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Chapterr  2 
Two-momentt  and Boltzmann neutrino 
transport t 
Wee present a study of numerical neutrino transport, using both a direct and an approximative 
method.. The direct solution of the neutrino transport equation is obtained with a discrete or-
dinatee (SN) "Boltzmann solver". Two-moment transport is the approximative approach. With 
thee direct solution of the Boltzmann equation at hand we study the applicability of two-moment 
neutrinoo transport by performing transport calculations in a typical supernova environment. 
Testingg different closure relations, we find that two-moment transport with the Maximum En-
tropyy closure provides a good approximation to the radiation field calculated with the Boltz-
mannn solver. In addition to "weak" equivalence of the first three angular moments of the neu-
trinoo distribution, we test "strong equivalence" of the Maximum Entropy model distribution 
withh the angular dependence obtained with the discrete ordinate method. 

2.11 Introductio n 

Inn numerical core collapse calculations, the two-moment equations plus closure are a computa-
tionall  low budget alternative to the transport equation (section 1.2). With two-moment transport, 
completee knowledge of the angular dependence of the radiation field is sacrificed. Instead, one 
contentss oneself with a description of the radiation field through its first three angular moments. 
Wee consider stationary neutrino transport, and the mathematical formulation of the problem 
iss then to find the solution F{r, //) of the stationary state Boltzmann equation (cf. Eq.(1.4)), 
writtenn here in conservative form, 

^d^drr(r(r
22f)f) + iaM([ l - fi2]F)  = /ca(6 - T) + «.(e - T) + h^ef , (2.1) 

andd the solution {e(r), ƒ (r), p(r)} of the two-moment equations 

i a r ( r 2e /)) = Ka(b-e) , 

-rd-rdrr(r(r
22ep)ep) + — — = - («a + rcs - s) e ƒ 

rr  r 
pluss a closure 

P=p(e,f)P=p(e,f) , (2.4) 

bothh in spherical symmetry. Equations (2.2)-(2.3) follow from Eq.(2.1) after integration over 
polarr angle, i ƒ dp fj,^0'1^. The angular moments of the radiation field are the occupation density 

e(r)) = i / dtif(r,n) , (2.5) 

(2.2) ) 

(2.3) ) 
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thee flux ratio ƒ, defined by 

e{r)f{r)e{r)f{r)  = ij_ dupFfap) , (2.6) 

andd the Eddington factor p, 

f+i f+i 
e{r)p{r)e{r)p{r)  = \j tfc ,i2 :F(r,/*) . (2.7) 

Thee opacities in the Boltzmann and two-moment equations are absorption, Ka(r), and scattering, 
KKss(r),(r), «s0")> with t ne last one representing an anisotropic scattering contribution. The neutrino 
equilibriumm distribution, 6, is equal to i J**  d/j-F° = F°, with T* defined by Eq.(1.19). All 
quantities ,̂, e, ƒ, p, b, /ca, KS, ks) depend on neutrino energy u>, but this dependence has been 
suppressedd in the notation. 

Too what extent the two-moment equations provide a reasonable alternative to the Boltzmann 
equationn depends on the closure p(e, ƒ), which is the free parameter in the two-moment theory, 
andd as such is often denoted as "variable Eddington factor" (e.g. Mihalas & Mihalas 1984). 
Givenn as a function of the lower two angular moments, its task is to connect two limiting regimes 
off  the radiation flow: diffusion and radial free streaming. Static diffusion is characterised by 
pp = i and a small flux ratio (ƒ < 1) that obeys the diffusion limit, 

11 dre(r) 
ff  = -*( . \ - \ . (2-8) 

inn accordance with Eq.1.33. Free streaming occurs when radiation travels unhindered into 
emptyy space, and will reach ƒ = 1, p = 1 far away from the emitting source. The character 
off  a particular closure is decisive in between those two limits, where radiation decouples from 
thee matter environment. Different closures yield different solutions, and the differences become 
apparentt in the decoupling region. An accurate description of the radiation field is vital there, 
becausee it is the crucial region for energy exchange in the neutrino driven supernova mecha-
nism. . 

Thee main purpose of this work is to test the applicability of two-moment transport (TMT) 
byy confronting it with a solution of the Boltzmann equation. To this end, a numerical Boltz-
mannn solver a la Lathrop & Carlson (1967) was developed. It is a discrete ordinate (5^) method, 
designedd in particular to guarantee particle number conservation. The method is described in 
sectionn 2.3. The numerical details of the two-moment code are given in 3.A of Chapter 3. Neu-
trinoo transport is investigated in two matter backgrounds representing different stages of iron 
coree collapse, of which the results are presented in sections 2.5-2.7. Four different closures, 
whichh are described in thee following section, will be investigated. 

2.22 Closures 

Theree is no such thing as the "correct" closure. At most, one may strive for a closure which 
iss able to describe the radiation field "as well as possible" in a given transport problem. The 
easiestt way to go about is to adopt an ad hoc relation, like the closure in section 2.2.4 that re-
sultss from Wilson's flux limiter (Wilson 1974, Wilson et al. 1975). Alternatively, the closure 
cann be derived by assuming a certain angular dependence T(n) = \&(/x) of the distribution 
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function,, after which Eqs.(2.5)-(2.7) provide the closure. How to arrive at a specific angular 
dependencee for *(/x) is again a matter of choice. An appealing approach is to derive the an-
gularr dependence from a basic principle, which is how the Maximum Entropy closure (MEC) 
(Cernohorskyy et al. 1998, Janka et al. 1992, Cernohorsky & Bludman 1994) and the Levermore 
&&  Pomraning closure (Levermore & Pomraning 1981), in sections 2.2.1 and 2.2.2 respectively, 
havee been obtained. Still another way is to derive the closure from direct neutrino transport 
calculations.. Using Monte Carlo techniques to calculate the neutrino radiation field in different 
protoo neutron star models, Janka (1990, 1991), constructed several closures, of which the one 
listedd in section 2.2.3 was used in this chapter. More closures can be found in the literature 
(Levermoree 1984), but for neutrino transport in core collapse calculations, only the standard 
closuress of Wilson and Levermore & Pomraning have been used (as flux limiters in FLD). 

Iff  two-moment transport with a given closure is to be an option in neutrino transport, the 
TMTT solution {e(r), ƒ (r), p{r)}  should approximate, as closely as possible, the angular mo-
mentss of the exact distribution T, for each point in space and for every neutrino energy. Cer-
nohorskyy & Bludman (1994) state that beyond this "weak equivalence" of the first three angular 
moments,, a "strong equivalence" of a given model distribution *(jt ) to the exact distribution 
T{p)T{p) might also be considered. That is, one might ask to what approximation the equality 

*( r , / i )«^(r , , i )) (2.9) 

holds.. For the Maximum Entropy closure, strong equivalence is considered in section 2.6. 

