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Abstract: Comparing the survival times among two groups is a common
problem in time-to-event analysis, for example if one would like to under-
stand whether one medical treatment is superior to another. In the stan-
dard survival analysis setting, there has been a lot of discussion on how to
quantify such difference and what can be an intuitive, easily interpretable,
summary estimand. In the presence of subjects that are immune to the
event of interest (‘cured’), we illustrate that it is not appropriate to just
compare the overall survival functions. Instead, it is more informative to
compare the cure fractions and the survival of the uncured subpopulations
separately from each other. Our research is mainly driven by the question:
if the cure fraction is similar for two available treatments, how else can we
determine which is preferable? To this end, we estimate the mean survival
times in the uncured fractions of both treatment groups and develop both
permutation and asymptotic tests for inference. We first propose a nonpara-
metric approach which is then extended to account for covariates by means
of the semi-parametric logistic-Cox mixture cure model. The methods are
illustrated through practical applications to breast cancer and leukemia
data.
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1. Introduction

In many applications, it is of interest to compare survival probabilities among
two different samples, e.g., two treatment arms. One common approach is to test
for the equality of the survival functions although it does not provide information
on the size of the difference. Alternatively, as a graphical tool, one could plot the
difference between the two estimated survival curves together with confidence
bands. However, in practice it is preferred to have a summary measure of such
difference. This facilitates the understanding and interpretation of study results
even though it provides limited information since no single metric can capture
the entire profile of the difference between two survival curves. The hazard ratio
(HR) is commonly used to quantify this difference under the assumption that the
ratio of the two hazard functions remains constant over time; for example, the
proportionality of hazard rates is central to the famous semiparametric model
by Cox [13]. However, such assumption is often not satisfied in practice and the
use of the HR would be problematic.

An alternative approach is given by the restricted mean survival time (RMST),
which is a popular estimand. The difference between restricted mean survival
times for different groups has been advocated as a useful summary measure
that offers clinically meaningful interpretation [54, 43, 44, 1, 63]. The RMST
is defined as the expected lifetime truncated at a clinically relevant time point
τ . The restriction to τ is used to accommodate the limited study duration, as
a result of which the upper tail of the survival function cannot be estimated,
unless one is willing to assume a specific parametric model for extrapolation
beyond the range of the observed data. In observational studies, one can then
adjust for imbalances in the baseline covariates between the two groups by using
regression-based methods to estimate the RMST; see [11, 12, 1] and references
therein. [57] developed a nonparametric estimation procedure for causal esti-
mands in the presence of a cure fraction: the restricted average causal effect and
the survival probability causal effect; more on cure models will follow below.

In two-sample problems, one popular class of hypothesis tests arises from
the random permutation technique. That is, keeping the data fixed, a random
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permutation of the sample group correspondence annihilates the differences be-
tween both (permuted) groups. If the two sample groups had the same data
generating mechanism, i.e., if the samples were exchangeable, then the score of
a test statistic can be deemed one particular realization of the permutation-
based test statistic. This explains the property that permutation tests are exact
for finite sample sizes in the special case of exchangeability. Recently, [22] and
[58] investigated a random permutation method for inference on the difference
in restricted mean (net) survival times. While their test is finitely exact un-
der exchangeable data, [22] stated for the case of non-exchangeable data that
“Further research to develop methods for constructing confidence intervals for
RMST difference with a small sample data is warranted. It is quite challeng-
ing to construct an exact confidence interval for the difference in RMST.” [15]
continued in the direction of this remark and analyzed a studentized permu-
tation version of the just-mentioned approach. Their resulting hypothesis test
is exact under exchangeability and it even controls the type-I error probability
asymptotically under non-exchangeability. Because of this additional feature of
exactness under exchangeability, permutation tests also enjoy great popularity
in survival analytic applications beyond the RMST: for instance, [4] and [14]
researched permutation-based weighted log-rank tests.

In this paper, we will consider the not unusual case that some of the subjects
are immune to the event of interest (‘cured’) instead of the classical survival
problem. The challenge arises because, in absence of additional information, the
cured subjects (for which the event never takes place) cannot be distinguished
from the susceptible ones as a result of censoring. Cure rate models, which
account for the presence of a cured subpopulation have become increasingly
popular particularly for analyzing cancer survival and evaluating the curative
effect of treatments. More in general, they have found applications in many
other domains including fertility studies, credit scoring, demographic and social
studies analyzing among other things time until marriage, time until rearrest
of released prisoners, time until one starts smoking. For a complete review on
cure models methodology and applications, we refer the reader to [2, 42, 27].
In presence of immune subjects, comparing survival between two samples be-
comes more complicated than in the standard setting since one can compare
overall survivals, cure chances, and survival probabilities for the uncured sub-
jects. Several papers have focused on testing for differences in the cure rates in
a nonparametric setting. [25, 21, 48, 26] On the other hand, different methods
have been proposed to test for equality of the survival functions among the
uncured subpopulations. [29, 51, 64, 7, 5]

However, as in the standard survival analysis setting, testing for equality of
the two distributions, i.e., with the aim to detect any difference in the two dis-
tributions, would not be sufficient for many practical applications. Thus, apart
from comparing the cure probabilities, it would be meaningful to compare rel-
evant estimands for the subpopulation of uncured subjects. To this end, we
propose to analyze mean survival times of the uncured. This has the advantage
of being an easy-to-interpret extension of the RMST in the present context,
whereas we will not impose a time restriction. Hence, we will use the abbrevia-
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Fig 1. Different constellations of survival curves in two-sample problems.

tion MST for our purposes. To illustrate the different concepts in the context of
survival models with cure fractions, see Figure 1. It illustrates different scenarios
of different or equal cure fractions p, time points τ0 when the plateau is reached,
and mean survival times for the uncured patients. Recently, a nonparametric
estimation procedure for the restricted average causal effect was developed in
[57]. Differently from our approach, they did not condition on the subpopulation
of the uncured individuals but instead consider the overall restricted mean sur-
vival time of the general population and focus on a propensity score adjustment
for observational data. We argue that in the presence of a cure fraction, even
in the context of a randomized clinical trial, it is more informative to compare
separately the cure rates and the survival of the uncured. However, we discuss
that conditioning on the uncured subpopulation makes our estimand difficult to
interpret in a causal framework.

Measures other than the first moment could obviously also be used to sum-
marize the survival curves of the uncured patients, e.g., the median or other
quantiles of these proper survival functions, or other moments. In our opin-
ion, however, the mean offers the easiest interpretation: how much (in absolute
numbers) of the wholly available area of τ0 is below the survival curve? The
more, the better. This offers another means of comparing the usefulness of two
(or more) treatments: which treatment prolongs the mean survival times most
effectively, next to comparing the cure fractions?

The agenda for the present paper and the benefits of the proposed procedure
are as follows:

• We will propose an estimand for comparing the lifetimes of the uncured
subjects via mean survival times.

• This will allow for comparisons in two-sample problems.
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• Restrictions of time will not be necessary.
• Only weak assumptions, e.g., for the sake of identifiability will be made.
• In particular, hazard rates are generally allowed to be discontinuous.
• Inference will be based on the random permutation method which gives

rise to finitely exact hypothesis tests in the case of exchangeable samples
and, otherwise, good small sample properties.

We start by considering a nonparametric model with a constant cure rate and
then extend the method to a semiparametric mixture cure model that allows for
expressions of mean survival times conditionally on covariates. For the latter,
we will assume a logistic-Cox mixture cure model [50, 40] since it is the most
widely used in practice. In particular, a logistic model is assumed for the cure
probabilities and a Cox proportional hazards (PH) model for the survival times
of the uncured subjects. Note, however, that the baseline hazards for the un-
cured subpopulations in the two groups are in general different, leading to non-
proportional hazards. Despite this model choice, the estimation procedure and
the results could be similarly extended to other semiparametric mixture cure
models, e.g. [28, 62, 32]. Recently, the problem of estimating the conditional
mean survival time for the uncured in a one-sample context has been consid-
ered in [10]. They assume a semiparametric proportional model for the mean
(residual) life of the uncured and propose an estimation method via inverse-
probability-of-censoring weighting and estimating equations. As a consequence,
their approach also requires estimation of the censoring distribution.

In the nonparametric setting, it has been observed that the permutation
approach improves upon the asymptotic method for small sample sizes, while
maintaining good behavior asymptotically [22, 58, 15]. To the best of our know-
ledge, the permutation approach has not been used before for semiparametric
models in a similar context of maximum likelihood-based estimators that we will
pursue. One notable permutation-based inference approach in the survival lit-
erature concerns the weighted logrank test [4]; there, the semiparametric model
arises from the form of the null hypothesis which is a cone or subspace of hazard
derivatives.

Given also the complexity of our model, several challenges arise from both
the computational and theoretical point of view. In order to obtain results on
the asymptotic validity of the permutation approach, we first derive a gen-
eral Donsker-type theorem for permutation based Z-estimators. Secondly, when
fitting the model to the permuted sample, there is an issue of model misspeci-
fication. This leads to the convergence of the estimators to a minimizer of the
Kullback–Leibler divergence. Thirdly, since the variance estimators need to be
computed via a bootstrap procedure, the combination of bootstrap and permu-
tation becomes computationally expensive. Hence, it is of interest to investigate
whether the gain in accuracy is sufficient to compensate for the increased com-
putation cost compared to the asymptotic approach.

This article is organized as follows. In Section 2, we focus on the simpler
unconditional nonparametric approach describing the model, estimand, estima-
tion procedure and the random permutation scheme. We present large sample
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properties, which are crucial for inference, and also offer a toy example for a
discussion about comparisons of survival times in the two-sample problem. In
Section 3, we propose an estimator in a semi-parametric conditional model for
the difference in conditional mean survival times of the uncured and derive its
asymptotic distribution. The random permutation approach for inference is ex-
tended to this setting and its asymptotic validity is justified. Section 4 contains
a description of an extensive simulation study as well as the numerical results.
Data from studies of leukemia and breast cancer are illustrated and analyzed in
the light of the proposed methods in Section 5. We conclude with a discussion
in Section 6. All proofs are contained in Appendices A–C. The R code with an
implementation of our methods is available in the GitHub repository https://
github.com/eni-musta/MST_uncured.

2. Unconditional model

2.1. Model and notation

We consider i.i.d. survival times T11, . . . , T1n1 and T21, . . . , T2n2 from two in-
dependent groups (i = 1, 2) that consist of a mixture of cured and uncured
individuals, meaning that a fraction of the study population in each group (the
cured ones) would not experience the event of interest. We denote the event
time of the cured individuals by ∞ and assume that, for the uncured ones, the
event can happen on the interval [0, τ0,i], i = 1, 2, respectively for each group.
We do not assume the cure threshold τ0,i < ∞ to be known in advance but
depending on the application at hand one might have some information about
it; for example in oncology based on the medical knowledge τ0,i is expected to
be somewhere between 5 or 10 years depending on the cancer type.

For the remainder of this paper, we denote by (Ω,A,P) the underlying prob-
ability space, E denotes expectation, d→ denotes convergence in distribution, d=
denotes equality in distribution, and p→ denotes convergence in probability.

Let us denote by Fi and Si = 1 − Fi, i = 1, 2, the improper cumulative
distribution function and the improper survival function of the time-to-event
variables in the two treatment groups. Let Fu,i and Su,i = 1 − Fu,i be the
proper cumulative distribution function and survival function for the uncured
individuals in the two treatment groups. Let

pi = P(Ti1 > τ0,i) = Si(τ0,i) ∈ (0, 1)

denote the cure fractions in both groups. In particular, we have

Fi(t) = (1 − pi)Fu,i(t), Si(t) = pi + (1 − pi)Su,i(t). (1)

In the presence of right censoring, instead of the survival times, we observe the
follow-up times Yi1, . . . , Yini and the censoring indicators Δi1, . . . ,Δini , where
Yij = min{Tij , Cij}, Δij = 1{Tij≤Cij} and Cij are the censoring times. We
assume that censoring is independent of the survival times and has bounded

https://github.com/eni-musta/MST_uncured
https://github.com/eni-musta/MST_uncured
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support [0, τi] in each group. In particular, because of the finite censoring times,
all the cured individuals will be observed as censored. In order to be able to
identify the cure fraction, we need τ0,i ≤ τi and Fi continuous at τi in case
τ0,i = τi, which is known as the sufficient follow-up assumption [34]. The idea is
that, since the cure status is not observed and Fu,i(·) is left unspecified, if τi <
τ0,i then the events {Ti1 ∈ (τi, τ0,i]} and {Ti1 = ∞} would be indistinguishable.
As a result, the cure rate could not be identified. A statistical test for this
assumption is proposed in [34] but its practical behavior is not very satisfactory
given the unstable behaviour of the Kaplan–Meier estimator in the tail region.
In practice, a long plateau of the Kaplan–Meier estimator, containing many
censored observations, is considered to be an indication of sufficient follow-up.

Comparison of overall survival

We first illustrate why comparing overall survival functions is not appropriate
in the presence of a cure fraction. The difference in overall survival combines to-
gether the difference in cure fractions and in the survival times of the uncured in
a way that it is difficult to interpret. For example, if group one has a higher cure
fraction but lower survival times for the uncured, the overall survival functions
might cross and the difference between them would be a weighted combination
of the two effects:

S1(t) − S2(t) = (p1 − p2){1 − Su,2(t)} + (1 − p1){Su,1(t) − Su,2(t)}.

On the other hand, if the two groups have the same cure fraction p, then

S1(t) − S2(t) = (1 − p){Su,1(t) − Su,2(t)}

This means that, particularly for a large cure fraction, the observed difference
in overall survival functions is much smaller than the actual difference of the
survival functions for the uncured.

Using a one number summary of the difference in overall survival is even more
problematic in the presence of a cure fraction. First, the proportional hazard
assumption is clearly violated on the level of the whole population and, as a
result, the hazard ratio cannot be used. For the Mann–Whitney effect, what
counts are the chances of having longer survival times for one group compared
to the other, but the actual difference between these times does not matter.
So one cannot distinguish between having a larger cure fraction or just slightly
longer survival.

Consider for example the following hypothetical scenario: patients receiving
treatment A have a 20% chance of being cured while with treatment B there
is no cure chance; a random person receiving treatment B lives several months
longer compared to an uncured patient who received treatment A. Let T1 and
T2 represent the random lifetimes of patients receiving treatments A and B, re-
spectively. According to the above description, the Mann–Whitney effect would
then be

P(T1 > T2) + 1
2P(T1 = T2) = 0.2 < 0.5,
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leading to the conclusion that treatment B should be preferred. This is counter-
intuitive because, given the small difference in survival times of the uncured,
in practice one would probably prefer the treatment that offers some chance of
getting cured. On the other hand, if one would use the restricted mean survival
time as an estimand, the actual survival times matter. However, because of the
restriction to a specified point τ (duration of the study), there would still be no
distinction between the cured individuals and those who survive more than τ :

RMST (i)
τ = E[min(Ti, τ)] = (1 − pi)E[min(Ti, τ)|Ti < τ ] + τpi, i = 1, 2.

To illustrate this, consider the following example: patients receiving treatment
A have 20% chance of being cured, while with treatment B there is no cure
chance; a random person receiving treatment B lives on average 60 months,
while an uncured patient who received treatment A lives on average 24 months.
Let us assume that τ0,1 = τ0,2 = 120 months. If the duration of the study was
also 120 months (sufficient follow-up), we would obtain

RMST
(1)
120 −RMST

(2)
120 = 0.8 · E[T1|T1 < 120] + 120 · 0.2 − E[T2] = −16.8,

leading to the conclusion that treatment B should be preferred. However, if the
study had continued for longer, e.g., 240 months, we would obtain

RMST
(1)
240 −RMST

(2)
240 = 0.8 · E[T1|T1 < 240] + 240 · 0.2 − E[T2] = 7.2,

suggesting that treatment A is better, which contradicts the previous conclusion.
For these reasons, we think that in the presence of a cure fraction, it is

more informative to compare separately the cure fractions and the survival
functions of the uncured. In practice, one can then make a personalized decision
by choosing to put more weight to one component compared to the other, based
on the life expectancy if uncured and the risks one is willing to take. For example,
for children there is an essential difference between cure and 10 year survival,
while such difference might be less significant for elderly patients.

Mean survival time of the uncured

The problem of comparing cure fractions has already been considered in the
literature. Here, we focus on comparing the survival times of the uncured. In
particular, we propose the mean survival time as a summary estimand.

We are interested in the difference of mean survival times of the uncured
individuals among the two groups,

MSTu,1 −MSTu,2 = E[T11 | T11 < ∞] − E[T21 | T21 < ∞].

In combination with the cure fractions, such mean survival times provide useful
summaries of the improper survival curves. Using the relations in (1), we obtain
the following expression for the mean survival times:

MSTu,i =
∫ τ0,i

0
Su,i(s) ds =

∫ τ0,i

0

Si(s) − pi
1 − pi

ds, i = 1, 2.
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2.2. Estimation, asymptotics, and random permutation

Estimators and their large sample properties

Estimation of the cure rate and of the nonparametric survival function in this
setting has been considered in [33, 34] and is based on the Kaplan–Meier (KM)
estimator. In particular, we can estimate Si and pi by

Ŝi(t) =
∏

s∈(0,t]

(
1 − dNi(s)

Ri(s)

)
and p̂i = Ŝi(Yi,(mi)),

respectively, where Yi,(mi) is the largest observed event time in group i; here,
mi is the total number of observed events in group i and the subscript (mi)
indicates the mi-th order statistic of the observable event times. Furthermore,
in the display above, the counting processes Ni(s) =

∑ni

j=1 1{Yij≤s,Δij=1} count
the number of observed events up to time s and Ri(s) =

∑ni

j=1 1{Yij≥s} count
the numbers of individuals at risk at time s. By a plug-in method, we estimate
the mean survival time of the uncured by

M̂STu,i =
∫ Yi,(mi)

0

Ŝi(s) − p̂i
1 − p̂i

ds

Let m̂ = M̂STu,1 − M̂STu,2 be an estimator of m = MSTu,1 − MSTu,2.
Using the asymptotic properties of the KM estimator, we obtain the following
result for the mean survival times, for which we define

vi(t) =
∫ t

0

dFi(s)
Si(s){1 −Hi(s−)} , (2)

Hi(t) = P(Yi1 ≤ t) = {1 − Fi(t)}{1 − Gi(t)}, and Gi(t) = P(Ci1 ≤ t) denotes
the distribution of the censoring times.

Theorem 2.1. For i = 1, 2, assume pi ∈ (0, 1) and that one of the following
conditions holds:

a) τ0,i < τi
b) τ0,i = τi, Fi is continuous and∫ τi

0

dFi(t)
1 −Gi(t−) < ∞; (3)

c) τ0,i = τi, Fi is continuous at τi, limt↑τi{Fi(τi) − Fi(t)}2vi(t) = 0, and

lim
t↑τi

∫ τi

t

1{0≤Gi(s−)<1}Si(s)
{1 −Gi(s−)}Si(s−) dFi(s) = 0.

Then the random variable √
ni(M̂STu,i −MSTu,i) is asymptotically normally

distributed, i.e.
√
ni(M̂STu,i −MSTu,i)

d−→ Ni ∼ N (0, σ2
i )

as n → ∞. The limit variance σ2
i is defined in (10) in the appendix.
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The extra technical conditions in b) and c) of the previous theorem are the
conditions needed to obtain weak convergence of the normalized Kaplan–Meier
estimator to a Gaussian process [20, 61]. Note that in the particular case τ0,i <
τi, the conditions unrelated to the continuity of Fi are automatically satisfied,
leading to no extra requirements for case a). Continuity of Fi is nowhere needed
in case a).

Remark 1. Theorem 2.1 still holds in the case of pi = 0, i.e., in the absence of
a cure fraction. In this case, the estimand reduces to the common (unrestricted)
mean survival time. However, we have not made this explicit in the statement of
the theorem because we generally assume the presence of a cure fraction which
should, in practice, be confirmed by medical expert knowledge.

