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This supplement is organized as follows. Appendix S1 contains proofs of the asymptotic results in

Section 4. Appendix S2 collects the simulation results for Section 5, which were omitted from the main
paper to improve its readability.

S1 Proofs

Proof of Theorem 1. We start by showing that, when 5,, — v = op(1), we have
sup |7 (x) — mo(z)| = op(1). (S1)
TeEX

Note that, independently of the choice of the trimming function,

E [{(1 - m0(X))log ¢(7" X) + mo(X) log (1 — ¢(v" X)) } 7(X)],

is maximized at v = vy because of condition (I1) and the fact that, for any = € X, the function

ar(2) = {60 ) 0 S+ {1~ 0 ) o

?(7o
is strictly negative for z # ¢(vd x) and g, (é(vd z)) = 0.

Next we show uniform consistency of 7, using the decomposition (11) and restricting to X as in (12).
We have

1-=2
W}T(Iﬁ), z € (0,1),

70 — molloo = sup ‘g% (:Vritpx) ~ Y (7gx)‘

zeX
= sup |Gy (% %) — 970 (10 2)| + sup |35, (G2 ) — G0 (Y0 7)]
reX reX (82)
< sup sup Fn (t | ng:'yOTx) — Pr (t]ng:'yoTx)‘
zeX t<T0
+ 192 = ol sup sup ‘vav ('YTx)‘ :

zeX 7EG

The first term on the right hand side of the equation converges to zero by Theorem 4.1 in Van Keilegom
and Akritas (1999). The second term converges to zero because of assumption (C1) and the fact that

sup Sug }v,yg,y (*mi)‘ = Op(1). (S3)

reX VE

Indeed, (S3) follows from assumption (C9) and

sup sup [V,gy (v 2) — Vygy (v 2) [ = 0p(D), (54)
zeX V€G

which can be proved as in Lemma A.2 in Lopez et al. (2013). Their estimator Gg(t|A(6,z)) is the same
as our F,(tlyTX = 4Txz) if we replace 6 by ~, consider A(f,z) = #Tz and exchange T with C (they are
interested in the conditional distribution of C' given A(¢, X)). This concludes the proof of (S1).

The consistency of 4, then follows similarly to Theorem 1 in Musta et al. (2022). There, in order
to obtain strong consistency of 4, it is required that sup, 3 |7(x) — mo(z)| — 0 almost surely. Here we
restrict to convergence in probability and conclude via Theorem 1 in Chen et al. (2003) formulated for
M-estimators. O



Proof of Theorem 2. The result follows from Theorem 2 in Musta et al. (2022) once we show that the
assumptions (AN1)-(AN4) of that paper hold. Note that the introduction of the trimming function 7(-)
would not change anything in the proof. It just allows us to restrict to the set X where the density of
the index is bounded from below, in order to apply standard results from the literature. The assumptions
(AN1) and (AN3) of Musta et al. (2022) are the same as assumptions (C2), (N1) and (N2) here. It remains
to verify assumptions (AN2) and (AN4) which for completeness we state below:

(AN2) my(-) belongs to a class of functions IT such that

/ \/logN(e,H, I {]oo) de < o0,
0

where N (¢, I1, [|-|| o) denotes the e-covering number of the space IT with respect to |7l = sup, . 5 |7 (@)].
(AN4) The estimator 7(-) satisfies the following properties:
(i) P(a(-) e I) — 1.
(it) 17 (z) = 70(2)]l o = op(n~/*).
(iii) There exists a function ¥ such that

1 1
o0X) 1 oI X)

1 n
= > (Y, Ay, Xiy Zi) + Ra,
i—1

E* {(fr(X) — (X)) < ) ¢' (7o X)X7(X)

where E* denotes the conditional expectation given the sample, taken with respect to the generic
variable X, ||R,|| = op(n~'/?) and E[¥(Y, A, X, Z)] = 0.

