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Abstract. We investigate the origin of next-to-leading power (NLP) corrections to the event shapes’ thrust and c-
parameter, at next-to-leading order. For both event shapes, we trace the origin of such terms in the exact calculation,
and compare with a recent approach involving the eikonal approximation and momentum shifts that follow from
the Low–Burnett–Kroll–Del Duca (LBKD) theorem. We assess the differences both analytically and numerically.
For the c-parameter both exact and approximate results are expressed in terms of elliptic integrals, but near the
elastic limit it exhibits patterns similar to the thrust results.

Keywords. Perturbative quantum chromodynamics; next-to-leading order calculation; next-to-leading power;
leading logarithms.
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1. Introduction

Providing precise estimates for the cross-sections in per-
turbative quantum chromodynamics (QCD) is needed to
match the ever-increasing precision of collider-physics
measurements. Two complementary directions are pur-
sued in this endeavour. In one, exact higher-order
calculations in the coupling αs are performed, and meth-
ods thereto developed. In the other, all-order results are
derived in certain kinematic limits, where associated
classes of logarithmic terms are enhanced; the latter can
often be resummed to all orders, using a varied and ever-
expanding set of methods. A highly relevant region in
this regard is the near-elastic region (which we loosely
refer to here as the threshold region), where the phase
space for the emitted particles is limited. In such a situ-
ation, the cancellation of infrared singularities, guaran-
teed by the KLN theorem [1,2] leaves large logarithmic
remainders at any order in perturbation theory. Our anal-
ysis in this paper is relevant for the second direction.

To be more specific, if ξ is a dimensionless kinematic
variable, such that ξ → 0 towards the elastic region, the

corresponding differential cross-section has the generic
form

dσ

dξ
=

∞∑

n=0

(αs

π

)n
[

2n−1∑

m=0

cLP
nm

(
logm ξ

ξ

)

+

+c(δ)
n δ(ξ) +

2n−1∑

m=0

cNLP
nm logm ξ + · · ·

]
. (1)

The first term on the right in the above equation is
well-known to originate from soft and/or collinear radi-
ation and, together with the second term, makes up the
leading power (LP) terms. Much is known about LP
terms to arbitrary order, and there have been numer-
ous approaches towards their resummation [3–18] and
power correction studies [19,20]. Reviews on some of
these different approaches can be found in [21–25].

The last term on the right represents next-to-leading
power (NLP) terms. These originate from (next-to-) soft
gluon, soft quark/antiquark, and collinear gluon emis-
sions. Although suppressed by a power of ξ , they can
be relevant, since they grow logarithmically towards the
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threshold. In contrast to the LP terms, the precise organ-
isation of these NLP terms to all orders and arbitrary
logarithmic accuracy are not yet clear. In this paper, we
focus on such NLP terms for two event shapes in e+e−
collisions, thrust and the C-parameter. These observ-
ables are interesting in this regard because in contrast
to most earlier studies in direct QCD, all QCD effects
reside in the final state, and because their definition
involves special phase-space constraints that were not
considered so far [26–29]. For these observables, our
aim is to trace the origin of the NLP terms near the elas-
tic limit, to examine to what extent there is a common
pattern of NLP terms, and assess their size.

Patterns among NLP terms have been studied for var-
ious processes [30–42]. For a number of observables,
their numerical contribution can be significant [43–48].
The all-order resummation of NLP terms has been pur-
sued using different approaches, such as diagrammatic
and path integral approaches given in [49,50], while a
physical kernel approach is pursued in [51–53]. From
direct QCD formalism, the development of factorisa-
tion theorems for NLP terms extending from LP terms
are studied in [30,31,54–58] (for NLP factorisation,
see [59]). The study of NLP effects in the framework
of SCET has many aspects, and the active studies are
done in the operators contributing at NLP level [60–67],
the development of factorisation [33,34,42,68] and the
explicit studies of physical observables [32,36,39,69–
77].

Event shapes, which probe final-state dynamics thro-
ugh geometrical constraints, have long been used to
develop QCD ideas [78–81], e.g. the development of
resummation and fixed-order computations [78,82–87].
They have also played a vital role in extracting the strong
coupling constant [88–91] and studying power correc-
tions [92–94]. Here we examine to what extent NLP
terms for two event shapes can be predicted using the
kinematical shift method [35,46,47,95–98], as well as
the soft quark emission approximation [46,97].

Our paper is organised as follows. We compute the
thrust distribution in shifted approximation in §3 to
assess the relevance of NLP terms. We perform a similar
assessment in §4, which is considerably more compli-
cated. We conclude in §5, while appendices contain
certain technical aspects of elliptic functions and a sum-
mary table of our results.

2. Next-to-leading power terms and kinematical
shifts

It was recently shown [95] that NLP terms, at next-
to-leading order (NLO) and to the extent that they are
due to soft gluon radiation, may be derived efficiently

using a combination of the eikonal approximation and
kinematical shifts, in the first instance for colour sin-
glet final states. The method holds for matrix elements
and thus for differential distributions and was sub-
sequently extended to final-state radiation in [46]. It
rests in essence on the Low–Burnett–Kroll–Del Duca
(LBKD) theorem [99–101], which enables the expres-
sion of the one-gluon emission amplitude in terms of the
elastic amplitude (even if the latter contains loops, such
as in the case of Higgs or multi-Higgs production). The
NLO matrix element up to NLP accuracy can be written
as a combination of scalar, spin and orbital terms:

MNLP = Mscal + Mspin + Morb. (2)

The scalar term is essentially a multiplicative term
containing the LP eikonal approximation. The spin-
dependent term is of NLP accuracy, as the eikonal
approximation cannot resolve emitter spin. The orbital
term, also of NLP accuracy, involves derivative oper-
ators. These can be represented as a first-order Taylor
expansion of kinematically shifted momenta. Combin-
ing these terms for the production of colour singlet
particles yields the expression
∑

|M|2 = g2
s Nc(N

2
c − 1)

2p1 · p2

(p1 · p3)(p2 · p3)

× |M0(p1 − δp1, p2 − δp2)|2, (3)

where |M0(p1, p2)|2 is the matrix element squared at
the leading order (LO),

∑
denotes the sum (average)

over the final (initial) state spins and colours, p3 is the
momentum of the emitted radiation and p1, p2 are the
momenta of the particles already present at the born
level. The shifts in the momenta are given by

δpμ
1 = −1

2

(
p2 · p3

p1 · p2
pμ

1 − p1 · p3

p1 · p2
pμ

2 + pμ
3

)
,

δpμ
2 = −1

2

(
p1 · p3

p1 · p2
pμ

2 − p2 · p3

p1 · p2
pμ

1 + pμ
3

)
.

(4)

Expressions (3) and (4) yield the dominant NLP con-
tributions to the NLO matrix element. We now turn
to examine the implications of this for the two event
shapes.

3. Thrust

Thrust [102] in e+e− collisions is defined as

T = max
n̂

∑
i |pi · n̂|∑

i Ei
, (5)

where pi and Ei are the three-momentum and energy
of the i th particle present in the final state. The unit
vector n̂ that maximises the sum in the numerator is
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Figure 1. Feynman diagrams for the real emission of a gluon from the final-state quark or antiquark.

the ‘thrust axis’. The range of thrust is [1/2, 1] where
T = 1/2 for a spherically symmetric event and T = 1
for a pencil-like (dijet) event. It is an infrared-safe event-
shape variable, i.e., it is insensitive to soft emissions or
collinear splittings. The LO reaction at the parton level
is

e+(pb) + e−(pa) → γ ∗(q) → q(p1) + q(p2), (6)

where we consider all particles to be massless. For this
case, T = 1. At NLO the real emission process is

e+(pb) + e−(pa) → γ ∗(q)

→ q(p1) + q(p2) + g(p3). (7)

The diagrams for this process are shown in figure 1.
For a three-body final state, T takes values in the range
[2/3, 1]. The limit T = 1 is approached when either (i)
the emitted gluon is soft (p3 → 0), (ii) the quark or the
antiquark is soft (p1 → 0 or p2 → 0) or (iii) any two
final-state partons are collinear.

