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Multishape metamaterials exhibit more than one target shape change, e.g., the same metamaterial can
have either a positive or negative Poisson’s ratio. So far, multishape metamaterials have mostly been
obtained by trial and error. The inverse design of multiple target deformations in such multishape meta-
materials remains a largely open problem. Here, we demonstrate that it is possible to design metamaterials
with multiple nonlinear deformations of arbitrary complexity. To this end, we introduce a novel sequen-
tial nonlinear method to design multiple target modes. We start by iteratively adding local constraints that
match a first specific target mode; we then continue from the obtained geometry by iteratively adding local
constraints that match a second target mode, and so on. We apply this sequential method to design up to
five modes with complex shapes and we show that this method yields at least an 85% success rate. Yet
we find that these metamaterials invariably host additional spurious modes, whose number grows with the
number of target modes and their complexity, as well as the system size. Our results highlight an inher-
ent tradeoff between design freedom and design constraints and pave the way towards multifunctional
materials and devices.
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I. INTRODUCTION

Designing for multiple objectives is a notoriously dif-
ficult computational task. The particular challenge of
designing complex on-demand shape changing structures
and metamaterials is especially acute because shape-
changing typically is a nonlinear problem [1]. Over the
past few years, many design methods have been intro-
duced to create shape-shifting kirigami [2–7], origami
[8,9], or cellular metamaterials [10–13]. Among these
inverse design methods, two main analysis methods can
be distinguished: elastic analyses [14–16] and mechanism-
based analysis with zero-energy modes [4,6,10,17]. On one
hand, inverse design of mechanical metamaterials using
elastic methods can be done in a variety of ways includ-
ing machine learning [16] and topology optimization [18],
which can even be done for multiple modes simultane-
ously [14,15]. However, such methods are typically limited
to small deformations and are more difficult to expand to
shape-changing structures. On the other hand, mechanism-
based inverse analysis methods often assume unit cells
with a single degree of freedom, such as four-bar link-
ages in two dimensions [4,5,19] and three dimensions
[10,19] or origami patterns with quadrilateral faces [8,9,
20]. Crucially, mechanism-based metamaterials naturally
lead to large deformations and shape-morphing. Yet such
metamaterials have mostly been designed with a single
shape-change only. The rare examples of inverse design
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of multiple shapes have achieved two shapes only with
some limitations on the complexity of the shape-changes
[17,20,21].

Here, we introduce a sequential design method for mul-
tiple modes in mechanism-based metamaterials [22–26].
We construct an iterative algorithm at the level of each
unit cell to design one target mode, which we in turn apply
in sequence to multiple target modes. We find that this
algorithm almost always succeeds in creating metamate-
rials with multiple on-demand modes, but that twice as
many spurious modes emerge during the design process.
Our sequential method establishes a first foray into the
design of multiple complex deformation modes and hints
at an interplay between target number of modes and total
number of modes. Our method is complementary to combi-
natorial approaches [10,20,21,24–27]. These methods are
often constrained in their design freedom and constrained
mechanically, whereas our method starts from a highly
unconstrained geometry that provides greater design free-
dom but is less constrained mechanically. More broadly,
our study opens up a promising avenue for the design of
multifunctional materials.

II. INVERSE DESIGN OF MULTIPLE MODES

An example of such inverse design can be seen in
Fig. 1. First, we select three desired modes of deforma-
tion in Figs. 1(a)–1(c), respectively. Coulais et al. [10]
showed that combinatorial designs could be used to gen-
erate any desired texture in a metamaterial, such as a
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FIG. 1. Inverse multimodal design. (a)–(c) A base rectangu-
lar mechanical metamaterial (black) has three target deformation
modes (gray): (a) a mode where everything except a smiley face
deforms, (b) a mode where everything except an M deforms, and
(c) a curving mode. (d) The 7 × 5 lattice with hinges in blue
and bars in black accommodates all modes of (a)–(c) in (e)–(g),
respectively. Grays indicate the sum of the absolute values of the
angular deformations per unit cell, with no deformation in white
and maximum deformation per mode in black, according to the
color bar. Note that the two unit cells at the top corners of the
specimen remain undeformed in (f). This is a coincidence and
not the result of additionally imposed constraint.

smiley face. In Fig. 1(a), we choose an opposite target
mode instead: a mode where all unit cells deform except
for an undeformed smiley face in gray. Similarly, for a
second target mode in Fig. 1(b), we choose to deform
all unit cells instead of a central M for Metamaterials.
Finally, for a third and final mode in Fig. 1(c), we choose
a global curved shear mode. Using our inverse design
algorithm, we can translate these three target modes into
the bar-node mechanism of Fig. 1(d). We can then deform
this mechanism to display the modes of Figs. 1(e)–1(g),
where a white color highlights an undeformed cell. As
expected, Figs. 1(e)–1(g) correspond very well with the
target modes of Figs. 1(a)–1(c). In fact, Fig. 1(c), which
shows large nonlinear deformation, demonstrates that the
algorithm also works successfully for large deformations.
On the other hand, Figs. 1(a) and 1(b) show little defor-
mation because small deflections are used. However, these
deformations can be visualized very well using a vertex
representation, which is explained in the next section.

