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Propositional Term Logic & an Intensional Semantics

Robert van Rooij and Elbert Booij

Abstract

1 Introduction

In this paper we will show two things: (i) that syllogistic logic can be extended such that it
can also account for propositional reasoning if we allow for complex terms, and (ii) how to
provide an intensional semantics for traditional syllogistic reasoning, and how this can be
extended to a fact-based semantics for syllogistic-based propositional reasoning.

The paper starts with a quick overview of traditional Aristotelian syllogistics. We will
discuss how to extend it with negative, singular, and complex terms. Afterwards we will
discuss how propositional logic can be seen (in several ways) as an extension of Aristotelian
syllogistics. Thus, in distinction with polish logicians like Lukasiewicz and others, we won’t
assume that to understand traditional logic we have to presuppose propositional logic, but
instead formulate propositional logic by presupposing syllogistic reasoning. There are at
least two possible ways to do so. In van Rooij (2012) one of those ways was worked out. In
this paper, we will show that another way, making use of complex terms, works as well. In
the second part of the paper we show that both standard syllogistic logic and its proposition-
logical extension can be given an intensional semantics. Interestingly enough, this is exactly
in line with Russell’s and Wittgenstein’s theory of logical atomism.

2 Traditional syllogistic reasoning

2.1 A proof system for traditional syllogistic logic

Syllogisms are arguments in which a categorical sentence is derived as conclusion from two
categorical sentences as premisses. Categorical sentences can be of four types: a-type (All
men are mortal’); i-type (Some men are philosophers’; e-type (No philosophers are rich),
and o-type (Some men are not philosophers). A categorical sentence always contains two
terms. In the a-sentence, for instance, the terms are ‘men’ and ‘mortal’, while in the e-
sentence they are ‘philosopher’ and ‘rich’. Thus, the syntax of categorical sentences can be
formulated as follows: If T and T ′ are terms, TaT ′, TiT ′, TeT ′, and ToT ′ are categorical
sentences. Because a syllogism has two categorical sentences as premisses and one as the
conclusion, every syllogism involves only three terms, each of which appears in two of the
statements. The term that does not occur in the conclusion is called the middle term. The
quality of a proposition is whether it is affirmative (in a- and i- sentences, the predicate is
affirmed of the subject), or negative (in e and o-sentences, the predicate is denied of the
subject). Thus ‘every man is a mortal’ is affirmative, since ‘mortal’ is affirmed of ‘man’.
‘No men are immortal’ is negative, since ‘immortal’ is denied of ‘man’. The quantity of a
proposition is whether it is universal ( a- and e-sentences the predicate is affirmed or denied
of ”the whole” of the subject) or particular (in i and o-sentences, the predicate is affirmed
or denied of only ‘part of’ the subject).
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A valid syllogism is a syllogism that cannot lead from true premisses to a false conclusion.
Medieval logicians developed a decision procedure to determine which syllogisms are valid.
This procedure made crucial use of the so-called distribution-value of the terms involved.
Whether a term is distributed or not is really a semantic question: a term is said to be dis-
tributed when it is actually applied to all the objects it can refer, and undistributed when
it is explicitly applied to only part of the objects to which it can refer. This formulation
has been criticised by Geach (1962) and other modern logicians, but Sommers (1970, 1975,
1982) and Englebretsen (1981) rightly argued that distribution-values are key for under-
standing many reasoning patterns in syllogistic logic and its possible extensions. As noted
by van Benthem (1983) and van Eijck (1985), distributivity can be redefined in terms of
monotonicity. A term occurs distributed when it occurs monotone decreasingly/negatively
within a sentence, and undistributed when it occurs monotone increasingly/positively within
a sentence. Denoting a distributed term by − and an undistributed term by +, the following
follows at once: S−aP+, S+iP+, S−eP−, and S+oP−, which we might think of now as
a syntactic characterisation, just as proposed by Sommers (1970, 1982). In terms of the
distribution values of terms, we can now state the laws of quantity or distribution, (R1) and
(R2), and of quality, (R3). Together, they constitute the rules of the syllogism:1

(R1) The middle term must be distributed at least once.

(R2) Every term that is distributed in the conclusion is also distributed in one of the
premises.

(R3) The number of negative conclusions must equal the number of negative premises.

The above rules assume existential import. Without this assumption, we have to strengthen
(R2) to (R2’):

(R2’) Every term that is (un)distributed in the conclusion is (un)distributed in one of the
premises.

Medieval logicians and their followers standardly assumed that of all the reasoning
schemas stated in syllogistic style, all and only all forms are valid that satisfy those rules.
As far as we know, the first one who explicitly proved this was Leibniz (1966).

The above rules of the syllogism can be reformulated in a more immediate way (following
Sommers (1970) and Friedman (1980)). Suppose we represent the categorical sentences as
follows SaP ≡ −S + P , SiP ≡ +S + P , SeP ≡ −S − P − 1, SoP ≡ +S − P − 1. Thus,
terms occurring distributed are simply represented by ‘−’, while undistributed terms are
represented by ‘+’, and negative sentences are represented by an extra ‘−1’. Then we can
say that ϕ1, · · · , ϕn ⊢ ψ iff ϕ1 + · · · + ϕn = ψ. From this the above distribution laws
immediately follow: in a syllogism the middle term must be once distributed and once
undistributed (R1), and the distribution signs of S and P in the conclusion of a syllogism
corresponds with their distribution signs in the corresponding premises (R2’). The special
use of ‘−1’ for negative sentences accounts for rule (R3).2

Aristotle’s way to determine which syllogisms are valid was ‘proof-theoretic’ in nature.
He showed that if one starts with one of the first 4 valid syllogisms of the first figure (known as
Barbara, Celarent, Darii and Ferio), and use any combination of subalternation, conversion,

1Standardly, more rules are stated, but these can be derived from the rules below. One of the rules
normally assumed, for instance, is that at least one of the premiss must be affirmative. But this follows
immediately from (R3).

2A problem with this method is that it does not allow for a natural representation of negative terms.
Friedman’s (1980) multiplicational method can solve this problem. The multiplicational method represents
the categorical sentences as follows: SaP ≡ P

S
, SiP ≡ 2SP , SeP ≡ −1

SP
, SoP ≡ −2S

P
. The inference

ϕ1, · · · , ϕn ⊢ ψ is valid iff ϕ1 × · · · × ϕn = ψ. Negative terms P are represented as 1
P
.
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and the so-called reductio per impossible,3 you end up with a valid syllogism.4 We won’t
make use of subalternation — SaP ⊢ SiP and SeP ⊢ SoP —, but instead implement
existential import by taking SiS to be an extra premisse for such inferences. We are also
not going to make use of conversion — SiP ⊢ PiS and SeP ⊢ PeS —, but instead adopt the
Law of Identity (TaT ) and following Leibniz by make heavy use of Aritstotle’s Reductio per
impossible. The rule ‘reductio per impossible’ can best be formulated in terms of a notion
of sentence-negation ‘¬’ which doesn’t really exist in traditional logic. However, it can be

defined as the contradictory negation featuring in the square of opposition: ¬(SaP ) def
= SoP ,

¬(SiP ) def
= SeP , ¬(SeP ) def

= SiP , and ¬(SoP ) def
= SaP . Now we can state a proof theory

for syllogistic reasoning as follows:

1. The first 4 valid Syllogisms of the first figure:

(a) Barbara: MaP, SaM ⊢ SaP
(b) Celarent: MeP, SaM ⊢ SeP
(c) Darii: MaP, SiM ⊢ SiP
(d) Ferio: MeP, SiM ⊢ SoP

2. Law of Identity: ⊢ TaT .

3. Reductio per impossible: if the conclusion of a syllogism is false, at least one of the
premisses is false as well. Γ,¬ϕ ⊢ ψ,¬ψ ⇒ Γ ⊢ ϕ.

