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A Additional empirical and simulation analy-
ses

The supplementary appendix consist of four parts. In Section A.1, a brief
empirical study is discussed which illustrates the robustness of our results
with respect to the manner in which the factors are extracted. Section A.2
contains a small simulation study which uses a fully speci�ed dynamic a¢ ne
term structure model (DATSM) to show that the size and power properties of
our test similarly result when the data is simulated from a DATSM. Section
B shows how our model relates to other models in the literature while Section
C contains proofs of Theorems in the main paper.
The empirical results and simulation settings involve the data similarly

used for the baseline model of Adrian et al. (2013), speci�cally, the zero-
coupon yield data compiled by Gürkaynak et al.(2007). Principal components
are extracted from the yields for maturities ranging from 3 to 120 months
over the sample period 1987:01-2011:12. The risk-free rate is determined
using the one-month yield.
Because the results in Sections A.1 and A.2 are qualitatively similar to

those in the main paper, we, for expository purposes, only included them in
the Online Supplementary Appendix.

A.1 Empirical results

Crump and Gospodinov (2022) raise caution with respect to the persistence
present in bond yields. They point at the resulting di¢ culty of principal
component extraction from the covariance matrix due to the risk of the cross-
sectional dependence erroneously favoring a lower dimensional factor space.
Their arguments are from the perspective of the covariance matrix, while we
highlight further complications in determining whether the factors are priced
correctly and can adequately span the expected (conditional) returns.
Crump and Gospodinov (2022) de�ne the, so-called, di¤erence return as

the return obtained from holding a long position in a bond with maturity n
and a short one in a bond with maturity (n�1): It can similarly be expressed
as the di¤erence in one-period (log) excess holding returns:

drt+1;n = rt+1;n � rt+1;n�1: (A.1)

Figure A.1 presents an overview of the data concerning the three involved risk
factors. Its �rst row shows the data from Adrian et al. (2013) with the yields,
excess returns and di¤erence returns for maturities up to 120 months (in an-
nualized percentages) in the three di¤erent columns. The second row shows
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the loadings of the di¤erent maturities for the �rst three principal compo-
nents. The third row shows the �rst three principal components themselves
while the fourth row shows the scree plot.
Figures A.2 and A.4 show the p-value plots for a single factor model when

using excess returns (Figure A.2) or di¤erence returns (Figure A.4) for the
risk premia on the respective principal component risk factor that result from
Wald (dash-dotted, red); FAR (solid); KLM (dashed) and JKLM (dotted)
tests.
Figures A.3 and A.5 show the 90%, 95% and 99% joint con�dence sets that

result for the two risk premia for a speci�c principal component risk factor
from the sFAR test when using two principal components as risk factors.
While the persistence and factor loadings that result for the di¤erent prin-

cipal components as risk factors shown in Figure A.1 can be rather di¤erent,
Figures A.2 and A.4 show that the 95% con�dence sets of the risk premia
for the 3-rd to 5-th principal components in a single factor model become
similarly unbounded when using the weak identi�cation robust KLM test
which indicates weak identi�cation of their risk premia. When comparing
with Figure 3 in the main paper, weak identi�cation seems more pronounced
for the risk factors extracted from the excess and di¤erence returns then
when extracted from yields.
Similarly Figures A.3 and A.5 show that the joint con�dence sets of the

risk premia on principal components in a two factor model can also be un-
bounded indicating weak identi�cation. These �gures are qualitatively simi-
lar to Figures 3, 7 and 8 in the main paper and show that weak identi�cation
remains an issue when extracting principal components from other represen-
tations then yields.
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Figure A.1: Top row: yields (1-st column), excess returns (2-nd column) and
di¤erence returns (3-rd column). Second row: loadings of the �rst three PCs of
yields (1-st), excess returns (2-nd) and di¤erence returns (3-rd). Third row: the
extracted �rst three PCs of yields (1-st), excess returns (2-nd) and di¤erence re-
turns (3-rd). Fourth row: scree plot of PCs extracted from yields (1-st), excess
returns (2-nd) and di¤erence returns (3-rd).
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Figure A.2: one-minus p-value curves of Wald (dash-dotted,red); FAR(solid);
KLM(dashed); JKLM(dotted) for testing �1 in a single factor model with dotted
line at 95%. The factors are the �rst �ve principal components generated using ex-
cess returns constructed with the cross-section of bond yields for maturities 3,� � � ,
120 months.
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Figure A.3: joint con�dence sets from the sFAR test for the two risk pre-
mia of the �rst of the two listed factors (extracted from excess returns) in a two
factor model. (yellow 90%, light green 95%, light blue 99%, dark blue area con-
tains the remaining values). Excess returns on bonds with maturities 3, 30, 60, 120
months are used. [p-value] of Kleibergen-Paap rank statistic testing H0:rank(�)=1
in square brackets.
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Figure A.4: one-minus p-value curves of Wald (dash-dotted,red); FAR(solid);
KLM(dashed); JKLM(dotted) for testing �1 in a single factor model with dotted
line at 95%. The factors are the �rst �ve principal components generated using
di¤erence returns constructed with the cross-section of bond yields for maturities
3, � � � , 120 months.
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Figure A.5: joint con�dence sets from the sFAR test for the two risk premia
of the �rst of the two listed factors (extracted from di¤erence returns) in a two
factor model. (yellow 90%, light green 95%, light blue 99%, dark blue area con-
tains the remaining values). Excess returns on bonds with maturities 3, 30, 60, 120
months are used. [p-value] of Kleibergen-Paap rank statistic testing H0:rank(�)=1
in square brackets.

