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2RYDBERG ATOMS

Most of the work described in this thesis involves Rydberg atoms. ¿is chapter
describes the theoretical background necessary for understanding the properties
and behaviour of such atoms. ¿is includes a number of useful scaling laws which
can be derived from simple classical considerations as well as a more quantitative
treatment of Rydberg atom wavefunctions and energy levels, both for hydrogen
and alkali metal atoms. In particular this part is concerned with the Stark e�ect,
i.e. the energy shi of Rydberg states in electric �elds. ¿e �nal part of the chapter
is dedicated to the optical detection of Rydberg atoms using Electromagnetically
Induced Transparency (EIT).
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6 rydberg atoms

2.1 RYDBERG STATES

Rydberg atoms are atoms excited to a high-lying electronic state, i.e. having a large principal
quantum number n. Here we only consider alkali metal atoms, having a single valence electron.
For a discussion of other systems, such as doubly-excited Rydberg atoms, or non-alkali atoms
the reader is referred to [49] and references therein. For many alkali metal atoms Rydberg
states can be thought of as hydrogen-like: ¿e ionic core, consisting of the nucleus and all
ground-state electrons essentially forms a particle of charge +e, which is orbited by the excited
electron, as shown in Figure 2.1. In a classical picture one can consider the electrons as moving
along Kepler orbits.
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Figure 2.1: Schematic depiction of a Rydberg atom assuming a classical Kepler orbit. ¿e ionic core
contains the nucleus as well as all inner-shell electrons. As long as the electron does not
penetrate this region the ionic core can be considered as a single point charge.

It is instructive to �rst brie�y discuss the textbook case of the hydrogen atom. ¿e description
given here closely follows that of [50] but can also be found in many other textbooks such
as [51–53]. As this is a well-known problem only a very brief outline of the procedure is given
here.

2.1 . 1 HYDROGEN

To determine the eigenstates of the hydrogen atom we need to solve the time-independent
Schrödinger equation HΨ = EΨ for a central potential of the form V ∝ − 1/r, i.e. we need to
�nd the eigenstates of the Hamilton operator

H = −
∆
2
−
1
r

(2.1)

given here in atomic units (see Table 2.1). Here ∆ = ∇2 is the Laplace operator, or the divergence
of the gradient of a function. In Cartesian coordinates this would simply be given by ∆ =
∂2/∂x2 + ∂2/∂y2 + ∂2/∂z2. In spherical coordinates the expression is slightly more involved, but well
known, and leads directly to the Equations 2.3 and 2.4 below.
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Quantity Atomic Unit Numerical Value

Mass Electron mass 9.11 × 10−31 kg
Charge Elementary charge 1.60 × 10−19 C
Energy Twice the hydrogen ionisation potential 27.2 eV
Length Bohr radius a0 5.29 × 10−11m
Velocity Classical velocity of the �rst Bohr orbit 2.19 × 106ms−1

Electric Field Field at the �rst Bohr orbit 5.14 × 109 Vcm−1

Table 2.1: Equations can be greatly simpli�ed by expressing them in atomic units as given
in this table [54]

Finding the eigenstates of this Hamiltonian is possible by separation of variables in spherical
coordinates with an ansatz

Ψ(r) = R(r)Yℓm(θ , ϕ) =
uℓ(r)

r
Yℓm(θ , ϕ) (2.2)

for which one �nds equations

0 = (
d2

dr2
−
ℓ (ℓ + 1)

r2
+
2
r
+ 2 E)uℓ(r) (2.3)

0 = (
1

sin θ
∂

∂θ
sin θ

∂

∂θ
+

1
sin2 θ

∂2

∂ϕ2
+ ℓ (ℓ + 1))Yℓm (θ , ϕ) (2.4)

¿e solutions to (2.4) are well-known as solutions to the Laplace equation, called spherical har-
monics: Yℓm(θ , ϕ)∝ Pmℓ (cos θ) exp(imϕ) with associated Legendre polynomials Pmℓ (cos θ).
Taking the expected limiting behaviour for very large and very small r into account one can

also �nd analytic solutions to (2.3), given by

unℓ(r)

r
∝ rℓ L2ℓ+1n−ℓ−1 (r) e

−r/2 (2.5)

with Laguerre polynomials

L2ℓ+1n−ℓ−1 (x) =
n−ℓ−1
∑
k=0

(
n + ℓ

n − ℓ − 1 − k
)
(−1)k

k!
xk (2.6)

In addition one also �nds solutions for the energy E,

E = −
1

2 n2
= −Ry

1
n2

(2.7)

where the second equality transforms back to SI units with the Rydberg constant Ry = h c R∞ =
me c

2α2

2 de�ned by the Planck constant h, the speed of light c, the electron mass me and the
�ne-structure constant α.
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With this solution the (�eld-free, non-relativistic, static and spinless) hydrogen problem is
solved: both the eigenstates and the eigenenergies are known. Based on these solutions one
can continue to investigate e.g. transitions between eigenstates or the behaviour in electric or
magnetic �elds; for electric �elds this is done in some detail in section 2.2 below.

