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Referees' comments:

Referee #1 (Remarks to the Author):

A: Summary of the key results

In their manuscript "Non-reciprocal topological solitons" Veenstra and co-workers are describing a
robotic metamaterial, where the interplay of linear springs, non-reciprocal robotic interactions,
dissipation and a non-linear local confining potential lead to the undamped propagation of solitonic
waves. The solitonic waves are easy to understand: The robotic metametarial consists of local rotors,
each of which have two stable minima (i.e., the non-linear confining potential). In a certain range of
parameters, in equilibrium neighbouring rotors are aligned. A soliton is an excitation running
through the system snapping the local rotators between the two stable minima. In such a setup, one
has naturally a soliton and and anti-soliton. These two waves travel in opposite directions in a
reciprocal material. Here, due to the non-reciprocity, both of these waves travel in the same
direction. The authors analyse this wave propagation, describe it with a lattice model (the Frenkel-
Kontorova (FK) equation known form interface physics). They generalise the FK model to incorporate
their robotic (non-reciprocal) interaction. Using the FK model, the authors can explain their main
finding (unidirectional transport, how the speed of the solitonic wave depends on the system
parameters, a phase diagram where this wave propagation is suppressed, present, or unstable).
Mapping the FK model (which by its discrete nature is hard to tame analytically) to a (suitably
generalised Sine-Gordon model), they can make further progress in explaining their findings. In
particular, the application of a linear force is studied and carefully compared to the experimental
results. Applications to signal processing are explained and analysed.

| do not comment here on the general setup, as this robotic metamaterial is known and has led to
publications before. The only new addition are the magnets attached to the rotor arms and to
ground, giving rise to an adjustable double well potential inducing the non-linearities. When the
ground magnets are aligned with the location of the robotic units, a symmetric double well potential
arises. When shifted with respect to the rotors, a local force be emulated, which the authors use in
the second half of their publication.

B: Originality and significance

The use of robotic units in metamaterials is known. In fact, this was professionalised by some of the
authors of this manuscript. Whenever a material is endowed with logic, my obvious question is,
whether the observed phenomena are a "direct" consequence of this logic. In my opinion, observing
the consequence of the logic linking a positional sensor to an applied torque in a two-rotor system is



an utter triviality. How much more intricate, non-trivial, or emergent is now non-reciprocal wave
propagation induced by the same logic? In my opinion, when the up-hyping language of skin-effect,
topology, etc. is removed, the linear non-reciprocal wave propagation is not particularly ground-
breaking. This does not mean that | consider the implementation trivial. It has some really clever
aspects.

This presented manuscript is for me of an entirely different quality in terms of significance and
originality. The non-linearity is not just a decoration of the previously reported phenomenons.
Moreover, this experiment is also not simply a non-reciprocal extension of known results in non-
linear wave propagation. | consider this manuscript a breakthrough which is definitely worthy of
publication in a high-profile journal. Let me extend on this assessment: Let me compare the results
under review to reference [13] of the manuscript. Reference [13] shares the technological prospect
of non-linear wave propagation in wave-guides made of bi-stable local units. It was a beautiful
demonstration how non-linear "snapping waves" can be used for mechanical logic and other
applications also alluded to in this present manuscript. There was a big "however" with respect to
[13]: These wave-guides had to be manually initialised after each pass of a non-linear wave. The
current manuscript overcomes this stain by its local robotic units which provide the energy injection
need for the passage of the signal. If | understand figure 2 correctly, the transmission of the morse
signal can be done without interfering with the robotic metamaterial in between the individual
solitons. This is a real breakthrough with respect to existing results that | am aware of.

Also, on the level of "Did | just encode the phenomena 1:1 with my robotic units" | feel the authors
made a substantial step forward with the current experiments. | am not saying robotics in general is
a trivial field. What robots can do in response to sensory input can be extremely complex and this
requires pushing the limits of our knowledge. The functionality presented here, on the other hand,
are for a robotic system rather limited. But the point is, that | feel that we see here much more of an
emergence of the functionality due to the assembly of a large number of, albeit robotic, still rather
dumb units. It is this type of emergence which is exciting and non-trivial. It also makes the presented
metamaterial of much more generic value than just one highly specific and rather ‘contrived’ (albeit
ingenious) implementation where a generalisation to other contexts is questionable. | think the
realisation that the combination of non-reciprocity and non-linearity (or rather bi-stabilty) as
presented here can leverage applications in soft robotics, locomotion and signal processing is
exciting and has a significant future potential.

In summary | highly recommend publication in Nature.

C: Data & Methodology

The research is sound. | have no concrete points here, error bars on the experimental data would be
helpful.

D: Appropriate use of statistics and treatment of uncertainties

See above, error bars | find to be important.



E: Conclusions

The conclusions are sound and don't try to generalise beyond what | could support.

G: Suggested improvements:

1.) In the last sentence of the abstract a generalisation is alluded to. | don't think this is really
touched upon later in a concrete way. That makes it appear as if one just followed a template
"Nature" abstract rather than to really give a useful abstract. It's a minor comment, however.

2.) In the first paragraph of the second column on page 1 the authors mention that reference [42,
43] do not lend to a scaling up. | am not sure | would put this so prominently, as the robotic
metamaterial presented here seems to me too much of a toy material to make a claim that their
system is scalable to something that will be used in a near future application.

3.) In the next paragraph "dramatically stabilise". This sounds to be too hyped.

4.) The last sentence if this paragraph and the title use "topological" soliton. | wonder to what
extend this solitons are more topological than any Sine-Gordon soliton. | would tone down the
topology language. Also in the title. But that's a personal taste.

5.) In the following paragraph, the torque equation is given inline, the linear springs are only
described in words. | understand that the FK equation on page 3 gives the full equation of motion.
Somehow, | would have had an easier reading experience, if the used equation of motion were given
already here. Again, a minor complaint.

6.) Fig. 1: It would have been clearer to me, if | had a graph of the local potential and a cartoon of
linear and no-linear springs than just the panels an and d.

7.) Fig. 2: has an extra ".

8.) Third page, second paragraph. It is not obvious to me, the \eta_- is not dependent on the
activation amplitude.

9.) Same paragraph: Speed of sound is not defined.

10.) Fig. 3:in panel a | would like to see error bars on the experiment. | would also make this panel
bigger.

11.) On page 4, the SG model is motivated, well let say introduced, as a continuum limit to the FK

model. Why such a continuum limit makes sense or even why | want one is not clear here. Later in
the text it becomes clear that one can make analytical statement which are not possible in the FK

model. If | had a cue about that aspect, it would have been a much smoother read.

12.) The mentioning of the "Goldstone mode of the soliton" is lingo of that community. One cannot



understand.

All'in all I find the theoretical analysis of the observed phenomena excellent. The FK model is
established as a reasonable model by matching the experiment. The SG model allows to make more
predictions which are then tested. (both models suitably extended to the non-reciprocal setting).

Referee #2 (Remarks to the Author):

By employing programmable mechanical units, the authors have successfully introduced non-
reciprocity into the established Frenkel-Kontorova model. This modification allows for the
observation of directional propagation and momentary acceleration of solitons/antisolitons. The
experimental results exhibit a commendable alignment with the theoretical predictions. However, |
have some concerns, with the primary one about the role of non-reciprocity in this context.

Firstly, in the absence of non-reciprocity, topological solitons and antisolitons can exist and
propagate robustly in accordance with the sine-Gordon equation (details can be also found in
supplementary information). That means solitons or antisolitons can be induced with arbitrary
subluminal velocities in any direction. Consequently, | don’t think that it is necessary to break
Hermiticity for realizing the propagation of solitons/antisolitons along the same direction.