A.2 Simulation exercises

Our additional simulation design primarily focuses on the cross-sectional
structure in the DGP and takes into account the extraction of the princi-
pal components as risk factors.
To capture the cross-sectional restrictions, we utilize cross-sectional recur-

sive restrictions to calibrate the parameters, as outlined in equations (25)-(28)
in Adrian et al. (2013):

An = An�1 +B0
n�1 (�� �0) +

1

2

�
B0
n�1�Bn�1 + �2

�
� �0;
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B0
n = B0

n�1 (�� �1)� �01; A0 = 0; B
0
0 = 0; �

(n) = B0
n:

We use these recursively de�ned parameters to obtain bond prices, yields and
excess returns as described in Adrian et al. (2013) so the (log-)price vectors
can be constructed as

P
(n)
t = An +B0

nXt + u
(n)
t ;

and the excess return rx(n�1)t+1 is set equal to P (n)t+1 � P
(n+1)
t � P

(1)
t so

rx
(n�1)
t+1 = An�1 +B0

n�1Xt+1 � An �B0
nXt + A1 +B0

1Xt + u
(n�1)
t+1 :

Our simulation design is then:

1. Calibrate the parameters to re�ect the cross-sectional structure.

2. For each iteration:

(a) Simulate for large values of the number of times T and maturities
N; a price vector to construct yields and excess returns. We use
T = 1000; N = 700 in our simulation exercise.

(b) Construct the principal components from the bond yields.

(c) Use a selected number of generated returns/factors (of smaller
N; T -dimensions) as the testing sample to obtain the test sta-
tistics. This step resembles the procedure utilized in Adrian et
al. (2013) because they use large cross-sectional data to generate
principal component factors and select a smaller sample of returns
for testing.

The simulation design incorporates the extraction of the principal com-
ponents during the simulation stage. At the same time, the cross-sectional
structure is preserved by the recursive restrictions over the calibrated para-
meters, where Bn are the factor loadings. We show that the factor structure
is retained by depicting the principal component factor loadings of the yields
and the estimates of �̂n resulting from regressing the generated excess returns
on the generated values of v̂t.
Below, we brie�y discuss the simulation results. We use a single-factor DGP
to illustrate the performance of the joint tests, and a two-factor DGP to
depict the performance of the subset tests.
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Figure A.6: (a), � = 0:9 and �01 = 0:001; (b), � = 0:9, �01 = 0:89, and
� = 0:1 � �̂, where �̂ is the estimate used in column (a). The remaining parameters
are calibrated to estimates from the �rst PCA factor and excess returns from Table
2. The �rst row displays recursive pricing parameters Bn for the two single-factor
DGPs for maturities up to 120 months. The second row shows the �rst PCA fac-
tor loadings based on the empirical covariance matrix constructed with simulated
yields. The third row plots regression coe¢ cients �̂ by regressing simulated ex-
cess returns on the �rst PCA factor extracted from simulated yields for N = 700

and T = 1000. The last row shows rejection frequencies of 5% signi�cance Wald
(dash-dotted, red), FAR (solid), KLM (dashed), and JKLM (dotted) tests of H0 :
�1 = 1 in a single factor model. The dotted vertical lines mark the position of the
tested value. The �rst PCA factor extracted from simulated yields is used as the
risk factor. Testing assets are simulated excess returns corresponding to maturities
6; 12; 24; � � � ; 120 months, N = 11; and T = 300.
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Figure A.6 shows the performance of the FAR, KLM, JKLM and Wald
tests for testing the risk premia in a single factor model. Rows 1-3 of Figure
A.6 show the dependence structure in the generated data imposed by the
model. Row 1 shows the imposed Bn parameters while row 2 shows the load-
ings of the principal components. These two rows show the clear di¤erence
between the strong factor structure setting in column 1 and the weak factor
structure in column 2. Row 3 shows that the estimated �n�s well represent
the structure of the Bn�s both under a strong and weak factor. Row 4 shows
the rejection frequencies of the di¤erent tests at the 5% signi�cance level.
It shows that the Wald test is size correct under a strong factor but size
distorted under a weak factor while the FAR, KLM, and JKLM tests are size
correct in both columns.
Figure A.7 shows the rejection frequencies of the sFAR and Wald tests