2.1 .2 ALKALI METAL ATOMS

For alkali-metal Rydberg atoms this procedure can easily be adopted [49]. For states of high
principal quantum number n and angular momentum ℓ the description given above is already
fairly accurate, as their wavefunctions never probe the region of the core in which the potential
is modi�ed by the presence of the inner-shell electrons. ¿e matter is slightly more involved for
low-ℓ states which penetrate the ionic core. Here two (closely related) methods of determining
alkali metal Rydberg state wavefunctions will be discussed. Both are semi-empirical methods
relying on spectroscopic information to determine the wavefunctions. We will further assume
a spherically symmetric, time-independent potential in both cases; this is justi�ed by the
spherical symmetry of the ionic core. ¿en the Schrödinger equation still separates into an
angular and a radial part, and the angular part remains unchanged. We are here therefore only
concerned with solving the radial part of the Schrödinger equation.

Coulomb Potential

¿e �rst method, described in [55] is based on the assumption that outside the ionic core the
potential seen by the electron is simply a Coulombic − 1/r potential. ¿is is justi�ed by the fact
that many of the properties of Rydberg atoms depend on the expectation values of positive
powers of r, ⟨rσ⟩ with σ > 0. ¿ese strongly weigh the region outside the ionic core¹, so an
accurate knowledge of the wavefunction in this region is in many cases su�cient.
To determine Rydberg state wavefunctions one needs to solve Equation 2.3. However, one

assumes the principal quantum number of each state to be modi�ed by a so-called quantum
defect δℓ , thus modifying the energy E of the state to conform with experimental observations.
¿e relevant quantity then becomes the e�ective quantum number n∗ = n − δℓ . ¿e quantum
defect depends weakly on the principal quantum number n and strongly on the orbital angular
momentum quantum number ℓ. Accurate values for δℓ can be found in [56, 57].
¿e e�ective quantum number modi�es the energy of each state in Equation 2.3. It now o en

proves practical to determine the radial wavefunctions by numerically integrating Equation 2.3,
taking the modi�ed energy into account. ¿is is simpli�ed by a set of transformations which
make it feasible to use an e�cient numerical method, developed by Boris Numerov [58, 59] to
e�ciently integrate numerical equations of the form

d2

dx2
f (x) = g(x) f (x) (2.8)

while only neglecting terms ofO(h6) and higher in the step size h.

¹In fact, as a �rst approximation one can assume their value to be determined by the location of the outer classical
turning point [49]. Accordingly ⟨rσ ⟩∝ n2σ (see Table 2.2).
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One can bring Equation 2.3 into the form of (2.8) by performing the substitutions x = ln(r)
and f (x) = r1/2 R(r) = r−1/2 u(r). ¿ese transformations not only bring (2.3) into a form suitable
for solving using the Numerov approach, but at the same time change the radial scale to keep
the number of points per oscillation of the wavefunction almost constant. Following [55] we
then �nd

g(x) = 2 e2x (V(x) − E) + (ℓ + 1/2)
2 (2.9)

To avoid problems associated with the unknown potential near the nucleus one starts the
integration outside the classically allowed region, r > 2n2, typically at a radius of rstart =
2 n (n + 15). Here the solution is expected to decay exponentially. Interestingly the resulting
wavefunction does not depend very sensitively on the choice of initial values in this region,
as long as they are small and decreasing for increasing r. ¿e second, non-physical solution
to (2.3) increases exponentially outside the classically allowed region and is therefore quickly
damped out as r is propagated inwards². ¿e wavefunction of the rubidium Rydberg state
30s derived in this manner is shown in Figure 2.2, and contrasted with the wavefunction of
hydrogen for the same state.
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Figure 2.2:Wavefunctions of Rydberg state 30s. ¿e �gure shows the analytically calculated hydrogen
wavefunction as well as rubidium wavefunctions calculated using both methods described in
the text. To the right of the �gure the behaviour at small r is visible, where the two methods
for rubidium yield di�erent results.

