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1 Non-reciprocal sine-Gordon equation

1.1 Perturbation theory and mode expansion
Consider the sine-Gordon equation
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where ¢g indicates the speed of sound in the material. The sine-Gordon equation has the known solitonic
solutions
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where ¢4 (¢_) represents a soliton (antisoliton) traveling with velocity v. The sign of the solution (¢4)
denotes its topological charge (£1). We wish to study small perturbations on top of these solutions. The
simplest way to perturb the sine-Gordon soliton is to add a perturbation of the form

¢($,t) = (;Si(I - Ut) + u}(x’t)v (3)

where we assume the perturbation to be very small: |¢)| < 1. We assume that the perturbed soliton
still solves equation 1. We thus insert this ansatz into the sine-Gordon equation and find the equation of
motion for the perturbation in the original soliton’s frame of reference:
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We can further simplify this equation by assuming a harmonic solution of the form
U(w,t) = flz)e ™" ()
Inserting this ansatz, we get a type of Schrodinger equation
—c? dii];(zx) + wid (1 — 2sech? <c:))x>) f(x) =’ f(2). (6)

This equation has two types of solutions:

e Bound states fy(z) with w? = 0. These represent the Goldstone modes, which shift the entire
soliton ¢ = ¢4+ + af. These modes arise from the underlying breaking of translational symmetry
by the soliton. The explicit form of this state is
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Hence this mode represents the motion of the soliton in the frame moving with the velocity of the
unperturbed solution.



e Continuum states fj(x) with w? # 0. These states represent travelling waves on top of the soliton
solution. One may consider them as ripples or fluctuations on the unperturbed soliton. These
modes have a frequency of w? = ¢3k? + wg. The corresponding eigenfunctions take the form
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These modes only affect the shape of the soliton, but do not translate it.

These two solutions (fy, fx) are eigenfunctions of the Hermitian operator
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with eigenvalues w? = 0,w? # 0, respectively. Therefore, they form an orthogonal set of functions with
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Given these orthogonality conditions, we may write the perturbation ¢ (x,t) as an expansion of these
basis functions

Ultsa) = ShuOS(@) + [ dk (O fe(a), (12)

where ¥y (t), 15 (t) are the amplitudes of the bound and continuum modes respectively.

1.2 Non-reciprocal bound modes

In this section, we focus extensively on the non-reciprocal sine-Gordon equation, which takes the following
form
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where the left-hand side is the original sine-Gordon equation and the right-hand side hosts both a driving

term proportional to n and a damping term proportional to I', and where we have set the parameters
wo = ¢g = 1. We solve this equation perturbatively, assuming the same decomposition of the bound and
traveling modes as above, where the information about the perturbation is encoded in the amplitudes

(vp, ¥y of the respective modes.

In order to solve the non-reciprocal sine-Gordon equation we make use of the ansatz

¢($,t> = QS:t(x - Ut) + @/J(.’E,t% (14)
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where |¢(z,t)| < 1. We assume a different sign for the perturbation depending on whether we have
a soliton or anti-soliton, and we will observe that this dependence drops out in the derivation of the



differential equation describing the perturbation ¢ (x,t). We therefore ignore the + in the derivation
below. As before, we expand the perturbation in the following eigenbasis:

vla,t) = GUulsla) + [ dku(Ofila), (15)

where (), ¥ (t) are the bound and traveling mode amplitudes, respectively. We will start with a small
variation of the equation
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where the primed quantities are lab-frame coordinates. Recall the form of the unperturbed soliton (in
the lab frame)

(16)

¢+ (2’ —vt') = 4arctan exp { + (2’ — vt’)} . (17)
Let us now move to the frame of the soliton, where we have x = (2’ — vt’) and ¢ = (¢’ — va’) and hence
¢+ (x) = 4arctan exp [ + x} . (18)
The combined d’Alambertian and the sin) term together transform under the above perturbation as
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where the d’Alambertian is invariant under Lorentz transformations. Henceforth, we need only the driving
and damping terms. We compute them one term at a time:
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Combining these terms, we find
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After gathering the derivatives, we find
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Furthermore, to study the effects of the Goldstone modes, we project onto the bound modes ;,/8 =
J dx p(x,t) fr(x), where fi(x) = 2sechz, and find
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where F(k) = [dx exp{ikz}sech®z is the Fourier transform of the bound basis function f,(z) cubed.
To decouple the traveling modes from the bound modes, we assume that v < 1,7/T" < 1, resulting in
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where we have dropped all terms beyond the first order in small parameters v and 7/T", including those
proportional to v, which constitute second-order terms. Assuming initial conditions
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we find the following solution
hy(t) =8 (v — %) [t + F(e_"’rt 1)} (31)
The velocity of the soliton is given by
by /8 = (u - %) [1 - eﬂ“] (32)
The terminal velocity in the late time regime ¢ > 1/4T is
vr = (v - %) . (33)