Step 1. For (AN2) we use the class of functions

I = {f:X—> 0,1], f(z) = g(yTz) for some ~ € Gandgeﬁv},

where IZI7 is the space of continuously differentiable functions ¢ from &, (defined in assumption C5) to [0, 1]
such that sup,cy [¢'(u)| < M and

< M,

p 1970) — /()

u1Fu2 |u1 - u2|£
u1,u2EXy

for some M > 0 and £ € (0, 1] independent of . The norm that we consider on II is the sup norm. By
assumption (A2) we have my € II. Next we compute the e-covering number of II. Let ~1,...,7vn, be a
d-covering of the compact G € RP with respect to the [ norm. We have N7 < % for some constant K7 > 0.
Consider the class IT of continuously differentiable functions g from U = {47z | v € G,z € X} to [0, 1] such
that sup, |9’ (u)| < M and

p 197m) — ')

uFug |u1 - uQ‘é
uy,uz €U

< M.

We have in particular that if g € li[ then the restriction of g to X, belongs to the class 1:I7 for any v € G.
Let g1,...,9n, be a p-covering of IT with respect to the sup norm. Since U is bounded and convex (G can
be chosen to be a small neighborhood of ), from Theorem 2.7.1 in van der Vaart and Wellner (1996), we
have

Y

N
log No < K> <)
p

for some constant Ky > 0. For 1 <1i < Nj and 1 < j < Ny, define f; ;(z)

= g;(vI'x). We show that {f;;},
1<i<Njand 1< j < Ny isan e-covering of II. Let f € II, f(z) = g(v'z).

From Whitney’s theorem it



follows that g € ﬁy can be extended to a function g € II, i.e. g(u) = g(u) for u € A,. Let 7 and j be such
that sup, ey |g(u) — g;j(u)| < p and ||y — vil| < 6. Then we have

If = fijlloo < sup |g (v'2) —g; ("2)| +sup |g; (') — g5 (] 2)|
reX reX
< sup |g(u) — g;(u)| + Ksl|y — villx
uelU

< P+MK3(5.

Hence, if we take p = ¢/2 and § = ¢/M K3 then we get an e-covering of II. It follows that

1/(1+€)
log N(,I1, ||  |loo) < c1 — ploge + co () c1,c >0,
€

and as a result (AN2) is satisfied.

Step 2. For assumption (AN4))(i), note that 7, () = g5, (L x) with g, as in (9). From consistency of
An it follows that 4, € G. Let g5 denote the derivative of the function u — g5, (u). Let g, be as in (10).
Next we show that

sup |35, (Fm ) — ¢y (70 )| = op(1), (S5)
reX
and
(35w1) = gh, (1) = 35, (FF2) + g5, (1 2),
sup T T 1E =op(1), (S6)
x17x26_/? |f)/’n"1; - f}/n x2|
Fp a1 £ wo

from which we can derive that (AN4)(i) is satisfied since sup_ . 5 |95, (vd'z)| < oo and

sup ’g’/yo (7(?332) B glvo (ngl)‘ < .

- T T
T1,T2€X |’YO 1 =7 $2|§
Vw1 £ 2

From Theorems 4.1 and 4.2 in Van Keilegom and Akritas (1999) we have

sup |3, (0 ) — g4 (0 )| = op(1), (S7)
zeX
and e . o o
|g’}’0 (70 xl) ~ 9y (’Yo xl) — Yy (’Yo 1’2) + 9o (")/O xg)‘ B
Sup T T |€ = op(1), (S8)
21,22€X 170 ©1 — Yo 2|
75$1¢Vg$2

by conditioning on the variable - I X. Next we need to deal with the fact that we are using 4 X instead of
WX.
We can write

log g5, (u ZA log (1 = Wi(u; 7)) ,
where
Wi(u; ¥n) = k (Wg_u> / Zn:]l{szTi}k (Wéﬂ?
j=1
Hence
i, (v) ZA — i< Zﬁzn) (S9)



Using the triangular inequality we obtain

sup |65, (3 ) — G5, (70 )|
reX

~T L~
ZA - W (7n~'r77n~)

< sup (g5, (3, %) — G (7 )| sup
195 (o 2) = 0 per B UACTEEETY

reX zEX

Wl (i) W @37)
ZA { WZ(:)/gxa:Yn) 1_Wz(’70 1’7'}’0)}'.