III. UNIT CELL DEFINITION

To explain how the algorithm works, we start from a
square base cell. In Fig. 2(a), a square base cell with four
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FIG. 2. Base cell geometry. A square lattice can host a vari-
ety of polygons including (a) a square, (b) a distorted hexagon,
and (c) an octagon. Black dots indicate hinges. Numbers in
(c) correspond to node numbers, whereas the orange arrows
indicate nominal directions of distortion. Possible deformation
modes of (a)–(c) include (d)–(f), respectively. The undeformed
unit cells (a)–(c) can be represented using the representation of
(g)–(i), where arrows can be added in (j)–(l) to represent the
deformations of (d)–(f), respectively [24].

nodes is shown. This base cell has a single mode of defor-
mation, shown in Fig. 2(d), which would host a mode
of counter-rotating squares in a periodic tiling [28]. This
metamaterial design features a negative Poisson’s ratio
and has been explored widely [1,28]. However, within
the same square domain, we can define a wide variety
of other mechanisms, such as the distorted hexagon and
regular octagon in Figs. 2(b) and 2(c), respectively. A pos-
sible form of deformation for each polygon can be seen
in Figs. 2(d)–2(f), respectively. For small deformations, it
can be difficult to visualize the actual deformations. How-
ever, the deformations can also be represented using a
vertex representation as has been done in Figs. 2(g)–2(i)
[24,26]. Here, vertices originating from the center of the
base cell are seen representing the nodes of the polygon.
Figures 2(j)–2(l) then add arrows on top, where the area
of the arrows corresponds to the corresponding angular
hinge deformation [24,26]. Just as the sum of the angu-
lar deflections in closed polygons must add up to zero,
the sum of the arrows, weighed by their size is zero, in
what is also known as the ice rule in the context of vertex
models [29]. Two neighboring vertices must have an equal
angular deflection, namely, share the same arrow. This ver-
tex representation is a convenient way to represent angular
deformation and determine compatibility constraints. Cru-
cially, we enforce such compatibility constraints at the
nonlinear level up to quadratic order, see Appendix A for a
discussion of the linear order and Appendix E for a detailed
discussion of the quadratic order.
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IV. SEQUENTIAL DESIGN ALGORITHM

We can then use this method to solve unit cells to
inversely solve desired metamaterial patterns, as illustrated
in Fig. 3. In this example, we have a 3 × 3 mechanical
metamaterial with 3 vertex target patterns in Figs. 3(a),
3(e), and 3(i), respectively. We solve these modes sequen-
tially as follows.

(1) We start from desired mode 1 deformations in
Fig. 3(a) and fit compatible unit cells one at a time (blue)
[Figs. 3(b)–3(d)]. When selecting those unit cells, we fol-
low three important criteria: (a) we always solve the unit
cell with the largest number of defined vertices [30]; (b)
we select solutions that have the lowest possible number
of degrees of freedom; (c) we select solutions that have the
smallest variation possible of the size of the deformation.

(2) Once we have selected all the unit cells, the mode
is solved in Fig. 3(d) and we continue with mode 2. The
vertex locations of the solution of mode 1 of Fig. 3(d) are
combined with the input deformation of Fig. 3(e). Mode 2
(red) is solved sequentially in Figs. 3(e)–3(h) in the same
way as mode 1 was.

(3) The approach is repeated in Figs. 3(i)–3(l) to obtain
mode 3 (green). In principle, the approach could be
repeated to allow for more modes, as long as sufficient
unspecified degrees of freedom remain.

(4) All degrees of freedom of all modes are combined in
a single vertex representation in Fig. 3(m). The vertex rep-
resentation of Fig. 3(m) can be translated to the mechanism
design of Fig. 3(n). Finally, the vertex representation of the
three modes in Figs. 3(d), 3(h) and 3(l), can be translated
to the real deformations of Figs. 3(o)–3(q), respectively.

We have used this algorithm for creating the geome-
try in Fig. 1, see also Fig. 6 for a graphical representation
of the algorithm and Appendix B for details. Importantly,
all of the modes of Figs. 1 and 3 show large deforma-
tions. This highlights a distinct advantage of our nonlinear
method, which could not have been achieved with a lin-
ear method. In Appendix D, we show that our quadratic
nonlinear solution can be up to eight orders of magnitude
more accurate than a linear solution in solving a unit cell
with small displacements.

V. SPURIOUS MODES

Although our method is successful at creating metama-
terials that can host three on-demand modes in Figs. 1 and
3, we do not yet know whether any spurious modes are
created in the process. This is important because a meta-
material with many modes will be more difficult to actuate
than a metamaterial with fewer modes: it will require a
more specific loading that only actuates the modes of inter-
est and its response will be less robust. For this reason, we
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FIG. 3. Sequential design algorithm. A 3 × 3 metamaterial has three target modes, with local vertex deformations defined in
(a),(e),(i). From target mode one (a), fitting base cell deformations are implemented one by one [blue (b),(c)] until the mode is fully
solved (d). All vertex node locations of (d) are implemented in the start vertices of target mode two (e), after which fitting unit cells are
implemented again in (f)–(h). This process is repeated for target mode three (i)–(l). The vertex locations of (d),(h),(l) are combined in
(m), which corresponds to the mechanism in (n). The mechanism in (n) can host all physical deformations of (o)–(q) which correspond
to the vertex deformations of (d),(h),(l), respectively.
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calculate the linear number of modes of our solved solu-
tions. To do so, we first construct the compatibility matrix
of each design, such as those in Figs. 1(d) and 3(n). We
then calculate the dimension of the kernel of the compat-
ibility matrix [31]. We then find that the design of Fig. 1
features significantly more than 3 modes, namely 47. How-
ever, if we solve only for the smiley face of Fig. 1(e),
we find 9 modes. When we include the M as a second
mode, we in turn find that the lattice features 17 modes.
Therefore, although one is able to create a metamaterial
with up to three on-demand modes of arbitrary complex-
ity, one systematically ends up with a large number of
spurious modes. Interestingly, the more on-demand modes
we require, the larger the number of spurious modes. This
is presumably the flip side of our method. Since the pro-
cedure starts from an under-constrained lattice, it is very
successful for the design of arbitrarily complex modes, but
as a result of this design freedom the procedure is not able
to constrain unwanted modes.

