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6VAPOUR CELL STARK SPECTROSCOPY

In this chapter we will discuss measurements performed on Rydberg atoms in a
vapour cell. ¿ese experiments are related to those discussed in the remainder
of this thesis through the investigation of Rydberg atoms Stark spectroscopy, but
make use of a very di�erent experimental apparatus. While the laser system for
Rydberg excitation and detection is essentially identical, we do not make use
of magneto-optical cooling & trapping, the permanent magnetic atom chip, or
absorption imaging. Instead we use a custom-made vapour cell with internal
electrodes at room temperature to investigate the behaviour of Rydberg atoms in
well-controlled electric �elds. Remarkably even in a room-temperature vapour
cell the spectral resolution can be far below the Doppler limit.
In this chapter we present measurements of the Rydberg state energy shi s for
states with ℓ = 0 . . . 2 in excellent agreement with theoretical calculations based
on the Numerov method. We treat e�ects related to electric �eld inhomogeneities
and edge e�ects in some detail, as these can lead to additional, unexpected lines in
the spectra. Finally we also measure the hyper�ne splitting of low-lying Rydberg
states and �nd excellent agreement with scaling laws for the hyper�ne splitting as
function of the principal quantum number.

Parts of this chapter are based on the paper Measurement of 87Rb Rydberg-State Hyper�ne Splitting in a Room-
Temperature Vapor Cell, Phys. Rev. A 87, 042522 (2013) [115]
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68 vapour cell stark spectroscopy

6.1 INTRODUCTION

Recently, great progress has been made exciting Rydberg atoms in room-temperature vapour
cells. Indeed, coherent e�ects have been observed not only in ultracold atoms [27, 28, 31–35]
but also in such vapour cells at or above room temperature [116, 117]. Furthermore, methods for
electric-�eld measurements in vapour cells [118], as well as an alternative to EITmeasurements
[119] have been developed.
Excellent knowledge of the spectroscopy of Rydberg states both in the presence and absence

of electric �elds is crucial for all of the quantum-information related Rydberg atom experiments
currently proposed or under development, including the scheme discussed in this thesis.
In particular, Rydberg hyper�ne structure may limit the �delity of quantum gates [120] and
undermine coherent evolution. Here we show that high-precision spectroscopy of rubidium
Rydberg states is possible in a room-temperature vapour cell. We present Stark spectroscopy
of Rydberg states with angular momentum ℓ = 0 . . . 2 in �elds of up to 80V cm−1, including
measurements of the excitation strength for transitions which are dipole-forbidden in the
absence of electric �elds. Furthermore we investigate the hyper�ne splitting for various low-
lying Rydberg s-states. We also present hyper�ne-resolved measurements of the Rydberg-state
polarisability. Previous measurements of the zero-�eld Rydberg-state hyper�ne splitting relied
on millimetre-wave transitions in a magneto-optical trap, but the results are less precise than
those presented here. While there are hyper�ne-resolved measurements in noble gases and
(molecular) hydrogen [121] no priormeasurements of hyper�ne-resolved Stark-shi s are known
to us.

6.2 EXPERIMENTAL SETUP

¿e setup used in the experiments described in this chapter di�ers signi�cantly from that
described throughout the remainder of this thesis. ¿e results presented here are obtained in a
room-temperature vapour. Consequently the setup discussed in this chapter involves neither
the atom-chip, nor laser-cooled clouds of atoms, but does utilise the same lasers as discussed
earlier, albeit in a slightly di�erent con�guration.
A schematic of the setup is shown in Figure 6.1. At the heart of the experiment is a custom-

made rubidium vapour cell. ¿e cell is 10 cm long and contains two internal stainless steel
electrodes of size 95 × 20mm2 which are spaced 5.35(3)mm apart. ¿e electrodes can be
connected to either a DC power supply (Tektronix PWS4721) or an Agilent 33250A function
generator. An impedance-matching balun can be used to e�ciently couple the radio-frequency
signal generated by the latter to the internal electrodes. We can also connect both voltage
sources at the same time with a common ground, allowing us to apply mixed DC and radio-
frequency �elds. However, for the results presented here this capability is not of particular
importance. It is however very relevant for the results discussed in [122, 123].
We perform EIT spectroscopy in this cell by counter-propagating a probe laser resonant with

the 5s1/2 → 5p3/2 transition of 87Rb and a coupling laser coupling the 5p state to a Rydberg
state through the cell. ¿e probe laser is derived from a Toptica DL-100 external-cavity diode
laser at 780.24 nm, frequency-stabilised by saturated-absorption fm spectroscopy in a separate
vapour cell to the F = 2 to F′ = 2 or F = 2 to F′ = 3 hyper�ne transition. ¿e coupling laser
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Figure 6.1: (a) Schematic of the setup used in the experiments. ¿e probe laser is independently locked
to a saturated-absorption frequency modulation (fm) spectroscopy setup not shown here. ¿e
reference cell used to compensate long-term frequency dri was only used for the Stark map
measurements shown in section 6.4 and Figure 6.13, but not for the hyper�ne data presented
in the Figures 6.11 and 6.12. DM: Dichroic Mirror. (b) Energy-level diagram with the weak
probe laser coupling the 5s ground to the 5p3/2 excited state with Rabi frequency Ωp and the
strong-coupling laser connecting the excited state to a Rydberg state with Rabi frequency Ωc .

is derived from a frequency-doubled ampli�ed diode laser system (Toptica TA-SHG Pro) at
≈ 480 nm and scanned across a Rydberg resonance. Both lasers propagate through the cell
parallel to the long axis of the �eld plates and are overlapped over the entire length of the cell.
¿ey are linearly polarised with the polarisation axis parallel to the �eld. ¿e Gaussian beam
waists are approximately 0.4mm for the probe and 1.0mm for the coupling lasers, de�ned by
variable-width apertures. ¿e peak intensity of the coupling laser is typically ≈ 4.3Wcm−2,
with the probe laser intensity varying depending on the measurement. For high-resolution
measurementswe typically use a probe laser intensity of 0.4mWcm−2, equivalent to a saturation
parameter of s ≲ 0.2.
¿e coupling laser is modulated by a chopper wheel at approximately 4.5 kHz. EIT signals

are recorded using a Femto LIA-MV-140 lock-in ampli�er. ¿e reference signal for the lock-in
detector is generated by an independent photo-diode recording the coupling laser light a er
it has passed through the vapour cell. ¿e integration time for the lock-in ampli�er is set to
10ms, appropriate for the modulation frequency of 4.5 kHz. ¿is sets a limit to the highest
possible slew rate of the coupling laser frequency, depending on the target frequency resolution.
Typically the slew rate is 150MHz s−1 for scans of large frequency range, but this di�ers for
di�erent measurements.
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As the coupling laser is not frequency-stabilised it can dri duringmeasurements, particularly
as large measurements can take several hours to complete. We perform EIT spectroscopy in an
independent reference cell without electrodes to compensate for such dri s. While the signal
in this reference cell is signi�cantly weaker due to the lack of lock-in detection, it is su�cient
for this purpose.