2.2.11 Maximum Entropy Closure 

Thee use of a maximum entropy principle to derive a closure is due to Minerbo (1978), who 
appliedd it to photon transport. From the principle, a maximum entropy angular distribution, 
^MECAOO is derived from which the closure follows by taking the angular moments (2.5-2.6). 
Cernohorskyy et al. (1989) applied the formalism to fermion statistics: by maximising the spec-
trall  entropy functional 

dix[flnf+{l-dix[flnf+{l-  :F ) ln ( l - ƒ")] , (2.10) 

underr the constraints that e and ƒ be given by Eqs.(2.5) and (2.6), one obtains the following 
maximumm entropy form for the angular dependence of the distribution function: 

F(riF(ri  = *m(n1r},a)= eV_al  + 1 , (2.11) 

wheree r\ and o are the Lagrange multipliers. The closure is derived from the definition, Eq.(2.7), 
off  the Eddington factor. Using the maximum entropy distribution ^ME^» 7̂, a) in that equation, 
wee have p(r), a) in terms of rj  and a. With ^ME(M, *?, «) substituted in Eqs.(2.5) and (2.6), e and 
ƒƒ are also functions of rj  and a. The closure is formally obtained by inversion of e(r], a) and 
ƒƒ (rj, a) to express the Lagrange multipliers in terms of e and f',rj = r](e, ƒ) and o = a(e, ƒ). 
Thee latter are used to write the closure in the desired form p — p  ̂ — PME(C, ƒ). Unlike any 
otherr closure, ME is a two-dimensional closure with explicit dependence on the occupation 
densityy e. All other closures have the Eddington factor p as a function of the flux ratio ƒ. 

Inn general, the functional form, Eq.(2.11) does not allow analytic expressions for the in-
versionn 77(e, ƒ) and o(e, ƒ). For this reason, the maximum entropy distribution was considered 
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(A) ) P M B = 3 + ^^ £ -X[T^-.)  (2-12) 

originallyy in an approximation that could be connected with the Levermore & Pomraning clo-
sure;; see section 2.2.2. Janka et al. (1992) explored the nature of the maximum entropy closure 
byy performing the inversion rj  - r;(e,/) and a = a(e, ƒ) numerically. They noted that the 
numericall  inversion was too time consuming for ME to be very useful in transport calculations. 
However,, the inversion became redundant when Cemohorsky & Bludman (1994) found a closed 
formm for the variable Eddington factor p^fe, ƒ): 

__ 1 , 2 ( l - e ) ( l - 2 e) 
ii  — 

Thee function x is defined as 

X{x)X{x) = l-3x/q(x) , (2.13) 

inn which q(x) is the inverse of the Langevin function x = cothg - \/q. The lowest-order 
polynomiall  approximation to Eq.(2.13), which has the correct behaviour in the free-streaming 
andd diffusive limits and contains no free parameters, is 

X{x)X{x) = x 2 ( 3 -x + 3x2)/5 , (2.14) 

andd is at least 2% accurate. With the polynomial approximation, the maximum entropy closure 
iss suitable for two-moment transport, because inversion of the Langevin function is bypassed. 
Figuree 2.1 shows p^ie, ƒ) as a function of flux ratio ƒ at several fixed e-values. An actual 
solutionn {e(r), f(r), p(r)} of TMT will not follow any of these curves, because e(r) varies 
withh radius. 

AA limiting case of the maximum entropy distribution is obtained for 

limm *M/^MM ) = { ? 7*  <ƒ< *  (2.15) 

Fuu (1987) calls this "angular degeneracy", in analogy with degeneracy due to T -*  0 of the 
Fermi-function,, Eq.(1.19) in energy space, where states below the Fermi-surface are fully oc-
cupied,, while for lima —>  oo, angular states above fjt0 are filled. Janka et al. (1992) also 
referr to it as "maximum packing" ; all radiation is packed in a cone with an opening angle 
#minn = arccos ^o- Substituting *MP in the angular moment definitions, Eqs.(2.5)-(2.7), gives, re-
spectively,, e = i ( l - /io), ƒ = i ( l + fia), p = i ( l -|- /i0 + /ij,). A maximum packing relation, 
Pup(f)Pup(f) is readily derived: 

PMp(/)) = i ( l - 2 / + 4/2) . (2.16) 

Thee maximum packing relation, pm{ ƒ) marks one boundary of the maximum entropy closure 
PME(e,, ƒ) in f-p space. In Fig. 2.1, p^lf) is the lower fat curve above which all pyj^ej) 
trajectoriess lie. Although the relation p^if) provides a closure in principle, its use in TMT is 
nott recommended because, in our experience, the results are inaccurate. 

Thee other boundary of ME is set by the limit TJ > 1 + \a\, for which the distribution becomes 
#MEE » e~^~atlK which is the low density limit of small e values. The integrals Eqs.(2.6) and 
(2.7)) can be performed analytically and lead to Minerbo's closure Pta(f) (Minerbo 1978), 

PM.. = l - 2 / / o , (2.17) 
ƒƒ = c o t h a - 1 /a . (2.18) 

(2.19) ) 

Thiss closure is shown as the upper fat curve in Fig.2.1, and, together with the maximum packing 
curvee PMP{I), marks the domain of MEC in p -f space. 
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Figuree 2.1: Closures. Solid curves denote maximum entropy closure Eddington factors p(e, ƒ) 
versuss flux ratio ƒ at fixed e-values. The two fat curves mark the boundaries of the maximum 
entropyy closure. The upper fat curve is the low density limit e = 0, the lower one is the maximum 
packingg curve, Eq.(2.16). In between lie, with solid gray lines, from top to bottom, e = 0.3 to 
ee = 0.9 in steps of Ae = 0.2. The dashed-dotted curve is Janka's Monte Carlo closure MCC, 
thee dash-triple-dotted line is Wilsons minimal closure BMC, and dotted is LPC, the Levermore & 
Pomraningg closure. 

2.2.22 Levermore & Pomraning closure 

Anotherr case to consider is the maximum entropy distribution, Eq.(2.11), in the regime |o| <C 1, 
forr which 

^ME(M )) « 'M/ O = 
1 1 

ei(ll  - afj.) + 1 
(2.20) ) 

Itt is then easy to show (Cernohorsky et al. 1989) that this function gives rise to the closure 
PP = Pwif), parametrised by 

Puu = ƒ coth R 

ƒƒ = cothR-l/R , 
(2.21) ) 

(2.22) ) 

withh R = ea exp 77. The closure corresponds with the flux limiter of Levermore & Pomraning 
(1981). . 

Shortcomingss of LPC were outlined by Körner & Janka (1992) and Smit et al. (1997, Chap-
terr 3): PLP(/) does not contain a so-called critical point and therefore pushes ƒ -> 1 too rapidly 
inn regions where the opacity drops to low values. Related to this, it is noted that, although radial 
freee streaming is approached as required by ƒ -*  1, Pu>(/) ->  1, the way in which this limit is 
approachedd is incorrect, as we will now discuss. Anile et al. (1990) showed that the speed of 
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lightt puts a constraint on the radial free streaming limit in the following way: 

^ l / = ii  = 2  (2.23) 

Thiss constraint is supplementary to the set Eqs.(1.28-1.30), but has practically always escaped 
attention.. For the LPC closure, one finds 

jj-\f=ijj-\f=i  = l , (2.24) 

whichh is a factor of two below the required value, and explains why in Figure 2.1, p^(f) lies 
welll  above the other closures. 

Thee maximum entropy closure on the other hand has the correct limiting behaviour. For 
bothh the maximum packing relation pw(/) and the Minerbo closure Pm(f)f it is found that 
Eq.(2.23)) is satisfied, and hence, it also holds for p^fc, ƒ) (see also the slope of Pw(e, ƒ) near 
ƒƒ = linFig.2.1). 