VI. STATISTICAL ANALYSIS

To further investigate this emerging interplay between
target and spurious modes, we systematically run many
inverse design analyses with a variety of random input
deformations: 100 analyses per analysis variation. We
track the performance of our algorithm in Fig. 4. In
Figs. 4(a)–4(c) we track how often our algorithm succeeds
in finding a solution as function of the variations. We find

(a) (b) (c)

(d) (e) (f)

FIG. 4. Statistical analysis of inverse design. As a function of
the target number of modes, Mt, (a)–(c) the fraction of cases in
which a solution was found, Fsolved, and (d)–(f) the mean number
of spurious modes, M̄s. (a),(d) Effects of input complexity on a
3 × 3 lattice, with [ic, iv] = [number of cells on which inputs
are defined, number of input vertices defined per input cell], for
modes 1–5 respectively. (b),(e) Effects of order of complexity on
a 4 × 4 lattice, with [ic,1, ic,2, ic,3] the number of cells on which
inputs are defined for modes 1–3, respectively, each with iv = 1.
(c),(f) Effects of system size, with N × N the system size and
[ic, iv] = [2, 1].

for all cases that our method is able to find a solution
in more than 85% of the cases, even when we require
three target modes of complex shape. This shows that our
method is consistent and reliable.

In Figs. 4(d)–4(f) we analyze how the mean number
of spurious modes, M̄s, develops as a function of the
variations [32]. In all cases, we find that the average num-
ber of spurious modes grows sublinearly with the target
number of modes. Crucially, the higher the complexity
of the target modes, the greater the number of spurious
mode Ms [Fig. 4(d)]. Indeed, more complex modes require
more design freedom and this additional freedom comes at
the cost of additional spurious modes, as well a reduced
chance of solving [Fig. 4(a)]. However, this effect is less
than linear with the number of modes. Moreover, for very
simple modes [Fig. 4(d), orange], the number of spurious
modes can actually decrease with the number of requested
modes. This is most likely because a newly requested
mode can already be captured by existing modes. Does it
then matter whether we solve simple or complex modes
first? We answer this question with the help of Figs. 4(b)
and 4(e), where we vary the complexity between the three
target modes either from simple to difficult (green ◦), with
a constant difficulty (blue +) or with a decreasing diffi-
culty (brown ×). In Fig. 4(e), we see that at Mt = 3, the
order of difficulty is irrelevant for the number of spurious
modes. However, we do see in Fig. 4(b), that the chance
of finding a suitable solution for all three modes increases
when solving from difficult to easy. Therefore, finding a
complex solution is more likely with more design freedom.
This approach was also used in Fig. 1, where we solved the
modes in the order of decreasing difficulty.

Additional design freedom is also provided by larger
system sizes. Indeed, we see in Fig. 4(c), that while the
design of 2 × 2 systems has always a 95% success rate,
5 × 5 systems reach a 100% success rate. An increase in
system size however, typically comes hand in hand with
more spurious modes [Fig. 4(f)].

(a) (b)

FIG. 5. Modal distribution. (a) The cumulative distribution,
Fcumulative, of the number of modes, MP = Mt + Ms, normalized
by MtN 1.5: top, Mt = 2; bottom, Mt = 3. (b) Fraction of cases
without spurious modes, FMs=0, as number of the target number
of modes, Mt for various system sizes.

064013-4



INVERSE DESIGN OF MULTISHAPE METAMATERIALS PHYS. REV. APPLIED 22, 064013 (2024)

This competition between design freedom and con-
straints can also be clearly seen by considering the cumula-
tive distribution of the total number of modes MP = Mt +
Ms rescaled by Mt × N 1.5, Fig. 5(a). We immediately see
that such rescaling leads to a reasonable collapse of all the
cumulative distributions. This collapse means that designs
with more design freedom (they either require more target
modes or are performed in larger systems) not only have a
larger total number of modes, but they also have a broader
mode number distribution.

Finally, that the distribution broadens also suggests that
it is possible to achieve no spurious modes. To investigate
this issue, we plot the fraction of cases, where there are no
spurious modes in Fig. 5(b). For a single mode, our inverse
design method generates a single output in more than 25%
of the cases, regardless of system size. This shows that our
method can be used for inversely generating metamaterials
with a single output mode. For two or three target output
modes, this fraction drops rapidly. Therefore, while it is
possible to design large metamaterials with multiple tar-
get modes, it is highly unlikely, at least with our method
in its current form. It remains an open question whether
one could keep the design freedom without constraining
the spurious modes.

VII. DISCUSSION AND CONCLUSION

Inversely designing metamaterials with multiple target
deformations can be very complex and many approaches
can be chosen. While various optimization strategies are
effective for linear systems, nonlinear cases are much more
difficult. In this paper, we have introduced a sequential
nonlinear method to do so by locally designing octagonal
base cells on a square lattice to match the surround-
ing deformations with minimal flexibility. We have used
this method effectively to create mechanical metamaterials
which can simultaneously exhibit multiple complex target
deformations. Moreover, although we have restricted our-
selves to octagonal cells on a square lattice in this article,
our method is general by nature and can be applied to any
two-dimensional lattice with polygons of arbitrary com-
plexity (see Appendix E 2 for an example of a hexagonal
unit cell). Furthermore, because this method uses localized
design, earlier made designs can easily be expanded or
merged together using more local design.

The method we have introduced belongs to a class of
direct methods for inverse design as opposed to most
inverse design approaches, which use an iterative global
optimization process where local design keeps being
adjusted to best fit the global design parameter [4,14,
15]. Using local unit cell design or selection instead
of simultaneous design has distinct advantages in read-
justing to different inputs and allows a linear scaling
of the computational time with system size, instead of
slower than linear for most global optimizers, such as

finite-element codes with topology optimization [33]. Fur-
thermore, although many direct inverse design methods
use combinatorial approaches [10], the present method
offers an advantage of flexibility compared with combina-
torial approaches, which are inherently limited to discrete
solutions.

