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Intensional and extensional semantics
for apodeictic syllogistics

Robert van Rooij

Abstract. In this paper I provide two simple and straightforward semantic
analyses of Aristotle’s apodeictic syllogisms. It is shown that both an inten-
sional and an extensional semantics can be given, such that for any two terms
S and T, the intension of S is ‘part of’ the intension of T iff the extension of
T is ‘part of’” the extension of S, just as Leibniz assumed for the semantics of
assertoric syllogisms.

Keywords. Apodeictic syllogistics, Aristotle, intensional interpretation.

1. Introduction

Aristotle’s syllogistics is one of the best known logical systems. It can also be in-
terpreted very easily, making use of Venn diagrams. On such an interpretation,
universal sentences like ‘All S are P’, which are in modern times normally repre-
sented by SaP, are seen as true just in case each S-individual is also a P-individual.
Similarly, particular sentences like ‘Some S are P’ are counted as true just in case
at least one S-individual is also a P-individual. This interpretation that centres
around individuals is also known as the extensional interpretation of categorical
sentences. The best-known valid syllogism is called Barbara, according to which
All B is C, all A is B, so all A is C. But there is another interpretation of the
categorical sentences used in syllogistic reasoning: the intensional interpretation.
According to this interpretation, categorical sentences of the form SaP are true
just in case the denotation of the predicate P is ‘part of’ the denotation of the
subject-term S.

According to Leibniz, Aristotle, in contrast to a nominalist like Locke, pre-
ferred the intensional interpretation:

Philalethes (expressing Locke’s view) [...] it appeared to me preferable
to reverse the order of the premisses of syllogisms, and to say: All A is
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B, all B is C, so all A is C, rather than saying All B is C, all A is B,
soall A is C. [..]

Theophilus (expressing Leibniz’s view) [...] Aristotle may have had a
special reason for adopting [what is now| the common arrangement. For
rather than saying ‘A is B’ he usually says ‘B isin A’ [...]. And with that
way of stating it he achieves, through the accepted arrangements, the
very connection which you insist upon. For instead of saying ‘B is C, A
is B, so A is C’, Aristotle will express it thus: ‘C isin B, Bisin A, so C
isin A’. For instance, instead of saying ‘Rectangles are isogons (i.e. have
equal angles), squares are rectangles, so squares are isogons’, Aristotle
will put the ‘middle term’ in the middle position without changing the
order of the propositions, by stating each of them in a manner which
reverses the order of terms, thus: ‘Isogon is in rectangle, rectangle is
in square, so isogon is in square’. This manner of statement deserves
respect; for indeed the predicate is in the subject, or rather the idea of
the predicate is included in the idea of the subject. [...] The common
manner of statements concerns individuals, whereas Aristotle’s refers
rather to ideas or universals. [...]

Leibniz, New Essays on Human Understanding, Book 4, chapter 17,
sect. 8)

And Leibniz seems correct. Whereas on an extensional interpretation Barbara
would be represented by MaP,SaM | SaP, Aristotle would rather state the
syllogisms as follows: PaM, MaS | PaS. Thus, he would represent universal
categorical sentence ‘All S are P’ by PaS, rather then by SaP. In this paper we
will continue to use SaP to represent such sentences, without assuming, though,
that this means that such sentences should be interpreted extensionally.

According to Leibniz, the intensional interpretation of syllogistic sentences
should make exactly the same assertoric syllogisms valid as on the more standard
extensional interpretation. But he claimed that it still should be preferred, because
one doesn’t need to make an extra assumption of existential import (cf. Parkin-
son, 1966). Leibniz had difficulty to determine how exactly to make sense of the
intensional interpretation of categorical sentences to get at this result; his most
elaborate trial of interpretation in terms of single characteristic numbers failed,
and Leibniz only succeeded when he interpreted terms by pairs of characteristic
numbers. Unfortunately, only on the more elaborate first trial it really makes sense
to claim that categorical sentences are true just in case the (meaning of) predicate
is ‘part of’ the (meaning of) the subject.

In van Rooij (2014) I proposed an intensional interpretation of categorical
sentences without mentioning individuals, and of syllogistic reasoning, that is ar-
guably in line with Leibniz’ original trials. Satisfying as this may be, Leibniz’
assumption that the intensional and extensional interpretation of categorical sen-
tences should give rise to the same syllogistic validities seems disputable. Most
importantly, according to the most straightforward intensional interpretation it
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seems that any true assertoric categorical sentence is necessary true, ruling out any
contingency. This might be in accordance with Leibniz’ metaphysical views, it still
seems very unnatural. Moreover, such an interpretation seems to be inconsistent
with Aristotle’s views. Indeed, according to many scholars, Aristotle made crucial
use of a distinction between normal predication and predication by necessity in
his discussion of modal syllogisms. But to account for predication by necessity, it
seems natural to allude to intensional interpretation of terms. But this suggests
that the intensional interpretation of a categorical sentence is stronger than the
corresponding extensional interpretation.

Indeed, it seems that to make sense of modal syllogisms, where some sen-
tences are of a modal flavour and some not, we have to make use of both an
intensional interpretation of terms and of an extensional interpretation. I want to
show, however, that one can account for apodeictic syllogisms — modal syllogisms
where at most necessity modals are used — both on an intensional analysis and on
an extensional analysis. Thus, also for apodeicitic syllogisms, Leibniz’ basic idea
is correct that an intensional analysis accounts for the involved syllogisms iff the
extensional analysis does.

