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1. Crystal structures

Table S1. Crystal structure data used in DFT calculations.

Material

Lattice, 
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group

Primitive lattice 
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constants 
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2 ,0)
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2. Derivation of the carrier multiplication rate
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The carrier multiplication (CM) rate, also known as the impact ionization rate, is calculated 

from Fermi’s Golden Rule.3–9 The rate for a carrier decaying from the state with index 1 to 

state 1', while exciting an electron from state 2 to 2' is then

𝑟𝐶𝑀(1,2;1′,2′) =
2𝜋
ℏ 𝑇(1,2;1′,2′)𝛿(Δ𝐸1′,2′,1,2) (S1)

where  is the Dirac delta function with the energy difference between final and 𝛿(Δ𝐸1′,2′,1,2)

initial states given by . The factor  consists of the Δ𝐸1′,2′,1,2 = 𝐸1′ + 𝐸2′ ― 𝐸1 ― 𝐸2 𝑇(1,2;1′,2′)

direct and exchange matrix elements of the Coulomb operator involving the initial and final 

electronic states.10,11 Each state in eq S1 and below is defined by a crystal momentum and band 

index. For instance, the label 1 is implies that the crystal momentum is  and the band index 𝒌1

is .𝜈1

To calculate the total CM rate, , for a primary electron in state 1, the rates for 𝑅𝐶𝑀(1)

all possible CM decay pathways need to be calculated and summed, i.e., 𝑅1
𝐶𝑀 = ∑

2
∑

1′
∑

2′𝑟𝐶𝑀

. As discussed in the main text, we replace the Dirac delta function in eq S1 by a top-(1,2;1′,2′)

hat function divided by , and we introduce the function  defined in eq 4 in 2𝜀𝑡𝑜𝑙 𝐼(𝐸1,𝐸1′,𝐸2,𝐸2′)

the main text to fulfill energy conservation requirements of CM. This then yields the total CM 

rate 
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 𝑅1
𝐶𝑀 =

2𝜋
ℏ ∑

𝒌2
∑

𝒌1′
∑

𝒌2′
∑

𝜈2
∑

𝜈1′
∑

𝜈2′
𝑇(1,2;1′,2′)𝛿𝑮, 𝒌1′ + 𝒌2′ ―  𝒌1 ― 𝒌2

Θ(Δ𝐸1′,2′,1,2,𝜖𝑡𝑜𝑙)

2𝜀𝑡𝑜𝑙
𝐼(𝐸1,𝐸1′,𝐸2,𝐸2′) (S2)

where the Kronecker delta function ensures conservation of crystal momentum. Following 

previous studies6,8,9,12–18 we neglect the dependence of the Coulomb matrix elements on the 

initial and final states. We can then define  and take this factor out of the 𝑇(1,2;1′,2′) ≡ 𝑇𝐶𝑀

summation in eq S2. Using the definition of  in eq 2 of the main text then allows us to 𝑁1
𝐶𝑀

write the CM rate as 

 𝑅1
𝐶𝑀 =

2𝜋
ℏ 𝑇𝐶𝑀𝑁1

𝐶𝑀 ≡ 𝐹𝐶𝑀𝑁1
𝐶𝑀

(S3)

with the prefactor . As discussed in the main text below eq 2, the value of  𝐹𝐶𝑀 =
2𝜋
ℏ 𝑇𝐶𝑀𝑛𝑘

2 𝑁1
𝐶𝑀

corresponds to the fraction of all  final states 1' and 2' per unit energy that can be reached 𝑛𝑘
2

by CM for each combination of band indices .  is thus proportional to the hypothetical 𝜐𝑖 𝐹𝐶𝑀

CM rate for one combination of band indices  without the constraints of conservation of 𝜐𝑖

crystal momentum and energy, i.e., all  pathways are included. The proportionality constant 𝑛𝑘
2

between  and the hypothetical rate is the inverse of the energy unit of the tolerance interval 𝐹𝐶𝑀

for energy conservation (  which is electronvolt in our work.  Hence, the unit of  is 2𝜀𝑡𝑜𝑙), 𝐹𝐶𝑀

eV/s and the unit of   is eV. For a carrier in the initial state 1 the ratio of the CM and 𝐹𝐶𝑀 𝑅𝑐𝑜𝑜𝑙

cooling rates is . This ratio is indeed dimensionless, since the dimension of  𝐹𝐶𝑀𝑁1
𝐶𝑀 𝑅𝑐𝑜𝑜𝑙 𝑁1

𝐶𝑀
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is eV-1 due to the presence of the energy normalized top-hat function , see eq Θ(ΔE,εtol) 2𝜀𝑡𝑜𝑙

(2) in the main text. Note that an increase in  implies an increase of the volume, since 𝑛𝑘 𝑉 = 𝑛𝑘

, where  is the volume of the unit cell. Since  is normalized to  only, its dimension 𝑉𝑢𝑐 𝑉𝑢𝑐 𝑁1
𝐶𝑀 𝑛𝑘

2

does not contain a volume factor.

