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I. OVERDAMPED N-PARTICLE DYNAMICS

Non-dimensionalization

The dimensional form of the overdamped dynamics can be written as:

Γẋi = F0n̂i + Fi (S1)

˙̂ni =
1

ℓa
(n̂i × ẋi)× n̂i +

√
2Dθξin̂

⊥
i (S2)

with xi, respectively n̂i = (cos θi, sin θi), the position and the polarization unit vector of active unit i, F0 the active force,
Γ a friction coefficient, and Fi the net external force on unit i. The alignment length ℓa is the distance required to align the
polarization towards the velocity due to the torque term, and Dθ is the angular diffusion coefficient, with ξi a delta-correlated
Gaussian white noise process. Noting that ˙̂ni = θ̇in̂

⊥
i , we can write:

θ̇i =
1

ℓa
(n̂⊥

i · Fi) +
√
2Dθξi (S3)

The equations are made dimensionless as follows: x → ℓ0x, F → F0F and t → ℓ0
v0
t, where v0 = F0/Γ is the velocity of a

free active unit, and ℓ0 is the characteristic particle-particle distance. Under such rescaling, Eqs. (S1, S3) read

ẋi = n̂i + Fi, (S4)

θ̇i =
1

πr
(n̂⊥

i · Fi) +
√

2πθ/πrξi, (S5)

where πr = ℓa/ℓ0 and πθ = Dθℓa/v0.

Rigid limit in an elastic system

We will prove that if the parameter π = ℓe/ℓa is small compared to the smallest non-zero normal frequency of the structure,
then no elastic mode is excited due to activity, i.e. the behavior of the system is rigid. Assuming that every spring has the same
rest length ℓ0, the interaction between two agents, in physical units, can be represented as:

fij = −k (∥xij∥ − ℓ0) , (S6)

where k is the spring constant and xij = xi − xj . Hence the interaction force on i can be written as:

Fi =
∑
j∈Vi

fij
xij

∥xij∥
, (S7)

= −k
∑
j∈Vi

(∥xij∥ − ℓ0)
xij

∥xij∥
, (S8)

where Vi contains all the neighbors of i.
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Let ui = xi − x0
i be the displacement of particle i with respect to the reference configuration. If we perform a Taylor

expansion of Eq. S8 to study our system in the linear elasticity regime:

Fi = −k
∑
j∈Vi

[
(∆x0

ij)
2

ℓ20

(
ux
i − ux

j

)
+

∆x0
ij∆y0ij
ℓ20

(
uy
i − uy

j

)]
x̂− k

∑
j∈Vi

[
(∆y0ij)

2

ℓ20

(
uy
i − uy

j

)
+

∆x0
ij∆y0ij
ℓ20

(
ux
i − ux

j

)]
ŷ,

(S9)
where the parameters ∆x0

ij = x0
i − x0

j and ∆y0ij = y0i − y0j define the geometry of the structure. These will define the elements
of the dynamical matrix Mij :

Fi = −
∑
j

Mijuj . (S10)

After rescaling:

Fi = − ℓ0
F0

∑
j

Mijuj . (S11)

Note that, for a single particle in 1D, ℓe = F0/k is the characteristic distance that it will travel before stopping due to the
extension of the spring. Thus, the dimensionless parameter π = ℓe/ℓa compares the characteristic distances over which the
system deforms and the distances over which the polarity vectors reorient. Together with the previously introduced parameter
πr = ℓa/ℓ0, we may write:

Fi = − 1

ππrk

∑
j

Mijuj . (S12)

We will introduce bra-kets to simplify notation, so that we may refer to the displacement vector and polarity angle of each
particle as:

ui = ⟨i |u⟩ , (S13)
θi = ⟨i | θ⟩ . (S14)

Then, the equations of motion can be recast as:

|u̇⟩ = |n̂⟩+ |F ⟩ , (S15)

|θ̇⟩ = 1

πr
K |F ⟩ , (S16)

where K is such that:

⟨i | K | j⟩ =
(
n̂⊥

i

)T
δij , (S17)

and using Eq. S12:

|u̇⟩ = |n̂⟩ − 1

ππrk
M|u⟩ , (S18)

|θ̇⟩ = − 1

ππ2
rk

KM|u⟩ . (S19)

We can decompose the displacement ket |u⟩ in the eigenkets of the elastic matrix M:

|u⟩ =
∑
q

auq |φq⟩ . (S20)

We have the following dynamical equation for the coefficients auq (t):

ȧuq +
1

ππrk
ω2
qa

u
q =

∑
i

(φq
i · n̂i), (S21)
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where ω2
q is the q-th eigenvalue of M, and the polarity angles θi(t):

πr θ̇i = − 1

ππrk

∑
q

ω2
q (φ

q
i · n̂

⊥
i )a

u
q . (S22)

As explained in the main text, and from Eq. S22, the polarization angles evolve over a time which scales as t̃ = t/πr. As
such, we will rewrite Eq. S21 using the same timescale to analyze the dynamics:

1

πr

d

dt̃
auq +

1

ππrk
ω2
qa

u
q =

∑
i

(φq
i · n̂i), (S23)

such that:

d

dt̃
auq +

1

πk
ω2
qa

u
q = πr

∑
i

(φq
i · n̂i). (S24)

Let us consider the non-zero modes ω2
q > 0. If π is such that ω2

q/k ≫ π, then auq is severely damped and relaxes to zero on
a timescale asymptotically fast in the rigid limit, π → 0. We place ourselves at times larger than this typically transitory regime
so that displacements along the non-zero modes can be safely neglected. On the other hand, the zero mode projections satisfy
the following equation:

d

dt̃
auq = πr

∑
i

(φq
i · n̂i). (S25)

