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Chapter 2

Hydrodynamics At Low Reynolds
Numbers

Introduction

In the previous chapter molecular motors and their cargoes were introduced. These
motors are capable of dragging a cargo through a cell by walking along cytoskeletal fil-
aments. The transport takes place through cytosol, the fluid component of cytoplasm.
This fluid has a viscosity a factor 1000 larger than water. Moreover, as their name sug-
gests, the motor proteins are small and their cargoes not much bigger (≤ 2µm) (see
table 1.1), which means that they are subject to thermal forces. As explained in the
previous chapter, transport of cargoes by single motors through water has been stud-
ied intensively in vitro [3, 10, 14–17, 55]. In addition, the first force-velocity curves in
vivo [23–26, 56] have been reported following the recent introduction of quantum dots
as positional markers for molecular motors. None of these studies however, focus on
the situation where multiple cargoes are simultaneously transported in the same direc-
tion as is the case in cytoplasmic streaming and inside neurons. In this thesis, I reason
that this transport is strongly affected by the medium in which it takes place. The larger
the fluid’s resistance against flowing, i.e. the viscosity, the smaller the influence of ther-
mal forces, and thus, the more efficient the directed transport takes place. Moreover,
the actively moving motor-cargo complexes set up a flow field via momentum transfer.
I will show in subsequent chapters that the hydrodynamic interactions via momentum
transfer between motor-cargo complexes moving in the same direction enhances their
transport.

In this chapter the underlying physics will be explained. Firstly, the fluid fric-
tion is introduced via the viscosity. Secondly, the equations of continuity and motion,
which describe respectively the conservation of mass and momentum in a fluid, are
discussed. Next, the interaction of a typical organelle of size 500 nm with the surround-
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ing fluid is studied. This includes quantifying the relevant forces acting upon the sus-
pended organelle and discussing these by means of dimensionless parameters such as
the Reynolds, Péclet and Stokes numbers. In addition, momentum transfer through
the fluid around one organelle, and between many organelles is discussed. Finally, the
Langevin equation, the equation of motion for a suspended organelle, is introduced.

The Viscosity

The concept of viscosity can be understood by means of the two parallel plates experi-
ment (see Fig.2.1). In this experiment a net force is acting on the top plate forcing it to
move forward while the bottom plate remains in position. As explained in the figure,
a linear velocity profile arises for a Newtonian fluid which falls off with the distance, x,
away from the moving plate. Assuming no-slip boundary conditions the fluid velocity,
V , has a maximum value at the moving plate and is zero at the other one. For this linear
velocity profile to arise the flow has to be laminar [57]. In this regime the adjacent fluid
layers slide past one another in an orderly fashion i.e. there is no turbulence. I will now
introduce the viscous stress, τ , which is the force, F , acting on the plate divided by its
area A. In the parallel plates experiment, the viscous stress is a measure for the flux in
x-momentum in the y-direction and is given by [57]:

τ =
F

A
= −ηdVx (y)

dy
. (2.1)

This equation states that the shearing force per unit area is proportional to the ve-
locity gradient. The velocity gradient is the driving force for momentum transport by
viscous forces. The momentum goes downhill from a region of high to low velocity. Vis-
cous forces are only present when velocity gradients are present. The constant of pro-
portionality is called the viscosity, η, which is the internal resistance of a fluid against
flowing. It is fluid dependent and for a Newtonian fluid, it is sensitive to the temperature
and concentration but not to the velocity gradient. For liquids, the viscosity decreases
with increasing temperature. A common deviation from Newtonian behaviour is shear
thinning, the tendency for the viscosity to decrease at high velocity gradients [3].

The full expression for the viscous stress in three dimensions is given by Newton’s
law of viscosity [57]:

τ = −η
[
∇V + (∇V )T

]
+

(
2

3
η − κ

)
(∇ · V ) δ. (2.2)

Here, τ , is the viscous stress tensor, V , the velocity vector and, κ, the bulk viscosity.
The nabla operator ∇ is defined as: ∇ ≡ (∂/∂x, ∂/∂y, ∂/∂z) and δ is the Kronecker delta
which has the value one for i = j and zero for i 6= j. The right hand term can often
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Figure 2.1: Two parallel plates experiment [3, 57] - A force, Fx, acting on the top plate causes it to move
forward with velocity, Vx, while the bottom plate remains in position. Momentum is transferred into the
fluid in the direction perpendicular to the moving plate. I assume the fluid to be Newtonian and no-slip
boundary conditions at the plates. This yields the characteristic linear velocity distribution, where the
fluid velocity falls off from a maximum value at the top plate to zero velocity at the bottom one. The
constant of proportionality is the viscosity η.

be ignored as κ = 0 for ideal gases and (∇ · V ) = 0 for incompressible fluids (see next
section) [57].