From the independence assumption between the two groups and Theorem 2.1,
we obtain the following result for which we define an =

√
n1n2/(n1 + n2).

Corollary 2.1.1. Assume that n1/(n1 +n2) → κ ∈ (0, 1) as min(n1, n2) → ∞.
Under any of the two conditions in Theorem 1, we have that an(m̂ − m) is
asymptotically normally distributed with mean zero and variance

σ2 = (1 − κ)σ2
1 + κσ2

2 .

The canonical plug-in estimator of σ2, say

σ̂2 = n2

n1 + n2
σ̂2

1 + n1

n1 + n2
σ̂2

2 (4)

is obviously consistent. Hence, the combination of Theorem 2.1 and Corol-
lary 2.1.1 could be used to justify inference methods for MSTu,1 − MSTu,2
based on the asymptotic normal approximation. However, such inference proce-
dures can usually be made more reliable by means of resampling methods.

Inference via random permutation across samples

We propose random permutation to construct inference methods for m. To in-
troduce this procedure, let π = (π1, . . . , πn1+n2) be any permutation of (1, 2, . . . ,
n1+n2). When applied to the pooled sample, say, (Y1,Δ1), . . . , (Yn1+n2 ,Δn1+n2),
this permutation leads to the permuted samples (Yπ1 ,Δπ1), . . . , (Yπn1

,Δπn1
)

and (Yπn1+1 ,Δπn1+1), . . . , (Yπn1+n2
,Δπn1+n2

).
In the special case of exchangeability, i.e. Hexch.

0 :(Y1j ,Δ1j)
d= (Y2j ,Δ2j),

m̂ = M̂STu,1 − M̂STu,2 would have the same distribution as m̂π = M̂ST
π

u,1 −
M̂ST

π

u,2. Here, M̂ST
π

u,i are the estimators of the mean survival times, just
based on the i-th permuted sample. So, under a sharp null hypothesis Hexch.

0 of
exchangeability, a test for the equality of mean survival times would reject the
null hypothesis if m̂ belongs to the α× 100% most extreme values of m̂π across
all (n1 + n2)! permutations.

However, under the weak null hypothesis of equal mean survival times, H0 :
m = 0, the samples are in general not exchangeable. As a consequence, the
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asymptotic variances of m̂ and m̂π cannot be assumed equal and hence they
must be studentized. We will thus focus on m̂π/σ̂π as the permutation version
of m̂/σ̂, where

σ̂π2 = n2

n1 + n2
σ̂π2

1 + n1

n1 + n2
σ̂π2

2 , (5)

and σπ2
i is the plug-in variance estimator based on the i-th permuted sample.

Consequently, our aim is to compare m̂/σ̂ to the conditional distribution of
m̂π/σ̂π given the data to reach a test conclusion.

Because it is computationally infeasible to realize m̂π/σ̂π for all (n1 + n2)!
permutations, we will realize a relatively large number B of random permuta-
tions π and approximate the conditional distribution by the collection of the
realized m̂π/σ̂π of size B.

In the following, we will discuss the asymptotic behaviour of m̂π/σ̂π to justify
the validity of the resulting inference procedures. From now on, we understand
the weak convergence of conditional distributions in probability as the conver-
gence of these distributions to another with respect to the bounded Lipschitz
metric in probability; see e.g. Theorem 1.12.4 in [55].

Theorem 2.2. Assume that τ0,i < τi and pi ∈ (0, 1) for i = 1, 2. Then, as
n1, n2 → ∞ with n1/(n1 + n2) → κ ∈ (0, 1), the conditional distribution of
anm̂

π given the data converges weakly in probability to the zero-mean normal
distribution with variance given in (11) in the appendix.

Under continuity assumptions similar to those in Theorem 2.1 and additional
assumptions on the censoring distributions, we conjecture that a similar weak
convergence result holds for the case of τ0,i = τi. This could potentially be shown
by extending the results of [16] to the random permutation method instead of
the classical bootstrap. Deriving such results, however, is beyond the scope of
the present paper.

The structure of the asymptotic variance in the previous theorem motivates
a canonical permutation-type variance estimator σ̂π2, that is, the plug-in es-
timator based on the pooled sample. Due to the obvious consistency of this
estimator, we arrive at the following main result on the permuted studentized
mean survival time:

Corollary 2.2.1. Assume that τ0,i < τi and pi ∈ (0, 1) and Fi is contin-
uous for i = 1, 2. Then, as n1, n2 → ∞ with 0 < lim inf n1/(n1 + n2) ≤
lim supn1/(n1 + n2) < 1, the (conditional) distributions of anm̂

π/σ̂π (given
the data) and an(m̂ − m)/σ̂ converge weakly in probability to the same limit
distribution which is standard normal.

We conclude this section with a remark on the inference procedures deduced
from the random permutation approach.

Remark 2. Corollary 2.2.1 gives rise to asymptotically exact 1- and 2-sided
tests for the null hypotheses H

(1)
0 : m ≤ 0, H

(2)
0 : m ≥ 0, or H

(3)
0 : m = 0

against the respective complementary alternative hypotheses: comparing m̂/σ̂
with data-dependent critical value(s) obtained from the collection of realized
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m̂π/σ̂π (for fixed data) allows for controlling the chosen significance level α ∈
(0, 1) as n1, n2 → ∞ under the assumptions made above. A similar remark
holds true for more general null hypotheses in which m is compared to some
hypothetical value m0 ∈ R. In addition, as a well-known property of permutation
tests based on studentized test statistics, the just-mentioned tests are exact in
the special case of exchangeability between both sample groups for which m0 = 0
is automatically fulfilled. Similarly, by inverting hypothesis tests into confidence
intervals, asymptotically exact confidence intervals for m can be constructed;
see the Section 4.1 for details.

3. Conditional model

3.1. Model and notation

Assume now that in addition to the follow-up times Yi1, . . . , Yini and the cen-
soring indicators Δi1, . . . ,Δini , we also observe two covariate vectors Xij ∈ Rp

and Zij ∈ Rq, i = 1, 2, j = 1, . . . , ni, representing the variables that affect the
probability of being susceptible (pi; incidence) and the survival of the uncured
(Su,i; latency), respectively. In this way, we allow for these two components of
the model to be affected by different variables. However, we do not exclude sit-
uations in which the two vectors X and Z are exactly the same or share some
components.

Using the framework of mixture cure models, the relations in (1) now hold
conditionally on the covariates. In particular, we have that the survival function
of Ti1 given Xi1 and Zi1 is given by

Si(t|x, z) = P(Ti1 > t|Xi1 = x, Zi1 = z) = pi(x) + (1 − pi(x))Su,i(t|z), (6)

where Su,i(t|z) = P(Ti1 > t|Zi1 = z, Ti1 < ∞) denotes the conditional sur-
vival function of the susceptibles, which is independent of X given Z, and
pi(x) = P(Ti1 = ∞|Xi1 = x) denotes the conditional cure probability in group
i, which is independent of Z given X. Instead of independent censoring, now we
assume that censoring is independent of the survival times conditionally on the
covariates: T ⊥ C | (X,Z).

Among various modeling approaches for the incidence and the latency, the
most common choice in practice is a parametric model, such as logistic regres-
sion, for the incidence and a semiparametric model, such as Cox proportional
hazards, for the latency [27, 60, 49, 59]. The popularity of such choice is pri-
marily due to simplicity and interpretability, particularly when dealing with
multiple covariates. We focus on this type of models and assume that

1 − pi(x) = φ(γT
i x),

where φ : R → [0, 1] is a known function, γi ∈ Rp+1 and γT
i denotes the

transpose of the vector γi. Here, the first component of x is taken to be equal
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to one and the first component of γi corresponds to the intercept. In particular,
for the logistic model, we have

φ(u) = eu

1 + eu
. (7)

One can in principle allow also for a different function φ in the two groups but
for simplicity we assume that to be the same. For the latency, we assume a semi-
parametric model Su,i(t|z) = Su,i(t|z;βi,Λi) depending on a finite-dimensional
parameter βi ∈ Rq, and a function Λi. For example, for the Cox proportional
hazards model, we have

Su,i(t|z) = exp{−Λi(t) exp(βT
i z)}, (8)

where Λi is the baseline cumulative hazard in group i.
One challenge with mixture cure models is model identifiability, i.e., ensur-

ing that different parameter values lead to different distributions of the ob-
served variables. General identifiability conditions for semiparametric mixture
cure models were derived by [38]. In the particular case of the logistic-Cox model
the conditions are:

(I1) for all x, 0 < φ(γT
i x) < 1,

(I2) the function Su,i has support [0; τ0,i] for some τ0,i < ∞,
(I3) P (Ci1 > τ0,i|Xi1;Zi1) > 0 for almost all Xi1 and Zi,1,
(I4) the matrices V ar(Xi1) and V ar(Zi1) are positive definite.

Condition I3 corresponds again to the assumption of sufficient follow-up. In
practice, this can be evaluated based on the plateau of the Kaplan–Meier esti-
mator and the expert (medical) knowledge.

In the presence of covariate information, we are now interested in the differ-
ence of mean survival times of the uncured individuals among the two groups
conditional on the covariate values:

MSTu,1,z −MSTu,2,z = E[T11 | T11 < ∞, Z11 = z] − E[T21 | T21 < ∞, Z21 = z].

Note that we use only the covariate Z because that affects the survival of the un-
cured individuals. In combination with the conditional cure probabilities pi(x),
such conditional mean survival times provide useful summaries of the condi-
tional survival curves.

3.2. Estimation, asymptotics, and random permutation

The conditional mean survival time can be written as

MSTu,i,z =
∫ τ0,i

0
Su,i(s|z) ds i = 1, 2.

This leads to the following estimator:

M̂STu,i,z =
∫ Yi,(mi)

0
Ŝu,i(s|z) ds,
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where Ŝu,i(·|z) is an estimate of the conditional survival function for the uncured
and Yi,(mi) is the largest observed event time in group i.

Next we focus on the logistic-Cox mixture model, given by (7)–(8), and con-
sider the plug-in estimate

Ŝu,i(t|z) = exp
(
−Λ̂i(t)eβ̂

T
i z

)
,

where Λ̂i, β̂i are the maximum likelihood estimates of Λi and βi respectively.
Maximum likelihood estimation in the logistic-Cox model was initially proposed
by [50, 40] and is carried out via the EM algorithm. The procedure is imple-
mented in the R package smcure [9]. In practice, the survival Ŝu,i(t|z) is forced
to be equal to zero beyond the last event Yi,(mi), meaning that the observations
in the plateau are considered as cured. This is known as the zero-tail constraint
as suggested in [50, 52] and is reasonable under the assumption of sufficient
follow-up: τ0,i < τi, which follows from (I3).

The asymptotic properties of the maximum likelihood estimates Λ̂i, β̂i, γ̂i
were derived in [31] under the following assumptions:
(A1) The function Λi(t) is strictly increasing, continuously differentiable on

[0, τ0,i) and Λi(τ0,i) := limt→τ0,i Λi(t) < ∞.
(A2) γi, βi lie in the interiors of compact sets and the covariate vectors Zij and

Xij have compact support: there exist Ki > 0 such that:
P(‖Zij‖ < Ki and ‖Xij‖ < Ki) = 1.

(A3) There exists a constant ε > 0 such that P(Ti1 = τ0,i | Ti1 < ∞, Zi1) > ε
with probability one.

(A4) P(Yi1 ≥ t | Zi1, Xi1) is continuous in t ≤ τ0,i.
Assumptions (A1),(A3) are formulated slightly in a different way in [31] but,
given the identifiability constraints (I1)–(I4), they reduce to the ones stated
above. In particular, assuming that the survival distribution for the uncured
has a positive mass at the end point of the support (A3) is a technical condition
needed to guarantee that Λi stays bounded on [0, τ0,i] while ensuring the iden-
tifiability of the model. In the Cox model without cure fraction, one does not
encounter this problem because the support of the event times is larger than
the follow-up of the study. Even though (A3) might seem not realistic, one can
think of such assumption being satisfied with a very small ε. In such case it is
unlikely to observe events at τ0,i as we see in real-life scenarios. If instead of
the maximum likelihood estimation, one considers estimation via presmoothing
as proposed in [37], this condition can be avoided at the price of additional
technicalities. This is because the conditional probability of {T = ∞} is iden-
tified beforehand by means of a nonparametric smooth estimator. As a result,
when estimating Λi in the second step, one could restrict to a smaller interval
[0, τ∗] ⊂ [0, τ0,i]; see the discussion in Section 5.1 of [37].

Let m̂z = M̂STu,1,z − M̂STu,2,z be an estimator of mz = MSTu,1,z −
MSTu,2,z. Using the large sample properties of the estimators Λ̂i and β̂i from
[31], we first derive the limit distribution of the process √ni{Ŝu,i(·|z)−Su,i(·|z)}
and then obtain the following result for the conditional mean survival time.
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Theorem 3.1. Assume that the identifiability conditions (I1)–(I4) and the as-
sumptions (A1)–(A4) are satisfied. Then, for any z ∈ Z, the random variable√
ni(Êi,z − Ei,z) is asymptotically normally distributed, i.e.,

√
ni(M̂STu,i,z −MSTu,i,z)

d−→ Ni ∼ N (0, σ2
i,z)

as ni → ∞. The limit variance σ2
i,z is defined in (18) in the Appendix B.

Remark 3. Based on the proof of Theorem 3.1, we cannot guarantee that the
convergence result still holds under the absence of a cure fraction, i.e., pi ≡ 0,
i = 1, 2.

From the independence assumption between the two groups and Theorem 3.1,
we obtain the following result:

Corollary 3.1.1. Assume that n1/(n1 +n2) → κ ∈ (0, 1) as min(n1, n2) → ∞.
Then an(m̂z − mz) is asymptotically normally distributed with mean zero and
variance

σ2
z = (1 − κ)σ2

1,z + κσ2
2,z.

We restrict for simplicity to the logistic-Cox model and the maximum like-
lihood estimation method but the previous results can be generalized to other
estimation methods or other semiparametric mixture cure models. For example,
if the presmoothing approach introduced in [37] is used instead of the MLE,
then the asymptotic properties could be derived in the same way using Theo-
rem 4 in [37]. We also note that because of their complicated expressions, the
variances of the estimators in the semiparametric mixture cure model are esti-
mated via a bootstrap procedure [9]. As a result, we will also use the bootstrap
to estimate σz.

As in Section 2, we would like to investigate whether the asymptotic infer-
ence can be made more reliable by means of a permutation approach. Again
π = (π1, . . . , πn1+n2) denotes any permutation of (1, 2, . . . , n1 + n2). Write
(Yj ,Δj , Xj , Zj), j = 1, . . . , n1 + n2 for the pooled sample which consists of the
data points of the first group (j ≤ n1) and those of the second group (j > n1).
Applying π to the pooled sample leads to the permuted samples

(Yπ1 ,Δπ1 , Xπ1 , Zπ1), . . . , (Yπn1
,Δπn1

, Xπn1
, Zπn1

) and
(Yπn1+1 ,Δπn1+1 , Xπn1+1 , Zπn1+1), . . . , (Yπn1+n2

,Δπn1+n2
, Xπn1+n2

, Zπn1+n2
).

In the special case of exchangeability, for any z, m̂z would have the same dis-
tribution as m̂π

z = M̂ST
π

u,1,z − M̂ST
π

u,2,z. Here, M̂ST
π

u,i,z are the estimators of
the conditional mean survival times, just based on the i-th permuted sample.

Since the samples are in general not exchangeable and, as a consequence,
the asymptotic variances of m̂z and m̂π

z cannot be assumed equal, we use their
studentized version. We will thus focus on m̂π

z /σ̂
π
z as the permutation version

of m̂z/σ̂z, where σ̂π2
z is the estimated variance of m̂π

z , estimated via bootstrap.
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Because it is computationally infeasible to realize m̂π
z /σ̂

π
z for all (n1 + n2)! per-

mutations, we will realize a relatively large number B of random permutations
π and approximate the conditional distribution by the collection of the realized
m̂π

z /σ̂
π
z of size B. In the following, we will discuss the asymptotic behaviour of

m̂π
z /σ̂

π
z to justify the validity of the resulting inference procedures.

One challenge that arises in this setting is that, since we are assuming a
semiparametric model, the permuted samples will in general not follow the same
model. Hence, when we fit the logistic-Cox model to obtain the estimates in the
permuted samples, the model is misspecified. Hence, we first show in a series of
lemmas in Appendix B that the maximum likelihood estimators converge to the
parameters of a logistic-Cox likelihood that minimize the Kullback-Leibler (KL)
divergence from the true distribution of the pooled data; denote this by P̄. We
can indeed argue that such a minimizer exists and we assume that it is unique.
In case of non-uniqueness, we expect that the results can be extended and,
depending on the starting point of the algorithm, the estimates would converge
to one of such minimizers. However, such extension is beyond the scope of the
current paper. In practice, we observed that the EM algorithm converges and
the limit was stable with respect to the initial point, which might indicate that
the minimizer was indeed unique.

Secondly, to obtain the asymptotic distribution of the permuted estima-
tors, we first obtain a general Donsker-type theorem for permutation based
Z-estimators (see Appendix C). That result holds in a great generality, so it
would also apply to countless other two-sample problems. Thus, it is of interest
of its own. But let us first return to the main result about the permuted esti-
mators in the present context. To this end, we define the KL divergence of a
probability measure P1 from another one, P2:

KL(P1|P2) =
∫

log
(dP1

dP2

)
dP1;

here, P1 is assumed absolutely continuous with respect to P2, such that the
Radon-Nikodym derivative dP1

dP2
exists.

Theorem 3.2. Assume that the identifiability conditions (I1)–(I4) and (A1)–
(A4) hold. Assume also that the minimizer of argmin KL(P̄| · ) over the model
space of logistic-Cox models is unique; also see (19) in Appendix B. Then, for
any z ∈ Z, as min(n1, n2) → ∞ with n1/(n1 +n2) → κ ∈ (0, 1), the conditional
distribution of anm̂π

z given the data converges weekly in probability to the zero-
mean normal distribution with variance σπ2

z given in (27) in Appendix B.

Corollary 3.2.1. Under the assumptions of the previous theorem, for any z ∈
Z, as min(n1, n2) → ∞ with 0 < lim inf n1/(n1+n2) ≤ lim supn1/(n1+n2) < 1,
the (conditional) distributions of anm̂π

z /σ̂
π
z (given the data) and an(m̂z−mz)/σ̂z

converge weakly in probability to the same limit distribution which is standard
normal.
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4. Simulation study

4.1. Unconditional model

In this section, we study the finite sample performance of both the asymptotic
and the permutation approach for the nonparametric model described in Sec-
tion 2. We construct confidence intervals for m and test the one sided hypothesis
H0 : m ≤ 0 versus H1 : m > 0. In order to cover a wide range of scenarios,
we consider nine settings as described below. Settings NP1-NP4 correspond to
having two samples with the same mean survival time for the uncured (m = 0)
but possibly different distributions, while settings NP5-NP9 correspond to hav-
ing two samples with different mean survival times for the uncured (m 
= 0)
with different magnitudes and signs for m. The cure and censoring rates also
vary across the settings. In all of the following settings, the survival times for
the uncured are truncated at τ0,i equal to the 99% quantile of their distribution
in order to satisfy the assumption of compact support. The censoring times are
generated independently from an exponential distribution with parameter λC,i

and are truncated at τi = τ0,i +2. The truncation of the censoring times is done
only to reflect the bounded follow-up but τi does not play any role apart from
the fact that τi > τ0,i. Note also that the reported censoring rate includes the
cured subjects, which are always observed as censored, hence it is larger than
the cure rate.

Simulation settings

Setting NP1. The two samples are exchangeable (m = 0): cure rate 40%, Weibull
distribution for the uncured with shape and scale parameters 0.75 and 1.5 re-
spectively, censoring rate around 50% (λC,i = 0.3, i = 1, 2).