6.3 EIT SPECTROSCOPY

Clearly the above setup can be used to record both zero-�eld EIT spectra as well as full Stark
maps, i.e. spectra for a series of values of the electric �eld by scanning the coupling laser across
a Rydberg resonance. ¿is is done by turning the grating of the ECDL head of the SHG system
with the built-in piezo element. Before turning to those Stark maps some of the features of
individual zero-�eld spectra will be discussed here. Examples of such spectra for Rydberg states
28d and 30s are shown in the lower and upper panel of Figure 6.2 respectively.
¿e �rst important thing to point out here is that there is no a-priori knowledge about the

frequency scale of these measurements, as there is no direct calibration of the frequency change
resulting from a certain voltage being applied to the piezo-electric crystal. One then has to
rely on performing frequency calibration measurements, using known frequency spacings
as a reference. In the case of states where ℓ >1 these known frequency spacings can be the
�ne-structure interval. For s-states this is clearly not possible, as only one �ne-structure state is
present in these. Instead one needs to arti�cially create resonances with a known spacing for
these states. ¿is can be done by applying an rf-�eld of known frequency to the electric �eld
plates, thus inducing sidebands to the state. ¿ese sidebands are always spaced by multiples of
the frequency of the rf �eld. In our system only even-numbered sidebands are visible (in the
absence of a DC component of the electric �eld) due to angular momentum selection rules. In
addition the rf �eld also leads to a shi of the zero-order peak. In a purely quadratically shi ing
state this can be expressed by an e�ective �eld F2eff = F

2
DC +

1/2F2rf , while in a state exhibiting
higher-order shi s no such simple expression is possible. ¿e amplitude of the sidebands is
well described by series of Bessel-functions. All of these e�ects are discussed in more detail in
[42, 43, 122, 123]. Here rf dressing is used only for frequency calibration and not investigated in
more detail.
One such rf calibration trace can be seen in the upper panel of Figure 6.2. ¿is panel shows

a zero-�eld trace for the state 30s (blue dots), as well as a calibration trace (red line) taken in
the presence of an 80MHz rf �eld. Here the shi of the zero-order resonance in a pure rf �eld,
as well as the induced second-order sidebands spaced 160MHz from the main peak (for an rf
driving frequency of 80MHz) are clearly visible. In the Stark maps presented below we usually
measure only one such calibration trace at the beginning of a scan, and use this to calibrate the
frequency axis throughout the scan. As the slew rate of the piezoelectric crystal used to tune
the frequency does not change during a scan this is deemed su�cient even though the center
point of the laser frequency might dri slowly and need to be compensated by the reference
cell as discussed.
A number of further features, due to performing the experiments in a vapour cell, are

illustrated by the lower part of Figure 6.2, showing a measurement of the state 28d in the
absence of any electric �elds. In particular, if the probe laser is locked to e.g. the F = 2 to F′ = 3
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Figure 6.2: EIT spectroscopy on Rydberg states 30s (a) and 28d (b). ¿e upper panel shows a trace of
30s in zero-�eld (blue dots) along with a �t of the model (6.1) in light blue. Additionally,
the red trace shows the same state in the presence of an 80MHz rf �eld used for frequency
calibration.¿e 28d-trace shows two �ne-structure components j = 3/2 and j = 5/2, as well as
mirror images of these states due to di�erent velocity classes (see text). ¿e small additional
peaks circled in red are due to the frequency modulation of the probe laser.

transition it selects the class of atoms with zero velocity component along the beam. However,
a di�erent velocity class of atoms exists for which the transition to the excited state F′ = 2 or
F′ = 1 is shi ed into resonance with the probe laser due to Doppler shi s, and accordingly these
velocity classes also contribute to the signal. Due to their movement these velocity classes also
see the coupling laser with a certain Doppler shi . However, as the frequency of the coupling
laser di�ers signi�cantly from that of the probe laser the Doppler shi observed for the coupling
laser is not equal to the excited state hyper�ne splitting. Instead, the separation of these features
is reduced by the ratio of the probe and coupling laser wavelengths, λc/λp ≈ 480/780 compared
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to the 5p3/2 hyper�ne splittings. ¿ese features are also visible in Figure 6.2. We �nd their
frequency separation to be in good agreement with expectations [124].
Finally, it is important to realise that it is possible to record spectra with a frequency resolution

not only better than the Doppler width, but even signi�cantly better than the excited-state
natural linewidth in a room-temperature vapour. We can model the observed EIT spectra
assuming the weak-probe limit, i.e. assuming that the probe Rabi frequencyΩp is much smaller
than the excited state linewidth γp . ¿en the susceptibility χ of the probe transition is given
by [71]

χ ∝

∞

∫
−∞

i

γp − i∆p +
Ω2
c/4

γc−i(∆p+∆c)

N(v)dv (6.1)

and the imaginary part of χ determines the absorption of the probe laser. HereΩc is the coupling
Rabi frequency and N(v) is a one-dimensional Maxwell-Boltzmann velocity distribution
describing the velocity of the atoms in the vapour cell. ¿e probe and coupling detunings
depend on the velocity of the atoms through Doppler shi s:

∆p = ∆0
p − kpv

∆c = ∆0
c + kcv

(6.2)

and γp and γc are decay rates given by γp = 1/2Γ5p and γc = 1/2Γr . Γ5p and Γr are the natural
decay rates of the excited and Rydberg state, respectively. Any additional broadening e�ects
can be included in γc . ¿e integral over v is equivalent to averaging over all velocity classes
that occur in a room-temperature vapour cell and can be solved analytically for a Maxwell-
Boltzmann velocity distribution [71]. ¿e result is given in chapter 2, and there also compared
to a numerical integration of the full solution of the optical Bloch equations (i.e. not assuming
a weak probe).
¿e light blue line in the upper part of Figure 6.2 is a �t of thismodel to the zero-�eld 30s trace

with the intermediate-state linewidth �xed to the literature value, γp = 3.03MHz [113]. Clearly
the agreement between data and model is excellent¹. We �nd a linewidth of 4.4MHz FWHM
for this measurement, clearly below the excited-state natural linewidth, but still somewhat
larger than the limit of 1.7MHz for vanishing γc and Ωc that can be observed in rubidium at
room temperature. ¿is is due to both the �nite linewidth of the free-running coupling laser
system as well as transit-time broadening due to atoms moving in and out of the beam radially
[125], which we estimate at approximately 1MHz for our beam width. Furthermore residual
magnetic �elds might play a role in the achievable linewidth.

6.4 STARK MAPS

Having well understood all features of these individual traces we can now perform EIT spec-
troscopy also in the presence of static electric �elds, observing the shi and — in some cases
— splitting of the resonances. From angular momentum selection rules it is evident that we

¹see also Figure 6.11 for another clear example of this.
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can observe s- and d-states. In the presence of an electric �eld it is however also possible to
observe p-states, as well as manifold states of higher angular momentum. ¿ose measurements
will be discussed in the next sections.

6.4 . 1 S-STATES
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Figure 6.3: Stark map of state 30s, exhibiting a quadratic Stark shi , as well as n=27 manifold states
shi ing linearly in the electric �eld. ¿e �gure shows the logarithm of the measured signal,
to make small components of the measured signal visible, with the frequency scale given
relative to the zero-�eld resonance position. Black, dashed green and dashed blue lines
show theoretical calculations based on the Numerov method (see chapter 2) with no free
parameters for ∣m j ∣ =

1/2, ∣m j ∣ =
3/2 and ∣m j ∣ =

5/2 respectively (the latter two only occurring in
the manifold states). Except for the 30s-state these are shown only near the avoided crossings
and at the top of the �gure, so as to not mask the signal. Small di�erences between theory and
experiment at large detunings are due to non-linearities in the response of the piezo-electric
crystal used to tune the frequency of the coupling laser.

We�rst turn our discussion to ameasurement of the Stark shi of 30s, presented in Figure 6.3.
¿is state has only one �ne-structure component j = 1/2, and accordingly only two Zeeman
�ne-structure states ∣m j ∣ = 1/2 which remain degenerate in an electric �eld. Hyper�ne structure
is not resolvable for n=30, but is discussed for lower n in section 6.6.
Unlike d-states (discussed below), s-states exhibit an almost perfectly quadratic Stark shi 

in an electric �eld, as is evident in Figure 6.3. However, already at modest �elds anti-crossings
with states of a high-ℓ manifold lying just above the s-state occur. ¿ese, unlike the isolated s-,
p- and d-states, exhibit a strong linear Stark-shi . Clearly for each ℓ there exist �ne-structure
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states j = ℓ ± 1/2, and for each of these a number of ∣m j ∣ states can be found. In Figure 6.3 states
with ∣m j ∣ = 1/2, including the initial s-state, are indicated by grey lines; states with ∣m j ∣ = 3/2 are
indicated by dashed green lines and states with ∣m j ∣ = 5/2 by dashed blue lines.
For each ℓ > 0 the two states with j = ℓ ± 1/2,m j = 1/2 are grouped closely together and

are not resolved for higher-lying ℓ-states. States of higher ∣m j ∣ can however be clearly be
distinguished from those of ∣m j ∣ = 1/2. As states of di�erent ∣m j ∣ do not couple, the latter do
not form anti-crossings with the s-state, but real crossings.
Furthermore, for the ∣m j ∣ = 1/2 states which do couple to the s-state the width of the avoided

crossing is always much larger for the �rst anti-crossing in a pair (i.e. for j = ℓ + 1/2) than for
the second one.
Finally, it is interesting to note that direct excitation of these manifold-states would be dipole-

forbidden in zero-�eld, but is possible in �nite electric �elds. ¿is is identical to the case of
p-states discussed below.

6.4 .2 P-STATES
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Figure 6.4: Stark map for 29p states. ¿e �gure is a combination of two independent measurements, due
to the large frequency span. ¿e line at which the two scans are joined is indicated by white
dashes. ¿e signal for j = 1/2 is ampli�ed ten-fold in lower le of the �gure. ¿e frequency
scale is given relative to the extrapolated j = 3/2 zero-�eld energy. ¿e inset shows the signal
for j = 3/2 at very low �elds with high ampli�cation, to demonstrate how the state becomes
visible as the electric �eld is increased.

In our excitation scheme driving transitions from 5p to nℓ clearly only s- and d Rydberg states
can be excited by the coupling laser with a single photon. However, the angular momentum
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quantum number ℓ is not a good quantum number in an electric �eld. Accordingly, the ℓ
we assign to a certain state is the quantum number ℓ the state possesses as it adiabatically
approaches zero �eld. In a �eld, this state can be considered a superposition of a large number
of di�erent states with di�erent angular momenta but the same m. ¿is makes the ordinarily
dipole-forbidden excitation of states with ℓ ≠ 0 or 2, such as p-states or the manifold states
mentioned above possible.
For p-states there are two �ne-structure components, j = 1/2 and j = 3/2¿e former consists

of only one pair of degenerate Zeeman states ∣m j ∣ = 1/2, just like the s-state discussed above.
¿e latter however contains two such pairs, ∣m j ∣ = 1/2 and ∣m j ∣ = 3/2. ¿e two �ne-structure
components are split by 4.75GHz at zero �eld in the case of 29p. ¿e hyper�ne splitting is even
smaller than for s-states, and hence clearly unobservable here.
Figure 6.4 shows measurements of the Stark shi of the 29p state. Due to the particularly