in weakly and strongly identi�ed settings in case of two factors. The �rst
row again displays the calibrated Bn used in the subset testing simulation
DGPs. It demonstrates the cross-sectional structure through the recursive
conditions. The �rst column of Figure A.7 is calibrated to the �rst two
principal components in Table 2 which therefore represents a strong factor
structure while the second column is calibrated to the �rst and �fth principal
component to illustrate a weak factor setting. Similar to Figure A.6, the
second and third rows of Figure A.7 show that the simulated data maintains
the cross-sectional patterns. The �fth row indicates that the sFAR test is
size-correct regardless of the strength of the factors, while the fourth row
reveals that the Wald test can be size-distorted when the factors exhibit small
correlations. Since the extracted principal components may di¤er from the
original factors in the DGP up to a rotational matrix, the null hypothesis we
test is based on the transformed �1 using the rotational matrix estimated by
regressing the extracted principal components on the Xt used in the DGPs.
The risk factors used for these tests are the �rst two principal components
extracted from the simulated yields. The excess returns used for the tests
have maturities of 6, 30, and 120 months with a sample size of T = 300.
Figure A.8 shows the contour-line at 0.05 of the power plots from Figure A.7.
It further shows the size correctness of the sFAR test since the contour line
coincides with the tested parameter value for the strongly identi�ed setting
while covering the whole area for the weakly identi�ed case. For the strongly
identi�ed case, the contour lines are either wide for the strongly identi�ed
case or not present because of size distortion for the weakly identi�ed case.
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Figure A.7: The �rst column (a) displays the strong factor case, while the
second column (b) shows the weak factor case. The �rst column is for a DGP
calibrated to the �rst two PCA factors and excess returns from Table 2. The sec-
ond column uses the �rst and �fth PCA factors. The �rst row has the recursive
pricing parameters Bn for maturities up to 120 months. The second row displays
the �rst two PCA factor loadings based on the empirical covariance matrix con-
structed with the simulated yields. The third row plots regression coe¢ cients �̂
of regressing the simulated excess returns on the �rst two PCA factors extracted
from the simulated yield, N = 700; T = 1000. The fourth row displays the power
surface of 5% signi�cance Wald tests with respect to the two risk premia of the
�rst factor in a two-factor model. The �fth row presents the power surfaces of
the 5% signi�cance sFAR tests. The dotted lines mark the positions of the tested
value of the risk premia.
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Figure A.8.: Power curves from Figure A.7 with their contours at 0.05: yel-
low, 1: dark blue and in between: light blue.
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B Allignment with other term structure mod-
els

The framework we use is comparable to other models, and our proposed tests
can be easily adapted to these models. We provide several examples.

B.1 Linear asset pricing models

With extra restrictions that � = 0; �1 = 0 and g(n�1)(�) is a constant function,
the �rst two equations in Assumption 2.1 are equivalent to the linear asset
pricing model from Kleibergen et al. (2022):

Xt = �+ vt;

rt+1;n�1 = c0 + �(n�1)
0
�0 + �(n�1)

0
vt+1 + et+1;n�1:

With non-zero �1, the latter equation would be

rt+1;n�1 = c0 + �(n�1)
0
(�0 + �1Xt) + �(n�1)

0
vt+1 + et+1;n�1;

which indicates our approach can be used for linear asset pricing models with
time-varying risk premia, �0 + �1Xt.

B.2 Dynamic a¢ ne term structure Models

B.2.1 Adrian et al. (2013)

This section discusses the basic framework of Adrian et al. (2013). Consider
a K � 1 vector of state variables Xt (VAR(1)):

Xt+1 = �+ �Xt + vt+1: (B.2)

The pricing kernel is assumed to be exponential a¢ ne in innovation factors
vt �i:i:d N(0;�v) such that

Mt+1 = exp
�
�rt � 1

2
�0t�t � �0t�

�1=2
v vt+1

�
;

where the market price of risk �t is also an a¢ ne function in Xt,

�t = �
�1=2
v (�0 + �1vt) : (B.3)

Adrian et al. (2013) employ, instead of yields, one-period excess holding
returns Rt+1;n := Rt+1;�n (Rt+1;�n denotes the log excess holding return of a
bond maturing in �n periods) for analysis:

Rt+1;�n = lnPt+1;�n � lnPt;�n+1 � rt;
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where rt = lnPt;1 represents the continuously compounded risk-free rate.
The property of the pricing kernel such that Pt;�n+1 = EMt+1Pt+1;�n implies
that

Et exp
�
Rt+1;�n � 1

2
�0t�t � �0t�

�1=2
v vt+1

�
= 1: (B.4)