It is a standard practice to define the dimensionless
energy fractions for the final-state particles,

xi = 2Ei

Q
(i = 1, 2, 3), (8)

where Q is the total centre of mass energy, with x1 +
x2 + x3 = 2. One can readily derive the relations

(p2 + p3)
2 = 2p2 · p3 = Q2(1 − x1),

(p1 + p3)
2 = 2p1 · p3 = Q2(1 − x2), (9)

(p1 + p2)
2 = 2p1 · p2 = Q2(1 − x3),

using momentum conservation. For a final state with
three massless particles, eq. (5) takes the simple form

T = max
(
x1, x2, x3

)
. (10)

3.1 Thrust distribution at the NLO

The thrust distribution at the NLO is given by

dσ

dT
= 1

2s

∫
d�3

∑
|M(x1, x2)|2

×δ
(
T−max(x1, x2, x3)

)
, (11)

where s is the centre of mass energy squared. The matrix
element squared for the process in eq. (7) is

∑
|M(x1, x2)|2

= 8(e2eq)
2g2

s CF Nc
1

3Q2

x2
1 + x2

2

(1 − x1)(1 − x2)
, (12)

where α = (e2/4π), eq is the charge of quarks in the unit
of fundamental electric charge e, αs = g2

s /4π , CF =
(N 2

c − 1)/2Nc and Nc is the number of quark colours.
The three-particle phase-space measure, expressed in
terms of xi reads as

d�3 = Q2

16(2π)3 dx1dx2dx3δ
(
x1 + x2 + x3 − 2

)
. (13)

The phase space in eq. (13) is depicted in figure 2,
with every point in the plane fulfilling the constraint
x1 + x2 + x3 = 2. The region surrounding point A (C)
corresponds to the soft antiquark (quark) region and the
region around B to the soft gluon region. On line BA,
where x1 = 1, the antiquark and gluon move collinearly
in opposite directions, while on line BC , where x2 = 1,
the quark and the gluon are collinear. On line AC , where
x3 = 1, the quark and the antiquark are collinear, with
the gluon moving in the opposite direction. Along these
three lines, T = 1.

To obtain the thrust distribution, one integrates over
the x1, x2 variables in eq. (11) with the appropriate lim-
its:

1

σ0(s)

dσ

dT
= 2αs

3π

∫ 1

0
dx1

∫ 1−x1

0

× dx2
x2

1 + x2
2

(1 − x1)(1 − x2)
δ

× (
T − max(x1, x2, x3)

)
, (14)
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Figure 2. The Dalitz plot for the production of three massless
particles. The phase space can be divided into three different
regions depending upon which energy fraction is the largest.
In region ABG, x1 is the largest of the three xi , while in
region BGC, (AGC) x2 (x3) is the largest. In this figure, we
set BA = BC = 1. Along the lines AB, BC and AC one has
T = 1.

where x3 = 2−x1−x2 andσ0(s) is the LO cross-section,
given by

σ0(s) = 4πα2e2
q Nc

3s
. (15)

For our purposes, we label the contributions from three
distinct contributions in the phase-space integration in
eq. (14), defined by either x1, x2 and x3 being the largest,
as follows:

(I) Quark has the largest energy (x1 > x2, x3);
(II) Antiquark has the largest energy (x2 > x1, x3);

(III) Gluon has the largest energy (x3 > x1, x2).

The contribution from region I is then

1

σ0(s)

dσ

dT

∣∣∣∣
I

= 2αs

3π

∫ 1

0
dx2

×
∫ 1−x2

0
dx1

x2
1 + x2

2

(1 − x1)(1 − x2)
δ
(
T − x1

)
. (16)

With the appropriate limits of integration, we have

1

σ0(s)

dσ

dT

∣∣∣∣
I

= 2αs

3π

∫ T

2(1−T )

dx2
T 2 + x2

2

(1 − T )(1 − x2)
. (17)

Instead of T , we shall mostly use the variable τ = 1 −
T , which vanishes in the zero-radius dijet limit. The

integration in eq. (17) leads to

1

σ0(s)

dσ

dτ

∣∣∣∣
I

= 2αs

3π

[
3τ 2 + 8τ − 3

2τ

+
(

τ 2 − 2τ + 2

τ

)
log

(
1 − 2τ

τ

)]
. (18)

Expanding the above expression around τ = 0 gives

1

σ0(s)

dσ

dτ

∣∣∣∣
I

= 2αs

3π

(−3 − 4 log τ

2τ
+ 2 log τ

+ 3τ

2
− τ log τ + O(τ 2)

)
. (19)

The first term in the brackets forms the LP term (in
τ ), with both leading-logarithmic (LL) and next-to-
leading logarithmic (NLL) terms. The former derives
from soft-collinear gluon emission and the latter from
hard-collinear gluon emission. The next term constitutes
the NLP term, which is our main focus here. Subsequent
terms are of NNLP and beyond accuracy. The result
for the thrust distribution from region I is provided in
eq. (19). However, this expression does not show the
correspondence between the various kinematical con-
figurations and the contributions they produce at the LP
and NLP. To extract such information, we shall split the
integration result of eq. (17) into its upper and lower
limit contributions separately, as these limits reflect dif-
ferent regions of the phase space. The contributions from
the upper (I,u) and lower (I,l) limits of x2 from the region
I are, respectively, after expansion around τ = 0

1

σ0(s)

dσ

dτ

∣∣∣∣
I,u

= 2αs

3π

(−2 log τ

τ
+ 2 + 2 log τ

− τ

2
+ τ log τ + O (τ 2)

)
, (20)

1

σ0(s)

dσ

dτ

∣∣∣∣
I,l

= 2αs

3π

(
3

2τ
+ 2 − 2τ + O(τ 2)

)
. (21)

Note that here and henceforth the lower limit term is to
be subtracted from the upper limit result. In region I,
the upper limit of x2 for small τ corresponds to a back-
to-back quark and antiquark configuration allowing the
gluon to go soft while the lower limit corresponds to
the quark and gluon being back-to-back, allowing the
gluon to be hard. The LL terms at LP and NLP follow
only from the upper limit (x2 = 1 − τ ), whereas the
lower limit (x2 = 2τ ) yields NLL terms both at LP and
NLP. In fact, identical NLL contributions at NLP follow
from both limits; they therefore cancel in the final result
for region I.

The upper and lower limit contributions unveil the
relation between the particular kinematical configura-
tions and their respective contributions at LP and NLP.
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To better comprehend the origin of the LP and NLP
terms, we will from here on first provide our full results
and then their breakdown into upper and lower limit
contributions.

In region II, due to the symmetry under the inter-
change of x1 ↔ x2, the contribution from this region
is identical to eq. (19). Thus

1

σ0(s)

dσ

dτ

∣∣∣∣
II

= 1

σ0(s)

dσ

dτ

∣∣∣∣
I

. (22)

In region III, the thrust axis is aligned with the momen-
tum of the gluon. The contribution is

1

σ0(s)

dσ

dT

∣∣∣∣
III

= 2αs

3π

∫ 1

0
dx2

∫ 1−x2

0
dx1

× x2
1 + x2

2

(1 − x1)(1 − x2)
δ
(
T + x1 + x2 − 2

)

(23)

which gives

1

σ0(s)

dσ

dT

∣∣∣∣
III

= 2αs

3π

∫ T

2(1−T )

dx2
(2−x2−T )2+x2

2

(x2+T−1)(1−x2)
.

(24)

Expanding in τ gives

1

σ0(s)

dσ

dτ

∣∣∣∣
III

= 2αs

3π
(−2 − 2 log τ + (2 − 2 log τ)τ + O(τ 2)).

(25)

Thus, no LP contributions arise from region III, as
expected. The τ = 0 configurations in this region corre-
spond to either the quark or antiquark being soft, or the
pair of hard quark and hard antiquark moving collinearly
opposite to the gluon. The latter configuration does not
lead to a large contribution because the propagator is
then far off the mass shell. The contribution from the
upper and lower limits from this region respectively are,
for small τ ,

1

σ0(s)

dσ

dτ

∣∣∣∣
III,u

= 2αs

3π
(−2 − log τ + (1 − log τ)τ + O(τ 2)), (26)

1

σ0(s)

dσ

dτ

∣∣∣∣
III,l

= 2αs

3π
(log τ + (−1 + log τ)τ + O(τ 2)). (27)

The upper limit of x2 in region III (for small τ )
corresponds to the gluon and antiquark being in a back-
to-back configuration and forcing the quark to become

soft, while the lower limit (for small τ ) has the gluon
and quark in a back-to-back configuration and forcing
the antiquark to go soft. LL terms at NLP arise from
both limits due to these soft quark/antiquark emissions.

Combining contributions from all the three regions,
the thrust distribution at NLO yields the well-known
result

1

σ0(s)

dσ

dτ

∣∣∣∣
NLO

= 2αs

3π

[
2(3τ 2 − 3τ + 2)

τ (1 − τ)
log

(
1 − 2τ

τ

)

− 3(1 − 3τ)(1 + τ)

τ

]
(28)

with expansion

1

σ0(s)

dσ

dτ

∣∣∣∣
NLO

= 2αs

3π

(−3 − 4 log τ

τ
− 2 + 2 log τ

+ (5τ − 4 log τ)τ + O(τ 2)

)
. (29)

Note that in eq. (29) at NLP all three regions produce
LL terms, but a partial cancellation takes place when
combined.

