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Overview

The past decade and a half witnessed a major breakthrough in our under-

standing of gravitational physics. Previous studies of black holes as quantum

systems had suggested that gravity is fundamentally holographic. A semi-classical

treatment of black holes by Hawking [4] revealed that these solutions carry an

intrinsic notion of entropy and furthermore that this entropy is proportional to

the area of the horizon. Together with the second law of thermodynamics, these

results imply the Bekenstein bound Smax = A/4G0 relating the maximum entropy

in a region of space that contains gravity to the area of the boundary of this re-

gion. This property is in sharp contrast with entropy bounds in local quantum

field theories, where the number of degrees of freedom typically scales as the vol-

ume of the enclosing region, and shows that a quantum theory of gravity is not an

ordinary field theory of a massless spin-2 particle. An interpretation of this bound

naturally led to the holographic principle of ’t Hooft and Susskind [5, 6, 7] accord-

ing to which the states of any quantum gravity theory are in fact contained in a

theory-without-gravity defined at the boundary of the space. One could stress at

this point an apparent incompatibility of this principle with the Weinberg-Witten

theorem [8] in quantum field theory. Apart from a few subtleties, this mainly

states that a QFT with a conserved stress-energy tensor cannot have states for

massless interacting particles of spin j > 1. This implies in particular that such

QFTs cannot contain graviton states. The holographic principle evades the ax-

ioms of the theorem by placing the graviton in a space distinct from that of the

boundary theory, in particular in a space with more dimensions.

This principle is presented to us as a fundamental property of quantum gravity

but for several years it remained largely conceptual, mainly due to the lack of an

exact framework where these ideas could be implemented at a computational level.

The most promising candidate seemed to be string theory, where regions of space

that contain gravity are described as ensembles of quantum states. In fact, in the

late 90’s Strominger and Vafa [9] were able to reproduce the Bekenstein-Hawking

entropy of extremal black holes by engineering certain supersymmetric solutions

in string theory and performing a statistical counting of their microstates. This
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procedure was possible only after the discovery of D-branes and their significance

in string theory by Polchinski [10] and collaborators [11, 12]. This microscopic

counting is a computation in the lower dimensional worldvolume theory of the

black holes (or D-branes) and showed that string theory is capable of presenting

gravity as a holographic theory. Earlier ideas on a possible lower dimensional de-

scription of gravity in string theory had been discussed by Thorn and collaborators

[13].

A related but independent result by Brown and Henneaux [14] in the late 80’s

suggested that certain theories of gravity, more specifically those with Anti-de

Sitter (AdS) asymptotics, are intimately connected with lower dimensional con-

formal field theories in a holographic fashion. Their analysis of three-dimensional

Einstein gravity with AdS boundary conditions showed that the asymptotic sym-

metry group of AdS3 acts at the boundary of the space as the two-dimensional

conformal group. The algebra of the corresponding conserved charges is a centrally

extended Virasoro algebra, originally derived in the context of string theory. This

study recognised for the first time the importance of the asymptotic boundary

of AdS spaces in a possible implementation of the holographic principle in the

case of AdS gravity. In particular, it implied that any field theory defined at the

boundary of Anti-de Sitter would be a conformally invariant QFT, but it didn’t

point towards any concrete proposal relating the boundary theory to gravitational

physics in the interior and for several years it remained as an interesting curiosity.

Nevertheless, based on these results, Strominger showed that the microstates of

black holes with an AdS3 near-horizon geometry are contained in a conformal field

theory defined at the boundary of this geometry [15]. This was shown by using

Cardy’s formula [16] for the growth of states of the two-dimensional conformal

field theory to reproduce the entropy of these black holes.

The analysis of Brown and Henneaux and of Strominger was perform without

direct contact with string theory and therefore remained valid for any theory that

reduces to Einstein gravity at low energies. However, the discovery of D-branes

as solutions of supergravity suggested that string theory could finally realise the

holographic ideas raised by these and related works. Supergravity is the low-

energy limit of string theory and solutions of the former model the dynamics of

massless closed string states at low energies. D-branes, on the other hand, are

the surfaces where open strings end and their dynamics is described by lower di-

mensional worldvolume theories of Born-Infeld type. Closed string theories are

essentially gravitational, while open string theories are essentially gauge theories

that describe the dynamics of the D-branes. The discovery [10] that D-branes are

the sources of electric and magnetic (Ramond-Ramond) flux in supergravity – in

other words, that they are sources of closed strings – led to their identification

with supersymmetric solutions of supergravity known as extremal black branes.