In addition to momentum transfer by the shear forces, there are also hydrostatic
pressure forces acting on the fluid. These are given by pδ. The combining of the mo-
mentum contributions yields the molecular stress tensor Π [57]:

Π = τ + pδ (2.3)

This tensor can be interpreted as the flux of all molecular j-momentum in any posi-
tive i-direction.

Balance Equations In Fluid Dynamics

Two balance equations, which describe fluids, are important for understanding the the-
ory in this thesis. Firstly, the balance equation of mass can be obtained by considering
the change of fluid density, ρl, at a given time, t, in space. The equation of continuity is
given by [57]:

∂ρl
∂t

+∇ · (ρlV ) = 0. (2.4)

For incompressible fluids, i.e. a fluid of constant density, this can be simplified to
[57]:

(∇ · V ) = 0. (2.5)
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Secondly, there is the equation of motion for fluids, which is the fluid’s version of
Newton’s second law. The equation describes the rate of momentum increase for a fluid
at a given place and time. This momentum increase arises from external forces such as
gravity, g, and from the gradient of all momentum transfer. The latter consists of the
molecular stress tensor, Π (see eq.2.3), and convective momentum, ρlV V , which is the
momentum carried by the fluid. The combination yields the Navier-Stokes equation
[57]:

∂ (ρlV )

∂t
= − [∇ · ρlV V ]−∇p− [∇ · τ ] + ρlg. (2.6)

The Reynolds Number

In equation 2.7, the Navier-Stokes equation is rearranged such that all the terms con-
taining inertia are on the left-hand side of the equation.

ρl

(
∂V

∂t
+ V · ∇V

)
= −∇p+ η∇2V + ρlg. (2.7)

The term, ∂V
∂t

, represents changes in inertia in time, whereas, the non-linear term,
V · ∇V , represents the momentum carried by the fluid flow. Inertia is the property of
an object to remain at constant velocity unless an external net force is acting upon it. The
larger the inertia of an object, the more difficult it is to stop its movement. In contrast, an
object of low inertia will instantaneously stop or start when an external force is applied
upon it. Inertia in fluid flows is caused by non-linear interactions within the flow field.
When inertial effects dominate the flow, the non-linear interactions may give rise to
instabilities causing the fluid to become turbulent.

The pressure gradient, ∇p, viscous forces, η∇2V , and the influence of gravity, ρlg (or
other external forces such as centrifugal or electromagnetic forces) are on the right-hand
side of the equation. The viscous term includes the fluid viscosity. As explained in the
moving plate experiment (Fig. 2.1), the viscosity is a fluid dependent variable involved
in momentum transport. Each fluid has a different viscosity depending on how strongly
this fluid resists flow under the influence of an external force. For example, air has low
viscosity (19× 10−6 Pas [57]), water is intermediate (0.01 Pas [57]) and cytosol is high (1
Pas [23]). Furthermore, the viscosity is the source of drag on objects moving through a
fluid. Inertia and viscosity work against each other. While inertia is trying to keep an
object moving, viscosity is trying to stop it [58].

If we introduce a velocity, U , and length, L, time can be represented time as L/U and
the gradient, ∇, as 1/L. Next, it is possible to express inertia and viscosity using these
units. Both terms containing inertia can be expressed as ρU2

L
and the viscosity as ηU

L2 [58].
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If we now take the ratio of the inertial and viscous contributions in the Navier-Stokes
equation, we obtain the Reynolds number [57–60]:

Re =
inertial forces
viscous forces

=
ρUL

η
. (2.8)

This is a dimensionless number that characterises different flow regimes arising
when the fluid medium comes in contact with an interface. Most commonly, this is
a solid interface as is the case for flow through a pipe or channel of any arbitrary shape,
or flow around a suspended object e.g. a sphere. At low Reynolds numbers, viscous
forces are dominant. The flow is laminar and it is characterised by smooth constant
fluid motion. High Reynolds numbers occur when inertial forces dominate, which tend
to give rise to chaotic fluid behaviour like eddies and vortices. When considering flow
around an object, the Reynolds number is an indicator for vortex shedding behind the
particle. In table 2.1 examples of Reynolds numbers are given.

Object Size Speed Fluid density Viscosity Reynolds No.
m m/s kg/m3 Pas

Ocean liner 100 30 1000 10−3 3×109

Swimmer 2 1 1000 10−3 2×106

Bee 10×10−3 0.14 1.3 18×10−6 100
Bacterium 2×10−6 25×10−6 1000 10−3 5×10−5

Melanosome* 5× 10−7 8×10−7 1200 1.1 4.4×10−10

Table 2.1: The flow behaviour of different objects are compared using the Reynolds number, Re. This
number is the ratio between inertial forces working on an object in a fluid and the viscous forces acting
upon it. It is given by: Re=ρV d/η where η, is the viscosity, ρ, the density, V , the velocity and, d, the
diameter of the object. Reynolds numbers larger than one correspond to a turbulent regime while smaller
values refer to laminar flow. This table was reproduced after [3]. *The melanosome, a typical molecular
motor cargo, was added to the original table, for references see table 2.2.