II. RIGID THEORETICAL FRAMEWORK

Let i and j be two agents in a pair. We may cast the geometrical inextensibility condition as:

d

dt
∥xi − xj∥ = êij · (ẋi − ẋj) = 0, (S26)

where êij =
xi−xj

∥xi−xj∥ . If j refers to a pinned site, then said equation simply reads:

êij · ẋi = 0. (S27)

There exist M such equations, where M is the number of edges of the system. We can put them in a compact form using
bra-ket notation. Let m denote the link between agents i and j, then Eq. S26 can be written as:

⟨m|S|ẋ⟩ = 0, (S28)

where |ẋ⟩ is a particle-space ket satisfying:

⟨a|ẋ⟩ = ẋa, (S29)

and:

⟨m|S|a⟩ = êTij(δai − δaj), (S30)

or, if j refers to a pinned site:

⟨m|S|a⟩ = êTijδai, (S31)

are the matrix elements of an M × 2N operator. Then, the set of all such equations can be expressed succinctly as:

S |ẋ⟩ = 0. (S32)

The same matrix can be utilized to decompose the net force on each agent as the sum of the tensions along each edge. Indeed,
we can always write:

Fi =
∑
j∈Vi

fij êij . (S33)
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Let m index the bonds (j → i). Then:

Fi =
∑

m(j→i)

êmfm. (S34)

Now, let m be an arbitrary bond (p → q) in the system. Each pair of particles is indexed once, with a particular bond orientation.
We must sum over all the (positive) contributions where i is at the end of this bond, and over all the (negative) contributions
where i is at the origin of the bond:

Fi =
∑
m

êm (δiq − δip) fm, (S35)

=
∑
m

(⟨m|S|i⟩)T ⟨m|f⟩ , (S36)

=
∑
m

⟨i|ST |m⟩ ⟨m|f⟩ , (S37)

= ⟨i|ST |f⟩ , (S38)

where we have used the completeness of the edge-space basis:∑
m

|m⟩ ⟨m| = I. (S39)

Finally, as Fi = ⟨i|F ⟩:

|F ⟩ = ST |f⟩ . (S40)

Then, using S32 and S40 in S15, and noting that |u̇⟩ = |ẋ⟩:

SST |f⟩ = −S |n̂⟩ . (S41)

We can now decompose |f⟩ in the eigenkets of SST :

|f⟩ =
∑
q

fq |ϕq⟩ =
∑
q∈Z

fq |ϕq⟩+
∑
q/∈Z

fq |ϕq⟩ , (S42)

where Z is the set of zero modes of SST . We can then replace this expansion in S41:∑
q/∈Z

fqλ
2
q |ϕq⟩ = −S |n̂⟩ , (S43)

where λ2
q is the q-th eigenvalue of SST . Then:

fq = −⟨ϕk|S|n̂⟩
λ2
q

∀q /∈ Z. (S44)

From this:

|f⟩ =
∑
q∈Z

fq |ϕq⟩ −
∑
q/∈Z

⟨ϕq|S|n̂⟩
λ2
q

|ϕq⟩ . (S45)

At this point, it is important to realize that SST shares a common set of eigenvalues with the non-dimensional dynamical matrix
STS = 1

kM, with k the spring constant. Let |φp⟩ be the p-th eigenket of the latter, then we can write:

STS |φp⟩ = ω̃2
p |φp⟩ , (S46)

where ω̃2
p = 1

kω
2
p. Then:

SST (S |φp⟩) = ω̃2
p (S |φp⟩) . (S47)



5

If |φp⟩ /∈ Ker(S), then S |φp⟩ is an eigenket of SST with eigenvalue ω̃2
p. Then, every nonzero eigenvalue of STS is also in

SST . We can also go the other way around, consider the q-th eigenket of SST . Then:

SST |ϕq⟩ = λ2
q |ϕq⟩ , (S48)

such that:

STS
(
ST |ϕq⟩

)
= λ2

q

(
ST |ϕq⟩

)
. (S49)

If |ϕq⟩ /∈ Ker(ST ), then ST |ϕq⟩ is an eigenket of STS with eigenvalue λ2
q . Then, every nonzero eigenvalue of SST is also in

STS.
With this, we conclude that the two matrices have exactly the same nonzero eigenvalues. Concerning the zero eigenvalues,

we must note the following. Kets |φ⟩ such that S |φ⟩ = 0, i.e node displacements that do not extend any bond, are referred to
as zero modes. Analogously, kets |ϕ⟩ such that ST |ϕ⟩ = 0, i.e bond stress configurations that produce no net force, are referred
to as self-stress states. We will now show that the only zero eigenvectors of STS are the zero modes, and that the only zero
eigenvectors of SST are the self-stress states.

Let Col(S) be the column space of S. By definition, Ker(ST ) = Col(S)⊥, the orthogonal complement of the column space
of S. From this, it is clear that any vector generated by the columns of S is not in Ker(ST ). Hence, Ker(STS) = Ker(S), the
set of zero modes.

Let, analogously, Col(ST ) be the column space of ST . By definition, Ker(S) = Col(ST )⊥, the orthogonal complement of the
column space of ST . Then, any vector generated by the columns of ST is not in Ker(S). Consequently, Ker(SST ) = Ker(ST ),
the set of self-stress states.