In the following sections I will first show how to provide an extensional and
intensional semantics of categorical sentences to account for standard assertoric
syllogistic reasoning. Afterwards, I will discuss the problem of the two Barbara’s of
Aristotle’s apodeictic syllogistics and show that one can make sense of this problem
straightforwardly both on an intensional and an extensional interpretation. I will
show also how one can go further to account for many more of Aristotle’s intuitions
concerning apodeictic syllogisms in these ways.

2. Extensional and Intensional interpretations of terms, and
categorical sentences

2.1. An extensional interpretation

It is well-known how to give an extensional semantics for syllogistic logic. Almost
all modern textbooks use Venn diagrams to decide whether a syllogistic inference
is valid. According to it, interpretation function E assigns to each term T a subset
of the set of objects D: E(T) C D. The sentence SaP is true iff the extension of S
(E(S)) is a subset of the extension of P, i.e. E(S) C E(P)iff E(S)NE(P) = E(S),
and SiP is true iff E(S) N E(P) # 0. Sentences of the form ‘Some S are not P’
and ‘No S is P’, represented by SoP and SeP, respectively, are interpreted as the
negations of SaP and SiP, respectively. This semantic interpretation accounts for
many valid syllogisms, but not all of them. In particular, not for the valid syllo-
gisms for which it is required that SaP entails SiP (known as the subalternation
inference). This can be easily accounted for by assuming that for the truth of SaP
it is not only required that E(S) C E(P), but also that F(S) # 0, known as the
assumption of existential import. It is well-known that with such an interpretation
of categorical sentences, all and only all of the following syllogisms are predicted
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to be valid that Aristotle considered to be valid as well.!

Barbara; Baroccoo Bocardos Camenesy
Celarent; Festinog Disamiss (Fesapoy)
Dariiy Camestress Ferisong Dimarisy
Ferio; Cesareq Datisis Fresisony
(Barbariy)  (Camestrops)  (Felaptons)  (Bramantipy)
(Celaront;)  (Cesaros) (Daraptis) (Camenopy)

The syllogisms between brackets are only valid in case one assumes existential
import. The above semantic analysis of categorical sentences is nice, because with
the help of Venn-diagrams as used below (where horizontal lines and crosses mean
empty and non-empty denotations, respectively), one can now easily check the
validity of any syllogistic argument.

S : : P S : : P S : P S P
SaP SiP SeP SoP
2.2. An intensional interpretation

It is much less clear how to represent categorical sentences intensionally such as
to account for syllogistic validity. This is especially challenging if one doesn’t want
to refer to individuals at all in such an intensional interpretation. A most natural
starting point is to assume that the intensional interpretation of any term T is a
set of features; intuitively, the set of features an individual needs to have to be a
T-individual. If the intensional interpretation of term T is denoted by I(T),% the
universal categorical sentence SaP can be counted as true just in case I(P) C I(S).
It is easy to see that on this interpretation the syllogism Barbara is correctly pre-
dicted to be valid. Similarly for other type of categorical sentences. For instance,
one would most naturally interpret SiP as true by demanding that I(S) and I(P)
are mutually compatible: —~3f € I(S),3g € I(P) : fLg (with L a primitive incom-
patibility relation between features). The syllogism of Darrii, MaP, SiM = SiP,
is now also corrected predicted to be valid. Sentences of the form SeP would then
most naturally be counted as true iff 3f € I(S) : 3g € I(P): f Lg. On this in-
terpretation, Celarent, MeP, SaM = SeP, for instance, is correctly predicted to
be valid. This is all no incident, because on such an intensional interpretation it
holds for all terms S and T: E(S) C E(T) iff I(T) C I(S).? If one then also as-
sures that E(S)NE(T) # 0 iff -3f € I(S),3g € I(T) : fLg, the same syllogisms

1For an explanation of the names of these syllogisms, see e.g.
https://www.newworldencyclopedia.org/entry/Syllogism.

2Intuitively, I(T) = {f € F : ¥d € E(T) : d has feature f}.

3Leibniz quite clearly assumed this. But he was not alone, as Kant assumed it as well:
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are predicted valid in the extensional and the intensional interpretation. We say
that if X and Y are sets of features, X 1Y iffgcy 3f € X,3g € Y : flg and its
negation that X QY iffsey -3f € X,3g € Y : fL1g. The above assumption, which
might be called the principle of plentitude, can now be reformulated as follows: if
I(A) O I(B), then E(A)N E(B) # 0.

Let’s be a bit more systematic and define the intensional interpretation of
categorical sentences as follows:
1. AaB true in w iff I(B) C I(A)
2. AiB true in w iff I(A) O I(B)
3. AeB true in w iff I(A)LI(B)
4. AoB true in w iff I(B) € I(A)

With these interpretation rules, we can now account for the following immediate
inferences, including conversion, realising that naturally X QY iff Y (O X and
X1Yiff Y1X:

1. AiB [ BiA, by symmetry of O

2. AeB = BeA, by symmetry of L

3. AaB | BiA, by the principle of non-contradiction

4. AeB = AoB, by the principle of non-contradiction

Note that we have listed the subalternation inference from AaB to BiA as
an immediate inference. From an extensional point of view, this inference needs
an extra assumption of existential import, AiA, and reduces to the syllogism (of
form Darapti) AiA, AaB | BiA. What is interesting from an intensional point
of view is that this extra assumption now reduces to the assumption of the law
of non-contradiction, from which we can conclude that at least all predicates are
consistent, meaning that —3f,g € I(A) : flg.* But if I(A) is consistent and
I(B) C I(A), I(B) is also mutually consistent with I(A4), and thus BiA is true.
The last immediate inference, from AeB to AoB, is valid for exactly the same
reason. From an intensional point of view, the subalternation inferences can thus
truly be seen as immediate inferences that don’t require a syllogism: existential
import is replaced by term-consistency.’