(S10)

+ sup [§,, (79 =)| sup
zeX TeX

As is (S2), we have
SUE ‘g’?n(;?gj‘r) - QWO(ng)‘ = OP(,nfl/Q).
TeEX

Moreover, sup, . 5 |97, (vd'z)| = Op(1) and, as in the proof of Proposition 4.1 in Van Keilegom and Akritas
(1999) it can be seen that

7033 %)
sup A =Op(1).
veX Zl 1 — Wilyg 2370)
and
W/ (y"z;7) >
sup AV, < =0p(1/b).
ve® ; Wi(vTa; ) P(1/%)

From a Taylor expansion and 7, — 70 = Op(n~"/?) we conclude that the left hand side of (S10) converges
to zero. Together with (S7) we obtain (S5).
Next we show that

(Fma1) = g5 (70 21) = 65, (m2) + b, (70 z2) ‘
sup e = op(1).
x1,$2€/€' |’an _fYnx2|
A T1 775 T2

Note that by (S9) and the fact that sup,cx |L€]’7(7Tw)\ = Op(1) for both v = vy and v = 4, it is sufficient

to consider } }
Vi (Gm 1) = Vo (78 1) = Vi, (Gmaz) + Vo (5 22)|

-~ , S11
— AL x| (1)

sup
I17I262€' |’Yn x

=T =T
Vn T1FVn T2

where

_ ) Wz‘/(UW)
V) = ;All = Wilu;y)

In addition we can also restrict the supremum over x1, x2 such that i}f x1 # %{ x9 and ,y(’.)F T, # ’yép 9 because
otherwise we would have |71 z; — 4T 25| < en~/2 and (S11) would obviously hold for ¢ sufficiently small by
using a Taylor expansion and sup,, V;(u) = Op(1/b). Note also that
T T
]
oy e X [T 21 — Y w2
Al w1 £ xe, v w1798 22

hence the denominator can be replaced by \'yOT T — ’yOT 12|¢. By Taylor expansion we obtain that the largest

order term in (S11) is

v W/ (v z117) _v W (v w2;7)
T\ 1=-Wi(vTz157) T\ 1=-Wi(vTz217)
Y0 0

(:)/n - '70) sup Z Az

- T _ AT
r1,02€X ;=1 |’YO 1 70 ‘%12|é
18 T17YG 2



Using Lemma A.1. in Van Keilegom and Akritas (1999) and that for a smooth function [ (in our case [ is
the kernel function or its derivatives) we have

1(55%) — 1(*5%)]|
|z —yl¢

uniformly over z, y, z, we obtain that the expression in the previous equation is of the order O p(n_l/ 2p—1-¢ ) =
op(1). Together with (S8) this yields (S6).

Step 3. Assumption (AN4)(ii) can be checked using (S2). The first term on the right hand side of
that equation is of order op(n~/*) because of Theorem 4.1 in Van Keilegom and Akritas (1999) and the
assumption (C6). The second term on the right hand side of (S2) also is of order op(n~/*) because of
assumptions (N3), (C9) and (S4).

Step 4. For (AN4)(iii), using the decomposition (11) we have

o 1 1 .

*

(S12)

En(mo |78 X) = Fr(ro | %4 X) ,, ¢ -
ST {1 —otdx)) 000X ““]

05, 65X) ~ iy (0EX) 1y
¢(7g X) {1 —¢(70TX)}¢(% X (X)] '

+ E*

Since sup, ¢y H([t,00)|7d #) < 1 by condition (8), from Theorem 3.2 in Du and Akritas (2002) it follows as
in Musta et al. (2022) (see proof of Theorem 5) that the first term on the right hand side of (S12) is equal
to n 3" (Yi, Ay, Xi) + Ry, with ||Ry,|| = op(n~1/2) and ¢ as in (13). For the second term in (S12), by

mean value theorem we write

350 (A7) = Gy (Vo 2) = (Gn — 70) V43 (7 2)
= (9 — VO)Tvvgv (VTx)

,y*

,.y* )
for some v* such that ||v* — |l < [[%» — 70/|- Using (S4) and assumption (C9), we obtain

Fin () = 970 (0 %) = (Fn = 70)" Vg7 (v72) ‘vo +op(n~Y?),

where the op(n~'/2) term is uniform with respect to z € X. It follows that

(g X) {1 -0 X)}
VVQ’Y(’YTX)T‘

o(vg X) {1 = o(g X)

* [% Rt N ¢'<70TX>XT<X>]

}¢'(%TX)XT(X)] (Fn = 70) + 0p(n™?),

because E* is just the expectation with respect to the variable X. By definition of gy(’yTa:) and a Taylor
expansion we have

gy (V2) =E[1 -0 (v X) W' X =~"2]
=1-¢(y"2) + (v =10)"E[X]N'X =~"2] ¢/ (")