3.2 Next-to-leading power corrections for the thrust
from the kinematical shifts

Next we use the method of kinematical shifts [46,95]
to compute dominant NLP terms for the thrust dis-
tribution due to soft gluon radiation. The expression
for the shifted matrix elements is given in eq. (3),
with the momenta shifts given by eq. (4). Note that
because the emitted gluon is emitted from final particles
the momenta shifts in eq. (3) are subtracted [46] from
the radiating particle momenta, rather than added as
for the initial state case. The squared, spin-summed and
averaged LO matrix element |M0|2 for the process in
eq. (6) is

∑
|M0(p1, p2)|2 = 4(e2eq)2Nc

3s
(2p1 · p2). (30)

Inserting shifted momenta according to eq. (4) leads to
∑

|M0(p1 − δp1, p2 − δp2)|2

= 8(e2eq)2Nc

3Q2 [(p1 · p2)+p3 · (p1+p2)+O(p2
3)].

(31)

The last term contains two powers of the momentum p3
and can thus be omitted. Combining eqs (3) and (31)
gives the expression for the shifted matrix element
squared as
∑

|Mshift|2 = 8(e2eq)
2NcCFg

2
s

1

3Q2
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×
(

2(p1 · p2)
2

(p1 · p3)(p2 · p3)
+ 2p1 · p2

p2 · p3
+ 2p1 · p2

p1 · p3

)
,

(32)

which, expressed in terms of energy fractions, reads as
∑

|Mshift(p1, p2)|2 = 8(e2eq)
2Ncg

2
s CF

1

3Q2

×
(

2x1 + 2x2 − 2

(1 − x1)(1 − x2)

)
. (33)

Note that when the emitted gluon becomes soft (i.e.
x1, x2 → 1), the above matrix element diverges,
whereas when the gluon is hard (x3 → 1), the numer-
ator (2x1 + 2x2 − 2) vanishes. The thrust distribution
under this approximation is given by

dσ

dT

∣∣∣∣
shift

= 1

2s

∫
d�3

×
∑

|Mshift(x1, x2)|2δ
(
T − max(x1, x2, x3)

)
.

(34)

We repeat the steps to compute the thrust distribution
from the exact computation for each of the three regions.
Region I gives

1

σ0(s)

dσ

dT

∣∣∣∣
I

= 2αs

3π

∫ 1

0
dx2

×
∫ 1−x2

0
dx1

2x1+2x2−2

(1−x1)(1−x2)
δ
(
T−x1

)
,

(35)

which leads to the expansion about τ = 0

1

σ0(s)

dσ

dτ

∣∣∣∣
I

= 2αs

3π

(−2 − 2 log τ

τ
+ 2

+ 2 log τ + O(τ 2)

)
. (36)

When we compare the above expression to eq. (19), we
see that the LLs at both the LP and NLP are correctly
captured, while the NLL terms at LP are only partially
reproduced. The contributions from the upper and lower
limits are

1

σ0(s)

dσ

dτ

∣∣∣∣
I,u

= 2αs

3π

[
−2(1 − τ)(1 + log τ)

τ

]
, (37)

1

σ0(s)

dσ

dτ

∣∣∣∣
I,l

= 2αs

3π

[
−4 − 2(1 − τ) log(1 − 2τ)

τ

]
,

(38)

which, expanded around τ = 0, gives

1

σ0(s)

dσ

dτ

∣∣∣∣
I,u

= 2αs

3π

(−2 − 2 log τ

τ
+ 2 + 2 log τ + O(τ 2)

)
, (39)

1

σ0(s)

dσ

dτ

∣∣∣∣
I,l

= 2αs

3π
(O(τ 2)). (40)

The upper limit contribution in region I contains the
LL and NLL terms at LP and NLP, while the lower limit
acts beyond NLP. The contribution from region II is
identical to I. The contribution from region III is

1

σ0(s)

dσ

dT

∣∣∣∣
III

= 2αs

3π

∫ 1

0
dx2

×
∫ 1−x2

0
dx1δ

(
T + x1 + x2 − 2

)

× 2x1 + 2x2 − 2

(1 − x1)(1 − x2)
, (41)

which gives

1

σ0(s)

dσ

dτ

∣∣∣∣
III

= 2αs

3π

[
4τ

1 − τ
log

(
1 − 2τ

τ

)]
. (42)

Upon expansion around τ = 0 this yields only terms
beyond NLP accuracy

1

σ0(s)

dσ

dτ

∣∣∣∣
III

= 2αs

3π
(−4τ log τ + O(τ 2)), (43)

1

σ0(s)

dσ

dτ

∣∣∣∣
III,u

= 2αs

3π
(−2τ log τ + O(τ 2)), (44)

1

σ0(s)

dσ

dτ

∣∣∣∣
III,l

= 2αs

3π
(2τ log τ + O(τ 2)). (45)

This is as expected, as the hard gluon/soft quark region
is not part of the shifted kinematics method.

Combining contributions from all the three regions,
the thrust distribution from the shifted kinematics for-
malism at NLO reads as

1

σ0(s)

dσ

dτ

∣∣∣∣
shift

= 2αs

3π

[
8τ 2 − 8τ + 4

τ(1 − τ)

× log

(
1 − 2τ

τ

)
− 3τ 2 − 4τ + 1

τ(1 − τ)

]

(46)

or

1

σ0(s)

dσ

dτ

∣∣∣∣
shift

= 2αs

3π

[−4 − 4 log τ

τ
+ 4 + 4 log τ

− (4 log τ)τ + O(τ 2)

]
. (47)

When compared to the exact computation in eq. (29),
we see that the LL terms at LP have been reproduced, in
addition to some NLL terms. At the NLP level, we have
captured some, but not all, of the LL terms, in addition to
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some NLL contributions. The missing LL terms at NLP
should arise from soft quark/antiquark contributions.

The exact squared matrix element in eq. (12) has the
following xi dependence:
∑

|M(x1, x2)|2 = 8(e2eq)
2NcCFg

2
s

1

3Q2

×
(

2

(1 − x1)(1 − x2)
− 2

1 − x1
− 2

1 − x2

+ 1 − x2

1 − x1
+ 1 − x1

1 − x2

)
. (48)

The first three terms constitute the shifted matrix
element squared, as shown in eq. (33). The eikonal
approximation in fact consists of only the first term of
eq. (48). The remaining last two terms in eq. (48) we
refer to as the remainder matrix element squared and it
has the following form:
∑

|Mrem(x1, x2)|2

= 8(e2eq)
2NcCFg

2
s

1

3Q2

(
1 − x2

1 − x1
+ 1 − x1

1 − x2

)
. (49)

Let us take the first term on the right, which diverges for
x1 → 1. It is most relevant when x2 → 0 and x1 → 1
(x3 → 1), which corresponds to the emission of a soft
antiquark. Similarly, the second term is dominant when
x1 → 0 and x2 → 1, i.e. the emission of soft quark.

The contributions from soft quark and antiquark emis-
sions can alternatively be computed using the quark
emission operator defined in [46]. The matrix element
for the emission of a soft quark (p1 → 0) in figure 1 is

iM1,q = igsta
2p1 · p3

[MH1(p1, p2, p3)/p3γ
με̄μū(p1)]

(50)

and similarly for the emission of a soft antiquark (p2 →
0)

iM2,q = igsta
2p2 · p3

[MH2(p1, p2, p3)/p3γ
με̄μv(p2)].