Itt is emphasised that only for a < 1, in the near isotropic limit with / « 0 , LPC agrees with 
MEC,, see Fig.2.1. Although LPC is derived by assuming a < 1, the assumption no longer holds 
awayy from isotropy. This itself is not problematic, but it may cause the underlying distribution, 
^ ( / i ) ,, to exceed unity. In the case of fermions, this presents an internal inconsistency (Janka 
ett al. 1992). To prevent it, one must impose \a\ < 1, but a is not controllable. From a given 
solutionn of two-moment transport, we may work backwards to find ^„(/x , »?, a) by inverting 
e(77,, o) and ƒ (77, a), and check if *u, < 1 or |a| < 1, but a priori measures cannot be undertaken. 
Withh *„(/* ) in Eq.(2.5), one finds 

aa = (coth R - e/R)~l . (2.25) 

So,, at a given R, a exceeds unity when e > elim, with 

elim== R coth R~R . (2.26) 

Withh ƒ (R) given by Eq.(2.22), a parametric constraint eiim(/) limits e at a given ƒ value. For 
aa neutrino transport solution this means that e(r) must drop off sufficiently rapid in the outer 
regionss where ƒ(r) increases, or else the solution is inconsistent with the fermionic nature of 
thee radiation. 

2.2.33 Janka's Monte Carlo closure 

Jankaa (1991, 1992) performed extensive Monte Carlo calculations of neutrino transport in typ-
icall  hot neutron star environments. From these results, he made several analytic fits p(f) to 
energyy averaged transport data. The fits were parametrised as 

PMC(/)) = \[  1 + a fm + (2 - a) fn} (2.27) 

andd different of sets (a, m, n) were provided. If we insist on the correct free streaming be-
haviour,, Eq.(2.23), the fit  parameters should be related by 

amam + (2 - a)n = 6 . (2.28) 

Thiss relation is not exactly satisfied by the parameters listed in Janka (1991), but the deviations 
aree not very large, 20% at most. We picked the set (a = 0.5, m = 1.3064, n = 4.1342), 
correspondingg with electron-type neutrinos in a background model which resembles the one 
usedd here. The closure is denoted as MCC and is shown in Fig.2.1 with a dash-dotted line. 
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2.2.44 Wilsons closure 

Thee closure denoted here as "Wilsons closure" (WMC) was presented in Wilson et al. (1975) 
fluxflux limiter in FLD (see also Wilson 1974, Bowers & Wilson 1982a). Closures and flux lim-
iterss can be mapped onto one another via Levermore's (1984) prescription, as explained and 
explicitlyy shown for Wilsons flux limiter in section 1.4. Wilson's flux limiter is 

A < * > = r hh  <2-29) 

andd the corresponding closure is 

P™{f)P™{f) = l-U + f2  (2.30) 

Bowerss & Wilson (1982a) denote this flux limiter as a "minimal" flux limiter, because it is 
aa minimal prescription that satisfies Eqs.(1.36)-(1.37). With dp^^jdf |/=i = 5/3, it not does 
fullyy satisfy the constraint (2.23). Unlike LPC and MCC, J>WM(/) has a minimum, (see the 
dash-triple-dottedd line in Fig.2.1). The closure has been used in numerical simulations of gravi-
ationall  collapse by Bowers & Wilson (1982b), Wilson (1975,1985), Bruenn (1975,1985), and 
Mezzacappaa & Bruenn (1993a, 1993c). 

2.33 Discrete Ordinate Method 
Thee numerical method used in this work to solve the Boltzmann equation is adopted from Lath-
ropp & Carlson (1967), who designed it for neutron transport in reactor physics and nuclear 
bombs.. The method has been applied to stationary state neutrino transport in supernova mod-
elss by Yueh & Buchler (1977) and, more recently, by Mezzacappa & Bruenn (1993a,b,c) in 
dynamicall  core collapse simulations. 

2.3.11 Grid 

Thee distribution function is sampled on a grid of Nr radial cells and N  ̂angular cells: F{r, /i) -»
^i+i j+i ,, i = 1, /; j ; = 1, N. The half integer index indicates mat T is sampled at the center 
off  the cells. The radial cells are bounded by Nr +1 cell surfaces at radii n , i = 1, Nr +1, with 
r\r\  = 0 the center and rx+i indicating the surface of the star. The weight of a radial cell is its 
volumee Vi+ i = \it (rf+l  - rf). The angular grid consists of ATM discrete (cell centered) angles 
{MJ+II  } I J = 1, Np- The angles have associated angular weights {wi+1}, which may be used to 
definee the angles of the angular cell-surfaces: /iJ+i = y,k + wj+ i, with iix = - 1 . The weights 
replacee the differential "d/T in angular integrations. For example, the discretised version of the 
angularr moments, Eqs.(2.5)-(2.7), are computed with 

{ei+i,(e/)i+i,(ep)i+i }}  = * X > i + i { l,^ + i ,^ 2
+,} ^ i+ i J+i . (2.31) 

j= i i 

Too set up the angular grid {ii i+ i, wj+1}, it is convenient to use Gauss-Legendre quadrature 
(e.g.,, Hildebrand, 1956) with an even number of angles. It has the desirable properties 

5 E « H " J i i f ll = {1' 0'5>  (2-32> 
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Whenn !F = is isotropic, this guarantees that fi+1 = 0, and pi+ i = |, in agreement with the 
analyticc requirements. 

Becausee non-conservative scattering, redistributing energy, is ignored in this chapter, neu-
trinoo transport can be treated monochromatically and the energy dependence of the radiation 
fieldfield acts merely as a label on different solutions of the transport equation. This is why it has 
beenn ignored in the notation. To include it, an extra index is attached to the distribution func-
tion,, T(r,n, u) -¥ ^r

i+ i )J+i 7fc+i . Similar to the angular grid, a number of N„  energies iük+i 
coveringg the energy range [0, oo], and associated weights Wk+i, are chosen in accordance with 
Gauss-Laguerree quadrature. 

2.3.22 Discrete Boltzmann 

Thee form of the finite differenced Boltzmann equation is inspired by what is obtained from 
integratingg the transport equation Eq.(2.1) over a finite angle-space cell of volume V,, i and 
widthh Wj+i. Applying the operator Ait fT

i+1 drr2 f£j+1 dp, to Eq.(2.1), the result is written as 

wwj+j+ $V$Vi+i+ ii  [(K.6 + K,e)i+i +/x i + i («gc/)i + i - (K. + 4 + . ^ + I ^ I ] 

i=l,Ni=l,N rr,j,j = l,Nll , (2.33) 

wheree A{ = 4nr2 is the area. Key point in Lathrop & Carlsons method is the treatment of the 
angularr derivative, the second term in the above equation. The a-coefficients in the derivative 
termm are given by the recursive relation 

aai+y+li+y+l  - aiHj = - J ' J 2(Ai+1 " A) (2.34) 

and d 

o^+i,!!  = ai + i  tN+l = 0 . (2.35) 

Withh the a's defined this way, the discrete Boltzmann-equation is a true statement of particle 
conservation.. Applying the operator Y,k=it0 Eq.(2.33), the angular derivative cancels identi-
cally,, and one finds 