Flow At Low Reynolds Numbers - Why We Need Molecu-
lar Transport Motors?

As can be seen in table 2.1, the Reynolds number of a melanosome, a typical organelle,
is very small. I will use this typical motor cargo for molecular motors as frame of refer-
ence. The properties of this organelle are summarised in table 2.2, where the viscosity of
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cytosol is 1.1 Pas [23]. When Reynolds numbers are this small, friction forces are signifi-
cantly larger than inertial forces and the latter can therefore be neglected. Additionally,
the gravitational force, F g, is given by [3]:

F g = mg. (2.9)

In this equation, m, is the mass of the organelle and, g, the gravitational constant.
Using this equation we can show that for the melanosome (see table 2.2) the gravita-
tional force is small (0.00077 pN) even in comparison to the stall force of a molecular
motor (5-7 pN). Next, we assume that there are no external forces acting on the fluid,
that the influence of gravity can be neglected, the fluid is incompressible and the fluid
viscosity and density are constants. Thus, the Navier-Stokes equation can be simplified
to the Stokes or Creep flow equation given by [57, 59, 60]:

η∇2V −∇p = 0. (2.10)

Unlike the Navier-Stokes equation, this is a linear equation that has no contribu-
tions from inertial forces and it is time reversible. The following example illustrates
the significance of the absence of inertia. In his book, Howard [3] derives an equation
for calculating the coasting distance of an object after the force acting on it has been
removed:

Lc = V0τ. (2.11)

In this equation, Lc, is the coasting distance, V0, the velocity at t = 0 and, τ , the typical
time an object takes to reach its terminal velocity (relaxation time). For an organelle,
without an external force acting upon it, the terminal velocity is zero. The relaxation
time is defined as [3, 63]:

τ =
m

γ
=

2a2ρ

9η
. (2.12)

Moreover, m, is the mass of the object and, γ, is the fluid drag coefficient (See
eq.2.19). For the organelle in table 2.2, this means that it reaches a full stop after coasting
1.94×10−13 m in 1.52×10−11 s. This shows that in a system without inertia, changes in
velocity are instantaneous.

For organelles and molecular motors the time reversibility of the Stokes equation has
nontrivial consequences. To illustrate this, Purcell introduced the Scallop Theorem [64,65].
The theorem states that symmetrical motion cannot generate a net displacement at low
Reynolds numbers. In Purcell’s example a scallop quickly closes its shell, generating
enough momentum to propel itself. However, upon opening of the shell, independent
of the speed of opening, the trajectory is reversed and the scallop is returned to its
original position. This is a direct consequence of the symmetrical path followed by the
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Property Symbol Value Comment
Motor cargo
Diameter d 500 ×10−9 m [21]
Volume* V 6.54 ×10−20 m3

Density ρ 1200 kg/m3 [61]
Mass* m 7.85 ×10−17 kg
Viscosity η 1.1 Pas [23]
Minimum Motor Force* F0 4.15 pN F0 = γV0
Velocity V0 800 nm/s [17, 62]
Temperature T 37 ◦C
Boltzmann Constant kb 1.381 ×10−23 J/K
Thermal Energy* (T in K) kbT 4.2821 ×10−21 J
Acceleration of gravity g 9.81 m/s2

Reynolds Number* Re 4.36 ×10−10 eq. 2.8
Stokes Number* Sk 4.85 ×10−11 eq. 2.27
Drag coefficient* γ 5.18 ×10−6 Ns/m eq. 2.19
Mobility* (=1/γ) µ0 1.93 ×105 m/Ns eq. 2.19
Diffusion Coefficient* D0 8.26 ×10−16 m2/s eq. 2.28
Drag Force Motor*,** Fd 4.15 pN eq. 2.18
Gravitational Force* Fg 0.00077 pN eq. 2.9
Root Mean Squared Velocity* vrms 0.0128 m/s eq. 2.30
Relaxation Time* (=m/γ) τ 1.52 ×10−11 s eq. 2.12
Diffusive Coasting Distance* Lc 1.94 ×10−13 m eq. 2.11

Table 2.2: The above data will be used as a representative model system for an organelle that is transported
through a cell. Where available, follow the equation numbers for an explanation in the text. *Calculated
values. **Note: in water (η = 0.001 Pas [3]) these forces are a factor 1000 smaller.

