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Appendix E

Small spectral index for inflection
point inflation

In subsection 5.3.3 we stated that in inflection point inflation the spectral index is bounded to be ns . 0.92.
In this appendix we review this argument. We derive the spectral index and power spectrum for inflection
point inflation, following the work of Refs. [117, 118]. To a very good approximation the inflationary
observables only depend on the η-parameter at the extremum and on the number of e-folds.

Expanding the potential around the inflection point gives:

V = V0(1 + 1/2η0φ
2 + C3φ

3 + C4φ
4 + ...), (E.1)

with η, C3 < 0 so that the field rolls towards the minimum at positive φ values. Inflation ends when the
C3 term becomes important, and ε ≈ 1, which occurs for field values φ2

f ∼
√

2/(3|C3|). We can calculate
the number of efolds

N ≈
∫ φN

φf

V

V ′
=

1

η
log

[
φ

3C3φ+ η

]φN
φf

, (E.2)

where we used V ≈ V0 above. The above expression can be inverted to obtain the value of the inflaton
field N efolds before the end of inflation φN :

φN =
eNη0η0/C3

−3(eNη0 − 1)− η0/(φfC3)
≈ eNη0η0

−3C3(eNη0 − 1)
, (E.3)

where in the second step we used η0/(φf |C3|)� 1. This is a good approximation as η0 � 1 is fine-tuned,
whereas C3, and thus φf , is naturally of order one1. Note that in this limit, the number of efolds is
independent of the end of inflation, as φf has dropped out of the equation. As a result the inflationary
observables are insensitive to the precise coefficients of the higher order terms in (E.1). The spectral index
is

ns ≈ 1 + 2η ≈ 1 + 2η0 + 12C3φN ≈ 1− 2η0
(eη0N + 1)

(eη0N − 1)
, (E.4)

1To be precise, C3 = O(1) for φ0 ∼ 1. For minima at smaller field values generically C3 increases, as a sharper turnover
of the potential is needed. We do not find valid solutions for minima for φ0 � 1 much larger, as then other local minima at
smaller field values appear.
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where we used that ε� η. For N < 50− 60 one finds ns < 0.92− 0.93 for the whole range of |η0| . 10−2.
The power spectrum is

∆2
ζ(k0) =

V

150π2ε
=

3C2
3e−4Nη0(eNη0 − 1)4V0

25π2η4
0

(E.5)

with ∆2
ζ(k0) = 4× 10−10 measured by WMAP. (Note that with the current Planck results [15] we would

get slightly different results.)

For the first example (5.34) in the text η0 = 0 and C3 = −2.39. For η0 = 0, the expressions simplify
to

ns − 1 = − 4

N
, ∆2

ζ(k0) =
3C2

3N
4V0

25π2
, (for η0 = 0). (E.6)

Choosing N = 50 this gives ns = 0.92 and V0 = 9 × 10−16. The second example (5.35) has C3 = −3.69,
and gives the same spectral index and similar V0 = 4× 10−16. The gravitino mass today is related to the
inflationary scale via m3/2 = eK/2W |min ∼ 102

√
V0 ∼ 10−7, far above the electroweak scale.