large frequency scale the data presented in the �gure is combined from two independent
measurements, as indicated by the horizontal white marks. Due to the non-linearity of the
piezo response the transition between these two datasets is not perfectly smooth, resulting
in a visible ‘kink’ in the j = 3/2 states at the point were the scans are joined. ¿e frequency of
each data-set is calibrated independently using the method of induced sidebands used also for
s-states. ¿ey are combined such that the j = 3/2 signals overlap. ¿e �ne-structure interval
then agrees well with the theoretical expectations without further adjustments. ¿e signal for
the j = 1/2 state is substantially weaker than that for the j = 3/2 states, and has been ampli�ed in
the �gure for good visibility.
Clearly there is no signal at zero �eld for any of the states shown, as can be expected from the

discussion of angular momentum selection rules above. Only as the electric �eld is increased
does a signal start to appear. ¿is is shown in more detail in the inset of the �gure, measured at
a higher pre-ampli�cation setting of the lock-in ampli�er to make smallest signals visible. Even
with these settings the observed signals tend to be signi�cantly smaller than for s- or d-states,
requiring relatively high probe intensities to become visible.
Amore quantitativemeasure of the signal strength is given in Figure 6.5, based on numerically

integrating the signal across each resonance for each value of the electric �eld. ¿is signal
strength is caused by the admixture of states with s- and d-like character into the measured
p-state. ¿e wavefunction of a given state in a �eld can be described as a superposition of
zero-�eld wavefunctions

Ψnℓ jm j
(F) = ∑

n′ℓ′ j′
cn′ℓ′ j′m j

Ψn′ℓ′ j′m j
(0) (6.3)

where each zero-�eld wavefunction can be calculated using the Numerov algorithm. Transitions
from 5p to the s- and d-like parts of the wavefunction have a �nite matrix element, and the
radial matrix element for these transitions is well described by a scaling law in the principal
quantum number, µradial = Cℓ(n − δ)

−3/2 where C0 = 4.508ea0 and C2 = 8.475ea0 [126, 127].
¿e di�erence between the two di�erent �ne-structure states in ℓ = 2 is negligible, as their
wavefunctions are essentially identical near the core. ¿e e�ective transition matrix element
between a well-de�ned Zeeman �ne-structure state of 5p and a certain Rydberg state in an
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Figure 6.5: Signal strength for 29p states, based on the data of Figure 6.4. ¿e shaded region in the upper
plot marks the region in which the two scans discussed in Figure 6.4 overlap.

electric �eld is then given by

µp = ⟨Ψ5p3/2m3/2
∣D̂∣Ψnℓ jm j

(F)⟩

= ∑
n′ℓ′ j′

cn′ℓ′ j′m j
⟨Ψ5p3/2m3/2

∣D̂∣Ψn′ℓ′ j′m j
(0)⟩

= ∑
n′ℓ′ j′

(−1)5/2−m3/2+s+ j
′
√
12 (2 j′ + 1) (2ℓ′ + 1)

⎧⎪⎪
⎨
⎪⎪⎩

1 ℓ′ 1
j′ 3/2 s

⎫⎪⎪
⎬
⎪⎪⎭

⎛

⎝

j′ 1 3/2

m′
j q −m3/2

⎞

⎠

⎛

⎝

1 1 l ′

0 0 0
⎞

⎠
cn′ℓ′ j′m j

Cℓ′(n
′
− δ)−

3/2

(6.4)

where we ignore any dependence of the 5p-wavefunction on the electric �eld, as this is expected
to be negligibly small. ¿e last equality makes use of the Wigner-Eckart theorem to separate
the angular and radial components of the matrix element [128]. Here large braces denote
6-j symbols, large parentheses denote 3-j symbols and q denotes the type of transition, with
q = 1, 0,−1 for σ+, π and σ− transitions respectively.
Based on the Numerov method we can easily calculate the coe�cients cn′ℓ′ j′m j

for any
electric �eld. However, to accurately predict the measured signal strength we need to know
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the population of all intermediate states. Unfortunately in the current setup the presence of
stray magnetic �elds, as well as imperfect polarisation of the lasers leads to both π and σ
contributions to both the probe- and the coupling transition. ¿is, in combination with e�ects
due to optical pumping makes it impossible for us to accurately predict the measured signals.
If it was possible to accurately determine realistic matrix elements (e.g. by ensuring to only

drive transitions to individual well-de�ned excited states) then the square of the matrix element
is proportional to the coupling Rabi frequency Ωc , which in principal is proportional to the
signal area we observe. However, this only holds if the saturation parameter of the probe
transition is much smaller than one. Unfortunately we have to use a rather high probe intensity
in order to observe an appreciable signal for p-state transitions, such that this condition will
not be ful�lled. Further practical di�culties include a large sensitivity of the observed signal on
�uctuations in the probe or coupling laser intensity, as well as additional broadening in larger
electric �elds (discussed below) which is not included in this model.
For these reasons we do not quantitatively compare the model given here to our data. In

principle some of the di�culties discussed above could be solved in a future experiment
by ensuring the presence of a well-de�ned quantisation axis and better �ltering of the laser
polarisation.

6.4 .3 D-STATES

¿e �nal state discussed here is 28d. d-states also show two �ne-structure components, j = 3/2

and j = 5/2, the former containing two pairs of Zeeman states and the latter three in the obvious
manner. ¿e interesting feature of these d-states is that unlike s- and p- states they do not show
a quadratic shi in an electric �eld, but a much more complicated level structure, with the
polarisability even changing sign for modest electric �elds in the case of ∣ j,m j⟩ = ∣5/2, 1/2⟩ (also
see Figure 6.8 for a clearer example of this and compare Figure 2.6).
A Stark map of state 28d is shown in Figure 6.6, showing the two �ne-structure components

separated by 562MHz in zero �eld, as expected from theory. In an electric �eld these split
into two, respectively three ∣m j ∣ Zeeman states. In the �gure the theoretical shi s based on
the Numerov method are indicated. ¿e thick, semi-transparent areas indicate the result of
the full Numerov calculation, in excellent agreement with our data. ¿e dashed white lines on
the other hand show the quadratic low-�eld behaviour of the states. ¿ese clearly are not in
agreement with the observed shi s already for modest �elds of approximately 20V cm−1. ¿is
is particularly striking for the ∣5/2, 1/2⟩ state, but also the shi of the ∣3/2, 1/2⟩ and ∣5/2, 3/2⟩ states is
ill-described by a a parabola. Only the two fastest-shi ing states ∣3/2, 3/2⟩ and ∣5/2, 5/2⟩ can be
accurately approximated by parabolas for the �elds investigated here.