(51)

Here, the hard scattering matrix elements MH1 and
MH2 are defined to contain all the external states
except for the polarisation vector εμ and spinors for
soft fermion emission. The matrix element squared after
the sum (average) over the final (initial) state spins and
colours
∑

|Mq |2 =
∑

|Mrem(x1, x2)|2

= 8(e2eq)
2NcCFg

2
s

1

3Q2

(
1 − x2

1 − x1
+ 1 − x1

1 − x2

)
,

(52)

which indeed reproduces eq. (49). Thus eq. (49) features
a clean separation of the soft quark and antiquark contri-
butions from the next-to-soft gluon contributions. Soft
quark emissions contribute to the LL terms at NLP [46].
Their contribution to the thrust distribution from region
I is

1

σ0(s)

dσ

dT

∣∣∣∣
I

= 2αs

3π

∫ 1

0
dx2

∫ 1−x2

0
dx1δ

(
T − x1

)

×
(

1 − x1

1 − x2
+ 1 − x2

1 − x1

)
, (53)

which gives

1

σ0(s)

dσ

dτ

∣∣∣∣
I

= 2αs

3π

(
1

2τ
− 2 + 3τ

2

−τ log τ + O(τ 2)

)
. (54)

The upper and lower limit components are

1

σ0(s)

dσ

dτ

∣∣∣∣
I,u

= 2αs

3π

(
1

2τ
− τ

2
− τ log τ + O(τ 2)

)
,

(55)

1

σ0(s)

dσ

dτ

∣∣∣∣
I,l

= 2αs

3π
(2 − 2τ + O(τ 2)). (56)

In this region, the hard gluon can become collinear to
the antiquark and the contribution from this kinemati-
cal configuration is captured by the upper limit of x2,
which yields the NLL at LP. At the same time, the lower
limit captures the NLL at NLP. Region II again gives a
contribution identical to eq. (54). Region III gives

1

σ0(s)

dσ

dT

∣∣∣∣
III

= 2αs

3π

∫ 1

0
dx2

∫ 1−x2

0

× dx1

(
1 − x1

1 − x2
+ 1 − x2

1 − x1

)
δ
(
T + x1 + x2 − 2

)
,

(57)

1

σ0(s)

dσ

dτ

∣∣∣∣
III

= 2αs

3π
(−2 − 2 log τ + 2(1 + log τ)τ + O(τ 2)).

(58)

The contributions from the upper and lower limits are

1

σ0(s)

dσ

dτ

∣∣∣∣
III,u

= 2αs

3π
(−2 − log τ − τ log τ + O(τ 2)),

(59)

1

σ0(s)

dσ

dτ

∣∣∣∣
III,l

= 2αs

3π
(log τ + (−2 − log τ)τ + O(τ 2)).

(60)
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As the upper limit corresponds to soft quark emission
and the lower limit to soft antiquark contributions, one
finds LL contributions at NLP from both limits. The
remainder matrix element squared in region III repro-
duces the missing LL contributions at NLP in eq. (47),
which the shifted kinematics methods did not capture.

1

σ0(s)

dσ

dτ

∣∣∣∣
rem

= 2αs

3π

(
1

τ
− 6 − 2 log τ + 5τ

)
. (61)

These are, as expected, the terms that were missing from
eq. (47). It is now interesting to assess the quality of the
shifted kinematics approximation.

3.3 Numerical assessment of the shifted kinematics
approximations for the thrust

The shifted kinematics approximation at the cross-
section level changes the Born cross-section σ0(s) in
eq. (15) by replacing s → s(1 − τ)−1

σ0

(
s

1 − τ

)
= σ0(s)(1 − τ). (62)

The LP term of the thrust distribution computed under
the formalism of shifted kinematics in eq. (47) is

dσ

dτ

∣∣∣∣
LP

= 2αs

3π

(−4 − 4 log τ

τ

)
σ0(s), (63)

which when multiplied by the shifted Born cross-section
in eq. (62) yields

σ0

(
s

1 − τ

)
dσ

dτ

∣∣∣∣
LP

= 2αs

3π

(−4 − 4 log τ

τ
+ 4 + 4 log τ

)
σ0(s), (64)

which reproduces eq. (47). In figure 3a we compare the
thrust distribution computed from the shifted kinematics
approximation in eq. (47), up to NLP, with the exact
computation in eq. (28) (we have taken αs = 0.1193 at√
s = 172 GeV from LEP2, two-loop result in [103],

the numerical results are also given in [104]).
In the small τ region, the LP terms alone provide an

excellent approximation to the exact result. However, as
τ increases, we notice that the shifted kinematic curve
approximates the exact results better. The reason LP
terms are such an excellent approximation for thrust is
the small coefficient of the NLP LL term. As such, the
NLL at LP for the thrust dominates the LL term at NLP
for small values of τ .

In figure 3b we provide two different ratio plots
that involve expressions of thrust distribution com-
puted from both the approaches, viz. the exact approach
eq. (28) and the shifted approach eq. (47). We define
X (τ ) and Y (τ ) as

X (τ ) =
1

σ0(s)
dσ
dτ

∣∣∣
NLO

− 1
σ0(s)

dσ
dτ

∣∣∣
shift-NLP

1
σ0(s)

dσ
dτ

∣∣∣
NLO

, (65)

Y (τ ) =
1

σ0(s)
dσ
dτ

∣∣∣
NLO-LP

1
σ0(s)

dσ
dτ

∣∣∣
NLO

. (66)

As is evident from their expressions, X (τ ) measures
the accuracy of the shifted approximation, whereasY (τ )

measures the importance of NLP terms (and beyond)
compared to the LP terms. The plot of X (τ ) shows that
the shifted kinematics method approximates the exact
result well near the dijet limit. The plot of Y (τ ) shows
that the LP contribution is dominant near τ → 0. As τ

increases, the denominator falls faster than the numera-
tor due to the presence of the NLP terms in addition to
the LP contribution and thus the ratio rises above one.

4. C-parameter

In the previous section, we compared the shifted kine-
matic approximation of the thrust distribution with the
exact NLO result, to understand the origin of NLP cor-
rections. Here we perform the same comparison for
the more complicated C-parameter distribution. The
C-parameter for massless particles [105–108] is
defined as

C = 3 − 3

2

∑

i, j

(pi · p j )
2

(pi · q) (p j · q)
, (67)

where pi is the four-momentum of the i th particle.
The total four-momentum is given by q = ∑

i pi and
the sums over i and j run over all the particles present in
the final state. The minimum value taken by C is 0 (for
a zero-radius dijet event) and the maximum value is 1
(for an isotropic event). Here we consider a three-body
final state, for which the maximal value of C is 3/4; the
value C = 1 can only be obtained if more than three
particles are present in the final state. The C-parameter
has a critical point at C = 3/4, which gives rise to a
Sudakov shoulder [109]. However, these first occur at
second order in αs , where four-particle final states are
possible. Hence, our study does not encounter them. For
the three-body final state in figure 1, the C-parameter
takes the form

C = 6 (1 − x1) (1 − x2) (1 − x3)

x1x2x3
, (68)

where xi are the energy fractions given in eq. (9).
Henceforth, we work with a rescaled definition of the
C-parameter
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(a) (b)

Figure 3. (a) Thrust distribution computed with different levels of approximations. We show the exact result (solid red curve)
in eq. (28), the shifted approximation (dashed blue curve) up to NLP terms given in eq. (47) and the exact LP term (dotted
purple curve) from eq. (29). (b) X (τ ) in eq. (65) (solid blue curve) and Y (τ ) in eq. (66) (purple dashed curve) as a function
of τ .

c = C

6
= (1 − x1) (1 − x2) (1 − x3)

x1x2x3
, (69)

for which the range is 0 < c < 1/8. Note that the defi-
nition of the c-parameter does not involve the selection
of a special axis, which thereby distinguishes it from a
group of other event-shape variables such as thrust, jet
broadening, jet mass and angularities.

4.1 The c-parameter distribution at NLO

The c-parameter distribution is defined as

dσ

dc
= 1

2s

∫
d�3

∑
|M(x1, x2)|2 δ

(
c(x1, x2) − c

)
,

(70)

where
∑ |M(x1, x2)|2 and d�3 are given in eqs (12) and

(13), respectively. The normalised expression at NLO
takes the form

1

σ0(s)

dσ

dc
= 2αs

3π

∫ 1

0
dx1

×
∫ 1−x1

0
dx2

x2
1 + x2

2

(1 − x1)(1 − x2)
δ
(
c(x1, x2) − c

)
.

(71)

The integrations over the energy fractions are consider-
ably more involved than for the thrust due to the rational
polynomial form in eq. (69). It is advantageous to con-
vert our kinematic variables to (y, z) [110] where

y = 2 − x1 − x2,

z = 1 − x2

y
, (72)

with Jacobian J (z, y) = y. Note that y represents
the gluon energy fraction (x3). The expressions for the
matrix element and c-parameter in terms of the new
variables read as
∑

|M(y, z)|2 = 8(e2eq)
2NcCFg

2
s

1

3Q2

×
(

2 + y(y − 2yz(1 − z) − 2)

y2z(1 − z)

)
(73)

and

c(y, z) = (1 − y)(1 − z)yz

(1 − y(1 − z))(1 − yz)
. (74)

The x1 ↔ x2 symmetry in the matrix element squared
in eq. (12) now appears as z ↔ (1 − z) symmetry in
eq. (73). Substitution into eq. (70) yields

1

σ0(s)

dσ

dc

∣∣∣∣
NLO

= 2αs

3π

∫ 1

0
dy

×
∫ 1

0
dz

2 + y(y − 2yz(1 − z) − 2)

yz(1 − z)
δ
(
c(y, z) − c

)
.

