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Abstract. To improve the drug delivery efficiency in the brain, the
combination of the focused ultrasound (FUS) with microbubbles (MBs)
shows a great potential to increase the permeability of the blood-brain
barrier (BBB). The Rayleigh-Plesset equation is widely used to describe
the dynamics of the MB, however, it is not clear what the most promising
form of the FUS should be. In this manuscript, we investigate the choice
of the input pressure of the FUS, both from analytical and numerical
perspective. Furthermore, sensitivity tests are conducted to investigate
the relations between the oscillation of the MB and the parameters. We
conclude that the average of the FUS should lie at zero, since the MB
must expand compared to its initial radius to release the drug molecules.

Keywords: Microbubbles · focused ultrasound · drug delivery ·
Rayleigh-Plesset equation

1 Introduction

Many existing drugs are aimed at targets present in the brain. However, the
blood-brain barrier (BBB) is a major barrier protecting the brain; it limits the
transport of drugs from the blood into the brain. The BBB consists of endothelial
cells that are connected by tight junctions between the neighboring cells. To
increase the permeability of the BBB, and hence, drug delivery into the brain, it
is known that inserting microbubbles (MBs) into the blood stream and applying
focused ultrasound (FUS) shows great potential [6]. MBs are microspheres filled
with gas which is surrounded by a lipid, protein or polymer shell, or so-called
coat. Drug molecules can be loaded on this coat, embedded in the coat matrix or
even loaded inside the MBs — depending on the material of the coat (see [14] for
more details). FUS is a non-invasive therapy that uses high-energy sound waves
(at least 1000 times larger than the ultrasound used in the diagnostic imaging).
Under the impact of FUS, the MBs start to oscillate. If the input pressure of
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the FUS is in a proper range, then the MBs perform a stable, periodic growth
and compression, such that pores are formed on the membrane of the coat to
release the drug molecules [13]. Hence, the MBs release the drug molecules in the
targeted region. Moreover, this oscillation of the MBs increases the permeability
of the BBB via mechanical effects [6].

In particular, when the MBs are really close to the BBB, the oscillation of the
MBs give “massages” on the membrane of endothelial cells of the BBB and causes
local fluid jets, which is known as microstreaming. As a result, small, temporary
openings occur in the endothelial cell membrane, and the tight junctions between
the cells are disrupted [6,11]. Hence, drug molecules will cross the BBB easier
to enter the targeted region in the brain. However, if the input pressure of the
FUS is too large, the MBs will collapse, causing violent mechanical forces that
result in cell death and damage to the BBB.

Most modelling work on MBs analyzed the relation between the radius of
the MBs and the pressure from the FUS under the assumptions that the MBs
are not moving and the FUS is continuously applied. However, MBs migrate
to the target region via the arteries and the blood circulation. In other words,
the blood flow in the capillaries is the main means by with the MBs move.
Depending on the geometry of the MB, the oscillations of the MBs has been
studied taking by different approaches. The Rayleigh-Plesset equation is usually
utilized in case the MB is a sphere [4,6]. In in-vitro experiments, it is more
realistic to look at MBs that are not spherically symmetric, where usually the
impact of the capillary on the shape of MBs is also taken into account. Then the
Navier-Stokes equation, combined with the immersed boundary approach [12],
is implemented in a numerical model [7–9]. So far, most work has focused on
reproducing the geometry of the MBs that are recorded in the laboratory, rather
than considering how to apply this approach in the clinical practice. Of course,
this is still faced with many challenges but is essential for future application
of the method. One of the aspects that needs further study is concerned with
the parameters in the model, and more specifically, the form of the input FUS
pressure.

In this manuscript, we will discuss the form of the input FUS pressure, and
carry out some sensitivity tests to investigate how the parameters affect the
oscillation and the average radius of the MBs. This will be beneficial to have a
better insight into the model and to determine the range of the parameter values.
The manuscript is structured as below: Sect. 2 introduces the Rayleigh-Plesset
equation and some mathematical analysis on the equation is presented in Sect. 3.
Then, we show the numerical results, particularly the sensitivity tests in Sect. 4.
Finally, Sect. 5 delivers the conclusions.

2 Rayleigh-Plesset Equation

The most commonly used nonlinear equation of motion describing the oscillation
of a MB in an infinite volume of liquid is the Rayleigh-Plesset (RP) equation [2].
Neglecting the thermal effect caused by the oscillation of the MBs, the authors
in [4] simplified the complete RP equation
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which describes the change of the radius of the MB. Here, R, Ṙ, R̈ represent
the radius, velocity and acceleration of the microbubble wall, R0 is the ini-
tial radius of the microbubble, ρ is the fluid density, p0 is the ambient pres-
sure, σ(R) is the surface tension, κ is the polytropic gas exponent, μ is the
fluid dynamical viscosity, c is the speed of the sound, and pA(t) is the applied
pressure of FUS. The surface tension σ depends on the radius of the MB and
the material of the coat, so far, we take the surface tension to be zero. Hence,
this reduces Eq. (1) to
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In most modelling work on MBs, it has been assumed that the input pressure
from FUS takes the form of a periodic function, with angular frequency 2πf ,
where f is the frequency of FUS pressure. However, whether the mean of the
input pressure is zero or not is not clear. In this manuscript, we consider the
input pressure to be

pA(t) = C0 + C1 sin(2πft)

for constants C0 and C1 where C0, C1 � 0. Here, C0 is the average input pressure
and C1 the amplitude of the oscillation around C0 (both in kPa).