However, although our method has shown itself to be
effective at accommodating multiple target modes simul-
taneously, it has also shown that it is difficult to do so
without introducing spurious modes. A significant chal-
lenge remains, either on how to restrict these additional
modes afterwards or to prevent these spurious modes dur-
ing the inverse design altogether. Nevertheless, the current
method has demonstrated that it can be used to obtain
large deformations. Although additional linear modes arise
in the design, this does not imply that it remains easy to
actuate these additional modes at large deformations. It is
worth exploring the competition in strain energy between
the desired and unwanted additional modes. Consequently,
it is worth exploring how these modes could be excited in
real metamaterials.

Furthermore, because this method uses local design and
locally defined inputs, defining a global deformation pat-
tern is nontrivial. We have defined some ways in which this
can be done, e.g., by defining the entire perimeter at sev-
eral sides. However, a more general approach could still
be developed. Once this is done, the method can also be
used to couple bulk properties to local designs. Neverthe-
less, defining local instead of global deformation patterns
could also prove useful instead in, for instance, acoustics
or phononics.

Finally, although the method presented is very general
for any two-dimensional polygon, the method can also be
expanded to three-dimensional metamaterials, by merging
two two-dimensional unit cells in three dimensions, sim-
ilar to what was done by Coulais et al. [10]. It is also
worth noting that, at the linear level, any system can be
mirrored with itself to create a system that is compatible
with itself on both sides. As such, (quasi)periodic sys-
tems can be designed. We anticipate applications in soft
robotics, phononic and acoustic wave manipulation, and
multifunctional materials and devices.

The data and codes that support the figures within
this paper are publicly available on a Zenodo repository
[34].
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APPENDIX A: SOLVING A BASE CELL

The base cell of Fig. 2(c) is defined by a total of 16
variables: the angles a0–a7 in radians, and distortions in
the directions of the orange arrows, d0–d7. Here a0–a7 are
defined positive for increasing internal angles, and d0–d7
are defined between ±1, with 0 undistorted and ±1 on the
undistorted neighboring nodes. For example, this implies
that the deformed square of Fig. 2(d) is defined by a0246 =[ 1

2 , − 1
2 , 1

2 , − 1
2

]
.

The shape of any two-dimensional polygon, in turn, can
be described by three equations [35]. To a linear degree,
any variation of the base cell can be described by the
following three equations:

0 = −a0 − 3a1

2
− a2 − a3

2
+ a5

2
− a7

2
+ d1 + d3, (A1)

0 = +a0 + a1 − a3 − a4 − a5 + a7, (A2)

0 = −a0 − a1

2
+ a3

2
− a5

2
− a6 − 3a7

2
+ d5 + d7. (A3)

The derivation of Eqs. (A1)–(A3) is given in Sec. E 1. It
can be observed that Eqs. (A1)–(A3) do not depend on
d0,2,4,6. This implies that d0,2,4,6 do not affect the design in
a linear analysis. This is because d0,2,4,6 are in-line with the
bars attached to nodes 0, 2, 4, and 6, respectively. In order
to identify the effects of d0,2,4,6, a minimum of a quadratic
nonlinearity is required. The quadratically nonlinear ver-
sions of Eqs. (A1)–(A1) are provided in Eqs. (E47)–(E49),
respectively. Moreover, implementing a quadratic nonlin-
earity yields more accurate results, as described in the
main text. Therefore, we opt to use quadratic nonlinearity
throughout this article.

As the geometry is defined by three equations, this
implies that

j = c − 3, (A4)

with j the number of modes or degrees of freedom of a
polygon and c the number of hinges. This implies that
the square, hexagon, and octagon of Figs. 2(a)–2(c) have
one, three, and five modes, respectively. This also implies
that if a set of deformations ai and distortions di are
known in advance, a fitting polygon can be plugged in
with three additional angular deformations and distortions.
For example, for Fig. 2(b), if a1,2,4,5 and d1,2,4,5 are known
in advance, it is possible to solve for a0,6 and d0, by
solving Eqs. (A1)–(A3). We do this numerically using
the findroot algorithm implemented in the mpmath pack-
age in PYTHON. Since only three quadratic equations are
solved, more efficient (quasi)analytical solutions can also
be adopted [36].

The base cell can be generalized using the octagon of
Fig. 2(c). The variations of the unit cell are chosen to have
a maximum of eight hinges or nodes, numbered clockwise
from 0 to 7. The undistorted distance between each node
is considered 1, giving an overall square size of 2 × 2.
Each of these nodes can be shifted by a distance di with
respect to the undistorted cell in the direction of the orange
arrows in Fig. 2(c). For the hexagon of Figs. 2(b) and 2(h),
this implies that d0 = −0.28 and d2 = 0.6. Furthermore,
each angle can deform with an angle ai. For the square of
Figs. 2(d) and 2(j), this implies that a0 = a4 = 0.5 rad and
a2 = a6 = −0.5 rad.

APPENDIX B: HOW THE ALGORITHM WORKS
ON 7 × 5 SAMPLES

Figure 3 and the accompanying text showed how the
algorithm works to solve for three modes in a relatively
small sample of 3 × 3 unit cells. The following appendix
shows the same process for the larger 7 × 5 metamate-
rial introduced in Fig. 1. This process can be seen in
Fig. 6. Furthermore, this appendix demonstrates how a
target mode can be translated to input vertices.

First, the target modes of Figs. 1(a)–1(c) are translated
to the inputs defined in Figs. 6(a), 6(d), and 6(g), respec-
tively. As we target an undeformed smiley face in mode
1 and an undeformed M in mode 2, we define those areas
to be undeformed in Figs. 6(a) and 6(d), respectively. We
then define a number of deformations around these unde-
formed areas to trigger deformations throughout the rest of
the metamaterial.