²In fact almost any combination of initial values yields the correct result in practice.
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Modi�ed Potential

A second approach utilises the samemethods as described above. However, instead of assuming
a Coulombic − 1/r potential a model potential of the form

Vℓ(r) = −
Zℓ(r)

r
−
αc

2 r4
(1 − e−(r/rc)

6
) (2.10)

is introduced. Here the radial charge Zℓ(r) accounting for core penetration is parametrised by

Zℓ(r) = 1 + (Z − 1) e−a1 r − r (a3 + a4 r) e
−a2 r (2.11)

and the parameters a i again have to be derived by �tting to known spectral lines [60]. Here αc
is the static dipole polarisability of the core and rc is a cuto� radius introduced to remove the
contribution of the core potential at the origin. ¿en one can numerically solve the Schrödinger
equation with this model potential in the samemanner as described above. ¿is method should
therefore yield wavefunctions which are better near the core, but indistinguishable from those
derived above further away. ¿e resulting wavefunctions are shown in Figure 2.2 where the
expected behaviour is indeed observed.
¿e most striking di�erence between the hydrogen and the rubidium wavefunctions is the

phase-shi between the two. ¿is is due to an increase in the frequency of the wavefunction
close to the core, where the potential is deeper for rubidium and the kinetic energy of the
electron is higher. Outside the core region, where the potential is purely − 1/r this leads to a
phase-shi of the wavefunctions.
While the rubidium wavefunction derived from a pure Coulomb potential does show this

phase shi (dashed line in Figure 2.2), only the wavefunction derived from the model potential
discussed above (solid line in Figure 2.2) will reproduce the reduced wavelength near the core.

Scaling Laws

Based on the wavefunctions calculated above one can give a �rst approximation to the scaling
properties of expectation values of powers of r which can be useful as a guide for further scaling
behaviour. For positive powers of r the expectation value is determined mostly by the location
of the outer turning point rout = 2 n2. Accordingly these expectation values scale as ⟨rσ⟩∝ n2σ

for σ > 0.
For negative powers of r the behaviour is not so obvious, as it strongly depends on the

wavefunction close to the ionic core. However, if the angular momentum is small compared
to the principal quantum number the only dependence of the wavefunction on n is in the
normalisation [49], and ⟨rσ⟩∝ n−3 for σ < −1.
Based on the scaling of the expectation values of r it is particularly instructive to consider a

number of further scaling laws for Rydberg states, listed in Table 2.2. While the origin of most
of these is quite obvious, and o en related to the simple properties of a classical orbit, the last
two entries will be discussed here brie�y: both the radiative lifetime and the �ne-structure
interval depend on the presence of the Rydberg state wavefunction near or at the core. In the
case of the radiative lifetime this is due to the overlap with the ground-state wavefunction
while the �ne-structure interval in alkali atoms is due to an interaction of the valence electron
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Property scaling

Binding energy n−2

Energy between adjacent n statesa n−3

Orbital radiusb n2

Geometric cross section n4

Dipole momentc ⟨nd∣er∣n f ⟩ n2

Polarisabilityd n7

Radiative lifetimee n3

Fine-structure intervale n−3

a based on (n + 1)−2 − n−2
b outer classical turning point, proportional to inverse binding energy
c as orbital radius
d squared dipole moment, divided by energy separation
e see text

Table 2.2: Table of Rydberg atom scaling laws based on [54]. ¿e origin of the scaling
laws is either given in the table notes or described in the text. For atoms
other than hydrogen n has to be replaced by n∗ in the above equations.

with the ionic core³, and in particular is thought to be due to the polarisation of the core
electrons [54]. As was discussed above, all negative powers of r greater 1 exhibit a scaling
proportional to n−3, independent of the actual power r is raised to. Accordingly the decay rate
as well as the �ne-structure interval scale with n−3. ¿e same e�ect can be expected for the
hyper�ne splitting, as this e�ect also depends on the presence of the wavefunction in the ionic
core.

2.2 RYDBERG STATES IN EXTERNAL FIELDS

In this section we will discuss the behaviour of Rydberg states in external electric �elds based
on the wavefunctions calculated above. As can be deduced from the scaling laws of Table 2.2
Rydberg atoms are particularly sensitive to electric �elds, as their dipole moment scales as n2
and their polarisability scales as n7. ¿is has important consequences e.g. in the interaction of
pairs or ensembles of Rydberg atoms.

2.2 . 1 HYDROGEN

Again it is instructive to �rst brie�y discuss the case of hydrogen. In an electric �eld the
Hamiltonian is modi�ed by a term F ⋅ r, so with an appropriate choice of coordinates the

³¿e hydrogenic L ⋅ S term also depends on the orbital radius as r−3 .
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potential becomes

V = −
1
r
+ F z (2.12)

¿is Hamiltonian remains separable in parabolic coordinates (ξ, η, ϕ) where ξ = r + z, η = r − z
and ϕ is the same as in spherical coordinates due to the cylindrical symmetry remaining
in the problem. Solving the zero-�eld Schrödinger equation in these coordinates one �nds
wavefunctions

ψ(ξ, η, ϕ) = u1(ξ)u2(η) e imϕ (2.13)

where the (non-normalised) u i are given by

u1,2(ζ)∝
1

√
ζ
M

n1,2+
∣m∣+1
2 , ∣m∣2

(ζ/n) (2.14)

and therefore proportional to the Whittaker functionMκ ,µ (z). ¿e resulting electronic charge
distribution based on these wavefunctions is shown in Figure 2.3 in the x-z-plane4 with the
core located at the origin. In the �gure the dipole moment inherent in these wavefunctions
immediately becomes obvious.