(A(Ai+li+l (ef)(ef)i+li+l  - Ai{ef)i) = ^ («.)«+*&+i - ei+ i) , (2.36) 

whichh is the discrete formulation of Eq.(2.2), the spectral energy balance equation (cf. Eq.(3.39) 
inn the next chapter). Applying subsequently the operator YXLix t 0 m e I88*  equation gives an 
integrall  statement of particle conservation, 

«I I 

(A(Ai2+1i2+1(ef)(ef)i2+li2+l  - ^ ( e / k) = £ K+4 Mi+ i(bi+ i - ei+ i) , (2.37) 
t=»i i 

withh only surface contributions of the flux. 
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Equationn (2.33) contains more equations than unknowns, because we introduced Ti + i , 
definedd on the radial cell-surface, and also TiJr\ j , on the angular cell-surface. To relate these 
too ^ + i J + i , we use, inspired by Mezzacappa & Bruenn (1993b), the relations 

FFi+i+ ii J+J+  = Pi+ifij +i + (l-0i+ i+lJ+ i, ^ + i < 0 (2.38) 

^ i+j j+ jj  = (l-0i+ iJ+L+0i+Lfi+l j+i2, M J +i > 0 (2.39) 

and d 

^ + ii  J +i = (1 - %+i)F i+ ij  + 7f c + i ^ + i J +1 (2.40) 

Forr 0i+  = 0.5,7J+1 = 0.5, this produces the original diamond relations of Lathrop & Carlson. 
However,, the coefficients P are not taken constant over the grid, but given by 

,, i (ri+i - r * K + i 

withh K = Ka + KS- This way, the correct diffusion limit is obtained in thick cells (fii+ i -» £), 
whilee in transparent zones (J3i+i -+ 1), fi+ iMi remains positive (see Duderstadt &2Martin 
(1979),, and Mezzacappa & Bruenn (1993b) for a discussion on this point). In most of our 
work,, we used yj+ i = 1, in line with Mezzacappa & Bruenn (1993b), but occasionally we set 
7J+11 =0.5 for second order accuracy. 

Althoughh similar, the relations (2.39)-(2.40) differ from the expressions in Mezzacappa 
&&  Bruenn (1993b). Our relations follow the original concept of Carlson (1967) to express 
Fi+kj+%Fi+kj+%  as averages of cell-surface values, whereas Mezzacappa & Bruenn work the other 
wayy round by expressing PiJ+i and fi+ i j in terms of Fi+ i  J+1 in order to eliminate the cell 
surfacee terms from the transport equation. Our approach requires that an additional equation 
mustt be supplied for either fid=l or Titj=M+u  corresponding with angles /i = - 1 , +1. Along 
thesee rays, there is no angular shift due to streaming, and the lhs of Eq.(2.1) becomes fidrT . 
Wee chose \i = — 1 and write for the discrete Boltzmann equation: 

{{~~1]1] r ^ ' l - r / ' 1 = [(K>b + K* eïi+k + (-l)(^ef)i+ i - (/ca + Ks)i+iJFi+i (1] 

**  = l,Wr  (2.42) 

Ass before, ^i+i ^ is expressed in terms of F^: 

^ + 1 ,!!  = ft+j*.,,  + (1 - A + i ) ^ + i , i  (2.43) 

Notee that, if 7J+1 = 1, information contained in this angle is not carried onto other angles at 
all;; the angle may be disregardedd altogether. 

Finally,, boundary conditions must be specified. At the outer boundary, r = R, we have no 
incomingg radiation: 

ii  = 0, 3 = 1, N„/2, and Fi=Nr+l>1  = 0 . (2.44) 

Att the center, r = 0, we insist on spherical symmetry by 

J W M W22 = ^ = u +i J = 1, NJ2 . (2.45) 
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Figuree 2.2: Background models MO (solid lines) and WW1 (dashed). Shown are, as a function 
off  enclosed mass M, from left to right, top down, the radius r(M), density p(M), temperature 
T(M),T(M), electron fraction YC(M), and infall velocity v(M). 

Thee set of equations to be solved ultimately, comprises Eq.(2.33), Eq.(2.40), Eq.(2.42) and 
thee boundary conditions. In Eq.(2.33) and in the lhs of Eq.(2.40), Ti+ ik+i is eliminated via 
Eqs.(2.39)) and (2.39), and Ti+ i%l is eliminated in Eq.(2.42) with Eq.(2^43)? The angular mo-
mentss in Eq.(2.33), given by Eq.(2.31), are also expressed as sums over ^ij+i this way. The 
solutionn vector is the set {Tij+  T^, ^Fi+kj), to be solved simultaneously at all gridpoints 
andd angles. This involves one single matrix inversion, which can be rather huge, but it avoids 
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havingg to use an iterative scheme for the scattering source function. After the solution has been 
obtained,, Eqs.(2.39)-(2.39) are used to find ^ + i ( J t +i . 

Forr a spectral solution TiJr \ j+1 jJfc+1, a loop over the k index encloses the entire procedure. 

2.44 Background model 
Mostt transport calculations in this chapter were performed on a matter background denoted as 
"modell  MO", shown in Fig.2.2. Model MO has also been used in Chapter 3. It is a tri-polytrope 
representingg a hot proto neutron star in the cooling phase after collapse and core-bounce have 
ocurred.. We focus on model MO, because the neutrino transport plays a pivotal role during 
thee cooling phase in the delayed explosion mechanism (Wilson 1985, Bethe & Wilson 1985), 
whenn a fraction of the neutrinos emitted from the proto neutron star are absorbed in the semi-
transpartentt region behind the stalled hydrodynamical shock, and, eventually, revive it (or not 
iff  the explosion fails). 

Inn section 2.7 we also briefly consider "model WW1", an iron core halfway in core-collapse 
(centrall  density pc = 8.8 x 1012 g cm"3), very similar to the one used in Chapter 4. It has been 
evolvedd (Smit 1996, unpublished) from an initial iron core at the center of a M = 12M0 red 
giantt of Woosley & Weaver (1995), and was kindly provided to us by S. Woosley. The evolution 
fromm the initial model with pc = 9.1 x 109 g cm-3 to WW1 was calculated with Newtonian 
hydrodynamicss coupled to two-moment neutrino transport using the maximum entropy closure 
(neutrino-electronn scattering was ignored in this hydrodynamical calculation). 

Lattimerr & Swesty's (1991) equation of state was used in both models. In model MO to 
fitfit  the pressure with the temperature, in model WW1 to fit  the energy equation by adjusting 
thee temperature. The equation of state determines the chemical composition (mass fractions of 
freee protons, neutrons, alpha particles and a typical nucleus) and chemical potentials, which are 
requiredd to determine neutrino opacities and the equilibrium distribution. 

2.55 Weak equivalence 
Neutrinoo transport is a spectral matter. To calculate luminosities and transfer rates, which are 
thee quantities of interest in hydrodynamics, or the emergent neutrino spectrum, the radiation 
fieldfield must be determined as a function of neutrino energy. Numerically this means that the 
distributionn function T{r, fi, w) and the angular moments e(r, CJ), ƒ (r, u>), and p(r, w) are to be 
calculatedd on a discrete energy grid. Thus, weak and strong equivalence should be considered in 
energyy as well as in the radial dimension. However, for a comparison of TMT with Boltzmann 
transport,, it is impractical to work in two dimensions at once. For the present purpose it is more 
convenientt to focus on a fixed neutrino energy. We single out o> = 8.1 MeV, which is roughly 
thee average energy of the neutrinos emerging from the background model MO described below. 
Thiss section and the next deal with this neutrino energy only. In section 2.7, a spectral analysis 
iss made of the Eddington factors. 