From Eqs. S47 and S49:

ST |ϕq⟩ = αq |φq⟩ , (S50)
S |φq⟩ = βq |ϕq⟩ , (S51)

so that:

SST |ϕq⟩ = αqβq |ϕq⟩ , (S52)

STS |φq⟩ = βqαq |φq⟩ . (S53)

We have established that ω̃2
q = λ2

q for eigenkets not in the kernel of S or ST . With this, we conclude that:

ST |ϕq⟩ = λq |φq⟩ , (S54)
S |φq⟩ = ω̃q |ϕq⟩ , (S55)

which works even if ST |ϕq⟩ = 0 or S |φq⟩ = 0 as in that case clearly λq = 0 and ω̃q = 0 respectively.
Finally, using S54 in S45:

|F ⟩ = ST |f⟩ = −
∑
q/∈F

⟨φq|n̂⟩ |φq⟩ , (S56)

where F is the set of zero modes of STS, and using the resolution of the identity:

|F ⟩ = − |n̂⟩+
∑
q∈F

⟨φq|n̂⟩ |φq⟩ . (S57)

We will derive an equation that will be useful to describe the dynamics of the system:

⟨φq|ẋ⟩ =
∑
p∈F

⟨φp|n̂⟩ ⟨φq|φp⟩ , (S58)

= ⟨φq|n̂⟩ , (S59)

where we have used the orthonormality of the eigenvector basis.
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III. FOKKER-PLANCK EQUATION

Consider a system described by a set of W random variables yi evolving under the following stochastic differential equation:

ẏi(t) = Li(y1, . . . , yW |t) + σiξi(t), (S60)

where ξi is a delta-correlated Gaussian white noise such that:

⟨ξi(t)⟩ = 0, (S61)
⟨ξi(t)ξj(t+ τ)⟩ = δijδ(τ). (S62)

Let Q(y1, . . . , yW |t) be the probability density function of a particular configuration of the system at time t. The Fokker-
Planck equation describing the spatiotemporal evolution of Q reads:

∂Q

∂t
= −

∑
i

∂

∂yi
(LiQ) +

∑
i

σ2
i

2

∂2Q

∂y2i
. (S63)

In our particular case, W = 3N . Furthermore, σi = 0 for all the equations describing the particle positions. From the dynamical
equations, the Fokker-Planck equation reads:

∂

∂t
Q(x1, . . . ,xN |θ1, . . . , θN |t) = −

N∑
i=1

∇xi
· ((n̂i + Fi)Q)− 1

πr

N∑
i=1

∂

∂θi

(
(n̂⊥

i · Fi)Q
)
+

πθ

πr

N∑
i=1

∂2Q

∂θ2i
. (S64)

And from S57:

∂Q

∂t
= −

∑
i,q

∇xi
· (⟨φq|n̂⟩φq

iQ) +
∑
i

∂

∂θi

(
1

πr

∂V

∂θi
Q

)
+

πθ

πr

∑
i

∂2Q

∂θ2i
. (S65)

Now let us assume that the modes do not depend on the particle positions. This means that we can integrate Eq. S65 with respect
to them:

∂Q
∂t

=
∑
i

∂

∂θi

(
1

πr

∂V

∂θi
Q
)
+

πθ

πr

∑
i

∂2Q
∂θ2i

, (S66)

where Q =
∫
QdNx. To find a steady-state solution to this equation, we may write:

0 =
∑
i

∂

∂θi

[(
1

πr

∂V

∂θi
Q
)
+

πθ

πr

∂Q
∂θi

]
, (S67)

which has a solution given by the Gibbs measure:

Q =
1

Z
e−βV , (S68)

where β = 1/πθ is the inverse temperature and Z is the partition function:

Z =

∫
e−βV dNθ. (S69)

If some modes do depend on the particle positions, we can state the following. If πr ≪ 1, it means that particles quickly
reorient their polarity vectors to wherever they’re moving. When πr → 0, the timescale of this reorientation is instantaneous in
comparison to the timescale of particle displacements, i.e. mode evolution. Then, we may assume an adiabatic evolution where
for each spatial configuration of the system, the particles can reach a steady-state polarity angle distribution before changing
the spatial configuration. In essence, the θ variables evolve while the positional degrees of freedom are frozen, i.e. the slow
structure parameters enslave the polarity vectors. Then, we can still integrate Eq. S65 with respect to the spatial configurations
that leave the modes unchanged, and consider the other modes fixed such that we don’t have spatial derivatives anymore. In the
end, we get the same Eq. S66 and solution as in Eq. S68, with the potential and the partition function depending on the structure
parameters of the system, which then evolve according to the steady-state configuration of the system. This procedure, and the
πr expansion, can be done formally (See section VI for an example).
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IV. STATISTICS OF THE ADIABATIC APPROXIMATION

General formulation

We can calculate the partition function as:

Z =

∫ 2π

0

exp

(
β

(
1

2

∑
q

(⟨φq|n̂⟩)2 +
√
N
∑
q

hq ⟨φq|n̂⟩

))
dNθ. (S70)

We note that, for a globally extended mode, ⟨φq|n̂⟩ is O(
√
N). We will write:

exp

(
β

2N

(√
N ⟨φq|n̂⟩

)2)
=

√
Nβ

2π

∫ ∞

−∞
exp

(
−Nβ

2
µ2
q +

(
β
√
N ⟨φq|n̂⟩

)
µq

)
dµq, (S71)

so that:

Z =

(
Nβ

2π

)M
2
∫ ∞

−∞
exp

(
Nβ

2

∑
q

µ2
q

)
I(µ1, . . . , µM ) dMµ, (S72)

where:

I =

∫ 2π

0

exp

(
β
∑
k

(√
N ⟨φq|n̂⟩

)
(µq + hq)