1
50 =0 E[¢" (v 2) XX X =9"2] (v = 0),
for some [|v« — 70l < ||v — 70||- Hence

Vagy (VT2) |, = ¢ () e +E[X|g X =52] ¢ (g 2).



and consequently

Vo9 (’YTX)T ‘70
375 X) {1 = ¢35 X)
& [ ¢/ (16 X) X"

}qb’(voTX)XT(X)]

(1 X) {1 = o(r{ X)
E[XT ]y X]¢' (g X)

P X) {1 - (I X)}

¢ (7 X)? {E[XT y§ XIEX7(X)|7d X] — E[XTX#XMX]}]

PG X){1—-o(x{ X))}

}qb’(voTX)XT(X)]

+E ¢ (75 X)X7(X)

=E

We denote this expression by ). This yields

P30 (T X) = G0 (5 X)
¢(vg X) {1 — (g X) }

*

<Z>’(70TX)XT(X)] = Q(n —0) +op(n”/?),

and by assumption (N3)

1
P(7a X) 1 — (¢ X)
1 n

1 n
= - \II YHA’L;XZ - Y7L7Ai7Xi7Z’i (s
n; ( )+R;QC( )+ R

" | (70 - mo(x)) ( )¢ 6 x0x7(x)

with ||Rn|| = op(n~'/?). This means that assumption (AN4)(iii) of Musta et al. (2022) is satisfied with
U(Y,AX,Z) =p(Y,A X, Z)+ QCY,A, X, Z).

This concludes the verification of the assumptions of Theorem 3 in Musta et al. (2022). It also follows
that the covariance matrix is given by

2, = (07T ' rfvry (0fry) T =rptvry

where V = Var(U(Y, A, X, Z)) and I'; is defined as in (14). O

S2 Additional simulation results

In this section we provide additional simulation results which were not included in Section 5 in order to
simplify exposition and improve readability of the paper. The simulation settings have been described in
Section 5 and a summary of these results can also be found there.



Scenario 1 Scenario 2 Scenario 3
n Par. Bias  Var. MSE Bias  Var. MSE Bias  Var. MSE
200 —0.007 0.246 0.246 —0.013 0.062 0.062 0.088 0.049 0.057
0.243 0.534 0.593 0.058 0.092 0.095 0.096 0.053 0.062
-1.233 0.034 1.553  -0.627 0.029 0.421 -0.228 0.037 0.089
Yo —-0.009 0.217 0.217 -0.035 0.116 0.117 —0.043 0.089 0.091
0.201 0.302 0.343 0.096 0.146 0.155 0.049 0.099 0.102
-0.380 0.044 0.188 -0.15 0.053 0.076 -0.017 0.065 0.065
3 —0.050 0.406 0.408 —0.028 0.205 0.206 —0.031 0.152 0.153
0.189 0.717 0.753 0.108 0.242 0.253 0.063 0.174 0.178
-0.552  0.094 0.399 -0.259 0.092 0.159 -0.077 0.118 0.124
51 —0.006 0.015 0.015 0.005 0.024 0.024 0.015 0.034 0.034
—0.009 0.016 0.016 —0.002 0.025 0.025 0.009 0.034 0.034
-0.059 0.012 0.016 -0.042 0.019 0.02 -0.014 0.029 0.03
Bo 0.008 0.035 0.035 0.008 0.050 0.050 0.012 0.071 0.072
0.003 0.036 0.036 —0.002 0.052 0.052 0.002 0.073 0.073
-0.025 0.029 0.029 -0.019 0.04 0.041 -0.006 0.062 0.062

400 vy —0.004 0.109 0.109 —-0.002 0.036 0.036 0.000 0.026 0.026
0.129 0.161 0.178 0.040 0.043 0.045 0.004 0.027 0.027

-1.236  0.015 1.543 -0.623 0.014 0.403 -0.317 0.018 0.119

2 —0.015 0.094 0.095 —0.023 0.059 0.059 —0.012 0.047 0.048
0.101 0.108 0.118 0.059 0.059 0.063 0.057 0.052 0.055