For mode 3, defined in Fig. 1(c), we target a global
deformation mode instead. As such, we define the entire
bottom and left perimeter in Fig. 6(g) instead. We do so by
stating that the central vertex along this perimeter moves
inwards for every unit cell along the perimeter, while we
keep the other vertices on this perimeter undeformed.

Using these inputs for the three defined modes, we can
solve for the metamaterial design of Fig. 1 as described
in the main text. As such, we obtain the metamaterial of
Figs. 6(j) and 6(k), with corresponding modes in Figs. 6(c),
6(f), and 6(i) and Figs. 1(e)–1(g) in vertex and deformed
representation, respectively.

APPENDIX C: HOW PATTERN CHOICES AFFECT
THE EXPECTED PERFORMANCE

The success rate of the algorithm depends on multiple
factors. Logically, some of these factors can be predicted.

A key metric to track is how many free degrees of free-
dom (from a0–a7 and d0–d7) can be solved for in a cell: at
least three are required. However, it should be noted that
three free degrees of freedom may not be sufficient. The
found solution may not have a real solution, or may be
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FIG. 6. Inverse design algorithm. A 7 × 5 metamaterial has three target modes, defined in Fig. 1, with local vertex deformations
defined in (a),(d),(g). Unit cells defined to be undeformed in (a),(d) are highlighted with solid squares. Vertices along the perimeter
defined to be undeformed in (g) are highlighted with a dashed line, unless the vertex representation indicates otherwise. From target
mode 1 (a), fitting base cell deformations are implemented one by one until the mode is fully solved [blue (b),(c)]. All vertex node
locations of (c) are implemented in the start vertices of target mode 2 (d), after which fitting unit cells are implemented again in
(e),(f). This process is repeated for target mode 3 (g)–(i). The vertex locations of (c),(f),(i) are combined in (j), which corresponds
to the mechanism in (k). The mechanism in (k) can host all physical deformations of Figs. 1(e)–1(g) which correspond to the vertex
deformations of (c),(f), and (i), respectively.

larger than 90◦. Both solutions are unfeasible. Therefore,
any system which can keep a large number of degrees of
freedom of a cell open has a higher success rate.

For this specific reason, this implies that a closed system
cannot be solved using the approach described in this arti-
cle. After all, a closed system would always require solving
a single enclosed cell, without remaining free degrees of
freedom. This cannot be done. It should be possible to mit-
igate this problem by solving multiple cells simultaneously
though, e.g., 2 × 2 cells, which effectively creates another
unit cell with more free degrees of freedom.

On the other hand, solving a system which has two
adjoining sides defined, is easy, such as mode 3 in Fig. 1.
After all, such a system can always be solved using
cells which only have two adjoining sides defined and
two adjoining sides free. This consistently leaves a large
number of free degrees of freedom.

Finally, it may be difficult to solve some systems with
large deflections. Large deflections are more likely to lead
to solutions which require larger than possible deflec-
tions. This could include larger systems, with growing
deformations in a single direction [24].

APPENDIX D: ENERGY IN UNIT CELL

The equations which we use to define the polygons are
not exact. For the octagon on a square lattice, they are
accurate up to a linear [Eqs. (A1)–(A3)] or quadratic order
[Eqs. (E47)–(E49)]. As the equations are not exact, a solu-
tion to these equations will not provide a pure mechanism
to exact order.

This can be demonstrated using Fig. 7. In Figs. 7(a)–7(c),
we see a square octagon in an (a) undeformed configu-
ration, (b) deformed with vertex representation, and (c)
deformed configuration. Figures 7(a)–7(c) are equivalent
to Figs. 2(c), 2(l), and 2(f), respectively. The deformations
of Figs. 7(b) and 7(c) have been obtained by solving Eqs.
(E47)–(E49). Because we do not use an exact approach,
we find a mismatch in Fig. 7(d) when we plot the defor-
mation in Fig. 7(c). We can still connect the nodes by
distributing the mismatch evenly across all eight nodes, as
seen in Fig. 7(e). This would be equivalent to shearing and
stretching. We name these deformations s0–s7.

We can use this mismatch to quantify the error in
our calculations and to increase our understanding of the
relation between rotation on one hand and shearing and
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(a)

(b) (d) (e)

(f) (g)

2
1 1

3

(c)

FIG. 7. Unit cell energy. (a) Undeformed regular octagon. (b),(c) Possible deformation mode in vertex (b) and regular (c) repre-
sentation. (d),(e) Enlarged view of the top node after rotating all members (d) without and (e) with correction. (f),(g) Normalized
stretch energy to correct deformation Estretch as a function of the normalized rotational energy Erotate for (f) linear and (g) quadratically
nonlinear analyses.

stretching on the other hand. When a hinge deforms, the
strain energy is typically related to the square of the defor-
mation. We can therefore get an understanding of how
strain energy over the unit cells develops by looking at the
sum of the squares of the rotations, Erotate = ∑7

i=0 ai, and
stretches, Estretch = ∑7

i=0 si.
To do so, we take the base octagon of Fig. 7(a) and

apply five random rotations from a0–a7. We then calcu-
late the three remaining rotations from a0–a7 as well as the
stretch deformations required s0–s7, which are all equal.
We do this 4000 times for the linear [Eqs. (A1)–(A3)] and
quadratic solution [Eqs. (E47)–(E49)], spanning a wide
range of deformation sizes. We plot the results in Fig. 7(f)
for the linear solution and Fig. 7(g) for the quadratic solu-
tion. In both cases, we find that the upper boundary of the
error can be described using a power law, which has an
order of two for the linear solution [Fig. 7(f)] and an order
of three for the quadratic solution [Fig. 7(g)].