)
dNθ. (S73)

We note that for any of the global modes we can write:

|φq⟩ = 1√
N

∑
i

rqi (cos(ϕqi)x̂+ sin(ϕqi)ŷ) , (S74)

then:

I =

∫ 2π

0

∏
i

[exp (ai cos(θi) + bi sin(θi)) dθi] , (S75)

where:

ai =
∑
q

(µq + hq)rqi cos(ϕqi), (S76)

bi =
∑
q

(µq + hq)rqi sin(ϕqi). (S77)

Thus:

I = (2π)N
∏
i

I0

(
β
√
a2i + b2i

)
. (S78)

This expression can be rewritten in a more tractable way. Note that:

a2i + b2i =
∑
q,l

(µq + hq)(µl + hl)rqirli (cos(ϕqi) cos(ϕli) + sin(ϕqi) sin(ϕli)) , (S79)

=
∑
q,l

(µq + hq)(µl + hl)rqirli cos(ϕqi − ϕli), (S80)

= N
∑
q,l

(µq + hq)(µl + hl)
(
φq

i ·φ
l
i

)
, (S81)

then we can define:

Di =

N
∑
q,l

(µq + hq)(µl + hl)
(
φq

i ·φ
l
i

)1/2

, (S82)



8

so that, up to a multiplicative constant:

Z =

∫ ∞

−∞
exp (−Nβf(µ1, . . . , µM )) dMµ, (S83)

where:

f =
1

2

∑
q

µ2
q −

1

Nβ

∑
i

ln (I0(βDi(µ1, . . . , µM ))) . (S84)

Thermodynamic limit: Saddle-point approximation

Di is O(1), hence the free energy per particle in the thermodynamic limit is given by the minimum of f . Said minimum
satisfies, for every mode k:

µ̃q =
1

Nβ

∑
i

∂ ln (I0(βDi))

∂µq

∣∣∣∣∣ hl=0 ∀l
µl=µ̃l ∀l

. (S85)

We are interested in calculating the mean values of the projections of each mode over the polarity field. From the partition
function definition in S70:

⟨⟨φq|n̂⟩⟩ = 1√
Nβ

∂ ln(Z)

∂hq

∣∣∣∣
hl=0 ∀l

. (S86)

Note that Z depends on hq only through f . Then:

⟨⟨φq|n̂⟩⟩ = 1

Z
1√
Nβ

∫ ∞

−∞
exp (−Nβf)

(
−Nβ

∂f

∂hq

)
dMµ

∣∣∣∣
hl=0 ∀l

. (S87)

Thus:

⟨⟨φq|n̂⟩⟩√
N

=
1

Z

∫ ∞

−∞
exp (−Nβf)

(∑
i

∂ ln (I0(βDi))

∂hq

)
dMµ

∣∣∣∣∣
hl=0 ∀l

. (S88)

From the explicit form of Di:

∂ ln (I0(βDi))

∂hq
=

∂ ln (I0(βDi))

∂µq
. (S89)

Finally, ignoring fluctuations up to first order in the saddle point approximation:

⟨⟨φq|n̂⟩⟩√
N

=
1

Nβ

∑
i

∂ ln (I0(βDi))

∂µq

∣∣∣∣∣ hl=0 ∀l
µl=µ̃l ∀l

. (S90)

Then, the values:

µ̃q =
⟨⟨φq|n̂⟩⟩√

N
, (S91)

define a minimum of the free energy.

Phase transition

Let us consider the limit where the order parameters are very small, then we can use the approximation:

ln(I0(x)) ≈
x2

4
, (S92)
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such that:

f =
1

2

∑
q

µ2
q −

β

4

∑
i,q,l

µqµl

(
φq

i ·φ
l
i

)
, (S93)

=
1

2

∑
q

µ2
q −

β

4

∑
q,l

µqµl ⟨φq|φl⟩ . (S94)

Now, as the modes are orthonormal:

f =
1

2

(
1− β

2

)∑
q

µ2
q. (S95)

Then, there is a continuous transition at β = 2 for every mode, with β > 2 corresponding to the ordered phase.

V. TRANSLATIONAL SYSTEM

For a PBC system, the zero modes of the system correspond to global translations, which can be represented with an orthogonal
basis as follows:

φx
i =

1√
N

x̂, (S96)

φy
i =

1√
N

ŷ. (S97)

From this:

V = −1

2

 1

N

(∑
i

n̂i · x̂

)2

+
1

N

(∑
i

n̂i · ŷ

)2
 , (S98)

= − 1

2N

(∑
i

n̂i

)2

, (S99)

= − 1

2N

∑
ij

(n̂i · n̂j) . (S100)

As the modes do not depend on the position of the structure, the conditions described in the main text are fulfilled, and the
reduced probability distribution Q of the state of the system follows a Gibbs weight. The Landau free energy reads:

f =
1

2

(
µ2

P

)
− 1

β
log(I0(β∥µP ∥)), (S101)

where:

µP = µxx̂+ µyŷ =
1

N

〈∑
i

n̂i

〉
. (S102)

Order parameter critical exponent

In this case, we can find the order parameter critical exponent by continuing the expansion from Eq. S92 up to the next order:

log(I0(x)) ≈
x2

4
− x4

64
. (S103)

Then:

f =
1

2

(
1− β

2

)
µ2
P +

β3

64
µ4
P , (S104)
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such that in the ordered phase (β > 2), the following holds:

µ2
P =

16

β3

(
β

2
− 1

)
, (S105)

then:

µ2
P = 16π2

θ

(
1

2
− πθ

)
, (S106)

and finally:

µP ∼ (πc
θ − πθ)

1/2. (S107)

VI. ROTATIONAL SYSTEM

As the particles rotate, they describe circumferences centered at the pinning point. Then, we can write the rotational mode as:

φϕ
i =

1√
I
r⊥i , (S108)

where ri is the particle’s position with respect to the pinning point, and I =
∑

i r
2
i is the rotational moment of inertia.