6.5 ELECTRIC FIELD DISTRIBUTION

Above only the main features of the presented Stark maps have been discussed, assuming a
constant electric �eld throughout the vapour cell. However, further e�ects can be observed in
the data which can be attributed to inhomogeneous electric �elds. Two distinct e�ects will be
discussed here which can be attributed to a misalignment of the electrodes and edge e�ects
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Figure 6.6: Stark map for state 28d. ¿e �gure shows both �ne-structure components j = 3/2 and j = 5/2,
splitting into multiple ∣m j ∣ sub-states. ¿e frequency scale is given relative to the zero-�eld
j = 5/2 energy. ¿eoretical predictions based on the Numerov method (see chapter 2 are
shown by wide semi-transparent lines, so as to not mask the signal. Shi s based only on the
low-�eld polarisability of the states are indicated by dashed white lines.

respectively. Finally, in the end of this section we will discuss a spurious splitting of individual
lines in high �elds, which is not yet well understood.

6.5 . 1 FIELD INHOMOGENEITY

¿e d-state discussed above also lends itself to investigating the homogeneity of the electric
�eld produced by the cell electrodes more quantitatively. For this purpose we consider the
width of the di�erent resonances visible in Figure 6.6. ¿e inset of Figure 6.7 shows the width
of the di�erent states extracted by �tting a Gaussian line pro�le to each resonance. ¿ese widths
can be converted to the width of the distribution of the electric �elds by

∆F
F

=
∆E
F

∣
∂E

∂F
∣

−1

(6.5)

where F is the electric �eld, ∆F the width of the �eld distribution, ∆E the increase in the width
of the resonances and ∂E/∂F the slope, i.e. the (�eld-dependent) dipole moment of the state.
¿e dipole moment as well as the width increase can easily be extracted from the data; at low
�elds the slope is however very small, so meaningful results can only be extracted for values
of the �eld where both the width increase of the resonances as well as the dipole moment are
non-zero. ¿is clearly depends on the exact state, i.e. for the state ∣5/2, 1/2⟩ the �eld needs to be
much larger than for e.g. ∣5/2, 5/2⟩ to yield reliable results.
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Figure 6.7:¿emain �gure shows the width of the electric �eld distribution as a function of electric �eld,
based on �ve di�erent ∣m j ∣ sub-states of the state 28d as indicated in the legend. ¿e inset
shows the width of the states extracted from the data presented in Figure 6.6 used to calculate
the �eld distribution.

As the main part of Figure 6.7 shows, the inhomogeneity extracted from the di�erent states
agrees extremely well, and is almost constant across all �eld values. ¿e fact that reliable results
can only be extracted for certain �eld values is re�ected in the range over which the data is
shown. ¿e extracted value of approximately 0.2% is compatible with a misalignment of the
�eld plates by 1mrad, equivalent to 100 µm di�erence in plate separation at the edges. ¿e
small linear increase in the �eld inhomogeneity might be due to noise of the voltage source.
¿is inhomogeneity is actually a limiting factor in the hyper�ne-resolved Stark measurements
discussed at the end of this chapter. In further iterations of the experiment it might therefore
be advisable to develop a vapour cell in which the electrode spacing is better de�ned than is
currently the case.

6.5 .2 EDGE EFFECTS

While a misalignment of the electrodes can account for the additional broadening observed
in high �elds, it can not account for the presence of additional, distinct lines which we have
observed in our measurements. ¿ese can be seen in the main part of Figure 6.8, as highlighted
by the dashed boxes. We also observe lines which do shi , but shi less than the main signal.
Such lines can also be observed in the �gure presented here. A further, clearer example is visible
in Figure 6.13. Similar e�ects have also been observed in s-states.
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Figure 6.8:Observation of spurious e�ects in 28d. ¿e main part of the �gure shows additional lines
which do not shi in the electric �eld, indicated by dashed white boxes. ¿e small �gures
at the top show a splitting of the individual ∣m j ∣ lines for j = 5/2, based on an independent
dataset. For these �gures each trace has been shi ed such that the overall Stark shi of each
line is zero.

In order to arrive at a better understanding of these features we have performed simulations
of the electric �eld distribution in the cell using Finite Element Methods (FEMs) to solve the
boundary value problem for our geometry². We only evaluate the two-dimensional plane
perpendicular to the electrodes, assuming a cell with two plane electrodes spaced by 5mm and
a length of 9.5 cm, in accordance with the properties of our cell. We furthermore assume a gap
of 2.5mm between the electrodes and the walls of the cell on each side (for a total length of
the cell of 10 cm). Finally for the simulations presented here we assume the walls of the cell to
be conductive. While this seems unjusti�ed for a silica glass vapour cell, it has been shown
that the in the presence of alkali atom vapours the inner walls of such cells become reasonably
good conductors [129, 130]. In fact, this is what necessitates the use of internal electrodes for
the application of static or low-frequency electric �elds in the �rst place³. While in reality
the coating will be inhomogeneous and bare patches of truly insulating silica glass might be

²All modelling was done using the FreeFem++ so ware package.
³A further e�ect playing a role in the shielding of external �elds is the movement of free charges in the cell. See [65]
for a discussion of this e�ect.
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present (particularly at the point where the coupling laser strikes the window) simulating the
�eld distribution for this case is beyond the scope of the current project, and we will restrict
ourselves to walls which are perfect conductors.
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Figure 6.9: Simulations of the electric �eld in a vapour cell. ¿e inset shows the electric �eld distribution
near the end of the cell in false colors. ¿e main �gure shows a histogram of the electric �eld
on a line along the center of the cell (red bars) or o�set by 1mm towards one of the electrodes
(blue bars). ¿e histograms are not normalised, instead directly giving the distance a beam
traverses through the cell at a given �eld.