It is useful to see why the extra premisse SiS accounts for subalternation. Look, for
instance, at the inference SaP ⊢ SiP . This follows from SiS and Darii. Similarly, SeP ⊢
SoP follows from SiS and Ferio. Following earlier ideas of Ramus, Leibniz (1966) showed in
his ‘Of the Mathematical Determination of Syllogistic Forms’ that the rules of conversion are
not required, because they can be derived. First, following the practice of (post-)medieval
logicians (c.f. Ashworth, 1974, chapter IV), he showed that all the valid syllogisms of the
second and third figure can be derived by means of Reductio per impossible from Barbara,
Celarent, Darii, and Ferio. Next he showed that three rules of conversion follow from some
valid syllogisms together with the law of identity. SiP ⊢ PiS, for instance, follows from
Datisi3: SaS, SiP ⊢ PiS. Similarly, SeP ⊢ PeS follows from Cesare3, and SaP ⊢ PiS
follows from Darapti3. A final rule of conversion, SeP ⊢ PoS, follows from Festino2 and the
law of non-contradiction. These rules of conversion can then be used, finally, to derive the
valid syllogisms of the fourth figure.5

Medieval logicians simplified the Aristotelian system by instead of taking Barbara, Celar-
ent, Darii, and Ferio to be axioms, they derived those syllogisms by assuming a rule of
inference known as the Dictum de Omni et Nullo (the maxim of all and none). The dictum
is a kind of substitution rule. Although the dictum is not always stated in a clear or general
way, Sommers (1970, 1982) showed that it can be stated very generally and that it makes

3He required the reductio-rule only to generate the valid syllogisms known as Barocco (PaM,SoM ⊢ SoP )
and Bocardo (MoP,MaS ⊢ SoP ). Because the reductio-rule turns out to be very useful, let us look at one
example. Bocardo, for instance, is generated as follows: Suppose that MaP is false, i.e. MoP . Given
Barbara, this means that either SaM is false, or SaP is false. Assuming SaM , this means that SoP . Thus,
from MoP and SaM we conclude to SoP , which is Bocardo. Barocco can be generated in exactly the same
way, except that now SaP is assumed, and thus that SoM followed. It is interesting to note that there are
exactly these two syllogisms which are declared invalid (or unusable) by Kant in his Dohna-Wundlacken
Logik. We will see that Leibniz took a quit different route. Although Aristotle’s reduction rule is standardly
assumed, it is worth remarking that according to Ashworth (1974, pp. 244-245), Jungius already suggested
an interesting alternative proof of Barocco and Bocardo by making use of contraposition instead of reductio
per impossible.

4Aristotle was well-aware that any other figure could be taken as the base system as well.
5For much more on Leibniz’ method, see Lenzen (1990).
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crucial use of the distribution values of terms. We can formulate the Dictum de Omni et
Nullo as follows:6

• Dictum de Omni (DDO): MaP,Γ(M)+ ⊢ Γ(P ), where Γ(M)+ is a sentence where
M occurs positively

• Dictum de Nullo (DDN): MeP,Γa/i(M)+ ⊢ Γe/o(P )
7

It is easy to see that the valid syllogisms of the first figure that don’t require existential
import immediately follow by DDO (Barbara, Darii) or DDN (Celarent, Ferio). For all other
valid syllogisms we can make use of these deduction rules plus the law of identity, existential
import (by assuming TiT as premisse), and Reductio per impossible.

Negative terms didn’t play an important role in Aristotle’s theory of syllogisms.8 Once
negative terms are added to the language, however, the proof-system has to change. We will
add two things that account for negative terms: a new double negation axiom, and the rule
of contraposition. On the other hand, the rule system can now be simplified as well, because
the Dictum de Nullo is no longer required. The reason is that SeP and SoP can now be
written, or defined, as SaP and SiP , respectively, where P is the negative counterpart of
P .9,10

The proof system SYL of syllogistic reasoning consists of the following set of axioms and
rules:

(1) MaP,Γ(M)+ ⊢ Γ(P ) Dictum de Omni11

(2) ⊢ TaT Law of identity

(3) ⊢ T ≡ T 12 Double negation

(4) SaP ⊢ PaS Contraposition (or conversion, SeP ⊢ PeS)

(5) Γ,¬ϕ ⊢ ψ,¬ψ ⇒ Γ ⊢ ϕ Reductio per impossible

Having lifted one arbitrary restriction Aristotle put on valid syllogistic reasoning, we
might as well slightly extend syllogistic reasoning in another way as well. We could do so
by adding a distinguished ‘transcendental’ term ‘⊤’ to our language, standing for something
like ‘entity’. Obviously, the sentence Sa⊤ should always come out true for each term S. To

6The soundness of this rule in the extended syllogistics is proved very elaborately by MacIntosh (1982).
But as shown by Sanchez (1991), its soundness follows from a much more general relation between mono-
tonicity and positive and negative occurrences of predicates in Lyndon (1959).

7In our formal terms, medieval logicians formulated the DDN sometimes as PaM,Γ(M)− ⊢ Γ(P ). But
this formulation is less general: it doesn’t allow one to infer SoP from MeP and SiM . A correct and
more general formulation of the Dictum de Nullo is the following: MeP,Γ(M)+ ⊢ Γ(P ). This formulation,
however, makes crucial use of negative terms, which we don’t have yet. Moreover, once formulated in this
way, the Dictum de Nullo can be reduced to the Dictum de Omni: MaP,Γ(M)+ ⊢ Γ(P ).

8In the history of logic, negative terms are also known as indefinite or infinite terms.
9Aristotle allowed for the inference SaP ⊢ SeP , but not for SeP ⊢ SaP (cf. Kneale & Kneale, p.

57). The reason seems to be that ‘Socrates is not black’ seems to have a ‘wider’ meaning that ‘Socrates is
non-black’. Similarly, many traditional logicians didn’t allow for the inference SoP ⊢ SiP .

10It is also possible to get rid of SiP by defining it as ¬(SaP ). In that case, we might use instead of
the Dictum just Barbara as axiom, but now also use Celarent as axiom. It is interesting to observe that
according to some authors the Dictum de Omni et Nullo is indeed just the combination of Barbara and
Celarent. Wallis (1687), for instance, one of the greatest mathematicians of his time, defined this dictum as
follows: ‘Whatever way (with truth) be Universally Affirmed or Denied of any Subject; may accordingly be
Affirmed or Denied of all things of which that Subject may be truly Affirmed’ (Wallis, ch. 5, third part).
The axiomatic system that seems to be most standardly assumed was taking Barbara and Celarent (or the
Dictum de Omni et Nullo) as axioms, together with the reduction rule, conversion, and subalternation.

11Actually, Barbara is enough, because Darii can be derived from the rest.
12By this we really mean ⊢ TaT and ⊢ TaT .
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reflect this, we will add this sentence as an axiom to SYL. But adding ⊤ as an arbitrary
term to our language gives rise to a complication once we accept existential import for all
terms, including negative ones: for negative term ⊤ existential import is unacceptable.13

One way to get rid of this problem is to restrict existential import to positive categorical
terms only.

We will denote the system consisting of (1), (2), (3), (4), (5) together with the following
three rules by SYL+.