This difference between a second- and third-order rela-
tion implies that the error decreases much more quickly
for small deformations in the quadratic case. At very
small deformations (Erotate = 10−7), the upper level of the
error of the quadratic solution is eight orders of magni-
tude smaller. This shows the improvement of quadratic
nonlinearity with respect to a linear solution.

This assessment clearly shows that the quadratic nonlin-
earity is more reliable, particularly for small deformations.
However, it does not yet specify the degree of stretching
or shearing which would be required on a metamaterial
level. A variety of methods could be applied to assess this,
which is considered out of the scope of the present article
[37–40].

APPENDIX E: SOLVING POLYGONS

In this appendix, we provide the analytical breakdown of
several polygons into three separate equations. Although
this appendix shows two specific polygons, a similar
approach can be taken for any two-dimensional polygon.

The polygons we analyze are shown in Fig. 8. In all cases,
absolute angles and lengths are denominated by A and L,
whereas undistorted angular changes are denominated by
a. Displacements of the base nodes in the undeformed case
are defined by d in the direction of the orange arrows. The
nodes are numbered in black. Angles are subdivided fur-
ther using the gray and cyan subdivision in Fig. 8. Here
a, A, and d are denominated by the subscript of the node
number, possibly followed by the second subdivision, and
L are subscripted by the node numbers that they are linked
to. Subscript b indicates undeformed but possibly distorted
by di. It is possible to consider polygons on the same grid
with fewer degrees of freedom by setting ai, di = 0 for the
degrees of freedom which are not to be included.

1. Octagonal cell on square lattice

In this appendix, we provide the analytical breakdown
of an octagonal unit cell on a square lattice, as shown in
Fig. 8(a). This is the cell which has been used throughout
the article. This cell is completed defined by 16 vari-
ables: ai and di, with i between 0 and 7. The cell can be
reduced to three equations following the approach given
by Eqs. (E1)–(E46). The cell is then defined exclusively
by Eqs. (E44)–(E46), which depend on ai and di. Equations
(A1)–(A3) are the linearized versions of Eqs. (E44)–(E46),
respectively. It is possible to solve for any 3 unknowns
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FIG. 8. Split base cell geometries. (a) Octagon on square
lattice. (b) Regular hexagon.
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in ai and di, given the other 13 variables by setting Eqs.
(E44)–(E46) to 0.

The eight main angles, A0–A7, can be defined in terms
of a0–a7 and d0–d7 as follows:

A0 = π + a0, (E1)

A1 = π/2 + a1 − tan−1
(

d1

1 + d2

)
, (E2)

A2 = π + a2, (E3)

A3 = π/2 + a3 − tan−1
(

d3

1 − d2

)
, (E4)

A4 = π + a4, (E5)

A5 = π/2 + a5 − tan−1
(

d5

1 + d6

)
, (E6)

A6 = π + a6, (E7)

A7 = π/2 + a7 − tan−1
(

d7

1 − d6

)
. (E8)

The length of the main members can then be defined in
terms of a0–a7 and d0–d7 as follows, where A1, A3, A5, and
A7 are also functions of a0–a7 and d0–d7:

L7−0 = 1 + d0 + d7, (E9)

L0−1 = 1 − d0 + d1, (E10)

L1−2 =
√

((1 + d2)2 + d1
2), (E11)

L2−3 =
√

((1 − d2)2 + d3
2), (E12)

L3−4 = 1 + d4 + d3, (E13)

L4−5 = 1 − d4 + d5, (E14)

L5−6 =
√

((1 + d6)2 + d5
2), (E15)

L6−7 =
√

((1 − d6)2 + d7
2). (E16)

We can then use the cosine rule,

c2 = a2 + b2 − 2 · a · b · cos(C), (E17)

to define the lengths between nodes 0246, also as a func-
tion of a0–a7 and d0–d7:

L0−2 =
√

(L0−1
2 + L1−2

2 − 2 · L0−1 · L1−2 · cos(A1)),
(E18)

L2−4 =
√

(L2−3
2 + L3−4

2 − 2 · L2−3 · L3−4 · cos(A3)),
(E19)

L4−6 =
√

(L4−5
2 + L5−6

2 − 2 · L4−5 · L5−6 · cos(A5)),
(E20)

L6,0 =
√

(L6−7
2 + L7−0

2 − 2 · L6−7 · L7−0 · cos(A7)).
(E21)

We can then use the law of sines,

a
sin(A)

= b
sin(B)

= c
sin(C)

, (E22)

and the definition of angles Ai into its subangles Ai,j to
define the various internal angles as follows:

A0,0 = sin−1(L1−2/L0−2 · sin(A1)), (E23)

A2,2 = π − A1 − A0,0, (E24)

A2,0 = sin−1(L3−4/L2−4 · sin(A3)), (E25)

A4,2 = π − A3 − A2,0, (E26)

A4,0 = sin−1(L5−6/L4−6 · sin(A5)), (E27)

A6,2 = π − A5 − A4,0, (E28)

A6,0 = sin−1(L7−0/L6,0 · sin(A7)), (E29)

A0,2 = π − A7 − A6,0, (E30)

A0,1 = A0 − A0,0 − A0,2, (E31)

L2−6 =
√

(L0−2
2 + L6,0

2 − 2 · L0−2 · L6,0 · cos(A0,1)),
(E32)

A4,1 = cos−1((L2−4
2 + L4−6

2 − L2−6
2)/(2 · L2−4 · L4−6)),

(E33)

A4 = A4,0 + A4,1 + A4,2, (E34)

A6,1,1 = sin−1(sin(A0,1) · L0−2/L2−6), (E35)

A2,1,2 = sin−1(sin(A0,1) · L6,0/L2−6), (E36)

A6,1,2 = sin−1(sin(A4,1) · L2−4/L2−6), (E37)