¿e results of these simulations are shown in Figure 6.9. Here the two electrodes are held at
a potential di�erence of F1 d Volts where d is the separation of the two electrodes. ¿e walls of
the cell are �xed at a potential halfway between the two electrodes. A false-color representation
of the �eld near the edges of the cell is given in the inset, while the �eld distribution along the
two lines indicated is given in the main �gure.
For a beam probing the center between the two electrodes this leads to the �eld distribution

given by red bars in Figure 6.9. ¿e distribution is strongly peaked at the nominal applied �eld,
but all values of lower �eld are present with approximately constant density. As the applied
�eld is increased the density of lower values is decreased approximately proportionally, to keep
the integral over occurrences of all lower �elds constant. ¿e ratio of nominal �eld values to
the total occurrence of all lower �elds is given by the distance between the electrodes and the
cell walls.
For a beam probing the cell with an o�set of 1mm from the center the resulting �eld dis-

tribution is shown in blue. ¿e striking di�erence here is that not only is there a minimum
�eld value F0, but that the distribution is actually peaked at this value. ¿is is due to the �eld
lines having to be perpendicular to the conductive wall as they approach it. ¿e minimum �eld
value present is determined by the distance between electrodes and cell wall as well as the o�set
from the center between the electrodes.
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It is interesting to note that if the cell walls are held at e.g. the potential of one of the electrodes,
the resulting �eld distribution along the center of the cell shows the same features as does the
o�set distribution for the symmetrical case, i.e. the presence of a minimum �eld value F0, and
a peak at this value.
We now turn to a discussion of the e�ect of this �eld distribution on the observed spectra.

¿e e�ect of strong peaks in the �eld distribution is obviously a peak in the observed spectra at a
detuning equal to the Stark shi induced in the Rydberg state by this electric �eld. It is however
instructive to consider the e�ect of a constant distribution where all �eld values between F0
and F1 occur with equal frequency.
As a simple model we consider a spectral line given by a Lorentzian distribution as a function

of the detuning ∆, centered around an energy E,

χ (∆; F)∝
1
π

γ

(∆ − E)2 + γ2
(6.6)

where the energy E = E(F) is a function of the electric �eld. Of course for EITmeasurements
a peak based on the models discussed in chapter 2 would be more appropriate. We chose to
use a more simple model for the peak shape because it captures the relevant features of the
discussion at much lower computational complexity, and because it enables us to give some
analytic results which can not be derived for a more involved model.
¿e signal a er traversing the vapour cell is then proportional to the integral over the �eld

distribution times the signal for any given �eld,

X (∆)∝
∞

∫
−∞

n(F) χ(∆; F)dF (6.7)

where in the case of a Lorentzian peak the integral can o en be solved exactly as will be discussed
below. For e.g. an EITmodel this integral would have to be solved numerically. In the further
discussion we consider a �at �eld distribution between F0 and F1,

n(F) = Π (
F0 + F1 − 2F
2 (F0 − F1)

) (6.8)

where Π is a boxcar or rectangle function. ¿is is equivalent to integrating from F0 to F1.
We �rst evaluate the above integral (6.7) for a linearly shi ing state, i.e. with an energy given

as E = E(F) = −kF. We then �nd for the resulting peak shape

X1 =
1
kπ

[arctan(
kF1 + ∆

γ
) − arctan(

kF0 + ∆
γ

)] (6.9)

which is essentially just a projection of the �eld distribution on the frequency axis, with the
amplitude scaled by 1/k to keep the area of the curve constant. Only the edges of this distribution
are determined by the signal peak shape, and in the limit of a delta-like peak we exactly recover
a boxcar-like signal. ¿is result does not show any peaks, as can be seen by the red line in
Figure 6.10.
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Figure 6.10: Simulation of the observed signal for a constant �eld distribution in the interval 0 ≤ F ≤ 30
for three di�erently shi ing states. ¿e state with linear shi does not show any peaks, while
the other two do, as discussed in the text. ¿e inset shows a simulated scan for a quadratically
shi ing state with a �eld distribution which is strongly peaked at the nominal �eld value and
has a constant low-�eld tail with amplitude scaling inversely proportional to the nominal
�eld.

For a quadratically shi ing state, E(F) = −1/2αF2 we �nd a somewhat more complicated
result4,

X2 = −
i

√
2π

⎧⎪⎪
⎨
⎪⎪⎩

1
√
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(6.10)

with δ± = ∆ ± iγ. Intriguingly, as can be seen in Figure 6.10 this actually leads to a peak near
zero detuning if F0 = 0. ¿is peak is due to the fact that even for a uniform distribution of
�elds, the peaks in the integral are concentrated at low detunings because of the quadratic
behaviour of the Stark shi 5.
While it is in fact possible to �nd solutions to (6.7) for any positive power of the �eld in

terms of hypergeometric functions 2F1, these do not add to the qualitative understanding of
the features discussed here. Instead, it is helpful to consider a di�erent approach: one can also
start by calculating the probability distribution in energy given by the known �eld distribution

4While the formal result given here appears complex valued it is actually real valued for our parameters.
5¿e equivalent e�ect in optics is known as caustic and plays in important role in the formation of rainbows amongst
other things. In solid state physics a similar e�ect is known as van Hove singularity.
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for a given Stark shi of the state. Under a change of variables from F to E with a known
(continuous) relation E = E(F) the probability distribution n(F) changes as

n(E) = ∣
1

E ′ [F (E)]
∣ n [F (E)] (6.11)

where F = E−1 is the inverse of E and E ′ the derivative of E with respect to F [131].
Now for a linearly shi ing state E(F) = −kF the �rst factor in (6.11) is constant and for

a boxcar density distribution we also �nd a boxcar density distribution in energy, with the
amplitude scaled by 1/k and limits E0 = E(F0) and E1 = E(F1) respectively. For higher powers
of the �eld however, the �rst term necessarily diverges at E = 0. In general, for E(F) = αnFn
we �nd the denominator of the �rst term in (6.11) to be

E
′
[F (E)] = nαn (

E

αn
)

n−1
n

(6.12)

which is equal to zero for E = 0 and n > 1. ¿is divergence is the cause of the pronounced peaks
seen in Figure 6.10. Furthermore this term grows with increasing E, leading to a suppresion
of the distribution for higher energies. ¿is suppression is stronger for higher n, as can also
be seen in Figure 6.10. It is instructive to compare Section 7.2.3. in [131] for a discussion of a
similar e�ect in oscillating �elds.
To �nally determine not only the energy distribution, but the actual signal we would have to

calculate the convolution of the zero-�eld signal with the energy distribution. For the cases
discussed above we recover the results of Equations 6.9 and 6.10 respectively.