(6) ⊢ Sa⊤

(7) SaS ⊢ SaP 14

Rules (6) and (7) tell us what to do with empty and transcendental terms. The use
of rule (7) seems to be very limited: SaS can be true only if S denotes (extensively) the
universe of discourse, and S thus the empty set. But, then, the conclusion of (7) follows
already from (6), and adding (87 to our system doesn’t do much harm either. We will make
real use of (6) and (7) only in section 4, where we will think of other sentential connectives
as well.15

2.2 Singular Terms

In many popular logic textbooks examples of valid syllogisms are given that involve singular
terms: ‘Socrates is a man, every man is rational, thus Socrates is rational’. Still, the
problem how to represent and reason with sentences that involve singular terms has bothered
traditional logicians for a long time. The inference from ‘Socrates is wise’ and ‘Socrates is
old’ to ‘Some old person is wise’ shows that the proposal to treat both premises as particular
propositions will not do. The reason is that according to (R1)-(R3) no syllogism is valid with
two particular premisses. Most traditional logicians (including Scotus, Ockham and Wallis)
concluded that we thus must treat singular propositions as universal ones: thus represent
‘Socrates is wise’ as something like SaW , and ‘Socrates is not wise’ as SeW . One can show
that this gives indeed rise to the correct syllogistic inferences. The above inference, for
instance, is now a valid syllogism of the form Datisi3. But there is still a problem with this
proposal. Normally, a and e propositions are contrary, they can’t both be true, but they
can both be false. Thus, from ¬(SaP ) one cannot derive SeP . However, this inference is
possible with singular terms: if ‘Socrates is wise’ is not true, it follows that ‘Soctrates is
not wise’ is true. According to modern logic, singular terms are essentially different from
general terms: they are of a different type and cannot be negated. But for traditional logic
this would lead to the absurd conclusion that singular terms do not fit into the traditional
picture. Leibniz was less pessimistic and proposed that singular terms are terms like any
other: they can stand in predicate position16 (and can be negated). Still, perhaps first seen
by Sommers (1982), Leibniz discovered that there is something special about singular terms
like S: for them, and only for them, the following holds for all P : SaP is true iff SiP is true
(and SeP is true iff SoP is true). In terms of the square of opposition this means that for
singular propositions, contrary and contradictory negation come down to the same.17

Leibniz’ logical treatment of proper names was closely related with his metaphysics.
‘Real’ proper names denote monads, and the truth of any predication about a monad is
already contained in the monad itself. We can see a monad as a set of attributes, such that

13Just as it will be unacceptable later for conjunctive terms like ‘square circle’.
14See Sherpherdson (1956) and reference in here for a motivation for this rule.
15In combination with contraposition, (6) will then just be ex falso sequitor quilibet.
16For an appealing explanation of why it is unnatural for such terms to stand in predicate position, see

Sommers (1982).
17Leibniz’ discovery was reinvented by Montague some 250 years later, and became folklore in formal

semantics due to Generalized Quantifier Theory.
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for each attribute, or feature, f , it holds that either the monad has it, or not. Thus, a
monad can be thought of as a set of maximally consistent/compatible set of attributes. We
will make crucial use of this idea in section 4. From an extensional point of view, however,
a proper name denotes a set of individuals, just like any other term. The rule that for
each proper name S it holds that SaP is true iff SiP is true does not mean that thus the
extension of S can have only 1 element. It does mean, however, that all the elements in
the extension of S must make the same predicates true, and thus be indistinguishable. By
Leibniz’ principle of indiscernibles, those elements are thus the same.

As stressed by Sommers (1982), if we limit ourselves to singular terms Si, Sj , and Sk,
one can easily show by syllogistic reasoning that (i) ⊢ SiaSi, (ii) SiiSj ⊢ SjiSi, and (iii)
S1aS2, S2aS3 ⊢ S1aS3, and thus that we don’t need to introduce a special relation of identity
‘=’ between singular terms that has the properties of an equivalence relation: (i) reflexivity,
(ii) symmetry, and (iii) transitivity. Moreover, if SiaSj and SjaSi, it follows immediately
with the Dictum de Omni that for every P : SiaP is true iff SjaP is true. By Leibniz’
principle of indiscernebles it follows that S1 en S2 are ‘the same’: S1 ≡ S2.

To account for syllogistic reasoning with singular terms, we just separate from all terms
those that are called ‘singular terms’. Then we add the following rule to our system SYL+,
and call the result SYLS+:

(9) for all singular terms I and terms P : IiP −| ⊢ IaP .

The following derivations, for instance, can now be stated in syllogistic form: ‘Every man
is rational, Socrates is a man, thus Socrates is rational, MaR,SaM ⊢DDO SaR; ‘Everybody
is rational, thus Socrates is rational’ (universal instantiation), ⊤1aR, Sa⊤1 ⊢DDO SaR;
Madonna is rich and Madonna is famous, so somebody is rich and famous (or better, so
somebody rich is famous), MiR,MaF ⊢Conv MaF,RiM ⊢DDO RiF .

3 Propositional logic

Aristotelian logic doesn’t contain propositional logic. But that doesn’t mean that we can-
not think of propositional logic in traditional terms. In order to do so, we have to treat
sentences as terms. Until now we assumed that all terms were 1-ary predicates. To think of
propositional logic in traditional terms, we have to allow for 0-ary predicates as well. But
once we do so, it is very natural to say that if S and P are 0-ary predicates, the conditional
‘If S, then P ’ should be represented by the categorical sentence SaP . Indeed, this was
a quite standard position among traditional logicians. Gassendi (1658) and Wallis (1687)
were examples of proponents of this view. Not everybody agreed with this position, though.
Kant, for instance, did not.

The idea to represent conditional sentences like ‘if S, then P ’ by the categorical sentence
SaP was explicitly defended by Leibniz and later by Sommers. How should 0-ary predi-
cates be interpreted? This question can be asked for both an extensional and an intensional
semantics. We will concentrate on the extensional semantics here. On an intensional seman-
tics SaP is normally taken to be true iff I(P ) ⊆ I(S), where I(S) is the set of attributes
that it takes to be an S (see section 4). On an extensional semantics, instead, SaP is taken
to be true iff E(S) ⊆ E(P ), where E(S) is the extension of S. Adopting an extensional
semantics, we could interpret a 0-ary predicate T as the set of possible worlds in which T
is true. The conditional SaP is thus true iff all S-worlds are also P -worlds. This semantics
is certainly reasonable (it interprets the conditional as a strict implication), but it doesn’t
result in the truth-conditional propositional logic that we are used to. To get to standard
logic, we have to adopt Frege’s idea: 0-ary predicates denote either the truth or the falsity.18

18Casteñada (1990) argues that in Leibniz (1966) a material implication analysis of conditionals is pro-
posed. Lenzen (1990) disagrees.
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Starting from this idea, there are at least two ways to get propositional logic. A first method
of obtaining propositional logic is just to use a, e, i and o as connectives and construct all
complex sentences with the help of these ‘connectives’. Doing so, we see that [ϕ]a[ψ] ≡
‘ϕ→ ψ’, [ϕ]i[ψ] ≡ ‘ϕ∧ψ’, [ϕ]e[ϕ] ≡ ‘¬ϕ’, and [[ϕ]e[ϕ]]a[ψ] ≡ ‘ϕ∨ψ’. If we abbreviate ‘SaS’
by ⊤0 we can write the negation of ϕ more simply as ‘[⊤0]e[ϕ]’. This method was proposed
by Sommers (1970, 1982) and worked out, among others, by Van Rooij (2012).

In this paper, instead, we will go for a somewhat different approach, making crucial use
of conjunctive terms (or non-traditional two-place connectives), an approach that was in
fact proposed by Leibniz, and can be given a more standard-looking analysis as well.