These classical solutions therefore describe the backreaction of D-branes on the
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embedding geometry in a low-energy approximation and are black because they

contain event horizons. The near-horizon geometries of these black D-branes con-

sist in several cases of a product of an Anti-de Sitter space with a compact space.

Simultaneously, the low-energy worldvolume theories on the branes are gauge the-

ories (which are quantum field theories without gravity) with conformal symmetry.

This raised the possibility that the lower-dimensional conformal field theories that

live on the D-branes could be the holographic image of the gravitational theo-

ries that live in the corresponding near-horizon geometries. Significant evidence

that this could the case followed from D-brane scattering calculations [17, 18, 19]

which showed that the absorption rate of closed strings by D-branes could equally

be computed using supergravity or the worldvolume theories.

The collection of these results pointed to the fact that the holographic aspects

of gravity could probably be realised in string theory as a type of duality between

open strings (or D-branes) and closed strings and it culminated in the late 90’s

with Maldacena’s proposal [20] of a concrete equivalence between certain theories

of closed strings in AdS spaces and conformally invariant gauge theories in less

dimensions. In subsequent work, Witten and collaborators [21, 22] argued that

these gauge theories (more exactly the fundamental theories, with no Wilsonian

degrees of freedom integrated out) live at the boundary of the AdS spaces and

further showed that string theory observables can be computed from the bound-

ary theory. For these reasons, the proposal by Maldacena, also known as the

AdS/CFT correspondence, is an exact realisation of the holographic principle in

string theory, where all the gravitational physics is conjectured to be encoded at

the boundary of the space. In fact, it was argued by Witten and Susskind [23]

that the AdS/CFT correspondence saturates the Bekenstein bound characteristic

of holographic theories by showing that the gravitational theory (which is equiv-

alent to the boundary theory by the AdS/CFT duality) has precisely one degree

of freedom per Planck boundary area.

The gauge theories involved in AdS/CFT are Yang-Mills or non-Abelian quan-

tum field theories. These are the type of theories that describe the interactions of

elementary particles in the standard model of particle physics (even though the

field theories involved in AdS/CFT are an idealisation of these). The electroweak

theory that describes weak interactions and quantum electrodynamics is a Yang-

Mills theory based on a SU(2)×U(1) gauge group, while quantum chromodynamics

(QCD) describes the strong interactions and is based on SU(3). QCD is a partic-

ularly special type of gauge theory. While the strength of the interactions in the

electroweak case weakens with decreasing energies involved in the processes, such

as the momenta of the particles, the strength of the strong interactions increases

at low energies where QCD becomes strongly coupled. Since most computations in

quantum field theory are based on perturbation theory, this property prevents us
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from studying the low-energy regime of QCD and characteristic phenomena such

as colour confinement with standard methods. It was the attempt to understand

the strongly coupled physics of QCD that led for the first time to the idea that

string theories could actually be gauge theories in disguise. In the decade of 1970

’t Hooft suggested [24] that QCD could be approximated by a gauge theory with

gauge group SU(N) : N >> 1. In this large N idealisation the theory simplifies

considerably and is amenable to perturbation theory in 1/N . It was then realised

that the perturbative expansion of the gauge theory in Feynman diagrams is in

fact an expansion in topologies of string theory worldsheets and therefore that this

expansion could provide a definition of a string theory. We now know that this

surprising relation between large N Yang-Mills theories and string theories is a

particular case of the AdS/CFT correspondence, where the 1/N expansion of the

gauge theory corresponds to string perturbation theory in the worlsheet coupling

constant gs.

A further property of the correspondence between gauge and string theories

as determined by the AdS/CFT duality concerns the relationship between the (’t

Hooft) coupling constant of the Yang-Mills theory – which determines the strength

of the gauge theory interactions – and the string length scale, or inverse string

tension, which determines in particular the strength of the gravitational field in

the dual string theory. It turns out that this relationship is a strong/weak duality.