We can express the velocity of each particle as:

ẋi = ϕ̇r⊥i , (S109)

where ϕ is the angle describing the rotation of the structure. The evolution of ϕ can be described by using Eq. S59:

⟨φϕ|ẋ⟩ = ⟨φϕ|n̂⟩ , (S110)

ϕ̇
1√
I

∑
i

r⊥i · r⊥i =
1√
I

∑
i

r⊥i · n̂i, (S111)

then:

ϕ̇ =
1

I

∑
i

r⊥i · n̂i. (S112)

In the laboratory reference frame, as the particles rotate, the rotational mode evolves in time because the position of each particle
is changing. But if we choose a reference frame that rotates with the structure, the mode remains invariant in time. This allows us
to find an approximate solution to the Fokker-Planck equation in a controlled way. The state of the system can be characterized
by ϕ, the global rotational angle, and the set of θ′i = θi − ϕ. We can write the dynamics of the system as follows:

ϕ̇ =
1

I

∑
i

r⊥i · n̂i, (S113)

θ̇′i = − 1

πr

∂V

∂θ′i
− ϕ̇+

√
2πθ

πr
ξi, (S114)

where:

V = − 1

2I

(∑
i

r⊥i · n̂i

)2

. (S115)

We can first study the behavior of the system in the noiseless, πθ = 0, case. We may note that:

∂V

∂θ′i
= −1

I

∑
j

r⊥j · n̂j

(
r⊥i · n̂⊥

i

)
, (S116)

= −ϕ̇ (ri · n̂i) . (S117)
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Then the steady-state, zero-noise solution satisfies:

θ̇′i =

(
1

πr
(ri · n̂i)− 1

)
ϕ̇ = 0, (S118)

and hence:

(ri · n̂i) = πr, (S119)

such that, as πr → 0, the polarity vectors become perpendicular to the positional vectors from the pinning point. As a conse-
quence, if πr > rmin, then this rotational solution does not exist.

To find the explicit form of ϕ̇, we utilize the expansion:

r2i n̂i = (ri · n̂i) ri +
(
r⊥i · n̂i

)
r⊥i , (S120)

such that, squaring both sides:

r2i = (ri · n̂i)
2
+
(
r⊥i · n̂i

)2
, (S121)

and hence:

r⊥i · n̂i = ±
√
r2i − (ri · n̂i)

2
, (S122)

=
√

r2i − π2
r , (S123)

as such, considering the solution where every particle rotates in the same direction:

ϕ̇ =
1

I

∑
i

√
r2i − π2

r . (S124)

Coming back to the πθ ̸= 0, we study the Fokker-Planck equation:

∂Q

∂t
= − ∂

∂ϕ

[
ϕ̇Q
]
+
∑
i

∂

∂θ′i

[(
1

πr

∂V

∂θ′i
+ ϕ̇

)
Q

]
+

πθ

πr

∑
i

∂2Q

∂θ′2i
. (S125)

Integrating with respect to ϕ for all orientations:

∂Q
∂t

=
∑
i

∂

∂θ′i

[(
1

πr

∂V

∂θ′i
+ ϕ̇

)
Q
]
+

πθ

πr

∑
i

∂2Q
∂θ′2i

. (S126)

Now

∂V

∂θ′i
∼ Rϕ̇, (S127)

ϕ̇ ∼ 1

R
, (S128)

where R is the characteristic agent distance from the center of mass. If πr ≪ R, we may ignore the ϕ̇ term. More precisely, we
can perform a series expansion of Q as follows:

Q = Q(0) + πrQ(1) + . . . (S129)

Using this expansion in Eq. S126, at order O(π−1
r ), the ϕ̇ term is not present, and we recover the steady-state solution given by

the Gibbs factor. The same solution can be obtained via the adiabatic assumption described in the main text. In other words, such
a procedure already considers πr → 0 from the very beginning. For any higher order O(πp

r ) the steady-state solution satisfies
the following equation:

∇ ·
(
e−βV ∇

(
eβV Q(p)

))
= β

∑
i

∂

∂θ′i

(
ϕ̇Q(p−1)

)
. (S130)
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Then, the Landau free energy characterizing the rotational system is:

f =
1

2
µ2
ϕ − 1

Nβ

∑
i

log
(
I0

(
β
√
N/Iri|µϕ|

))
, (S131)

where:

µϕ =

√
I

N
⟨ϕ̇⟩. (S132)

Following the procedure that we have described here, there is no need to evolve the state of the system as our angles are
measured with respect to ϕ. Had we decided to implement the adiabatic assumption in the lab frame, we would need to evolve
ϕ as follows:

dϕ

dt
= ⟨ϕ̇⟩, (S133)

and rotate the positions ri accordingly, then iterate the process again.

VII. AUXETIC SQUARES SYSTEM

We may first note that, as the auxetic angle evolves, all the particles describe circular trajectories. This can be understood by
considering the first layer of auxetic squares, where the evolution of the auxetic angle leads the four free particles in each square
to describe a circle around the pinned corner. By the symmetry of the system, all the particles move in circles with different radii
and centers. Then, for any particle i, we can write the auxetic mode as:

φγ
i =

1√
Ĩ
r̃⊥i , (S134)

where r̃i is the particle’s position with respect to its rotational center, and Ĩ =
∑

i r̃
2
i is the auxetic moment of inertia.