opening and closing of the scallop. The only way to generate net displacement at low
Reynolds numbers is by means of asymmetrical motion. For example, this type of mo-
tion occurs in a flexible oar on a molecular rowing boat. The oar follows a different
paths during the power and recovery strokes thus creating net displacement. In nature,
molecular swimmers are powered by the asymmetrical motion of cilia and flagella [65]∗.
The organelle in table 2.2 does neither have cilia nor flagella, therefore it needs a con-
centration gradient or an external force to displace through the cell. Molecular motors

∗A swimmer in a pool filled with molasses that is only allowed to move with the speed of the arms of
the clock who after a few weeks has managed to move a few meters, qualifies as a low Re swimmer [64].
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that walk in directed fashion along a cytoskeletal track provide the organelle with just
such a force.

An Organelle Moving In A Fluid

When an organelle moves through a fluid it encounters fluid friction via the viscos-
ity (see section about the Reynolds number). This causes the organelle to disturb the
fluid and set up a flow field around it. We can use streamlines to visualise this flow
field. A streamline (ψ = constant) is a curve that is tangent to the instantaneous velocity
field around the organelle [59]. If we assume that the organelle is a spherical and solid
particle, we can describe the flow field using the following equation [60]:

ψ =
1

4
vr2sin2θ

[(a
r

)3

− 3
(a
r

)]
. (2.13)

This formula yields the following velocity components around the organelle [60]:

vr = − 1

r2sinθ

∂ψ

∂r
= −1

2
vcosθ

(a
r

)2 (a
r
− 3

r

a

)
(2.14)

and

vθ =
1

rsinθ

∂ψ

∂r
= −1

4
vsinθ

(a
r

)[(a
r

)2

+ 3

]
. (2.15)

The streamlines around the organelle that is moving through a fluid are shown
schematically in Fig.2.2A. The flow of fluid around an immobile organelle is shown
in Fig.2.2B.

A

F

B

Figure 2.2: Streamlines around an organelle, which we assume to be a spherical solid object, in a fluid.
Figure A shows the streamlines around a moving organelle (active particle). In Figure B, the frame of
reference is changed. The fluid is now moving around an immobile organelle [60].
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In the following discussion it is assumed that the organelle is an active particle mov-
ing through the fluid driven by an external or internal force. The magnitude of the
friction force can be determined by integrating the normal, Πrr, and tangential, Πrθ,
stress terms of the molecular stress tensor, Π (eq.2.3 represented in spherical coordi-
nates), around the surface of the sphere, which yields (see [57, 59, 60] for details):

F n
d = −2πηaV (2.16)

and

F t
d = −4πηaV . (2.17)

The friction force from the normal stress is called form drag, F n
d, whereas the tangen-

tial force gives rise to a viscous (or skin) drag force, F t
d. Note that the ratio of viscous to

form drag is 2:1. It is believed that it is this asymmetry that allows the lowRe swimmer,
introduced in the previous section, to move via asymmetrical motion [64]. The adding
of both forces yields Stokes’ law, which is the total drag force, F d, around the organelle:

F d = F n
d + F t

d = −6πηaV . (2.18)

This is a linear relation between the force and the velocity as expected from the
linearity of Stokes’ equation (eq.2.10). Note the minus sign as this force works against
the motion of the organelle. This equation allows us to define the fluid dependent drag
coefficient, γ, and self-mobility, µ0, of the organelle to be [3]:

γ =
1

µ0

= 6πηa. (2.19)

For the organelle in table 2.2, the drag force is 4.15 pN, which is large as com-
pared to the motor stall force of 5-7 pN. This shows that one molecular motor generates
enough force to move an organelle, but that multiple motors working in concert might
be favourable.

Many Organelles Moving In A Fluid - Hydrodynamic In-
teractions

Inside the eukaryotic cell there are many organelles moving through the cytosol. Each of
these organelles experiences a negative drag force and, via momentum transfer∗, sets up
a flow field (Fig.2.2A). Even though these flow fields fall off to zero at infinite distance
away from the organelles, they will influence the flow field around nearby organelles
and thereby change their trajectories.

∗See the parallel plates experiment (Fig. 2.1).
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An organelle will thus experience a fluid friction force generated by its own motion
(see eq.2.18), but also from the surrounding flow field that is set up by other organelles
in the system. This flow field, V́ (r), generated by all organelles in the system, will
now be determined (see [59, 60, 63, 66, 67] for more detailed or alternative derivations).
Assuming that the flow field changes gradually with position and using the appropriate
boundary conditions, the hydrodynamic drag force on an organelle becomes:

F h = −6πηa
(
V − V́ (r)

)
. (2.20)

The problem can be simplified by making the following assumptions: (1) At all or-
ganelles we have no-slip boundary conditions, (2) the flow field varies gradually with
position and (3) the distances in the system are large with respect to the organelle radii.
(4) Only active organelles, i.e. those with a net force acting upon them, will influence
the flow field and additionally, (5) we assume that the forces on all organelles are point-
like forces acting on a Newtonian liquid. Under the quasi-static approximation, where
the velocity and pressure fields satisfy the balance equations below, we can solve the
flow field.