From the moment generating function of a normal distribution and the as-
sumption that fRt+1; vt+1g are jointly normal,1 we know from (B.4) that

Et (Rt+1;� ) = Et

�
1
2
�0t�t + �0t�

�1=2
v vt+1

�
� 1

2
Var

�
Rt+1;� � �0t�

�1=2
v vt+1

�
= 1

2
�0t�t � 1

2
Var (Rt+1;� )� 1

2
Var

�
�0t�

�1=2
v vt+1

�
+ Cov

�
Rt+1;� ;

�
�0t�

�1=2
v vt+1

�0�
= Cov

�
Rt+1;� ; v

0
t+1�

�1=2
v �t

�
� 1

2
Var (Rt+1;� )

= �(�)
0
�
1=2
v �t � 1

2
Var (Rt+1;� )

= �(�)
0
(�0 + �1Xt)� 1

2
Var (Rt+1;� ) :

We can decompose unexplained returns into two parts: one explained by the
innovation shock (vt+1), the other by errors i.i.d e

(n�1)
t+1 orthogonal to vt+1

with variance �2 such that

Rt+1;� � Et (Rt+1;� ) = 

(�)0

t vt+1 + et+1;� ; (B.5)

fromwhich we know Cov
�
Rt+1;� ; v

0
t+1�

�1=2
v

�
= Cov

�


(�)0

t vt+1 + et+1;� ; v
0
t+1�

�1=2
v

�
=



(�)0

t �
1=2
v and thus 
(�)

0

t = Cov
�
Rt+1;� ; v

0
t+1�

�1=2
v

�
�
�1=2
v = �

(�)0

t , and then

Var (Rt+1;� ) = Var
�


(�)0

t vt+1 + et+1;�

�
= �

(�)0

t �v�
(�)0

t + �2e. The above results

imply that from (B.5) we have,

Rt+1;� = Et (Rt+1;� ) + 

(�)0

t vt+1 + et+1;�
= �(�)

0
(�0 + �1Xt)� 1

2
Var (Rt+1;� ) + �(�)

0
vt+1 + et+1;�

= �(�)
0
(�0 + �1Xt)� 1

2

�
�
(�)0

t �v�
(n�1)0
t + �2e

�
+ �(�)

0
vt+1 + et+1;� ;

which coresponds to the second equation in Assumption 2.1.

B.2.2 Adrian et al. (2015)

Adrian et al. (2015) consider a less restricted model setting with a di¤erent
pricing kernel speci�cation. The model closely resembles a¢ ne term structure

1E
�
et

0(X+Y )
�
= et

0�X+Y +
1
2 t

0�X+Y t
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models, and it takes into account the unspanned factors. Unspanned factors
refer to factors that are not correlated with the contemporaneous excess
returns but contribute to the forecasts of excess returns. Though usually,
factors are either signi�cant factors for the cross section or signi�cant for
forecasts, this model takes into account the possibility that factors act in
both dimensions.
The state variables (Xt) satisfy equation (B.2), Xt+1 = � + �Xt + vt+1,

and fall into three categories: X1;t 2 Rk1 , X2;t 2 Rk2, X3;t 2 Rk3, where
KC � 1 vector Ct =

�
X 0
1;t; X

0
2;t

�0
is for the cross section, whose innovations

have signi�cant non-zero ��s in (B.6), KF � 1 vector Ft =
�
X 0
2;t; X

0
3;t

�0
for

forecasts and ut =
�
v01;t; v

0
2;t

�0
denotes innovations in the Ct factors. The new

pricing kernel Mt+1 in Adrian et al. (2015) satis�es

Et (Mt+1Ri;t+1) = E (Mt+1Ri;t+1jFt) = 0;
Mt+1�E(Mt+1jFt)

E(Mt+1jFt) = ��0tvar (ut+1jFt)
� 1
2 ut+1;

where Ri;t+1 denotes holding period return in excess of the risk free rate of
asset i. As a consequence,

E (Ri;t+1jFt) = � cov(Mt+1;Ri;t+1jFt)
E(Mt+1j Ft) = �0i;t (�0 + �1Ft; ) ;

where �i;t = var (ut+1jFt)
�1 cov (ut+1; Ri;t+1jFt). Therefore, we can write

Ri;t+1 = �0i;t (�0 + �1Ft) + �0i;tut+1 + ei;t+1; (B.6)

the structure of which implies that our proposed tests are applicable when
we assume time-constant ��s in this framework.