Secondly, it's important to note that solitons and antisolitons are not brought about by the
introduction of non-reciprocity. In other words, the incorporation of non-reciprocity does not yield a
new phase of matter, since the sine-Gordon equation is exclusively responsible for generating
solitons and antisolitons. The primary role of non-reciprocity in the current work is to enable
unidirectional propagation of solitons and antisolitons. This, however, is not surprising, as non-
reciprocity is a natural result from non-reciprocal interactions. From my perspective, the significance
of non-reciprocity lies not in its non-reciprocal interactions, but rather in its capability to induce a
new topological phase of matter, such as the point-gap topology as in the non-Hermitian skin effect.
Nevertheless, the solitons and antisolitons discussed in the current work do not arise from a
topological phase transition induced by non-reciprocity.

Moreover, topological solitons and antisolitons can be described as transition waves within a
bistable system. The impact of non-reciprocity on the transition wave of a bistable mechanical
system is experimentally investigated in Ref.[43]. Ref.[43] not only discussed the prospect of
stiffness grading, as mentioned by the authors, but also demonstrated that the introduction of non-



reciprocity can enable unidirectional propagation of transition waves within a bistable system, as
illustrated in Fig.4 of Ref.[43].

Apart from the above main concern, | also have the following comments:

1. The authors mentioned the non-Hermitian skin effect. In general, in the linear regime, the non-
Hermitian skin effect arises due to alterations in boundary conditions. Does that mean the boundary
conditions employed in the current system will affect the unidirectional propagation of solitons?

2. In the current study, the authors claim that nonlinearities can be leveraged to stabilize non-
Hermitian skin waves. However, it appears that, according to Fig.3(b, d) and Eq. (3), the primary
factor in stabilizing non-Hermitian skin waves is the presence of viscous dissipation rather than
nonlinearities. This is evident as, in the absence of dissipation (i.e., when Gamma = 0), the system
maintains nonlinearities originating from the bistable potential, but the topological solitons become
either unstable or static. Therefore, it is essential to clarify the role of nonlinearities in this context.

3. Topological solitons are characterized by their distinct topological charges, which are typically
evident through the opposing propagation of solitons and antisolitons when subjected to a constant
driving force, as exemplified in Fig. 4a. However, with non-reciprocity, both solitons and antisolitons
behave similarly (e.g., propagating along the same direction). What is the role of topological charge
in this case?

4. In addition to single solitons, it is worth noting that the sine-Gordon equation can also give rise to
phenomena involving 2-solitons or 3-solitons, such as breathers. It would be beneficial to discuss
their nonreciprocal behaviours as well.

5. In Figs.(4,5), the authors illustrate the soliton-antisoliton annihilation in their system. However, as
| mentioned in my main concern, it is possible that this phenomenon does not arise solely from non-
reciprocity. This is because the addition of perturbation terms to the sine-Gordon equation can also
enable soliton-antisoliton annihilation. Solitons and antisolitons avoid annihilation only in the pure
sine-Gordon equation. For example, the introduction of viscous dissipation can facilitate soliton-
antisoliton annihilation (More details can be found in [Phys. Rev. B 85, 134525(2012)]). Hence, the
role of non-reciprocity in the context of soliton-antisoliton annihilation remains unclear. A
comprehensive analysis is needed regarding the necessity of non-reciprocity in this regard.

Referee #3 (Remarks to the Author):

The paper by Jonas Veenstra et al. is an experimental work on the realization of non-reciprocal
topological solitons in mechanical metamaterials. Based on the coupled oscillator platform
previously developed to realize the non-reciprocal models, the authors have further attached
magnets to the oscillator arms, acting as nonlinear potentials. The system is well described by the
Frenkel-Kontorova model, and the interplay among the non-reciprocity, dissipation, and nonlinear
potential gives rise to three distinct phases. A continuum sin-Gordon equation is then derived to



model the phase diagram successfully, and the experimental results nicely confirm the phase
diagram. Finally, by shifting the magnets to effectively induce a constant driven force, the soliton
and antisoliton can propagate in the same direction, which can potentially utilized to achieve a
unidirectional nonlinear filter. The manuscript is well-written, and the results are inspiring.
Therefore, | would recommend its publication in Nature unless the authors can address the following
concerns:

(1) Throughout this work, the authors use the OBC setup to investigate the skin waves and solitons.
Can the authors also show all the results by applying PBCs (connecting site-1 and site-50)? The
NHSEs are highly sensitive to boundary conditions, say PBC or OBC. If the topological soliton is tamed
from the skin waves, as mentioned in the main text, does the soliton also depend on the boundary
condition applied? The discussion and explanation in the main text somewhat give me the feeling
that the boundary conditions are not critical here. So please clarify this point.

(2) From Eq. (1) to Eq. (2), the \sin\phi term is still there, but the parameter D does not appear. Has
it been normalized or set to zero? This relates to Extended Data Fig. 1. If \eta_{-} goes to zero, does
the parameter D also approach zero? If yes, the nonlinear term goes away then. So, can the authors
further explain and discuss this?

(3) Comparing Figs. 2(a-b) and 2(c-d), there are two significant differences | think the authors shall
discuss in more detail: the dependence of \eta_{-} on the values of {D, \Gamma,\eta} and the
deviation of transition line (\eta=\Gamma) between the continuum limit and the FK lattice model.

(4) The results in Fig. 4(f) are amazing, and can the present platform be used to generate higher-
order/spatiotemporal solitons or investigate the interaction of multiple solitons with distinct
topological characters? Furthermore, | would suggest the authors add more discussions on the
possibilities and potential applications of the experimental platform here to highlight the interplay
between non-Hermiticity and non-linearity.

Some minor suggestions and comments:

(1) Figure 1(e): it seems to me that the speed of the purple curve is slower than the green one, which
appears to contradict the claim that the velocity increases with non-reciprocal coupling strength
\kappa”a (purple: 2.2 > green: 1.6). Please double check.

(2) Equation (2): why do the authors use the term “gain-to-loss ratio”? The \Gamma is gain or loss,
but the \eta is the non-reciprocal hopping. So please clarify.



Author Rebuttals to Initial Comments:

Referee 1 (Remarks to the Author):

Dear Reviewer, we thank you for your thorough review and for the extremely supportive comments. Your comments
have allowed us to explain the mechanism at play of our work more explicitly, to broaden further the scope of our
work and to clarify many points of details.

1. A: Summary of the key results

In their manuscript ”Non-reciprocal topological solitons” Veenstra and co-workers are describing a robotic metama-
terial, where the interplay of linear springs, mon-reciprocal robotic interactions, dissipation and a non-linear local
confining potential lead to the undamped propagation of solitonic waves. The solitonic waves are easy to understand:
The robotic metametarial consists of local Totors, each of which have two stable minima (i.e., the non-linear confining
potential). In a certain range of parameters, in equilibrium neighbouring rotors are aligned. A soliton is an excitation
running through the system snapping the local rotators between the two stable minima. In such a setup, one has natu-
rally a soliton and and anti-soliton. These two waves travel in opposite directions in a reciprocal material. Here, due
to the non-reciprocity, both of these waves travel in the same direction. The authors analyse this wave propagation,
describe it with a lattice model (the Frenkel-Kontorova (FK) equation known form interface physics). They generalise
the FK model to incorporate their robotic (non-reciprocal) interaction. Using the FK model, the authors can explain
their main finding (unidirectional transport, how the speed of the solitonic wave depends on the system parameters,
a phase diagram where this wave propagation is suppressed, present, or unstable). Mapping the FK model (which by
its discrete nature is hard to tame analytically) to a (suitably generalised Sine-Gordon model), they can make further
progress in explaining their findings. In particular, the application of a linear force is studied and carefully compared
to the experimental results. Applications to signal processing are explained and analysed. I do not comment here on
the general setup, as this robotic metamaterial is known and has led to publications before. The only new addition are
the magnets attached to the rotor arms and to ground, giving rise to an adjustable double well potential inducing the
non-linearities. When the ground magnets are aligned with the location of the robotic units, a symmetric double well
potential arises. When shifted with respect to the rotors, a local force be emulated, which the authors use in the second
half of their publication.