Inn all our discrete ordinate (SN) calculations, N = 64 angular bins were used. This amount 
iss necessary only to cover the outermost parts of the atmosphere, where the radiation becomes 
veryy forwardly peaked and piles up in the last few bins near \x = 1. 
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Figuree 2.3: Opacities «a, Kseff = «s — |«s (solid and dashed) in units cm-1, the LTE occupation 
densityy b (dotted), and the neutrino depth T (dash-dotted). All quantitiess correspond with neutrino 
energyy w = 8.1 MeV. The dip in Ka and hump in Ks,eff are caused by a change in chemical 
composition:: throughout the star, the nucleonic part of the matter is mostly in the form of free 
protonss and neutrons, but in the region 12 < r < 20 km, nucleons are practically all bound in 
nuclei. . 

2.5.11 Opacities 

Given,, as a function of radius, the opacities /ca(r), «s(r), ks(r), and the equilibrium distribution 
b(r),b(r), the 8.1 MeV solution of the transport equation (2.1) and the two-moment equations (2.2)-
(2.3)) are completely fixed. Figure 2.3 shows several of these quantities. The scattering opacities 
aree collected in an effective scattering opacity, rcs#eff = KS - i/cs, which is how they combine in 
thee two-moment equations. The figure also shows the radial "neutrino depth" 

/

^surface e 

dsds [  «a(s) + KS(S) - |KS(S) ] . (2.46) 

definedd as the neutrino analogue of optical depth. Loosely speaking, radiation is diffusive at 
largee depth, r > 1, it decouples from the matter at r « 1, and eventually, for r <C 1 travels 
unhindered.. Decoupling has the meaning here that the diffusion limit Eq.(2.8) no longer ap-
plies.. Thermal decoupling, e  ̂ b, may occur at a depth greater than unity, for example when 
scatteringg dominates. The figure shows that scattering dominates inside r ^ 20 km, while ab-
sorption/emissionn is more important further out. In the very transparent outer layers, scattering 
takess over again. 

2.5.22 Angular moments 

Thee results of w = 8.1 MeV transport calculations from SN and TMT with the MEC, MCC and 
LPCC closures are shown in Fig.2.4, displaying the angular moments e(r), ƒ (r) and p(r) versus 

 ^s.ef f 
TT N 
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aa 0.5 

Figuree 2.4: Stationary state neutrino transport results: angular moments e(r), ƒ (r), and p(r) 
forr neutrino energy w = 8.1 MeV. Solid line is the discrete ordinate SN solution, and dashed the 
two-momentt transport solution with MEC closure. The other two curves are two-moment results 
withh Janka's MCC (dash-dotted), Wilson's WMC (dash-triple-dotted) and the LPC (dotted). Flux 
ratioo ƒ (r) is plotted twice: on a linear scale (b), and a logarithmic scale (c). To show also the 
negativee fluxes that occur at r < 12 km, the absolute value is taken in (c), causing the dip near 
122 km. Frame (a) also displays the equilibrium function 6(r) with a thin solid line. 

radius.. Qualitatively, all four solutions display the same behaviour of the 8.1 MeV radiation 
field:: Below r w 20 km, radiation follows equilibrium dictated by the matter, e(r) fa b(r), 
whilee the small flux ƒ (r) <C 1 and the Eddington factor p(r) « 1/3, indicate that radiation is 
diffusive.. At larger radii, r > 20 km, e is no longer equal to b, p ^ |, and on a linear scale, 
ƒƒ begins to differ from zero noticeably. From an eye-on inspection of Fig.2.4a-d it is hard to 
judgee which of the two-moment solutions is in better agreement with SN, except that the LPC 
solutionn is clearly worse as the surface is approached. We will proceed with a more quantitative 
comparison. . 

Comparingg the e(r) profiles of SN and TMT, good agreement is found for MEC, MCC and 
WMCC closures, which cannot be distinguished from SN in Fig.2.4a. The largest deviation of 
TMT-MECC is 6% (larger) at r = 41 km, for TMT-MCC it is 6% (smaller) at r = 31 km, and for 
TMT-WMCC 9% (larger) at r = 39 km, all with respect to SN- For LPC, differences are much 
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largerr and amount to a 30% deficit at the surface. 
Lookingg at f(r) and p(r) in Figs.2.4b-d, differences between various solutions become 

apparentt in the semi-transparent layer, most obviously in the case of the LPC solution. LPC 
reachess parallel free streaming, ƒ —>  1 and p —>• 1 at the surface, where the other solutions 
havee ƒ and p still well below these limiting values. The tendency of the LPC closure to push 
towardss a purely radial flow (/,p -> 1) too rapidly was discussed by Janka (1990, 1992) and 
Körnerr & Janka (1992). Smit et al. (1996, Chapter 3) explain that this is due to the fact that 
thee LPC closure Pu>( ƒ) does not contain a critical point, whereby the two-moment solution is 
forcedd to a radial flow in regions where the opacities are low. An additional point of criticism 
iss that the TMT-LPC solution obtained here does not satisfy the fermion-constraint discussed in 
sectionn 2.2.2 anywhere in the iron core, i.e., the occupation density e(r) exceeds eum given by 
Eq.(2.26)) at all radii. 

Forr ƒ (r) and p(r), there iss again a fairly good agreement between 5V and TMT with all clo
suress except LPC, although larger differences are observed than in the case of e(r). Neverthe
less,, these differences are too small to stand out clearly in the plots. The flux ratio f^r) com
putedd with MEC, is found to approximate fSN (r) better than 9% at radii larger than r £ 25 km. 
Beloww this radius, the overall difference is in the range 10-20%, but at the transition point 
rr  = 20 km, we even have fm/fsN = 0.6. Such a difference is somewhat unexpected, because 
itt occurs at relatively large neutrino depth r = 5.5, where p « i (by 0.02%) suggests a high 
degreee of isotropy. According to standard wisdom, the flux is then given given by Eq.(2.8). 
Thiss is actually not the case, as will be discussed in section 2.6.1. The MCC and WMC flux 
ratios,, f  ̂ and /WM, practically coincide with MEC at r < 17 km, but in the semi-transparent 
regionn and out to the surface, they differ from MEC and each other. The magnitude by which 
theyy differ from fSy is in the same range as was found for f^. At the worst point of MEC, 
rr  = 20 km, the TMT-WMC solution has /WM//SN = 0.8, in better agreement with SN than 
TMT-MEC,, while TMT-MCC and TMT-LPC give f^f fs„  = /u>//s„ = 0.4, which is worse. 
Nearr the surface, / ^ and fSN practically coincide. 