Notice also that from the above interpretation rules it follows that AaB is
contradictory with AoB, and that AeB is contradictory with AiB: if the one is
true, the other must be false. Similarly, AaB and AeB are contraries: they cannot
both be true, but can both be false. Finally, AiB and AoB are subcontraries: they

Every concept, as a partial concept, is contained in the presentation of things; as a
ground of cognition, i.e. as a characteristic, it has these things contained under it. In
the former regard, every concept has an intension; in the latter, it has an extension.
Intension and extension of a concept have an inverse relation to each other. The
more a concept contains under it, the less it contains in it. (Kant, 1988, section 7)

4Leibniz — a staunch supporter of the law of non-contradiction — indeed always assumed that the
involved terms are consistent.
5Though consistency of A is captured by sentence AiA.
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can both be true, but cannot both be false. The latter inference is partly based
on the principle of non-contradiction. This gives rise to the traditional square of
opposition:

contrary

AaB AeB
4 4

SRO0O+—T S®m
=
o
SRO0Ot+—T Sm

AiB subcontrary —Y»A40B

Given the meaning of mutual (in)consistency, it holds obviously that if X QY

and Z C X, then Z(QY and that if X 1Y and X C Z, then Z1Y. Given all this,
one can show easily that the syllogistic inferences of the first figure considered to be
valid by Aristotle, are indeed predicted to be so on this intensional interpretation:

1.

2.

BaC, AaB . AaC Barbara
I(C) CI(B),I(B) CI(A), thus I(C) C I(A), immediate
BeC, AaB .. AeC Celarent

I(CYLI(B),I(B) C I(A), thus I(C)LI(A), because if Y LX and X C Z,
then Y 17

BaC, AiB . AiC Darii
I(C) CI(B),I(B)OI(A), thus I(C) O I(A), because if ZCY and Y O X,
then Z (O X

BeC, AiB .. AoC Ferio

I(CYLI(B),I(B) O I(A), thus I(C) € I(A). Because suppose I(C) C I(A),
then with I(B)()I(A) it would follow that I(C)()I(B), which is inconsistent
with premisse BeC. Thus I(C) € I(A), which means AoC'.

This intensional interpretation correctly predicts the other syllogistic inferences as
well, always under the assumption that no predicate involved is inconsistent.

Natural as such an intensional interpretation may be, it gives rise to at least two
problems. First, it is natural to assume that I(A) is the set of features that an
individual has to have in order to be, or count as, an A, i.e., that I(A4) denotes
the essential, or defining, features of A. On such an intensional interpretation, sen-
tences of the form SaP and SeP are predicted too hard to be true. For instance,
‘All men are sick’ or ‘No man is sick’ could be true, although it is not a defining
feature of men (not) to be sick. Similarly, sentences of the form SiP and SoP are
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now too easily predicted to be true; for it could be, for instance, that ‘Some man
is sick’ is actually false, although ‘being sick’ is not ruled out by being a man.
Fortunately, this problem has an easy fix: give up the idea that I(A) denotes the
defining or essential features of A.% A natural proposal is that on a Leibnizian in-
tensional interpretation, the features that are part of the intensional interpretation
of I(T) are world dependent. In that case, one can overcome the above problem,
for one can demand, for instance, that E(S) C E(T) iff I,(T) C I,(S).” As in
modern possible world semantics I will assume from now on that also extensions
are world-dependent, meaning that E,,(S) C E,(T) iff 1,(T) C I,(S). Assuming
that intensions are world-dependent means, though, that I,,(T") will just be the
set of features that all T-individuals in w have, instead of the set of features an
individual has to have in order to be necessarily a T-individual.

A second problem for the above intensional analysis is that it is not clear
how to proceed when one also allows for negative and disjunctive terms. If I(P) =
{g9,¢'} (meaning intuitively that to be a P-individual, one needs to have both
features g and ¢'), it seems to be enough to have either negative feature g or feature
g’ to be a member of I(P).® But that means that I(P) cannot be represented by
simply a set of features. Indeed, in van Rooij (2014) it was proposed to represent
terms intensionally by sets of sets of features. In this way also disjunctive and
negative terms can be interpreted straightforwardly as being of the same type as
‘simple’ terms. If S would be interpreted as {f, g} in the simple way above, it
would be interpreted as {{f,g}} now. Its negation would now be interpreted by
{{f},{g}}- Sentences of the form SaP would be counted as true just in case VX €
I1(5),3Y € I(P) : Y C X. If S and P would be simple, non-disjunctive, predicates,
this would exactly correspond with I(P) C I(S) on the simpler interpretation. On
this new method, one also account for categorical sentences involving negative
and disjunctive terms. We won’t deal with the second problem in this paper, thus
concentrate on the first one: intensions must be world-dependent.

3. Aristotle’s apodeictic syllogisms

In his Prior Analytics Aritstotle made a distinction between assertoric and apode-
ictic syllogistics. The crucial difference between the two syllogistics is that only the
latter makes use of two different types of predicative relations: accidental predica-
tion versus predication by necessity. ‘Animal’ is predicated by necessity of ‘men”,
but ‘walking’ is not. Although both (a) ‘Every man walks’ and (b) ‘Every man is

6This fix was not one that Leibniz was easily willing to make.

