
APPENDIX B

Mathematical function to fit the

particle size distribution of vesicles

In Chapter 4, we have used a mathematical function to describes the relationship
between the concentration and diameter of vesicles. To select the mathematical
function that optimally describes the particle size distribution (PSD), we have
fitted the PSD of the vesicle standard as measured by transmission electron mi-
croscopy (TEM) and tunable resistive pulse sensing (TRPS) with six empirical
functions that are frequently used to describe PSDs of particles in suspension
[155]: the exponential function, the Gamma function, the Lorentzian function, the
power-law function, the Weibull distribution, and the log-normal distribution. We
selected TEM and TRPS as the most accurate methods to determine the PSD of
vesicles. The exponential function is given by

C(d) = ce−bd (B.1)

where C is the concentration of vesicles as function of the diameter d, c is a scale
factor for the particle concentration, and b is a fit parameter. The exponential
function becomes a Gamma function by adding an extra slope parameter a:

C(d) = cdae−bd (B.2)

The Lorentzian function is given by

C(d) =
2Ctot
π

w

4(d− dc)2 + w2
(B.3)

where Ctot is the total concentration, and dc and w specify the location of the
peak and the full width at half maximum of the distribution, respectively. The
power-law function is given by

C(d) = k

(
d

d0

)−m
(B.4)

where k has the same dimension as C and m is a non-dimensional constant. Pa-
rameter d0 ≡ 1 and has the same dimension as d to create a dimensionally homo-
geneous equation. The Weibull distribution is given by

C(d) =
ca

b

(
d− ds
b

)a−1
exp

[
−
(
d− ds
b

)a]
(B.5)
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where c is a scale factor for the particle concentration, a is a non-dimensional
constant, and ds is the smallest particle diameter of the distribution. Parameter
b has the same dimension as d to create a dimensionally homogeneous equation.
The log-normal distribution is given by

C(d) =
Ctot√
2πσd

exp− ln(d/µ)2

2σ2
(B.6)

where Ctot is the total concentration, and µ and σ are the mean and standard
deviation of the natural logarithm of the distribution, respectively.

The PSD of vesicles is an asymmetrical distribution, but the Lorentzian func-
tion is symmetrical, the exponential function, Gamma function, and power-law
function diverge as the particle size tends to 0, and the Weibull distribution di-
verges as the particles size tends to ds. Thus, the shape of these functions differs
from the shape of the PSD of vesicles. However, these functions can still be used
to describe a part of the PSD. In fact, for all methods except TEM the full PSD
is not measured due to the presence of vesicles that are smaller than the lower de-
tection limit. Therefore, functions are fitted to data on the right-hand side of the
peaks only. Fitting was done by taking the natural logarithm of both the function
and the data and performing a least square fit. Fig. B.1 shows the PSD of the
vesicle standard measured by TEM and TRPS fitted by an exponential function,
a Gamma function, a Lorentzian function, a power-law function, and a Weibull
distribution. Fig. B.2A shows the PSD of the vesicle standard measured by TEM
fitted by a log-normal distribution. Due to the “long tail” at the right-hand side
of the log-normal distribution, the fit did not converge for data on he right-hand
side of the peak. Therefore, the log-normal distribution is fitted to the full PSD
obtained by TEM only, since the PSD by TEM is not affected by the lower de-
tection limit. The obtained fit parameters are listed in Table B.1. To determine
the goodness-of-fit, the reduced χ2 and the adjusted R2 were calculated for each
fit and listed in Table B.2 .

Best fits were obtained with the Gamma function, power-law function, and
the Weibull distribution. For further analysis, we selected the power-law function,
since it is least susceptible to the minimal detectable vesicle size and it has the
least fit parameters. To show that the power-law function is not only applicable to
fit the PSD of the vesicle standard, we have applied it to vesicles from plasma. Fig.
B.2B shows that also the PSD of vesicles from platelet poor plasma as measured
by TRPS can be well-described by a power-law function.