Setting NP2. The uncured have the same Weibull distribution in both samples
(m = 0) with shape and scale parameters 0.75 and 1.5 respectively. The cure
rate is 20% in sample 1 and 60% in sample 2, the censoring rate is around 30%
and 70% in sample 1 and 2 respectively (λC,1 = 0.25, λC,2 = 0.5).

Setting NP3. The uncured have the same Weibull distribution in both samples
(m = 0) with shape and scale parameters 0.75 and 1.5 respectively. The cure
rate is samples 1 and 2 is 60% and 20% respectively; censoring rate is around
65% and 25% respectively (λC,1 = 0.3, λC,2 = 0.1).

Setting NP4. The uncured in sample 1 follow a Weibull distribution with shape
and scale parameters 0.75 and 1 respectively, while the uncured in sample 2
follow a Gompertz distribution with scale parameter 1 and shape parameter
0.327. The parameters are chosen such that the two groups have the same mean
survival time (so m = 0). The cure rate is 40% in both samples; censoring rate
is around 50% in both samples (λC,1 = 0.2, λC,2 = 0.15).

Setting NP5. The uncured in the two samples have different Gompertz distri-
butions with the same scale parameter 1 and shape parameters 0.1 and 0.5
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respectively. The difference of mean survival times is m = 1.09. For this choice
of parameters, the supports of the event times in the two samples are [0, 3.8]
and [0, 2.3] respectively. The cure rate is 40% in both samples; censoring rate is
around 65% in sample 1 and 45% in sample 2 (λC,1 = 0.3, λC,2 = 0.1).

Setting NP6. This is the same as Setting NP5 but the two groups are exchanged,
i.e. m = −1.09.

Setting NP7. The uncured in the two samples have different Gompertz distri-
butions with the same scale parameter 1 and shape parameters 0.08 and 0.1
respectively. The difference of mean survival times is m = 0.18 For this choice
of parameters, the supports of the event times in the two samples are [0, 4.1]
and [0, 3.9] respectively. The cure rate is 60% in sample 1 and 20% in sample
2; censoring rate is around 70% in sample 1 and 40% in sample 2 (λC,1 = 0.2,
λC,2 = 0.15).

Setting NP8. The survival distributions of the uncured are as in Setting NP7,
i.e., m = 0.18. The cure rate in samples 1 and 2 is 30% and 20% respectively;
censoring rate is around 44% in sample 1 and 34% in sample 2 (λC,1 = 0.1,
λC,2 = 0.1).

Setting NP9. The event times of the uncured in the sample 1 follow a Gompertz
distribution with scale parameter 1 and shape parameter 0.08, while in sample
2 they follow a Weibull distribution with shape and scale parameters 2 and 0.28
respectively. Both distributions have support [0, 4.1] but different mean survival
times (m = 0.52). The cure rate is 40% in both samples; censoring rate is around
50% in both samples (λC,1 = 0.1, λC,2 = 0.1).

Simulation results

First, considering different sample sizes n1 = 2n2 ∈ {50, 200} or n1 = n2 ∈
{100, 200}, 95% confidence intervals for m are constructed based on both the
asymptotic approximation and the permutation approach:

In = [m̂∓ q1−α/2σ̂/an], Iπn = [m̂− qπ1−α/2σ̂, m̂− qπα/2σ̂],

where σ̂ is given in (4), q1−α denotes the 100(1 − α)%-quantile of the standard
normal distribution, α = 0.05 and qπ1−α denotes the 100(1−α)%-quantile of the
conditional distribution of m̂π/σ̂π for the permutation approach. Note that qπ1−α

is a random quantile that depends on the available data, with anq
π
1−α

p→ q1−α as
n → ∞. We take B = 500 random permutations, which seemed to be sufficient
since increasing B to 1,000 did not have much effect in the results. Average
length and coverage probabilities over 1,000 repetitions are reported in Table 1.
The coverage rates closest to 95% among both types of confidence intervals is
printed in bold-type.

We observe that the confidence intervals based on the permutation approach
are in general slightly wider and have better coverage, particularly for small
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Table 1

Coverage probabilities (CP) in % and average length (L) of 95% confidence intervals using
the asymptotic approach (M1) and the permutation approach (M2) for different sample
sizes. Next to the setting name we report the true m in parentheses and below the true

standard deviations of the survival times in each sample (sd1, sd2).
Sett. n1 = 2n2 = 50 n1 = n2 = 100 n1 = 2n2 = 200 n1 = n2 = 200

M1 M2 M1 M2 M1 M2 M1 M2
NP1 (0) L 1.34 1.15 0.83 0.88 0.74 0.80 0.62 0.64

(0.86, 0.86) CP 88.4 93.1 93.0 94.3 93.3 95.4 94.1 94.2
NP2 (0) L 1.04 1.22 0.91 1.00 0.84 0.92 0.73 0.78

(0.86, 0.86) CP 76.0 87.2 86.6 90.0 83.5 87.6 89.4 90.6
NP3 (0) L 1.18 1.37 0.82 0.87 0.66 0.71 0.60 0.62

(0.86, 0.86) CP 89.8 93.5 88.8 90.1 93.3 92.9 92.0 92.2
NP4 (0) L 1.44 1.64 1.08 1.12 0.87 0.90 0.83 0.84

(1.47, 1.33) CP 86.3 87.2 84.2 86.5 89.5 88.9 89.2 89.3
NP5 (1.09) L 1.02 1.22 0.67 0.69 0.53 0.54 0.48 0.48
(0.91, 0.57) CP 93.1 95.9 93.6 94.6 95.0 94.8 95.2 95.4

NP6 (−1.09) L 1.18 1.34 0.67 0.69 0.64 0.66 0.48 0.48
(0.57, 0.91) CP 86.4 89.2 93.6 94.7 93.3 93.3 95.0 94.7
NP7 (0.18) L 1.31 1.52 0.83 0.85 0.67 0.69 0.60 0.60
(0.95, 0.91) CP 92.3 95.7 94.3 94.5 93.3 92.9 93.7 93.6
NP8 (0.18) L 1.07 1.15 0.64 0.65 0.55 0.55 0.45 0.45
(0.95, 0.91) CP 94.1 95.6 93.3 93.3 94.8 94.7 93.9 93.5
NP9 (0.52) L 1.18 1.30 0.71 0.72 0.61 0.61 0.50 0.50
(0.95, 0.86) CP 92.5 94.1 94.2 94.8 94.2 94.6 94.4 94.6

sample sizes. As the sample sizes increase, the two approaches give more com-
parable results. For some settings, much larger sample sizes are needed to have
coverage close to the nominal level but, for most of them, coverage is close to
95%. When the sample sizes are the same, settings NP2 and NP3 are almost
the same, with setting NP3 having less censoring, leading to shorter confidence
intervals and better coverage. When n1 = 2n2, setting NP2 is more difficult
because the smaller sample has a very large cure and censoring rate, leading
to worse coverage probabilities. Similarly, when the sample sizes are the same,
setting NP5 and NP6 are the same, leading to same length confidence intervals
and approximately same coverage (due to sampling variation). When n1 = 2n2,
setting NP6 is more difficult because it has higher censoring rate in the smaller
sample. As a result, we observe longer confidence intervals and worse coverage
probabilities. Setting NP8 is similar to setting NP7 but the first sample has
lower cure rate, leading to shorter confidence intervals. When the two samples
are not comparable in terms of cure and censoring rate, increasing the sample
size of the sample in which it is easier to estimate MSTu,i, does not usually
lead to better coverage (compare settings NP2 and NP3, NP5 and NP6). On
the other hand, increasing the sample size of the sample in which estimation of
MSTu,i is more difficult usually leads to better coverage. In Table 1, we also
report the standard deviations of the survival times of the uncured for each
sample. We notice that in general the variances are comparable across settings
and do not show any particular relation with the performance of the methods,
except setting NP4 which has higher variance and lower coverage.
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Table 2

Coverage probabilities (CP) in % and average length (L) of 95% confidence intervals for m
using the asymptotic approach (M1) and the permutation approach (M2) for different

sample sizes.
Sett. n1, 2n2 = 600 n1, 2n2 = 1200 n1, 2n2 = 4000 n1, 2n2 = 10000

M1 M2 M1 M2 M1 M2 M1 M2
NP2 L 0.57 0.60 0.44 0.45 0.26 0.26 0.12 0.12

(m = 0) CP 84.4 87.6 88.4 89.9 92.1 92.0 94.5 94.2

n1, n2 = 500 n1, n2 = 1000 n1, n2 = 2000
M1 M2 M1 M2 M1 M2

NP3 L 0.40 0.40 0.28 0.28 0.20 0.20
(m = 0) CP 93.8 93.6 92.5 91.9 94.8 94.4

NP4 L 0.55 0.56 0.39 0.40 0.28 0.28
(m = 0) CP 92.3 92.3 94.2 94.2 94.1 94.5

We further investigate settings NP2, NP3, NP4 which exhibit the worst per-
formance in terms of coverage probabilities. In setting NP2, as estimation in
the second sample is more difficult (because of higher cure and censoring rates),
the performance of both the asymptotic and permutation approach in worse
when the size of sample 1 is larger than the size of sample 2. In setting NP3,
estimation of the first sample is more challenging and we observed that the cov-
erage is better when the size of sample 1 is larger. In setting NP4, both samples
have the same censoring and cure rate but the coverage seems to be worse when
the sample sizes are the same. Results for larger sample sizes under the most
difficult scenarios for each of these three settings are reported in Table 2. They
show that, as expected, the coverage probabilities for both approaches converge
to the nominal level.

In addition, we selected 2 of the settings (setting NP4 and NP9) and further
investigated the effect of the censoring and cure rates for sample sizes 100−100
and 200−100. First, we keep the cure rate fixed at 40% (moderate) and consider
3 censoring levels: 45% (low), 50% (moderate) and 60% (high). Secondly, we vary
the cure rate: 20% (low), 40% (moderate) and 60% (high), while maintaining
the same moderate censoring level equal to the cure rate plus 10%. Average
length and coverage probabilities over 1,000 repetitions are reported in Table 3.
As expected, we observe that, as the censoring or cure rate increases, the length
of the confidence intervals increases. In setting NP4 the coverage deteriorates
significantly for a high censoring rate, while in setting NP9 the coverage remains
stable and close to the nominal value throughout all scenarios.

Next, we consider a one-sided hypothesis test for H0 : m ≤ 0 versus H1 : m >
0 at level 5%. The rejection rates for the test are reported in Table 4. Looking
at settings NP1-NP4 and NP6 for which H0 is true (with m = 0 for settings
NP1-NP4), we observe that most of the time the rejection rate is lower or close
to 5% for both methods. Setting NP2 is again the most problematic one with
rejection rate higher than the level of the test. This might be because in setting
NP2 the second sample has a high cure (and censoring) rate, which might lead
to underestimation of the mean survival times for the uncured in sample 2 and



Mean survival of uncured patients in two samples 3127

Table 3

Coverage probabilities (CP) in % and average length (L) of 95% confidence intervals using
the asymptotic approach (M1) and the permutation approach (M2) for different sample

sizes, censoring and cure rates.
censoring rate

low moderate high
Sett. n1/n2 M1 M2 M1 M2 M1 M2
NP4 100/100 L 0.87 0.89 1.08 1.12 1.12 1.23

CP 92.4 92.6 84.0 86.5 68.7 72.2
(m = 0) 200/100 L 0.67 0.71 0.87 0.90 1.06 1.17

CP 93.8 92.9 89.5 88.9 76.8 77.3
NP9 100/100 L 0.67 0.68 0.71 0.72 0.79 0.82

CP 94.1 93.9 94.2 94.8 92.9 94.3
(m = 0.52) 200/100 L 0.58 0.58 0.61 0.61 0.69 0.71

CP 94.5 94.2 94.2 94.6 94.7 94.6
cure rate

low moderate high
Sett. n1/n2 M1 M2 M1 M2 M1 M2
NP4 100/100 L 0.85 0.92 1.08 1.12 1.21 1.21

CP 90.6 91.4 84.0 86.5 88.1 89.0
(m = 0) 200/100 L 0.66 0.72 0.87 0.90 1.20 1.31

CP 93.0 93.0 89.5 88.9 80.6 80.7
NP9 100/100 L 0.59 0.60 0.71 0.72 0.92 0.96

CP 94.3 94.3 94.2 94.8 94.4 95.5
(m = 0.52) 200/100 L 0.51 0.51 0.61 0.61 0.80 0.82

CP 95.8 95.6 94.2 94.6 93.2 93.8

as a result an overestimation of m. For settings NP2, NP3, and NP4 we also
considered larger sample sizes. The results are reported in Table 5. In particular,
we observe that the rejection rates in setting NP2 decrease and approaches
the significance level as the sample size increases. In terms of power, as m or
the sample size increase, the power increases. Both methods are comparable,
with the permutation approach usually leading to slightly lower rejection rate
under both hypothesis. Again, in settings NP4 and NP9 we also investigate the
effect of the censoring and cure rate as above. Results are given in Table 6. As
the censoring or cure rate increases, the power of the test decreases, while the
rejection rate in setting NP4 (H0 is true) remains below the 5% level throughout
all scenarios.

Finally, to acknowledge that the case of unbalanced sample sizes where the
smaller sample meets the higher censoring rate, we would like to point to [15].
For very small sample sizes, their studentized permutation test about the RMST
also exhibited the worst control of the type-I error rate in this challenging con-
text; see Table 1 therein, and also Tables S.1 and S.2 in the supplementary
material accompanying that paper. Of note, their proposed permutation test is
still quite accurate with a size not exceeding 6.8% even in the most challenging
setting.

To give an idea of the computational cost of both approaches we provide in
Table 7 the average running times over 10 replications for some of the settings
and sample sizes. The computations are done on an Intel Core i7 CPU laptop.
We observe that the permutation approach is around 500 times more computa-



3128 D. Dobler and E. Musta

Table 4

Rejection rate in % for testing the hypothesis H0 : m ≤ 0 versus H1 : m > 0 at level 5%
using the asymptotic approach (M1) and the permutation approach (M2) for different
sample sizes. Settings under H0 are indicated by NP∗ (m = 0) and NP∗∗ (m < 0).

Sett. m n1 = 2n2 = 50 n1 = n2 = 100 n1 = 2n2 = 200 n1 = n2 = 200
M1 M2 M1 M2 M1 M2 M1 M2

NP1∗ 0 5.6 5.0 6.9 4.9 5.9 5.4 6.2 5.5
NP2∗ 0 20.9 19.0 17.5 14.0 18.0 17.2 14.3 12.1
NP3∗ 0 0.9 0.8 2.3 1.7 0.6 0.5 2.4 2.2
NP4∗ 0 0.6 0.2 2.3 0.6 0.3 0.2 1.9 0.7
NP5 1.09 96.5 94.1 100 100 100 100 100 100
NP6∗∗ −1.09 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
NP7 0.18 11.7 9.5 21.3 21.0 23.0 22.1 30.5 30.3
NP8 0.18 15.1 13.0 30.3 29.3 33.3 33.0 45.0 45.0
NP9 0.52 55.4 50.0 87.4 86.4 94.8 94.4 97.3 98.7

Table 5

Rejection rates in % for testing the hypothesis H0 : m ≤ 0 versus H1 : m > 0 at level 5%
using the asymptotic approach (M1) and the permutation approach (M2) for different

sample sizes. For all settings m = 0.
Sett. n1 = 2n2 = 600 n1 = 2n2 = 1,200 n1 = 2n2 = 4,000 n1 = 2n2 = 10,000

M1 M2 M1 M2 M1 M2 M1 M2
NP2∗ 18.8 15.0 15.5 13.2 7.7 10.1 3.4 7.0

n1 = n2 = 500 n1 = n2 = 1,000 n1 = n2 = 2,000
M1 M2 M1 M2 M1 M2

NP3∗ 2.8 2.7 3.6 3.8 4.1 4.2
NP4∗ 2.0 1.7 2.3 1.9 3.4 3.2

tionally expensive than the asymptotic one because essentially the estimation
procedure has to be repeated for the 500 permutation samples.

4.2. Conditional model

In this section, we investigate the practical performance of the permutation ap-
proach and of the asymptotic method when comparing conditional mean survival
times for the uncured subpopulations as described in Section 3. We consider two
samples of size 200 and 100, respectively, from logistic-Cox mixture cure models.
Note that, in practice, semiparametric cure models are usually not used for sam-
ple sizes much smaller than these because of their complexity (more parameters
need to be estimated compared to standard Cox model for example) and the
need to observe a long plateau with a considerable amount of censored obser-
vations (as a confirmation of the sufficiently long follow-up assumption). Since
the permutation approach is computationally intensive and asymptotically we
expect the behavior of the two methods to be more similar, we also did not
consider larger sample sizes. Instead, we focus on three different scenarios as
described below by varying the distributions of the uncured subjects, the cure
proportions and the censoring rates. For simplicity, we also consider the same
covariates in the incidence and latency components, i.e., X = Z.
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Table 6

Rejection rate in % for testing the hypothesis H1 : m > 0 at level 5% using the asymptotic
approach (M1) and the permutation approach (M2) for different sample sizes, censoring and

cure rates.
censoring rate

low moderate high
Sett. m n1/n2 M1 M2 M1 M2 M1 M2
NP4∗ 0 100/100 3.0 1.6 2.3 0.6 1.7 0.2

200/100 2.9 1.0 0.3 0.2 2.4 0.0
NP9 0.52 100/100 91.9 91.6 87.4 86.4 79.7 79.1

200/100 95.9 95.0 94.8 94.4 89.0 87.5
cure rate

low moderate high
Sett. m n1/n2 M1 M2 M1 M2 M1 M2
NP4∗ 0 100/100 2.8 1.0 2.3 0.6 2.4 0.8

200/100 3.6 1.1 0.3 0.2 1.9 0.1
NP9 0.52 100/100 95.7 95.5 87.4 86.4 73.1 72.0

200/100 99.2 99.0 94.8 94.4 79.5 77.6

Table 7

Average running time (in seconds) over 10 replications of the asymptotic and permutation
method.

n1 = n2 = 100 n1 = n2 = 200
Sett. asymp. perm. asymp. perm.
NP1∗ 0.52 279.13 0.94 461.76
NP2∗ 0.65 333.00 0.97 465.88
NP8 1.17 576.14 2.57 1203.77

Simulation settings

Setting SP1. Both samples are generated from the logistic-Cox mixture cure
model with Weibull baseline distribution with shape parameter 0.75 and scale
parameters 1.5 and 2, respectively. The survival times of the uncured sub-
jects are truncated at τ0,i, i = 1, 2 equal to the 99% quantile of the corre-
sponding baseline Weibull distribution in order to have finite supports. We
consider two independent covariates Z1 and Z2, which affect both the cure
probability and the survival of the uncured. In the first sample, Z1 ∼ N(0, 1),
Z2 ∼ Bern(0.4) while in the second sample Z1 ∼ N(1, 1), Z2 ∼ Bernoulli(0.6).
The regression coefficients are γ1 = (0, 0.5, 0.8), β1 = (0.3, 0.5), γ2 = (0.1, 1, 0.6),
β2 = (0.3 + log(0.75), 0.5). This corresponds to having around 43% and 24%
cured subjects in each sample. The censoring times are generated independently
of the other variables from exponential distributions with parameters 0.4 and
0.2, respectively. They are truncated at τi = τ0,i + 2, i = 1, 2 to reflect the lim-
ited length of studies in practice. The censoring rate in sample 1 is 52%, while
in sample 2 it is 28%. In both cases, we have around 15% of the observations
in the plateau. In this setting, the covariate distributions, the cure and cen-
soring rates, and the survival distributions of the uncured are different among
the two samples. However, depending on the covariate values, the conditional
mean survival times of the uncured can be the same, i.e., mz = 0. We consider
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a range of possible covariate values, see Table 8, including some extreme and
unlikely values in order to get more different mean survival times between the
two groups.