Due to the large difference between the parameter values in the equation, we
first non-dimensionalize the equation by defining the following rescalings:
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where ρl is the density of the fluid. The system becomes dimensionless and we
obtain
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where R∗(0) =
1
2

and
dR∗

dt∗

∣
∣
∣
∣
t∗=0

= 0. After non-dimensionalization,

p∗
A(t∗) = C∗

0 + C∗
1 sin(2πt∗),

In case no FUS is applied on the MB, that is, p∗
A(t) = 0, the equilibrium

radius is the same as the initial radius of MBs. However, applying FUS with
C∗

0 �= 0 on the MBs results in a new equilibrium, around which the MB will
start to oscillate. In the following, we will conduct the mathematical analysis in
the dimensionless model. To avoid confusion and have a better insight into the
parameters, the numerical results will be presented in the dimensional variables.
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3 Mathematical Analysis

In this section, we determine the steady state solution to Eq. (3) to obtain a
better insight into the equation. We start with a constant input pressure from
the FUS only. Thus, we assume C∗

1 ≡ 0 so that p∗
A(t) ≡ C∗

0 . Then we assume
the solution to be R∗(t) = R̃∗, where R̃∗ is constant and substitute this into Eq.
(3). This yields

0 = p∗
0(2R̃∗)−3κ − p∗

0 − C∗
0 ,

and the steady state of the radius of the MB is given by

R̃∗ =
1
2

(
p∗
0

p∗
0 + C∗

0

) 1
3κ

. (4)

We conclude that when C∗
0 = 0 the steady state is at R̃∗ =

1
2

and R̃∗ <
1
2

for
C∗

0 > 0, which is smaller than the initial radius of the MB. Stability analysis
(not given here) shows that the solution will converge to this steady state for
C∗

1 = 0. Moreover, it can also be shown that solutions will start to oscillate
around this steady state when C∗

1 is small; this analysis will be presented in a
future publication. However, for a larger C∗

1 , numerical simulations, as given in
the next section, are needed to investigate the behaviour of the solution.

4 Numerical Results

In in-vitro experiments, the FUS that is set to certain frequency, is on for a few
microseconds and off for another a few microseconds. This on and off procedure
of FUS is repeated for few seconds [14]. In this manuscript, we limit ourselves to
the case where the FUS is continuously applied on the MBs in the time interval
of a few microseconds. Here, we selected this time interval to be 10µ s [14]. The
parameter values (both dimensional and dimensionless) are shown in Table 1,
including the references where we obtained these from. We aim to be able to
compare the results to the in-vivo and in-vitro experiments, therefore, all the
numerical results are given in terms of the dimensional variables.

For the choice C0 = 110 kPa and C1 = 110 kPa, the oscillation of the
MB radius against time is presented in Fig. 1, where the initial radius of MB
is R0 = 0.5µm. While for both choices of C0, the same value of C1 is used,
C0 = 110 kPa (in blue) results in an oscillation in which the MB is never larger
than its initial size, whereas C0 = 0 kPa leads to an oscillation in which the MB
expands and shrinks comparing to its initial size. In other words, C0 = 0 kPa
ensures the release of the drug molecules that are loaded on the coat or inside
the MB.

To obtain a better insight into the relation between the oscillation and other
parameters, sensitivity tests are conducted. In this manuscript, we measure the
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Table 1. Parameter values used in this section

Parameter Description Unit Original Value Dimensionless Value Ref.

ρ Blood density kg/m3 1025 1 [5]

p0 Ambient pressure kPa 110 26.83 [4]

κ Polytrophic gas exponent − 1.1 1.1 [4]

c Sound speed in blood m/s 1578 785 [1]

μ Blood (dynamical) viscosity kg/(m · s) 3.5 × 10−3 1.71 [10]

f Frequency of FUS pressure 1/s 2 × 106 1 [3]

R0 Initial MB radius m 0.5 × 10−6 0.5 [4]

T Time interval of applying FUS s 10 × 10−6 20 [14]

Fig. 1. The solution of Eq. (2) given for C0 = 0 kPa (in red) and C0 = 110 kPa (in
blue) where in both cases C1 = 110 kPa, R(0) = 1

2
and Ṙ(0) = 0. Here, the rest of the

parameter values are as given in Table 1.

oscillation of the solution by the relative ratio of the MB with respect to the
initial radius, that is,

r(t) =
R(t) − R0

R0
. (5)