6.5 .3 SPURIOUS LINE SPLITTING

In addition to lines with reduced or absent Stark shi we also observe splitting of individual
lines. ¿is is shown in the three insets at the top of Figure 6.8 for the sub-states of the 28d
j = 5/2 state. For these plots each individual trace has been shi ed such that the overall Stark
shi is removed. Ordinarily this should simply result in a straight line; however, as is clear from
the �gures strong additional splitting of the lines is observed. ¿is is not simply a broadening,
but truly a splitting into distinct lines, as can easily be veri�ed from individual traces which are
not shown separately here.
Each of the states shown in the �gure consists of two degenerate m j states, which is clearly

insu�cient to explain the up to 7 individual lines seen in the �rst of these �gures. Of course
each state further consists of a number of hyper�ne states. ¿e hyper�ne splitting for d-states
is however orders of magnitude smaller than the splittings observed here, making it hard to
believe that even some combination of magnetic and electric �elds could be responsible for the
observed phenomena.
Furthermore, this splitting is very sensitive to the exact alignment of the probe- and coupling-

lasers with respect to the cell, and not very reproducible. Based on experimental experience it
is likely that the e�ect is related to retro-re�ections of the coupling laser. ¿ese might strike
the electrodes leading to the emission of photo-electrons, and subsequent local modi�cations
of the electric �eld. However, it is again unclear how this should lead to the stable splitting
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Figure 6.11: Spectrum of 20s hyper�ne structure including positive and negative 2nd order sidebands
used for frequency calibration. Blue dots are the average of 860 traces; light-blue line is a �t
based on Equation 6.1. ¿e lower part of the �gure shows the residual of this �t. ¿e �eld
was modulated at 7MHz. First-order sidebands are not visible as their excitation is dipole
forbidden.

of lines observed in the data. Based on the simulations discussed above it seems unlikely
that an inhomogeneous distribution of electric �elds is the cause of these e�ects assuming a
homogeneous boundary. ¿e e�ect of conductive and non-conductive patches on the boundary
would require further investigation.

6.6 HYPERFINE RESOLVED SPECTROSCOPY

6.6 . 1 HYPERFINE STATES

A hyper�ne-resolved EIT spectrum is shown in Figure 6.11 for the 20s-state. ¿e frequency axis
is calibrated by applying a 7MHz sinusoidally varying voltage to the �eld plates of the vapour
cell, thereby creating sidebands of the state at a well-de�ned frequency spacing. ¿e imaginary
part of χ determines the absorption of the probe laser. We �t the data to an incoherent sum of
six peaks of the form (6.1) a er analytic integration as in [71]. Each of the two hyper�ne peaks
is �tted with an independent coupling Rabi frequency, but sidebands share the coupling Rabi
frequency of the main peaks. ¿e intermediate-state linewidth is �xed to the literature value:
γp = 3.03MHz [113]. ¿e excited-state linewidth γc is �tted to a common value for all peaks.
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n νhfs σfit σpiezo ∆scaling

20 7782 4 + 57/− 17 −43
21 6497 3 + 40/− 20 +14
22 5442 5 + 22/− 61 +88
23 4780 7 + 45/− 106 −44
24 4229 9 + 47/− 281 −142

Table 6.1: Table of measured hyper�ne splitting in the range n = 20 . . . 24,
as well as �tting error, error derived from piezo nonlinearities
and distance to scaling law �t, all given in kHz.

¿e �xed separation of the sidebands allows us to precisely calibrate the frequency axis and
thus extract accurate values for the hyper�ne splitting from our data.
Figure 6.11 shows a spectrum for a Rydberg state 20s and the corresponding �t. ¿e data

points are an average of 860 individual traces, aligned by �tting two Gaussians to the main
hyper�ne peaks and centering the midpoint between the peaks before averaging. Data and �t
are virtually indistinguishable, con�rming the quality of our measurements. ¿e linewidth of
our features is particularly remarkable: ¿e �tted γc is typically 2MHz, signi�cantly smaller
than the intermediate-state linewidth, even though all measurements are done in a vapour cell
at room temperature, and with a free-running coupling laser. ¿e observed width of a single
hyper�ne peak of about 3.7MHz FWHM is, however, still somewhat larger than the limit of
1.7MHz for vanishing γc andΩc that can be observed in rubidium at room temperature. ¿is is
due to both the �nite linewidth of the free-running coupling laser system as well as transit-time
broadening due to atoms moving radially in and out of the beam [125], which we estimate at
approximately 1MHz for our beam width.
We perform similar measurements for Rydberg s states with principal quantum numbers

n = 20 . . . 24. At n > 24 the Doppler-broadened linewidth of the EIT resonance is too large to
observe individual peaks. At n < 20 the spectral tuning range of our laser system is limited.
¿e resulting hyper�ne splittings are shown in Figure 6.12, with our results also listed in

Table 6.1. ¿e error bars listed in the table are standard errors obtained from the �t. By separately
analysing 300 individual traces of the 20s measurement we �nd a mean hyper�ne splitting
of 7.801MHz with a standard error of the mean of 7.2 kHz, i.e., 19 kHz larger than the results
quoted above. As the �tting of the sidebands can be di�cult without averaging, we consider
the values quoted in Table 6.1 to be more reliable. In addition to this it is worth noting here that
nonlinearities in the response of the piezo-element used to tune the coupling-laser frequency
can, in principle, also skew our results, although this can be minimised by making sure that the
observed peaks are not near a turning point of the frequency scan. We estimate the magnitude
of this e�ect by using only either the lower or the upper sidebands for the frequency calibration.
We then �nd a di�erence of the measured hyper�ne splittings for the two cases of between 50
and 300 kHz, with the two highest n showing the largest errors, and the three lower n showing
errors of less than 80 kHz. ¿e error bars shown in the �gure are based on these results. ¿e
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Figure 6.12: Scaling of hyper�ne splittingwith e�ective principal quantumnumber n∗ = (n−δ), extracted
from measurements such as presented in Figure 6.11. ¿e solid line is based on a (n − δ)−3

scaling with only the pre-factor as �t parameter. ¿e shaded area signi�es the 95% con�dence
region of this �t. ¿e inset shows the same data a er removing the (n − δ)−3 scaling in
comparison to low-n data from reference [132], slightly higher-lying states from reference
[56], and high-n data from [133]. Error bars indicated are estimated on the basis of piezo-scan
nonlinearity, see text.