Figuree 2.4d shows that just beyond the transition point r = 20 km, the Eddington factors 
p(r)p(r) begin to visibly deviate from p — , and, for different solutions, also from each other. 
Thee most remakable feature is that pSw(r), p^ir)  and PWM(»~) drop below i at radii 20 < r < 
311 km. This is impossible for the one-dimensional closures MCC and LPC, while the MEC 
andd WMC solutions mimic it with a precision better than 2% and 5% respectively. However, 
forr WMC, p(f) < 1/3 is imposed by construction, whereas MEC contains it as a possible 
trajectoryy without actually being imposed. Finally, in Fig.2.4d, approaching free streaming, all 
two-momentt Eddington factors except LPC are close to the SN solution, with MEC providing 
aa slightly better fit. At the surface, MEC, MCC, WMC, and LPC deviate by 1, 2, 4 and 43% 
respectively. . 

Basedd on this monochromatic calculation, there is no clear indication to favour a particular 
closure,, although the numbers are slightly better for TMT-MEC. Mostly, TMT matches the 
discretee ordinate solution SN equally well with MEC, MCC or WMC closures. On the other 
hand,, TMT-LPC is clearly disfavoured, as was already anticipated in section 2.2.2. 

2.66 Strong Equivalence 

Thee solution of the transport equation, T(r, p), as a function of polar angle, has not been dis
cussedd so far. Strong equivalence applies if there is good correspondence between T{r, p) and 
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aa certain model distribution *(r, /J). Two closures, MEC and LPC, were derived from a model 
distribution.. We will consider only MEC, since LPC performed poorly, and strong equivalence 
willl not hold when weak equivalence has not been found. In the case of the maximum entropy 
closure,, the model distribution *ME(^ M> V, a) is a two-parameter function, where the parame
terss rj  and a are the Lagrange multipliers (see Eq.(2.11)). The function Vm(r, /x, 77, a), can be 
calculatedd a posteriori from a TMT-MEC calculation em(r), fm(r) by (numerical) inversion of 
thee set of equations 

11 f+1 

e**{r)e**{r)  = 2 dM*ME(r,/i,77,a) (2.47) 

11 f+1 

f*n{r)f*n{r)  = -z— / dnn^fM.(r,n,T],a) , (2.48) 
^CMEE J_I 

too obtain r?(e(r), ƒ (r)) and a(e(r), ƒ (r)) at a particular radius. 
Figuree 2.5 shows the discrete ordinate distribution T{r, /*) and ^^(r, a, 77, //) as a function 

off polar angle at six radial positions of decreasing neutrino depth in model MO at neutrino 
energyy u = 8.1 MeV. Note that Fig.2.5a displays not F and *ME, but their deviations from 
unity,, [1 - T(ii]\  and [1 - ^^(fi)]. Table 2.1 lists the values of a and rj  at these positions, and 
thee angular moments e, ƒ from both solutions. 

Figuree 2.5a shows that at very large neutrino depth, radiation is nearly isotropic. Both T 
andd ^ME deviate from unity by a minute fraction. Although the angular dependence is weak, the 
figurefigure displays text book diffusion: the distribution function is linear in the polar angle. As a 
result,, p = | , a n^ m e diffusion approximation, Eq.(2.8) holds to a high degree of accuracy. The 
diffusivee flux has negative sign (dre > 0), because model MO has neutrino degeneracy p.vfT 
increasingg with radius inside r < 13 km, and this makes drb > 0 (at these radii, e « b). The 
otherr frames (b-f) illustrate how, moving out to lower neutrino depth, radiation becomes more 
andd more forwardly peaked. In Table2.1, a increases with decreasing depth, and rj  changes from 
aa large negative to a large positive value. The MEC distribution *ME is point-symmetric around 
fj,fj, = no = 77/a, with angular states above \i = /i<j more populated than below. In frames c-e, ^0 

iss in the range — 1 < /io < 1, and can be associated with a real angle 6 = arccos (j®. The angle 
66 decreases outwards, in agreement with peaking of the radiation getting stronger. 

Deviationn from near isotropy is seen in frame (b) at neutrino depth r = 3, as well as non-
linearityy in the angular dependence, signaling the breakdown of the diffusion approximation. 

Wee do not observe effects of Fermi-blocking in angle space, as observed by Janka (1990) 
andd Janka et al. (1992) in Monte-Carlo calculations of neutrino transport. The profiles in frames 
(c-e)) are suggestive of such an effect (a left-right mirrored Fermi-function), but the blocking 
levell is lower than unity. Only if the blocking level is seen to be unity can we be sure that 
angularr Fermi-blocking is observed. From the set of graphs in Janka (1990, his figure 3.12), 
showing,, like our Fig.(2.5), the neutrino distribution in angle space at several radial positions, 
thee blocking level cannot be inferred because the data are averaged over neutrino energy and 
normalisedd with respect to the local neutrino density. Still, the sequence of profiles in Fig.(2.5) 
bearss a great likeness with those in Janka (1990), even though his sample is energy averaged 
andd the background models are not the same. 

Noww comparing SN and TMT-MEC, it is evident from Figure 2.5(a-f) that on the whole, 
^^(/•OO matches ^(/i) rather well. Considering that Vm is a two parameter function, it is quite 
remarkablee that it is able to reproduce the overall character of the radiation field, which changes 
fromm a simple linear dependence on polar angle to being highly forwardly peaked. 
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Figuree 2.5: Angular dependence of the u> = 8.1 MeV distribution function at six different po
sitionss in model M0. Solid line is T(r, /j.) from S/v transport, the dashed line is the maximum 
entropyy distribution *ME(r, r?, a, n) associated with MEC two-moment transport. The equilibrium 
valuee 6 is indicated with a dotted line. The successive plots are at radial positions r =8.6, 23, 29, 
32,, 38,55 km, with corresponding neutrino depthh r = 2.6 x 102, 2.9 x 10°, 6.4 x 10_1, 2.9 x 10~\ 
6.44 x 1(T2, 9.6 x 1(T6. Frame (a) shows [1 - F(JJ)] and [1 - *ME(A«)] (and [1 - 6]). 

2.6.11 A closer  look at the flux ratio 

Whenn the flux ratios of different transport calculations (Boltzmann and two-moment transport 
withh MEC, MCC, WMC, and LPC closures) were compared in section 2.5.2, a relatively large 
mismatchh was found at neutrino depth r much larger than unity. Figure 2.6a is a blowup of the 
regionn where this occurs, showing the flux ratio ƒ (r) at a function of neutrino depth r of all 
fourr transport solutions. Denoting the flux ratio ƒ computed with SN by / s„ and those of TMT 
usingg MEC, MCC and LPC closures likewise, it observed that 

fs„fs„ (T) W /WM > /ME(T) > / „C(T) » / „ ( T ) , (2.49) ) 

overr a range of depths covering r k, 3. We consider it to be a fluke that WMC agrees with SN 
ass well as it does, and are more concerned with the mismatch of other closures. The mismatch 
iss unexpected, because it occurs at quite large depth, where, as standard wisdom has it, the flux 
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Tablee 2.1: For six positions in the star shown in Fig.2.5, this table lists e and ƒ as obtained with 
thee SN method (second and third column) and the TMT method (fourth and fifth). The last three 
columnss list the Lagrange multipliers a and T] corresponding with a given TMT-MEC set (e, ƒ), 
andd the angle (MQ = r)/a> 