∇ · V́ = 0 (2.21)

η∇2V́ −∇p =
∑
j

δ (r −Rj)F j (2.22)

In this equation, Rj, is the position of organelle, j, and the summation runs over all
organelles excluding organelle, i. The force acting on an organelle, j, is given by F j

and it originates from the centre of the organelle. Moreover, δ (r −Rj), is Dirac’s delta
function. The solution of the flow field is given by:

V́ =
∑
j

µ (r −Rj) · F j. (2.23)

The tensor, µ (r), is the Green-function of the system and it gives the inter-organelle
mobilities, µij. As was the case for the self-mobility of a single organelle, µii = µ0Î ,
where Î is an identity matrix, the inter-organelle mobilities are linear functions of the
force and velocity. A simple solution of the mobility tensor is given by the Oseen tensor∗

that is defined as:

µij =

{
µ0Î i = j

1
8πηrij

[Î + r̂ij ⊗ r̂ij] i 6= j.
(2.24)

∗Some authors call this the Oseen-Burgers tensor [59].
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The inter-organelle distance is described by vector rij = ri − rj , rij is its magnitude,
r̂ij = rij/rij a unit vector and r̂ij ⊗ r̂ij a dyadic product. By multiplying the numerator
and denominator by 6a, we can express the Oseen tensor as a function of µ0:

µij =

{
µ0Î i = j
3
4
µ0

a
rij
[Î + r̂ij ⊗ r̂ij] i 6= j.

(2.25)

Note that the hydrodynamic interactions are long-range interactions as they decay
as r−1. It is known that the Oseen tensor becomes inaccurate at short distances because
it does not correctly represent the flow field at short length scales. Moreover, the forces
acting on the active particles are treated as point forces at rij = 0. A more accurate
mobility tensor that includes the organelle size as well as short-range hydrodynamic
interactions is given by Stokes [59, 68]:

µij =

µ0Î i = j

3
4
µ0

a
rij

(
Î + r̂ij ⊗ r̂ij

)
+ 1

4
µ0

(
a
rij

)3 (
Î − 3r̂ij ⊗ r̂ij

)
i 6= j.

(2.26)

The term proportional to a/rij is called the Stokeslet and it describes the viscous
response of the fluid to the no-slip condition at the organelle surface. The term pro-
portional to (a/rij)

3 is called the stresslet. This term contributes to irrotational flow,
which is unrelated to the viscous force on the organelle and is caused by the finite size
of the organelle∗. The latter term influences the flow field on short distances as it falls
off rapidly with r−3

ij , where the Stokeslet’s term is long ranged as it decays with r−1
ij .

At long distances, r−3
ij � a, Stokes’ solution simplifies back to the Oseen tensor [59]†.

Alternative tensors exist that correct for the shape and size of the organelles.

An Organelle’s Sensitivity To Hydrodynamic Interactions

To determine the sensitivity of an organelle to the flow field in a fluid, the Stokes num-
ber, Sk, is used. This dimensionless number is defined as the ratio between the relax-
ation time, τ (eq.2.12), of the suspended organelle and the characteristic time in which
flow, governed by another organelle, changes. At a large Stokes number the moving or-
ganelle is not affected by the surrounding flow field. However, for Sk � 1, the organelle
follows the streamlines closely [59]. The Stokes number is defined below.

∗Note that the Stokeslet and stresslet terms also appear in equations 2.14 and 2.15. These equations
describe the velocity around an organelle.

†The hydrodynamic interactions tensor of Stokes (eq.2.26) reduces to, µij = µ0Î, at the surface of a
spherical organelle (rij = a) [59].
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Sk =
Uτ

L
(2.27)

Next, it is determined how the flow field, which has been set up by an organelle of
size, L, that is moving with velocity, U , affects the motion of the model organelle. If both
organelles are assumed to have equal size and velocity, such that L = a and U = V , we
find: Sk = 4.85× 10−11. Thus, the organelle in table 2.2 is very sensitive to the flow field
coming from the other organelles on which an external force is acting.