1.3 Reconciliation with inverse scattering method

The inverse scattering method yields the following time evolution of the velocity:

‘Cilit’ = T(1— )W —v,), v,=1 (34)
where for t — oo we find that the velocity reaches a stable point v(t — 00) ~ v,. Hence for large times,
we find the unperturbed soliton solution, but at the specific velocity vy, namely ¢, (z,t) = ¢4 (x — vy,t).
In the perturbative approach, we assume the solution to be of the form ¢(z,t) = ¢+ (x — vt) £ (x,t)
with [¢| < 1 and focus on perturbations that lead to Goldstone modes as these are responsible for the
translation of the soliton (i.e. bound modes). We find the bound modes by a basis expansion and solving
the linearized equation:



P(x,t) = éwb(t)fb(x) + traveling modes (35)

1
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Given the initial perturbative decomposition, we find the full solution (neglecting deformation effects
from the traveling modes and in the soliton’s frame):

(b(x’t) = ¢:I:($) + w(ﬂ%t) (37)

= 4arctan(e™”) & (11 - %) {t + %(6_7” —1)| - 2sechz. (38)

For velocity v = v, = n/I", we find the perturbation to cancel and we regain our original soliton solution,
¢n(x,t) = ¢4 (v —vyt). The velocity v, therefore, describes a stable point, which we previously identified
as the terminal velocity v, reconciling the result of our perturbative approach with that of the inverse
scattering transform.



2 Non-reciprocal ®* theory

2.1 Perturbation theory and mode expansion

The ®* soliton model is described by the following Hamiltonian

H:/d% l; (§)2+;<$>2+i(¢21)21, (39)

which has the following equations of motion
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The soliton solutions takes the form
Oy(z—ovt) = *ta h( vt ) +ta h( /\/5) (41)
T —vt) = nh{ ————— | = nh(z ,
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where z = y(z — vt) is the Lorentz-boosted position variable. We now wish to find the equation of motion
for an internal perturbation on top of the soliton. We assume that this takes the following form:

O(z,t) =Dy (z —vt) £ U(z,t), |V K1 (42)

The equation of motion for the perturbation ¥ in the soliton’s frame reads

0’V 9%
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The harmonic ansatz ¥(z,7) = f(z) exp{iwt} leads to a Schrédinger equation with bound modes (w? = 0)
1
fo(z) = \/gsechQ(z/\/i). (44)
The first travelling mode fr—1(z), where w? = 3/2, is given by
filz) = 23/ tanh(z/f) sech(z/f) (45)
We thus find the following relations:
2
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/ dz fy(2) folz) = 0. (47)
A general basis expansion of the perturbation modes can be written as
3
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2.2 Non-reciprocal bound modes

We wish to study the following equation:
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We will insert the perturbation and perform a Lorentz boost into the soliton’s frame. We know how the
left-hand side changes. The right-hand side requires some computation, which we perform one term at a

time:

(49)
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The next term is:
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We now combine both terms and find the new equation of motion for the non-reciprocal perturbation

0*v 9%V ov ov 1 5 2
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In the above basis expansion, we neglect the traveling modes and find that the equation reduces to
d?w, dw,
d7‘2 a? —b= O, (57)

where a = y(—nB +T') and b = (23/2/5)y(—n + T). This simplified equation has the following solution
for the boundary conditions 9, ¥(0) = 0 = ¥(0):

b 1 —art
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The velocity field is given by
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where A = 0.85. Recall that n/T" < 1 and thus

30,/2=A- (ﬂ - %) [1 - e*’Y”}. (61)

At large times (7 > T'), we find a similar result to the non-reciprocal sine-Gordon case
30, /2~ A- (5_ %) (62)

2.3 Non-reciprocal and constant driving

We wish to study the effects of a simultaneous constant and non-reciprocal driving mechanism. In this

case, the equation of motion reads
0?e 9%
or?z 022

0P 0P

N+ -I—. 63

noe +m| -5 (63)
We proceed by inserting the perturbative ansatz from before; however, we now have an unequal contribu-
tion from the soliton and antisoliton. Previously, we found that the perturbative ansatz ® = &, + ¥, the
soliton and anti-soliton would yield the same equation of motion for the perturbation ¥. In the constant
driving case, however, the soliton and antisoliton yield two distinct results, namely:
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Neglecting the traveling modes, one finds the equation of motion for the bound mode
d2v, dv,
d7'2 a? — Ai = O, (65)

where Ay = b F 1y and the parameters a,b are the same as before. This equation has the same solu-
tion as above; however, the terminal velocity now depends on the sign of the topological charge of the
(anti)soliton:
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