3.1 Leibniz’s equational analysis

Leibniz had several ways to represent categorical propositions. Most of them making use of
conjunctive terms: If S and T are terms, ST is considered to be a (conjunctive) term as well
(of the same arity). He represented the four types of categorical sentences by equations. The
sentence SaP is represented as S = SP , SiP as SP ̸= 0, (where 0 stands for a distinguished
element of the algebra) and SoP and SeP thus as S ̸= SP and SP = 0, respectively.19 To
account for reasoning he proposed as a rule that identicals can always be substituted for one
another — the principle we know as ‘Leibniz law’ — and the following set of axioms:

(a1) A = AA

(a2) A0 = 0

(a3) If A = AB, then A ̸= AB

(b) AB = BA

(c) If A = B, then B = A

(d) A(BC) = (AB)C20

In terms of this system, the identity A = A, for instance, can now be derived: A = AA
and AA = A are both instantiations of axiom 1, and by substitution it follows that A = A.
The validity of conversion and contraposition immediately follow from axioms (b) and (c).
In fact, one can now check that in terms of the substitution rule and these axioms, all
valid syllogisms can be derived (if only consistent terms are used). To illustrate this, let us
see that the Dictum de Omni is now redundant, because Barbara and Darii can be easily
derived. For Barbara, assume A = AB and B = BC. From this we conclude by substitution

19Sometimes it is easier to make use of another, but equivalent, representation of the categorical sentences
that Leibniz also makes extensive use of (see Lenzen, 1990, for discussion). According to this representation,
SaP should be represented by ∀Y, ∃Z : Y S = ZP (with XP ̸= 0), SiP by ∃Y, ∃Z : Y S = ZP (with Y S ̸= 0),
SoP by ∃Y, ∀Z : Y S ̸= ZP (with Y S ̸= 0 and ZP ̸= 0), and SeP by ∀Y, ∀Z : Y S ̸= ZP (with Y S ̸= 0
and ZP ̸= 0). It is noteworthy that this representation is very close to the representation he adopted in his
numerical calculus. It also should be noted that this representation of the categorical sentences is close to the
ones adopted by some nominalistic medieval logicians like Ockham who adopted the so-called identity-theory.
In modern terminology, they gave the following representations by quantifying explicitly over individuals:
SaP ≡ ∀y ∈ S : ∃z ∈ P : y = z;SiP ≡ ∃y ∈ S : ∃z ∈ P : y = z;SoP ≡ ∃y ∈ S : ∀z ∈ P : y ̸= z,
and SeP ≡ ∀y ∈ S : ∀z ∈ P : y ̸= z. Leibniz thought of his system primarily (though certainly not
exclusively) from an intensional point of view, and thus of S, P, Y , and Z as sets of attributes. Let us now
think of the Y s and Zs as special sets of attributes: as Leibnizian individual concepts. Such an individual
concept Iy is one for which it holds for any attribute, or feature, f that f ̸∈ Iy iff f ∈ Iy . Quantifying over
individual concepts makes the universal sentence SaP true iff ∀Iy , ∃Iz : IyS = IzP . But this comes down
to ∀Iy ⊇ S : ∃Iz ⊇ P : Iy = Iz . Switching from Leibniz’ intentional to Ockham’s extensional point of view
comes down to switching from Iy ⊇ S to y ∈ S. But this means that by making this switch, Leibniz’s truth
conditions of the categorical sentences come down to Ockham’s.

20According to Castaneda (1980) and Lenzen (1990), Leibniz never explicitly stated this associativity
axiom, but always assumed it.
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that A = A(BC). This reduces by (d) and substitution again to A = AC, which is what
we desired. For Darii, assume A = AB and CA ̸= 0. By substitution we conclude that
C(AB) ̸= 0. Now, suppose that CB = BC = 0. By (a2) and (b) it would follow that also
ABC = CAB = 0, which is in contradiction with what we concluded from the premisses.
Thus CB ̸= 0, as desired.

The above system is geared towards syllogistic reasoning, and not capable of handing all
of propositional logic. But now suppose that we add the following principle that has been
explicitly stated by Leibniz to our above system:

(a) AB = CC iff A = AB, for any arbitrary C

It is not so difficult to see that by adding this axiom our earlier (a1), (a2), and (a3) become
redundant (with 0 = CC,∀C). But adding this axiom has a much more important impact:
it can be shown (cf. Goodstein, 1963) that in fact we now have the whole of Boolean algebra.
In terms of Boolean algebra we can still account for syllogistic reasoning, of course, but we
can also interpret it such that it accounts for propositional logic. The only thing we have to
do is to interpret AB as the conjunction of A and B and assume that A ̸= 0 iff A = 1. In
this way we restrict ourselves to the two-element Boolean algebra 2 and have the whole of
propositional logic.

3.2 A more standard analysis using complex terms

Leibniz’ analysis of propositional logic is very nice, but looks rather different from the
standard way of representing syllogistic sentences. It is possible to account for propositional
logic analysis as well, however, in terms of a more standard-looking syllogistic analysis.
Again we assume that terms can be interpreted as 0-ary predicates. As mentioned earlier,
we will assume that a 0-ary term will denote (from an extensional point of view) either the
truth, or the falsity. To state things in a metaphysically less committing way, let us start
again with a domain of individuals D. Now we assume that the denotation of any n-ary term
will be a subset ofDn, whereD2, for instance, is {⟨d1, d2⟩ : d1, d2 ∈ D}. Thus, just like any 1-
ary term will denote a subset of D1 = {⟨d⟩ : d ∈ D} = D,21 any 0-ary terms will now denote
a subset of D0 = {⟨⟩}. It is clear that D0 has exactly two subsets: {⟨⟩} and ∅.22 We say that
if a sentence denotes {⟨⟩} it is true, and false otherwise. We can assume that for primitive
0-ary terms, or sentences, like ‘It is raining’ the denotation is given by the interpretation
function of the model: VM . In terms of this, we define VM (SaP ) = {⟨⟩ : VM (S) ⊆ VM (P )}
and VM (SiP ) = {⟨⟩ : VM (S)∩VM (P ) ̸= ∅}. Because we have negative terms, we don’t need
special interpretation rules for SeP and SoP . For 0-ary predicte ϕ it holds that VM (ϕ) = {⟨⟩}
iff VM ([⊤]a[ϕ]) = {⟨⟩}. Notice also that because [⊤] always denotes {⟨⟩}, in our extensional
fragment it holds for every ϕ that VM ([⊤]a[ϕ]) = VM ([⊤]i[ϕ]).23 Thus, ‘the truth’ behaves
like a proper name. In addition to negative terms, of form T , we also have conjunctive

terms, ST and thus disjunctive terms, S ∨ T = S̄T̄ . Negative, conjunctive and disjunctive
sentences can now be represented straightforwardly as well. Conjunctive sentences like ‘ϕ
and ψ’, for instance, can be represented both by [ϕ]i[ψ] as we did before, as well as by

21We will assume it is clear how complex 1-ary predicates like ST and S should be interpreted extensionally.
22At least, if D is not empty.
23If we require that all sentences are of subject-predicate structure, a primitive 0-ary term by itself doesn’t

constitute a sentence. But this is a problem, because then it cannot be used in syllogistic reasoning. To
nevertheless reason with such sentences after all, Ramus apparantly introduced new inference rules. Wallis
and others argued that this is not required. Wallis proposed to use such terms in syllogistic reasoning by
assuming that ‘it is raining’ really means something like ‘Now, it is raining’. To account for this we would
have to add terms to the language that stand for points of time or place, and add singular terms like ‘now’,
N , and ‘here’ that refers to the present point in time or place. A sentence like ‘It is raining’ can then be
represented by something like NaR. A simpler route, which is more in accordance with what Frege did,
would be to represent the sentence by ⊤iR instead.
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[⊤]i[ϕψ] (or [⊤]a[ϕψ]), making use of conjunctive terms. Similarly for disjunctive sentences.
Inference can now be stated semantically as follows: Γ |= ϕ iff ∀M :

⋂
γ∈Γ VM (γ) ⊆M (ϕ).

To reason with sentences involving such complex terms proof-theoretically, we have to
add some new inference rules. The first one is needed to account for inferences involving
conjunction, while the second one is very standard in generalized quantifier theory (Barwise
& Cooper, 1981):24

• Conjunction: SaP and SaQ−| ⊢ SaPQ

• Conservativity: SxP ⊢ SxSP , for any quantifier ‘x’ (thus x ∈ {a, i}).

One can immediately see that the conjunction rule accounts for conjunction introduction
and conjunction elimination at the sentence level. Of course, conjunction elimination is a
form of monotonic reasoning, and follows from the Dictum de Omni if we assumed, instead,
⊢ SPaP as an axiom (SaPQ ⊢ SPaP, SaPQ ⊢DDO SaP ) . The second rule is also stated
more generally than required. Indeed, the rule SaP ⊢ SaSP can be already derived making
use of the laws of identity and conjunction: SaP ⊢identity SaS, SaP ⊢conj SaSP . Thus, all
conservatitivy adds is SiP ⊢ SiSP . As it turns out, this addition still does some important
work to prove that the distributivity axioms hold: (a) x∨ (y ∧ z) = (x∨ y)∧ (x∨ z) and (b)
x ∧ (y ∨ z) = (x ∧ y) ∨ (x ∧ z). We leave to the appendix the details of the proof that with
the help of Conjunction and Conservativity our syllogistic proof system is strong enough to
account for all axioms of Boolean algebra, and thus can account for propositional logic.