0

-150

150

0-150 150 0-150 150 0-150 150

z/
a 0

r/a0

n1 = 8 n1 = 4 n1 = 0

Figure 2.3:Hydrogen charge distribution ∣ψ∣2 in the x-z-plane for n = 9 and m = 0. ¿e panels shown
n1 = 8, 4 and 0 from le to right. ¿e nucleus is always located in the center of the image. ¿e
dipole character of the wavefunctions is evident. In the middle panel one can also clearly see
how nodes and anti-nodes of the wavefunction lie on parabolas.

In the process of determining these solutions one can �nd quantum numbers n, m, n1 and
n2 with n and m as usual and where n1 and n2 are non-negative integers determining the
number of nodes in the wavefunctions of the parabolic coordinates u1 and u2 respectively. One
furthermore �nds the relation n = n1 + n2 + ∣m∣ + 1. It should be noted that ℓ is not a good
quantum number in these coordinates [49].

4As we are plotting states with m = 0 these are actually symmetric with respect to ϕ.
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While the Hamiltonian is separable in parabolic coordinates even with the �eld-term present,
the resulting di�erential equations can not be integrated analytically except in zero �eld, for
which the solution is given in (2.14). Accordingly, in the presence of an electric �eld one still
has to resort to perturbation-theory methods for calculating the energy of hydrogen Rydberg
states in an electric �eld.
One �nds that the zero-�eld degeneracy is li ed, and amanifold of n−∣m∣ states fans out from

each n level for each m. In �rst order these levels shi linearly with a slope of 3/2 × n (n1 − n2),
i.e. with a maximum slope of approximately 3/2 × n2 for the extreme states ∣m∣ = 0 of each
manifold. All m-levels of the same parity remain degenerate, while states of di�erent parity
are interleaved. For ∣m∣ = n − 1 only one state remains, which does not shi in the �eld as
n1 − n2 = 0. Neighbouring manifolds cross at a �eld of F = 1/3 n−5, the so-called Inglis-Teller
limit. In hydrogen these crossings are real crossings, as even states of the same m do not
couple. ¿is is only the case in a true − 1/r-potential in which the Laplace-Runge-Lenz vector is
a conserved quantity commuting with the Hamiltonian5, and in particular will not be the case
in our treatment of alkali atoms below [63].
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Figure 2.4: Stark map for hydrogen Rydberg states at n = 10 and n = 11 for m = 0 . . . 2 based on second-
order perturbation theory [49]. Energies are given relative to the n = 10 manifold. Both the
linear, as well as the quadratic Stark shi are visible. ¿e interleaving of states of di�erent m-
parity is also clear. Furthermore one can see how the second-order term breaks the degeneracy
between m = 0 and m = 2 states in high �elds.

One can also calculate higher-order corrections to these energy levels, although in hydrogen
the linear Stark shi is already quite accurate for low �elds. Furthermore, the series does not
necessarily converge. More details on this procedure can be found in e.g. [64].

5¿is is related to a hidden, dynamical symmetry of hydrogen. ¿e full symmetry of the system is SO(4), whereas
one might expect only SO(3) symmetry. For details on this see e.g. [61, 62].
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2.2 .2 ALKALI METAL ATOMS

To determine the behaviour of alkali metal Rydberg states in electric �elds we again have to
resort to numerical techniques as no analytical solution is possible. For this it is easier to work
in the usual spherical coordinates, rather than the parabolic coordinates useful in solving the
hydrogen case, making use of the wavefunctions calculated in 2.1.2.
In a spherical basis the Stark term in the Hamiltonian becomes F z = F r cos θ. A simple

method to determine the energy of alkali metal Rydberg states in an electric �eld is the direct
diagonalisation of theHamiltonian for a su�ciently large basis set. ¿e treatment described here
will not consider �ne-structure for ease of notation; one can easily follow the same procedure
in the �ne-structure basis, as was indeed done for the data presented in Figure 2.5.
We need to evaluate matrix elements of the form ⟨nℓm ∣H∣ n′ℓ′m′⟩ where the angular part of

the wavefunction is given by spherical harmonics just as in hydrogen, and the radial part of the
wavefunction is determined using the Numerov method as described above. ¿e solutions to
the angular part are well known and immediately lead to selection rules ∆ℓ = ±1 and ∆m = 0
for the Stark term. Accordingly states of di�erent m never couple and can be treated entirely
independently.
¿e Hamiltonian will have diagonal entries trivially determined by the zero-�eld energy of

the states

⟨nℓm ∣H0∣ nℓm⟩ =
1

2(n − δℓ)2
(2.15)

since the terms ⟨nℓm ∣z∣ nℓm⟩ are zero due to the selection rules. ¿e o�-diagonal entries
⟨nℓm ∣F z∣ n′ℓ ± 1m⟩ need to be determined numerically. ¿is requires the evaluation of radial
integrals