# # 
(a) ) 
(b) ) 
(c) ) 
(d) ) 
(e) ) 
(f) ) 

SN=20 SN=20 

e e 
1-4.077 10"5 

9.577 10"! 
6.655 10"! 
5.033 10"! 
3.033 10"! 
9.755 IQ"2 

ƒ ƒ 
-4.566 10~7 

1.700 10"2 
1.6410-1 1 
2.777 10"! 
5.088 10"! 
8.366 10-1 

TMT-MEC C 
e e 

1-4.0710"s s 

9.5710-i i 
6.5110"! ! 
4.9710"! ! 
3.122 10"! 
9.722 IQ"2 

ƒ ƒ 
-4.577 10~7 

1.622 10"2 
1.811 10"! 
2.988 10-i 
5.133 10-1 
8.599 10-i 

a a 
-3.377 10"2 
1.233 10° 
1.800 10° 
2.166 10° 
3.299 10° 
1.255 10+1 

V V 
-1.0110+i i 
-3.322 10° 
-7.8110"! ! 
1.744 10"2 
1.366 10° 
1.022 10+1 

A*o o 
3.00 10* 

-2.77 10° 
-4.33 10-1 

8.110~3 3 

4.110"1 1 

8.22 10-1 

iss given by the diffusion approximation, Eq.(2.8). Consequently, all solutions are expected to 
agree,, since both the Boltzmann equation and the two-moment equations have Eq.(2.8) in the 
p=p= \ limit. However, it turns out that the diffusion approximation is actually not approximating 
ƒƒ (r) so well at all. The solid line in Fig.2.6b is the ratio, /d» (T)/ƒ (r), of the diffusive flux over 
thee actual flux, using the SN results (i.e., f&s is calculated using, in Eq.(2.8), e(r) from SN 
transport).. Clearly, the diffusion approximation f^g deviates from the actual flux by a fair 
amountt at large depth. The mismatch stated in Eq.(2.49), and the "failure" of the diffusion 
approximationn are related, and are due to the fact that drp(r) is not negligible compared with 
ddrre(r).e(r). The basic step leading to the diffusive flux, Eq.(2.8), is to assume p «  (the diffusion 
approximation).. Assuming this, and only this, one arrives at 

/diff ''  = 
ddrr{ep) {ep) 

^ t aa -f- Ks jKs)6 
(2.50) ) 

Onlyy if drp is small compared with dre, does this equation produce the classical expression for 
thee diffusive flux. Now what happens at large depth? For this neutrino energy (u — 8.1 MeV), 
wee have e(r) « 1; energy states below the Fermi level are nearly completely filled because of 
degeneracy.. With e(r) andp(r) nearly constant, there is no guarantee that drp is small compared 
withh dre. The effect of a non-negligible drp is to either increase or decrease the flux. For SN, 
thee Eddington factor p(r) has a minimum near r = 27 km (see Fig.2.4d). In the approach to 
thiss minimum, drp < 0. According to Eq.(2.50), this produces a flux which is higher (dre is 
negative)) than the classical diffusion flux based onp = | and dTp = 0. This explains why 
/diff//sNN < 1 in Fig.2.6b. The dashed line in Fig.2.6b is ratio fm'/f, with fm> given by 
Eq.(2.50),, again for the SN calculation. It shows that f&tr  (r) is a better approximation for ƒ (r) 
thann /diff(r), which confirms that dTp is not small. 

Usingg the same arguments we can understand the differences between the SN and TMT 
fluxesfluxes in Fig.2.6a. At large depth, SN, TMT-MEC and TMT-WMC have drp < 0, and there
foree should, according to Eq.(2.50), have higher fluxes than TMT-MCC and LPC, which have 
ddTTpp > 0. This is just what is observed in Fig.2.6a. The larger flux of SN with respect to TMT-
MECC can be explained by a larger gradient of the Eddington factor, \drpSfl | > |drpMB|, and this 
inequivalencee is indeed confirmed by (but not visible in Fig.2.4d). 

Finally,, it is noted that the TMT-MCC and LPC fluxes, up to r w 1, almost precisely follow 
thee classical diffusion approximation (NB: /djff is calculated using, in Eq.(2.8), e(r) from TMT-



26 6 Two-momentt and Boltzmann neutrino transport 

Figuree 2.6: (a): Flux ratio ƒ versus neutrino depth r (w = 8.1 MeV), displaying a section 
155 < r < 27 of Fig.2.4c. The solid line is SN, dashed is MEC, dash-dotted MCC, dash-triple-
dottedd WMC, and dotted (overlapping with MCC) is LPC. (b): Ratio of approximate flux /app 

overr true SN flux, for the "classical" diffusive flux (solid line) given by Eq.(2.8), /app = fats, and 
forr /app = fatr (dashed line) given by Eq.(2.50). 

MCCC and TMT-LPC transport), meaning that these two closures incorrectly do have drp • 
thee region under discussion. 

Oin n 

2.77 Spectral Eddington factors 
Inn the previouss sections the focus was on a monochromatic solution of the neutrino Boltzmann 
andd two-moment equations. As remarked earlier, a comparison of the two should involve the 
energyy dependence of the radiation field, and TMT should provide an adequate approximation 
too the Boltzmann equation at more than one neutrino energy. 

Itt is not intended here to repeat the analysis of the previous sections that dealt with w = 
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Figuree 2.7: Eddington factors p(f) versus flux ratio ƒ of SN and TMT neutrino transport on 
modell M0, at four different energies (values are indicated in the figures). Solid lines correspond 
withh SN, dashed with two-moment MEC, dash-dotted with MCC, dash-triple dotted with WMC, 
andd dotted with LPC. 

8.11 MeV at multiple energies. However, the next chapter deals with w = 20.9 MeV in the 
samee background model M0 (but using a different kind of Boltzmann solving algorithm). From 
aa comparison of the angular moments, weak equivalence of the maximum entropy closure is 
establishedd at that energy also. A more direct test of TMT versus S  ̂ can be made by looking 
att the variable Eddington factor as a function of ƒ, like a one dimensional closure. The nature 
off the radiation field is for a large part contained in how p( ƒ) behaves as a function of ƒ alone. 
Thiss is clear, because if this relationship p(f) were known for the true radiation field, it could 
bee used in the two-moment equations to find the exact solutions e(r) and ƒ (r) (basically, this is 
thee two-moment-plus-closure concept reformulated). 

Inn Figure 2.7, p(f) trajectories are plotted for four neutrino energies: again w = 8.1 MeV, 
pluss one lower, and two higher energies. With respect to the one-dimensional closures MCC, 
BMCC en LPC, which are identical in all four plots, is clear that the SN Eddington trajectory, 
PsPsNN(f),(f), is different at each neutrino energy. The Eddington trajectories of TMT-MEC, pME{f), 
aree also different, and, due to the additional freedom that MEC has in f-p space, are able to 
followw psK (ƒ) more closely on average. Note in particular that TMT-MEC, in accordance with 
SSNN,, has a minimum in the Eddington trajectories of the lower two energies, while at the higher 
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twoo energies, TMT-MEC does not display it, again in agreement with SN. For ƒ > 0.5, all 
closuress except LPC have Eddington trajectories that agree with SN equally well. But at the 
highestt energy, u) = 111 MeV, it is actually the LPC closure that gives the best overall fit. 