(75)

To determine the limits of the z-integration, we use the
phase space in figure 2 as follows: From eq. (72), it is
evident that z will attain its lowest value when x2 =
1, yielding z = 0 as the lower limit of z. Similarly, z
will attain its largest value when both x2 and y are the
smallest. However, x2 and y cannot be zero at the same
time. Thus, with x2 → 0 (and y → 1), one finds that z =
1 is the upper limit. The limits of the y-integration can
be found from the δ-function constraint and the limits
of the z-integration. We first rewrite eq. (75) in the form
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1

σ0(s)

dσ

dc

∣∣∣∣
NLO

= 2αs

3π

∫ 1

0
dy
∫ 1

0

× dz

(
2(y(z − 1) + 1)2(yz − 1)2

×(y(2y(z − 1)z + y − 2) + 2)

)

(y − 1)2y2(z − 1)z(2z − 1)

× (δ(z − z1) + δ(z − z2)), (76)

where we simplified the argument of δ-function in
eq. (75) and it has the following two roots:

z1,2 = 1

2

×
(

1 ±
√
y(y(1 + c) − 1)(c(y − 2)2 + y(y − 1))

y(y(1 + c) − 1)

)
.

(77)

Here z1(z2) corresponds to the +(−) solution. Note
that as c → 0, we have z1 → 1 and z2 → 0 as expected.
The argument of the δ-function in eq. (75) is a compli-
cated function of y and c. As the integral has a symmetry
z ↔ (1 − z), the integral over z in eq. (76) equals twice
the integral between z = 1/2 and the upper limit, where
only δ(z − z1) is relevant. After the z integration, the
limits of y change to (y1, y2), see eq. (81). We have
now

1

σ0(s)

dσ

dc

∣∣∣∣
NLO

= 2αs

3π

∫ y2

y1

dy

×

(
2(1 − y)

(
y(c(y − 2)2

+(y − 3)y + 4) − 2
)
)

( c(cy + y − 1)

×
√
y(cy + y − 1)

(
c(y − 2)2 + (y − 1)y

)
) .

(78)

To find the integration limits y1 and y2 we proceed as
follows. First, going back to eq. (75), the δ-function can
be used to solve for y, for which there are two solutions,

y1(z) = 2c
[
c2(1 − 2z)2 + 2c(z − 1)z + (z − 1)2z2

]1/2 + c − z2 + z
, (79)

y2(z) = −
[
c2(1 − 2z)2 + 2c(z − 1)z + (z − 1)2z2

]1/2 + c − z2 + z

2(c + 1)(z − 1)z
. (80)

The above expressions are smooth functions of z, as
can be seen from figure 4. Clearly, there are extrema for
both expressions at z = 1/2. The second derivative of
y1(z) (y2(z)) at z = 1/2 is positive (negative). Thus, the
expression of y1(z) in eq. (79) is the lower limit of y
and y2(z) in eq. (80) is the upper limit of y. Substituting
z = 1/2 in eqs (79) and (80) we find

y1 = 1 + 4c − √
1 − 8c

2(1 + c)
,

y2 = 1 + 4c + √
1 − 8c

2(1 + c)
.

(81)

The behaviour of lower and upper limits are shown in
figures 5a and 5b. For thrust, the integration limits of the
final integration in eq. (17) had simple expressions (2τ

and 1 − τ ), and their relation with the respective kine-
matic configurations were readily visible in figure 2. To
establish the relation between kinematic configurations
and the integration limits y1 and y2 for the case of c-
parameter, we expand their expressions around c = 0
(as c → 0 is the dijet limit) (note that while performing
the final integration in eq. (78) we use the exact expres-
sions of limits as given in eq. (81)).

y1 = 4c + O(c3),

y2 = 1 − c − 3c2 + O(c3).
(82)

In the dijet limit, the upper limit of y corresponds to
either (i) a back-to-back hard gluon and quark–antiquark
collinear pair, (ii) soft quark/antiquark emission or (iii)
the hard gluon collinear to the quark or the antiquark.
The lower limit for c → 0 corresponds to a back-to-
back configuration between quark and antiquark along
with the emission of a soft gluon. The integration over
y in eq. (78) produces incomplete elliptic integrals of
three types, each with somewhat involved arguments
and coefficients. After conversion to their so-called
complete counterparts (more information about these
transformations of elliptic integrals and their analyti-
cal properties can be found in [111,112]) and carefully
collecting their coefficients, the final expression can be
organised in a compact form [110] as follows:

1

σ0(s)

dσ

dc

∣∣∣∣
NLO

= 2αs

3π
(e(c)E[m1(c)]

+ p(c)�[n1(c),m1(c)] + k(c)K [m1(c)]), (83)

where E , � and K are the complete elliptic integrals of
the first, second and third kinds. The integral represen-
tation of these elliptic integrals are as follows:

E[m] =
∫ 1

0
dt

√
1 − m2t2
√

1 − t2
,
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(a) (b)

Figure 4. Behaviour of y1(z) and y2(z) from eqs (79) and (80) respectively as functions of z with c = 0.01.

(a) (b)

Figure 5. Lower and upper limits y1(c) and y2(c) from eq. (81) as functions of c.

�[n,m] =
∫ 1

0

dt

(1 − nt2)
√

(1 − t2)(1 − m2t2)
, (84)

K [m] =
∫ 1

0

dt√
(1 − t2)(1 − m2t2)

.

Here m and n are the parameter and characteristic of
the elliptic integrals, respectively [112]. The arguments
of these elliptic integrals in eq. (83) have the following
form:

n1(c) = 2
√

1 − 8c

1 + √
1 − 8c − 4c

,

m1(c) = 2
√

1 − 8c

1 + √
1 − 8c − 4c − 8c2

. (85)

The behaviour of these arguments is shown in figure
6. We computed eq. (83) throughout with a massless on-
shell gluon and it agrees with the characteristic function
derived in [110] for finite gluon virtuality ξ , in the limit
ξ → 0.

Notice that the arguments have monotonic behaviour.
The elliptic integrals in eq. (83) have the following
asymptotic behaviour as c → 0 [113]:

E[m1(c)] = 1 + O(c3 log c),

�[n1(c),m1(c)] = − log c

8c2 + 6 log c − 3

8c

+ 15 − 8 log c

16
+ 9 log c + 10

3
c + O(c2),

K [m1(c)] = −3 log c

2
+ O(c3 log c).

(86)

The expressions for the coefficients appearing in
eq. (83) are

e(c) = −3(1 + 2c)
√

1 − 4c(1 + 2c) + √
1 − 8c√

2c(1 + c)3
,

p(c) =
√

2(2 + c + 2c2)(1 − √
1 − 8c)2

c(1 + c)3
√

1 − 4c(1 + 2c) + √
1 − 8c

, (87)
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(a) (b)

Figure 6. Behaviour of arguments n1(c) and m1(c) from eq. (85) as functions of c.

k(c) = 4
√

2(1 − 2c(2 + c))

(1 + c)3
√

1 − 4c(1 + 2c) + √
1 − 8c

.

Their expansions around c = 0 are

e(c) = −3

c
+ 9 + 12c + 36c2 + O(c3),

p(c) = 32c + 112c2 + O(c3),

k(c) = 4 − 20c + 48c2 + O(c3).

(88)

The coefficient e(c), when multiplied by the com-
plete elliptic integral of the second kind E[m1(c)]
yields NLL terms at LP, the coefficient p(c), multi-
plied with the complete elliptic integral of the third
kind �[n1(c),m1(c)] produces LL and NLL contribu-
tions at both LP and NLP, while the coefficient k(c)
together with the complete elliptic integral of the first
kind K [m1(c)] also produces LL terms at NLP. From
eqs (85), (86) and (88) the c-parameter distribution at
NLO for small-c reads as

1

σ0(s)

dσ

dc

∣∣∣∣
NLO

= 2αs

3π

(−3 − 4 log c

c
− 3 + 4 log c + O(c)

)
.

(89)

We have computed the c-parameter distribution here
without approximating the event-shape variable or the
matrix element squared, similar to what we did for
thrust in eq. (29). The above result, which agrees
with [110,114], contains the contributions from all
regions of phase space. By comparing eqs (89) and
(29) we observe that the LP terms for both event shape
variables have an identical structure in the dijet limit.
Further similarities between these event-shape variables
are discussed in [115–119]. Equation (89) does not

fully expose the relation to different kinematical con-
figurations. To do so, we list the upper and lower-limit
contributions of the y integral separately. When comput-
ing the contributions from the upper and lower limits
separately we have observed that it is only the coef-
ficients e(c), p(c) and k(c) of the elliptic integrals that
differ, while the general form of the elliptic integrals
remains the same as in eq. (83). From the upper limit of
eq. (78) we have, for small-c,

eu(c) = −3

c
+ 9 + 12c + 36c2 + O(c3),

pu(c) = 0, (90)

ku(c) = −12 − 24c − 108c2 + O(c3).