"In formal concept analysis, Ganter, B & Wille, R. (1999), a concept is represented as a pair
(X,Y), with X a set of individuals (extension) and Y a set of features, such that z € X iff
has all features in Y, and f € Y iff all # € X have feature f. Thus, there is a huge similarity
between our Leibnizian analysis and the one from formal concept analysis. As far as I know,
formal concept analysis has not yet been used to account for modal syllogisms.

80r more generally, to have a feature, or combination of features, that is either inconsistent with
g or with ¢’.
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an animal’ can be true, it is natural to say that the ‘reasons’ for their respective
truths are different. Sentence (a) is true by accident, just because every actual
man happens to (be able to) walk. The sentence (b), on the other hand, is true
because manhood necessarily involves being animate. In traditional terms it is
said that (b) is true by definition, although this notion of ‘definition’ should not
be thought of nominalistically: it is the real definition. A natural way to account
for accidental predication is to say that a sentence of the form ‘Every S is P’ is
true just in case every actual S-individual happens to be a P-individual. But how
should we account for predication by necessity?

Let us assume that Ba9C means that all Bs are necessarily C, or that C' nec-
essarily belongs to (all) B. Aristotle claims that the following apodeictic syllogisms
are valid and invalid, respectively:

1. Ba®C, Ad"B . AaPC Valid Barbara LLL
2. Ba"C, AaB . AdPC Valid Barbara LXL
3. BaC, Ad"B . AdBC Invalid Barbara XLL

It is not at all trivial how to account semantically for the intuitions concerning
1-3. But what makes the task especially challenging is that Aristotle also claims
that not only conversion inference 4 is valid, but that the same holds for the modal
conversion inferences 5 and 6:

4. BeC . CeB Valid
5. BeHC . CeHB Valid
6. BiYC . Ci®B Valid

Of course, it is easy to account for inferences 5 and 6 if we assume that the
modal should be interpreted in a de dicto way, meaning, for instance, that Be®C
is true iff BeC' is true in all possible worlds. But it is equally easy to see that
on such an analysis inference 2 is not predicted to be valid. A de re analysis of
sentences like BaPC, paraphrased as Vz(Bxz — OCx), on the other hand, would
make inference 2 valid and 3 invalid, but has problems to account for the modal
conversion inferences 5 and 6. So neither a standard de dicto nor a standard de re
analysis of apodeictic statements would work to account for Aristotle’s intuitions.

Given the above, perhaps a natural hypothesis would be that sentences of
the form BaPC are true just in case I(C) C I(B), i.e. they are true, when true
on the intensional interpretation. Non-modal statements like BaC, however, are
true just in case they are true on their extensional interpretation: E(B) C E(C).
On this proposal, it is obvious why Barbara LLL is valid and Barbara XLL is not.
Unfortunately, also this hypothesis doesn’t explain why Barbara LXL is still valid.
To see this, BaPC is true because I(C) C I(B). The assertoric sentence AaB is
true just because E(A) C E(B). But from Ba“C (meaning I(C) C I(B)) and
AaB (meaning E(A) C E(B)) it doesn’t follow that I(C) C I(A), because one
cannot in general derive Aa”B (meaning that I(B) C I(A)) from AaB (meaning
E(A) C E(B)).? Essentially, the reason behind this is that on the first hypothesis,

9But see the discussion of Celarent LLL and LXL in the following section for a suggestion how
this might be motivated after all for the case of Barbara LXL.
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apodeictic statements are given a de dicto-like analysis. As we have seen above, a
de dicto analysis is natural to account for the validity of Barbara LLL and for some
conversion inferences involving modals, but it makes it unclear how to account for
the validity of Barbara LXL. What one needs instead, it seems, is an analysis
that looks more like a de re analysis. But we have seen that such an analysis has
difficulty to account for the conversion inferences.

Some commentators (e.g. Lukasiewicz, 1967; Patzig, 1968; Hintikka, 1973)
concluded that the combination of these statements just doesn’t make any sense
and that Aristotle must have been confused. Others, however, tried to account
for these claims by looking for a consistent semantics of Aristotle’s system (e.g.
Thomason, 1993; Uckelman & Johnston, 2010). The most interesting of these lat-
ter accounts build on the idea that Aristotle’s modal syllogistics was based on
his metaphysics and philosophy of science (e.g. Rescher, 1964; van Rijen, 1989;
Patterson, 1995; Malink, 2013, Vecchio, 2016). Unfortunately, most of these au-
thors have difficulty making many predictions of valid modal syllogistic reasoning
that correspond with Artstotle’s intuitions. Recently, however, Malink (2013) has
shown that it is actually possible to come up with a systematic analysis of modal
syllogistic sentences such that it gives rise to predictions almost exactly in accor-
dance with Aristotle’s claims. His analysis, however, is quite involved and makes
a number of ontological assumptions.!® Indeed, based on Protin’s (2023) idea to
think of the modals as term modifiers,'! I believe a simpler analysis is possible.!?

4. An intensional interpretation of apodeictic sentences

On our new analysis we will interpret non-modal categorical sentences as we inter-
preted them before, but now make the intensions world-dependent. Thus we say
that in w AaB true iff I,,(B) C I,,(A); AiB true iff I,(A) O I,(B), AeB true iff
I,(A)LI,(B) and AoB true iff I,,(B) € I,(A). To account for modal categorical
sentences, however, we introduce two term modifiers, (] and ¢, and thus allow
A and QA to be terms, if A is. The terms (JA and QA will be interpreted in a
modal way, using not only the intensional interpretation of A in world w, but in
other worlds v € W as well. I assume that features are in the domains of different
possible worlds.