3.3 Embedding categorical into propositional sentences

In this section we saw that syllogistics with conjunctive terms can account for propositional
logic. This is nice, but, of course, we want something more. We want to be able to combine
syllogistics and propositional logic. More in particular, we want to know how to represent,
interpret and reason with complex propositional sentences that embed categorical sentences,
such as ‘If every woman is happy, every man is happy’. Leibniz had a proposal for how to
deal with that: allow categorical sentences to be turned into terms:

A proposition itself can be conceived as a term: thus, ‘Some A is B’, i.e., ‘AB is
a true term’ is a term – namely, ‘ABtrue’. Again, we have ‘Every A is B’, i.e.
‘A not-B is false’, i.e. ‘A not-Bfalse’ is a new term; and again ‘No A is B’, i.e.
‘AB is false’, i.e. ‘ABfalse’ is a new term. (Leibniz, 1966)25

Although we haven’t followed Leibniz’ exact idea, we assumed already that a sentence
is a term; a 0-ary predicate that has a denotation. Thus, if S and P are 1-ary terms,
sentences SaP and SiP are 0-ary terms. The denotations of categorical sentences are not 1
or 0, as is standardly done, but rather {⟨⟩} (if the sentence is true) or ∅ ( if the sentence is
false). Because we assume this, we can represent conditional sentences like ‘If every woman
is happy, every man is happy’ simply by [WaH]0a[MaH]0, and the sentence will be true
just in case WaH is false, or MaH is true. To reason with such sentences making use of de
Dictum de Omni, we have to know what the distributive value is of each of (the occurrences
of) the terms in this sentence. But that has been worked out already by the +− rules of
Sommers (1982) (++ = +,+− = −,−+ = − and −− = +) together with the distributive
marking of universal sentences like S−aP+. From this it follows, for instance, that because
the term [WaH]0 occurs negatively in the whole sentence, term W occurs positively, while
the first occurrence of H occurs negatively. Similarly, because the term [MaH]0 occurs

24To make use of the Dictum de Omni, one would also need to know how the distribution values of complex
terms determine the distribution values of the (simpler) terms it contains. We leave that to the reader.

25With the substitutions as suggested by Castañeda (1990).
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positively in the whole sentence, the term M occurs negatively in the whole sentence, while
the second occurrence of H occurs positively. By the Dictum de Omni (or monotonicity
reasoning more generally) one can then conclude from the truth of the above sentence that
also ‘If every human is happy, every man is happy’ and ‘If every woman is happy, every man
is happy or sad’ are true, for instance.

4 Intensional semantics

4.1 Intensional semantics for syllogistics with complex terms

Aritstotle made in his Prior Analytics a distinction between two different types of predica-
tive relations: accidental versus essential predication. ‘Animal’ is essentially predicated of
‘mammal’, but ‘walking’ is not. Although both (1) ‘Every man walks’ and (2) ‘Every man
is an animal’ are true, the ‘reasons’ for their respective truths are different. Sentence (1) is
true by accident, just because every actual man happens to (be able to) walk. The sentence
(2), on the other hand, is true because manhood necessarily involves being animate. In
traditional terms it is said that (2) is true by definition, although this notion of ‘definition’
should not be thought of nominalistically: it is the real definition. A natural way to account
for accidental predication is to say that a sentence of the form ‘Every S is P ’ is true just in
case every actual S-individual is also a P -individual. A natural way to account for essential
predication, on the other hand, is to say that a sentence of the form ‘Every S is P ’ is true
just in case the real definition of S (the set of attributes one needs to have to be an S)
includes the real definition of P (the set of attributes one needs to have to be a P ). We will
say that the first way to determine whether ‘Every S is P ’ is true is extensional in nature,
the second way intensional.

Aristotle clearly assumes that essential predication is stronger than accidental predica-
tion, and medieval logicians very much assumed the same. Especially due to the influence of
the Port-Royal school of logic, however, it became standard in the 17th century to assume
that the two come down to the same thing. Leibniz explicitly endorsed this position. Let’s
see how we can make sense of it.26

It is well-known how to give an extensional semantics for syllogistic logic. Almost all
modern textbooks use Venn diagrams to decide whether a syllogistic inference is valid.
According to it, interpretation function E assigns to each primitive term T a non-empty
subset of the set of objects D: ∅ ≠ EM (T ) ⊆ D. The sentence SaP is true iff the extension
of S (E(S)) is a subset of the extension of P , i.e. E(S) ⊆ E(P ) iff E(S)∩E(P ) = E(S), and
SiP is true iff E(S)∩E(P ) ̸= ∅. SoP and SeP are interpreted as the negations of SaP and

26According to Leibniz, Aristotle, in contrast to a nominalist like Locke, preferred the intensional inter-
pretation:

Philalethes (expressing Locke’s view) [...] it appeared to me preferable to reverse the order of
the premisses of syllogisms, and to say: All A is B, all B is C, so all A is C, rather than saying
All B is C, all A is B, so all A is C. [...]
Theophilus (expressing Leibniz’s view) [...] Aristotle may have had a special reason for adopting
[what is now] the common arrangement. For rather than saying ‘A is B’ he usually says ‘B is
in A’ [...]. And with that way of stating it he achieves, through the accepted arrangements,
the very connection which you insist upon. For instead of saying ‘B is C, A is B, so A is C’,
Aristotle will express it thus: ‘C is in B, B is in A, so C is in A’. For instance, instead of
saying ‘Rectangles are isogons (i.e. have equal angles), squares are rectangles, so squares are
isogons’, Aristotle will put the ‘middle term’ in the middle position without changing the order
of the propositions, by stating each of them in a manner which reverses the order of terms,
thus: ‘Isogon is in rectangle, rectangle is in square, so isogon is in square’. This manner of
statement deserves respect; for indeed the predicate is in the subject, or rather the idea of
the predicate is included in the idea of the subject. [...] The common manner of statements
concerns individuals, whereas Aristotle’s refers rather to ideas or universals. [...]
Leibniz, New Essays on Human Understanding, Book 4, chapter 17, sect. 8)

10



SiP , respectively. But the representation by means of Venn diagrams assumes the axioms of
Boolean algebra, and this much structure is not at all required to model syllogistic reasoning.
For the traditional fragment without conjunctive and negative terms, a partially ordered set
⟨U,≤⟩, together with a relation @ which is reflexive and monotonic w.r.t. ≤ is already
enough (in fact, ≤ need only be reflexive and transitive). On the extensional interpretation,
E(T ) denotes an element of U for any term T , and SaP is true iff E(S) ≤ E(P ) and SiP is
true iff E(S)@E(P ). The truth-conditions of SoP and SeP are determined as usual in terms
of the truth-conditions of SaP and SiP . Alternatively, we can assume a special element 0
of U and determine the meet semi-lattice ⟨U,∧⟩ defined by ⟨U,≤⟩. The special element is
such that ∀T ∈ Term : 0 ∧ E(T ) = 0. If we start with the semi-lattice, we can define SaP
is true iff E(S) ∧ E(P ) = E(S) and SiP is true iff E(S) ∧ E(P ) ̸= 0. An argument is valid
just in case it preserves truth: ϕ1, ..., ϕn |= ψ iff ∀M : VM (ϕ1) = 1 and ... and VM (ϕn) = 1,
then VM (ψ) = 1.