We can express the velocity of each particle as:

ẋi = γ̇r̃⊥i , (S135)

where γ is the angle describing the auxetic deformation of the structure. The evolution of γ can be described by using Eq. S59:

⟨φγ |ẋ⟩ = ⟨φγ |n̂⟩ , (S136)

ϕ̇
1√
Ĩ

∑
i

r̃⊥i · r̃⊥i =
1√
Ĩ

∑
i

r̃⊥i · n̂i, (S137)

then:

γ̇ =
1

Ĩ

∑
i

r̃⊥i · n̂i. (S138)

We can repeat the same process as in the rotational structure, now choosing to measure angles with respect to γ, as in such a
rotational frame the mode remains invariant in time, with:

V = − 1

2Ĩ

(∑
i

r̃⊥i · n̂i

)2

. (S139)

In the zero-noise case, the steady-state solution satisfies:

(r̃i · n̂i) = πr, (S140)

which constrains the maximum πr value such that purely auxetic motion is not possible. Given the regular spacing between
particles, the smaller rotation radii will correspond to the centermost particles, with r̃min =

√
2/2. Similarly, we can find the

zero-noise dynamics of the auxetic angle analogously to the rotational case:

γ̇ =
1

Ĩ

∑
i

√
r̃2i − π2

r . (S141)
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Treating the πθ > 0 case, we arrive at the same conclusion as in the purely rotational case: we can write Q for this system as
a Gibbs measure in the πr ≪ 1 limit.

In the thermodynamic limit, the mean temporal evolution of the auxetic angle γ is given by the minimum of the free energy:

f =
1

2
µ2
γ − 1

Nβ

∑
i

log

[
I0

(
β

√
N/Ĩr̃i|µγ |

)]
, (S142)

where:

µγ =

√
Ĩ

N
⟨γ̇⟩. (S143)

Following the procedure that we have described here, there is no need to evolve the state of the system as our angles are
measured with respect to γ. Had we decided to implement the adiabatic assumption in the lab frame, we would need to evolve
γ as follows:

dγ

dt
= ⟨γ̇⟩, (S144)

and rotate the positions r̃i accordingly, then iterate the process again.
It is possible to write analytically the particle circumference radii and find Ĩ . We may separate particles in square vertices and

square centers, such that:

Ĩ =

L∑
k=1

Ξv(k) +

L∑
k=1

Ξc(k), (S145)

where L is the number of layers, and the decomposition reads:

Ξc(k) =

4
(
k
√
2/2
)2

+ 4 (k/2)
2
+ 8

∑k/2−1
q=1

(√
k2 + (2q)2/2

)2
k even,

4
(
k
√
2/2
)2

+ 8
∑(k−1)/2

q=1

(√
k2 + (2q − 1)2/2

)2
k odd,

(S146)

and:

Ξv(k) =

8 (k/2)
2
+ 16

∑k/2−1
q=1

(√
(k/2)2 + q2

)2
+ 12

(√
2(k/2)2

)2
k even,

8 (k − (k − 1)/2)
2
+ 16

∑k−(k−1)/2−1
q=1

(√
(k − (k − 1)/2)2 + q2

)2
+ 4

(√
2(k − (k − 1)/2)2

)2
k odd.

(S147)

VIII. TRANSLATIONAL-ROTATIONAL SYSTEM

This system is characterized by three modes:

φx
i =

1√
N

x̂, (S148)

φy
i =

1√
N

ŷ, (S149)

φϕ
i =

1√
I
r⊥i . (S150)

It is trivial to show that they form an orthonormal basis, that is ⟨φk|φq⟩ = δkq . In this case, the relevant variables are the position
of the center of mass, the rotation angle of the structure, and the polarization of each agent. We must write the dynamical equation
for each one of them. From the definition of the center of mass, we can find the equation governing its temporal evolution as
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follows:

Ẋ =
1

N

∑
i

ẋi, (S151)

=
1

N

∑
i

(n̂i + Fi) , (S152)

=
1

N

∑
i

n̂i, (S153)

where the sum of all the inter-particle forces vanishes. We will now find the rotational speed. We can express the velocity of
each particle as:

ẋi = Ẋ + ϕ̇r⊥i , (S154)

where ri is the position of particle i with respect to the center of mass, and ϕ is the angle describing the rotation of the structure.
The evolution of ϕ can be described by using Eq. S59:

ϕ̇
1√
I

∑
i

r⊥i · Ẋ + ϕ̇
1√
I

∑
i

r⊥i · r⊥i =
1√
I

∑
i

r⊥i · n̂i, (S155)

then:

ϕ̇ =
1

I

∑
i

r⊥i · n̂i, (S156)

where we have used that
∑

i ri = 0.
As in the purely rotational case, we will utilize a rotating reference frame such that angles are defined with respect to ϕ. The

variables of interest evolve according to the following equations:

Ẋ =
1

N

∑
i

n̂i · x̂, (S157)

Ẏ =
1

N

∑
i

n̂i · ŷ, (S158)

ϕ̇ =
1

I

∑
i

r⊥i · n̂i, (S159)

θ̇′i = − 1

πr

∂V

∂θ′i
− ϕ̇+

√
2πθ

πr
ξi, (S160)

with:

V = − 1

2N

∑
ij

(n̂i · n̂j)−
1

2I

(∑
i

r⊥i · n̂i

)2

. (S161)

Then, Q(X,Y, ϕ, θ′1, . . . , θ
′
N |t) evolves according to the following equation:

∂Q

∂t
= − ∂

∂X

[
1

N

∑
i

n̂i · x̂Q

]
− ∂

∂Y

[
1

N

∑
i

n̂i · ŷQ

]

− ∂

∂ϕ

[
1

I

∑
i

r⊥i · n̂iQ

]
+
∑
i

∂

∂θ′i

[(
1

πr

∂V

∂θ′i
+ ϕ̇

)
Q

]
+

πθ

πr

∑
i

∂2Q

∂θ′2i
. (S162)

Let us define the reduced probability distribution Q(θ′1, . . . , θ
′
N |t) such that:

Q =

∫
QdX dY dϕ, (S163)
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and as neither ∂V
∂θ′

i
nor ϕ̇ depend on these variables, we are left with:

∂Q
∂t

=
∑
i

∂

∂θ′i

[(
1

πr

∂V

∂θ′i
+ ϕ̇

)
Q
]
+

πθ

πr

∑
i

∂2Q
∂θ′2i

. (S164)

We will now perform a scaling analysis to study the magnitudes of ∂V
∂θ′

i
and θ̇. Note the following:

∂V

∂θ′i
∼ −1 +Rϕ̇, (S165)

ϕ̇ ∼ 1

R
, (S166)

where R is the characteristic agent distance from the center of mass. If πr ≪ R, we may ignore the ϕ̇ term. More precisely,
we can perform the same series expansion as in the purely rotational case, and arrive at an analogous result and higher-order
corrections. Then, the Landau free energy in this case reads:

f =
1

2

(
µ2

P + µ2
ϕ

)
− 1

Nβ

∑
i

log(I0(βDi)), (S167)

where:

µP = µxx̂+ µyŷ =
1

N

〈∑
i

n̂i

〉
, (S168)

µϕ =

√
I

N
⟨ϕ̇⟩, (S169)

and:

Di =

∥∥∥∥∥µP +

√
N

I
r⊥i µϕ

∥∥∥∥∥ . (S170)

Zero-noise limit selection

As the noise goes to zero, β → ∞. We can then use the asymptotic expansion:

I0(x) ≈ exp(x), (S171)

such that:

f =
1

2

∑
q

µ2
q −

∑
i

 1

N

∑
q,l

µqµl

(
φq

i ·φ
l
i

)1/2

. (S172)

Let us now minimize the functional f in the presence of a single mode. We have the following:

fq =
1

2
µ2
q −

1√
N

∑
i

∥φq
i ∥µq, (S173)

which has a minimum corresponding to:

f̃q = −1

2

1

N

(∑
i

∥φq
i ∥

)2

. (S174)

We would like to maximize
∑

i∥φ
q
i ∥, subject to the normalization constraint

∑
i∥φ

q
i ∥2 = 1. We can see that the maximum

is achieved when all the components are equal, i.e:

∥φq
i ∥ =

√
1

N
∀i. (S175)

Then, in the β → ∞ limit, collective motion will align with the translational mode, i.e. the least localized mode. In the case
of the ideal ring, because every particle is at the same distance, translations and rotations result in the exact same minimum and
there is no preference of one over the other.
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IX. ROTATIONAL-AUXETIC SYSTEM

In the way that they have been previously defined, ⟨φϕ|φγ⟩ ̸= 0, which is not compatible with our formalism. We will use
the Gram-Schmidt formula to find an adequate orthonormal basis for the auxetic-rotational system. Starting with the rotational
mode, we can define an orthonormal mode to it as:

|φB⟩ = 1√
1− ⟨φϕ|φγ⟩2

(
|φγ⟩ − ⟨φϕ|φγ⟩ |φϕ⟩

)
. (S176)

By defining:

J =
∑
i

ri · r̃i. (S177)

Then:

|φB⟩ = 1√
1− J2

IĨ

(
|φγ⟩ − J√

IĨ
|φϕ⟩

)
. (S178)

For the sake of simplicity, we will rename |φϕ⟩ → |φA⟩. Continuing with the dynamics of the system, we can decompose
the motion of each particle as a rigid motion, rigid rotational motion, and auxetic deformation. Rigid motion is discarded as the
system is pinned:

ẋi = ϕ̇r⊥ci +
(
ϕ̇+ γ̇

)
r̃⊥i , (S179)

where rci is the position of the auxetic-circumference center of particle i. Note that γ is defined with respect to the reference
frame that rotates with ϕ. With this, and using Eq. S59:

⟨φA|n̂⟩ = ⟨φk|ẋ⟩ , (S180)

=
1√
I

∑
i

(
ϕ̇
(
r⊥i · r⊥ci

)
+
(
ϕ̇+ γ̇

) (
r⊥i · r̃⊥i

))
, (S181)

=
1√
I

(
ϕ̇
∑
i

ri · rci + (ϕ̇+ γ̇)
∑
i

ri · r̃i

)
, (S182)

=
1√
I

(
ϕ̇I + γ̇J

)
, (S183)

where we have used that ri = rci + r̃i.
Similarly:

⟨φB |n̂⟩ = 1√
1− J2

IĨ

(
⟨φγ |ẋ⟩ − J√

IĨ
⟨φϕ|ẋ⟩

)
. (S184)

We will focus on the first term:

⟨φγ |ẋ⟩ = 1√
Ĩ

∑
i

(
ϕ̇
(
r̃⊥i · r⊥ci

)
+
(
ϕ̇+ γ̇

) (
r̃⊥i · r̃⊥i

))
, (S185)