1. Aa"B true in w iff I,(OB) C I,(A), with 1,(OB) = Uyew Lo(B)*

10Malink (2013) demands, for instance, that a substance term can only be predicated of another
substance term. In this way he arguably reduces Barbara LXL to Barbara LLL, which I find
disputable.

1 The relation between Protin’s proposal and my own will be briefly discussed in section 5.

121 have proposed a causal analysis of apodeictic syllogisms in van Rooij & Xie (2020), but this
analysis was also quite involved and still not general enough.

13This is a somewhat strange definition, for we have to assume that the set of features I,,((0B)
is consistent. More natural would be to first define Ey(0OB) = (),cw £v(B), and then define
I,(OB) in terms of it as {f : Vd € E,(OB) : d has feature f in w}. Only under certain
assumption this comes down to the same as the ‘official’ definition.
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2. Ai"B true in w iff I,,(A) O I,(OB) or I,(0A) O I,(B)
3. AeYB true in w iff I,(A) LI,(OB) and I,(OA) LI, (B),

with 1,,(0B) = mvew I,(B)
4. Ao B true in w iff I,(OB) Z I,(A)

Notice that by the definitions of I,,(0A) and I,,(QA), it follows that I,,(0A) C
I,(A) C I,(0OA).* This might at first be somewhat unexpected, for necessity
seems stronger than possibility, but then never forget the dual perspective once
one interprets things intensionally.!®

Notice that we have interpreted Ai9B and Ae”B in somewhat unexpected
‘symmetric’ ways. The reason behind this is to account for the conversion inferences
involving these ‘connectives’:' Ai9B |= BiYA and AePB = BeP A. Arguably,
these symmetric definitions go a long way to allow us to provide a de re-like
analysis of apodeictic categorical statements.

Given these definitions, and what follows from it, we can now account for the
following immediate inferences:

1. AiYB |= BiP A, see above

2. AePB |= BeP A, see above.

3. AiPB = AiB, because I,,(A) C I,,(0A) and I,,(B) C I,(OB), if I,(A) O
I,(O0B), then certainly I,(A) O I,(B), and if I,(dA) O I,(B), then also
1(4) O Ln(B)

140f course, it looks more familiar to define I, (OB) as [, ¢y Lo (B) and L, (0B) as U, cw Lv(B).
In that case I,(0OA) C Iw(A) C I,(0A). Now the apodeictic sentences would be defined as
follows to make the same predictions as what will be discussed in the main text:

1. Ad"B true in w iff I, (OB) C I, (A), with I, (0B) = Uvew 1,(B)
2. AiFB true in w iff I,(A) O Lw(OB) or I, (0A) O Iw(B)

3. AePB true in w iff I,,(A) LI, (OB) and I,(0A) LI, (B), with I,(0B) = Nyew Lv(B)
4. Ao"B true in w iff I, (OB) € L, (A)

The real reason I didn’t go for this option is that, inspired by Protin (2023), I started with an
extensional interpretation with the use of predicate modifiers (cf. section 5), and given that the
intensional perspective is the dual of the extensional perspective, the result as discussed in the
main text followed naturally.

15But notice that a natural alternative to the above intensional interpretation suggests itself:

AP B true in w iff I, (B) C I, (0A), with Iy (0B) = Ny Lo(B)
AiUB true in w iff Iy (A) O Iy (OB) or I,(0A) O Iu(B)

AePB true in w iff I,(A)LI,(OB) and I,(0A)LIL,(B), with I,(OB) = Upew To(B)
4. AoUB true in w iff I,(B) € I, (OA)

Unfortunately, this won’t do, because according to it, Barabara LXL is predicted to be invalid
and Barbara XLL is predicted to be valid, while it should be the other way around. Our discussion
of essentialism later in this section might suggest the following interpretation rule: AaUB true
in w iff [,(0B) C I,(OA). But also with this rule one would have to make an extra assumption
to account for the validity of Barabara LXL. Interestingly, such an analysis would be very close
to the de dicto-like analysis of section 5.1.

16 A very similar ‘symmetric’ analysis of such sentences was originally proposed by Thom (1996)
and Brenner (2000), and also adopted by Malink (2013).

@
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4. Aa"B = AaB, because I,,(B) C I,(0B) and thus if I,,(O0B) C I,,(A), then
certainly I,(B) C I,,(A)

5. Ae"B = AeB, because I,,(0A) C I,(A) and thus if, e.g. I,(0A) LI, (B),
then certainly I,,(A4) LI, (B)

Without any more assumption, we can now immediately account for Aristotle’s
intuitions concerning the apodeictic Barbara’s

Barbara.

1. Ba®C, Ad"B . AaPC Valid Barbara LLL
I,(0C) C 1,(B), I,(OB) C I,(A), thus I,(OC) C I,(A), because I,(B) C
1,(0B)

2. Ba"C, AaB . AdPC Valid Barbara LXL
1,(0C) C 1,(B), I,(B) C I,(A), thus ,(0C) C I,,(A4), immediate

3. BaC, Ad"B . AdPC Invalid Barbara XLL

I,(C) C I,(B),I,(0B) C I,(A), it doesn’t follow from I,,(C) C I,,(A) that
I,(0C) C I,(A), because typically I,,(C) C I,(0C)

In fact, we don’t need any additional assumption either to account for Aris-
totle’s intuitions concerning the apodeictic Darii’s and the apodeictic Ferio’s:

Darii.