Diffusion

As mentioned in chapter 1, the suspended organelles are small (50-2000 nm, see table
1.1), but they are still large with respect to the molecules of the surrounding medium.
This means that when the molecules of the cytosol collide with the organelles, their
change in momentum transmits an impulsive force on the organelle. These collision
forces are called thermal forces as their magnitude depends on the temperature of the
fluid. The random motion of the molecules is called diffusion, whereas the resulting
diffusive motion of a suspended organelle is referred to as Brownian Motion [3]. The
magnitude of the diffusion of the molecules in a fluid is given by the (self-)diffusion
coefficient, D0, which is the ratio between the thermal energy of the fluid molecules and
the friction factor of the fluid [3]:

D0 =
kbT

6πηa
=
kbT

γ
= kbTµ0. (2.28)

This equation is called the Stokes-Einstein equation or Einstein relation. The equation
states that the value of the diffusion coefficient can be calculated from the response of
the system under external force [63]. The diffusion coefficient will increase with rising
temperature i.e. larger thermal forces, and is inversely proportional with the viscosity.
The latter is the fluid’s internal resistance against motion. The organelle in table 2.2 (in
cytosol at 37 ◦C) has a diffusion coefficient of D0 = 8.26 ×10−16 m2/s. The mean and
variance of the random thermal forces are given by [3]:

〈Fth〉 = 0

σ2 = 〈F 2
th〉 = γ2〈v2〉.

(2.29)

Moreover, the variance depends upon the average velocity of the cytosol molecules
that is given by 〈v〉. The latter can be calculated from the root-mean-square-velocity,
vrms [3], using the following equation [3]:

vrms =
√

〈v2〉 =
√

3kbT

m
. (2.30)
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Using data from table 2.2, this yields vrms = 1.28×10−2 m/s and 〈v2〉 = 1.64 × 10−4

m2/s2 for the reference organelle. Additionally, the variance of the thermal forces and
standard deviation are σ2 = 4.39×10−15 N2 and σ = 6.63 ×10−8 N respectively.

Diffusion Versus Directed Transport

To determine if the external forces working on the model organelle are large enough to
overcome diffusion, the shortest time, td, needed to diffuse a given distance, L, is calcu-
lated (see results in table 2.3). For one-dimensional diffusion, e.g. organelles bound to
the bio-filament in absence of ATP, it is given by [3]:

td =
L2

2D0

. (2.31)

ATP is present in abundance in the eukaryotic cell, therefore the bound motor(s)
will exert an external force upon the organelle. The resulting motion is a combination
of diffusion and directed motion. This combined motion is called biased diffusion. The
biased diffusive time, tbd, of this movement can be calculated via [3]:

tbd = 2

(
L2

2D0

)(
kbT

F0L

)2 [
exp

(
−F0L

kbT

)
− 1 +

F0L

kbT

]
. (2.32)

For long time scales (with respect to τ ) and distances, this equation approaches a
situation where diffusion is absent i.e. the motion becomes ballistic. Table 2.3 shows
that in water this occurs at distances from 10−3, whereas is cytosol this happens at 10−6

m. The (ballistic) motor time, tb, is given by:

tb =
L

V0
. (2.33)

In the above equation, V0, is the motor velocity. In table 2.3, the diffusive, biased
diffusive and ballistic motor times are compared for different length scales. The fluid
medium is cytosol and the motor has a velocity V0 = 800 nm/s (see table 2.2).

The data shows that for length scales shorter than 10−8 m, diffusion is the dominant
process. At larger distances the speed of the motor is faster than diffusion. Moreover,
the biased diffusive motion is sensitive to diffusion up to distances of 10−7 m after which
it equals the (ballistic) motor velocity. For an organelle to cover large distances, e.g. to
cover the full distance of a cell of 1µm, molecular motors are essential for transport as
the table shows that motor transport is 105 times faster than diffusion.

The Péclet number [57, 59, 65], Pe, is another method to determine if diffusion or
directed motion is the dominant process. This dimensionless number is defined as the
ratio between the rate of convection versus the rate of diffusion and is given by:
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L tb td tbd Pe

Water Cell Water Cell Water Cell
m s s s s s

1.25 5.51 6.05 8.81 9.69
10−9 ×10−3 ×10−7 ×10−4 5.50× 10−7 4.49× 10−4 ×10−4 ×10−1

