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BOPTICAL DENSITY OF A SINGLE ATOM

We start from the simple con�guration of a single atom at rest, placed in the centre of the mini-
mum waist of a travelling-wave laser beam (cf. chapter 5). ¿e laser is taken as monochromatic,

Ein(xo , yo , z, t) =
1
2
E
(o)
in (xo , yo)u e i(kz−ωt) + c.c. (B.1)

where c.c. denotes complex conjugate, u is a complex polarisation unit vector, E(o)in (xo , yo)
is the amplitude in the object plane with coordinates xo , yo . We assume that the laser is
collimated in the object plane, so we can choose E(o)in (xo , yo) to be real. ¿e incident intensity
is I(o)in (xo , yo) = [E(o)in (xo , yo)]

2
/2Z0, with Z0 = (є0c)

−1 =
√
µ0/є0.

We describe the total light �eld as a sum of this incident plane wave plus a scattered wave.
Assuming they have the same polarisation we ignore from now on the polarisation vector.
¿e total light �eld is imaged onto a detector plane where we measure the total intensity
Idet(ρ = (x , y)). ¿e scattered wave has both a coherent and an incoherent contribution, which
we add separately as follows,

Idet(ρ) =
1

2Z0
∣Ein(ρ) + E

(coh)
sc (ρ)∣2 + I(incoh)sc (ρ) (B.2)

= Iin(ρ) + Isc(ρ) + Iif(ρ) (B.3)

¿e total scattered intensity Isc(ρ) is the sum of a coherent and an incoherent contribution,
I
(incoh)
sc (ρ) = sI

(coh)
sc (ρ) where s is the saturation parameter [145],

s =
Ω2
Rabi/2

δ2 + Γ2/4
=

Iin/Isat

1 + 4δ2/Γ2
(B.4)

¿e third term in Equation B.3 is the interference term,

Iif(ρ) =
Ein(ρ)

Z0
Re (E(coh)sc (ρ)) (B.5)

where E(coh)sc (ρ) is complex-valued. ¿e interference intensity is typically negative at the center
of the image, as it reduces the total intensity in the image plane.
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122 optical density of a single atom

¿e absorbed intensity is given by

Iabs(ρ) = Iin(ρ) − Idet(ρ) = −Iif(ρ) − Isc(ρ) (B.6)

¿e terms on the right can be related to the total scattered power Psc a er integration. ¿e
imaging system collects a fraction χ of the scattered power, while a fraction 1− χ is not collected.
¿e latter represents the power that is “missing” in the detection plane, by virtue of energy
conservation:

χPsc = ∫ Isc(ρ) d
2ρ (B.7)

(1 − χ)Psc = ∫ [Iin (ρ) − Idet (ρ)] d
2ρ (B.8)

where the integration is over the detection plane. ¿ese expressions presume that the incident
laser beam is entirely captured by the imaging system, so that no interference occurs in the
non-collected light. When we add the scattered fractions only the interference integral remains,

Psc = −∫ Iif(ρ) d
2ρ (B.9)

¿e interference integral must clearly be negative, and equal to minus the total scattered power
(coherent plus incoherent). Note that it is independent of the collection solid angle.
Next, we introduce the Point-Spread Function (PSF) to describe how the point-like atom is

imaged in the detection plane:

E
(coh)
sc (ρ) = A p(ρ)

with complex amplitudeA. We choose the (complex valued) PSF to be normalised as

∫ p(ρ) d2ρ = 1 (B.10)

such that p(ρ) has the dimension 1/area and a = [∫ ∣p(ρ)∣2 d2ρ]
−1
can be interpreted as the

e�ective area over which the scattered light is distributed in the detection plane.
¿e absorption signal, Equation B.6, can now be written as

Iabs(ρ) = −
Ein(ρ)

2Z0
[A p(ρ) + c.c.] −

1 + s
2Z0

∣A∣
2
∣p(ρ)∣2 (B.11)

In most practical cases we can approximate the probe beam as a nearly plane wave, and p(ρ)
as sharply peaked compared to Ein(ρ). Taking the latter outside the interference integral,
Equation B.9, replacing Ein(ρ) ≈ Ein(0), we obtain, using Equation B.5,

∫ Iif(ρ) d
2ρ =

Ein(0)Re (A)

Z0
= −Psc (B.12)

Using the integrals de�ned above, we can then express the interference term as

−Iif(ρ) ≈ Psc [Re (p(ρ)) −
Im (A)

Re (A)
Im (p(ρ))] (B.13)
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If the atom is in the focal plane of the imaging system we can take p(ρ) to be real-valued
so that the Im (p(ρ)) term vanishes. ¿e term also vanishes if the probe beam is exactly on
resonance with the atomic transition. In this case Im (p(ρ)) /Re (p(ρ)) = tan(argA) = 0. ¿e
approximation of a resonant probe beam is valid as all Doppler shi s are less than 2% of the
natural linewidth of the transition for the optimum exposure parameters found in the main
part of chapter 5. In both cases the absorption signal then reduces to

Iabs(ρ) ≈ Psc [Re (p(ρ)) − a χ ∣p(ρ)∣2] (B.14)

¿e leading term in the absorption is simply given by the scattered power. ¿e correction
expresses the partial “re�lling” of the absorption dip by scattered light. Within the above
approximation the absorption signal can also be expressed in terms of the scattering cross
section. ¿e rate at which an atom scatters photons can be determined by solving the optical
Bloch equations as

Γρ22 =
Γ
2

s

1 + s
(B.15)

and consequently the total scattered power is given by

Psc = h̷ω ×
Γ
2

s

1 + s
=
σ Iin

1 + s
(B.16)

where σ is the absorption cross section of the atom. ¿en Equation B.14 can be written as

Iabs(ρ)

Iin(0)
=

σ

1 + s
[Re (p(ρ)) − a χ ∣p(ρ)∣2] (B.17)