Reply: We thank you for your concise summary of our manuscript.

2. B: Originality and significance

The use of robotic units in metamaterials is known. In fact, this was professionalised by some of the authors of this
manuscript. Whenever a material is endowed with logic, my obvious question is, whether the observed phenomena are
a “direct” consequence of this logic. In my opinion, observing the consequence of the logic linking a positional sensor to
an applied torque in a two-rotor system is an utter triviality. How much more intricate, non-trivial, or emergent is now
non-reciprocal wave propagation induced by the same logic? In my opinion, when the up-hyping language of skin-effect,
topology, etc. is removed, the linear non-reciprocal wave propagation is not particularly ground-breaking. This does not
mean that I consider the implementation trivial. It has some really clever aspects. This presented manuscript is for
me of an entirely different quality in terms of significance and originality. The non-linearity is not just a decoration
of the previously reported phenomenons. Moreover, this experiment is also not simply a mon-reciprocal extension of
known results in non-linear wave propagation. I consider this manuscript a breakthrough which is definitely worthy of
publication in a high-profile journal. Let me extend on this assessment: Let me compare the results under review to
reference [13] of the manuscript. Reference [13] shares the technological prospect of non-linear wave propagation in
wave-guides made of bi-stable local units. It was a beautiful demonstration how non-linear ”snapping waves” can be
used for mechanical logic and other applications also alluded to in this present manuscript. There was a big "however”
with respect to [13]: These wave-guides had to be manually initialised after each pass of a non-linear wave. The current
manuscript overcomes this stain by its local robotic units which provide the energy injection need for the passage of
the signal. If I understand figure 2 correctly, the transmission of the morse signal can be done without interfering
with the robotic metamaterial in between the individual solitons. This is a real breakthrough with respect to existing
results that I am aware of.

Reply: We thank you for your extremely positive feedback. We confirm that solitons and antisolitons can indeed be
transmitted continually without needing to reset the setup (as also shown in Supplemental Video 1), contrary to the
results of reference [13].

Revision: Inspired by your comment, we better reflect the nontrivial nature of non-reciprocal solitons by writing in
the abstract:

“Our observations and models demonstrate a subtle interplay between non-reciprocity and topological solitons, whereby
the solitons create their own driving force by locally straining the material.”

and in the introduction:



“Here, we discover a subtle interplay between non-reciprocity and topological solitons that enables robust transmission
of unidirectional signals. Topological solitons impose a local strain gradient. Coincidentally, non-reciprocity injects
momentum proportionally to strain gradients. Therefore, non-reciprocal topological solitons induce their own driving
force and push themselves in a direction that is independent of their topological charge.”

In addition we add the following sentence to clarify the difference with respect to ref [13]:

“This distinctive ability to continuously send trains of solitons and antisolitons provides an advantage over metama-
terials based on constant driving [13,14], which have to be reinitialized by an antisoliton before a new soliton can be
sent.”

Finally, in response to a comment by reviewer 2, we add a footnote (ref [49] in the revised manuscript) comparing
non-reciprocally driven solitons to undriven solitons with carefully prepared initial conditions:

“In addition, this data demonstates that non-reciprocal solitons and antisolitons can maintain their velocity over long
distances. This property would be hard to achieve in the absence of non-reciprocal driving. Solitons and antisolitons
could be sent in the same direction with carefully suited initial conditions, but they would irremediably slow down
because of unavoidable dissipative effects.”

8. Also, on the level of "Did I just encode the phenomena 1:1 with my robotic units” I feel the authors made a
substantial step forward with the current experiments. I am not saying robotics in general is a trivial field. What
robots can do in response to sensory input can be extremely complex and this requires pushing the limits of our
knowledge. The functionality presented here, on the other hand, are for a robotic system rather limited. But the point
is, that I feel that we see here much more of an emergence of the functionality due to the assembly of a large number
of, albeit robotic, still rather dumb units. It is this type of emergence which is exciting and non-trivial. It also makes
the presented metamaterial of much more generic value than just one highly specific and rather ‘contrived’ (albeit
ingenious) implementation where a generalisation to other contexts is questionable. I think the realisation that the
combination of non-reciprocity and non-linearity (or rather bi-stabilty) as presented here can leverage applications in
soft robotics, locomotion and signal processing is exciting and has a significant future potential. In summary I highly
recommend publication in Nature.

Reply: We thank you for pointing out the fact that the propagation of (anti)solitons emerges from the interplay
between nonreciprocity and nonlinearity rather than having been preprogrammed into the active chain. As you allude
to, the phenomena observed in this study are not specific to the Frenkel-Kontorova chain but likely generalize to
various other settings.

Revision: As an example of how the current results could be extended to other systems, we have added numerical
data of a non-reciprocal Kane-Lubensky chain hosting unidirectional (anti)solitons into a full new Figure (new Figure
4). This model is a mechanical analog to the Su-Schrieffer-Heeger model which describes the electronic structure of
doped polymer chains and also hosts (anti)solitons.

4. C: Data & Methodology

The research is sound. I have no concrete points here, error bars on the experimental data would be helpful.

Reply: We thank you for pointing this out and agree that mentioning the measurement error is in place here.
Revision: The relative error on our measurements was found to be less than 2% by averaging over N = 3 runs,
therefore it is too small to be directly visualized in the plot. We now mention the measurement error directly in the
caption of Figs 2B and 3E.

5. D: Appropriate use of statistics and treatment of uncertainties
See above, error bars I find to be important.
Reply: See above.

6. E: Conclusions
The conclusions are sound and don’t try to generalise beyond what I could support.
Reply: Thank you.

7. G: Suggested improvements:

In the last sentence of the abstract a generalisation is alluded to. I don’t think this is really touched upon later in a
concrete way. That makes it appear as if one just followed a template ”Nature” abstract rather than to really give a
useful abstract. It’s a minor comment, however.

Reply: While we agree that this sentence was not the most precise, we genuinely think that the scope of non-reciprocal
solitons is broader than metamaterials, as also mentioned in the conclusion.

Revision: We rephrase the last sentence of the abstract as

“Beyond the scope of our study, non-reciprocal solitons might provide an efficient driving mechanism for robotic
locomotion [25] and could emerge in other settings, e.g. quantum mechanics [26, 27], optics [28-30] and soft matter



[31].”7

8. In the first paragraph of the second column on page 1 the authors mention that reference [42, 43] do not lend to a
scaling up. I am not sure I would put this so prominently, as the robotic metamaterial presented here seems to me too
much of a toy material to make a claim that their system is scalable to something that will be used in a near future
application.

Reply: We thank you for raising this point and agree that the exact design of our metamaterial is likely not imme-
diately amenable or useful to any future application. However, the observed phenomena and application presented in
the manuscript can be scaled up to span an arbitrary amount of unit cells. This is fundamentally different from the
solutions proposed in [42,43], wherein the solitons, as a result of the grading, always loose energy. This entails that
ultimately waveguides or devices based on these solitons will ultimately be limited to a small number of unit cells. In
addition, there is a practical limitation to realize a stiffness grading metamaterial as proposed in refs [42,43] with a
large amount of unit cells, we see two solutions. Either the stiffness gradient, the difference in stiffness between unit
cells, has to be arbitrarily small or the range of stiffness has to span several orders of magnitudes. Neither of these
solutions are feasible given the practical limitations real life materials and manufacturing.