1. Ba9C, Ai"B -, AiPC  Valid Darii LLL
I,(0C) C 1,(B), I,(A) O I,(OB) or I,(0A) O I,(B). Suppose I,(A) O
I,(OB), because I,(B) C I,(OB), then it follows with BaPC that I,,(0A)O
I(OC) and thus I,,(A) O I(DC). Suppose I,,(JA) O I, (B), then with Ba=C
it follows that I,(0A4) O I,(8C), and thus I,,(4) O 1,(3C).

2. BaBC, AiB . AiBC Valid Darii LXL
1,(0C) C I,(B), I,(A) O L,(B), thus I,,(A) O I,(3C) follows immediately,
which is enough to make Ai9C true

3. BaC, Ai7B . AiFC Invalid Darii XLL
r,(C) C 1,(B), I,(A) O I,(OB) or I,(0A) O I,(B). Suppose I,(JA) O
I,(B), then I,,(0A) O I,,(C), and this would make Ai~C' true. But now
suppose that I,,(A) O I,(OB) and thus I,,(4) O I,(B). From this it follows
with the first premisse that I,,(4) O I,,(C). But normally I,,(C) C I,,(OC),
so from here it doesn’t follow that I,(A) O I,,(OC)

Ferio.
1. BePC, AiPB . AdPC Valid Ferio LLL
This follows from Ferio LXL (see below) plus the inference Ai”B = AiB
2. BePC, AiB . AoPC Valid Ferio LXL

I,(B)L1I,(0C) and I,(0B) L1, (C), I,(A) OL,(B). Suppose that I,,(0C) C
I,(A). Then it would be that I,,(B) O I(¢C) . But this is in contradiction
with premisse BePC, thus I,,(0C) Z I,,(A)
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3. BeC, Ai"B -, AoPC Invalid Ferio XLL
I,(B)LL,(C),I,(A) O I,(0B) or I,(0A) O I,(B). Suppose I,(0C) C
I,(A). Assume I,,(A) O I,(OB). Then I,,(0C) O I,(OB). But from this we
cannot derive a contradiction with premisse BeC, because typically I,,(OB) D
I,(B). Also from assumption I,(JA) O I,,(B) one cannot derive a contra-
diction with supposition I,,(0C) C I,(A). Thus, given the premisses it is
possible that I,,(0C) C I,,(A), in contrast to the conclusion of Ferio XLL.

Unfortunately, Aristotle’s intuitions concerning the apodeictic Celarent syllo-
gisms are not immediately accounted for. We have to make two more assumptions.
First, to prove Celarent LXL, it seems we have to assume that X CY = X C
QY. But it is not immediately clear how to motivate that. This principle would also
suffice to prove Celarent LLL, although we could also assume for this syllogisms
that OX C Y iff X C QY. Unfortunately, it is also not obvious how to motivate
that principle.

Celarent.

1. BeBC, 4dPB - AePC Valid Celarent LLL
I,(B)LI,(0C) and I,(0B)LIL,(C),I,(OB) C I,(A). Because I,(B) C
I,(OB) it follows that I,(A)LL,(0C). If we can assume that I,,(0B) C
L (A)iff I, (B) C L,(OA) [7777), it follows that I, (¢A) LI, (C), with I, (0B) C
I,(B).

2. BePC, AaB . AePC Valid Celarent LXL
I,(B)L1I,(0C) and L,(0B)LL,(C), I,(B) C I,(A). It follows immediately
that I,(A)LL,(0C). If we can assume that I,,(B) C I,(A) = I,(0B) C

I,(QA) [7777], our desired conclusion I, (O A) LT, (C) follows from I, (0 B) LI, (C).

3. BeC, Ad"B . AeBC Invalid Celarent XLL
I,(B)LrI,(C), I,(O0B) C I,(A). Because I,(B) C I,(dB) it follows that
I,(A)LI,(C). From I,(B) C I,(0A) one can derive that I,,(0A)LL,(C).
But from here one cannot derive that I,,(A) LI, (0C)

What should we think of this? Notice that if we had defined BePC is true in w
iff I,,(B)LI,(0C), the Celarent apodeictic syllogisms would have been predicted
correctly immediately. Unfortunately, in that case the conversion inference from
BePC to CePB explicitly endorsed by Aristotle doesn’t hold anymore.

Interestingly, Aristotle himself came up with a (putative?) counterexample
to Celarent LXL:

(1) a. All ill people are necessarily not healthy, all men are ill, thus all men
are necessarily not healthy.
b. BePC, AaB . AeFC Celarent LXL

Malink (2013) proposed an interesting way to get rid of this (putative) counterex-
ample. He assumes that if any categorical sentence of the form BePC is true, both
B and C' are so-called essence terms. This is important for two reasons. First, Ma-
link assumes that ‘being ill’ is not an essence term, and thus the counterexample
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is not appropriate. Second, Mallink also assumes that if B is an essence term and
AaB is true, B is essentially true of A. For Malink, this means that AaB = Aa"B.
In Malink’s semantics, this suffices to validate Celarent LXL.