∞

∫
0

u∗ℓ (r)

r
r
uℓ(r)

r
r2 dr =

∞

∫
0

u∗ℓ (r) r uℓ(r)dr (2.16)

with the radial wavefunctions for alkali atoms uℓ determined by the Numerov method as
described above. Once the wavefunctions are known this turns into a simple summation, in
which one only needs to take care to use the highest lying wavefunction in determining the
outer starting point for the calculation of all wavefunctions in the basis set.
¿e result of carrying out this calculation and diagonalising the resulting matrix (including

�ne-structure) for di�erent values of the electric �eld can be seen in Figure 2.5 for the n = 25
and n = 26 manifolds6. ¿e �gure shows a number of notable features:

low-ℓ s, p and d-states are o�set from their respective manifolds in zero-�eld. ¿is is an
e�ect of the lower potential near the core a�ecting states of low ℓmuch more strongly
than those of high ℓ, and is parametrised by the quantum defect δℓ discussed earlier.
¿ese states show only a quadratic Stark shi as they are non-degenerate in zero �eld.

6¿e number of basis states involved in the calculation needs to be far greater than just these two manifolds to obtain
reliable results. In this case states from n = 20 to n = 34 were part of the basis set.
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Figure 2.5: Plot of the Stark shi of Rydberg states between the n = 25 and n = 26 manifolds, with
energies given relative to the n = 26 manifold. All states with ∣m j ∣ =

1/2 are shown in red,
states with ∣m j ∣ =

3/2 in green and with ∣m j ∣ =
5/2 in blue. States of low angular momentum are

o�set from their respective manifolds by the quantum defect δℓ . ¿e hydrogen-like structure
of the manifold states exhibiting linear Stark shi s as well as the quadratic shi of low-ℓ states
can be seen. On the right-hand side the behaviour of those states is shown enlarged.

hydrogenic manifolds show linear Stark shi s as they are formed bymany states which
are degenerate in zero �eld. ¿ey exhibit a behaviour very similar to true hydrogen states,
although states of di�erent m parity are not interleaved as in hydrogen (cf. Figure 2.4)

crossings are only possible between states of di�erent ∣m∣. States of identical ∣m∣ (i.e. the
same colour in the �gure) never cross. ¿is is hard to make out in the main �gure, but
should be discernible in the right-hand-side magni�cation of the s-state. In particular at
high �elds (e.g. the avoided crossing at approximately 70V cm−1) this shows how the
red ∣m j ∣ = 1/2 states never cross. States of di�erent m j , i.e. di�erent colour are however
allowed to cross; ¿is is particularly clear in the d-state magni�cation in the crossing of
27d3/2,1/2 and 27d5/2,5/2. Also compare the �gures in chapter 6.

At �rst glance the Stark map looks — except for scaling — very similar at di�erent values of
n, and one might easily assume that indeed all properties simply scale with n. ¿is is however
not quite true in all details, and one example of this is shown in Figure 2.6. Here the relative
shi of d5/2,1/2 states is shown for di�erent n in the range 22 . . . 28. In this range the low-�eld
polarisability of these states changes sign. States with n ≤ 24 have a positive polarisability at
low �elds while states of higher n have a negative polarisability in low �elds and have positive
polarisability only for �elds above approximately 30V cm−1. A similar e�ect occurs in d3/2,1/2
states at n = 46, and also in all f -states at lower n around n = 10 . . . 15.
Furthermore it should be noted that the assumption of accurately describing a state by its

polarisability is only true for quite small �elds. ¿e states shown in Figure 2.6 obviously do not
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Figure 2.6: Stark shi of Rydberg states nd5/2,1/2 in the range n = 22 . . . 28 relative to their respective
zero-�eld energy. ¿is clearly shows how the low-�eld polarisability reverses sign between
n = 24 and n = 25, while the high-�eld polarisability always remains positive. A similar �gure
can also be produced for nd3/2,1/2 states, where the change of sign occurs between n = 45 and
n = 46.

follow a parabolic dependence of the shi on the �eld, but also e.g. d-states of higher ∣m j ∣ are
not very well described by a parabola. ¿is can also be seen quite clearly in the data presented
in Figure 6.6. For s-states the assumption of quadratic Stark shi s is however valid for a much
larger range of �elds, at least neglecting manifold crossings (see also Figure 6.3). ¿ese e�ects
will be discussed in more detail in chapter 6.