Revision: We rephrase the sentence in the introduction:

“The only exception is the case of passive stiffness gradient [/4, 45] that pushes solitons and antisolitons in the same
direction. Yet the lack of translation invariance causes a gradual loss of energy and limits scalability beyond a few
unit cells (see Methods).”

In addition, we add the following phrase to the Theoretical Methods section:

“In addition, we emphasize here that systems with stiffness or potential grading are inherently constrained to a finite
size since practical limitations on material properties and manufacturing forbid gradings from becoming arbitrarily
small.”

9. In the next paragraph ”dramatically stabilise”. This sounds to be too hyped.
Reply: We agree that this wording is a unnecessarily colorful.
Revision: We have in fact rephrased the beginning of the paragraph (see revision to point 2 above).

10. The last sentence if this paragraph and the title use "topological” soliton. I wonder to what extend this solitons
are more topological than any Sine-Gordon soliton. I would tone down the topology language. Also in the title. But
that’s a personal taste.

Reply: The solitons propagating in our metamaterial, as well as sine-Gordon solitons (or ’kinks’) have a topological
charge, which is what ’topological’ refers to in this context. This distinguishes them from non-topological solitons
such as breathers that can also exist in the sine-Gordon model or non-topological solitons that exist in other models,
such as the Korteweg-de Vries equation or the nonlinear Schrodinger equation.

Revision: We keep the mention to topological solitons, but we discuss in multiple places the idea of topological
charge. In the introduction:

“ Therefore, non-reciprocal topological solitons induce their own driving force and push themselves in a direction that
is independent of their topological charge.”

and when discussing Fig. 3a

“Hence when n > 0, this driving leads to an effective force that pushes the soliton (antisoliton) down (up). In turn,
these two opposite forcings drive both solitons and antisolitons forward even though they have opposite topological
charges.”

11. In the following paragraph, the torque equation is given inline, the linear springs are only described in words. I
understand that the FK equation on page 3 gives the full equation of motion. Somehow, I would have had an easier
reading experience, if the used equation of motion were given already here. Again, a minor complaint.

Reply: thank you for the suggestion.

Revision: We now add the equation of the linear springs when we first introduce them in the Main Text:

“ Our active mechanical metamaterial shown in Fig. 1c consists of 50 3D printed rotating arms that are elastically
coupled by rubber bands and positioned such that the ith oscillator experiences a torque 7; = k(011 + 0i—1 — 20;41)
(see Methods).”

and refer to the methods.

12. Fig. 1: It would have been clearer to me, if I had a graph of the local potential and a cartoon of linear and
no-linear springs than just the panels an and d.

Reply: We fully understand. However the beauty (and the difficulty) of these non-reciprocal systems lies in the fact
that non-reciprocal interaction forces do not derive from a scalar potential. Therefore so a sketch will not suffice



unfortunately. Instead, panels a and d aim to show the quasistatic nonreciprocal response. The local nonlinear
potential is shown in panel d and no other local potentials occur in the system.

13. Fig. 2: has an extra ”.”

Reply: We thank you for this sharp observation.

” "

Revision: The extra ”.” was removed

14. Third page, second paragraph. It is not obvious to me, the n_ is not dependent on the activation amplitude.
Reply: The quantity n— is meant to represent the threshold activity beyond which a seeded soliton overcomes the
Peierls-Nabarro potential and starts travelling. We agree that the n_ is dependent on the initial condition. The
experimental and numerical data of figs 3A (fig 2b in the revision) and 4E (fig 3e in the revision) was acquired by
initializing all oscillators in the same potential minimum with the exception of the edge oscillator. Although we did
not explicitly measure the dependence of 17— on the activation amplitude, we did observe experimentally that there
was a threshold amplitude below which the kink remained static. To confirm this finding, we simulate the Frenkel-
Kontorova model with the experimental parameters and vary the initial angle and angular velocity of site 1. The
phase diagram below confirms our experimental finding that the Peierls-Nabarro barrier is becomes constant if the
activation amplitude is large enough. The same is true for a momentum initial condition.
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FIG. R1. Dependence of the Peierls-Nabarro barrier on initial conditions in the Frenkel-Kontorova model (a)
The (anti)soliton phase diagram as a function of the activation amplitude of a single oscillator at the edge of the metamaterial.

Dashed line indicates the initial condition used experimentally. (b) The same phase diagram a function of the activation
velocity of the oscillator.

Revision: We add the above diagrams as an Extended Data Figure and refer to it when we first discuss the Peierls
Nabarro barrier in the Main Text.

15. Same paragraph: Speed of sound is not defined.

Reply: We define the speed of sound through the parameters of the system in the end of the ’Calibration of parameters’
section in the Methods.

Revision: We add the definition of the speed of sound to the ’Calibration of parameters’ part of the Methods:

The speed of sound can be estimated through the lattice space a as ¢ = av/k/I. Notice that after time and space
rescaling (6) and taking the continuum limit (see below) the speed of sound is one: ¢ = 1.

16. Fig. 3: in panel a I would like to see error bars on the experiment. I would also make this panel bigger.
Reply: See point 4 above.
Revision: In addition, we have resized the entire figure (now fig 2) and merged it with the previous fig 2.

17. On page 4, the SG model is motivated, well let say introduced, as a continuum limit to the FK model. Why such
a continuum limit makes sense or even why I want one is not clear here. Later in the text it becomes clear that one
can make analytical statement which are not possible in the FK model. If I had a cue about that aspect, it would have
been a much smoother read.

Reply: We agree that the transition from the Frenkel-Kontorova model to the sine-Gordon model is a bit abrupt.
Revision: We change the wording when introducing the sine-Gordon model:

“To get a better analytical understanding of the system, we now probe the continuum limit, where the lattice spacing is
much smaller than the periodicity of the potential [50], the Peierls-Nabarro barrier decreases and eventually disappears
(see Extended Data Fig. 1).”

18. The mentioning of the ”Goldstone mode of the soliton” is lingo of that community. One cannot understand.



Reply: To avoid confusion, we added another name of this mode, how it appears in literature, and corresponding
references. This mode refers to the eigenmode of the discrete spectrum of the linearized field on top of the soliton.
(see the reference we added to the manuscript [Kivshar et al. PRL 1998]). In addition, we detected a typo in the
functional form of this mode and change it from sech(z)? to sech(x).

Revision: We rephrase the sentence as

“Therefore, solitons locally induce their own driving force, of the form O0,¢ ~ sechx, which precisely matches the
discrete eigenmode of the spectrum of linear perturbations to the soliton profile [54].”

19. Allin all I find the theoretical analysis of the observed phenomena excellent. The FK model is established as a
reasonable model by matching the experiment. The SG model allows to make more predictions which are then tested.
(both models suitably extended to the non-reciprocal setting).

Reply: We thank you again for the positive comments and useful suggestions.



Referee 2 (Remarks to the Author):

Dear Reviewer, we would like to thank you for your thoughtful comments and encouraging feedback and for having
challenged us to better articulate the mechanism by which non-reciprocity drives solitons. Inspired by your remarks,
we have also added a numerical study of an entirely new system, the Kane-Lubensky chain, which hopefully will
further convince you of the significance of non-reciprocal solitons. We believe your comments have lead to a much
improved manuscript.