B.2.3 Hamilton and Wu (2012)

Hamilton and Wu (2012) analyze the yield, and they assume that equation
(B.2)-(B.3) hold2, and the risk free one-period yield y(1)t;r , the yield of a n-

period bond, y(n)t , satis�es

y
(1)
t;r = �0 + �1Xt; y

(n)
t = an + b0nXt + ut;n;

where

�Q = �� �0;
�Q = �� �1;
bn =

�
IK + �

Q0 + � � �+ (�Q0)n�1
�
�1=n;

an = �0 +
�
b01 + 2b

0
2 + � � �+ (n� 1)b0n�1

�
�Q=n

�
�
b01�vb1 + (2b2)

0�v(2b2) + � � �+ (n� 1)b0n�1�v((n� 1)bn�1)
�
=(2n):

2Our notations are slightly from the original ones in Hamilton and Wu (2012) to be
consistent from previous discussions.
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If we consider the data transformation: r(n)t = ny
(n)
t � (n+ 1)y(n+1)t�1 + y

(1)
t�1;r,

the above equations imply that

r
(n)
t = c(n)

0
+ �(n)

0
�1Xt�1 + �(n)

0
vt + et;

with

c(n)
0
= nan � (n+ 1)an+1 + �0 = �(n)

0
�0 + (�

(n)0�v�
(n)=2� �(n)

0
�);

�(n)
0
= nb0n;

et = nut;n � (n+ 1)ut�1;n+1;

which then indicates our tests are valid with proper restrictions on et. The
constant term c(n) has di¤erent structure than the one indicated in Adrian
et al. (2013) (or Assumption 2.1.(b)), but this can be resolved by minor
adaptions.
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C Additional discussions concerning the es-
timation strategies in Adrian et al. (2013)

Proof of Proposition 3.1
In the following, � is an N �K matrix, which is the transpose of the factor
loading matrix we use in the main context, and we denote f = (�; d), 	� as a

stack form of  �, the asymptotic distribution of
p
Tvec

�
�̂
0 � �0

�
, such that

(	�) i;j
1�i�K;1�j�N

=
�
 �
�
(i�1)N+j, and denote Ka;b the commutation matrix

such that Ka;bvec(A) = vec(A0) with A a a� b matrix.

The statement (a) is a direct result following Adrian et al.(2013). Here
we only list the speci�cations of V�; C�;�;V�.

V� = ��1v 
 �2IN ;
V� = 1� + C + C 0

+�2
�

�1ZZ 
 (��0)

�1
�
+ �2

�
�0��1v �
 (��0)

�1
�

+�2
�
%0%


�
(�̂�̂

0
)�1�A0�(I 
 �v)

�
A��

0(�̂�̂
0
)�1
�

+1
4

�
%0%
 (�̂�̂0)�1� (B�) (IK2 + �K;K)(�v 
 �v)B�0�0(�̂�̂

0
)�1
�

��4

2

�
%0 
 (�̂�̂0)�1�

�
�N �

0
N

�
%
 �0(�̂�̂

0
)�1
�
;

C�;� = ��K+1;K
�
�2((�̂�̂

0
)�1� 
 �0��1v )

�
+ �2

�
%0 


�
(�̂�̂

0
)�1 �A0�

��
;

where 1� = 
�1ZZ 
 �v,

C = �
�
�0 
 (�̂�̂0)�1�

�
(�2��1v 
 I)�0N;K

�
%0 


�
(�̂�̂

0
)�1�A0�(I 
 �v)

��0
;

and A� is a NK�K matrix A� = �Ni=1�(i) , where � denotes the matrix

direct sum, such that A�B =

�
A 0
0 B

�
.

We discuss two special cases to show the statement (b). We �rst introduce
some new notation, given the three-stage estimator as in the form in Adrian
et al. (2013):

p
T �̂ =

p
T ((�̂�̂

0
)�1�̂

�
rx+ 1

2

�
B̂�vec(�̂v) + �̂2�N

�
�0T

�
MV̂ 0Z

0
�
�
Z�MV̂ 0Z

0
�
��1

;
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where
p
T �̂ is the summation of

T1 =
p
T
�
�̂�̂

0��1
�̂
�
rx+ 1

2
(B�vec(�v) + �2�N) �

0
T

�
MV̂ 0Z

0
�
�
Z�MV̂ 0Z

0
�
��1

;

T2 = 1
2

p
T
�
�̂�̂

0��1
�̂
�
B̂�vec(�̂v)�B�vec(�v)

�
�0;

T3 = 1
2

p
T
�
�̂�̂

0��1
�̂
�
�̂2 � �̂2

�
�N�

0;

and Ti can be decomposed as summation of Ti;j :

T1;1 =
p
T�;

T1;2 =
p
TVMV̂ 0Z

0
�
�
Z�MV̂ 0Z

0
�
��1

;

T1;3 = ((�̂�̂
0
)�1�̂

p
T
�
f̂ � f

�
+ op(1);

T1;4 = �((�̂�̂
0
)�1�̂

p
T
�
�̂
0 � �0

�
�;