2.3 ELECTROMAGNETICALLY INDUCED TRANSPARENCY

While Rydberg atoms are o en detected by ionisation in electric �elds and subsequent ob-
servation of the charged fragments it is also possible to detect Rydberg atoms using optical
techniques. One commonly used technique employs the optical properties of three-level sys-
tems, as a two-step excitation scheme is o en more practical to address the high-lying Rydberg
states in the �rst place. ¿is is the only method of detecting Rydberg atoms used in this thesis.
¿e method has been pioneered in the group of Charles Adams in Durham [65] and has later
also been used in a spatially resolved manner, described in chapter 7 and also discussed in [32,
35]. While in these works the creation and detection of Rydberg atoms was inextricably linked,
i.e. the same laser pulse was used for the creation and detection of the Rydberg states, it has also
been proposed [39, 40] to use this technique to probe the presence of Rydberg atoms created
independently.
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Figure 2.7: Electromagnetically Induced Transparency: a) shows a schematic of the ladder-type EIT level
scheme on the le , and the same level scheme in the dressed state picture on the right. b)
shows a typical absorption spectrum measured on the 5s → 5p transition, either under EIT
conditions with the coupling laser present (blue line) or with the coupling laser absent (red
line).

2.3 . 1 OPTICAL BLOCH EQUATIONS

¿e optical response of a (closed) three-level system with levels ∣g⟩, ∣e⟩ and ∣r⟩ can be calculated
by solving the Optical Bloch Equations (OBE)

ρ̇ = −
i

h̷
[H, ρ] +L(ρ) (2.17)

with a Hamiltonian of the form

H =

⎛
⎜
⎜
⎜
⎝

0 Ωp/2 0
Ωp/2 −δp Ωc/2

0 Ωc/2 −δp − δc

⎞
⎟
⎟
⎟
⎠

(2.18)

where the ground-state ∣g⟩ is weakly coupled to the excited state ∣e⟩ by a probe laser with Rabi
frequency h̷Ωp = −Ep ⋅de g and the excited state ∣e⟩ is relatively strongly coupled to the Rydberg
state ∣r⟩ by a coupling laser with Rabi frequency h̷Ωc = −Ec ⋅ dre with transition dipole matrix
elements de g and dre respectively. ¿e natural linewidth of the excited states can be taken into
account through a Lindblad operator which for such a three-level system takes the form

L(ρ) =

⎛
⎜
⎜
⎜
⎝

Γe ρ22 −1/2 Γe ρ12 −1/2 Γr ρ13
−1/2 Γe ρ12 −Γe ρ22 + Γr ρ33 −1/2 (Γe + Γr) ρ23
−1/2 Γr ρ31 −1/2 (Γe + Γr) ρ32 −Γr ρ33

⎞
⎟
⎟
⎟
⎠

(2.19)
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where Γe is the natural linewidth of the excited state and Γr that of the Rydberg state. ¿e �nite
laser linewidth can be taken into account through a phenomenological Lindblad operator [66]
of the form

LLaser(ρ) =

⎛
⎜
⎜
⎜
⎝

0 γp ρ12 −γ2 ρ13

−γp ρ21 0 −γc ρ23

−γ2 ρ31 −γc ρ32 0

⎞
⎟
⎟
⎟
⎠

(2.20)

where γp is the linewidth of the probe, and γc that of the coupling laser. ¿e two-photon
linewidth γ2 can be smaller than the quadrature of the individual laser linewidths in the case of
anti-correlated laser noise.
If one is now interested in the optical response of this three-level system one needs to solve

(2.17) for the optical coherence one is interested in. For the optical detection method discussed
here this is ρ12. In general this is a set of coupled di�erential equations that can only be solved
numerically. However, if one is only interested in the steady-state solutions it reduces to a set of
algebraic equations with ρ̇ = 0. ¿ese can be solved analytically even for the most general case
described above, but as the solution is quite unwieldy and does not add any physical insight it
is not shown here. It is also possible to �nd an approximate solution in the limit of weak probe
laser intensity, as will be discussed below.
¿e susceptibility χ is proportional to this coherence, χ = n d2e g

є0 h̷ Ωp
ρ12 where n is the atomic

density. ¿e absorption of a probe laser is determined by I/I0 = exp [−kp ℓ Im (χ)] where kp is
the wave-vector of the probe light and ℓ is the length of the sample.

Weak Probe Limit

It is useful to consider here the optical response of this system for a weak probe laser such that
Ωp ≪ Γe , Ωc . A �rst intuition of the behaviour of the system in this case can be formed by
diagonalising the Hamiltonian of (2.18) for vanishing Ωp . ¿is yields new (non-normalised)
eigenstates