1. By employing programmable mechanical units, the authors have successfully introduced mon-reciprocity into the
established Frenkel-Kontorova model. This modification allows for the observation of directional propagation and
momentary acceleration of solitons/antisolitons. The experimental results exhibit a commendable alignment with the
theoretical predictions. However, I have some concerns, with the primary one about the role of non-reciprocity in this
contert.

Reply: We thank you for your detailed review and your encouraging feedback. Below we address all the points you
have raised.

2. Firstly, in the absence of non-reciprocity, topological solitons and antisolitons can exist and propagate robustly
in accordance with the sine-Gordon equation (details can be also found in supplementary information). That means
solitons or antisolitons can be induced with arbitrary subluminal velocities in any direction. Consequently, I don’t
think that it is necessary to break Hermiticity for realizing the propagation of solitons/antisolitons along the same
direction.

Reply: In a system without dissipation, solitons and antisolitons can indeed copropagate if provided with some initial
momentum. However, inducing the correct initial conditions is not a trivial matter, as one would have to control the
precise position and velocity profile at every point of space. Moreover, in a dissipative setting, even a perfectly set-up
profile would require extra driving to maintain its velocity. We demonstrate that regardless of the details of the initial
profiles both solitons and antisolitons very quickly flow to the fixed velocity given by the ratio between non-reciprocity
and viscous damping (see Egs. (3)). Contrary to the purely dissipative setting, where (anti)solitons invariably slow
down to zero velocity, non-reciprocity allows us to control the steady state velocity of the (anti)soliton.

Revision: In make perfectly clear that we are concerned with dissipative solitons, we add the following footnote (ref
[49]) when discussing Fig 2:

“In addition, this data demonstates that non-reciprocal solitons and antisolitons can maintain their velocity over long
distances. This property would be hard to achieve in the absence of non-reciprocal driving. Solitons and antisolitons
could be sent in the same direction with carefully suited initial conditions, but they would irremediably slow down
because of unavoidable dissipative effects.”

3. Secondly, it’s important to note that solitons and antisolitons are not brought about by the introduction of non-
reciprocity. In other words, the incorporation of non-reciprocity does not yield a new phase of matter, since the
sine-Gordon equation is exclusively responsible for generating solitons and antisolitons. The primary role of non-
reciprocity in the current work is to enable unidirectional propagation of solitons and antisolitons. This, however, is
not surprising, as non-reciprocity is a natural result from non-reciprocal interactions.

Reply: We agree. Solitons come to be because of the bistable potential and not because of non-reciprocity. Yet,
our findings reveal a subtle interplay between the two. On the one hand, topological (anti)solitons induce a local
gradient of strain that is robust—if a soliton is present, it can only disappear by running to the boundary or into
an antisoliton. On the other hand, the key feature of non-reciprocal driving is that it injects momentum into the
mechanical degrees of freedom proportionally to the gradient of strain. Therefore, (anti) solitons provoke their local
non-reciprocal driving, which in turn accelerate them. This local driving is genuinely different from the constant
global driving that has been used so far.

Revision: Thank you for this remark, which has pushed us to spell out more explicitely the mechanism at stake. We
address it as follows in the revised abstract:

“Our observations and models demonstrate a subtle interplay between non-reciprocity and topological solitons, whereby
solitons create their own driving force by locally straining the material.”

in the revised introduction:

“Here, we discover a subtle interplay between non-reciprocity and topological solitons that enables robust transmission
of unidirectional signals. Topological solitons impose a local strain gradient. Coincidentally, non-reciprocity injects
momentum proportionally to strain gradients. Therefore, non-reciprocal topological solitons induce their own driving
force and push themselves in a direction that is independent of their topological charge.”

and modified a paragraph when discussing Fig 3a (previously Fig. 4a):



“Under constant driving, solitons and antisolitons move in opposite directions. For example, a positive constant
driving pushes both solitons and antisolitons up, which drives the soliton backwards and the antisoliton forwards (Fig.
3a). In contrast, the non-reciprocal driving mechanism is the consequence of a subtle interplay between topological
solitons and non-reciprocity. On the one hand, topological (anti)solitons induce a local gradient of strain that is robust
and whose sign is controlled by the topological charge of the soliton. On the other hand, non-reciprocal driving injects
momentum proportionally to the gradient of strain. Therefore, solitons locally induce their own driving force, of the
form O,¢ ~ sechx, which precisely matches the discrete eigenmode of the spectrum of linear perturbations to the
soliton profile [54]. Hence when n > 0, this driving leads to an effective force that pushes the soliton (antisoliton)
down (up). In turn, these two opposite forcings drive both solitons and antisolitons forward even though they have
opposite topological charges.”

4. From my perspective, the significance of non-reciprocity lies not in its non-reciprocal interactions, but rather in its
capability to induce a new topological phase of matter, such as the point-gap topology as in the non-Hermitian skin
effect. Nevertheless, the solitons and antisolitons discussed in the current work do not arise from a topological phase
transition induced by non-reciprocity.

Reply: We agree that our metamaterial does not have the point-gap topology found in certain non-Hermitian systems.
Yet, we were triggered by your comment and probed numerically whether such non-Hermitian topology, an aspect at
the linear level, extends in to the nonlinear regime and has any bearing on nonlinear excitations such as (anti)solitons.
To answer this question, we turned to the non-reciprocal Kane-Lubensky chain (studied in ref. [6]) which features
a gap closing when the nonreciprocal coupling strength exceeds a critical value e¢.. We simulated the fully nonlinear
overdamped dynamics of the chain in the presence of an (anti)soliton. Whereas we did observe that a quasistatic
perturbation of the soliton was sensitive to the non-Hermitian phase transition (See Fig.|[R2h), we found no signature
of such non-Hermitian phase transition in the nonlinear dynamics of the (anti-)solitons (See Fig. [R2b). We suspect
the reason is the extreme sensitivity of non-Hermitian phase transitions to perturbations, which in this case are caused
by nonlinear deformations. Nonetheless, this additional example of non-reciprocal solitons in interesting as it also
display the same mechanism whereby solitons induce their own driving. The Kane-Lubensky chain bring additional
interesting subtleties: solitons stay still while antisolitons move when driven enough to overcome the Peierls-Nabarro
barrier. This asymmetry is due to the fact that solitons stretch no springs while antisolitons do. Thank you for having
inspired this additional study.

Revision: We have added a whole new section and new Figure on the non-reciprocal Kane-Lubensky chain and refer
to it as follows in the abstract:

“Finally, we illustrate this mechanism in another class of metamaterials that displays the breaking of “supersymme-
try” [23,24] causing only antisolitons to be driven.”

in the Introduction:

“Finally, we extend our findings to another type of metamaterial—the Kane-Lubensky chain [6,23,24]—in which only
antisolitons drive themselves.”

5. Moreover, topological solitons and antisolitons can be described as transition waves within a bistable system.
The impact of non-reciprocity on the transition wave of a bistable mechanical system is experimentally investigated
in Ref.[43]. Ref.[43] not only discussed the prospect of stiffness grading, as mentioned by the authors, but also
demonstrated that the introduction of non-reciprocity can enable unidirectional propagation of transition waves within
a bistable system, as illustrated in Fig.4 of Ref.[43].

Reply: We respectfully disagree. Fig. 4 of [43] shows an asymmetric potential, which is strictly analogous to exerting
a constant potential we discuss in the introduction and that we implement in the second part of our manuscript (see
e.g. Fig. 3d).

Revision: In order to avoid any potential confusion, we add ref [43] (now ref [44] in the revision) to the list of
references when we discuss the case of a constant driving:

“In particular, topological solitons in dissipative settings have been shown to be protected against damping and to
robustly guide energy and information [9-14,44]"

and

“However, unlike toppling dominoes and 2-level systems with transition waves [10, 13, 14, 44, 48], ...”