Setting SP2. Both samples are generated from logistic-Cox mixture cure models
with Gompertz baseline distribution with shape parameter 1 and rate parame-
ters 0.1, 0.3, respectively. The survival times of the uncured subjects are trun-
cated at τ0,i, i = 1, 2, equal to the 99% quantiles of the corresponding baseline
distributions in order to have finite supports. We consider two independent co-
variates, Z1 ∼ N(0, 1) and Z2 ∼ Unif(−1, 1) with the same distribution in both
samples. The regression coefficients are γ1 = γ2 = (0.8,−1, 1), β1 = (−0.6, 0.5),
γ2 = (0.1, 1, 0.6), β2 = (−0.05, 0.4). This corresponds to having around 35%
cured subjects in each sample. The censoring times are generated independently
of the other variables from exponential distributions with parameters, 0.1 and
0.2, respectively. They are truncated at τi = τ0,i + 2, i = 1, 2, to reflect the lim-
ited length of studies in practice. The censoring rate in sample 1 is 46%, while
in sample 2 it is 48%. In both cases, we have around 20% of the observations in
the plateau. In this setting, the covariate distributions, the cure rates, and the
censoring rates are the same for both samples. The survival distributions of the
uncured are different but again, for certain values of the covariates, the condi-
tional mean survival times of the uncured are the same. We consider different
covariate values as in Table 8. In particular, z8 is a very extreme and unlikely
value but it was considered in order to have a case with larger negative value
for mz.

Setting SP3. Both samples are generated from the same distribution as for sam-
ple 1 in setting SP1. This means that the two samples are exchangeable and for
any covariate value we have mz = 0.

Setting SP4. In this setting the data is not generated under the logistic-Cox
model to investigate robustness to model misspecification. The link function for
the incidence model is given by

φ(s) = 1
2[1 + tanh(0.2 + s3)],

which is shown in Figure 2 together with the logistic function for comparison.
The survival times for the uncured are generated from the accelerated failure
time model

Su,i(t|z) = exp{−Λi(t exp(βT
i z))}

with Weibull baseline distribution with shape parameter 0.75 and scale param-
eters 1.5 and 2.5 respectively. The survival times of the uncured subjects are
truncated at τ0,i(z), i = 1, 2, equal to the 99% quantile of the corresponding
conditional distributions. We consider two independent covariates Z1 and Z2 as
in setting SP1 which affect both the cure probabilities and the survival of the un-
cured. The regression coefficients are γ1 = (−0.2, 0.5, 0.8), γ2 = (−0.05, 1, 0.2),
β1 = (0.3, 0.1), β2 = (−0.1, 0.1). This corresponds to having around 38% and
18% cured observations in each sample. The censoring times are generated inde-
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Fig 2. The link function for the incidence model in setting SP4 (solid line) and the logistic
function (dashed line).

Table 8

Covariate values z and corresponding difference in conditional mean survival times for the
uncured mz for Settings SP1, SP2 and SP4.

Sett. z1 = (0, 1) z2 = (−1, 0) z3 = (1, 0) z4 = (1, 1)
SP1 m1 = 0.11 m2 = 0.5 m3 = 0 m4 = 0

z5 = (2, 1) z6 = (4, 0) z7 = (−4, 0) z8 = (−3, 1)
m5 = −0.07 m6 = −0.3 m7 = 1.68 m8 = 0.83

Sett. z1 = (−2, 0) z2 = (−1.85, 0.8) z3 = (−2.16,−0.8) z4 = (0, 0)
SP2 m1 = 0 m2 = 0 m3 = 0 m4 = 0.79

z5 = (1, 0.5) z6 = (−1,−0.5) z7 = (−3, 0.5) z8 = (−6, 0)
m5 = 1.16 m6 = 0.43 m7 = −0.31 m8 = −0.82

z9 = (2, 0) z10 = (−1.5, 0) z11 = (−2.5, 0)
m9 = 1.65 m10 = 0.18 m11 = −0.16

Sett. z1 = (0, 1) z2 = (−1, 0) z3 = (1, 0) z4 = (−1.94, 1)
SP4 m1 = 0.36 m2 = 0.14 m3 = 0.53 m4 = 0

z5 = (−4, 1) z6 = (−1.85, 0) z7 = (3, 0) z8 = (−2.5, 1)
m5 = −0.24 m6 = 0 m7 = 0.71 m8 = −0.08

pendently of the other variables from exponential distributions with parameters
0.4 and 0.2, respectively. They are truncated at τi = 10, which is larger than
τ0,i(z) for the observed values of z to guarantee sufficient follow-up. The censor-
ing rate in sample 1 is 50%, while in sample 2 it is 23%. In both cases, we have
around 12% of the observations in the plateau. We consider different covariate
values as in Table 8.

Simulation results

For each setting and covariate value, we construct 1 − α = 95% confidence
intervals for mz based on the asymptotic and the permutation approach

I∗z = [m̂z ∓ q1−α/2σ̂z/an], Iπz = [m̂z − qπ1−α/2, m̂z − qπα/2σ̂z]

where m̂z is computed as in Section 3.2, σ̂2
z is the variance of anm̂z estimated

via the bootstrap, q1−α/2 denotes the (1−α/2)-quantile of the standard normal
distribution and qπ1−α/2 is the (1 − α/2)-quantile of the conditional distribu-
tion of m̂π

z /σ̂
π
z . Due to the computational cost, we use 100 bootstrap samples



3132 D. Dobler and E. Musta

Table 9

Coverage probabilities (CP) in % and length (L) of 95% confidence intervals using
asymptotic approach (M1) and the permutation approach (M2) for different choices of z in

Setting SP1. Next to the covariate we report mz in parentheses and the true standard
deviations of the survival times of the uncured conditional on z for each sample.

z1 (−0.11) z2 (0.5) z3 (0) z4 (0)
(0.48,0.33) (1.13,0.59) (0.61,0.58) (0.32,0.32)
M1 M2 M1 M2 M1 M2 M1 M2

L 0.498 0.476 1.294 1.385 0.703 0.716 0.372 0.353
CP 96.5 95.3 90.6 89.8 94.5 95.5 97.4 96.3

z5 (−0.07) z6 (−0.3) z7 (1.68) z8 (0.83)
(0.22,0.32) (0.73,0.56) (1.70,0.62) (1.22,0.34)
M1 M2 M1 M2 M1 M2 M1 M2

L 0.429 0.393 1.168 1.012 2.606 3.119 1.846 1.925
CP 98.3 96.4 95.6 91.4 68.6 72.5 85.9 85.6

Table 10

Coverage probabilities (CP) in % and length (L) of 95% confidence intervals using the
asymptotic approach (M1) and the permutation approach (M2) for different choices of z in

Setting SP2. Next to the covariate we report mz in parentheses and the true standard
deviations of the survival times of the uncured conditional on z for each sample.

z1 (0) z2 (0) z3 (0) z4 (0.79)
(0.67,0.67) (0.60,0.60) (0.74,0.73) (0.91,0.68)
M1 M2 M1 M2 M1 M2 M1 M2

L 0.970 0.952 1.003 0.985 1.308 1.291 0.641 0.64
CP 93.9 93.3 92.9 92.8 94.1 93.4 97.0 97.0

z5 (1.16) z6 (0.43) z7 (−0.31) z8 (−0.82)
(0.95,0.65) (0.85,0.71) (0.48,0.61) (0.19,0.62)
M1 M2 M1 M2 M1 M2 M1 M2

L 1.038 1.060 0.851 0.845 1.311 1.263 2.097 1.669
CP 97.1 97.3 94.3 94.2 92.7 91.9 89.9 81.5

z9 (1.65) z10 (0.18) z11 (−0.16)
(0.94,0.70) (0.73,0.67) (0.60,0.66)
M1 M2 M1 M2 M1 M2

L 1.526 1.571 0.785 0.775 1.158 1.130
CP 98.1 97.5 94.0 93.3 93.2 93.1

combined with 500 random permutation samples. This procedure was repeated
1,000 times. The lengths and coverage probabilities of the confidence intervals
are given in Tables 9–12. The coverage rates closest to 95% among both types of
confidence intervals is printed in bold-type. For the exchangeable Setting SP3,
since the permutation confidence intervals are exact, we only provide the results
of the asymptotic approach.

We observe that the coverage of both confidence intervals is very low for some
covariate values. That happens mainly when mz is large in absolute value (either
positive or negative depending on the setting). This seems to be because, for
certain covariate values, the errors that we make in the estimation of the coeffi-
cients and baseline survival get amplified when computing the survival function
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Table 11

Coverage probabilities (CP) in % and length (L) of 95% confidence intervals using the
asymptotic method for different choices of z in Setting SP3. The true value of mz is 0 for

all z. In parentheses we report the true standard deviations of the survival times of the
uncured conditional on z (same for both samples).

z1 z2 z3 z4 z5 z6 z7 z8
(0.48) (1.13) (0.61) (0.32) (0.22) (0.73) (1.70) (1.22)

L 0.707 0.795 0.974 0.587 0.680 1.338 3.512 2.726
CP 94.7 91.0 95.3 97.0 98.6 99.0 83.5 90.1

Table 12

Coverage probabilities (CP) in % and length (L) of 95% confidence intervals using
asymptotic approach (M1) and the permutation approach (M2) for different choices of z in

Setting SP4. Next to the covariate we report mz in parentheses and the true standard
deviations of the survival times of the uncured conditional on z for each sample.

z1 (0.36) z2 (0.14) z3 (0.53) z4 (0)
(0.78,0.39) (1.16,0.39) (0.64,0.49) (1.39,0.32)
M1 M2 M1 M2 M1 M2 M1 M2

L 0.759 0.764 1.313 1.348 0.751 0.745 1.748 1.787
CP 89.9 87.3 75.1 83.5 40.4 32.8 57.1 64.2

z5 (−0.24) z6 (0) z7 (0.71) z8 (−0.08)
(2.58,0.26) (1.5,0.35) (0.35,0.59) (1.65,0.30)
M1 M2 M1 M2 M1 M2 M1 M2

L 2.786 3.109 1.779 1.861 1.102 1.005 2.062 2.153
CP 41.9 51.7 56.3 66.2 15.5 11.5 50.7 58.1

conditional on z, resulting in a biased estimate for mz. Much larger sample sizes
would be needed to get a good estimate of mz for such covariate values z. In
the other cases, the coverage probabilities are close to the nominal value and
the two methods are comparable. For some z, the permutation approach does
slightly better than the asymptotic one, but vice versa for other choices of z.
For settings SP1 and SP3 we notice that the performance of both methods is
worse when there is large variability of the survival times of the uncured in each
sample, for example for covariate values z2, z7, z8. However, this does not seem
to be the case in setting SP2. For setting SP4 with model misspecification we
observe that the coverage probabilities are in general very low for both meth-
ods. This poor performance seems to be mainly related to the misspecified Cox
model for the latency. For example, for the worse case with covariate value z7,
the mean survival time in the first (second) sample is underestimated (overes-
timated) since βT

1 z7 > 0 (βT
2 z7 > 0), leading to large underestimation of mz.

Hence, one needs to be very cautious to model misspecification. For the real
data application, we have first performed a goodness of fit test for the model
assumption.

Next, we consider testing the hypothesis H0 : mz = 0 against H1 : mz 
= 0 at
level α = 5%. Again the variance of m̂z is estimated via the bootstrap with 100
bootstrap samples and the quantiles of m̂z/σ̂z are estimated via 500 permutation
samples. The procedure was repeated 1,000 times. In Tables 13–15, we report



3134 D. Dobler and E. Musta

Table 13

Rejection rates of H0 in % for the asymptotic approach (M1) and the permutation approach
(M2) and different choices of z in Setting SP1. Value of mz is reported in parentheses.

z1 (−0.11) z2 (0.5) z3 (0) z4 (0)
M1 M2 M1 M2 M1 M2 M1 M2

Rejection rate 14.1 11.8 22.9 15.2 5.5 4.5 2.6 3.7

z5 (−0.07) z6 (−0.3) z7 (1.68) z8 (0.83)
M1 M2 M1 M2 M1 M2 M1 M2

Rejection rate 6.9 13.6 8.5 17.8 33.6 19.5 26.7 22.1

Table 14

Rejection rates of H0 in % for the asymptotic approach (M1) and the permutation approach
(M2) and different choices of z in Setting SP2. Value of mz is reported in parentheses.

z1 (0) z2 (0) z3 (0) z4 (0.79)
M1 M2 M1 M2 M1 M2 M1 M2

Rejection rate 6.1 6.7 7.1 7.2 5.1 6.6 99.9 100.0

z5 (1.16) z6 (0.43) z7 (−0.31) z8 (−0.82)
M1 M2 M1 M2 M1 M2 M1 M2

Rejection rate 99.5 99.3 48.3 49.3 15.4 19.9 30.6 52.7

z9 (1.65) z10 (0.18) z11 (−0.16)
M1 M2 M1 M2 M1 M2

Rejection rate 99.2 99.0 14.1 15.1 9.7 11.8

Table 15

Rejection rates of H0 in % for the asymptotic method and different choices of z in
Setting SP3. H0 is true for all choices of z.

z1 z2 z3 z4 z5 z6 z7 z8

Rejection rate 5.3 9.0 4.7 3.0 1.4 1.0 16.5 9.9

the percentages of the cases in which H0 was rejected.
In Settings SP1 and SP2, the levels of the test seem to be close to the nom-

inal level and the power is larger when |mz| is larger, even though it does
not only depend on |mz| but also on the sign of mz (deviations in conditional
mean survival times might be easier to detect in one direction compared to the
other). In Setting SP1, the asymptotic method has more power when m > 0
(m1,m2,m7,m8), while the permutation approach has more power when m < 0
(m5,m6). In Setting SP2, we observe that the results for both methods are
comparable when m > 0 but the permutation approach has more power when
m < 0. For the exchangeable setting, the level of the asymptotic test is larger
than the nominal value for some of the covariate values (the ones for which the
coverage probabilities were anti-conservative; see above). For setting SP4, the
level of the test is very far from the nominal one for both the asymptotic and
permutation approach, which shows as before that model misspecification can
have serious consequences.
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Table 16

Rejection rates of H0 in % for the asymptotic approach (M1) and the permutation approach
(M2) and different choices of z in Setting SP4. Value of mz is reported in parentheses.

z1 (0.36) z2 (0.14) z3 (0.53) z4 (0)
M1 M2 M1 M2 M1 M2 M1 M2

Rejection rate 37.2 29.4 42.5 35.0 7.0 5.6 42.9 35.8

z5 (−0.24) z6 (0) z7 (0.71) z8 (−0.08)
M1 M2 M1 M2 M1 M2 M1 M2

Rejection rate 44.3 33.4 43.7 33.8 7.8 12.7 42.3 34.2

Table 17

Average running time (in seconds) over 5 replications of the asymptotic and permutation
method.
n1 = n2 = 100

Sett. asymp. perm.
SP1 33.57 11662.04
SP2 16.83 9803.54

To compare the computational cost of both approaches we provide in Table 17
the average running times over 5 replications for settings 1 and 2 and sample
size n1 = n2 = 100. The computations are done on an Intel Core i7 CPU laptop.
Overall, we conclude that, unless the two samples are exchangeable, there is no
clear advantage of using the permutation approach to justify its much higher
computational cost. This is different from what is observed previously in the
literature and it might be related to the fact that the logistic-Cox model is
misspecified in the permutation samples. Computationally, the EM algorithm
still converges and is stable with respect to the initial estimates. This suggest
that the problem should not be about the existence of a unique maximizer of
the likelihood for the misspecified model.

5. Application

In this section, we consider two real data applications of the developed methods.
The first one is a leukemia study with relatively small sample size for which the
nonparametric approach is appropriate, while the second is an observational
study of breast cancer for which the conditional semiparametric approach is
more appropriate.

5.1. Leukemia study

We consider a real data set from research on leukemia [24]; the study ran from
March 1982 to May 1987. 91 patients were treated with high-dose chemoradio-
therapy, followed by a bone marrow transplant. n1 = 46 patients received allo-
geneic marrow from a matched donor and n2 = 45 patients without a matched
donor received autologous marrow, i.e. their own. They were followed for 1.4
to 5 years. For other details such as additional patient characteristics and the
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frequency of the graft-versus-host disease among allogeneically transplanted pa-
tients we refer to the original study [24].

In our analysis, we are going to re-analyze relapse-free survival. The data
sets are available in the monograph [42]. They contain the (potentially right-
censored) times to relapse or death (in days), together with the censoring status.
It was argued in both [42] and [24] that a cure model is appropriate for the data.
The possibility of cure of leukemia patients after a bone marrow transplant has
been also argued in the medical literature around the time of this study, e.g.
[53, 47]. The authors of [42] first fit parametric accelerated failure time mix-
ture cure models (see Section 2.6) and did not find a significant difference in
either cure rates or survival times for the uncured. Additionally, in Section 3.6
of [42] they fit semiparametric logistic-Cox and logistic-accelerated failure time
(AFT) models. Under the logistic-Cox model they did find a borderline signif-
icant effect for the survival time distribution (latency) of the uncured between
both treatment groups (p-value of 0.054). In particular, they concluded that
the autologous group has significantly higher hazard than the allogeneic group
with an estimated hazard ratio of 1.88, p-value 0.04, and 95% confidence interval
(1.03,3.45). On the other hand, with the semiparametric logistic-AFT model, no
statistically significant difference is detected between the two groups (p-values of
0.42 for the incidence and 0.19 for the latency). However, the authors surmised
that these non-significant results are due to a bad fit of the logistic-AFT model,
as the logistic-Cox model found a borderline significant effect of the treatment
group.

Let us briefly summarize the data sets. The censoring percentages amounted
to 28% and 20% in the allogeneic and autologous groups, respectively, i.e. 13
and 9 patients in absolute numbers. The percentages of data points in plateaus
were 15% and 16% and the estimated cure fractions p̂i = Ŝi(τ0,i) were 26% and
19%, respectively. The test of [25] for the equality of cure fractions resulted in
a non-significant p-value of 0.453.

Figure 3 shows an illustration of the Kaplan–Meier curves. It shows that
the curves are crossing and very close to each other in during the first weeks.
After that, the curve for the autologous group clearly stays below the one for
the allogeneic group. However, that discrepancy melts down as time progresses,
hence the non-significant p-value for the equality of cure fractions.

On the other hand, the difference in estimated mean survival times for the
uncured patients amounts to m̂ = 129. The 95% confidence intervals for those
mean survival differences were [3, 255] days (asymptotic) and [1, 255] days (per-
mutation). The two-sided hypothesis tests for equal mean survival times of the
uncured resulted in the p-values 0.045 (asymptotic) and 0.046 (permutation),
i.e., just significant at the significance level α = 5%. The random permutation-
based inference methods have been run with 5,000 iterations. The asymptotic
and the permutation-based inference methods thus agreed on their outcomes,
despite the rather small sample sizes. In view of the rather low censoring rates
and the simulation results for moderate censoring settings presented in Sec-
tion 4.1, we deem all applied inference methods reliable.
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Fig 3. Kaplan–Meier curves for relapse-free survival of the leukemia data.

5.2. Breast cancer study

In this section, we analyze a data set about breast cancer that is freely available.
In Appendix D, we provide the R code for accessing the data set. The data
come from an observational study that included 286 lymph-node-negative breast
cancer patients collected between 1980 and 1995. Thereof, 209 patients were
estrogen-receptor-positive (ER+) and 77 were ER-negative (ER-). These two
will later form the subgroups to be analyzed in a two-sample inference problem.
As additional covariates, we consider the patients’ age (ranging from 26 to 83
with a median of 52 years) and a tumour size score which is an integer number
between 1 and 4. We refer to [56] for a more complete description of the study
and other specifics of the dataset. Additionally, [3] compared this dataset in
the light of two competing models and corresponding statistical methods: a
logistic-Cox cure model versus a Single-Index/Cox model.