For an intensional semantics, we also assume a partially ordered set ⟨U,≤⟩, together
with a relation @ which is reflexive and monotonic w.r.t. ≤. We assume that intensional
interpretation function I assigns to each primitive term an element of U , just like in the
extensional semantics. We demand that SiP is true iff I(S)@I(P ) and SaP is true iff
I(S) ≥ I(P ). Note that the ‘intensional’ order is thus the reverse of the ‘extensional’ order.
We can also start with a semi-order with special element 0. In that case we still say that
SiP is true iff I(S) ∧ I(P ) ̸= 0, but now 0 should be thought of as the greatest element:
∀T ∈ Term : 0∧I(T ) = I(T ). On this analysis, SaP is true iff I(S)∧I(P ) = I(P ). Validity
is always defined as in the extensional analysis.

Thus we see that algebraically speaking, there is not much of a difference between an
extensional and an intensional interpretation. This is still the case if we allow for conjunctive
and negative terms. Once we have ‘∧’ as an operation between terms, we can also account
for conjunctive terms. If we add term-negation to the language, we take ⟨U,≤⟩ to be a
distributive lattice (with ∧ and ∨ infimum and supremum), and assume that for all x, y ∈
U : x = x and x ≤ y → y ≤ x. If we also want empty and universal terms, we assume that
we have a whole Boolean algebra.

An algebraic semantics is nice, but a set theoretic analysis is more intuitive. For the ex-
tensional semantics, each term then simply denotes a set of individuals. It is straightforward
how to proceed with such a semantics. The most straightforward idea for an intensional se-
mantics would be that a term denotes a set of features. Indeed, it is standardly assumed
in traditional logic that the intension of a term, or concept, consisted of all the essential
attributes in it (those that cannot be removed without ‘destroying’ the concept). Thus, the
intension of the term ‘triangle’ might include the attributes of being polygon, three-sided,
three-angled, and so on. On such a semantics, a categorical sentence of the form ‘(All) men
are rational’ is true if and only if the comprehension, or intension, of ‘rational’ is contained
in the intension of ‘men’. In the whole history of (traditional) logic, this way of interpreting
categorical sentences was very popular. Leibniz, for instance, made it his basic principle: a
categorical sentence is true iff the predicate is ‘part of’ the subject.

Straightforward as such an intensional semantics might look, it is not at all obvious how
to proceed when the language also contains conjunctive and negative terms. Indeed, Leibniz
was never able to give a satisfactory semantics. In fact, he already struggled how to account
for categorical sentences of the form SiP (cf. Sotirov, 1990; Glashoff, 2010). To solve the
difficulties, we propose to lift the interpretations: terms should not be interpreted as sets of
attributes, but rather as sets of sets of attributes.27 The intensional interpretation of terms
and sentences is defined as follows:

27Leibniz solved the problem how to account also for sentences like SiP in quite another way, representing
each term, essentially, by an ordered pair of intensions. For modern explanations of this method, see Sotirov
(1990) and Glashoff (2010). Another way to solve the problem is to represent proporties by a pair of
extensions and intensions, as is proposed in formal concept analysis (cf. WiIlle, 1982)
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Let M = ⟨A, I,⊥⟩ be a model, with A a set of attributes, I an interpretation function
which assigns to each primitive term T a subset of ℘(A), IM (T ) ⊆ ℘(A), and ⊥ a relation
between elements of A. If for two elements x, y ∈ A it holds that x⊥y, we say that the
attributes x and y are incompatible. We assume that for every f ∈ A there is exactly one
g ∈ A: f⊥g (which you might call f). If X and Y are subsets of A, we say that X⊥Y iff
∃x, y ∈ X ∪ Y : x⊥y. Min(X) stands for the set {x ∈ X : ¬∃y ∈ X : y ⊂ x}. We will
assume that for each primitive categorical term T , each element of IM (T ) is consistent. The
interpretation rule for categorical terms in general is defined as follows:

• If T is a primitive term, then VM (T ) = IM (T )

• VM (TT ′) = {X ∪ Y : X ∈ VM (T ) & Y ∈ VM (T ′)}

• VM (T ) =Min{Y ⊆ A : ∀X ∈ VM (T ) : X⊥Y }28

To illustrate, assume that A = {x, y, z, v}, and x⊥y and z⊥v. In that case, the
set of compatible sets of features is {{x}, {y}, {z}, {v}, {x, z}, {x, v}, {y, z}, {y, v}}. The
set of maximally consistent sets of attributes is thus {{x, z}, {x, v}, {y, z}, {y, v}}. Pred-
icates don’t denote set of attributes, but rather a set of sets of attributes. The sets
{{x, z}}, {{x, v}}, {{y, z}}, and {{y, v}} can be thought of as the denotations of proper
names, which are thus of the same type as ordinary properties. Singleton sets {{x}}, {{y}}, {{z}}
and {{v}} can be thought of as (the denotations of) simple properties. Call themX,Y, Z, and
V , respectively. The compatible conjunctive properties can then be denoted byXZ,XV, Y Z,
and Y V (in this simple example, these coincide with the denotations of proper names). Dis-
junctive properties typically denote non-singleton sets. The disjunctive property consisting
of X and Z, for instance, denotes {{x}, {z}} = VM (X) ∪ VM (Z). Whether negative predi-
cates denote singleton sets or not depends on how many incompatibles they have. Because x,
for instance, is only incompatible with y, X denotes the singleton sets {{y}}. It is different
with conjunctive properties likeXV : VM (XV ) = {{y}, {z}} = VM (X)∪VM (V ). Notice that

from these we can go back to the original via double negation: VM (X) = {{x}} = VM (X)

and VM (XV ) = {{x, v}} = VM (XV ).
Based on this we can, as our first trial, propose the following interpretation rules for

sentences:

• VM (SaP ) = 1 iff ∀X ∈ IM (S) : ∃Y ∈ VM (P ) : X ⊇ Y ,

• VM (SiP ) = 1 iff ∃X ∈ VM (S) : ∃Y ∈ VM (P ) : ¬(X⊥Y ).

• SoP and SeP are interpreted as the negations of SaP and SiP , respectively.

These interpretation rules for sentences seem straightforward, and in line with the
‘predicate-in-subject’ analysis. But they are too intensional. In particular, although men
are not by definition sick, it can still be the case that ‘All men are sick’ is actually true.
Similarly, although the terms Man and Sick are compatible, it need not be the case that
thus the sentence ‘Some men are sick’ is true. In van Rooij (2014) other interpretation rules
were used making use of individuals as thought of by Leibniz. According to this proposal,
what is wrong with the previous semantic analysis of SaP and SiP is that it is too general,
making use of all possible individuals. Instead, we should only make use of all actual indi-
viduals. On a proper intensional analysis, of course, we should not start with individuals,
but define these in terms of sets of features, or attributes (cf. Glashoff, 2010). Let D (the
possible individuals) be the maximally consistent sets of attributes. For each model (or
world)M , we will let DM (the actual ndividuals) be a subset of D, and think of its elements

28Notice that now it follows that IM (TT ′) = IM (T ) ∪ IM (T ′). It follows that a disjunctive term like
T ∨ T ′ is interpreted as IM (T ) ∪ IM (T ′).
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as the set of maximally consistent sets of attributes that ‘made it’ to M (perhaps due to
Leibniz’ principle of sufficient reason). We will denote by FM (X) the elements of DM that
are extensions of X : {Y ∈ DM : X ⊆ Y }, and similarly, F (X) =X: {Y ∈ D : X ⊆ Y }
(thus, F (X) is the set of all possible individuals that have all features of X). We assume
that FM (I(M (T )) ̸= DM . Now we define the truth conditions of the categorical propositions
as follows:

• VM (SaP ) = 1 iff ∀X ∈ VM (S) : ∃Y ∈ VM (P ) : FM (X) ⊆ FM (Y )

• VM (SiP ) = 1 iff ∃X ∈ VM (S) : ∃Y ∈ VM (P ) : FM (X) ∩ FM (Y ) ̸= ∅

Notice that X ⊇ Y iff F (X) ⊆ F (Y ). In that sense the analysis is thus very similar to
Leibniz’ natural analysis for sentences of the form SaP . But by our use of FM (X) instead
of F (X) it is not the same, because it need not be the case that all maximally consistent set
of properties corresponds with an actual individual. It follows, unfortunately, that for sen-
tences involving complex terms, like STaP , we can no longer guarantee that we can conclude
that STiP . In van Rooij (2014) it is shown how to turn this analysis into a Boolean analysis.