For the lower limit, the behaviour reads as

el(c) = 0,

pl(c) = −32c − 112c2 − 912c3 + O(c7/2), (91)

kl(c) = −16 − 4c − 156c2 + O(c3).

Since pu(c) = el(c) = 0, no LL terms at LP derive
from the upper limit, nor do we find NLL terms at LP
from the lower limit. Collecting the upper and lower-
limit contributions for the c-parameter distribution in
the dijet limit leads to

1

σ0(s)

dσ

dc

∣∣∣∣
u

= 2αs

3π

(
−3

c
+ 9 + 18 log c + O(c)

)
,

(92)

1

σ0(s)

dσ

dc

∣∣∣∣
l

= 2αs

3π

(
4 log c

c
+ 12 + 14 log c + O(c)

)
.

(93)

Thus, the upper limit of y in the dijet limit corresponds
to various kinematic configurations involving a hard
gluon, such as hard gluon being back-to-back with quark
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(antiquark) and collinear to antiquark (quark), which
produces NLL terms at LP. As discussed, the upper limit
also corresponds to the soft quark/antiquark emissions,
LL and NLL terms at NLP also arise from this limit.
The lower limit of y corresponds to kinematic configu-
rations involving a soft gluon and thus yields LL terms
at both LP and NLP. No NLL terms at LP are generated
here, although there is an NLL contribution at NLP.

4.2 Next-to-leading power corrections to c-parameter
from the shifted kinematics

We next compute the c-parameter distribution using the
shifted kinematics method and again assess to what
extent LP and NLP terms in the exact NLO calculation
are reproduced. The approximation is

1

σ0(s)

dσ

dc

∣∣∣∣
shift

= 1

2s

∫
d�3

×
∑

|Mshift(x1, x2)|2 δ
(
c(y, z) − c

)
. (94)

The shifted matrix element in eq. (33), when written
in terms of the transformed variables (y, z), takes the
form
∑

|Mshift(y, z)|2 = 8(e2eq)
2NcCFg

2
s

× 1

3Q2

(
2(y − 1)

y2(z − 1)z

)
. (95)

Again, we make no approximation to the event-shape
definition itself. We then proceed in the same manner as
with the exact matrix element. We have

1

σ0(s)

dσ

dc

∣∣∣∣
shift

= 2αs

3π

∫ 1

0
dy
∫ 1

0
dz

× 2(1 − y(1 − z))2(1 − yz)2

(1 − y)2y2z(z − 1)(2z − 1)
(δ(z−z1)+δ(z−z2)),

(96)

where z1 and z2 are provided in eq. (77). After the z
integration we have

1

σ0(s)

dσ

dc

∣∣∣∣
shift

= 2αs

3π

∫ y2

y1

dy

× 4(y − 1)2

c
√
y (y + cy − 1)

(
c(y − 2)2 + (y − 1)y

) . (97)

The result of y integration can again be organised in a
manner similar to eq. (83) as

1

σ0(s)

dσ

dc

∣∣∣∣
shift

= 2αs

3π
(es(c)E[m1(c)]

+ ps(c)�[n1(c),m1(c)] + ks(c)K [m1(c)]). (98)

A comparison of eq. (97) with eq. (78) shows a signifi-
cant simplification of the integrand, where the subscript
s on the coefficients on the right indicates the shifted
kinematics method. The elliptic integrals and their argu-
ments are given in eqs (86) and (85), respectively.

The coefficients in eq. (98) do change from the exact
result and we find

ks(c) = −
√

2 − 2
√

1 − 8c − 8c − 16c2

c3/2(1 + c)5/2
,

es(c)= (−1−√
1−8c+4c)

√
1−√

1−8c−4c−8c2

2
√

2c5/2(1 + c)5/2
,

ps(c) = (1−√
1−8c−4c)

√
1−√

1−8c−4c−8c2
√

2c5/2(1 + c)5/2
.

(99)

Their small-c behaviour is

es(c) = −4

c
+ 16 − 4c + 72c2 + O(c3),

ps(c) = 32c + 128c2 + O(c3), (100)

ks(c) = −8c + O(c3).

Expanding around c = 0, the c-parameter distribution
from the shifted kinematics approximation reads as

1

σ0(s)

dσ

dc

∣∣∣∣
shift

= 2αs

3π

(−4 − 4 log c

c
+ 4 + 8 log c + O(c)

)
.

(101)

For better insight, it is again useful to examine separately
the contributions of the upper and lower limits of the y
integral. The small-c behaviour of the coefficients of
the elliptic integrals appearing from the upper limit of
eq. (97) is

esu(c) = −4

c
+ 16 − 4c + 72c2 + 252c3 + O(c7/2),

psu(c) = 0, (102)

ksu(c) = −16 − 16c − 144c2 − 688c3 + O(c7/2).

For the lower limit, we have

esl(c) = 0,

psl(c) = −32c − 128c2 − 928c3 + O(c7/2), (103)

ksl(c) = −16 − 8c − 144c2 − 616c3 + O(c7/2).

Note that the O(c3) terms contribute at NNLP accuracy.
We now have

1

σ0(s)

dσ

dc

∣∣∣∣
su

= 2αs

3π

(
−4

c
+ 16 + 24 log c + O(c)

)
,

(104)
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1

σ0(s)

dσ

dc

∣∣∣∣
sl

= 2αs

3π

(
4 log c

c
+12+16 log c+O(c)

)
.

(105)

From the above two expressions, we observe that the
lower (upper) limit fully captures the LL (NLL) at LP,
while the LL and NLL at NLP receives contributions
from both limits. The results for the c-parameter distri-
butions at NLO up to NLP, obtained from the exact and
shifted kinematics computation, are given in eqs (89)
and (101), respectively. The integrand in the shifted
kinematics method is considerably simpler than for the
exact computation. At LP, the method reproduces the
LL term. The NLL term at LP is not fully reproduced
because the contribution from the hard-collinear gluon
is absent. Similarly, not all of the LL at NLP is captured,
due to the absence of soft quark and antiquark contri-
butions. Recall that the shifted kinematics method does
not account for soft quark contributions, which we com-
puted separately using soft quark emission vertices in
§3.2.

We again examine the remaining contributions to
the c-parameter distribution, such as those from the
soft quark, soft antiquark and hard-collinear gluon
configurations. This allows the mapping of all of the
contributions to the c-parameter from various regions of
the phase space. When expressed in terms of the trans-
formed (y, z) variables, the remainder matrix element
described in eq. (49) reads as

∑
|Mrem(y, z)|2 = 8(e2eq)

2NcCFg
2
s

× 1

3Q2

(
1

z
+ 1

1 − z
− 2

)
.

(106)

The expression for the c-parameter distribution using
the above matrix element squared is

1

σ0(s)

dσ

dc

∣∣∣∣
rem

= 2αs

3π

∫ 1

0
dy
∫ 1

0
dz

× 1

z(1 − z)
(δ(z − z1) + δ(z − z2))

× −y(y − 1)2 (1 − 2z(1 − z))

(cy+y−1)

√
y(cy+y−1)

(
c(y−2)2+(y − 1)y

) ,

(107)

with z1 and z2 given in eq. (77). After performing the z
integration we are left with

1

σ0(s)

dσ

dc

∣∣∣∣
rem

= 2αs

3π

∫ y1

y2

dy

× −2y(y−1)(c((y−2)y+2)+(y−1)y)

c(cy + y − 1)

√
y(cy+y−1)

(
c(y−2)2+(y−1)y

)

(108)

with y1 and y2 given in eq. (81). The outcome takes again
the form as in eq. (83), somewhat more complicated
than either of the two approximations. The result can be
written as

1

σ0(s)

dσ

dc

∣∣∣∣
rem

= 2αs

3π
(er(c)E[m1(c)]

+ pr(c)�[n1(c),m1(c)] + kr(c)K [m1(c)]), (109)

The small-c behaviour of the coefficients reads as

er (c) = 1

c
− 7 + 16c − 36c2 + 9c3 + O(c7/2),

pr (c) = −16c2 − 16c3 + O(c7/2), (110)

kr (c) = 4 − 12c + 48c2 + 16c3 + O(c7/2),

1

σ0(s)

dσ

dc

∣∣∣∣
rem

= 2αs

3π

(
1

c
− 7 − 4 log c + O(c)

)
.

(111)

Here we indeed see contributions from the hard-
collinear gluon, the soft quark and antiquark emissions,
which yield NLL terms at LP (hard-collinear gluon) as
well as LL terms at NLP (soft quark/antiquark), respec-
tively. Combining these contributions with the outcome
of the shifted kinematics approximation, eq. (101)
allows us to fully map the distributions of the c-
parameter to the different kinematical configurations.