This fact implies that when the gauge theory is in its strong coupling regime the

dual string theory can be well-approximated by classical gravity. As discussed in

the above example of QCD, strongly coupled field theories are very difficult to

study and for this reason the AdS/CFT correspondence is an extremely useful

tool to understand quantum field theories at strong coupling because it maps hard

problems in the field theories to simple problems in classical gravity.

Due to this strong/weak property of the duality, soon after the discovery of

AdS/CFT many authors proposed applications of the correspondence to condensed

matter theory. Most systems in condensed matter physics are difficult to study

using field theoretic methods alone. In particular, near quantum critical points –

where a transition between different quantum states of matter takes places – the

systems are typically strongly coupled, conformally invariant (or scale invariant)

and strongly correlated. Via the AdS/CFT duality, different sectors of string the-

ory have the potential to serve as holographic models of these systems at strong

coupling and can be used in particular to gain some insight into critical phenom-

ena in condensed matter theory.

This last aspect of the AdS/CFT correspondence is one of the main topics

of this thesis and in chapter 2 we will explore applications of the duality to the

holographic description of particular quantum field theories. The latter have the
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specific property of being non-relativistic and can be used to model physical sys-

tems in condensed matter theory with a certain type of anisotropy and scale-

invariance. We will understand how the symmetries of such systems are realised

in the field theory models and how to construct the gravitational duals. We will

discuss the form of the correlation functions of these field theories and compute

them holographically using specific gravity models.

In chapters 3 and 4 we will focus on a different aspect of the AdS/CFT cor-

respondence. Currently, a central problem in holography is to understand how to

formulate string theory in spacetimes with non-AdS asymptotics in terms of field

theories in less dimensions. This direction of research has seen some success for

the case of non-conformal brane backgrounds, and less successfully for spacetimes

with de Sitter boundary conditions. Asymptotically flat spaces, however, remain

the most important class of gravitational backgrounds in which string theory lacks

a holographic formulation. The last two chapters focus on gaining some insight

into this problem and consist of two approaches to flat space holography that

follow different perspectives, one based on the flat space limit of AdS/CFT and

another on the concept of holographic foliations. The first approach formulates

the problem as a limit of AdS/CFT where the AdS curvature Λ vanishes. We will

study the zero Λ limit of vacuum expectation values and correlation functions in

AdS/CFT and address several of the necessary conditions for the correspondence

between bulk and boundary physics to admit a well-behaved limit. We will find

evidence that putative field theories dual to string theory in AdS in the limit of

zero curvature Λ are essentially defined in two dimensions less, a property consis-

tent with the fact that the asymptotic boundary of the AdS spaces becomes null

in this limit.

The second approach is based on the observation that asymptotically Minkowski

spaces can always be foliated by Euclidean AdS (or hyperbolic) hypersurfaces

near null infinity. The foliation naturally converges asymptotically to a codimen-

sion two surface at the boundary of the space. Since each leaf of the foliation

is an AdS space, we will explore this feature and conjecture that asymptotically

Minkowski spaces admit a holographic description in terms of an infinite family of

(conformally invariant) field theories that live at the degenerate boundary of the

foliation. We will find that it is indeed possible to reconstruct the asymptotics

of such spacetimes from observables belonging to a one-parameter family of con-

formal field theories in two dimensions less. In the case of two-dimensional field

theories, this parameter is the central charge of the theories and it measures, on

the gravity side, the gauge-invariant distances between the different AdS surfaces.

In the next chapter we begin by reviewing the AdS/CFT correspondence from

first principles. We will start by discussing the large N limit of Yang-Mills theories

and their relation with string theories as introduced above. We will then make a

5



Overview

brief overview of string theory aspects relevant to our work and discuss in detail the

original derivation of the correspondence from D-brane physics and supergravity.

We will then devote a significant part of this first chapter to the correspondence

between states and operators on each side of the duality. Finally, we will discuss

the computation of quantum field theory correlation functions in string theory.
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