6. Apart from the above main concern, I also have the following comments: 1. The authors mentioned the non-
Hermitian skin effect. In general, in the linear regime, the non-Hermitian skin effect arises due to alterations in
boundary conditions. Does that mean the boundary conditions employed in the current system will affect the unidirec-
tional propagation of solitons?

Reply: Good point. We agree that in the linear regime non-reciprocity leads to the non-Hermitian skin effect where
the spectrum is sensitive to boundary conditions. Our findings show that non-reciprocity combined with non-linearity
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FIG. R2. Non-reciprocal solitons in the Kane-Lubensky chain(a) Soliton profile under a local perturbation (at node
5) for different levels of non-reciprocity. While the soliton does not appreciably move for non-reciprocal levels below the non-
Hermitian topological phase transition n < 1. = 0.29, it fully travels to the right once we exceed this transition n > n. = 0.29.
Therefore local perturbations of the soliton are sensitive to non-Hermitian topological phase transitions. (b) Steady state
velocity of the soliton and antisoliton as a function of non-reciprocity n. We observe that the soliton does not move where the
antisoliton’s velocity is proportional to 1 with a Peierls-Nabarro barrier. The reason why the soliton does not move is that it
does not stretch any of the springs, hence the effect of non-reciprocal driving is null. By constrast, the antisoliton stretches
springs and is therefore inducing non-reciprocal forcing. There is a Peierls-Nabarro barrier because moving the antisoliton from
one unit cell to the next does change the elastic energy. Interestingly, we see no effect of the Non-Hermitian topological phase
transition expected at n. = 0.29.

effectively transfers skin waves from the boundary to the bulk. Physically, this can be understood as a result of
topological protection guaranteed by the non-linearities. Indeed, because of the sin ¢ interaction term, the field values
shifted by the integers multiples of 27 are identified, ¢ ~ ¢ + 27k, k € Z. Therefore, the topological charge, defined
for a sufficiently large system, Q = [p(z = +00) — p(xr = —00)]/(27) can take only integer values that do not change
during the evolution. This means in particular, that we cannot have an exponentially growing profile at the boundaries
of the sample as in the linear case where the topological protection is absent. Because of this, we should not expect the
boundary conditions to make a difference. We confirm this by simulating Eq. (1) with periodic boundary conditions
(see Fig. . These simulations show that the solitons and antisolitons simply traverse the system size several times.
Revision: We add the following sentence to clarify the issue:

“Notably, these topological solitons affect the physics of the non-Hermitian skin waves. They impose a gradient of
strain, which in turn maintains a local non-reciprocal drive, no matter what the ratio between non-reciprocity and loss
n/T is. This localized non-reciprocal driving confines non-Hermitian skin waves to the near vicinity of the soliton
and hence nullifies the strong-sensitivity of the non-Hermitian skin effect to boundary conditions (See Extended data
Fig. 5).”

We also add Fig. [R3] as an Extended Data Figure.

7. In the current study, the authors claim that nonlinearities can be leveraged to stabilize non-Hermitian skin waves.
However, it appears that, according to Fig.3(b, d) and Eq. (3), the primary factor in stabilizing non-Hermitian skin
waves is the presence of viscous dissipation rather than nonlinearities. This is evident as, in the absence of dissipation
(i.e., when Gamma = 0), the system maintains nonlinearities originating from the bistable potential, but the topological
solitons become either unstable or static. Therefore, it is essential to clarify the role of nonlinearities in this context.

Reply: Thank you for this on-point comment. We agree that the original statement in the manuscript was not precise
enough. As you argue, in the linear setting, the amplitude of non-Hermitian skin waves either attenuates if the the
ratio between non-reciprocity and loss |n|/T" < 1 is too small or diverges if |n|/T" > 1. In the presence of the bistable
nonlinearity, the topological soliton ought to be there and to keep the same magnitude, no matter what is the ratio
non-reciprocity and loss |n|/T". In this scenario, |n|/T" controls how fast the soliton moves and in the case |n|/T" > 1
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FIG. R3. Insensitivity of non-reciprocal solitons to boundary conditions. Although at a linear level, the non-Hermitian
skin effect causes the energy spectrum to change radically upon changing boundary conditions, nonreciprocal solitons are
insensitive to the boundary as their topological charge protects them from amplifying exponentially in space. (a) Simulation
of a single Frenkel-Kontorova soliton driven by non-reciprocity (n = 1.1, I' = 1.3, D = 1.2 ) under antiperiodic boundary
conditions. (b) Simulation of a Frenkel-Kontorova soliton-antisoliton pair driven by non-reciprocity (n =1.1, ' =1.3, D = 1.2
) under periodic boundary conditions. Neither periodic, antiperiodic or the open boundary conditions used in the main text
affect the stability and velocity of the (anti)soliton.

whether additional radiations emerge on top of the soliton.

Revision: As explained in point 3 above, we rephrase the introduction to clarify the role of nonlinearities.

We also discuss the interplay between dissipation, non-reciprocity and nonlinearity when discussing the new Fig 2,
see revision to point 6 just above.

8. Topological solitons are characterized by their distinct topological charges, which are typically evident through the
opposing propagation of solitons and antisolitons when subjected to a constant driving force, as exemplified in Fig.
4a. However, with non-reciprocity, both solitons and antisolitons behave similarly (e.g., propagating along the same
direction). What is the role of topological charge in this case?

Reply: This is an interesting point. Indeed, the solitons and antisolitons feel the applied force oppositely. However,
the force induced by the non-reciprocity is proportional to the field gradient 0,¢, which is the opposite for solitons
and antisolitons, and therefore, effectively, the non-reciprocal force for the solitons and antisolitons is the same. This
way, in the non-reciprocal system the topological charge is no longer responsible for the velocities of the topological
excitations (but still defines their shape). When the constant external driving is applied then the distinction between
the profiles with opposite topological charges is seen in the different velocities (See vy in eq. (5))). Thank you for
pushing us to better explain this point.

Revision: As explained in our revision to Point 3, we modified the introduction and a paragraph when discussing
Fig 3a (previously Fig. 4a) to better highlight the role of the topological charge.

9. In addition to single solitons, it is worth noting that the sine-Gordon equation can also give rise to phenomena
inwvolving 2-solitons or 3-solitons, such as breathers. It would be beneficial to discuss their nonreciprocal behaviours as
well.

Reply: For significantly separated solitons we expect that the behavior would be qualitatively the same as for a
single (anti)soliton as their profiles vary exponentially on the characteristic length. This is clearly seen for instance
for soliton and antisoliton propagation up until the moment when they collide (see Fig. 3f, previously 4f). To back this
up, we simulate the Frenkel-Kontorova system with higher number (anti)solitons (Fig. . We find that the steady
state velocity as given by Eq. 3 still holds, and as a result the separation between the various initial (anti)solitons
remains the same, meaning that no collisions or annihilations occur.

The question of breather is very interesting. For breathers, the behavior is quite different as they are bound states
of solitons and antisolitons without the spatial separation. We have some preliminary results, which we choose to
discuss in a separate publication. See the new Extended data Fig. 7d (or equivalently Fig. |R5d) where a non-
reciprocal breather emerges from the collision between a soliton and an antisoliton. We find that breathers are also
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unidirectionally driven but in constrast with topological solitons are mapped onto an unstable fixed point. This means
that unlike topological solitons, breathers are never genuinely stable.
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FIG. R4. Solitons with higher topological charge (a) Simulation of a staircase of Frenkel-Kontorova solitons under the
influence of non-reciprocity (n = 1.1, I' = 1.3, D = 1.2 ). As in the single soliton case, (anti)solitons with higher topological
charge travel undisturbed at the same steady state velocity.