I agree with Malink’s intuition, although we would have to implement the
use of essentialism in a somewhat different way. I would say that if B is an essence
term and it is said of all A, then the essence of B belongs to the essence of A.
Moreover, I think it is natural to assume that I,,(OB) denotes the set of essential
features of B. Indeed, I,,(OB) denotes the set of features one must always have
to be a B.!7 But then the rule says that if B is an essence term and AaB is true
(and thus I,,(B) C I,(A)), it follows that I,,(0B) C I,(0A). But as we have
seen above, this is exactly what we needed to prove Celarant LXL. Notice that
this principle also suffices to account for Celarent LLL, because we have seen that
AaPB |= AaB.

Thinking of I,,(0C) as the set of essential features of C' makes the intensional
interpretation rule for Be9C' also immediately more natural. Be2'C is true just
in case the actual features of B are incompatible with the essential features of C
and the actual features of C' are incompatible with the essential features of B.
The intensional interpretation of BoHC now makes sense as well: not all essential
features of C' are part of the actual features of B.

There are many more modal syllogisms discussed by Aristotle. Limiting our-
selves now to, for instance, the necessity modals of the second figure only, Aristotle
claimed the following intuitions about them:

TABLE 1. Apodeictic syllogistic of second figure discussed by Aristotle

Name of syllogisms Form of syllogism Validness
Cesare LLL From CePB, Aa"B to AeFC valid
Cesare LXL From Ce"B, AaB to AePC valid
Cesare XLL From CeB, Ad"B to AePC invalid

Camestres LLL From Ca” B, AePB to AeFC valid
Camestres LXL From Ca" B, AeB to AePC invalid
Camestres XLL From CaB, Ae”B to AePC valid

Festino LLL From CePB, Ai9B to Ao°C valid
Festino LXL From CePB, AiB to AoBC valid
Festino XLL From CeB, Ai"B to Ao”C  invalid

Baroco LLL From Ca" B, Ao”B to Ao“C valid
Baroco LXL From Ca” A, AoB to Ao°C invalid
Baroco XLL From CaB, AoPB to Ao“C invalid

"Note that this is very much like the intuition of using I(B) in the de dicto-like analysis of
section 3.



14 Robert van Rooij

At this point we have not checked whether these intuitions, or the ones on
the third figure, are predicted by our interpretation rules. So there is still a lot to
do. The same is true for Aristotle’s intuitions about modal syllogisms concerning
possibility modals. Of course, for the standard possibility modal, a natural analysis
suggests itself:

(2) Aa®B = —(Ao"B) Ae®B = —(Ai"B)
Ai®°B = —(AePB) Ao®B = —(Ad"B)

In terms of our semantics, this would mean that Aa®B, for instance, is true
in w iff I,(0B) C I,(A), and that Ae®B is true in w just in case neither
I,(A) O I,(OB) nor I,(dA) O I,(B) holds, meaning that both I,,(A) LI, (OB)
and I, (0A)LL,(B) are the case. This sounds all very natural. Unfortunately,
as explained by Malink (2013), Aristotle doesn’t seem to accept that Aa®B and
AoP B, for instance, are in contradiction with each other. So to account for Aristo-
tle’s intuitions the above natural suggestion won’t do.'® Thus it is a real challenge
how to account for Aristotle’s intuitions concerning possibility models. On the
other hand, I feel we have enough machinery to provide a natural analysis of Aris-
totle’s contingency modals, although I haven’t worked how that should be done. I
hope to do this in some future work. Meanwhile I want to show that on an exten-
sional semantics, we can account for apodeictic syllogisms as well, at least if we
also make use of possible worlds.

5. An extensional semantics of apodeictic syllogisms

Modern modal logic is not really intensional in the sense that I used it above.
Instead, it is standardly assumed that not only the actual but also the possible
worlds have extensions. For this reason, I call such a semantics an extensional
one. I now want to show that making use of such extensions, we can account for
apodeictic syllogisms as well.

Just as in the previous section I make use of term modifiers [ and ¢, and as-
sume that if 7" is a term, 07 and QT are terms as well. These terms are interpreted
extensionally as follows: E,,(OT) = (e Eo(T) and By (OT) = Uyew Ev(T),"?
so just in a dual way compared to the terms on the intensional interpretation. (I
assume, of course, that individuals are in the domain of different possible worlds.)
Notice that it follows that thus E,,(OT) C E,(T) C E,(OT). Making use of these
modals, the interpretation of the modal sentences is analogue to their intensional
interpretations as follows:

180f course, it still might be interesting to investigate which syllogisms involving possibility
modals are valid in case we assume the above suggestion. For an investigation, see, for instance,
Englebretsen (1988).

197t was Protin (2023) from whom I learned these modalities. In fact, this whole paper was very
much inspired by Protin’s idea of adopting such modalities. Protin’s (2023) analysis, however,
is on various other points quite different and his predictions are much less in accordance with
Aristotle’s intuitions than what I present in this paper.
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A" B true in w iff E,,(A) C

AiPB true in w iff Ey(A) N E,
AeB true in w iff B, (A) N E,
Ao" B true in w iff E,(A)¢ZE

E,(0OB)
(OB) # 0 or E,(OA)NE,(B) #0
(OB) =0 and E,(QOA) N Ey(B) =
U(<>B)

0

D=

Making use of these interpretations, we can immediately account for the following
immediate inferences involving apodeictic sentences:

1. AiYB |= BiY A, by the symmetric definition of Ai"B.

2. AePB = BeP A, by the symmetric definition of AePB.

3. AiYB |= AiB, because E,(0A) C E,(A) and E,(OB) C E,(B), it follows
that if By, (A)NE,(OB) # 0 or E,(A)NE, (B) # 0, then certainly F,,(A)N
Ey(B) #0