∣±⟩ =
δc ±

√
δ2c +Ω2

c

Ωc

∣e⟩ + ∣r⟩ (2.21)

with energies

E± = −
1
2
(δc + 2 δp ∓

√
δ2c +Ω2

c) (2.22)

in addition to the unperturbed ground state (see Figure 2.7). When both lasers are on resonance
with the initial states, i.e. δp = 0 and δc = 0 the probe laser is now o�-resonant with the new
dressed states ∣±⟩ by Ωc/2. For large Ωc one can therefore expect the population to remain
mostly in the ground state, and reduced absorption of the probe laser in steady state, whereas in
the absence of the dressing the absorption of the probe laser would be maximal for δp = 0. ¿e
most drastic changes in the probe absorption as well as the population dynamics of the three
levels can be expected when the probe laser is resonant with either of the new dressed states
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Figure 2.8:¿is �gure shows the absorption I/I0 of the probe beam for di�erent probe Rabi frequencies.
¿e grey dashed line shows the absorption pro�le in the absence of the coupling laser for a
weak probe; the green dashed line shows the EIT pro�le in the weak probe limit from (2.23),
whereas solid lines show the numerical solution of the Optical Bloch Equations (2.17) for
di�erent probe Rabi frequencies. In all cases the coupling Rabi frequency is 2MHz and the
Rydberg state natural linewidth is 100 kHz.

∣±⟩. ¿is can be understood as (unresolved) Autler-Townes splitting [67] of the excited state
into the dressed states ∣±⟩ in combination with Fano-Interference due to the opposite phase of
states ∣+⟩ and ∣−⟩. ¿is can lead to not only a reduction of absorption for δp = 0, but almost
perfect transparency (reduced only by e�ects due to �nite laser linewidth and Rydberg state
lifetime, but not by the excited state lifetime) [68–70].
If one is interested in a more quantitative description of the optical response of the system

there is a well-known solution to the steady-state OBE in this limit, given as

ρ
(ss)
12 =

i Ωp/2

γe − i δp +
Ω2
c/4

γr − i (δp + δc)

(2.23)

were γe = Γe/2 and γr = Γr/2 + γ2, i.e. the two-photon linewidth can be taken into account
through γr .
A plot of the spectra obtained by the full solution to the OBE for di�erent probe Rabi fre-

quencies is shown in Figure 2.8. For a probe Rabi frequency of 100 kHz (saturation parameter
s ≈ 0.2) the full solution of the OBE and the weak probe approximation agree extremely well.
At higher probe Rabi frequencies the probe transition saturates and the overall absorption is
reduced. In addition, the EIT resonance is signi�cantly broadened in this case. In the low-probe
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limit one can see the e�ect of the Autler-Townes splitting [67] due to the 2MHz coupling Rabi
frequency, leading to an increased absorption at ±1MHz, the location of the eigenstates ∣±⟩ of
Equation 2.21.

2.3 .2 EIT IN ROOM TEMPERATURE VAPOUR CELLS

All of the above discussion is assuming stationary atoms, or in other words a cloud of atoms
cold enough to ignore all Doppler shi s. ¿is is the case for the results discussed in chapter 7,
but not for the vapour-cell experiments discussed in chapter 6. Here EIT e�ects in a medium
exhibiting signi�cant Doppler broadening will be discussed.
If one is interested in EIT under these conditions the linewidth of the observed feature is

signi�cantly reduced by counter-propagating the probe and coupling laser beams through the
medium. ¿erefore the discussion below will always assume this to be the case. ¿en an atom
moving with a speed v along the beam axis will see opposite Doppler shi s for the two beams,
resulting in an e�ective detuning

δp = δ
0
p − kpv

δc = δ
0
c + kcv

(2.24)

where kp and kc are the probe and coupling wave vectors respectively, kx = 2π/λx . As these
clearly depend on the wavelength of the lasers the e�ects of the Doppler-shi s never cancel
exactly for the two-photon transition. In the case of the Rydberg ladder system in rubidium
discussed here the two wavelengths are λp = 780nm and λc ≈ 480nm, the latter depending on
the exact Rydberg state being addressed.
¿e observed optical signal is now averaged over atoms belonging to many di�erent velocity

classes, the distribution of which is determined by the temperature of the vapour through the
Maxwell-Boltzmann distribution:

N(v)dv =
N0

u
√
π
e−(

v
u
)
2
dv (2.25)

where u =
√

2 kBT
mRb

=
√
2 vRMS is related to the root-mean-square (RMS) velocity of atoms in

the vapour in the direction of the laser with kB the Boltzmann constant, T the temperature
of the gas, and mRb the mass of a rubidium atom. It should be noted here that in our case the
frequency of the probe laser is �xed, selecting a much more narrow velocity class to take part
in the EIT process. However, due to the thermal distribution it is possible to also observe EIT on
o�-resonant hyper�ne levels in the excited state, as is discussed in detail in chapter 6.
¿e e�ect of this averaging can be calculated in a straightforward manner by numerical

integration of
∞

∫
−∞

χ(v)N(v)dv (2.26)

where χ(v) is based on the solution to the OBE discussed above a er replacing the detunings by
those of (2.24) which take the Doppler shi s into account. ¿e resulting spectra are shown in
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Figure 2.9:Doppler-broadened EIT signal as function of the probe laser detuning. ¿e dashed lines are
based on the weak-probe limit (2.27) either without (grey, dashed) or with (green, dashed)
coupling to the Rydberg state. Solid lines are based on the full solution of the OBE a er
numerical integration as discussed in the text. ¿e inset shows the part of the spectrum in
which the EIT signal is visible on a highly magni�ed frequency scale.