4.2 Intensional semantics for syllogistic-based propositional logic

So far we have thought of the set A in our models as a set of features. This was needed to
account for an intensional interpretation of the standard syllogistic inferences. Interestingly,
we can also think of our model as a model for propositional logic. It is well known that
Russell (1900) blamed the traditional logical idea that every sentence is of subject-predicate
form and that a sentence is true iff the (meaning of) the predicate is ‘part of’ the (meaning
of the) subject for being responsible for the Hegelian philosophical excesses. Ironically
enough, however, our intensional semantics is closely related with Russell’s (1924) own way
of thinking about propositional logic in terms of facts.29 Indeed, we can think of our set A
also as a set of original state of affairs and of the relation ⊥ as an incompatibility relation
between state of affairs. State of affairs played an important role in Russell’s (1924) and
Wittgenstein’s (1933) fact-based ontology. Facts can be thought of as sets of state of affairs.
Facts can be of two kinds: they are either primitive (including negative) or conjunctive. If
p (and p) and q are state of affairs, {p} (and {p}) and {p,q} are facts. Worlds can be
thought of as conjunctive facts. The set W , the worlds, can then be thought of as the set
of maximally consistent sets of state of affairs. Disjunctive and conditional facts do not
exist. To account for disjunctions and conditionals we make use of propositions. Indeed,
starting with A as a set of state of affairs, and of ℘(A) as the set of facts, we can think of
the elements of ℘(℘(A)) as the set of propositions. Sentences denote propositions. Atomic
sentence ‘p’ denotes {{p}}, conjunctive sentence ‘p ∧ q’ denotes {{p,q}}, while disjunctive
setence ‘p∨ q’ denotes {{p}, {q}}. This way of modelling propositions was proposed by Van
Fraassen (1969) and our way to provide an intensional semantics for syllogistic reasoning
was indeed modelled after Van Fraassen’s modelling of propositional logic.30

In section 3 we showed that we can account for standard propositional logic as an ex-
tension of syllogistic reasoning. This gives rise to the question whether we can do the same
now for our intensional semantics. Thus, if ϕ and ψ denote propositions, can we think of
ϕ→ ψ and ϕ ∧ ψ, for instance, as being represented by [ϕ]a[ψ] and [ϕ]i[ψ], respectively?

Indeed, sentences like ‘(p∧q) → q and ‘p∧q’ now come out as true on the first proposal as
discussed above. This is because {q} is a subset of {p,q} and the latter set is consistent. But

29This was at least recognized by Wittgenstein in his Tractatus, 5.1222: if p follows from q, then the sense
of p is contained in the sense of q.

30In fact, Van Fraassen (1969) proposed his analysis to provide a semantics for relevance propositional
logic, but shows that it can be used to account for standard propositional logic as well.
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this first semantics of sentences is obviously much too stringent for a material implication
account of conditionals, while conjunctive sentences are predicted too easily to be true.
Again, this is due to the too intensional analysis of our first proposal. Our final intensional
analysis, fortunately, is much better. For that to make sense, we think now of FM to be the
set of maximally consistent sets of facts that ‘made it’ to the actual world. But we assume
that there is only one such maximally consistent set, and thus FM is a singleton set. As a
result, if X is a set of state of affairs, FM (X) is either FM (if all state of affairs in X hold
in M), or ∅. A sentence denotes FM in case it is true, and ∅ otherwise. But this means
that [ϕ]a[ψ] is true just in case either ϕ is false, or ψ is true, and we interpret it thus like a
material implication. Similarly, [ϕ]i[ψ] can only be true just in case both ϕ and ψ are true,
just like in standard propositional logic. We conclude that our intensional analysis provides
a nice semantics for propositional logic as well.

5 Conclusion

Term logic can account for propositional reasoning. This was already clear from the work of
Leibniz and Sommers. The contributions of this paper were to show (i) what is required of
the proof-system to account for propositional reasoning in a syllogistic way once we account
for complex terms, and (ii) how to provide an intensional semantics for syllogistic reasoning
such that it also captures propositional logic. Interestingly enough, the latter semantics is
fact-based, a type of semantics that has gained enormous popularity recently in philosophy
(and natural language semantics).

Term logic can also account for reasoning involving relations (cf. Sommers, 1982) and
Aristotle himself already looked into modal syllogisms. How to provide an intensional se-
mantics for reasoning with relations remains a very open issue. Instead, much progress has
been made recently how to account for modal syllogisms (cf. Malink, 2013, van Rooij & Xie,
2020). It might seem that our intensional semantics could be relevant here. Indeed, it seems
natural that to account for Aristotle’s intuitions concerning the (in)validity of some modal
syllogisms, we should take his metaphysically-laden real definitions into account. Unfortu-
nately, adopting Leibniz’ idea that the intensional semantics should match the extensional
semantics, as we have done in this paper, won’t reflect Aristotle’s assumption that essential
predication is stronger than accidental predication.
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6 Appendix

To prove that our proof system SYLS+ can account for all of propositional logic when
Conjunction and Conservativity are added, we have to show that the new proof system can
account for all of the laws of Boolean Algebra below:

1. Idempotence
(a) X ∨X = X (b) X ∧X = X

2. Commutativity
(a) X ∨ Y = Y ∨X (b) X ∧ Y = Y ∧X

3. Associativity
(a) (X ∨ Y ) ∨ Z = X ∨ (Y ∨ Z) (b) (X ∧ Y ) ∧ Z = X ∧ (Y ∧ Z)

4. Distributivity
(a) X ∨ (Y ∧ Z) = (X ∨ Y ) ∧ (X ∨ Z)
(b) X ∧ (Y ∨ Z) = (X ∧ Y ) ∨ (X ∧ Z)

5. Identity
(a) X ∨ ⊥ = X (c) X ∧ ⊥ = ⊥
(b)X ∨ ⊤ = ⊤ (d) X ∧ ⊤ = X

6. Complementation
(a) X ∨X = ⊤ (c) X ∧X = ∅
(b) (X) = X (d) X − Y = X ∩ Y

7. DeMorgan’s laws

(a) (X ∨ Y ) = X ∧ Y (b) (XY ) = X ∨ Y
8. Consistency

(a) XaY iff X ∨ Y = Y .
(b) XaY iff X ∧ Y = X

Before we show that these laws are indeed all valid, let us first prove some preliminaries:
(we omit some obvious variants of the sort SP ↔ PS)

1. Sa ¯̄P ⊢ SaP and ¯̄SaP ⊢ SaP (double negation 2) Proof : ⊢ ¯̄PaP, Pa ¯̄P plus DDO.

2. ⊢ PQaP and ⊢ PQaQ (elim conjunction) Proof : ⊢ PQaPQ conj⇒ ⊢ PQaP , etc.
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3. SaP ⊢ SaP̄ Q̄ and SaP ⊢ SaQ̄P̄ (intro disjunction) Proof : ⊢ P̄ Q̄aP̄ Q̄ conj⇒ ⊢ P̄ Q̄aP̄ cp⇒⊢
¯̄PaP̄ Q̄

dn⇒⊢ PaP̄ Q̄, etc.

4. ⊢ PaP̄ Q̄ and ⊢ PaQ̄P̄ (intro disjunction 2) Proof : id plus DDO.

5. SaP ⊢ STaP and SaP ⊢ TSaP (strengthening antecedent) Proof : ⊢ STaST
conj⇒ ⊢

STaS, so SaP ⊢ SaP, STaS ⊢ STaP (DDO), etc.

6. SaP ⊢ SaSP and SaP ⊢ SaPS (strengthening consequent) Proof : ⊢ SaS, so SaP ⊢
SaP, SaS ⊢ SaSP (conj), etc.

7. STaP ⊢ STaSP and TSaP ⊢ TSaSP , etc. (strengthening consequent 2) Proof :
⊢ STaS, (ec), so STaP ⊢ STaP, STaS ⊢ STaSP (conj), etc.