-0.383 0.022 0.169 -0.154 0.025 0.048 -0.001 0.035 0.035

vz —0.008 0.201 0.201 —-0.019 0.110 0.110 —-0.010 0.084 0.084
0.116 0.247 0.261 0.065 0.115 0.119 0.060 0.088 0.091

-0.550 0.048 0.350 -0.264 0.051 0.121  -0.065 0.062 0.066

B1 0.005 0.008 0.008 0.013 0.012 0.012 0.011  0.017 0.017
0.003 0.008 0.008 0.009 0.012 0.012 0.006 0.017 0.017

-0.052 0.006 0.009 -0.034 0.009 0.011 -0.018 0.014 0.015

B2 0.007 0.019 0.019 0.012  0.026  0.027 0.015 0.034 0.034
0.004 0.019 0.019 0.005 0.027 0.027 0.008 0.035 0.035

-0.024 0.015 0.016 -0.014 0.021 0.021  -0.002 0.029 0.029

Table S1: Bias, variance and MSE of 4 and B for the proposed 2-step approach (first rows), smcure (second
rows) and multivarite presmoothing of Musta et al. (2022) (third rows) for Model 1 and n = 200, 400.



Scenario 1 Scenario 2 Scenario 3
n Par. Bias  Var. MSE Bias  Var. MSE Bias  Var. MSE
200 7 0.049 0.248 0.250 0.011 0.114 0.114 0.000 0.244 0.244
0.103 0.268 0.278 0.021 0.121 0.122 0.097 0.389 0.398
Yo 0.017 0.073 0.074 0.010 0.047 0.047 0.090 0.091 0.099
—0.081 0.088 0.094 —0.040 0.051 0.052 —0.154 0.169 0.193
3 0.025 0.947 0.948 —0.009 0.171 0.171 —0.102 0.299 0.310
0.167 1.895 1.923 0.035 0.177 0.178 0.084 0.444 0.451
Y4 0.007 0.273 0.273 0.005 0.150 0.150 0.031 0.270 0.271
—0.021 0.303 0.303 —0.011 0.162 0.162 —0.040 0.459 0.461
51 —0.003 0.014 0.014 -0.010 0.021 0.021 —0.074 0.069 0.075
0.002 0.014 0.014 -0.007 0.021 0.021 —0.016 0.085 0.086
Bo 0.029 0.050 0.051 0.043 0.069 0.071 0.099 0.236 0.245
0.027 0.051 0.051 0.042 0.069 0.071 0.074 0.269 0.274
B3 —0.009 0.044 0.044 -0.014 0.052 0.052 —0.034 0.220 0.221
—0.008 0.045 0.045 —0.013 0.052 0.052 —0.028 0.252 0.253
400 7 0.029 0.111 0.112 0.010 0.055 0.055 0.017 0.107 0.107
0.055 0.111 0.114 0.013  0.056 0.056 0.058 0.129 0.133
Yo 0.016 0.040 0.040 0.006 0.022 0.022 0.061 0.046 0.049
—0.043 0.039 0.041 —-0.025 0.022 0.023 —-0.082 0.064 0.071
v3 —0.030 0.155 0.156 —0.017 0.079 0.080 —0.111 0.142 0.154
0.030 0.160 0.161 0.012 0.084 0.084 0.006 0.163 0.163
Y4 0.010 0.114 0.114 0.015 0.066 0.067 0.030 0.128 0.129
—0.006 0.119 0.119 0.007 0.068 0.068 —0.003 0.167 0.167
51 0.004 0.007 0.007 —0.001 0.008 0.008 —0.037 0.030 0.032
0.007 0.007 0.007 0.001 0.008 0.008 0.004 0.036 0.036
Ba 0.010 0.024 0.024 0.018 0.029 0.029 0.063 0.104 0.108
0.009 0.024 0.024 0.017 0.029 0.029 0.043 0.112 0.114
B3 0.001 0.021 0.021 -0.005 0.026 0.026 —0.015 0.100 0.100
0.001 0.022 0.022 -0.005 0.026 0.026 —0.012 0.112 0.112

Table S2: Bias, variance and MSE of 4 and B for the
(second rows) in Model 2 and for n = 200, 400.

proposed 2-step approach (first

rows) and smcure



Scenario 1 Scenario 2 Scenario 3
n Par. Bias Var. MSE Bias Var. MSE Bias Var. MSE