We, on the other hand, do not model the ER-status semiparametrically but
nonparametrically by means of two subgroups. Our aim is to conduct a regres-
sion analysis to investigate differences in disease progression expectations for
ER+/- patients while taking the covariates tumour size (ordinal) and age into
account. The outcomes of this two-sample analysis could be used to justify why
the two groups should not be pooled, and how or how not to model the ER-
status semiparametrically. These questions are relevant if one wishes to make
predictions, e.g., for the remaining expected lifetime of a patient.

From a technical point of view, we consider the composite endpoint of relapse-
free survival (measured in months), which here means that deaths and the
occurrence of distant metastases are combined into one event of interest. We
excluded those 8 patients from our analysis who had a tumour size exceeding 2.
This results in two samples of sizes n1 = 203 (ER+) and n2 = 75 (ER-).
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Fig 4. Boxplots summarizing the age distributions in the four relevant subgroups. TS is short
for tumour size.

Let us briefly summarize the data: in the ER+ subgroup, about 55% have
a tumour size score of 1, as opposed to 47% in the ER- subgroup. The age
distributions in the four subgroups (ER+/-, tumour size score 1/2) are generally
similar (rather symmetric, no outliers), although the patients with ER- and
smaller tumour sizes exhibit a smaller dispersion in age; see Figure 4. For both
groups, the latest uncensored events were observed after 80 and 48 months,
respectively. The censoring rates amount to 62% and 64%, respectively, and the
majority of censorings occurred in the plateau. Thus, there is sufficient follow-
up. Apart from the plateau of the Kaplan–Meier estimator, the possibility of
cure for breast cancer is recognized even from a medical perspective, see for
example [8, 6, 23]. It is also mentioned in the initial study of the data [56] that
around 60–70% of patients with lymph-node-negative breast cancer are cured.

Figure 5 shows the nonparametric Kaplan–Meier estimates for relapse-free
survival for the subsamples of ER+ and ER- patients. These two curves are
crossing twice: once, but insignificantly, soon after the time origin, and once
again after the last observed event in the ER- subgroup. These crossings under-
line that the classical proportional hazards model [13] might not be appropriate
for a combined modeling of all these data within a single, extended logistic-Cox
cure model: such a model would contradict crossing Kaplan–Meier curves as
seen in Figure 5 (after rescaling both curves to exhibit the same cure rate).

Our present approach is to compare the outcomes of two independently fitted
logistic-Cox models for both sample groups ER+/-. We have first checked the
proportional hazards assumption for the latency parts of the model by means
of the test proposed in [41]. The resulting p-values are 1 and 0.96, respectively,
for the covariates age and tumour size in sample 1; 1 and 0.81, respectively,
for the covariates age and tumour size in sample 2. Thus, there is no reason to
reject the proportional hazards assumption. We would also like to point out that
we do not rely on the proportional hazards assumption for ER status, which is
nonparametrically modeled in terms of two separate subgroups. We also test the
logistic model assumption for the incidence component using the goodness-of-fit
test proposed in [35]. The resulting p-values, estimated via bootstrap, were 0.982
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Fig 5. Nonparametric Kaplan–Meier curves for the estrogen receptor positive (ER+) and
negative (ER-) subgroups (time in months) of the breast cancer data.

Table 18

Point estimates, standard errors, and p-values of the parametric model components rounded
to three decimal places; values obtained from the smcure package in R.

ER γ0 γ1 γ2 β1 β2
+ −0.838(0.438) −0.018(0.013) 0.272(0.296) −0.014(0.011) 0.482(0.260)

p = 0.056 p = 0.158 p = 0.359 p = 0.206 p = 0.063
- 0.303(0.754) 0.011(0.021) −0.568(0.505) 0.010(0.026) 0.437(0.505)

p = 0.688 p = 0.591 p = 0.261 p = 0.708 p = 0.387

for sample 1 and 0.988 for sample 2, showing no evidence against the logistic
model assumption.

Thus continuing with the two independently fitted logistic-Cox models, Ta-
ble 18 contains all point estimates of the parametric model components. Note
that none of the covariates was found to have a significant influence on any of
the two models. From the point estimates, we also see that for ER+ patients age
seems protective for both, incidence (γ1 < 0) and latency (β1 < 0), and generally
harmful for ER- (γ1, β1 > 0). Also, a bigger tumour size is generally harmful for
ER+ patients (γ2, β2 > 0) but, for ER- patients, it has a protective influence on
incidence (γ2 < 0) although a harmful influence on the latency (β2 > 0). Testing
whether there is a significant difference of any of these parameters from 0 can be
easily achieved by studentizing the parameter point estimates and comparing
the results with quantiles from the standard normal distribution or those from a
corresponding permutation version of the studentized parameter estimates (see
Table 18).

Just like for the nonparametric test, the results from the semiparametric
model were unambiguous (see Table 19): for all considered covariate combina-
tions, uncured patients with ER+ have, at level α = 5%, a significantly larger
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Table 19

p-values for two-sided testing of equal mean survival times, H0 : mz = 0, and corresponding
95%-confidence intervals for the differences (rounded to full months), for different covariate
combinations. TS is short for tumour size and ±10 y refers to the mean age 53.9 years plus

or minus ten years.
point estimate hypothesis test confidence interval

X = Z method m̂z p-value lower upper
TS1, −10 y asymptotic 15 0.019 2 27

permutation 15 0.020 2 27
TS1, mean age asymptotic 18 < 0.001 9 27

permutation 18 < 0.001 9 27
TS1, +10 y asymptotic 22 < 0.001 13 31

permutation 22 < 0.001 13 31
TS2, −10 y asymptotic 11 0.014 2 19

permutation 11 0.032 0 19
TS2, mean age asymptotic 14 0.001 6 23

permutation 14 0.008 4 22
TS2, +10 y asymptotic 17 0.002 6 28

permutation 17 0.012 5 28

expected mean survival time than uncured patients with ER-. This difference
seems to grow with progressing age, especially for patients with tumour size 1.
This is in line with the parameter estimates related to age and latency. The
influence of the tumour size on the mean survival difference is not that obvious.
All in all, both the asymptotic and the permutation-based method resulted in
very similar outcomes.

6. Discussion

In this article, we considered a two-sample comparison of survival data in the
presence of a cure fraction. In such situations, instead of just looking at the
overall survival function, it is more informative to compare the cured fractions
and the survival of the uncured subpopulations. We propose the use of the mean
survival time as estimand, i.e., a summary measure of the survival curve for the
uncured subjects since it is easy to interpret. The mean survival time of an
uncured subpopulation is closely related to the restricted mean survival time
(RMST) which is popular in the survival literature without a cure fraction.

We introduced a nonparametric estimator of the mean survival time for the
uncured in absence of covariates and a semiparametric estimator for the condi-
tional MSTu that allows to adjust for potential confounders. Asymptotic and
permutation-based approaches were developed for inference on the difference
between the MSTu. In the nonparametric setting, based on our simulation re-
sults, both methods were quite reliable, with the permutation approach being
recommended particularly for small sample sizes. However, more caution is re-
quired when applying the methods in the presence of a high censoring or cure
rate, for which larger sample sizes are needed to obtain reliable results. In the
semiparametric setting, we encountered several theoretical and computational
challenges related to the permutation approach in a semi-parametric model.
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Moreover, based on our simulation study, we did not observe a clear advan-
tage of the permutation method over the asymptotic one, contrarily to existing
findings in the literature for the nonparametric setting.

The MSTu is useful in assessing whether there is a difference in the survival
times of the uncured among the two groups. However, we would like to point
out that, even within a randomized controlled trial, MSTu does not necessarily
have a causal interpretation as a direct effect of the treatment on survival of
the uncured. This is because of the conditioning on being uncured; the uncured
subpopulations between the two treatment arms might, in general, fail to be
comparable. In contrast, the approach for causal estimands in the presence of a
cure fraction in [57] does not refer specifically to the uncured subpopulation.

The following situation exemplifies the circumstances of our approach: it
might be that treatment A is more beneficial in curing patients compared to
treatment B and those who do not get cured with treatment A are the patients
with worse condition. As a result, the survival of the uncured for treatment A
might be worse compared to treatment B, but that does not mean that treatment
A shortens the survival of the uncured. However, the fact the MSTu does not
have an interpretation as a direct causal effect on the uncured is not a problem
when the goal is to choose which treatment should be preferred. Randomized
clinical trial data allow us to understand the causal effect of the treatment on
the joint distribution of 1T=∞ and T1T<∞. One can then in practice define a
utility function, for example w11T=∞ + w2T1T<∞ for certain weights w1, w2
that represent whether the curative effect or the life prolonging one is more
important. Maximizing the expected utility reduces to choosing the treatment
that maximizes w1P(T = ∞)+w2P(T < ∞)MSTu (similarly also conditionally
on a given covariate). On the other hand, if one is interested only in the causal
effect of the treatment on the uncured subpopulation, determining the relevant
quantity is not straightforward and extra caution is required since we are condi-
tioning on a post-treatment variable, which cannot be directly intervened upon.
If all the variables that can affect both the cure status and the survival time of
the uncured were observed, one can condition on those to estimate the effect of
treatment on the uncured as in our conditional semiparametric approach.

We would also like to point out that, instead of comparing the MSTu’s over
some time horizon [0, τ0], trivial adjustments of the methods and proofs would
allow for comparing the mean residual survival times as an alternative estimand.
Similarly as in [10], these are defined as MRSTu,t = E[T − t | t < T < ∞].
Moreover, here we considered the standard cure model setting where it is not
possible to identify the cured subjects. Another interesting extension of this
work would be to allow for partially observed cure status, as done for example
in [45] in the context of nonparametric latency estimation.

Furthermore, as one referee pointed out, it is straightforward to extend the
present theory to estimands of the form∫ τ0,i

0
Su,i(s)φ(s)ds (9)

for a bounded and continuous weight function φ. For example, the choice φ(s) =
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2s would lead to the second moments of the survival times of the uncured pa-
tients; higher moments could be expressed as well. Such estimands seem par-
ticularly important whenever the focus is not (only) on the mean but (also) on
other aspects of a population. Tests for homoskedasticity, i.e., equal variances
across both treatment groups, could be an interesting application, after some
more theoretical preparations; note that the variances are not of the form (9)
due to the subtraction of the squared mean. This could be considered in future
research.

In the semiparametric setting, we employed a logistic-Cox mixture cure model
because it is the most widely used semiparametric cure model. However, the
logistic model for the incidence could be replaced by any other parametric model
that might be more suitable in specific applications. Also, the Cox model for
the latency component could for example be replaced by an accelerated failure
time model; this would have the advantage that covariate-dependent terminal
times τ0,i of the disease occurrence could be modeled. In such cases, both the
estimators and the theory would need some adjustments but we expect that the
same challenges would arise and the practical performance would be similar to
the current model. Another possibility would be to allow for covariates without
imposing a specific model on the latency. For example, [39] focused on estimating
the cure rate, while leaving the distribution of the uncured unspecified, and
they obtained a nonparametric estimator for the conditional survival function
of the uncured. Another nonparametric estimator was proposed in [30], relying
on the Beran estimator for the conditional survival function. It would be of
interest to further extend our method to these nonparametric settings, which
are more robust towards model misspecification but require choice of tuning
parameters and suffer from the ‘course-of-dimensionality’ in presence of multiple
covariates.

Apart from the permutation approach for inference, one could also consider
a pooled bootstrap approach; cf. Section 3.7.2 of [55]. However, even with the
pooled bootstrap we would encounter the same theoretical and computational
problems and we expect that the practical behavior would be similar to the
permutation approach. Also, one would lose the benefit of the finite sample
exactness of the permutation-based inference procedures under exchangeabil-
ity.

Finally, to avoid the model misspecification issue for the permutation ap-
proach in the semiparametric setting, one could estimate a mixed model instead
of a logistic-Cox model in the permutation samples, i.e., fitting the correct model
of the pooled data, which is a linear combination of two logistic-Cox models.
Afterwards, we could estimate the MST as usual. Then one would still need
to develop the asymptotic results theoretically for the resulting estimator; these
asymptotics will not be the same as in the standard logistic-Cox model. In prac-
tice, we do not expect this approach to behave better since more parameters
need to be estimated for each permuted sample.
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Appendix A: Proofs for Section 2

Proof of Theorem 2.1. Since the KM estimator remains constant after the last
observed event time, we have p̂i = Ŝi(τ0,i) and

M̂STu,i =
∫ τ0,i

0

Ŝi(s) − Ŝi(τ0,i)
1 − Ŝi(τ0,i)

ds.

Hence M̂STu,i −MSTu,i = ψ(Ŝi) − ψ(Si), where

ψ : D̃[0, τ0,i] → R ψ(θ) =
∫ τ0,i

0

θ(s) − θ(τ0,i)
1 − θ(τ0,i)

ds

and
D̃[0, τ0,i] = {f ∈ D[0, τ0,i] | sup

t∈[0,τ0,i]
|f(t)| < 1},

where D[0, τ0,i] is the space of càdlàg functions on the interval [0, τ0,i], equipped
with the Skorohod topology. We will derive the asymptotic distribution using the
functional delta method based on standard limit results for the KM estimator.

First, we consider for simplicity the case of a continuous distribution Fi and
assume that either condition a) or b) of the theorem holds. From results of
[19, 61], we have that the stochastic process √ni{Ŝi(t)−Si(t)} converges weakly
in D[0, τ0,i] to the process Si(t)·B(vi(t)) where B is a standard Brownian motion
and vi is defined as in (2). Returning to the delta method, the function ψ is
Hadamard-differentiable tangentially to C[0, τ0,i] with derivative dψθ given by

dψθ · h = h(τ0,i)
∫ τ0,i

0

θ(s) − θ(τ0,i)
{1 − θ(τ0,i)}2 ds +

∫ τ0,i

0

h(s) − h(τ0,i)
1 − θ(τ0,i)

ds.

Here C[0, τ0,i] ⊂ D[0, τ0,i] is the space of continuous functions on the interval
[0, τ0,i], equipped with the topology induced by the supremum norm. By Theo-
rem 3.9.4 in [55], we conclude that √

ni{M̂STu,i −MSTu,i} converges weakly
to

Ni = Si(τ0,i)B(vi(τ0,i))
∫ τ0,i

0

Si(s) − Si(τ0,i)
{1 − Si(τ0,i)}2 ds

+
∫ τ0,i

0

Si(s)B(vi(s)) − Si(τ0,i)B(v(τ0,i))
1 − Si(τ0,i)

ds

= piB(vi(τ0,i))
∫ τ0,i

0

Si(s) − pi
(1 − pi)2

du +
∫ τ0,i

0

Si(s)B(v(s)) − piB(vi(τ0,i))
1 − pi

ds

The variable Ni is normally distributed with mean zero and variance

σ2
i =

∫ τ0,i

0

∫ τ0,i

0

Si(s)Si(t)
(1 − pi)2

vi(s ∧ t) dsdt + p2
i

(1 − pi)2
(MSTu,i − τ0,i)2vi(τ0,i)

+ 2 pi
(1 − pi)2

(MSTu,i − τ0,i)
∫ τ0,i

0
Si(s)vi(s) ds.

(10)
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If Fi is not continuous and either condition a) or c) of the theorem is satisfied,
we only have weak convergence in D[0, τi] of the stopped process

L̂i(t) =
√
ni

Si(t)
Si(t ∧ Yi,(n))

{
Ŝi(t ∧ Yi,(n)) − Si(t ∧ Yi,(n))

}

=
√
ni

{
Si(t)Ŝi(t ∧ Yi,(n))

Si(t ∧ Yi,(n))
− Si(t)

}

where Yi,(n) denotes the largest observation in group i (see for example Theorem
3.14 in [34]). If τ0,i < τi, then Yi,(n) > τ0,i with probability converging to one,
which leads to the uniform convergence of √ni{Ŝi(t)− Si(t)} on D[0, τ0,i] as in
part a). Otherwise, if τ0,i = τi, applying the Delta method as before, we would
obtain the limit distribution of

√
ni

{
ψ(Q̂i) − ψ(Si)

}
, Q(t) =

Si(t)Ŝi(t ∧ Yi,(mi))
Si(t ∧ Yi,(mi))

It then remains to deal with the difference √
ni

{
ψ(Ŝi) − ψ(Q̂i)

}
and show that

it converges to zero. For this one can use Lemma 3 in [61], which does not require
continuity of Fi.

Proof of Theorem 2.2. We begin by analyzing the asymptotic behaviour of

(Wπ
1 ,W

π
2 ) =

√
n1n2

n1 + n2
(Ŝπ

1 − Ŝ, Ŝπ
2 − Ŝ)

as a random element of (D[0, τ0])2, where τ0 = max(τ0,1, τ0,2) and Ŝ denotes the
Kaplan–Meier estimator based on the pooled sample. We refer to Lemma 2 in the
online supplementary material to [17] for the result that, as min(n1, n2) → ∞,
the conditional distribution of (Wπ

1 ,W
π
2 ) converges weakly on (D[0, τ0])2 in

probability to the distribution of the Gaussian process

((1 − κ)S(·)B(v(·)),−κS(·)B(v(·))).

Here, B again denotes a standard Brownian motion,

S(t) = exp
(
−

∫ t

0

κ(1 −G1(u−))dF1(u) + (1 − κ)(1 −G2(u−))dF2(u)
κ(1 −G1(u−))S1(u−) + (1 − κ)(1 −G2(u−))S2(u−)

)

is the limit of the pooled Kaplan–Meier estimator, and

v(t) =
∫ t

0

κ(1 −G1(u−))dF1(u) + (1 − κ)(1 −G2(u−))dF2(u)
{κ(1 −G1(u−))S1(u−) + (1 − κ)(1 −G2(u−))S2(u−)}2 .

Now, write M̂ST
π

u,i = ψ(Ŝπ
i ) and M̂STu = ψ(Ŝ) for the estimated mean

survival time based on the pooled sample.
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We pointed out the Hadamard-differentiability of ψ in the proof of Theo-
rem 2.1 above. This functional is even uniformly Hadamard-differentiable on
suitable subspaces, as we will point out in a forthcoming paper. Thus, a simple
extension of Theorem 3.9.11 in [55] to the random permutation case applies and
it follows that, conditionally on the data,√

n1n2/(n1 + n2)(M̂ST
π

u,1 − M̂STu, M̂ST
π

u,2 − M̂STu)

converges weakly to the following two-dimensional Gaussian random vector, say,
(N1, N2) in probability:

[
S(τ0)B(v(τ0))

∫ τ0

0

S(s) − S(τ0)
{1 − S(τ0)}2 ds

+
∫ τ0

0

S(s)B(v(s)) − S(τ0)B(v(τ0))
1 − S(τ0)

ds
]
· (1 − κ,−κ)

=
[
pB(v(τ0))

∫ τ0

0

S(s) − p

{1 − p}2 ds

+
∫ τ0

0

S(s)B(v(s)) − pB(v(τ0))
1 − p

ds
]
· (1 − κ,−κ),

where p = S(τ0). Finally, we take the difference of both entries of the pair to
conclude that the weak limit of the conditional distribution of√

n1n2/(n1 + n2)(M̂ST
π

u,1 − M̂ST
π

u,2)

is normal with mean zero and variance

σπ2 =
∫ τ0

0

∫ τ0

0

S(s)S(t)
(1 − p)2 v(s ∧ t) dsdt + p2

(1 − p)2 (MST u − τ0)2v(τ0)

+ 2 p

(1 − p)2 (MSTu − τ0)
∫ τ0

0
S(s)v(s) ds.

(11)

As is apparent from a comparison of (10) and (11), both limit variances coincide
up to sample size-related factors if both samples are exchangeable.