4. Ad"B = AaB, because E,(OB) C E,(B), it follows that if E,(A) C
I,(O0B), then certainly F,,(A) C E ( )

5. AP B = AeB, because E,(A) C E,(0A), and thus if E,,(A) N E,(0B) =0
and E,(0A) N Ey(B) =0, then also E,,(A) N E,(B) =10

6. Aa"B |= BiA, follows if we assume ezistential import, by adopting the extra
premisse AiA.

The proofs of the syllogisms will be now very similar to the ones assuming the
intensional interpretation. Let me just show this by looking at the apodeictic
Barbara’s:
1. Ba"C, Ad"B . AdBC Valid Barbara LLL
E,(B) € E,(OC),E,(A) C E,(OB), thus E,(4) C E,(OC), because
F\(0B) C Ey(B)

2. BaBC, AaB . AdBC Valid Barbara LXL
Ew(B) C Ew(dC), Ey(A) C Ey(B), thus E,(A) C E,(OC), immediate
3. BaC, Ad"B . AdPC Invalid Barbara XLL

E,(B) C E,(C),Ew(A) C E,(OB), it doesn’t follow that E,,(4) C E,,(O0C),

because typically F,,(0C) C E,(C)

The proofs of the apodeictic Darii’s and the apodeictic Ferio’s go through
smoothly as well, as the readers can check for themselves. Interestingly, the same
is true for the proofs of Celarent LLL and Celarent LXL. To prove these apodeictic
syllogisms, one needs the extra assumption that E,(A) C E,(B) = E,(0A) C
E,,(OB). Similarly as for the intensional case, if we would have defined BdBC as
true in w iff E,,(B)NE,(OC) # 0, the proofs of Celarent LLL and LXL would be
unproblematic.

6. Conclusion and outlook

Notwithstanding the difficulties various scholars had to account for (a large amount
of) apoideictic syllogisms as discussed by Aristotle, it seems actually quite possible
to give a relatively standard semantics of apodeictic categorical sentences in order
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to account for Aristotle’s intuitions. In fact, in this paper we have given two
such semantics; an intensional and an extensional one. The two semantic analyses
are closely related: for any two terms S and T, the intension of S is ‘part of’
the intension of T iff the extension of T' is ‘part of’ the extension of S, just as
Leibniz assumed for the semantics of assertoric syllogisms. The smooth way in
which Aristotle’s intuitions can be accounted for is very encouraging. But many
things remain to be done. First, one needs to check whether the (un)validities of the
apodeictic syllogisms of the second and third figure as claimed by Aristotle can be
accounted for. Second, it needs to be seen whether the possibility and contingency
modals can be accounted for as well. One could also extend modal syllogistics
by also allowing for conjunctive, negative and disjunctive terms. It seems rather
straightforward how to do that extensionally, but it is unclear whether the ideas
in van Rooij (2014) for an intensional semantics suffice to account for that on an
intensional analysis.

Most importantly, however, one would like to know whether our semantics
can teach us something about Aristotle’s views on science (demonstrations) and
metaphysics (essentialism). It is not always easy to determine what exactly Aristo-
tle’s views on these topics are. According to quite some recent scholars (e.g. Crager,
2015; Malink, 2013; Patterson, 1995; Rescher, 1964; van Rijen, 1989; Thom, 1991,
1996; and Vecchio, 2016), however, his modal sylogistics gives us a mirror of Aris-
totle’s views on science and metaphysics. If that is true, and our analysis provides
indeed a straightforward interpretation of these apodeictic syllogisms, one should
be able to learn something about Aristotle views from our analysis of sentences
like Ba9C and BiFC. One conclusion in this respect seems quite clear: Aristotle
allowed for de re modalities, which according to some means that he assumed ob-
jects to have properties by necessity. Assuming that E,,(CJC) denotes the set of
individuals that (in w) have property C' by necessity, it seems that Ba9C' indeed
says that all B-individuals necessarily have property C. But on an intensional in-
terpretation, individuals don’t play a role at all, so what exactly does it mean to
have a de re analysis here? Most naturally I,,(CJC) denotes the set of features one
must have in order to be necessary a C-individual. And that seems to make sense.
However, does it follow from our interpretation of modal categorical sentences that
Aristotle assumes also some type of essentialism? It seems that I,,(0C) are the
features any C-individual will have in any world. Perhaps these could indeed be
equated with the essential features of C.

Although our analysis straightforwardly predicts correctly for many apode-
ictic syllogisms, our de re-like analysis still seems somewhat counterintuitive. This
holds in particular for the ‘symmetric’ analyses of {59- and eH-sentences required
to account for modal conversion inferences. In this sense, the de dicto-like analysis
briefly discussed in section 3 seems much more natural, also given that something
special has to be done anyway to account for the apodeictic Celarent syllogisms on
the de re-like analysis. On a de dicto-like analysis, possibility statements like Aa® B
and Ao® B could straightforwardly be interpreted as Jv € W : E,(A) C E,(B)
and Jv € W : E,(A) € E,(B), respectively, meaning that Ao®B is not the same
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as =(Aa"B), because from Aa~ B one cannot conclude that Vv € W : E,(A) C
E,(B). Contingency statements like Aa®B could then perhaps just be short for
combinations of possibility statements. I think it remains worthwhile to look into
such a de dicto-like analysis after all.
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