200 vy —0.056 0.287 0.290 -0.016 0.123 0.123 -0.010 0.097 0.097
0.431 4.843 5.028 0.068 0.144 0.149 0.011 0.098 0.099

Y2 0.083 0.041 0.048 0.043 0.033 0.035 0.022 0.030 0.031
—-0.029 0.071 0.072 -0.014 0.040 0.040 -—-0.012 0.032 0.032

v3 —0.049 0.177 0.179 —-0.021 0.105 0.106 0.004 0.093 0.093
0.105 0.268 0.279 0.049 0.120 0.123 0.043 0.097 0.099

v —0.080 0.216 0.222 —-0.041 0.131 0.133 —-0.047 0.122 0.124
0.159 1.233 1.259 0.046 0.151 0.154 0.010 0.131 0.131

Y5 0.123 0.325 0.340 0.051 0.158 0.161 0.021 0.136 0.137
—0.359 4.817 4946 —0.062 0.183 0.187 —0.036 0.140 0.141

51 0.003 0.011 0.011 0.003 0.016 0.016 0.016 0.025 0.025
0.003 0.012 0.012 0.003 0.017 0.017 0.016 0.025 0.025

Ba 0.022 0.034 0.034 0.017 0.045 0.046 0.028 0.075 0.076
0.010 0.036 0.036 0.008 0.048 0.048 0.023 0.077 0.077

B3 —0.048 0.044 0.046 —0.042 0.060 0.061 —0.030 0.093 0.094
—0.032 0.048 0.049 —-0.027 0.063 0.064 —-0.023 0.095 0.095

400 v —0.045 0.149 0.151 —0.009 0.069 0.070 —0.020 0.046 0.047
0.124 0.213 0.228 0.043 0.071 0.073 —0.003 0.045 0.045

Y2 0.063 0.021 0.025 0.034 0.016 0.017 0.023 0.015 0.015
—0.018 0.030 0.030 —0.008 0.018 0.018 —-0.003 0.016 0.016

vz —0.041 0.098 0.099 -0.025 0.058 0.059 0.001  0.050 0.050
0.052 0.116 0.119 0.019 0.061 0.062 0.026 0.052 0.052

v+ —0.088 0.111 0.119 -0.052 0.069 0.071 —0.020 0.059 0.059
0.029 0.149 0.149 0.007 0.076 0.076 0.019 0.060 0.060

Y5 0.103 0.165 0.175 0.047 0.083 0.085 0.033 0.068 0.069
—-0.079 0.226 0.232 -0.030 0.085 0.086 —0.013 0.066 0.067

81 —0.001 0.005 0.005 0.001 0.007 0.007 0.003 0.010 0.010
—0.001 0.005 0.005 0.001 0.007 0.007 0.003 0.010 0.010

Ba 0.007 0.017 0.017 0.006 0.023 0.023 0.002 0.034 0.034
0.000 0.018 0.018 0.001 0.024 0.024 -0.001 0.035 0.035

B3 —0.017 0.021 0.021 -0.012 0.028 0.028 —0.007 0.042 0.042
—-0.002 0.022 0.022 -0.003 0.029 0.029 -0.002 0.043 0.043

Table S3: Bias, variance and MSE of 4 and 3 for the proposed 2-step approach (first rows) and smcure
(second rows) in Model 3 and for n = 200, 400.



Scenario 1 Scenario 2 Scenario 3
n Par. Bias Var. MSE Bias Var. MSE Bias Var. MSE

200 m 0.086 0.237 0.245 0.037 0.238 0.239 0.010 0.229 0.229
0.110 0.273 0.285 0.077 0.311 0.317 0.013 0.310 0.310

-0.013 0.224 0.224 -0.105 0.196 0.207 -0.098 0.223 0.233

Y2 0.010 0.058 0.058 0.042 0.065 0.067 0.006 0.065 0.069
-0.069 0.064 0.069 -0.091 0.077 0.085 -—0.073 0.068 0.073
0.112 0.056 0.068 0.193 0.040 0.077 0.168 0.042 0.071

vz —0.025 0.131 0.132 -0.018 0.122 0.122 -0.021 0.122 0.122
0.000 0.153 0.153 0.033 0.162 0.164 0.027 0.155 0.156