Appendix B: Proofs for Section 3

Proof of Theorem 3.1. Let θi = (γi, βi) denote the vector of parameters of the
semiparametric mixture cure model. Consider the space Hm = {h = (h1, h2) ∈
BV [0, τ0,i] × Rp+q : ‖h1‖v + ‖h2‖1 ≤ m}, where m < ∞ and ‖h1‖v is the
absolute value of h1(0) plus the total variation of h1 on the interval [0, τ0,i].
From Theorem 3 in [31] we have that the process

〈n1/2
i (Λ̂i−Λi), n1/2

i (θ̂i−θi)〉(h) = n
1/2
i

∫ τ0,i

0
h1(s) d(Λ̂i−Λi)(s)+n

1/2
i hT

2 (θ̂i−θi)

(12)
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indexed by h ∈ Hm converges weakly in l∞(Hm) to a tight Gaussian process Gi

in l∞(Hm) with mean zero and covariance process

Cov(Gi(h), Gi(h∗)) =
∫ τ0,i

0
h1(s)σ−1

(1),i(h
∗)(s)dΛi(s) + hT

2 σ
−1
(2),i(h

∗)

where

σ(1),i(h)(s) = E

[
1{Yi1≥s}Vi(s; θi,Λi)(h)gi(s; θi,Λi)eβ

T
i Zi1

]
− E

[∫ τ0,i

s

1{Yi1≥u}Vi(s; θi,Λi)(h)gi(u; θi,Λi){1 − gi(u; θi,Λi)}e2βT
i Zi1dΛi(u)

]
,

(13)

σ(2),i(h) = E

[∫ τ0,i

0
1{Yi1≥s}Wi(s; θi,Λi)Vi(s; θi,Λi)(h)gi(s; θi,Λi)eβ

T
i Zi1dΛi(s)

]
(14)

and

gi(s; θ,Λ) =
φ(γTXi1) exp

(
−Λ(s) exp

(
βTZi1

))
1 − φ(γTXi1) + φ(γTXi1) exp (−Λ(s) exp (βTZi1))

,

Vi(s; θi,Λi)(h) = h1(s) − {1 − gi(s; θi,Λi)} eβ
T
i Zi1

×
∫ s

0
h1(u)dΛi(u) + hT

2 Wi(s; θi,Λi)

Wi(s; θi,Λi)=
(
{1−gi(s; θi,Λi)}XT

i1,
[
1 − {1−gi(s; θi,Λi)} eβ

T
i Zi1Λi(s)

]
ZT
i1

)T

.

Using this result we first obtain weak convergence of the process
√
n{Ŝu,i(t|z)−

Su,i(t|z)} for fixed z ∈ Z. By definition and a series of Taylor expansions we
have

√
ni{Ŝu,i(t|z) − Su,i(t|z)}

=
√
ni

{
exp

(
−Λ̂i(t)eβ̂

T
i z

)
− exp

(
−Λi(t)eβ

T
i z

)}
= −√

ni

{
Λ̂i(t)eβ̂

T
i z − Λi(t)eβ

T
i z

}
exp

(
−Λi(t)eβ

T
i z

)
+ R1

= −√
ni

{
Λ̂i(t) − Λi(t)

}
eβ

T
i z exp

(
−Λi(t)eβ

T
i z

)
−√

ni

{
eβ̂

T
i z − eβ

T
i z

}
Λi(t) exp

(
−Λi(t)eβ

T
i z

)
+ R1 + R2

= −√
ni

{
Λ̂i(t) − Λi(t)

}
eβ

T
i z exp

(
−Λi(t)eβ

T
i z

)
−√

ni

{
β̂i − βi

}T

zeβ
T
i zΛi(t) exp

(
−Λi(t)eβ

T
i z

)
+ R1 + R2 + R3

where the remainder terms R1, R2, R3 converge uniformly to zero in probability
because of the boundedness of Λi, βi and Theorems 2-3 in [31]. Note that, as in
assumption (A1), we denote by Su,i(τ0,i|z) the left limit Su,i(τ0,i − |z) so that
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Su,i(·|z) is a continuous function, bounded from below away from zero. This
modification does not influence the value of MSTu,i,z.
Consider the functions h ∈ Hm of the form

ht,z = (h1;t,z, h2;t,z)

=
(
1[0,t](·)eβ

T
i z exp

(
−Λi(t)eβ

T
i z

)
,
(
0p, ze

βT
i zΛi(t) exp

(
−Λi(t)eβ

T
i z

)))
,

(15)
where 0p denotes a zero vector in Rp since we are not interested in the γ compo-
nent. For an appropriate choice of m and any t ∈ [0, τ0,i], such functions belong
to Hm because of assumptions (A1)–(A2). For these functions we have

√
ni{Ŝu,i(t|z) − Su,i(t|z)} = 〈n1/2

i (Λ̂i − Λi), n1/2(θ̂i − θi)〉(ht,z) + oP (1)

from which we conclude that the process
√
n{Ŝu,i(t|z) − Su,i(t|z)} converges

weakly in D[0, τ0,i] to a mean zero Gaussian process G∗
i,z with covariance

ρi,z(t, t∗) = Cov(G∗
i,z(t), G∗

i,z(t∗))

=
∫ τ0,i

0
h1;t,z(s)σ−1

(1),i(ht∗,z)(s)dΛi(s) + hT
2;t,zσ

−1
(2),i(ht∗,z),

(16)

where ht,z is as in (15) and σ(1),i, σ(2),i as in (13), (14). Next we use the delta
method to obtain the asymptotic distribution of the conditional mean survival
time. We have

√
ni(M̂STu,i,z −MSTu,i,z) =

√
ni

∫ τ0,i

0
{Ŝu,i(s|z) − Su,i(s|z)}ds

−√
ni{τ0,i − Yi,(mi)}Ŝu,i(τ0,i).

(17)

The first term in the previous equation is equal to √
ni{ψ(Ŝu,i)−ψ(Su,i)} where

ψ : D[0, τ0,i] → R ψ(ξ) =
∫ τ0,i

0
ξ(s) ds

The function ψ is Hadamard-differentiable with derivative

dψξ · h =
∫ τ0,i

0
h(s)ds.

By Theorem 3.9.4 in [55] it follows that √ni{ψ(Ŝu,i)−ψ(Su,i)} converges weakly
to

Ni =
∫ τ0,i

0
G∗

i,z(s)ds

which is normal distributed with mean zero and variance

σ2
i,z =

∫ τ0,i

0

∫ τ0,i

0
ρi,z(s, t) dsdt, (18)
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where ρi,z is defined in (16). Next we show that the second term on the right
hand side of (17) converges to zero in probability, from which we can conclude
that the asymptotic distribution of √ni(M̂STu,i,z−MSTu,i,z) is determined by
that of the first term. Since Ŝu,i(τ0,i) converges to Su,i(τ0,i), it is sufficient to
show that √ni{τ0,i−Yi,(mi)} = oP (1). This result have been proved in Lemma 5
of [30] under slightly different assumptions. Hence, for completeness we prove it
again for our setting below. For any δ > 0 we have

P(
√
ni{τ0,i − Yi,(mi)} > δ)

= P

(
Yi,(mi) < τ0,i −

δ√
ni

)

= P

(
Δi1Yi1 < τ0,i −

δ√
ni

)ni

=
[
1 − P

(
Δi1Yi1 ≥ τ0,i −

δ√
ni

)]ni

=
[
1 −

∫
Z×X

∫ τ0,i

τ0,i− δ√
ni

P (Ci1 ≥ t|x, z) dFTi1|Xi1,Zi1(t|x, z) dF(Zi1,Xi1)(z, x)
]ni

≤
[
1 −

∫
Z×X

P (Ci1 > τ0|x, z)φ(γT
i x)P(Ti1=τ0,i|Ti1<∞, z) dF(Zi1,Xi1)(z, x)

]ni

.

Because of assumptions (I1),(I3) and (A3), for some K > 0 we have

P(
√
ni{τ0,i − Yi,(mi)} > δ)

≤ [1 −Kε]ni → 0.

This concludes the proof.

In order to prove our main Theorem 3.2, we first need some preliminary
results, which are provided in the following lemmas. In what follows, we assume
that conditions (I1)–(I4) and (A1)–(A4) are satisfied.

Denote by Λ̂π
ni,i

and θ̂πni,i
the estimators of Λ and θ = (γ, β) obtained by

fitting a logistic-Cox model to the i-th permuted sample, which will be denoted
for notational convenience as (Δπ

i1, Y
π
i1, X

π
i1, Z

π
i1), . . . , (Δπ

ini
, Y π

ini
, Xπ

ini
, Zπ

ini
). Let

Λ̄n1+n2 and θ̄n1+n2 denote the estimators of Λ and θ based on the pooled sam-
ple (Δ1, Y1, X1, Z1), . . . , (Δn1+n2 , Yn1+n2 , Xn1+n2 , Zn1+n2). Note that the true
distribution of the pooled sample is P̄ = κP1 + (1 − κ)P2, where Pi denotes
the distribution of the ith sample. In particular, P does not correspond to a
logistic-Cox model. Let QΛ,θ be the corresponding distribution of a logistic-Cox
model with parameters (Λ, θ) and corresponding log-likelihood

l(δ, y, x, z; Λ, θ) = δ
{
logφ(γTx) + log fu(y|z; Λ, β)

}
+ (1 − δ) log

{
1 − φ(γTx) + φ(γTx)Su(y|z; Λ, β)

}
By assumption (I2), the event times on the pooled sample happen on [0, τ̄0],
where τ̄0 = max{τ0,1, τ0,2}. Hence Su(t|z; Λ, β) = 0 for t ≥ τ̄0 which corresponds
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to Λ being defined on [0, τ̄0). In addition, P̄(Δ = 1, Y = τ̄0) > 0 by assumptions
(A3) and (I3). Hence, we can restrict on distributions QΛ,θ that have a positive
mass at τ̄0, meaning that limt→τ̄0 Λ(t) < +∞ and we can denote the limit by
Λ(τ̄0). To reflect the existence of the jump in the likelihood, for the terms with
Δ = 1 and Y = τ̄ we have fu(τ̄ |z; Λ, β) = Su(τ̄ − |z; Λ, β) = exp(−Λ(τ̄0)eβ

T z),
instead of the usual expression fu(t|z; Λ, β) = λu(t|z;β)Su(τ̄ − |z; Λ, β). Here
λu denotes the hazard function corresponding to Su and the baseline hazard
function corresponding to Λ will be denoted by λ. Define

(Λ̄, θ̄) = argmax
Λ,θ

E
P̄
[l(Δ, Y,X,Z; Λ, θ)] = argmin

Λ,θ
KL(P̄|QΛ,θ) (19)

where KL(·|·) denotes the Kullback-Leibler divergence between two distribu-
tions.

Lemma B.1. The argmax defined in (19) exists.

Proof. We show that the argmax can be restricted on a bounded set, from
which the existence follows because of continuity. In the three steps below we
deal consequently with β, Λ and γ.

Step 1. First we show that for any K > 0 there exists c̄ > 0 such that for any
c ≥ c̄ we have inf β̃∈Sq−1 P̄(c |β̃TZ| > K) > 0, where Sq−1 is the unit circle in
Rq. Suppose by contradiction that there exists K such that for any c we have
inf β̃∈Sq−1 P̄(c |β̃TZ| > K) = 0. Note that the infimum is actually a minimum
because Sq−1 is compact and the function is continuous. Hence, it means that
for any c there exists β̃ ∈ Sq−1 for which P̄(c |β̃TZ| ≤ K) = 1. Equivalently, for
any ε > 0, there exists β̃ ∈ Sq−1 for which P̄(|β̃TZ| ≤ ε) = 1. The closed subsets
of Sq−1 defined by Bm = {β̃ ∈ Sq−1

∣∣ P̄(|β̃TZ| ≤ 1
m ) = 1} are non-empty for all

m and Bm ↓ B = ∩mBm. B cannot be empty because then (Bc
m)m form an open

covering of the compact Sq−1 and there would exists a finite sub-covering, which
is impossible since all Bm are non-empty. It follows that B is not empty, which
is equivalent to saying that there exists β̃ ∈ Sq−1 for which P̄(|β̃TZ| = 0) = 1.
This contradicts the assumption that V ar(Z) has full rank.
Next, let η = 1

2Λ(τ̄0) infz P̄(Y = τ̄0|Δ = 1, Z = z) and choose K such that
x ≤ ηex for all x ≥ K. Let β = cβ̃ with β̃ ∈ Sq−1, c > c̄. We will show that, as
c increases, the expectation in (19) becomes arbitrarily small. For fixed γ and
Λ, we can write

E
P̄
[l(Δ, Y,X,Z; Λ, θ)]

= E
P̄
[ΔβTZ1{Y <τ̄0} − ΔΛ(Y )eβ

TZ ] + R1

= E
P̄

[{
Δcβ̃TZ1{Y <τ̄0} − ΔΛ(Y )ecβ̃

TZ
}
1{β̃TZ>0}1{c |β̃TZ|>K}

]
+ E

P̄

[{
Δcβ̃TZ1{Y <τ̄0} − ΔΛ(Y )ecβ̃

TZ
}
1{β̃TZ<0}1{c |β̃TZ|>K}

]
+ R2,

where R1 and R2 denote terms that are bounded in absolute value. Using
E
P̄
[Λ(Y )|Z,Δ = 1] > Λ(τ̄0) infz P̄(Y = τ̄0|Δ = 1, Z = z) = 2η > 0, we ob-
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tain the following bound

E
P̄
[l(Δ, Y,X,Z; Λ, θ)] ≤ E

P̄

[{
Δcβ̃TZ − 2Δηecβ̃

TZ
}
1{β̃TZ>0}1{c |β̃TZ|>K}

]
+ cE

P̄

[
Δβ̃TZ1{Y <τ̄0}1{β̃TZ<0}1{c |β̃TZ|>K}

]
+ R2

≤ −ηE
P̄

[
Δecβ̃

TZ1{β̃TZ>0}1{c |β̃TZ|>K}

]
− cE

P̄

[
Δ|β̃TZ|1{Y <τ̄0}1{β̃TZ<0}1{c |β̃TZ|>K}

]
+ R2

≤ −ηE
P̄

[
Δecβ̃

TZ1{β̃TZ>0}1{c̄ |β̃TZ|>K}

]
− cE

P̄

[
Δ|β̃TZ|1{Y <τ̄0}1{β̃TZ<0}1{c̄ |β̃TZ|>K}

]
+ R2

This further leads to

E
P̄
[l(Δ, Y,X,Z; Λ, θ)]

≤ −ηecK/c̄P̄
(
Δ = 1, β̃TZ > 0, c̄ |β̃TZ| > K

)
− c

K

c̄
P̄
(
Δ = 1, Y < τ̄0, β̃

TZ < 0, c̄ |β̃TZ| > K
)

+ R2

≤ −c
K

c̄
P̄
(
Δ = 1, Y < τ̄0, c̄ |β̃TZ| > K

)
+ R2

≤ −c
K

c̄
inf
z
P̄(Δ = 1, Y < τ̄0|Z = z) inf

β̃∈Sq−1
P̄
(
c̄ |β̃TZ| > K

)
+ R2

Since both infimums are strictly positive, E
P̄
[l(Δ, Y,X,Z; Λ, θ)] can be made

arbitrarily small for c sufficiently large (and how large c should be does not
depend on β̃). Hence, we can restrict the argmax on a bounded set for β.

Step 2. Next we show that, there exists M > 0 such that it suffices to search
for the maximizer among Λ that are bounded by M . Let Λ be such that Λ(τ̄0) >
M . We can construct Λ̃(t) = cΛ(t) with c = M/Λ(τ̄0) ∈ (0, 1). We have Λ̃(τ̄0) =
M and λ̃ = cλ. We show that

E
P̄
[l(Δ, Y,X,Z; Λ, θ)] < E

P̄
[l(Δ, Y,X,Z; Λ̃, θ)].

Indeed we have

E
P̄
[l(Δ, Y,X,Z; Λ, θ)] − E

P̄
[l(Δ, Y,X,Z; Λ̃, θ)]

= E
P̄

[
−Δlog c1{Y <τ̄0} − ΔΛ(Y )eβ

TZ + ΔcΛ(Y )eβ
TZ

+(1 − Δ) log 1 − φ(γTX) + φ(γTX)Su(Y |Z; Λ, β)
1 − φ(γTX) + φ(γTX)Su(Y |Z; Λ̃, β)

]

Since Su(Y |Z; Λ̃, β) > Su(Y |Z; Λ, β) the ratio is smaller than 1 and as a result



Mean survival of uncured patients in two samples 3151

the (1 − Δ) term in the expectation is negative. Hence

E
P̄
[l(Δ, Y,X,Z; Λ, θ)] − E

P̄
[l(Δ, Y,X,Z; Λ̃, θ)]

< E
P̄

[
−Δlog c1{Y <τ̄0} − ΔΛ(Y )eβ

TZ + ΔcΛ(Y )eβ
TZ

]
= −P̄(Δ = 1, Y < τ̄0) log c− (1 − c)E

P̄

[
ΔΛ(Y )eβ

TZ
]

≤ −P̄(Δ = 1, Y < τ̄0) log c− (1 − c)E
P̄

[
ΔΛ(Y )eβ

TZ1{Y =τ̄0}

]
= −P̄(Δ = 1, Y < τ̄0) log c− (1 − c)Λ(τ̄0)EP̄

[
Δeβ

TZ1{Y =τ̄0}

]
.

Since we are restricting β on a compact and Z is assumed to have bounded
support, there exist c2 > 0 such that eβ

TZ > c2 a.s.. It follows that

E
P̄
[l(Δ, Y,X,Z; Λ, θ)] − E

P̄
[l(Δ, Y,X,Z; Λ̃, θ)]

< −P̄(Δ = 1, Y < τ̄0) log c− (1 − c)Λ(τ̄0)c2P̄(Δ = 1, Y = τ̄0)
= P̄(Δ = 1, Y < τ̄0)(log Λ(τ̄0) − logM) − (Λ(τ̄0) −M)c2P̄(Δ = 1, Y = τ̄0)

< P̄(Δ = 1, Y < τ̄0)(Λ(τ̄0) −M) 1
M

− (Λ(τ̄0) −M)c2P̄(Δ = 1, Y = τ̄0)

= (Λ(τ̄0) −M)
{

1
M

P̄(Δ = 1, Y < τ̄0) − c2P̄(Δ = 1, Y = τ̄0)
}

< 0

for large enough M since P̄(Δ = 1, Y = τ̄) > 0 by assumption. Hence we
conclude that, there exists M such that it is sufficient to search for the maximizer
among Λ’s bounded by M .

Step 3. We can also restrict the argmax on a bounded set for γ because as
‖γ‖ → ∞, for fixed values of β and Λ, the expectation converges to −∞. Indeed
we have

E
P̄
[l(Δ, Y,X,Z; Λ, θ)]

= E
P̄

[
Δlog φ(γTX)1{γTX>0}

]
+ E

P̄

[
Δlog φ(γTX)1{γTX≤0}

]
+ R3,

where R3 denotes terms bounded in absolute value. The first term is bounded
and using the same reasoning as with β it can be shown that the second term
converges to −∞.

We conclude that we can restrict the argmax on a bounded set, from which
the existance of the argmax follows as the criteria is continuous with respect to
the parameters.

In what follows, we assume that the maximizer (Λ̄, θ̄) is unique. It will also be
useful to characterize it as the solution of the score equation defined similarly to
[31]. As in the proof of Theorem 3.1, consider Hm = {h = (h1, h2) ∈ BV [0, τ̄0]×
Rp+q : ‖h1‖v + ‖h2‖1 ≤ m}, where m < ∞ and ‖h1‖v is the absolute value of
h1(0) plus the total variation of h1 on the interval [0, τ̄0]. Define the functions

ψ(Λ,θ),h(δ, y, x, z) = δ
[
h1(y) + hT

21x + hT
22z

]
−

{
φ(γTx) − (1 − δ)g(y,Λ, θ)

}
hT

21x

− {δ + (1 − δ)g(y,Λ, θ)}
{
eβ

T z

∫ y

0
h1(s)dΛ(s) + eβ

T zΛ(y)hT
22z

}
,
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where
g(t,Λ, θ) =

φ(γTx) exp
(
−Λ(t) exp

(
βT z

))
1 − φ(γTx) + φ(γTx) exp (−Λ(t) exp (βT z)) .