=
1√
Ĩ

∑
i

(
ϕ̇ (r̃i · rci) +

(
ϕ̇+ γ̇

)
(r̃i · r̃i)

)
, (S186)

=
1√
Ĩ

(
ϕ̇J + γ̇Ĩ

)
. (S187)
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Then:

⟨φB |n̂⟩ = 1√
1− J2

IĨ

(
1√
Ĩ

(
ϕ̇J + γ̇Ĩ

)
− J√

I2Ĩ

(
ϕ̇I + γ̇J

))
, (S188)

=
1√

1− J2

IĨ

γ̇

(√
Ĩ − J2√

I2Ĩ

)
, (S189)

=
√

Ĩ

√
1− J2

IĨ
γ̇. (S190)

From this, it follows that:

γ̇ =
1√
Ĩ

1√
1− J2

IĨ

⟨φB |n̂⟩ , (S191)

ϕ̇ =
1√
I
⟨φA|n̂⟩ − J

I

1√
Ĩ

1√
1− J2

IĨ

⟨φB |n̂⟩ . (S192)

Now we can write the Fokker-Planck equation for Q(ϕ, γ, θ′1, . . . , θ
′
N ), where θ′i = θi − ϕ is the polarity angle of particle i

measured in the reference frame that rotates with ϕ:

∂Q

∂t
= − ∂

∂ϕ

[
ϕ̇Q
]
− ∂

∂γ
[γ̇Q] +

∑
i

∂

∂θ′i

[(
1

πr

∂V

∂θ′i
+ ϕ̇

)
Q

]
+

πθ

πr

∑
i

∂2Q

∂θ′2i
, (S193)

where:

V = −1

2

[
⟨φA|n̂⟩2 + ⟨φB |n̂⟩2

]
. (S194)

In the rotating reference frame, there is no dependence on ϕ, so we may integrate with respect to this variable for all orienta-
tions:

∂Q
∂t

= − ∂

∂γ
[γ̇Q] +

∑
i

∂

∂θ′i

[(
1

πr

∂V

∂θ′i
+ ϕ̇

)
Q
]
+

πθ

πr

∑
i

∂2Q
∂θ′2i

. (S195)

We may recognize that as γ evolves, the distances of the particles with respect to the pinning point change, and as such I and J
are functions of this structure parameter. We will introduce the adiabatic approximation here and assume that the system reaches
a steady state configuration in a time such that γ can be considered constant. Then, we are left with the following equation:

∂Q
∂t

=
∑
i

∂

∂θ′i

[(
1

πr

∂V

∂θ′i
+ ϕ̇

)
Q
]
+

πθ

πr

∑
i

∂2Q
∂θ′2i

, (S196)

which can be solved in the same way as before by invoking a series expansion, with the zeroth order solution corresponding to
the Gibbs measure.

Then we can write the Landau free energy as:

f =
1

2

(
µ2
A + µ2

B

)
− 1

Nβ
log (I0 (βDi)) , (S197)

where:

µA =
1√
N

〈
⟨φA|n̂⟩

〉
=

√
I

N
⟨ϕ̇⟩+

√
J2

NI
⟨γ̇⟩, (S198)

µB =
1√
N

〈
⟨φB |n̂⟩

〉
=

√
Ĩ

N

√
1− J2

IĨ
⟨γ̇⟩, (S199)
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and:

Di =
√
N
∥∥µAφ

A
i + µBφ

B
i

∥∥ . (S200)

The only relevant structure parameter in our case is the auxetic angle γ, which will evolve adiabatically according to the
ensemble average of Eq. S191:

dγ

dt
= ⟨γ̇⟩, (S201)

=

√
N

Ĩ

1√
1− J2

IĨ

µB , (S202)

which defines the operator L for the auxetic angle.

X. NUMERICAL SCHEME

Given the stochastic nature of our problem, we simulated our equations using the Euler-Maruyama method:

|x⟩n+1
= |x⟩n + |n̂⟩n ∆t+ |F ⟩n ∆t, (S203)

|θ⟩n+1
= |θ⟩n +

1

πr
Kn |F ⟩n ∆t+

√
2πθ

πr
|ξ⟩n

√
∆t, (S204)

where ∆t = 2 × 10−4. Tensions were computed from Eq. S41 using the biconjugated gradient stabilized routine in Eigen, a
C++ library. Due to the presence of zero modes, these tensions may not be uniquely determined. But after multiplying by ST to
obtain the net force, the component in the kernel of ST is eliminated and we get a net force that is unique.

The Euler-Maruyama scheme introduces errors in the position of the particles, which ultimately alters the structure of the
system and the modes. This is more pronounced when dealing with the rotation of the rigid bars, which will lead to an increase
in their length for any finite ∆t. As such, a “thermostat” must be implemented. We put in place a simple routine that periodically
calculates the structure parameters from the positions of the particles, which could be slightly different for different groups of
particles due to the aforementioned infinitesimal deformations. After a regular timestep interval, the thermostat reconstructs the
system using the space-averaged structure parameters. All these elements were implemented in a custom-made C++ code.

Free energies were minimized using the FindRoot routine in Mathematica. Depending on the modes present in the system,
these energy landscapes can be complex and present various minima, sometimes very close to each other, so special care was
taken to ensure that we found all the minima, and that we could follow each one individually in time if there is a structure
parameter that is evolving. Such as in the rotational-auxetic system, where there are four minima a minimum is found using the
routine. Then, the structure parameter is evolved using a forward Euler algorithm, which in the auxetic case reads:

γn+1 = γn + ⟨γ̇⟩n∆t. (S205)

This procedure was repeated for various values of πθ to obtain the phase diagram.
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