Revision: We add (See Fig[R4h) to the extended data figure and mention the breathers in the conclusion.
“It is an open question how the incommensurate phase of the Frenkel-Kontorova model and more generally geometric
frustration [57] and non-topological solitons such as breathers are affected by non-reciprocal driving. ”

10. 5. In Figs.(4,5), the authors illustrate the soliton-antisoliton annihilation in their system. However, as I
mentioned in my main concern, it is possible that this phenomenon does not arise solely from non-reciprocity. This is
because the addition of perturbation terms to the sine-Gordon equation can also enable soliton-antisoliton annihilation.
Solitons and antisolitons avoid annihilation only in the pure sine-Gordon equation. For example, the introduction of
viscous dissipation can facilitate soliton-antisoliton annihilation (More details can be found in [Phys. Rev. B 85,
134525(2012)]). Hence, the role of non-reciprocity in the context of soliton-antisoliton annihilation remains unclear.
A comprehensive analysis is needed regarding the necessity of non-reciprocity in this regard.

Reply: Again, very interesting point. We are aware of the literature on the role of dissipation. In the previous
manuscript, we in fact already mentionned that dissipation was already described as a mechanism leading to annihi-
lation of solitons/anti-solitons pairs and cited references [52,53]. Thank you for the additional reference. Yet, your
comment made us realize we did not know whether it was non-reciprocity or damping that was responsible for the
annihilation. Therefore, we ran additional simulations (See Fig. that show that it is damping that is responsible
for annihilation.

Revision: We revise the sentence discussing the role of damping and non-reciprocity in the annihilation as follows:
“In the presence of damping, such collisions have been shown to annihilate [53,55,56], unlike their integrable coun-
terparts [3]. Likewise, in our case, collisions result in annihilation of both excitations as a result of damping (see
Extended Data Fig. 7)”
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FIG. R5. Effect of non-reciprocal driving and damping on the collision of sine-Gordon solitons (a) In the absence
of both driving and damping, solitons and antisolitons pass through each other without interacting. (b) For nonzero damping,
soliton and antisoliton annihilate and the resulting-non topological solution dissipates away. (c) With only non-reciprocity
turned on, both excitations still pass through each other unhindered but are also rendered unstable. (d) Dissipation and
non-reciprocity can balance, giving rise to non-reciprocal breather solutions.
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Referee 3 (Remarks to the Author):

Dear Reviewer, thank you for you extremely supportive comments and for your detailled feedback, which allowed us
to broaden the scope of our work and to better explain multiple details.

1. The paper by Jonas Veenstra et al. is an experimental work on the realization of non-reciprocal topological solitons
in mechanical metamaterials. Based on the coupled oscillator platform previously developed to realize the non-reciprocal
models, the authors have further attached magnets to the oscillator arms, acting as nonlinear potentials. The system is
well described by the Frenkel-Kontorova model, and the interplay among the non-reciprocity, dissipation, and nonlinear
potential gives rise to three distinct phases. A continuum sin-Gordon equation is then derived to model the phase
diagram successfully, and the experimental results nicely confirm the phase diagram. Finally, by shifting the magnets
to effectively induce a constant driven force, the soliton and antisoliton can propagate in the same direction, which
can potentially utilized to achieve a unidirectional nonlinear filter. The manuscript is well-written, and the results
are inspiring. Therefore, I would recommend its publication in Nature unless the authors can address the following
concerns:

Reply: We thank you for your positive and constructive feedback and hope that ’if’ is meant instead of ’unless’.
Below we address all your comments point-by-point.

2. Throughout this work, the authors use the OBC setup to investigate the skin waves and solitons. Can the authors
also show all the results by applying PBCs (connecting site-1 and site-50)? The NHSEs are highly sensitive to boundary
conditions, say PBC or OBC. If the topological soliton is tamed from the skin waves, as mentioned in the main text,
does the soliton also depend on the boundary condition applied? The discussion and explanation in the main text
somewhat give me the feeling that the boundary conditions are not critical here. So please clarify this point.

Reply: The dramatic transition between OBC and PBC in the NHSE can be explained by observing that OBCs
cause the exponentially amplifying waves to reflect back and attenuate at the same rate. As a result, there is no net
amplification of modes and the spectrum becomes real valued. For PBCs, waves do not reflect and instead amplify
indefinitely resulting in nonzero imaginary components of the spectrum. Our findings show that non-reciprocity
combined with non-linearity effectively transfers skin waves from the boundary to the bulk. Physically, this can
be understood as a result of topological protection guaranteed by the non-linearities. Indeed, because of the sin
interaction term, the field values shifted by the integers multiples of 27 are identified, ¢ ~ ¢+ 27k, k € Z. Therefore,
the topological charge, defined for a sufficiently large system, Q = [p(z = +00) — p(xz = —00)]/(27) can take only
integer values that do not change during the evolution. This means in particular, that we cannot have an exponentially
growing profile at the boundaries of the sample as in the linear case where the topological protection is absent. Because
of this, we should not expect the boundary conditions to make a difference. We confirm this by simulating Eq. (1)
with periodic boundary conditions (see Fig. [R6]). These simulations show that the solitons and antisolitons simply
traverse the system size several times.

Revision: We add the following sentence to clarify the issue:

“Notably, these topological solitons affect the physics of the non-Hermitian skin waves. They impose a gradient of
strain, which in turn maintains a local non-reciprocal drive, no matter what the ratio between non-reciprocity and loss
n/T is. This localized non-reciprocal driving confines non-Hermitian skin waves to the near vicinity of the soliton
and hence nullifies the strong-sensitivity of the non-Hermitian skin effect to boundary conditions (See Extended data
Fig. 5).7

We also add Fig. [R6|as an Extended Data Figure. We agree that the case of PBC is not sufficiently discussed and add
additional (numerical) data to the manuscript. An important aspect to notice is that only pairs of (anti)solitons can
exist in a chain with PBCs. To nonetheless study the single soliton case, we therefore consider antiperiodic boundary
conditions common to non-orientable geometries such as the Mdobius strip, which is discussed in more depth in ref.
[59].

3. From Eq. (1) to Eq. (2), the sin ¢ term is still there, but the parameter D does not appear. Has it been normalized
or set to zero? This relates to Extended Data Fig. 1. If n— goes to zero, does the parameter D also approach zero? If
yes, the nonlinear term goes away then. So, can the authors further explain and discuss this?

Reply: We thank you for pointing out a missing step in the derivation of the continuum limit. This made us realize we
overlooked a step in the earlier version of the manuscript. The nonreciprocity 1 and viscous damping I' should in fact
rescaled when deriving the non-dimensional form of the perturbed sine-Gordon equation from the Frenkel-Kontorova
model.

Revision: We change the parametrization of the Frenkel-Kontorova model as follows: 7 and I" are divided by a factor
D2 as can be seen in the revised eq.(6). In this way, when the continuum limit is taken and space and time are
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FIG. R6. Insensitivity of non-reciprocal solitons to boundary conditions. Although at a linear level, the non-Hermitian
skin effect causes the energy spectrum to change radically upon changing boundary conditions, nonreciprocal solitons are
insensitive to the boundary as their topological charge protects them from amplifying exponentially in space. (a) Simulation
of a single Frenkel-Kontorova soliton driven by non-reciprocity (n = 1.1, I' = 1.3, D = 1.2 ) under antiperiodic boundary
conditions. (b) Simulation of a Frenkel-Kontorova soliton-antisoliton pair driven by non-reciprocity (n =1.1, ' =1.3, D = 1.2
) under periodic boundary conditions. Neither periodic, antiperiodic or the open boundary conditions used in the main text
affect the stability and velocity of the (anti)soliton.

rescaled, the parameter D is absorbed into n and I'.