-0.084 0.095 0.102 -0.082 0.082 0.089 -0.079 0.092 0.099

V4 0.008 0.095 0.095 0.007 0.108 0.109 —-0.007 0.110 0.110
—0.025 0.110 0.111 -0.049 0.138 0.140 —-0.075 0.156 0.161
-0.041 0.090 0.092 -0.116 0.086 0.099 -0.125 0.09 0.106

v —0.026 0.212 0.212 —-0.055 0.199 0.202 -0.038 0.193 0.194
0.019 0.245 0.245 0.020 0.287 0.287 0.045 0.268 0.270

-0.061 0.201 0.204 -0.060 0.158 0.162 -0.015 0.179 0.179

v  —0.024 0.176 0.177 -0.026 0.172 0.172 —-0.038 0.163 0.165
0.031 0.203 0.204 0.068 0.213 0.217 0.063 0.209 0.213

-0.009 0.184 0.184 -0.008 0.158 0.158 0.017 0.187 0.187

b1 0.004 0.008 0.008 0.000 0.019 0.019 -0.001 0.035 0.035
0.004 0.008 0.008 0.003 0.019 0.019 0.001 0.037 0.037

0.003 0.008 0.008 -0.003 0.018 0.018 -0.006 0.034 0.034

B2 —0.011 0.019 0.019 —-0.001 0.049 0.049 0.010 0.095 0.096
—0.011 0.019 0.019 0.004 0.053 0.053 0.021 0.103 0.104
-0.007 0.019 0.019 0.042 0.043 0.044 0.060 0.079 0.083

B3 0.000 0.033 0.033 0.014 0.083 0.083 0.021 0.144 0.144
—0.001 0.033 0.033 0.006 0.088 0.088 0.007 0.155 0.155
0.000 0.032 0.032 -0.005 0.074 0.074 -0.002 0.128 0.128

Table S4: Bias, variance and MSE of 4 and 3 for the proposed 2-step approach (first rows), smcure (second
rows) and the multivariate presmoothing of Musta et al. (2022) (third rows) in Model 4 for n = 200.
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Scenario 1 Scenario 2 Scenario 3
n Par. Bias Var. MSE Bias Var. MSE Bias Var. MSE

400 0.042 0.115 0.116 0.016 0.105 0.105 0.003 0.118 0.118
0.056 0.124 0.127 0.036 0.119 0.121 0.007 0.125 0.125

-0.015 0.118 0.118 -0.058 0.111 0.114 -0.042 0.12 0.122

Y2 0.025 0.027 0.027 0.045 0.036 0.038 0.047 0.036 0.039
—0.029 0.028 0.029 -—-0.040 0.032 0.034 —-0.038 0.032 0.034
0.092 0.028 0.036 0.172 0.022 0.052 0.146 0.026 0.047

3 0.002 0.064 0.064 —-0.022 0.062 0.062 —-0.018 0.063 0.063
0.024 0.072 0.072 0.009 0.073 0.073 0.012 0.074 0.074

-0.062 0.050 0.054 -0.088 0.049 0.056 -0.080 0.056 0.062

Y4 0.010 0.045 0.045 0.016 0.054 0.054 0.018 0.061 0.061
—0.014 0.049 0.049 -0.019 0.058 0.059 —0.018 0.069 0.070
-0.021 0.046 0.047 -0.085 0.046 0.063 -0.090 0.050 0.058

Y5 0.000 0.101 0.101 -0.019 0.097 0.097 -0.012 0.107 0.108
0.034 0.111 0.112 0.033 0.111 0.112 0.038 0.119 0.120

-0.029 0.099 0.100 -0.039 0.093 0.094 -0.002 0.095 0.095

v —0.039 0.084 0.086 —0.045 0.081 0.084 —-0.041 0.090 0.092
—0.002 0.094 0.094 0.015 0.091 0.092 0.018 0.098 0.098
-0.026 0.089 0.090 -0.029 0.092 0.093 -0.017 0.106 0.106

b1 0.000 0.004 0.004 0.003 0.009 0.009 -0.002 0.015 0.015
0.000 0.004 0.004 0.005 0.009 0.009 0.001 0.015 0.015

-0.001 0.004 0.004 -0.001 0.009 0.009 -0.004 0.014 0.014

B2 —0.003 0.009 0.009 —-0.007 0.023 0.023 -0.011 0.045 0.045
—0.002 0.009 0.009 -0.004 0.024 0.024 —-0.006 0.047 0.047
0.000 0.009 0.009 0.031  0.02 0.021 0.043 0.037 0.039