8. STiP ⊢ STiTP and TSiP ⊢ TSiTP , etc. (Conservativity 2, abbreviated as con2)
Proof : STiP ⊢cons STi(ST )P and, with associativity (see below, does not make use
of conservatity) followed by conjunction and DDO, STiP ⊢ STiTP .

9. SiP ⊢ PiS (conversion) Proof : SaP̄ ⊣⊢ PaS̄ plus def of SiP .

10. SiPQ ⊢ SiP (weakening) Proof : Darii with PQaP , obtained by sa of PaP .

11. ⊢ S̄(S̄P̄ )aP (disjunctive syllogism) Proof : assume ⊢ S̄(S̄P̄ )iP̄ con2⇒ ⊢ S̄(S̄P̄ )iS̄P̄ . But

this is in contradiction with ⊢ S̄(S̄P̄ )a(S̄P̄ ) (conj).

12. ⊢ S(SP )aP̄ (conjunctive syllogism) Proof : assume ⊢ S(SP )iP con2⇒ ⊢ S(SP )iSP . This
is in contradiction with ⊢ S(SP )aSP (conj).

Making use of these preliminaries, we can now show that if we assume in addition to
SYLS+ the rules of conjunction and conversativity, we can prove all rules of Boolean Alge-
bra, and thus can account for propositional logic:

.

1. Idempotence:

(a) ⊢ S̄aS̄ conj⇒ ⊢ S̄aS̄S̄ cp⇒⊢ S̄S̄a ¯̄S dn⇒⊢ S̄S̄aS and

⊢ S̄S̄aS̄S̄ conj⇒ ⊢ S̄S̄aS̄ cp⇒⊢ ¯̄SaS̄S̄
dn⇒⊢ SaS̄S̄

(b) ⊢ SaS sc⇒⊢ SSaS and ⊢ SaS conj⇒ ⊢ SaSS

2. Commutativity:

(a) ⊢ P̄ S̄aP̄ S̄ comm⇒ ⊢ P̄ S̄aS̄P̄ cp⇒⊢ S̄P̄ aP̄ S̄. The inference ‘comm’ anticipates (b).

(b) ⊢ STaST conj⇒ ⊢ STaS, STaT conj⇒ ⊢ STaTS

3. Associativity:

(a) ⊢ (S̄P̄ )Q̄a(S̄P̄ )Q̄
ass⇒ (S̄P̄ )Q̄aS̄(P̄ Q̄)

dn⇒dn⇒⊢ (S̄P̄ )Q̄aS̄(P̄ Q̄)
cp⇒⊢ S̄(P̄ Q̄)a(S̄P̄ )Q̄.

Again anticipation by ‘ass’. The other direction goes very similarly.

(b) ⊢ S(PQ)aS(PQ)
conj⇒ ⊢ S(PQ)aS, S(PQ)aPQ

conj⇒ ⊢ S(PQ)aS, S(PQ)aP, S(PQ)aQ
conj⇒ conj⇒ ⊢ S(PQ)a(SP )Q. The other direction goes very similarly here too.

4. Distributivity:
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(a) ⊢ PaP
sa⇒⊢ PQaP

cp⇒⊢ P̄ aPQ
sa⇒ S̄P̄ aPQ

sc2⇒⊢ S̄P̄ aS̄(PQ). Analogously ⊢
S̄Q̄aS̄(PQ), hence,

cp⇒ cp⇒⊢ S̄(PQ)a(S̄P̄ ), S̄(PQ)a(S̄Q̄)
conj⇒ ⊢ S̄(PQ)a(S̄P̄ )(S̄Q̄)

Assume ⊢ S̄(PQ)i(S̄P̄ )(S̄Q̄)
cons⇒ S̄(PQ)iS̄(S̄P̄ )(S̄Q̄)

conv⇒ S̄(S̄P̄ )(S̄Q̄)iS̄(PQ)
w⇒

S̄(S̄P̄ )(S̄Q̄)i(PQ). Now (ds) ⊢ S̄(S̄P̄ )aP and ⊢ S̄(S̄Q̄)aQ, hence (2×sa + conj) ⊢
S̄(S̄P̄ )(S̄Q̄)aPQ. Contradiction, so ⊢ S̄(PQ)a(S̄P̄ )(S̄Q̄)

cp⇒⊢ (S̄P̄ )(S̄Q̄)aS̄(PQ).

(b) Assume ⊢ SP̄ Q̄i(SP )(SQ)
cons⇒ ⊢ SP̄ Q̄iS(SP )(SQ)

conv⇒ ⊢ S(SP )(SQ)iSP̄ Q̄
w⇒⊢

S(SP )(SQ)iP̄ Q̄. Now (cs) ⊢ S(SP )aP̄ and ⊢ S(SQ)aQ̄, so (2×sa + conj) ⊢
S(SP )(SQ)aP̄ Q̄. Contradiction, so ⊢ SP̄ Q̄a(SP )(SQ).

⊢ SPaS cp⇒⊢ S̄aSP , analogously ⊢ S̄aSQ, so
conj⇒ ⊢ S̄a(SP )(SQ). Also ⊢ P̄ aSP

and ⊢ Q̄aSQ, so (2×sa + conj) ⊢ P̄ Q̄a(SP )(SQ). By cp we have ⊢ (SP )(SQ)aS

and ⊢ (SP )(SQ)aP̄ Q̄ , therefore (conj) ⊢ (SP )(SQ)aSP̄ Q̄

5. Identity:

(a) As ⊢ Ta⊤ =⊢ Ta⊥̄ we have ⊢ S̄aS̄, S̄a⊥̄ conj⇒ ⊢ S̄aS̄⊥̄ cp⇒⊢ S̄⊥̄aS
⊢ S̄aS̄, sa⇒⊢ S̄⊥̄aS̄ cp⇒⊢ SaS̄⊥̄

(b) Generally ⊢ Ta⊤, so in particular ⊢ S̄⊤̄a⊤
⊢ ⊤̄a⊤̄, sa⇒⊢ S̄⊤̄a⊤̄ cp⇒⊢ ⊤aS̄⊤̄

(c) ⊢ ⊤a⊤ cp⇒⊢ ⊥a⊥ sa⇒⊢ S⊥a⊥
Generally ⊢ Ta⊤, so in particular ⊢ S⊥a⊤ cp⇒⊢ ⊥aS⊥

(d) ⊢ SaS sa⇒⊢ S⊤aS
⊢ Sa⊤, SaS ⊢ SaS⊤ (conj)

6. Complementation:

(a) ⊢ S̄ ¯̄Sa⊤ (cp of (c) plus dn)

(b) ⊢ ¯̄SaS (dn)

(c) Assume ⊢ SS̄i⊤ bl2⇒⊢ SS̄iS̄⊤ ⊢ w⇒ SS̄iS̄. But by conjunction ⊢ SS̄aS. Contradic-
tion, so ⊢ SS̄a⊥
⊢ SS̄a⊤ cp⇒⊢ ⊥aSS̄

(d) ⊢ ST̄aST̄

7. De Morgan’s laws:

(a) ⊢ S̄T̄ aS̄T̄ (dn2 in both directions)

(b) ⊢ STa ¯̄S ¯̄T (2×dn + conj, followed by cp. Works in both directions)

8. Consistency:

(a) Suppose ∆ ⊢ SaP , then (cp) ∆ ⊢ P̄ aS̄ sc⇒ ∆ ⊢ P̄ aS̄P̄ cp⇒ ∆ ⊢ S̄P̄ aP
Suppose ∆ ⊢ SaP , then (cp, sa) ∆ ⊢ S̄P̄ aP̄ cp⇒ PaS̄P̄

(b) Suppose ∆ ⊢ SaP , then (sa) ∆ ⊢ SPaP
Suppose ∆ ⊢ SaP , then (sc) ∆ ⊢ SaSP
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