4. Comparing Figs. 2(a-b) and 2(c-d), there are two significant differences I think the authors shall discuss in more
detail: the dependence of n— on the values of D,T',n and the deviation of transition line (n = T') between the continuum
limit and the FK lattice model.

Reply: As mentioned in the previous reply, we overlooked a rescaling step which also caused the large discrepancy
between the discrete and continuum models. After correcting this, the deviation line is now more comparable to
the continuum but not exactly the same. After all, the continuum model is only a limit of the discrete model. To
confirm this, we simulate same phaseplot of the Frenkel-Kontorova model as the one of fig 2¢ (previously fig 2b) for
three different values of D as a function of the unscaled parameters nv/D and I'v'D (Fig. bc). This explicitly
demonstrates that the Peierls-Nabarro barrier becomes smaller and the transition line converges to n = I' as the
continuum limit is approached. We use the experimental initial condition where all oscillators are in one minimum
while the edge oscillator sits in the opposite minimum. However, this initial condition matches less and less the true
soliton solution as the continuum is approached. Therefore, we use a discretized version of the continuum soliton
(see ref [51]) as initial condition and observe how the Peierls-Nabarro barrier vanishes (Fig. [R7d). In response, to a
comment of reviewer 1, we also include data demonstrating how perturbations to the experimental initial conditions
affect the Peierls-Nabarro barrier (Fig. f). Finally, as can be seen from the figure below, the Peierls-Nabarro
barrier depends only very weakly on the T', but whether this is also true for for very discrete (large D) systems and
close to the triple point between the Peierls-Nabarro barrier, unstable and stable regions, is a question we leave for
future work.

Revision: We add the above figure as Extended Data Figure 1 and refer to it when we first discuss the Peierls
Nabarro barrier in the Main Text.

5. The results in Fig. J(f) are amazing, and can the present platform be used to generate higher-order/spatiotemporal
solitons or investigate the interaction of multiple solitons with distinct topological characters?

Reply: Thank you! Higher order (anti)solitons can not be generated in the setup as it is described in the manuscript.
However, by simply attaching more magnets to the substrate, more minima could be generated and the range of
normalized oscillator angles ¢; could be extended to allow for (anti)solitons with a topological charge larger than one.
The main findings would be unchanged so long as the solitons are sufficiently well spatially separated. You can find
below in Fig. 7?7, numerical results with higher-order solitons and antisolitons which driven by non-reciprocity.

Revision: We add Fig. 7?7 as an Extended Data Figure and refer to it from the Experimental Methods section.
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FIG. R7. Dependence of the Peierls-Nabarro barrier on the nondimensional amplitude D and initial conditions
in the Frenkel-Kontorova model (abc) The Peierls-Nabarro barrier, regime of instability and (anti)soliton velocities as the
continuum limit is approached as a function of the unnormalized non-reciprocity v/ D and damping I'v/D. As the discreteness
parameter D becomes smaller, the line separating stable from unstable solutions approaches I' = 7 as predicted for the
continuum. The initial condition used corresponds to the experimentally used soliton with single lattice spacing width. In
addition, the Peierls-Nabarro barrier gradually decreases and (d) eventually goes to zero, provided that the initial soliton shape
also becomes less discrete [51]. (e) When the activation amplitude ¢o of the experimental initial condition is changed, the
Peierls-Nabarro barrier also changes but for large enough amplitudes, it becomes constant. (f) When instead of an initial
activation angle, an edge oscillator is initialized with some radial velocity <150, the Peierls-Nabarro barrier remains constant.
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FIG. R8. Solitons with higher topological charge (a) Simulation of a staircase of Frenkel-Kontorova solitons under the
influence of non-reciprocity (n = 1.1, I' = 1.3, D = 1.2 ). As in the single soliton case, (anti)solitons with higher topological
charge travel undisturbed at the same steady state velocity.

6. Furthermore, I would suggest the authors add more discussions on the possibilities and potential applications of
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the experimental platform here to highlight the interplay between non-Hermiticity and non-linearity.

Reply: Thank you for the suggestion.

Revision: Inspired by your comment and that of the other reviewers, we have added a new figure with a different
metamaterial: the non-reciprocal Kane-Lubensky chain, a mechanical analog to the Su-Schrieffer-Heeger model which
describes the electronic structure of doped polymer chains and also hosts (anti)solitons. This additional example of
non-reciprocal solitons in interesting as it also display the same mechanism whereby solitons induce their own driving.
The Kane-Lubensky chain bring additional interesting subtleties: solitons stay still while antisolitons move when
non-reciprocity drive them enough to overcome the Peierls-Nabarro barrier. This asymmetry is due to the fact that
solitons stretch no springs while antisolitons do. Thank you for having inspired this additional study which broaden
the scope of our work.

We have improved the manuscript to better reflect the mechanism at play and the significance of our work, in the
abstract

“Finally, we illustrate this mechanism in another class of metamaterials that displays the breaking of “supersym-
metry” [23,24] causing only antisolitons to be driven. Our observations and models demonstrate a subtle interplay
between non-reciprocity and topological solitons, whereby solitons create their own driving force by locally straining
the material. Beyond the scope of our study, non-reciprocal solitons might provide an efficient driving mechanism for
robotic locomotion [25] and could emerge in other settings, e.g. quantum mechanics [26,27], optics [28-30] and soft
matter [31].”

And in the introduction “Here, we discover a subtle interplay between non-reciprocity and topological solitons that en-
ables robust transmission of unidirectional signals. Topological solitons impose a local strain gradient. Coincidentally,
non-reciprocity injects momentum proportionally to strain gradients. Therefore, non-reciprocal topological solitons
induce their own driving force and push themselves in a direction that is independent of their topological charge.”
and

“Finally, we extend our findings to another type of metamaterial—the Kane-Lubensky chain [6,23,24]—in which only
antisolitons drive themselves.”

7. Some minor suggestions and comments: Figure 1(e): it seems to me that the speed of the purple curve is slower
than the green one, which appears to contradict the claim that the velocity increases with non-reciprocal coupling
strength k® (purple: 2.2 ; green: 1.6). Please double check.

Reply: We thank you for this astute observation. This was a typo in the code which is corrected in the revision.

8. Equation (2): why do the authors use the term “gain-to-loss ratio”? The T is gain or loss, but the n is the
non-reciprocal hopping. So please clarify.

Reply: We thank you for allowing us to clarify this admittedly undefined term. By ’gain’, we refer to the exponential
amplification of modes on one side of the spectrum which is proportional to the non-reciprocal interaction strength
7. In turn, I' is a parameter we always take to be positive here and it denotes the dissipative loss of energy.
Revision: We change all mentions of 'gain-to-loss ratio’ into ’ratio between nonreciprocity and damping’.



Reviewer Reports on the First Revision:

Referees' comments:

Referee #1 (Remarks to the Author):

The authors addressed all my points in a satisfactory way. In particular | appreciate the mentioning
of the error bars in the figure caption.

| have no further comments and recommend publication.

Referee #2 (Remarks to the Author):

The authors have convincingly addressed my concerns. | think the current manuscript indeed meets
the standard of Nature. | am glad to support its publication.

Referee #3 (Remarks to the Author):

The authors have fully addressed my concerns, so | recommend its publication in the current form.
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