T1;5 =
p
T ((�̂�̂

0
)�1�̂

�
�̂
0 � �0

�
VMV̂ 0Z

0
�
�
Z�MV̂ 0Z

0
�
��1

;

T2;1 = ((�̂�̂
0
)�1�̂A0�(I 
 �v)vec

�p
T
�
�̂ � �

��
%+ op(1);

T2;2 = 1
2
((�̂�̂

0
)�1�̂

�
B�
p
T
�
vec

�
V V 0

T
� �v

���
%+ op(1);

T3 = 1
2
((�̂�̂

0
)�1�̂

�p
T
�
tr(EE0)
NT

� �2
��

�N%+ op(1):

We have

vec (T1;1) =
p
T�;

vec
�
T �=01;2

�
= (
�1xx 
 I) vec

h
0 V X 0

�=
p
T
i
+ op(1);

vec
�
T �1;2
�
= (
�1zz 
 I) vec

�
V Z 0�=

p
T
�
+ op(1);

vec (T1;3) =
�
I 
 ((�̂�̂0)�1�̂

�
vec

�p
T
�
f̂ � f

��
+ op(1);

vec (T1;4) = �
�
�0 
 (�̂�̂0)�1�̂

�
�KC ;N vec

�p
T
�
�̂
0 � �0

��
+ op(1);

vec (T1;5) = op(1);

vec (T2;1) =
�
%0 


�
(�̂�̂

0
)�1�̂A0�(I 
 �v)

��
vec

�p
T
�
�̂ � �

��
+ op(1);

vec (T2;2) =
�
%0 
 1

2
(�̂�̂

0
)�1�̂ (B�)

�
vec

�p
T
�
vec

�
V V 0

T

�
� vec(�v)

��
+ op(1);

vec (T3) =
�
%0 
 1

2
(�̂�̂

0
)�1�̂

�
�N

�p
T
�
tr(EE0)
NT

� �2
��
+ op(1):

where the term T1;2 depends on whether or not we impose the assumption
that � = 0. Next we would like to look for a non-full rank case of � and de-
scribe the asymptotic properties of �̂ under those cases. In the following, we
abuse the equal sign a bit where we may directly ignore the asymptotically
negligible terms.

19



Denote24vec�f̂�
vec

�
�̂
�35 = �vec (f)

vec (�)

�
+ 1p

T

�
 f
 �

�
+ op

�
1p
T

�
;

and thus

�̂ = � + 1p
T
	� + op

�
1p
T

�
:

If � = 0, then
�
�̂�̂

0��1
�̂ =

�
	�p
T

	0�p
T

��1
	�p
T
=
p
T
�
	�	

0
�

��1
	�:We can look

at the asymptotic properties of �̂ by looking at Ti;j �s. For convenience in the
following sections otherwise well mentioned, we denote Ti;j as the previous
Ti;j divided by

p
T such that: T newi;j = T oldi;jp

T
.

vec (T1;1) = �;
vec

�
T �=01;2

�
=
(
�1xx
I)vec[0 V X0

�=
p
T ]p

T
+ op

�
1p
T

�
= op(1);

vec
�
T �1;2
�
=
(
�1zz 
I)vec(V Z0�=

p
T)p

T
+ op

�
1p
T

�
= op(1);

vec (T1;3) =
�
I 
 (�̂�̂0)�1�̂

�
vec

�p
T
�
f̂ � f

��
+ op

�
1p
T

�
=
�
I 


�
	�	

0
�

��1
	�

�
vec

�p
T
�
f̂ � f

��
=
�
I 


�
	�	

0
�

��1
	�

�
 f ;

vec (T1;4) = �
�
�0 
 (�̂�̂0)�1�̂

�
vec

��
�̂
0 � �0

��
+ op

�
1p
T

�
= �

�
�0 


�
	�	

0
�

��1
	�

�
�KC ;N �;

T1;5 = (�̂�̂
0
)�1�̂

�
�̂
0 � �0

�
MV̂ 0Z

0
�
�
Z�MV̂ 0Z

0
�
��1

op(1)

=
�
	�	

0
�

��1
	�	

0
�MV̂ 0Z

0
�
�
Z�MV̂ 0Z

0
�
��1

op(1)

=
MV̂ 0Z

0
�

T

�
Z�Z0�
T

��1
op(1) = op(1);

vec (T2;1) =
�
%0 


�
(�̂�̂

0
)�1�̂A0�(I 
 �v)

��
vec

��
�̂ � �

��
+ op(

1p
T
)

=
�
%0 


��
	�	

0
�

��1
	�A

0
�(I 
 �v)

��
	�;

vec (T2;2) =
�
%0 
 1

2
(�̂�̂

0
)�1�̂ (B�)

�
vec

��
vec

�
V V 0

T

�
� vec(�v)

��
+ op(

1p
T
);

vec (T3) =
�
%0 
 1

2
(�̂�̂

0
)�1�̂

�
�N

�
tr(EE0)
NT

� �2
�
+ op(

1p
T
):

Based on the above derivations, we can see that T1;2; T 1;5 converge to zero
in probability but not the rest terms, and thus given � = 0, which implies
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that the estimated parameter �̂ does not converge to � in probability but
converges to � + � with � having a non-standard distribution.