To show that the detected concentrations of vesicles in Fig. 4.4 where primarily
determined by the minimum detectable vesicle size, we have calculated the vesi-
cle concentration of the power-law fit of TRPS between the minimum detectable
vesicle size of each method and 800 nm. Table B.3 shows the actual detected vesi-
cle concentration and the concentration expected from the minimum detectable
vesicle size. For all methods except TEM, the expected concentration was within
40% of the detected concentration, confirming that the detected concentrations
were primarily determined by the minimum detectable vesicle size. With TEM,
the detected concentration is affected by the binding efficiency.
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Figure B.1: Particle size distribution of the vesicle standard measured by transmission
electron microscopy (TEM) and tunable resistive pulse sensing (TRPS) fitted by (A,B)
an exponential function, (C,D) a Gamma function, (E,F) a Lorentzian function, (G,H)
a power-law function, and (I,J) a Weibull distribution.
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Figure B.2: (A) Particle size distribution of the vesicle standard measured by transmis-
sion electron microscopy (TEM) and fitted by a log-normal distribution. (B) Particle
size distribution of vesicles from platelet poor plasma measured by tunable resistive pulse
sensing (TRPS) and fitted by a power-law function using fit parameters k = 4.520 · 1021

and m = 5.938, giving a χ2
red of 0.14 and a R2

adj of 0.97.

Table B.1: Parameters used to fit the particle size distribution of the vesicle standard
measured by transmission electron microscopy (TEM) and tunable resistive pulse sens-
ing (TRPS) with an exponential function, a Gamma function, a Lorentzian function, a
power-law function, a Weibull distribution, and a log-normal distribution.

Function Parameter TEM TRPS

Exponential function b 2.389 · 10−2 2.079 ·10−2

c 3.416 · 108 2.050 ·109

Gamma function a -2.229 -4.371
b 9.040 · 10−3 -1.870 · 10−3

c 1.929 · 1012 1.666 · 1017

Lorentzian function Ctot 9.201 · 109 5.824 · 1010

dc 30.04 77.34
w 56.43 28.95

Power-law function k 2.494 · 1014 3.992 · 1016

m 3.508 4.024
Weibull distribution a 6.199 · 1012 7.279 · 1010

b 0.1977 10.05
c 0.3400 0.5294
ds -13.18 66.28

Log-normal distribution Ctot 9.676 · 109

µ 0.6284
σ 48.99

Parameters are explained throughout the text.
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Table B.2: Results of goodness-of-fit tests applied to fitting a function to the PSD of the
vesicle standard as measured by transmission electron microscopy (TEM) and tunable
resistive pulse sensing (TRPS).

TEM TRPS
Function χ2

red R2
adj χ2

red R2
adj

Exponential function 0.16 0.96 0.39 0.89
Gamma function 0.07 0.98 0.23 0.93
Lorentzian function 0.20 0.95 0.30 0.92
Power-law function 0.10 0.97 0.23 0.94
Weibull distribution 0.07 0.98 0.24 0.93
Log-normal distribution 0.20 0.97

χ2
red, reduced χ2; R2

adj, adjusted R2.

Table B.3: Total concentration of vesicles from urine as detected by transmission electron
microscopy (TEM), conventional flow cytometry, dedicated flow cytometry, nanoparticle
tracking analysis (NTA), and tunable resistive pulse sensing (TRPS) and the expected
concentration calculated by bounding the power-law fit of TRPS on urine vesicles between
the minimum detectable vesicle size and 800 nm.

Method Smallest
detectable vesicle

size (nm)

Detected
concentration

(vesicles mL−1)

Expected
concentration

(vesicles mL−1)

Ratio (-)

TEM 40 1.2 · 109 1.8 · 1010 0.1
Conventional flow cytometry 340 1.6 · 107 2.7 · 107 0.6
Dedicated flow cytometry 160 3.3 · 108 2.8 · 108 1.2
NTA 70 4.6 · 109 3.4 · 109 1.3
TRPS 60 5.0 · 109 5.5 · 109 0.9
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