B3 0.005 0.016 0.017 0.012 0.039 0.039 0.015 0.072 0.072
0.004 0.017 0.017 0.006 0.040 0.040 0.006 0.074 0.074

0.005 0.016 0.016 0.002 0.036 0.036 -0.004 0.063 0.063

Table S5: Bias, variance and MSE of 4 and B for the proposed 2-step approach (first rows), smcure (second
rows) and the multivariate presmoothing of Musta et al. (2022) (third rows) in Model 4 for n = 400.

smcure Step 2 Step 3 Step 4
Par. Bias  Var. MSE Bias  Var. MSE Bias  Var. MSE Bias  Var. MSE

Y 0.241 0.531 0.589 —0.007 0.246 0.246 —0.007 0.247 0.247 —-0.010 0.247 0.247
Y2 0.201 0.302 0.342 —-0.006 0.219 0.219 -0.005 0.217 0.217 -0.006 0.219 0.219
Y3 0.189 0.713 0.748 —0.046 0.405 0.407 —0.047 0.417 0.419 -0.052 0.425 0.427
81 —0.009 0.016 0.016 —0.006 0.015 0.015 —0.006 0.015 0.015 —0.006 0.015 0.015
B2 0.003 0.036 0.036 0.008 0.035 0.035 0.009 0.035 0.035 0.009 0.035 0.035

Table S6: Bias, variance and MSE of 4 and B for smcure, the proposed 2-step approach and its iterations
(3-step and 4-step) for Model 1, scenario 1 and n = 200.
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n = 200 n = 400
Mod. Par. Bias  Var. MSE Bias  Var. MSE
5 ot —0.154 0.187 0.211 —0.087 0.100 0.107
0.514 0.393 0.657 0.437 0.152 0.343
v2  —0.304 0.277 0.370 0.213 0.144 0.189
0.623 0.464 0.852 0.507 0.184 0.441
v —0.232 0.203 0.257 —0.166 0.108 0.136
0.297 0.655 0.744 0.235 0.176 0.231
o 0.207 0.188 0.231 0.132 0.112 0.130
—0.326 0.377 0.483 —0.281 0.166 0.245
051 —0.281 0.051 0.130 —-0.296 0.025 0.112
—0.354 0.056 0.181 —0.353 0.027 0.151
B —0.137 0.043 0.062 —0.144 0.022 0.043
—0.174 0.046 0.076 —0.169 0.023 0.052
B3 0.221 0.051 0.099 0.210 0.023 0.067
0.257 0.054 0.120 0.235 0.024 0.079

4 ot 0.036  0.250 0.251 0.016 0.116 0.116
0.097 0.360 0.370 0.041 0.133 0.135

Y2 0.059 0.066 0.070 0.050 0.036 0.039
—0.089 0.092 0.100 —0.038 0.038 0.040

v3  —0.029 0.150 0.151 —0.023 0.075 0.075

0.025 0.222 0.223 0.008 0.091 0.091

Y4 0.005 0.109 0.109 0.018 0.055 0.055
—0.059 0.149 0.152 -0.018 0.061 0.062
—0.057 0.204 0.207 -0.022 0.101 0.102
0.022  0.307 0.308 0.032 0.120 0.121
v  —0.029 0.204 0.205 -0.047 0.103 0.105
0.075  0.287 0.293 0.014 0.122 0.122

81 —0.025 0.028 0.029 -0.017 0.011 0.012
—0.004 0.030 0.030 -0.002 0.012 0.012

B2 0.017  0.068 0.069 0.007  0.032 0.032
0.010 0.074 0.074 0.002 0.033 0.033

Bs 0.004 0.054 0.054 —0.001 0.024 0.024
0.011  0.058 0.059 0.002 0.025 0.025

Ba 0.013  0.094 0.095 0.012 0.043 0.043
0.004 0.103 0.103 0.005 0.044 0.044

Bs —0.001 0.112 0.112 0.011  0.047 0.047
—-0.019 0.119 0.119 0.000 0.049 0.049

-2
ot

Table S7: Bias, variance and MSE of 4 and A for the proposed 2-step approach (first rows) and smcure
(second rows) in Model 5 and Model 4 with misspecification.
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