We will denote by Pπ
ni,i

ψ(Λ,θ),h the score function for the i-th permuted sample

Pπ
ni,iψ(Λ,θ),h = 1

ni

ni∑
j=1

Δπ
ij

[
h1(Y π

j ) + hT
21X

π
ij + hT

22Z
π
ij

]

− 1
ni

ni∑
j=1

{
φ(γTXπ

ij) − (1 − Δπ
ij)gπij(Y π

ij ,Λ, θ)
}
hT

21X
π
ij

− 1
ni

ni∑
j=1

{
Δπ

ij + (1 − Δπ
ij)gπij(Y π

ij ,Λ, θ)
}

×
{
eβ

TZπ
ij

∫ Y π
ij

0
h1(s)dΛ(s) + eβ

TZπ
ijΛ(Y π

ij )hT
22Z

π
ij

}
,

where h = (h1, h2) = (h1, h21, h22) ∈ Hm and

gπij(t,Λ, θ) =
φ(γTXπ

ij) exp
(
−Λ(t) exp

(
βTZπ

ij

))
1 − φ(γTXπ

ij) + φ(γTXπ
ij) exp

(
−Λ(t) exp

(
βTZπ

ij

)) .
Similarly, Pn1+n2ψ(Λ,θ),h and P̄ψ(Λ,θ),h are defined using the empirical distribu-
tion of the pooled sample or the true distribution of the pooled sample P̄ =
κP1 +(1−κ)P2 respectively. By definition (Λ̄, θ̄) is the solution of P̄ψ(Λ,θ),h

!= 0.

Lemma B.2. Assume that the maximizer (Λ̄, θ̄) defined in (19) is unique. The
pooled maximum likelihood estimator (Λ̄n1+n2 , θ̄n1+n2) is a (weakly) consistent
estimator of (Λ̄, θ̄).

Proof. We will pursue similar ideas as [31] in the proofs of his Lemma 2 and
Theorem 2. Comparing the arguments in [31] that lead to the maximum like-
lihood estimator in Display (12) of that paper, it is evident that the pooled
estimator Λ̄n1+n2 must exhibit a similar structure. In particular,

Λ̄n1+n2(t)

=
∫ t

0

dN(s)∑n1+n2
j=1 Rj(s) exp(β̄T

n1+n2
Zj){Δj + (1 − Δj)ḡj(Yj ; θ̄n1+n2 , Λ̄n1+n2)}

,

where N = N1 + N2 is the pooled counting process, Rj(s) = 1{Yj≥s} denotes
the at-risk process of the j-th pooled individual and

ḡi(t; Λ, θ) = φ(γTXi) exp(−Λ(t) exp(βTZi))
1 − φ(γTXi) + φ(γTXi) exp(−Λ(t) exp(βTZi))

.

Similarly, we define

Λ̃n1+n2(t) =
∫ t

0

dN(s)∑n1+n2
j=1 Rj(s) exp(β̄TZj){Δj + (1 − Δj)ḡj(Yj ; θ̄, Λ̄)}

.
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We have already noticed that supn1,n2
Λ̃n1+n2(τ) < ∞ a.s.; also, following the

lines of Lemma 2 (ii) in [31], there exists a non-negative and integrable function
η : [0, τ̄0] → (0,∞) bounded away from 0 such that, for each ω ∈ Ω, there exists a
subsequence (n1,k1(ω)+n2,k2(ω)) such that supt∈(0,τ̄0] |

dΛ̄n1,k1+n2,k2
dΛ̃n1,k1+n2,k2

(t)−η(t)| →
0. For notational convenience, we will write n̄k = n1,k1 + n2,k2 from now on.
Arguing for a fixed ω and along subsequences had similarly been done by [36]
and [46] based on Helly’s theorem.

To prove the desired consistency of the pooled estimators, we will show that
the difference of the log-likelihoods, say �̄n̄k

(Λ̄n̄k
, θ̄n̄k

) and �̄n̄k
(Λ̃n̄k

, θ̄) converges
to zero. Clearly,

0 ≤ �̄n̄k
(Λ̄n̄k

, θ̄n̄k
) − �̄n̄k

(Λ̃n̄k
, θ̄)

= 1
n̄k

n̄k∑
i=1

[
Δi log ḡi(Yi; Λ̄n̄k

, θ̄n̄k
)

ḡi(Yi, Λ̃n̄k
, θ̄)

+ Δi log ΔΛ̄n̄k
(Yi)

ΔΛ̃n̄k
(Yi)

+ Δi(β̄nk
− β̄)TZi

+ log S̄i(Yi; Λ̄n̄k
, θ̄n̄k

)
S̄i(Yi; Λ̃n̄k

, θ̄)

]

= 1
n̄k

n̄k∑
i=1

[
Δi log

φ(γ̄T
nk
Xi)

φ(γ̄TXi)
− ΔiΛ̄nk

(Yi) exp(β̄T
nk
Xi) + ΔiΛ̃nk

(Yi) exp(β̄TXi)

+ Δi log ΔΛ̄n̄k
(Yi)

ΔΛ̃n̄k
(Yi)

+ Δi(β̄nk
− β̄)TZi + (1 − Δi) log S̄i(Yi; Λ̄n̄k

, θ̄n̄k
)

S̄i(Yi; Λ̃n̄k
, θ̄)

]

where and S̄i(t; Λ, θ) = 1 − φ(γTXi) + φ(γTXi) exp(−Λ(t) exp(βTZi)).
The space of bounded, increasing functions with discontinuities only at τ0,1

and τ0,2 is separable with respect to the supremum norm. Also, Euclidean spaces
are separable. Denote by (Λl, θl)l∈N a countable subset that is dense in the
product of the just-described spaces. For each l ∈ N, by the strong law of large
numbers,

1
n̄k

n̄k∑
i=1

[
Δi logφ(γT

l Xi) − ΔiΛl(t) exp(βT
l Zi) + Δi log dΛl(Yi) + Δiβ

T
l Zi

+ (1 − Δi) log S̄i(Yi; Λl, θl)
]

converges a.s. to its expectation, i.e., for all ω ∈ Ωl with P̄(Ωl) = 1. From now
on, we restrict ω to be in the intersection

⋂
l∈N

Ωl which also has probability 1.
Consequently, also due to the continuity of the likelihoods in Λ and θ,

0 ≤ �̄n̄k
(Λ̄n̄k

, θ̄n̄k
) − �̄n̄k

(Λ̃n̄k
, θ̄)

= E
P̄

[
Δi log φ(γ∗T

Xi)
φ(γ̄TXi)

−{Λ∗(t) exp(β∗T

Zi)−Λ̄(t) exp(β̄TZi)} + Δi log dΛ∗(Yi)
dΛ̄(Yi)

+ Δi(β∗ − β̄)TZi + log S̄i(Yi; Λ∗, θ∗)
S̄i(Yi; Λ̄, θ̄)

]
+ o(1)
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where the expectation is taken with respect to X,Y, Z and Λ∗, β∗, γ∗ are fixed
(depending on ω). For a.e. ω, the conditional expectation in the previous display
represents a negative KL-divergence of the logistic-Cox model specified by (Λ̄, θ̄)
from the model specified by (Λ∗(ω), θ∗(ω)). As a consequence, it must be 0, i.e.,
�̄(Λ∗, θ∗) = �̄(Λ̄, θ̄) P̄-a.e.. We use this fact to identify all model components,
one by one; every equality below is to be understood P̄-a.s..

We first consider Δ = 0 and Y ≥ τ̄0, for which S̄(Y ; Λ∗, θ∗) = φ(γ∗TX) and
S̄(Y ; Λ̄, θ̄) = φ(γ̄TX). From this we can identify γ∗ = γ̄ a.s. for the logistic
model. Next, for Δ = 0 and Y < τ̄0, we obtain S̄(Y ; Λ∗, θ∗) = S̄(Y ; Λ̄, θ̄), hence

exp(−Λ∗(Y ) exp(β∗TZ)) = exp(−Λ̄(Y ) exp(β̄TZ))

Upon inserting different combinations of Y and Z, we conclude that β∗ = β̄ and
Λ∗ = Λ̄ a.s..

The following lemma establishes the consistency of randomly permuted Z-
estimators. Since the proof does not make use of the specific underlying model
structure, it is clear that this result holds more generally, i.e., also beyond
logistic-Cox cure models.

Lemma B.3. Assume the maximizer (Λ̄, θ̄) defined in (19) is unique. The per-
mutation estimators (Λ̂π

n1,1, θ̂
π
n1,1) and (Λ̂π

n2,2, θ̂
π
n2,2) converge in probability to

(Λ̄, θ̄).

Proof. First, we would like to point out that conditional convergence in prob-
ability (given a σ-algebra) is equivalent to the unconditional convergence in
probability; a variant of Fact 1 in the Supporting Information of [18] similarly
holds for the present setting. That is why we do not distinguish between condi-
tional and unconditional consistency.

To prove the consistency of the permuted estimators, we are going to employ
the permutation version of the score equations, i.e., Pπ

ni,i
ψ(Λ,θ),h

!= 0 for all
indexing h, i = 1, 2. So far, we know by definition that Pπ

ni,i
ψ(Λ̂π

ni,i
,θ̂π

ni,i
),h = 0

and that Pn1+n2ψ(Λ̄n1+n2 ,θ̄n1+n2 ),h = 0.
Also, since n1P

π
n1,1ψ(Λ,θ),h + n2P

π
n2,2ψ(Λ,θ),h = (n1 + n2)Pn1+n2ψ(Λ,θ),h, we

have that n1P
π
n1,1ψ(Λ̄n1+n2 ,θ̄n1+n2 ),h = −n2P

π
n2,2ψ(Λ̄n1+n2 ,θ̄n1+n2 ),h. Thus, be-

cause both of these permuted expressions are connected, we will only focus
on the index i = 1 from now on.

Furthermore, upon integrating out all permutations, it is easy to see that
the (conditional) expectation is E[Pπ

n1,1ψ(Λ̄n1+n2 ,θ̄n1+n2 ),h | Yi,Δi, Xi, Zi : i =
1, . . . , n1 + n2] = 0. Additionally, straightforward and standard algebra for per-
muted linear statistics for the conditional variance leads to

V ar[Pπ
n1,1ψ(Λ̄n1+n2 ,θ̄n1+n2 ),h | Yi,Δi, Xi, Zi : i = 1, . . . , n1+n2] = Op((n1+n2)−1).

Consequently, Chebychev’s inequality (applied to the conditional distribu-
tion) verifies that the permutation-based score equations evaluated at the point
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(Λ̄n1+n2 , θ̄n1+n2) all converge to 0 in probability. Similar convergences in prob-
ability (not necessarily to zero) also hold for other evaluation points.

Hence, the pooled estimator is asymptotically a solution to the permutation-
based score equations. Now, since (Λ̂π

n1,1, θ̂
π
n1,1) is another (finite sample) so-

lution and the “true” solution (Λ̄, θ̄) is assumed to be unique, the permuted
estimator must approach the pooled estimator in probability as the sample
size goes in infinity. Anything else would contradict the continuity of the map
(Λ, θ) �→ Ē

P̄
(�̄(Λ, θ)).

Lemma B.4. Assume the maximizer (Λ̄, θ̄) defined in (19) is unique. Condi-
tionally on the observations, the process

〈n1/2
i (Λ̂π

ni,i − Λ̄n1+n2), n
1/2
i (θ̂πni,i − θ̄n1+n2)〉, i = 1, 2

defined as in (12) and indexed by h ∈ Hm converges weakly in l∞(Hm) to a
tight Gaussian process G∗

i in l∞(Hm), in outer probability.

Proof. We will apply Theorem C.1 from Appendix C. We need to show that the
sample specific estimators (Λ̂π

ni,i
, θ̂πni,i

) satisfy the conditions of Theorem 3.3.1
in [55]. Consistency of the estimators was shown in Lemmas B.2 and B.3 above.
Verification of the other conditions can be done as in [31]. We omit the other
details here since the proof goes along the same lines as points a)-c) below.

a) To verify condition (28) of Theorem C.1, it suffices to show that for any
sequence εni → 0,

sup
‖Λ−Λ̄n1+n2‖∞≤εni

,

‖β−β̄n1+n2‖≤εni
,

‖γ−γ̄n1+n2‖≤εni

∣∣∣(Pπ
ni,i

− Pn1+n2)ψ(Λ,θ),h − (Pπ
ni,i

− Pn1+n2)ψ(Λ̄n1+n2 ,θ̄n1+n2 ),h

∣∣∣
n
−1/2
i ∨ ‖β − β̄n1+n2‖ ∨ ‖γ − γ̄n1+n2‖ ∨ ‖Λ − Λ̄n1+n2‖∞

(20)
converges to zero in probability given the data. For simplicity, we can write

(Pπ
ni,i − Pn1+n2)ψ(Λ,θ),h − (Pπ

ni,i − Pn1+n2)ψ(Λ̄n1+n2 ,θ̄n1+n2 ),h

=
6∑

j=1
(Pπ

ni,i − Pn1+n2)aj,h

where

a1,h(δ, y, x, z) = −hT
21x

{
φ(γTx) − φ(γ̄T

n1+n2
x)

}
a2,h(δ, y, x, z) = (1 − δ)hT

21x
{
g(y,Λ, θ) − g(y, Λ̄n1+n2 , θ̄n1+n2)

}
a3,h(δ, y, x, z) = δ

{
eβ

T z

∫ y

0
h1(s)dΛ(s) − eβ̄

T
n1+n2

z

∫ y

0
h1(s)dΛ̄n1+n2(s)

}

a4,h(δ, y, x, z) = δhT
22z

{
eβ

T zΛ(y) − eβ̄
T
n1+n2zΛ̄n1+n2(y)

}



3156 D. Dobler and E. Musta

a5,h(δ, y, x, z) = (1 − δ)
{
g(y,Λ, θ)eβ

T z

∫ y

0
h1(s)dΛ(s)

− g(y, Λ̄n1+n2 , θ̄n1+n2)e
β̄T
n1+n2z

∫ y

0
h1(s)dΛ̄n1+n2(s)

}

a6,h(δ, y, x, z) = (1 − δ)hT
22z

{
g(y,Λ, θ)eβ

T zΛ(y)

− g(y, Λ̄n1+n2 , θ̄n1+n2)e
β̄T
n1+n2

zΛ̄n1+n2(y)
}
.

(21)

Next we consider the third term. The other terms can be handled similarly.
First note that, by Lemma B.2, Λ̄n1+n2 and θ̄n1+n2 are consistent estimates of
Λ̄ and θ̄, and as a result they are bounded on a set of probability converging to
one. From a Taylor expansion we have

(Pπ
ni,i − Pn1+n2)a3,h

= (β − β̄n1+n2)T
∫

zδeβ̄
T
n1+n2z

∫ y

0
h1(s)dΛ(s)d(Pπ

ni,i − Pn1+n2)(δ, y, x, z)

+
∫

δeβ̄
T
n1+n2z

∫ y

0
h1(s)d(Λ − Λ̄n1+n2)(s)d(Pπ

ni,i − Pn1+n2)(δ, y, x, z)

+ o∗P

(∫
δeβ̄

T
n1+n2

z

∫ y

0
h1(s)d(Λ − Λ̄n1+n2)(s)d(Pπ

ni,i − Pn1+n2)(δ, y, x, z)
)

+ o∗P (‖β − β̄n1+n2‖)

For the first term, since the class of functions that we are integrating is Donsker
and uniformly bounded, by Theorem 3.7.2 in [55] it follows that, conditionally
on the observations

sup
‖Λ−Λ̄n1+n2‖∞≤εni

∫
zδeβ̄

T z

∫ y

0
h1(s)dΛ(s)d(Pπ

ni,i − Pn1+n2)(δ, y, x, z) = o∗P (1).

(22)
The second term can be rewritten as∫ τ̄0

0
Dn(s)h1(s)d(Λ − Λ̄n1+n2)(s)

where
Dn(s) =

∫
δ1{y>s}e

β̄T zd(Pπ
ni,i − Pn1+n2)(δ, y, x, z).

By integration by parts and the chain rule we have∫ τ̄0

0
Dn(s)h1(s)d(Λ − Λ̄n1+n2)(s)

= Dn(τ̄0)h1(τ̄0)(Λ − Λ̄n1+n2)(τ̄0) −
∫ τ̄0

0
(Λ − Λ̄n1+n2)d [Dn(s)h1(s)]

= Dn(τ̄0)h1(τ̄0)(Λ − Λ̄n1+n2)(τ̄0) −
∫ τ̄0

0
(Λ − Λ̄n1+n2)(s)Dn(s)dh1(s)
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+
∫

δ(Λ − Λ̄)(y)h1(y)eβ̄
T zd(Pπ

ni,i − Pn1+n2)(δ, y, x, z)

+
∫

δ(Λ̄ − Λ̄n1+n2)(y)h1(y)eβ̄
T zd(Pπ

ni,i − Pn1+n2)(δ, y, x, z)

Again, by Theorem 3.7.2 in [55], it follows that, conditionally on the observations
Dn = o∗P (1). Since h1 is bounded, it follows

sup
‖Λ−Λ̄n1+n2‖∞≤εni

∣∣Dn(τ̄0)h1(τ̄0)(Λ − Λ̄n1+n2)(τ̄0)
∣∣

‖Λ − Λ̄n1+n2‖∞
= o∗P (1).

In addition we also have that sups∈[0,τ0] |Dn(s)| = o∗P (1) conditionally on the
observations and since h1 is of bounded variation

sup
‖Λ−Λ̄n1+n2‖∞≤εni

∣∣∣∫ τ̄0
0 (Λ − Λ̄n1+n2)(s)Dn(s)dh1(s)

∣∣∣
‖Λ − Λ̄n1+n2‖∞

≤ sup
t∈[0,τ̄0]

|Dn(s)|
∫ τ̄0

0
|dh(s)| = o∗P (1).

Since ‖Λ − Λ̄n1+n2‖∞ ≤ εni implies ‖Λ − Λ̄‖∞ ≤ ε̃ni for some ε̃ni → 0, the
class {gΛ(y, δ, z) = δ(Λ − Λ̄)(y)h1(y)eβ̄

T z : ‖Λ − Λ̄‖∞ ≤ ε̃ni} is a Donsker class
(product of bounded variation functions, uniformly bounded) and

E
P̄

[
Δ(Λ − Λ̄)(Y )2h1(Y )2e2β̄TZ

]
= O(ε̃2n) = o(1),

we have that, conditionally on the data,

sup
‖Λ−Λ̄n1+n2‖∞≤εni

√
n

∫
δ(Λ−Λ̄)(y)h1(y)eβ̄

T zd(Pπ
ni,i−Pn1+n2)(δ, y, x, z) = o∗P (1).

Finally, since ‖Λ̄n1+n2 − Λ̄‖∞ → 0 a.s., by Proposition A.5.3 in [55] it follows
that, conditionally on the data,∫

δ(Λ̄ − Λ̄n1+n2)(y)h1(y)eβ̄
T zd(Pπ

ni,i − Pn1+n2)(δ, y, x, z) = o∗P (1).