Att this energy, the PME(/) curve of u = 111 MeV in Fig.2.7 coincides with the top fat curve 
inn Fig.2.1, the Minerbo closure pta(f) (section 2.2.1). Because the density of w = 111 MeV 
neutrinoss is very low in the atmosphere, MECC tunes to the Minerbo closure, which is the low 
densityy limit e -> 0 of the maximum entropy closure. For w = 111 MeV, the curve pSfl (ƒ) lies 
outsidee the dynamic range of MEC in f-p space. Cernohorsky & Bludman (1994) cfaim that 
fermionicc radiation should be confined to the (fermionic) MEC f-p domain. Here we see that 
thiss need not be so; there is no reason why a "real" neutrino radiation field should comply with 
aa (fermionic) maximum entropy principle in general. In fact, ps„  (ƒ) lies on what Cernohorsky 
&& Bludman denote as the Bose-Einstein surface, which is bounded by the Minerbo curve pw( ƒ) 
andd the Levermore & Pomraning curve p^if). 

Highh energy neutrinos in the semi-transparent regions have relatively small weight due to 
thee low abundance of such neutrinos. Deviations of TMT with respect to SN at these energies 
mayy thus not be so important. We check on this by considering the energy-averaged moments, 

JduufieMJduufieM f {r,utr) 
{Jh){Jh) /cWe(r,u,) ' ( Z 5 1 ) 

and d 

MM(r)(r)-fd»"-fd»"33e(r,u)p(r,uj) e(r,u)p(r,uj) 
W ** ' / < W e ( r , u ) * ( 2-52 ) 

Thee average Eddington factor (p) versus {ƒ) is shown in Fig.2.8a for SN and TMT with different 
closures.. For this exercise, all transport calculations were performed with 25 energy groups in 
thee range [0,250] MeV. Agreement between TMT-MEC and SN is excellent in this figure. At a 
givenn average flux (f), average TMT-MEC and SN Eddington factors differ from each other by 
33 % at most. The energy averaged TMT-MCC Eddington trajectory is just about as good, being 
withh 6% of SN. 

Backgroundd model MO is a single snapshot in the sequel of core collapse events. Weak 
equivalencee must apply at all times for TMT to be useful. Therefore we consider neutrino 
transportt in one more matter-background, model WW1, described in section 2.4, of which 
temperature,, density and other quantities are shown in Fig.2.2 (dashed lines). An additional 
reasonn is, that the atmosphere of model MO does not extend to very large radii (an artifact of the 
polytropicc model). As a result, we could not explore the entire f-p space. Calculations reached 
too ƒ = 0.9, p = 0.8, leaving a gap towards ƒ = p = 1, the radial streaming limit. 

Wee compare, as before, the energy averaged Eddington factors of transport results from SN 

andd TMT calculations. The neutrino energy range is lowered to 85 MeV (still using 25 bins) 
becausee model WW1 is less dense and cooler than model M0. Average Eddington factors are 
shownn in Fig.2.8b, and again we find good agreement between SN and TMT-MEC, with differ
encess between the two of 2% only, while TMT-MCC agrees to within 6%. The aforementioned 
"gap"" is bridged along the nearly linear track dfp\ / = 1 = 2 (with the exception of LPC). 

2.88 Conclusions 

Wee have computed numerical neutrino transport using two methods: a discrete ordinate method, 
SSNN,, to obtain a direct solution of the Boltzmann equation, and two-moment transport, TMT, 
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Figuree 2.8: Energy averaged Eddington factors (p) versus average flux ratio (ƒ) in model MO (a) 
andd model WW1 (b). Solid lines correspond with SN, dashed with two-moment MEC, dash-dotted 
withh MCC, dash-triple-dotted with WMC, and dotted with LPC. 

withh a variable Eddington factor. The two were compared by looking at the angular moments 
{e,, ƒ, p} (weak equivalence) of the radiation field T. Four different closures were used in 
TMT.. Three out of these four closures gave more or less the same accuracy in monochromatic 
{uj{uj  = 8.1 MeV) transport, with Maximum Entropy closure (MEC) being favoured slightly. 
Inn addition to weak equivalence, MEC displayed strong equivalence at this particular energy: 
thee maximum entropy distribution function, ^'ME(r,/x), as a function of polar angle, gave a 
reasonablee description of the radiation field F(r, //) calculated with the SN method. 

Spectrall solutions of SN showed that the Eddington trajectories p( ƒ) are different at differ
entt energies. One dimensional closures are unable to account for this, but PMEC(C, ƒ), a two-
dimensionall closure, has extra freedom in f-p space. For example, MEC can follow a p < 1/3 
trajectoryy which the Monte Carlo closure (MCC) cannot (see Fig.2.4d). The closure of Wilson, 
WMC,, does have a minimum where p < 1/3, but it will always invoke it in a TMT solution, 
whilee the actual radiation field may not display this feature (like u = 35 and 111 MeV in 
Fig.2.7). . 

Veryy good agreement between TMT-MEC and SN was found in the energy averaged Ed
dingtonn trajectories (p) versus (ƒ), indicating that the neutrino spectrum is on average well 
representedd by TMT-MEC. This was also found for TMT-MCC, but with TMT-MEC again be
ingg superior. Two background models, representing an early and a late stage of core collapse, 
displayedd this average weak equivalence of TMT-MEC/MCC and SN, and thus indicate that 
TMT-MEC/MCCC are likely to give an accurate representation of the neutrino radiation field 
duringg the entire core collapse scenario. 

Concluding,, with MEC and MCC closures, two-moment transport gave the best overall fit 
too the discrete ordinate SN solution. With a prejudice for things that can be derived from first 
principles,, we favour MEC over MCC. The use of the Levermore & Pomraning closure, which 
providess the standard flux limiter in current core collapse calculations, is not recommended. 

Alll foregoing conclusions are based on the tacit assumption that SN gives an exact repre
sentationn of the neutrino radiation field, and we looked upon differences between TMT and SN 

encounteredd in numerical calculations as being entirely due to the limitations of the closure. In 
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Figuree 2.9: Functions 1 - T{n), computed using two different "Boltzmann solvers"; the SN 
methodd (solid line), and a Feautrier FN method (dash-dotted). Dashed is 1 - 9ME(n) from TMT-
MEC.. The functions are sampled at a radius r = 13 km (depth r = 1.4 x 102) in model MO. 

thiss regard it may be instructive to take a look at Fig.2.9. The figure shows [1 - T{r, /i)] at 
rr  = 1 3 k m ( r = 1.4 x 102), computed with SN and also computed with a modified Feautrier-
methodd (see next chapter), which we denote as FN. The Feautrier method is also a discrete 
ordinatee method and as such equivalent to the SN method. The SN and FN computations 
shownn here were computed with TV = 20 angular bins. In the figure, a 13% mismatch between 
SSNN and FN is seen, and, furthermore, an almost perfect agreement between T{n) from FN 

andd *(/x) from TMT-MEC. Such better agreement between FN and TMT-MEC was found in 
thee entire diffusive zone. The reason we did not use FN throughout this work is because in 
ourr experience, FN is unreliable when the atmosphere is very extended. Then it gives rise to 
negativee values of the distribution function, and flux oscillations. For thin media, like the early 
collapsingg core, this renders FN useless. We do not wish to dwell upon the case; it is mentioned 
heree as a warning not to take the SN method as the mother of all Boltzmann solvers. 