Note that this quotient is the same in the dimensional and dimensionless setting
because of the linear rescaling of the radius. This quotient can be either positive
or negative, indicating the growth and the shrinkage of the MB, respectively.
Moreover, the value indicates how large or small the amplitude of the oscillation
is. In Fig. 2, we show the maximum, minimum and average values of r(t) versus
the initial radius R0 for the choices of C0 = 110 kPa (left) and C0 = 0 kPa
(right) where C1 = 110 kPa. We also give the steady state that we determined
in Sect. 3 in black. We notice that C0 = 0 kPa is more sensitive to the variation
of the initial size comparing to C0 = 110 kPa. As the initial radius increases, we
observe that the oscillation decreases in both subfigures. Moreover, the average
radius of the MB comes closer to the steady state that is found analytically in
Sect. 3, and there is even a quite good correspondence between these for the
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choice C0 = 110 kPa. Furthermore, we observe that for C0 = 110 kPa, the
maximal value of r(t) lies below or slightly above 0, hence, the radius of the MB
does not expand compared to the initial state.

Fig. 2. The maximum (solid), minimum (dashed) and average (dotted) value of the
relative change r(t) versus the initial radius R0 is shown for Eq. (2). Black curves
in both subfigures are the relative ratio r(t) of the steady state given by Expression
(4). On the left-hand side (blue), the curves are given for C0 = 110 kPa and on the
right-hand side (red) C0 = 0 kPa, in both cases, C1 = 110 kPa.

Generally speaking, a larger amplitude of the FUS input pressure causes a
larger oscillation and a larger average radius of MB, see Fig. 3. There we again
give the maximum, minimum and average radius for C0 = 110 kPa (left) and
C0 = 0 kPa (right) but now we vary the amplitude C1 of the FUS. Similar to
the conclusion from Fig. 2, C0 = 0 kPa is more sensitive to the change of the
FUS input pressure amplitude than C0 = 110 kPa. This figure also verifies the
statement in Sect. 3 that when C1 is small and C0 � 0, the MB oscillates around
the steady state given in Expression (4), since the average radius and the steady
state (in black) are close to each other as long as C1 is small. Furthermore, when
R0 = 0.5µ m, the amplitude C1 = 20 kPa hardly induces oscillation of the MB
(Fig. 3), and in Fig. 2, when R0 = 4µ m, the amplitude C1 = 110 kPa is not
large enough for a comparable oscillation as in the case of R0 = 0.5µ m. Thus,
we infer that for every radius of MB, there exists a range of the FUS input
pressure such that MB oscillates.

In Fig. 4, the ambient pressure p0 is varied for both C0 = 110 kPa (left) and
C0 = 0 kPa (right), when C1 = 110 kPa and R0 = 0.5µ m. As is expected from
Expression (4), the steady state R̃ increases parabolically for C0 > 0, when p0
increases, see the black curve in the left subfigure. According to the numerical
analysis, we observe that, opposite to the tendency when C0 > 0, increasing the
ambient pressure when C0 = 0 kPa reduces the average radius and amplitude of
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Fig. 3. The maximal (dashed), minimal (solid) and average (dotted) value of r(t) for
Eq. (2) versus the amplitude of the FUS for C0 = 110 kPa (left) and C0 = 0 kPa
(right), and R0 = 0.5µm. Black curves in both subfigures represent the steady state
given in Expression (4).

the oscillation of the MB. Moreover, it seems that for all p0 and C0 = 110 kPa,
the maximum and minimum of the solution are (more or less) equally far from
the average.

Fig. 4. The minimal (solid line), maximal (dashed) and average (dotted) value of r(t)
for Eq. (2) versus the ambient pressure p0 for C0 = 110 kPa (left) and C0 = 0 kPa
(right) where C1 = 110 kPa and R0 = 0.5µm. Black curves in both subfigures are the
value of r for the steady state given in Expression (4).
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5 Conclusions

In this manuscript, we investigate the influence of the value of the FUS input
pressure C0 with a focus on whether to take C0 = 0 or C0 > 0. According to the
mathematical analysis, when C0 > 0, the average radius of the MB is smaller
than the initial radius. Hence, this results in oscillation where the maximum
amplitude is not or only barely larger than the initial radius, even though the
oscillation still occurs, as is shown in Fig. 1. Turning back to the experimental
setting described in the introduction we conclude that as a consequence, the
drug molecules cannot be released from the MB [13,14]. Therefore, we conclude
that the choice where C0 = 0 kPa is the preferred choice.

Furthermore, various sensitivity tests are conducted regarding to the initial
radius of the MB, the FUS input pressure amplitude and the ambient pressure.
In general, C0 = 0 kPa is more sensitive to the change of these parameters than
C0 = 110 kPa. For any size of MB, there exists a threshold of the amplitude
of oscillation C1 of FUS: if this amplitude is below this threshold, MBs may
not be able to release the drug molecules due to the small oscillation. A larger
FUS input pressure amplitude leads to a larger average size of the MB and
a larger oscillation, which also increases the risk of collapse of the MB. The
average value of r for C0 > 0 and C0 = 0 decreases, given an increasing ambient
pressure, meanwhile the average radius slowly reaches a steady state as the
ambient pressure increases. In summary, this study provides a better insight
into the relation between the input pressure of the FUS and the MB radius.
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