Let us finally break the contributions from the remain-
ing term also down into the upper and lower-limit
components. The coefficients from the upper limit of
eq. (108) yield

eru(c) = 1

c
− 7 + 16c − 36c2 + 9c3 + O(c7/2),

pru(c) = 0, (112)

kru(c) = 4 − 8c + 36c2 + 64c3 + O(c7/2)

while for the lower limit, we have

erl(c) = 0,

prl(c) = 16c2 + 16c3 + O(c7/2), (113)

krl(c) = 4c − 12c2 + 48c3 + O(c7/2) .

Using eqs (85) and (86) and the above two expressions,
the contributions to the c-parameter distribution from
the upper and lower limit respectively are

1

σ0(s)

dσ

dc

∣∣∣∣
ru

= 2αs

3π

(
1

c
− 7 − 6 log c + O(c)

)
,

(114)
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(a)

(b)

Figure 7. (a) Plot of the c-parameter distribution with differ-
ent levels of approximation. We show the exact result (solid
red curve) in eq. (83) and the shifted approximation (dashed
blue curve) up to NLP terms given in eq. (101). We also plot
the exact LP term given in eq. (89) (dotted purple curve) and
(b) the behaviour of X (c) (solid blue curve) and Y (c) (pur-
ple dashed curve) from eqs (116) and (117), respectively as a
function of c.

1

σ0(s)

dσ

dc

∣∣∣∣
rl

= 2αs

3π
(−2 log c + O(c)). (115)

The missing LL terms at the NLP have been generated
here. The upper limit contributes to the missing NLL
term at LP (related to hard-collinear gluon emission)
and NLP. Both limits contain LL terms at NLP (soft
(anti-)quark emission).

4.3 Numerical assessment of the shifted kinematics
approximations for the c-parameter

In the small c region the behaviour of plots in figure 7a
is similar to figure 3a due to the comparable coefficients
of LLs at LP and NLP.

We define X (c) and Y (c) in similar fashion to X (τ )

and Y (τ ) in eqs (65) and (66) as

X (c) =
1

σ0(s)
dσ
dc

∣∣∣
NLO

− 1
σ0(s)

dσ
dc

∣∣∣
shift-NLP

1
σ0(s)

dσ
dc

∣∣∣
NLO

, (116)

Y (c) =
1

σ0(s)
dσ
dc

∣∣∣
NLO-LP

1
σ0(s)

dσ
dc

∣∣∣
NLO

, (117)

and display them in figure 7b. Both X (c) and Y (c)
exhibit similar behaviour as the analogous case for thrust
in figure 3b.

5. Conclusions

The fixed order results in perturbation theory for mass-
less fields containing logarithms of the (small) ratio of
energy scales, arising from soft and/or collinear radi-
ation. They occur at both leading and next-to-leading
power of this ratio. This work focusses on NLP terms
appearing in the thrust andC-parameter event-shape dis-
tribution. We identify in exact NLO results the origin of
large logarithmic terms at LP and NLP. Subsequently,
we provide an approximation of these results using the
recent shifted kinematics method, designed to capture
large logarithms at NLP accuracy due to soft gluon
emission. Moreover, we compute soft quark emission
contributions using the corresponding effective Feyn-
man rules.

This formalism indeed reproduces the dominant con-
tributions at LP and NLP from soft gluon radiation
correctly for both thrust and c-parameter. The remaining
LL terms at NLP reproduced the soft (anti-)quark emis-
sion, as anticipated in [46,97]. We were able to map the
various sources of contributions at LP and NLP, using
an integral form and its limits, for the distributions.

Our detailed diagnosis of NLP terms in event-shape
variables and demonstration that they can be fully repro-
duced using a shifted kinematics approach together with
soft fermion emission vertices, should be useful for the
further understanding of NLP terms, in particular those
arising from final-state emissions.
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Appendix A. Transformation of incomplete elliptic
integrals

In this Appendix, we demonstrate how we handle the
incomplete elliptic integrals that appear in the expres-
sion of c-parameter distribution. The final expression
for the c-parameter distribution is written in a compact
manner in eq. (83), where K , E and � are the com-
plete elliptic integrals of the first, second and third kinds,
respectively given in eq. (84). However, when we per-
form integration over final variable y in eqs (78), (97)
and (108), this integration produces incomplete elliptic
integrals F , E and �. These incomplete elliptic inte-
grals are later converted into complete integrals to arrive
at eq. (83), as first written in [110]. The three kinds of
incomplete elliptic integrals appearing in c-parameter
distribution are

F[φ,m] =
∫ φ

0
dθ

1√
1 − m sin2 θ

=
∫ sin φ

0

dt√
(1 − t2)(1 − mt2)

, (A.1)

E[φ,m] =
∫ φ

0
dθ
√

1 − m sin2 θ

=
∫ sin φ

0
dt

√
1 − mt2

1 − t2 , (A.2)

�[n, φ,m] =
∫ φ

0
dθ

1

(1 − m sin2 θ)
√

1 − m sin2 θ

=
∫ sin φ

0

dt

(1 − nt2)
√

(1 − t2)(1 − mt2)
.

(A.3)

Here, φ,m and n are called the amplitude, parameter
and characteristic of the elliptic integrals, respectively.
Equation (84) gives their respective complete forms.
The corresponding transformation into a complete ellip-
tic integral can be performed using the rules

F[φ,m] = K [m] ,
E[φ,m] = E[m] , (A.4)

�[n, φ,m] = �[n,m] .
The above transformation is only possible when the
amplitude φ = π/2. The indefinite integration of

eqs (78), (97) and (108) results in multiple incomplete
elliptic integrals with only two unique amplitudes in
their arguments, namely φ1(c, y) and φ2(c, y), given by

φ1(c, y) =
(

−1 + √
1 − 8c − 4c + 8c/y

2
√

1 − 8c

)1/2

,

(A.5)

φ2(c, y) =
(

1 + √
1 − 8c + 4c − 8c/y

2
√

1 − 8c

)1/2

. (A.6)

The amplitudes φ1(c, y) and φ2(c, y) are present in the
arguments of all three kinds of incomplete elliptic inte-
grals. If we directly substitute the upper limit (y2) after
integration, then none of the incomplete elliptic inte-
grals with the amplitude φ1(c, y) can be reduced to a
complete elliptic integral since

φ1(c, y)|y=y2 = 0 . (A.7)

The transformation to complete elliptic integrals holds
only when φ1 = π/2 as given in eq. (A.4). How-
ever, the incomplete elliptic integrals with the amplitude
φ2(c, y), upon substitution of the upper limit, can be
directly reduced to a complete elliptic integral as

φ2(c, y)|y = y2 = π

2
. (A.8)

We observe a similar but opposite behaviour when we
substitute the lower limit (y1) into the integration result.
This time, the incomplete elliptic integrals with the
amplitude φ1(c, y) can be reduced to the complete ellip-
tic integral as

φ1(c, y)|y = y1 = π

2
, (A.9)

while the elliptic integrals with amplitude φ2(c, y) can-
not be reduced to the complete elliptic integral as

φ2(c, y)|y = y1 = 0 . (A.10)

In order to resolve the issue of transforming the incom-
plete elliptic integrals to complete elliptic integrals, we
modify the upper and lower limits of y integration as

(y1, y2) → (y1 + e, y2 + e) , (A.11)

where e is an infinitesimal real off-set parameter that
will be taken to zero at the end. The relative sign of e
does not affect the final expression for the c-parameter
distribution, which is independent of this off-set param-
eter. When we substitute the upper limit of integration
y2 with the off-set parameter as defined in the above
expression, the amplitudes φ1(c, y) and φ2(c, y) mod-
ify and have the following form:
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φ1(c, y, e)|y = y2+e

=
( (−4c + √

1 − 8c − 1
)
(c + 1)e√

1 − 8c
(
2c(e + 2) + √

1 − 8c + 2e + 1
)
)1/2

,

(A.12)

φ2(c, y, e)|y = y2+e

=
⎛

⎝
− 16(c+1)c

2c(e+2)+√
1−8c+2e+1

+ 4c + √
1 − 8c + 1

2
√

1 − 8c

⎞

⎠
1/2

.

(A.13)

Similarly, from the lower limit, the amplitudes take the
form

φ1(c, y, e)|y = y1+e

=
⎛

⎝
16(c+1)c

2c(e+2)−√
1−8c+2e+1

−4c+√
1 − 8c−1

2
√

1 − 8c

⎞

⎠
1/2

,

(A.14)

φ2(c, y, e)|y = y1+e

=
(

− (c + 1)
(
4c + √

1 − 8c + 1
)
e√

1−8c
(−2c(e+2)+√

1−8c−2e−1
)
)1/2

.

