〈i j〉 is replaced by C̃〈i j〉 =
− 1

κ2
e +κ2

o
(κeγi jkl − κoγ

o
i jkl )(T̃

(s)
〈kl〉 + �klmnX̃mn). This produces a

system of equations of the form

∂

∂t
T̃ (s)

〈i j〉 = αi jkl T̃
(s)

〈kl〉 + βi jkl X̃〈kl〉 + μi jkl D〈kl〉, (C21a)

∂

∂t
X̃〈i j〉 = ζi jkl T̃

(s)
〈kl〉 + ηi jkl X̃〈kl〉 + νi jkl D〈kl〉, (C21b)

where αi jkl , βi jkl , ζi jkl , ηi jkl , μi jkl , νi jkl are certain tensors
that we do not write explicitly due to the lengthiness of
the formulas, which are at the same time not particularly

illuminating. This system of equations is then reformulated
as

∂2

∂t2
T̃ (s)

〈i j〉 − (αi jkl + ηi jkl )
∂

∂t
T̃ (s)

〈kl〉 − (βi jklζklmn − ηi jklαklmn)T̃ (s)
〈mn〉

= μi jkl
∂

∂t
D〈kl〉 + (βi jklνklmn − ηi jklμklmn)D〈mn〉. (C22)

This equation has the same form as Eq. (19).
In the end, the evolution of the stress tensor can be

described by a set of second-order differential equations.
However, in many cases of interest one is able to make ap-
proximations which reduce the problem to a set of much
simpler first-order equations. In what follows we shall fo-
cus on the odd-dumbbell model introduced in the main text
and we assume that the elastic relaxation rate κe/ζ and the
driving frequency � obey the inequality κe/ζ 	 �. This in-
troduces a separation of timescales, and the behavior of the
system is qualitatively different at short times t � ζ/κe and at
longer times t 	 ζ/κe. Let us take a closer look at these two
regimes.

1. Short-time regime

This regime describes the behavior at times t � ζ/κe, in
which case we approximate ∂

∂t ≈ κe/ζ . The various terms
in Eqs. (C16) and (C18) can be grouped according to
their magnitude, noticing that C̃i j ∼ X̃i j ∼ O(∂ ) and κe/ζ 	
�, κe/ζ 	 kT/(ζR2

∗). We observe that the majority of the
terms can be neglected due to their smallness, and the resultant
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equations can be rewritten using the same procedure as the one
used to obtain Eq. (C22). The result is

∂

∂t

{
∂

∂t
T̃ (s)

〈i j〉 + 2κe

ζ
T̃ (s)

〈i j〉 + ndR2
∗κe

4
D〈i j〉 + ndR2

∗κo

4
Do

〈i j〉

}
= 0,

(C23a)

∂

∂t
T̃ (s) + 2κe

ζ
T̃ (s) + ndR2

∗κe

2
D = 0, (C23b)

T̃ (s)A − κo

κe
T̃ (s) = 0. (C23c)

The first of these equations can be rewritten with the help of
an integration constant 2κe

ζ
τ̃〈i j〉, which physically corresponds

to the magnitude of T̃ (s)
〈i j〉 after elastic relaxation:

∂

∂t
T̃ (s)

〈i j〉 + 2κe

ζ

(
T̃ (s)

〈i j〉 − τ̃〈i j〉
) = −R2

∗ndκe

4
D〈i j〉 − R2

∗ndκo

4
Do

〈i j〉.

(C24)

By including also the viscous part of the stress tensor as seen
in Eq. (C12) and setting α = 0 we recover the odd Jeffreys
model with coefficients given in Eq. (24). The constant stress
τ̃i j cannot be determined from Eq. (C24) alone; still, it is
possible to find it by with the help of Eq. (C16), from which
follows that at times t 	 ζ/κe C̃〈i j〉 relaxes to

C̃〈i j〉 ≈ ndR2
∗ζ

8κe
D〈i j〉 + kT

κeR2∗
X̃〈i j〉 − 2kT κo

κ2
e R2∗

X̃ o
〈i j〉. (C25)

From the definition of T̃ (s)
i j , Eq. (C11b), follows that

τ̃〈i j〉 = −ndR2
∗ζ

8
D〈i j〉 − κo

κe

ndR2
∗ζ

8
Do

〈i j〉 − 2kT

R2∗

(
1 + κ2

o

κ2
e

)
X̃〈i j〉

−
(

ζ�

2
− kT κo

R2∗κe

)
X̃ o

〈i j〉. (C26)

For the purposes of analysing the numerical results, we will
be interested in the value of the correlator 〈τ̃〈xx〉τ̃〈xx〉〉 in the
situation when Di j = 0. Using the fact that the vector Ri is
isotropically distributed in the steady state, one obtains

〈τ̃〈xx〉τ̃〈xx〉〉 = ndR4
∗ζ�

32

(
ζ� − 4kT κo

R2∗κe

)
+ O((kT )2). (C27)

It is also clear from Eq. (C23) that after t 	 ζ/κe both the
trace and the antisymmetric component of the stress tensor
relax to their equilibrium value of 0, provided D = 0.

2. Long-time regime

This regime describes the behavior at times t 	 ζ/κe. The
trace and the antisymmetric components of T̃ (s)

i j relax to

T̃ (s) = −ndR2
∗ζ

4
D, T̃ (s)A = −κo

κe

ndR2
∗ζ

4
D, (C28)

which contributes to the total fluid viscosity. This relaxation
is related to the fact that only the traceless component of Xi j

can have a nonzero value out of equilibrium. In the long-time
regime C̃〈i j〉 is given by the formula Eq. (C25), which together
with the definition of T̃ (s)

i j in Eq. (C11b) and the formula for
the evolution of Xi j in Eq. (C18) produces the odd Jeffreys
model

∂

∂t
T̃ (s)

〈i j〉 + χsT̃
(s)

〈i j〉 + χoT̃ (s)o
〈i j〉

= −γs
∂

∂t
D〈i j〉 − γo

∂

∂t
Do

〈i j〉

− (ζs + γsχs − γoχo)D〈i j〉 − (ζs + γoχs + γsχo)Do
〈i j〉

(C29)

with coefficients

χs = 8kT

ζR2∗

(
1 + κ2

o

κ2
e

)
, γs = ndR2

∗ζ
8

,

ζs = (1 − α)γsχs + γoχo,

χo = 2� − 4kT κo

κeR2∗ζ
, γo = κo

κe

ndR2
∗ζ

8
,

ζo = (1 − α)γsχo − γoχs. (C30)

By including also the viscous part of the stress tensor as seen
in Eq. (C12) and setting α = 0 we recover the odd Jeffreys
model described with coefficients given in Eq. (26).

Let us conclude this section by determining the asymptotic
late-time form of the stress-energy tensor for a constant flow
Di j = const. This amounts to setting ∂

∂t T̃ (s)
〈i j〉 = ∂

∂t D〈i j〉 = 0 in

Eq. (C29), solving for T̃ (s)
i j , and substituting the result in

Eq. (C11a). The result is

T (s)
i j = −ndkT δi j − κo

2κe
ndkT εi j − ndR2

∗ζ
4

D〈i j〉

− ndR2
∗ζ

8
(2� − αDA)εi j + O(∂2). (C31)
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