nonlinearity in the piezo scan is the biggest uncertainty identi�ed in the frequency calibration.
Our measurements are in excellent agreement with the expected (n − δ)−3 scaling given by

νhfs =
1

(n − δ)3
× 37.1(2)GHz (6.13)

Here δ is the quantum defect of the state, depending on both n and ℓ and taken from [56,
57], leading to an e�ective principal quantum number n∗ = n − δ. ¿e inset of Figure 6.12
shows our data together with earlier results using microwave transitions to other Rydberg states
from reference [56] and [133] as well as low-n data from reference [132] a er removing the
expected n∗-scaling. We see excellent agreement with the low-n data and our measurements
are consistent with the high-n data of [133]. However, we observe an o�set of approximately
10% compared to the results of [56]. ¿e excellent agreement of our measurements with the
other datasets might indicate that this o�set is due to systematics in the data of [56]. ¿e data
of [56] would be in agreement with our measurements assuming an error of 1 in the principal
quantum number of their data. An equation for the scaling of the hyper�ne splitting based on
our data is given in (6.13). From this we expect a hyper�ne splitting of approximately 80 kHz
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at n = 80, emphasising the relevance of hyper�ne structure for high-precision experiments
even at high principal quantum number. A best �t with variable exponent yields a scaling law
with a power of −2.95(11) for our data.

6.6 .2 STARK SHIFT OF HYPERFINE STATES

Finally we present hyper�ne-resolved measurements of Stark shi s in �elds of up to 130V cm−1

for 20s. ¿e upper part of Figure 6.13 shows the overall Stark shi of state 20s. ¿e three
independent lines are due to di�erent 5p3/2 hyper�ne states; while the probe laser is locked to
the F′ = 2 transition, other lines can be shi ed into resonance by Doppler shi in the vapour
cell. Due to the di�erent wavelengths of the probe- and coupling laser, these shi s are only
partially compensated by the counter-propagating beams as discussed in section 6.3. In the
topmost line, no hyper�ne splitting is visible, as the excitation of the F′′ = 1 component of the
Rydberg state is dipole forbidden from 5p3/2 F′ = 3. In both the F′ = 1 and F′ = 2 lines, the
hyper�ne splitting of the Rydberg state is in principle visible in the individual traces. However,
the signal in F′ = 2 is much stronger than in F′ = 1, making the splitting almost indiscernible
for F′ = 1 in this plot.
¿e overall shi of the Rydberg state is in excellent agreement with calculations based on

wavefunctions obtained with the Numerov method [55], as can be seen in the dashed line
overlaid with the F′ = 3 state which has no free parameters. Fitting a parabola to the Stark shi 
in Figure 6.13, we extract a value of α = 0.0720(8)MHz (V/cm)−2 from this data, in excellent
agreement with the theoretically expected value of α = 0.0722MHz (V/cm)−2. ¿e uncertainty
in this determination of α is dominated by the accuracy with which the average separation of
the electric �eld plates is known; the uncertainty from the frequency calibration is lower by
one order of magnitude.
We attribute the faint line visible above F′ = 3 to inhomogeneous electric �elds at the edges

of the cell, in particular in the gap between the electrodes and the cell walls.
¿e lower part of Figure 6.13 shows the hyper�ne splitting of the F′ = 2 line a er removing the

overall quadratic Stark shi of the state. ¿is has been done by �tting the model of Equation 6.1
to each individual trace and aligning the center point between the two peaks across all traces.
As can clearly be seen, no further splitting into mF sub-levels occurs for these hyper�ne states,
and the splitting remains constant across the range of �elds presented here. ¿is is in agreement
with numerical calculations we have performed. At high �elds, a slight broadening of the peaks
can be seen. ¿is is compatible with the misalignment of the �eld plates observed above, in
which the hyper�ne splitting is entirely negligible.

6.7 CONCLUSION

In this chapter we have presented numerous measurements on the behaviour of Rydberg states
in external electric �elds. Using a custom-made vapour cell with internal electrodes we were
able to apply not only high-frequency oscillating, but also static electric �elds, allowing us to
investigate the polarisability of s-, p- and d-states in detail. Particularly interesting features are
the visibility of manifold states in the s-state data, the relaxation of the angular momentum
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Figure 6.13:Hyper�ne-resolved Stark shi s of 20smeasured by applying an electric �eld to the electrodes
in the vapour cell. ¿e three lines in the upper part of the �gure correspond to three di�erent
hyper�ne states F′ = 1, 2, 3 in the intermediate 5p3/2 state. ¿e dashed line overlaid with
the F′ = 3 state shows the excellent agreement of the overall Stark shi s with calculations
based on the Numerov method [55]. ¿e bottom part of the �gure shows the relative shi 
of the two hyper�ne states a er removing the overall Stark-shi , clearly indicating that the
hyper�ne splitting remains constant in an electric �eld, and no splitting of mF-components
is observed.
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selection rules in p-states as the electric �eld is increased, and the complex, non-quadratic
behaviour of the Stark shi in d-states.
We have also presented high-precision measurements of the hyper�ne splitting of Rydberg

states in 87Rb, achieving an accuracy better than 100 kHz even in a room-temperature vapour.
¿is is limited by the nonlinearity of the piezo-electric element used to change the coupling-
laser frequency while, in principle, our technique allows an accuracy better than 10 kHz. ¿ese
measurements obey the expected (n − δ)−3-scaling very well and are in excellent agreement
with low-n data such as presented in [132] as well as high-n data based on [133]. However,
our measurements show a small systematic shi compared to measurements at intermediate n
presented in [56].
¿ese measurements include hyper�ne-resolved observations of Rydberg-state Stark shi s

for the state 20s. To our knowledge no prior measurements of this kind have been demonstrated.
¿ey show no change in the hyper�ne splitting as the electric �eld is increased, and no further
splitting of mF levels, in agreement with our calculations.
¿e measurements presented above show how a resolution far below the Doppler limit is

possible for Rydberg state spectroscopy in room-temperature vapour cells. Using a vapour
cell with internal electrodes as described in this chapter, this makes high-accuracy Stark spec-
troscopy extremely simple. ¿is can be of great value for future experiments relying on excellent
knowledge of Rydberg-state energies and polarisabilities.