(A.15)

Note that, it is necessary to use this parameter because
the straightforward substitution of limits did not allow
the transformation of every incomplete elliptic inte-
gral. Let us consider a few examples to demonstrate
how this off-set parameter solves the problem with
incomplete elliptic integrals that cannot be reduced into
complete elliptic integrals as their amplitude φ �= π/2.
We categorise all the elliptic integrals appearing after
y integration into two classes according to their ampli-
tudes φ as (i) non-reducible incomplete elliptic integrals
(φ �= π/2) and (ii) reducible incomplete elliptic inte-
grals (φ = π/2).

Appendix A.1 Non-reducible incomplete elliptic
integrals

Here we consider an incomplete elliptic integral that
appears from the upper limit contributions, and the
expression of the elliptic integral is

E[φ1(c, e),m1(c)]

=E

⎡

⎣sin−1

( (−4c+√
1−8c−1

)
(c+1)e√

1−8c
(
2c(e+2)+√

1−8c+2e+1
)
)1/2

,

2
√

1 − 8c

1 + √
1 − 8c − 4c − 8c2

]
, (A.16)

where m1 is given in eq. (85). The amplitude of this
elliptic function is

φ1(c, e)

= sin−1

( (−4c+√
1−8c−1

)
(c+1)e√

1−8c
(
2c(e+2)+√

1−8c+2e+1
)
)1/2

.

(A.17)

The elliptic integral in eq. (A.16) cannot be reduced
to a complete elliptic integral as in the limit e → 0 the
amplitude φ1(c, e) → 0. However, we can expand this
elliptic integral in powers of e around e = 0, and upon
expanding we get

E[φ1(c, e),m1(c)] =
√√√√
(−4c + √

1 − 8c − 1
)
(c + 1)√

1 − 8c
(
4c + √

1 − 8c + 1
)

× √
e + O(e3/2) . (A.18)

The expansion’s first term, proportional to e1/2, is the
only significant term in the limit when e → 0.

The next term in the above expression is proportional
to e3/2, and can be dropped. The small-e expression for
these specific incomplete elliptic integrals occurring is
then stored in the form

E[φ1(c, e),m1(c)]

=
√√√√
(−4c + √

1 − 8c − 1
)
(c + 1)√

1 − 8c
(
4c + √

1 − 8c + 1
)
√
e . (A.19)

Now, we shift our attention toward the elliptic inte-
grals that appears from the lower limit contribution, one
such incomplete elliptic integral is

F[φ2(c, e),m1(c)]

=F

⎡

⎣sin−1

(
(c + 1)

(
4c + √

1 − 8c + 1
)
e√

1−8c
(
2c(e−2)+√

1−8c+2e−1
)
)1/2

,

2
√

1 − 8c

1 + √
1 − 8c − 4c − 8c2

]
. (A.20)

The above elliptic integral cannot be reduced into a com-
plete elliptic integral as the amplitude φ2(c, e) is

φ2(c, e)

= sin−1

(
(c+1)

(
4c+√

1−8c+1
)
e√

1−8c
(
2c(e−2)+√

1−8c+2e−1
)
)1/2

.

(A.21)

and in the limit e → 0 the amplitude φ2(c, e) → 0.
Following the similar procedure as in eq. (A.19), the
elliptic integral in eq. (A.20) is expanded around e = 0,
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(a)

(b)

Figure 8. In (a) and (b), the thrust and c-parameter distri-
butions, respectively are plotted. We show the exact result
(solid red curves) given in eqs (28) and (83), the shifted
approximation result (dashed blue curves) up to NLP terms
given in eqs (47) and (101) for τ and c respectively. We also
plot the eikonal distributions (dotted purple curves) given in
eqs (A.27) and (A.28).

to get

F[φ2(c, e),m1(c)]

=
√√√√(c + 1)

(
4c + √

1 − 8c + 1
)

√
1−8c

(−4c+√
1−8c−1

)
√
e . (A.22)

The coefficients of these elliptic functions depend on e
when the integration limits are modified in accordance
with eq. (A.11). When we expand our final result in
powers of e, the negative powers of

√
e from the coeffi-

cients combine with the positive powers of
√
e from the

stored expressions of non-reducible incomplete elliptic
integrals to yield a few terms independent of e. Subse-
quently, e can be set to zero.

Appendix A.2 Reducible incomplete elliptic integrals

The category of incomplete elliptic integrals, which can
be reduced to complete elliptic integrals is easier to han-
dle as compared with non-reducible ones. An elliptic

integral appearing from the upper limit contribution is

E[φ2(c, e),m1(c)]

=E

⎡

⎢⎣sin−1

⎛

⎝
− 16(c+1)c

2c(e+2)+√
1−8c+2e+1

+4c+√
1−8c+1

2
√

1−8c

⎞

⎠
1/2

,

2
√

1 − 8c

1 + √
1 − 8c − 4c − 8c2

]
, (A.23)

where the amplitude φ2(c, e) reads as

φ2(c, e)

=sin−1

⎛

⎝
− 16(c+1)c

2c(e+2)+√
1−8c+2e+1

+4c+√
1−8c+1

2
√

1−8c

⎞

⎠
1/2

.

(A.24)

In the limit e → 0 the amplitude φ2(c, e) → π/2 and
this incomplete elliptic integral can be reduced directly
to a complete elliptic integral using the reduction for-
mula in eq. (A.4)

E[φ2(c, e),m1(c)] = E[m1(c)] . (A.25)

In this way, all reducible incomplete elliptic inte-
grals are substituted with their corresponding complete
elliptic integrals. Upon substituting all the incomplete
elliptic integrals, our final result is expanded in powers
of e. No negative powers occur and e can be taken to
zero, yielding eq. (83).

Appendix B. Eikonal approximation and result sum-
mary

Appendix B.1 Eikonal approximation to the thrust and
c-parameter distribution

In §3.3 and §4.3, we compared the shifted approxima-
tion with the LP expression of the exact distribution in
figures 3a and 7a, for the thrust and c-parameter dis-
tribution, respectively. Here we add the results from
the simpler eikonal approximation for comparison. The
eikonal case follows from the approximated matrix ele-
ment squared and is given by the first term in eq. (48)
as

∑
|Meik(x1, x2)|2 = 8(e2eq)

2g2
s CF Nc

1

3Q2

×
(

2

(1 − x1)(1 − x2)

)
. (A.26)
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Using the above expression and the exact definitions
of thrust and c-parameter in eqs (10) and (69), one finds
for their respective distributions

1

σ0(s)

dσ

dτ

∣∣∣∣
NLO

= 2αs

3π

(−4 log τ

τ
−8−4 log τ +O(τ )

)
,

(A.27)

1

σ0(s)

dσ

dc

∣∣∣∣
NLO

= 2αs

3π

(−4 log c

c
−12−8 log c+O(c)

)
.

(A.28)

The eikonal matrix element squared generates LL
terms at LP correctly, together with some LL and NLL
at NLP. It does not capture any NLL term at LP since
it lacks contributions from hard-collinear gluon emis-
sion. In figures 8a and 8b, we plot these eikonal results
together with the thrust and c-parameter distributions
computed from the exact approach as given in eqs (28)
and (83) along with the shifted approximation results
up to NLP from eqs (47) and (101). Clearly for both
event shapes, the shifted kinematics methods provides
a significantly better approximation than the eikonal
approximation.

Appendix B.2 Table of results

In table 1, we summarise our results for the thrust and
the c-parameter using different approximations of the
matrix elements squared: eikonal, exact, shifted kine-
matics, as well as the remainder/soft quark part.

Table 1. Result of the thrust and the c-parameter distribu-
tions calculated using the exact definition of event-shape
variables and four different definitions of matrix elements.

Observable
Matrix
element

Distribution
up to NLP

Thrust Exact 2αs
3π

(−3−4 log τ
τ

− 2 + 2 log τ
)

Thrust Shift 2αs
3π

(−4−4 log τ
τ

+ 4 + 4 log τ
)

Thrust Remainder 2αs
3π

( 1
τ

− 6 − 2 log τ
)

Thrust Eikonal 2αs
3π

(−4 log τ
τ

− 8 − 4 log τ
)

c-parameter Exact 2αs
3π

(−3−4 log c
c − 3 + 4 log c

)

c-parameter Shift 2αs
3π

(−4−4 log c
c + 4 + 8 log c

)

c-parameter Remainder 2αs
3π

( 1
c − 7 − 4 log c

)

c-parameter Eikonal 2αs
3π

(−4 log c
c − 12 − 8 log c

)
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