the two Figures 2.9 and 2.10 as a function of probe and coupling laser frequencies respectively.
Both �gures again show these results for a range of di�erent probe Rabi frequencies similar to
the results presented in 2.8. In the traces presented in Figure 2.10 the ‘AC-coupled’ EIT signal is
shown: the o�set each trace would have at large coupling laser detunings due to the di�erent
probe Rabi frequencies has been subtracted from the data presented here. ¿is makes the graph
clearer while at the same time being similar to the experimental methods applied in chapter 6,
making a direct comparison possible. In addition the inset of Figure 2.10 shows the absorption
pro�les observed for di�erent velocity classes, illustrating how the typical shape of the traces
presented in the main �gure arises.
Alternatively to the numerical integration outlined above it is possible to �nd an closed

analytic solution for this integration in the weak probe limit, i.e. a solution to (2.26) where
χ(v) is based on (2.23) with the same substitution for the detuning as in the case of the OBE
solution. ¿is solution is calculated in [71] using functional analysis methods. Here we only
give the results,

χ ∝ (1 − d) [1 − s+erf (iz+)] s+ e−z
2
++

(1 + d) [1 − s−erf (iz−)] s− e−z
2
−

(2.27)
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Figure 2.10:Doppler-broadened EIT signal as function of the coupling laser detuning. In all traces the
o�set that the curves would show at large detuning has been subtracted (see text). ¿e dashed
line is based on the weak-probe limit (2.27). Solid lines are based on the full solution of the
OBE a er numerical integration as discussed in the text. ¿e inset shows traces for di�erent
velocity classes to illustrate how the typical form of the observed spectra arises.

where z± is de�ned as

z± = −
i

2

⎡
⎢
⎢
⎢
⎢
⎣

γe − i δ
0
p

2 π u/λp
+

γr − i (δ
0
p + δ

0
c )

2 π u (1/λp − 1/λc)

⎤
⎥
⎥
⎥
⎥
⎦

±
i

2

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

⎡
⎢
⎢
⎢
⎢
⎣

γe − i δ
0
p

2 π u/λp
−

γr − i (δ
0
p + δ

0
c )

2 π u (1/λp − 1/λc)

⎤
⎥
⎥
⎥
⎥
⎦

2

−
Ω2
c

(2 π u)2 1/λp (1/λp − 1/λc)

⎫⎪⎪⎪
⎬
⎪⎪⎪⎭

1/2 (2.28)

with s± = −sgn [Im (z±)] and

d =
i

z+ − z−

⎡
⎢
⎢
⎢
⎢
⎣

γe − i δ
0
p

2 π u/λp
−

γr − i (δ
0
p + δ

0
c )

2 π u (1/λp − 1/λc)

⎤
⎥
⎥
⎥
⎥
⎦

(2.29)

¿is solution is also shown in the Figures 2.9 and 2.10 and contrasted there with the full solution
of the OBE for various probe Rabi frequencies. As evident from the excellent agreement with
the full calculation for Rabi frequencies of 100 kHz no further approximations beyond the weak
probe limit have been made in this calculation.
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Finally we show the e�ect of �nite laser linewidths on the EIT signal. ¿e main part of
Figure 2.11 shows the e�ect of increasing two-photon linewidth γ2 on the EIT signal obtained
in a vapour cell, and is presented in a similar way to the data of Figure 2.10. ¿e increasing
two-photon linewidth can be caused by an increase in either the probe- or the coupling laser
linewidths. Both cases are presented in the �gure. As can be seen the e�ect is quite similar,
although the detrimental e�ect of an increased probe laser linewidth is somewhat larger than
that of the coupling laser. ¿is is due to the fact that the increasing probe laser linewidth, unlike
an increase in the coupling laser linewidth also changes the fundamental absorption pro�le of
the transition from the ground to the excited state.
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Figure 2.11:Doppler-broadened EIT signal as function of the two-photon linewidth γ2. In all traces the
o�set that the curves would show at large detuning has been subtracted to make the graph
more clear, as in Figure 2.10. Dashed (solid) lines assume the two-photon linewidth is caused
only by the linewidth of the probe (coupling) laser. ¿e inset shows this for a cold sample
while scanning the probe laser detuning.

¿is e�ect is shown in the inset, which presents similar data to the main �gure but for a cold
sample of atoms, and for changing the probe- rather than the coupling laser frequency. As
is clear from the �gure for an increase in γ2 caused by an increase in γc the EIT feature loses
contrast until it disappears, but the underlying absorption pro�le remains unchanged as can be
seen in the wings of the absorption line. In the case of the increasing γ2 being caused by an
increase in γp clearly the overall absorption pro�le drastically broadens as well.