If � = Bp
T
, where B is full rank, then

(�̂�̂
0
)�1�̂ =

p
T
�
(B +	�) (B +	�)

0��1 (B +	�) :
Again, we consider those decomposed terms (we only show those terms that
do not converge to zero in probability):

vec (T1;3) =
�
I 
 (�̂�̂0)�1�̂

�
vec

��
f̂ � f

��
+ op

�
1p
T

�
=
�
I 


�
(B +	�) (B +	�)

0��1 (B +	�)� vec�pT �f̂ � f
��

=
�
I 


�
(B +	�) (B +	�)

0��1 (B +	�)� f ;
vec (T1;4) = �

�
�0 
 (�̂�̂0)�1�̂

�
vec

��
�̂
0 � �0

��
+ op

�
1p
T

�
= �

�
�0 


�
(B +	�) (B +	�)

0��1 (B +	�)��KC ;N �;

vec (T2;1) =
�
%0 


�
(�̂�̂

0
)�1�̂A0�(I 
 �v)

��
vec

��
�̂ � �

��
+ op(

1p
T
)

=
�
%0 


��
(B +	�) (B +	�)

0��1 (B +	�)A0�(I 
 �v)�� (B +	�) ;
vec (T2;2) =

�
%0 
 1

2
(�̂�̂

0
)�1�̂ (B�)

�
vec

��
vec

�
V V 0

T

�
� vec(�v)

��
+ op(

1p
T
);

vec (T3) =
�
%0 
 1

2
(�̂�̂

0
)�1�̂

�
�N

�
tr(EE0)
NT

� �2
�
+ op(

1p
T
);

which imply that �̂ does not converge to � in probability but again converges
to � + � with � having a non-standard distribution.
�

We only analyze one out of two approaches (without knowledge of unspanned
factors) proposed by Adrian et al. (2013) since these two appraoches are
equivalent when all factors are treared as if they are spanned factors, as
suggested by the following proposition.

Proposition C.1. Under Assumptions 2.1, estimation results via the fol-
lowing two three-stage procedures proposed in Adrian et al. (2013), I and II,
are numerically identical:

I. (1) the �rst step is to obtain estimates of �;� via linear regression us-
ing the �rst equation in Assumption 2.1;
(2) the second step is to obtain estimates of a(n�1); d(n�1); �(n�1)

0

I ;�e by
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regressing excess returns on a constant, the lagged and the contempo-
raneous factors according to

rxt+1;n�1 = a(n�1) + d(n�1)Xt + �
(n�1)0
I Xt+1 + et+1;n�1;

(3) the �nal step is to obtain the estimates of �0; �1:

b�0;I =Pn

�P
m
b�(m�1)I

b�(m�1)0I

��1 b�(n�1)I

�
�ba(n�1) + bg(n�1)0I ( �I ;�v;�e) +

b�(n�1)0I b�� ;b�1;I =Pn

�P
m
b�(m�1)I

b�(m�1)0I

��1 b�(n�1)I

�
�bd(n�1) + b�(n�1)0I

b�� :
II. (1) the �rst step is to obtain estimates of innovations bvt via linear re-

gression using the �rst equation in Assumption 2.1;
(2) the second step is to obtain estimates of b(n�1); c(n�1); �(n�1)

0

II ;�e by
regressing excess returns on a constant, the lagged and the contempora-
neous innovation factors (vt+1 is replaced by estimates bvt+1 in practice)
according to

rxt+1;n�1 = b(n�1) + c(n�1)Xt + �
(n�1)0
II vt+1 + et+1;n�1;

which is derived by plugging vt+1 = Xt+1 � � � �Xt into the second
equation in Assumption 2.1.
(3) the �nal step is to obtain the estimates of �0; �1:

b�0;II =Pn

�P
m
b�(m�1)II

b�(m�1)0II

��1 b�(n�1)II

�
�bb(n�1) + bg(n�1)0II (�;�v;�e)

�
;b�1;II =Pn

�P
m
b�(m�1)II

b�(m�1)0II

��1 b�(n�1)II bc(n�1):
Proof of Proposition C.1. Here we only show that b�1;I = b�1;II , and the
equality b�0;I = b�0;II follows the same argument. By the Frisch-Waugh-Lovell
Theorem, b�I = b�II. Denote �c = X�M(�T ; �

0
�)
; �d = X�M(�T ; X0); �� =

XMZ�, and letbc = (�c�0c)�1�cR0;bd = (�d�0d)�1�dR0;b� = (���0�)�1��R0;b� = (X�M�TX
0
�)
�1X�M�TX