10−8 ×10−2 ×10−5 ×10−2 5.49× 10−5 1.12× 10−2 ×10−3 ×100

10−7 ×10−1 ×10−3 ×100 5.35× 10−3 1.24× 10−1 ×10−2 ×101

10−6 ×100 ×10−1 ×102 4.19× 10−1 1.25× 100 ×10−1 ×102

10−5 ×101 ×101 ×104 1.11× 101 1.25× 101 ×100 ×103

10−4 ×102 ×103 ×106 1.24× 102 1.25× 102 ×101 ×104

10−3 ×103 ×105 ×108 1.25× 103 1.25× 103 ×102 ×105

Table 2.3: Typical transport times over different distances, L, for the reference organelle (See table 2.1)
moving at 800 nm/s in cytosol and water. See table 2.1 for the cytosol data. For water: ηwater = 0.001 Pas,
F0 = 3.8 ×10−15 N, γwater = 4.71×10−9 Ns/m and D0,water = 9.08×10−13 m2/s. The ballistic time, tb, is
the time it will take a molecular motor to walk a given distance (eq.2.33). The time needed to travel this
distance via diffusion is, td (eq.2.31), and, tbd (eq.2.32), is the time for biased diffusion [3]. Finally, the
Péclet number, Pe (eq.2.34), which is the dimensionless ratio between the rate of transport by convection
and diffusion [57, 65] is shown.

Pe =
Rate of convection
Rate of diffusion

=
V0L

D0

=
F0L

kbT
. (2.34)

Inserting for the motor velocity, V0 = µ0F0, together with eq.2.28 yields the last term
on the right hand side. The latter shows that the Pe number can also be interpreted
as a typical length times the ratio of the driving force on the organelle and the thermal
energy of the fluid molecules. This makes the Pe number independent of the fluid
medium. For small values of Pe, diffusive transport dominates. For Pe values of ≈10
and larger, directed transport is the dominant transport mechanism.

The Pe numbers for different length scales are presented in table 2.3. In cytosol,
directed transport dominates over diffusion from length scales of 10−8 m. This confirms
the results already found using eq.2.32.

Note that comparison with the same organelle moving with equal velocity in wa-
ter (ηwater = 0.001 Pas, γwater = 4.71×10−9 Ns/m and, D0,water = 9.08×10−13 m2/s) yields
different results. As the viscosity of water is a factor 1000 smaller than for cytosol, the
required motor force to obtain the same velocity is a factor 1000 smaller. This results in
Pe numbers a factor 1000 smaller at the same length scales. Moreover, since the diffu-
sion coefficient is a factor 1000 larger in water, the diffusive time also becomes a factor
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1000 smaller. Additionally, the larger D0 makes diffusion influence the biased diffusion
up to distances of 10−3 m (eq.2.32), a factor 1000 larger than in cytosol.

In experiments, the same motor shows a similar velocity (or smaller) in vitro and in
vivo (see e.g. table 13.1 in [3]). Whereas in water the motor force easily overcomes the
friction force, in the cell it will only just overcome this force (see example below eq.2.19).
Again this shows that an additional transport mechanism, such as enhanced transport
via hydrodynamic interactions, is essential inside the cell.

Table 2.4 shows how the transport parameters, that were introduced in the previous
sections, compare with experimental data. These results were obtained in vivo using
Quantum Dot experiments. Values denoted with an * are calculated values. The viscos-
ity measured in the different cells is a factor 1000 larger than in water. In addition, the
Pe number shows that convective transport dominates over diffusion.

Cell type Motor a V T η γ D0 Fd Pe

m m/s ◦C Pas kg/s m2/s N -
×10−9 ×10−6 ×10−6 ×10−16 ×10−12

HeLa [26] Myosin-V 30 0.71 20 0.3975* 0.22* 180 0.16* 2*
HeLa [24] Kinesin-1 15 0.57 20 1.7242* 0.49* 83 0.28* 2*
PC12 [23] Kinesin-? 230 1.25 37 1.1 4.77* 8.98* 5.96* 640*
PC12 [23] Dynein 230 1.2 37 1.1 4.77* 8.98* 5.72* 614*
NT2 [25] - 300 - - 1.8 10.18* 4.21* - -
NT2 [56] - - 2.3 - 3.6 2.91* 14.70* 6.7 134*

Table 2.4: Molecular motor properties measured in vivo in different cells. * Calculated values.

Langevin Equation

In the previous sections, the Stokes equation was introduced that was used to analyse
the transport properties of the fluid. The Stokes equation is the equation of motion for
fluids in absence of inertia and with constant density and viscosity. From this equation
followed the hydrodynamic interaction tensor describing the flow fields around many
(active) suspended organelles. As these equations only balance the forces acting on the
fluid, we now need an equation describing the motion of the organelle. This equation
of motion for a suspension of organelles (or any other object in a fluid) is called the
Langevin equation [3, 57, 63, 69]. I will discuss this equation by following an organelle i:
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m
d2ri

dt2
= F friction + F conservative + F thermal

= −γ dri

dt
+ F i + γgi(t).

(2.35)

This equation balances all the forces acting on the organelle, which include the fluid
friction force, F friction, conservative forces, F conservative (e.g. external, coulomb, and elas-
tic forces) and thermal forces, F thermal. Additionally, gi(t), is a random velocity resulting
from thermal forces. The latter is defined as a random variable from a Gaussian distri-
bution with zero mean and its variance is proportional to the diffusion coefficient via
Dii = D0Î :

〈gi(t)〉 = 0

〈gi(t)gi(t
′
)〉 = 2Diiδ(t− t

′
).