As discussed in the main text, the top-hat function  is used to relax energy Θ(ΔE,εtol)

conservation. As a consequence, the number of CM pathways that satisfy the relaxed energy 

conservation rule, will scale with the value that is chosen for . If it is assumed that the 𝜀𝑡𝑜𝑙

density of final states does not change significantly within an interval of ( ), i.e. ― εtol,εtol 𝜌(𝐸𝑓)

 for , where  is a constant, then the number of final states is calculated = 𝜌𝑓 ― 𝜀𝑡𝑜𝑙 ≤ 𝐸𝑓 ≤ 𝜀𝑡𝑜𝑙 𝜌𝑓

from . The number of final states thus scales with a factor of  𝑛𝑓 = ∫𝜀𝑡𝑜𝑙

― 𝜀𝑡𝑜𝑙
𝜌𝑓𝑑Ef = 2𝜀𝑡𝑜𝑙𝜌𝑓 2𝜀𝑡𝑜𝑙

when  is introduced. To correct for this, the normalization factor  is included in Θ(ΔE,εtol)
1

2𝜀𝑡𝑜𝑙

eq 2 of the main text. To verify that the value of  was sufficiently small so that  can be 𝜀𝑡𝑜𝑙 𝜌𝑓

considered constant, we calculated  for PbS, using 30 meV and 60 meV as values for . 𝑁𝐶𝑀 𝜀𝑡𝑜𝑙

As can be seen from Figure S1 and Table S1, the prefactor  indeed ensures that  does 
1

2𝜀𝑡𝑜𝑙
𝑁𝐶𝑀

not depend on . 𝜀𝑡𝑜𝑙
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Figure S1. Left panel:  calculated for PbS, using values 30 meV and 60 meV for , and 𝑁𝐶𝑀 𝜀𝑡𝑜𝑙

the fitted cures with the fitting parameters given in Table S2. Right panel:  calculated for 𝑁𝐶𝑀

PbS from k-point grids: 8x8x8 (red), 10x10x10 (yellow), 12x12x12 (green), 14x14x14 

(cyan), 16x16x16 (blue).

Table S2. The fitting parameters obtained from fitting eq 11 of the main text to the calculated 

 data for PbS in Figure S1.𝑁𝐶𝑀

Material A (eV-1) P

PbS (  30 meV)𝜀𝑡𝑜𝑙 = 2.3429 ⋅ 10 ―8 6.126

PbS (  60 meV)𝜀𝑡𝑜𝑙 = 2.3420 ⋅ 10 ―8 6.128
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Figure S2 – Experimental and calculated quantum yield with varying  from 1 to 106 𝐹𝐶𝑀/𝑅𝑐𝑜𝑜𝑙

for (a) MoTe2
19,20, (b) PbS21, and (c) PbSe21. The darkness of the dots representing the 

calculated quantum yields increases as the value of  goes up. For MoTe2 the PIA,19 𝐹𝐶𝑀/𝑅𝑐𝑜𝑜𝑙

PIB19 and THz20 shown as purple, blue, and green symbols, respectively. For PbS and PbSe, 

the THz measurements21 are shown as blue symbols.

  

Figure S3 – (a) Calculated  as function of energy on logarithmic scale. (b) Experimental 𝑁𝐶𝑀

quantum yield as function of energy for MoTe2
19,20, PbS21, and PbSe21.
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Figure S4. Box plots showing the distribution of  for electrons and holes for MoTe2, PbS 𝑁𝐶𝑀

and PbSe on energy intervals of 0.1 eV. The colored boxes depict the range between the first 

to the third quartile of the calculated  distribution for the electrons (blue) and holes (red). 𝑁𝐶𝑀

The circles depict the mean for the electrons (filled) and holes (empty) and the horizontal 

lines indicates the median. The whiskers extend from the minimum to the maximum values 

of  𝑁𝐶𝑀
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