A2,1,1 = sin−1(sin(A4,1) · L4−6/L2−6), (E38)

A2 = A2,0 + A2,1,1 + A2,1,2 + A2,2, (E39)

A6 = A6,0 + A6,1,1 + A6,1,2 + A6,2. (E40)

Finally, we can then define solutions for a246sol, as follows,
based on Eqs. E39, E34, and E40, respectively,

a2sol = A2 − π , (E41)

a4sol = A4 − π , (E42)

a6sol = A6 − π . (E43)

These three equations are, in fact, still functions of a2, a4,
and a6, which means we can define the following three
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functions and set them equal to zero:

eq1 = a2 − a2sol, (E44)

eq2 = a4 − a4sol, (E45)

eq3 = a6 − a6sol. (E46)

Equations (E44)–(E46) fully define the base cell and can be
reduced to the following quadratically nonlinear equations,
using a Taylor expansion:

0 = −a0 − 3a1

2
− a2 − a3

2
+ a5

2
− a7

2
+ d1 + d3

a0a3

2
− a0a7

2
− a0d0

2
− a0d2

2
+ a0d4

2

+a0d6

2
+ a2

1

8
+ a1a3

2
− a1a7

4
− a1d1

2

−3a1d2

4
+ a1d4

2
+ a1d6

4
− a2

3

8

−a3a5

4
+ a3a7

2
− a3d2

4
− a3d3

2
− a3d4

2

−a3d6

4
− a2

5

8
+ a5d2

4
− a5d4

2

+a5d5

2
+ a5d6

4
− 3a2

7

8
− a7d2

4

+a7d4

2
+ 3a7d6

4
+ a7d7

2
− d1d2 + d2d3, (E47)

0 = +a0 + a1 − a3 − a4 − a5 + a7

a0a1

2
− a0a3

2
− a0a5

2
+ a0a7

2
+ a0d2 − a0d6

+a2
1

4
− a1a3

2
− a1a5

2
+ a1a7

2
+ 3a1d2

2

−a1d6

2
+ a2

3

4
+ a3a5

2
− a3a7

2
+ a3d2

2

+a3d6

2
+ a2

5

4
− a5a7

2
− a5d2

2
− a5d6

2

+a2
7

4
+ a7d2

2
− 3a7d6

2
, (E48)

0 = −a0 − a1

2
+ a3

2
− a5

2
− a6 − 3a7

2
+ d5 + d7

−a0a1

2
+ a0a5

2
+ a0d0

2
− a0d2

2
− a0d4

2

+a0d6

2
− 3a2

1

8
+ a1a5

2
− a1a7

4
+ a1d1

2

−3a1d2

4
− a1d4

2
+ a1d6

4
− a2

3

8
− a3a5

4

−a3d2

4
+ a3d3

2
+ a3d4

2
− a3d6

4
− a2

5

8

+a5a7

2
+ a5d2

4
+ a5d4

2
− a5d5

2
+ a5d6

4

+a2
7

8
− a7d2

4
− a7d4

2
+ 3a7d6

4
− a7d7

2
−d5d6 + d6d7, (E49)

where linear terms are highlighted in black and quadratic
terms in blue. The linear solution without quadratic terms
is given in Eqs. (A1)–(A3).

2. Hexagonal cell

In this appendix, we provide the analytical breakdown of
a regular hexagonal unit cell, as shown in Fig. 8(b). This
cell is completed defined by 12 variables: the angles a0–a5
in radians, and distortions in the directions of the orange
arrows, d0–d5. Here a0–a5 are defined positive for increas-
ing internal angles, and d0–d7 are defined between ±1,
with 0 undistorted and ±1 on the undistorted neighboring
nodes.

The cell can be reduced to three equations following
the approach given by Eqs. (E50)–(E106). The cell is then
defined exclusively by Eqs. (E104)–(E106), which depend
on ai and di. It is possible to solve for any three unknowns
in ai and di, given the other nine variables by setting Eqs.
(E104)–(E106) equal to zero.

We start by defining the undistorted angle between two
gray lines Ab, coming from node 6,

Ab = π/3, (E50)

and the undeformed lengths between the center and the
corners,

L0−6,b = 1 + d0, (E51)

L1−6,b = 1 + d1, (E52)

L2−6,b = 1 + d2, (E53)

L3−6,b = 1 + d3, (E54)

L4−6,b = 1 + d4, (E55)

L5−6,b = 1 + d5. (E56)

We can then use the cosine rule,

c2 = a2 + b2 − 2 · a · b · cos(C), (E57)

to define the lengths of the members, which does not
change when the unit cell is deformed, also as a function
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of a0−5 and d0−5:

L0−1 =
√

L0−6,b
2 + L1−6,b

2 − 2 · L0−6,b · L1−6,b · cos(Ab)),
(E58)

L1−2 =
√

L1−6,b
2 + L2−6,b

2 − 2 · L1−6,b · L2−6,b · cos(Ab)),
(E59)

L2−3 =
√

L2−6,b
2 + L3−6,b

2 − 2 · L2−6,b · L3−6,b · cos(Ab)),
(E60)

L3−4 =
√

L3−6,b
2 + L4−6,b

2 − 2 · L3−6,b · L4−6,b · cos(Ab)),
(E61)

L4−5 =
√

L4−6,b
2 + L5−6,b

2 − 2 · L4−6,b · L5−6,b · cos(Ab)),
(E62)

L5−0 =
√

L5−6,b
2 + L0−6,b

2 − 2 · L5−6,b · L0−6,b · cos(Ab)).
(E63)

We can then use the law of sines,

a
sin(A)

= b
sin(B)

= c
sin(C)

, (E64)

and the definition of angles Ai into its subangles Ai,j to
define the various internal angles as follows:

A0,0,b = Ab/L0−1 · L1−6,b, (E65)