(2.36)

The magnitude of the diffusion coefficient is given by the Stokes-Einstein equation
(eq.2.28). The Langevin equation is a stochastic differential equation as it contains a
random term. For solving it, times larger than the relaxation time are assumed (see
eq.2.12). As previously explained, the organelle moves at low Reynolds numbers, i.e.
there is no inertia and velocities are instantaneous. Taking the above into account yields
the following Langevin equation:

dri

dt
=

F i

γ
+ gi(t)

= µ0F i + gi(t).

(2.37)

The equation describes the average speed of an organelle superimposed on the dif-
fusive motion. Subsequently, the time evolution of the probability distribution, pi, of
the organelle’s position can be described using the Fokker-Planck equation [3, 63]. This
equation is equivalent to the Langevin equation as it describes the same dynamics. It is
given by [69]:

∂p

∂t
= D0

∑
i

∇2
ri
p− D0

kbT

∑
i

∇ri ·
(
F jp

)
(2.38)

In this equation, ∇ri , is the derivative with respect to the organelle position. The
solution of the above equation coincides with the Boltzmann distribution when it ap-
proaches steady-state at t→ ∞ [63]:

p (xi) ∝ exp

(
− Ui

kbT

)
(2.39)
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The potential energy of the conservative force is given by Ui. The Fokker-Planck
equation is now extended for interacting particles as is the case for hydrodynamic inter-
actions between the organelles. The resulting N-body Smoluchowski equation is given
by [69, 70]:

∂p

∂t
=

∑
i

∑
j

∇ri ·Dij · ∇rjp−
∑

i

∑
j

∇ri ·
Dij

kbT
· F jp (2.40)

Again, the steady-state solution approximates the Boltzmann distribution. How-
ever, the diffusion coefficient, Dij, is no longer a constant but a 3-dimensional position
dependent tensor given by [71]:

Dij = D0δijÎ + (1− δij)kbTµij. (2.41)

The corresponding Langevin Equation is given by [63, 69, 72]:

dri

dt
= µii · F i +

∑
j,j6=i

µij · F j + gi(t) +∇rj ·Dij. (2.42)

There exist different mobility tensors that can be chosen for µij. Both the Oseen
tensor (eq.2.25) and Rotne-Prager tensor (eq.4.10) have the property that ∇rj · Dij = 0
[69, 72]. This yields:

dri

dt
= µii · F i +

∑
j,j6=i

µij · F j + gi(t). (2.43)

It is this equation that will be solved using simulations in subsequent chapters. The
mean and variance of the random velocity are now given by [63]:

〈gi(t)〉 = 0

〈gi(t)gj(t
′
)〉 = 2Dijδ(t− t

′
).

(2.44)

Note that the random velocities are no longer independent of each other as Dij de-
pends upon the position of the organelles with respect to each other. Consequently,
these are correlated random velocities.

Summary

In this chapter I show that the friction forces acting on the reference organelle (see table
2.2) are much larger than the forces of inertia (Re� 1). The magnitude of these friction
forces are enhanced by the high viscosity of the cytosol (η = 1 Pas, see table 2.4), which
yields a drag coefficient, γ, a factor 1000 larger than in water. At low Reynolds numbers,
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in the absence of external forces and gradients, the organelle will show no net displace-
ment. Therefore it needs an external power source. Molecular motors can provide just
such a force. An organelle bound to the bio-filament via molecular motor(s) is called
an active particle. Any active particle, moving through a fluid, sets up a flow field via
momentum transfer into the fluid medium. This flow field will influence the motion of
other suspended organelles that are sensitive to this flow field as is shown by the small
Stokes number (Sk � 1). Moreover, the organelle is small enough to be subject to Brow-
nian motion. Whereas diffusion is the dominant process at very short time and length
scales, the Péclet number (Pe ≥ 10) shows that in cytosol at distances from 10−6 m (the
size of the organelle) active transport is the dominant transport mechanism. Again this
highlights the importance of molecular motors in intracellular transport.

As for organelles in the cell inertia and gravitational forces can be ignored and the
density and viscosity are assumed constant throughout the fluid, the Navier-Stokes
equation reduces to the Stokes equation. This equation of motion for fluids was used
to derive an expression for the hydrodynamic interaction tensor that describes the flow
field set up by the actively moving organelles in this fluid. Finally, the hydrodynamic
interactions were introduced into the equation of motion for a suspended organelle
yielding the Langevin equation that will be used in the simulations of chapters 4 and 6.
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