0:
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Notice the following two equations hold

M(�T ;bV 0)X 0
�(X

0
�M(�T ;bV 0)X 0

�)
�1 =M�TX

0
�(X

0
�M�TX

0
�)
�1;

�0c(�c�
0�1
c =M�TX

0
�(X

0
�M�TX

0
�)
�1:

(C.7)

M�TX
0
�(X

0
�M�TX

0
�)
�1 = �0�(���

0�1
�
b�0 + �0d(�d�

0�1
d ; (C.8)

which directly leads to the equality bc = bd+ b�b�. The equality (C.7) is obvious
due to the orthogonality ��X

0
� = 0. Therefore, we only need to show the

equation (C.8).

�0�(���
0
�)
�1b�0 + �0d(�d�

0
d)
�1

= �0�(���
0
�)
�1b�0

+(X�(M�T � PM�T
X0))0

�
(X�(M�T � PM�T

X0))(X�(M�T � PM�T
X0))0

��1
= �0�(���

0
�)
�1b�0

+(X�(M�T � PM�T
X0))0

�
X�M�TX

0
� �X�PM�T

X0X 0
�
��1

= �0�(���
0
�)
�1b�0

+(X�(M�T � PM�T
X0))0

h�
X�M�TX

0
�
��1

+
�
X�M�TX

0
�
��1

X�PM�T
X0X 0

�(�d�
0
d)
�1
i

= �0�(���
0
�)
�1b�0 + �0c(�c�

0
c)
�1+h

�PM�T
X0X 0

�
�
X�M�TX

0
�
��1

+ (X�(M�T � PM�T
X0))0

�
X�M�TX

0
�
��1

X�PM�T
X0X 0

�(�d�
0
d)
�1
i

= �0�(���
0
�)
�1b�0 + �0c(�c�

0
c)
�1+h

�PM�T
X0X 0

�
�
X�M�TX

0
�
��1

+M�TX
0
�
�
X�M�TX

0
�
��1

X�PM�T
X0X 0

�(�d�
0
d)
�1
ih

�PM�T
X0X 0

�
�
X�M�TX

0
�
��1

X�PM�T
X0X 0

�(�d�
0
d)
�1
i

=MZ�X
0 �XMZ�X

0��1XM�TX
0
�
�
X�M�TX

0
�
��1

+ �0c(�c�
0
c)
�1

+
h
�PM�T

X0X 0
�
�
X�M�TX

0
�
��1

+ PM�T
X0
�
PM�T

X0X 0
�(�d�

0
d)
�1

�PM�T
X0PM�T

X0
�
PM�T

X0X 0
�(�d�

0
d)
�1
i

= �0c(�c�
0
c)
�1;

where the last equality is due to the facts such that (I�PM�T
X0PM�T

X0
�
)� = 0,

PM�T
X0(I�PM�T

X0
�
)� = 0 with� =M�TX

0 �XMZ�X
0��1XM�TX

0
�
�
X�M�TX

0
�
��1�
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PM�T
X0X 0

� (�d�
0
d)
�1, and hence

MZ�X
0 �XMZ�X

0��1XM�TX
0
�
�
X�M�TX

0
�
��1

=
�
M�T � PM�T

X0
�

�
X 0

�
�
(XM�TX

0)�1 + (XM�TX
0)�1

�
XPM�T

X0
�
X 0
� �
XMZ�X

0��1�XM�TX
0
�
�
X�M�TX

0
�
��1

= PM�T
X0X 0

�
�
X�M�TX

0
�
��1 � PM�T

X0
�
PM�T

X0X 0
�
�
X�M�TX

0
�
��1

+
�
M�T � PM�T

X0
�

�
X 0 (XM�TX

0)�1
�
XPM�T

X0
�
X 0
� �
XMZ�X

0��1XM�TX
0
�
�
X�M�TX

0
�
��1

= PM�T
X0X 0

�
�
X�M�TX

0
�
��1 � PM�T

X0
�
PM�T

X0X 0
� (�d�

0
d)
�1

+PM�T
X0
�
PM�T

X0X 0
�
�
X�M�TX

0
�
��1 �

X�PM�T
X0X 0

�
�
(�d�

0
d)
�1

+
�
M�T � PM�T

X0
�

�
X 0 (XM�TX

0)�1
�
XPM�T

X0
�
X 0
� �
XMZ�X

0��1XM�TX
0
�
�
X�M�TX

0
�
��1

= PM�T
X0X 0

�
�
X�M�TX

0
�
��1 � PM�T

X0
�
PM�T

X0X 0
� (�d�

0
d)
�1
+ PM�T

X0PM�T
X0
�
PM�T

X0X 0
� (�d�

0
d)
�1
:

�
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