A0,1,b = Ab/L5−0 · L5−6,b, (E66)

A0,b = A0,0,b + A0,1,b, (E67)

A1,0,b = Ab/L1−2 · L2−6,b, (E68)

A1,1,b = Ab/L0−1 · L0−6,b, (E69)

A1,b = A1,0,b + A1,1,b, (E70)

A2,0,b = Ab/L2−3 · L3−6,b, (E71)

A2,1,b = Ab/L1−2 · L1−6,b, (E72)

A2,b = A2,0,b + A2,1,b, (E73)

A3,0,b = Ab/L3−4 · L4−6,b, (E74)

A3,1,b = Ab/L2−3 · L2−6,b, (E75)

A3,b = A3,0,b + A3,1,b, (E76)

A4,0,b = Ab/L4−5 · L5−6,b, (E77)

A4,1,b = Ab/L3−4 · L3−6,b, (E78)

A4,b = A4,0,b + A4,1,b, (E79)

A5,0,b = Ab/L5−0 · L0−6,b, (E80)

A5,1,b = Ab/L4−5 · L4−6,b, (E81)

A5,b = A5,0,b + A5,1,b. (E82)

The even-numbered full angles are defined as follows with
respect to their undeformed configuration:

A0 = A0,b + a0, (E83)

A2 = A2,b + a2, (E84)

A4 = A4,b + a4. (E85)

The length of the cyan lines in Fig. 8(b) can then be
calculated using the cosine rule:

L1−5 =
√

L0−1
2 + L5−0

2 − 2 · L0−1 · L5−0 · cos(A0)),
(E86)

L1−3 =
√

L1−2
2 + L2−3

2 − 2 · L1−2 · L2−3 · cos(A2)),
(E87)

L3−5 =
√

L3−4
2 + L4−5

2 − 2 · L3−4 · L4−5 · cos(A4)).
(E88)

The remaining three angular deformations, a1, a3, a5 can
then be calculated using these previously defined even full
angles and lengths:

A1,4 = A2/L1−3 · L2−3, (E89)

A1,5 = cos−1
(

L1−5
2 + L1−3

2 − L3−5
2

2 · L1−5 · L1−3

)
, (E90)

A1,6 = A0/L1−5 · L5−0, (E91)

A1 = A1,4 + A1,5 + A1,6, (E92)

a1,sol = A1 − A1,b, (E93)

A3,4 = A4/L3−5 · L4−5, (E94)

A3,5 = cos−1
(

L1−3
2 + L3−5

2 − L1−5
2

2 · L3−5 · L1−3

)
, (E95)

A3,6 = A2/L1−3 · L1−2, (E96)

A3 = A3,4 + A3,5 + A3,6, (E97)

a3,sol = A3 − A3,b, (E98)

A5,4 = A0/L1−5 · L0−1, (E99)

A5,5 = cos−1
(

L1−5
2 + L3−5

2 − L1−3
2

2 · L1−5 · L3−5

)
, (E100)

A5,6 = A4/L3−5 · L3−4, (E101)

A5 = A5,4 + A5,5 + A5,6 (E102)

,a5,sol = A5 − A5,b. (E103)

064013-11



DAVID M.J. DYKSTRA and CORENTIN COULAIS PHYS. REV. APPLIED 22, 064013 (2024)

The solution for a1, a3, a5 can be rewritten as the following
three equations, which can be set equal to zero:

eq1,h = a1 − a1,sol, (E104)

eq2,h = a3 − a3,sol, (E105)

eq3,h = a5 − a5,sol. (E106)

Equations (E104)–(E106) can be exactly solved and
reduced to the following linear equations:

0 = −πa0

9
− a0

6
+

√
3a0

3
− a1 − πa2

9
− a2

6
+

√
3a2

3
+ a4

3
−

√
3πd0

9
− πd0

9
−

√
3d0

6
+

π2d0

27
− π2d1

27
−

√
3d1

6
+ 5πd1

18
−

√
3πd2

9
−

πd2

9
−

√
3d2

6
+ π2d2

27
− π2d3

54
+ πd3

36
+

√
3d3

12
+

√
3πd3

9
− πd4

9
+

√
3d4

3
− π2d5

54
+

πd5

36
+

√
3d5

12
+

√
3πd5

9
− π

3
+ 4

√
3π

9
,

(E107)

0 = a0

3
− πa2

9
− a2

6
+

√
3a2

3
− a3 − πa4

9
−

a4

6
+

√
3a4

3
− πd0

9
+

√
3d0

3
− π2d1

54
+

πd1

36
+

√
3d1

12
+

√
3πd1

9
−

√
3πd2

9
− πd2

9
−

√
3d2

6
+ π2d2

27
− π2d3

27
−

√
3d3

6
+ 5πd3

18
−

√
3πd4

9
− πd4

9
−

√
3d4

6
+ π2d4

27
− π2d5

54
+

πd5

36
+

√
3d5

12
+

√
3πd5

9
− π

3
+ 4

√
3π

9
,

(E108)

0 = −πa0

9
− a0

6
+

√
3a0

3
+ a2

3
− πa4

9
− a4

6
+

√
3a4

3
− a5 −

√
3πd0

9
− πd0

9
−

√
3d0

6
+ π2d0

27
−

π2d1

54
+ πd1

36
+

√
3d1

12
+

√
3πd1

9
− πd2

9
+

√
3d2

3
− π2d3

54
+ πd3

36
+

√
3d3

12
+

√
3πd3

9
−

√
3πd4

9
− πd4

9
−

√
3d4

6
+ π2d4

27
− π2d5

27
−

√
3d5

6
+ 5πd5

18
− π

3
+ 4

√
3π

9
. (E109)

This solution is significantly longer than Eqs. (A1)–(A3)
as there are no right or straight angles so less terms cancel
out.
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