Combining all the results we obtain that

sup
‖Λ−Λ̄n1+n2‖∞≤εni

,

‖β−β̄n1+n2‖≤εni
,

‖γ−γ̄n1+n2‖≤εni

∣∣(Pπ
ni,i

− Pn1+n2)a3,h
∣∣

n
−1/2
i ∨ ‖β − β̄n1+n2‖ ∨ ‖γ − γ̄n1+n2‖ ∨ ‖Λ − Λ̄n1+n2‖∞

converges to zero in probability, given the data. The terms related to the other
aj can be treated similarly.
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b) Next we check condition (29). From (20) it follows in particular that,
conditionally on the data,
√
ni(Pπ

ni,i − Pn1+n2)ψ(Λ̄,θ̄),h −√
ni(Pπ

ni,i − Pn1+n2)ψ(Λ̄n1+n2 ,θ̄n1+n2 ),h = o∗P (1)

almost surely. Hence, it is sufficient to show that
√
ni(Pπ

ni,i − Pn1+n2)ψ(Λ̄,θ̄),h � Z1 (23)

on l∞(Hm) in outer probability, where Z1 is a tight random element (actually
a Gaussian process). This follows from Theorem 3.7.1. in [55] since the class of
functions {ψ(Λ̄,θ̄),h : h ∈ Hm} is Donsker and bounded. This is already shown
in step 1 of the proof of Theorem 3 in [31] (the class of functions is the same,
just evaluated at a different point (Λ̄, θ̄)).

c) Since the functions ψ(Λ,θ),h, h ∈ Hm are the same as in [31], it can be
proved in the same way that P̄ψ(Λ̄,θ̄),h is Fréchet-differentiable at (Λ̄, θ̄) and the
derivative is given by

(P̄ψ̇(Λ̄,θ̄))((Λ, θ) − (Λ̄, θ̄))(h) =
∫ τ̄0

0
σ̄(1)(h) d(Λ − Λ̄)(t) + (θ − θ̄)T σ̄(2)(h)

where σ̄(1), σ̄(2) are defined as in (13)–(14) respectively, with EPi replaced by
E
P̄

and evaluated at (Λ̄, θ̄) instead of (Λi, θi). Uniform Fréchet-differentiability
at θ̄ is implied by the Fréchet-differentiability on a neighborhood of θ̄ and the
(operator) norm-continuity of (Λ, θ) �→ P̄ψ̇(Λ,θ). Based on the boundedness of
all terms and because h ∈ Hm, it is clear from the expressions in [31] that this
continuity holds. Also the proof that the derivative is continuously invertible
remains the same as in [31].

d) For condition (30) we have

(Pn1+n2ψθ,h − Pn1+n2ψθ̃,h) − (P̄ψθ,h − P̄ψθ̃,h)

= (Pn1+n2 − P̄)ψθ,h − (Pn1+n2 − P̄)ψθ̃,h =
6∑

j=1
(Pn1+n2 − P̄)āj,h

where āj,h are defined as in (21) replacing (Λ̄n1+n2 , θ̄n1+n2) by (Λ̃, θ̃). We can
deal with this similarly to what we did to show (20). The difference is that now
(Λ, θ) and (Λ̃, θ̃) are fixed and we consider the class of functions with respect to
h ∈ Hm. For example, for the term corresponding to ā3,h we have

(Pn1+n2 − P̄)ā3,h

= (β − β̃)T
∫

zδeβ̃
T z

∫ y

0
h1(s)dΛ̃(s)d(Pn1+n2 − P̄)(δ, y, x, z)

+
∫

δeβ̃
T z

∫ y

0
h1(s)d(Λ − Λ̃)(s)d(Pn1+n2 − P̄)(δ, y, x, z)

+ o∗P

(∫
δeβ̃

T z

∫ y

0
h1(s)d(Λ − Λ̃)(s)d(Pn1+n2 − P̄)(δ, y, x, z)

)
+ o∗P (‖β − β̃‖).

(24)
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Note also that

Pn1+n2 −P̄ = n1

n1 + n2
(Pn1 −P1)+

n2

n1 + n2
(Pn2 −P2)+

(
n1

n1 + n2
− κ

)
(P1−P2)

and n1/(n1 + n2) → κ. Then the integral in the first term of (24) converges to
zero since the class of functions that we are integrating is Donsker and uniformly
bounded. The second term can be rewritten as∫ τ̄0

0
D̄n1+n2(s)h1(s)d(Λ − Λ̃)(s)

where
D̄n1+n2(s) =

∫
δ1{y>s}e

β̃T zd(Pn1+n2 − P̄)(δ, y, x, z).

By integration by parts and the chain rule we again have∫ τ̄0

0
D̄n1+n2(s)h1(s)d(Λ − Λ̃)(s)

= D̄n1+n2(τ̄0)h1(τ̄0)(Λ − Λ̃)(τ̄0) −
∫ τ̄0

0
(Λ − Λ̃)(s)D̄n1+n2(s)dh1(s)

+
∫

δ(Λ − Λ̃)(y)h1(y)eβ̃
T zd(Pn1+n2 − P̄)(δ, y, x, z).

By the Glivenko-Cantelli theorem, applied for both (Pni − Pi), i = 1, 2, and
the boundedness of the integrand we have sups∈[0,τ̄0] D̄n1+n2(s) = oP (1). Since
h1 ∈ Hm are uniformly bounded, it follows that

sup
h1∈Hm

|D̄n1+n2(τ̄0)h1(τ̄0)(Λ − Λ̃)(τ̄0)|
‖Λ − Λ̃‖∞

= oP (1).

In addition, since h1 are functions of bounded variation and uniformly bounded
norm,

sup
h1∈Hm

|
∫ τ̄0
0 (Λ − Λ̃)(s)D̄n1+n2(s)dh1(s)|

‖Λ − Λ̃‖∞

≤ sup
s∈[0,τ̄0]

|D̄n1+n2(s)|
∫ τ̄0

0
|dh1(s)| = oP (1).

Finally, from Theorem 2.11.23 in [55] it follows that

sup
h1∈Hm

√
ni

∫
δ(Λ − Λ̃)(y)h1(y)eβ̃

T zd(Pni − Pi)(δ, y, x, z)
‖Λ − Λ̃‖∞

is bounded in probability. Combining all the results we obtain
sup

h1∈Hm

∥∥(Pn1+n2 − P̄)a3,h
∥∥ = oP

(
‖θ − θ̃‖ ∨ ‖Λ − Λ̃‖∞

)
.

The other terms can be handled similarly obtaining

‖(Pn1+n2ψθ,h − Pn1+n2ψθ̃,h) − (P̄ψθ,h − P̄ψθ̃,h)‖ = oP
(
‖θ − θ̃‖ ∨ ‖Λ − Λ̃‖∞

)
.
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Proof of Theorem 3.2. We proceed similarly to the proof of Theorem 3.1. From
Lemma B.4, it follows that the process

〈n1/2
i (Λ̂π

ni,i − Λ̄n1+n2), n
1/2
i (θ̂πni,i − θ̄n1+n2)〉i=1,2(h)

converges to a Gaussian process G∗ = (G∗
1, G

∗
2) with G∗

2 = −
√

κ/(1 − κ)G∗
1. We

start by deriving the weak convergence of the process √an(Ŝπ
n1,1−S̄n1+n2 , Ŝ

π
n2,2−

S̄n1+n2), where an =
√

n1n2/(n1 + n2). By a series of Taylor expansions we can
write
√
an{Ŝπ

n1,1(t|z) − S̄n1+n2(t|z)}

=
√
an

{
exp

(
−Λ̂π

n1,1(t)e
β̂πT

n1,1z

)
− exp

(
−Λ̄n1+n2(t)e

β̄T
n1+n2

z
)}

= −√
an

{
Λ̂π
n1,1(t)e

β̂πT

n1,1z−Λ̄n1+n2(t)e
β̄T
n1+n2

z

}
exp

(
−Λ̄n1+n2(t)e

β̄T
n1+n2

z
)

+ R1

= −√
an

{
Λ̂π
n1,1(t) − Λ̄n1+n2(t)

}
eβ̄

T
n1+n2

z exp
(
−Λ̄n1+n2(t)e

β̄T
n1+n2

z
)

−√
an

{
eβ̂

πT

n1,1z − eβ̄
T
n1+n2z

}
Λ̄n1+n2(t) exp

(
−Λ̄n1+n2(t)e

β̄T
n1+n2z

)
+ R1 + R2

= −√
an

{
Λ̂π
n1,1(t) − Λ̄n1+n2(t)

}
eβ̄

T z exp
(
−Λ̄(t)eβ̄

T z
)

−√
an

{
β̂π
n1,1 − β̄n1+n2

}T

zeβ̄
T zΛ̄(t) exp

(
−Λ̄(t)eβ̄

T z
)

+ R1 + R2 + R3

where the remainder terms converge to zero in probability. Considering functions
h ∈ Hm of the form

ht,z = (h1;t,z, h2;t,z)

=
(
1[0,t](·)eβ̄

T z exp
(
−Λ̄(t)eβ̄

T z
)
,
(
0p, ze

β̄T zΛ̄(t) exp
(
−Λ̄(t)eβ̄

T z
)))

,

where 0p denotes a zero vector in Rp, we have
√
an{Ŝπ

n1,1(t|z) − S̄n1+n2(t|z)}

=
√

1 − κ〈n1/2
1 (Λ̂π

n1,1 − Λ̄n1+n2), n
1/2
1 (θ̂πn1,1 − θ̄n1+n2)〉(ht,z) + oP∗(1)

from which we conclude that, given the data, the process √
an{Ŝπ

n1,1(t|z) −
S̄n1+n2(t|z)} converges weakly in D[0, τ̄0] to a mean zero Gaussian process Ḡ1,z
with covariance

ρ1,z(s, t) = Cov(Ḡ1,z(s), Ḡ1,z(t))

= (1 − κ)
{∫ τ0,1

0
h1;s,z(u)σ̄−1

(1)(ht,z)(u)dΛ̄(u) + hT
2;s,zσ̄

−1
(2)(ht,z)

}
,

(25)

where σ̄(1), σ̄(2) are defined as in (13)–(14) respectively, with EPi replaced by E
P̄

and evaluated at (Λ̄, θ̄) instead of (Λi, θi) Defining MSTu,z as the conditional
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expected lifetime of the uncured in the pooled sample, we have

√
an(M̂ST

π

u,1,z −MSTu,z)

=
√
an

∫ τ̄0

0
{Ŝπ

n1,1(t|z) − S̄n1+n2(t|z)}dt

−√
an{τ̄0 − Y π

1,(m1)}Ŝ
π
n1,1(τ̄0) −

√
an{τ̄0 − Y(m)}S̄n1+n2(τ̄0),

(26)

where Y π
1,(m1) and Y(m) denote the largest uncensored observation in the first

permuted sample and the pooled sample respectively. As in the proof of The-
orem 3.1, the second term and third term in the right hand side of the previ-
ous equation can be shown to converge to zero in probability. Considering the
map

ψ : D[0, τ̄0] → R ψ(ξ) =
∫ τ̄0

0
ξ(s) ds

which is Hadamard-differentiable, it follows that, given the data,
√
an(M̂ST

π

u,1,z −MSTu,z, M̂ST
π

u,2,z −MSTu,z) converges weakly to a two di-
mensional Gaussian random vector

(N1, N2) =
(∫ τ̄0

0
Ḡ1,z(s) ds,

∫ τ̄0

0
Ḡ2,z(s) ds

)
=

(
N1,−

κ

1 − κ
N1

)
.

Taking the difference of both entries of the pair, we conclude that, given the
data, √an(M̂ST

π

u,1,z − M̂ST
π

u,2,z) converges weakly in probability to a mean-
zero Gaussian random variable with variance

σπ2
z = 1

(1 − κ)2

∫ τ̄0

0

∫ τ̄0

0
ρ1,z(s, t) dsdt, (27)

where ρ1,z is defined in (25). This concludes the proof.

Appendix C: Permutation of Z-estimators in a two-sample set-up

In this appendix, we discuss the asymptotic properties of randomly permuted
Z-estimators. For this, we consider a two independent samples set-up with n1
and n2 i.i.d. random vectors W11, . . . ,W1n1 ∼ P1 and W21, . . . ,W2n2 ∼ P2,
respectively. Let Θ be a subset of a Banach space, Ψn1,1,Ψn2,2 : Θ → L be
random maps, and Ψ : Θ → L be a deterministic map. Solutions (or approximate
solutions) θ̂ni,i to the equations Ψni,i(θ)

!= 0 will be called Z-estimators. Due
to the i.i.d. set-up, we assume the structure Ψni,i(θ)h = Pni,iψθ,h, for given
measurable functions ψθ,h indexed by Θ and h ∈ H for some index set H,
where Pni,i denotes the i-th empirical process. Thus, we understand the equation
system in the space L = �∞(H).

For the random permutation approach, we randomly re-assign the n1 + n2
observations of the pooled sample (W11, . . . ,W1n1 ,W21, . . . ,W2n2) =: (W1, . . . ,
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Wn1+n2) to the groups 1 and 2 without changing the original sample sizes. For
a random permutation π of the numbers 1, . . . , n1 + n2, the permuted sam-
ples can be expressed as Wπ(1), . . . ,Wπ(n1) and Wπ(n1+1), . . . ,Wπ(n1+n2). For
notational convenience, we denote the permuted samples by Wπ

i1, . . . ,W
π
ini

, for
sample group i = 1, 2, and the corresponding i-th permutation empirical process
by Pπ

ni,i
. Let Ψπ

ni,i
(θ)h = Pπ

ni,i
ψθ,h

!= 0 for all h ∈ H be the estimating equation
corresponding to Ψni,i(θ)

!= 0, just based on the i-th permuted sample. We
denote the (approximate) solution to the i-th permuted estimating equation by
θπni,i

. For future uses, let Gπ
ni,i

= √
ni(Pπ

ni,i
− Pn1+n2) be the i-th normalized

permutation empirical process, where Pn1+n2 denotes the empirical process of
the pooled sample. The centering at Pn1+n2 seems reasonable, as this has an
interpretation as a conditional expectation:

E(Pπ
ni,iψθ,h | Wij : i = 1, 2; j = 1, . . . , ni) = Pn1+n2ψθ,h.

Let θ̄n1+n2 be the (approximate) solution to Pn1+n2ψθ,h
!= 0 for all h ∈ H.

The following theorem represents a version of Theorem 3.3.1 of [55] for the
random permutation-based estimators.

Theorem C.1. Assume that n1
n1+n2

→ λ ∈ (0, 1) as n1 + n2 → ∞, define
P̄ = λP1 + (1 − λ)P2, and assume that Theorem 3.3.1 holds for each sample-
specific Z-estimator θ̂n1,1 and θ̂n2,2. Let the criterion functions ψ·,h be such
that

‖Gπ
ni,i(ψθπ

ni,i
,h − ψθ̄n1+n2 ,h

)‖H = o∗P (1 +
√
ni‖θπni,i − θ̄n1+n2‖). (28)

Conditionally on W11,W21,W12,W22, . . . , assume that

(
√
ni(Pπ

ni,i − Pn1+n2)ψθ̄n1+n2 ,h
)2i=1 � (Z1, Z2) (29)

on (�∞(H))2 in outer probability, where (Z1, Z2) is a tight random element.
We assume that θ �→ P̄ψθ,h is uniformly Fréchet-differentiable in �∞(H) at θ̄

with a continuously invertible derivative P̄ψ̇θ̄,h, and that, for any θ, θ̃,

‖(Pn1+n2ψθ,h − Pn1+n2ψθ̃,h) − (P̄ψθ,h−P̄ψθ̃,h)‖H = o∗P (‖θ − θ̃‖) (30)

as n1 + n2 → ∞.
If θπni,i

and θ̄n1+n2 satisfy ‖Pπ
ni,i

ψθπ
ni,i

,h‖H = o∗P (n−1/2), i = 1, 2, and
‖Pn1+n2ψθ̄n1+n2 ,h

‖H = o∗P (n−1/2), respectively, and if all three estimators con-
verge in outer probability to θ̄, then
√
ni(P̄ψ̇θ̄,h)(θπni,i − θ̄n1+n2) = −√

ni(Pπ
ni,i − Pn1+n2)ψθ̄n1+n2 ,h

+ o∗P (1), i = 1, 2
(31)

� −(Z1, Z2) (32)
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as n1 + n2 → ∞ conditionally on W11,W21,W12,W22, . . . , in outer probability.
Finally,

(
√
n1(θπn1,1 − θ̄n1+n2),

√
n2(θπn2,2 − θ̄n1+n2)) � −((P̄ψ̇θ̄,h)−1Z1, (P̄ψ̇θ̄,h)−1Z2)

conditionally on W11,W21,W12,W22, . . . , in outer probability.

Note that, due to the equality Pπ
n2,2−Pn1+n2 = −n1

n2
(Pπ

n1,1−Pn1+n2), Z1 and

Z2 are perfectly negatively linearly correlated: Z2 = −
√

λ
1−λZ1.

Proof. The essential steps of this proof are similar to those in the proof of
Theorem 3.3.1 of [55]. But for the sake of completeness, we shall present the
whole proof.

The assumed consistencies of the pooled and the permuted estimators and
then assumption (28) entail that

√
ni(Pn1+n2ψθπ

ni,i
,h − Pn1+n2ψθ̄n1+n2 ,h

)

=
√
ni(Pn1+n2ψθπ

ni,i
,h − Pπ

ni,iψθπ
ni,i

,h) + o∗P (1)

= −Gπ
ni,iψθπ

ni,i
,h + o∗P (1)

= −√
ni(Pπ

ni,i − Pn1+n2)ψθ̄n1+n2 ,h
+ o∗P (1 +

√
ni‖θπni,i − θ̄n1+n2‖).

(33)

Approximation (30) implies that the norm of the left-hand side of (33) equals
√
ni(‖P̄ψθπ

ni,i
,h − P̄ψθ̄n1+n2 ,h

‖H + o∗P (‖θπni,i − θ̄n1+n2‖)). (34)

Additionally, the uniform Fréchet-differentiability of θ �→ P̄ψθ,h at θ̄ and the
continuous invertibility of the derivative P̄ψ̇θ̄,h respectively imply that

‖P̄ψθπ
ni,i

,h − P̄ψθ̄n1+n2 ,h
‖H = ‖(P̄ψ̇θ̄,h)(θπni,i − θ̄n1+n2)‖H + o(‖θπni,i − θ̄n1+n2‖)

(35)

and that the right-hand side in the previous display is bounded below by

c‖θπni,i − θ̄n1+n2‖ + o(‖θπni,i − θ̄n1+n2‖)

for some positive constant c. Combine this with (34) and (33) to see that
√
ni‖θπni,i − θ̄n1+n2‖(c + o∗P (1)) ≤ O∗

P (1) + o∗P (1 +
√
ni‖θπni,i − θ̄n1+n2‖),

conditionally on W11,W21,W12,W22, . . . in probability. Thus, in the same man-
ner, θπni,i

is √
ni-consistent for θ̄n1+n2 in norm.

Next, apply the approximation in (30) to the left-hand side of (33) and use
the uniform Fréchet-differentiability of θ �→ P̄ψθ,h at θ̄ to find that (33) equals

√
ni(P̄ψ̇θ̄,h)(θπni,i − θ̄n1+n2) + o∗P (

√
ni‖θπni,i − θ̄n1+n2‖).
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Since o∗P (√ni‖θπni,i
− θ̄n1+n2‖) and also o∗P (1 + √

ni‖θπni,i
− θ̄n1+n2‖) in the

right-hand side of (33) are both o∗P (1), the assertion given in (31) follows from
assumption (29).

The continuity of (P̄ψ̇θ̄,h)−1 together with the continuous mapping theorem
and the just established conditional weak convergence (31) in outer probability
imply the corresponding conditional weak convergence

(
√
n1(θπn1,1 − θ̄n1+n2),

√
n2(θπn2,2 − θ̄n1+n2)) � −((P̄ψ̇θ̄,h)−1Z1, (P̄ψ̇θ̄,h)−1Z2)

in outer probability.

Appendix D: R code for accessing the breast cancer data set

if (!require("BiocManager", quietly = TRUE))
install.packages("BiocManager")
BiocManager::install("curatedBreastData")
library(curatedBreastData)

# read the data, study id 2034
data(curatedBreastDataExprSetList)
D=curatedBreastDataExprSetList$study_2034_GPL96_all

# Relapse-free survival
Data=data.frame(Y=D$RFS_months_or_MIN_months_of_RFS,status=1-D$RFS,
age=D$age,ER=D$ER_preTrt,sizeTum=D$tumor_stage_preTrt)
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