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Chapter 1

Introduction to the

AdS/CFT correspondence

1.1. Large N gauge theories

Consider the following Yang-Mills theory in four dimensional Minkowski space

with internal symmetry group a SU(N) gauge group:

L = −1

4
δABF

A
µνF

Bµν +

NF∑
n=1

Ψ̄(n)a (iγµDµ − 1mf )ab Ψb
(n) , (1.1)

where:

FAµν = ∂µA
A
ν − ∂νAAµ + igYMf

A
BCA

B
µA

C
ν , (1.2)

(Dµ)ab = δab∂µ + igYMA
A
µ (TA)ab , (1.3)

[TB , TC ] = fABC TA . (1.4)

The one-form gauge field (Aµ)ab = AAµ (TA)ab is an element of the Lie algebra

su(N).1 The generators of the group are the N2 − 1 traceless hermitian matrices

1 Note that, unlike the gauge curvature FAµνTA, the gauge field AAµ TA does not transform as an

element of the adjoint representation space under the action of the group (i.e. under a gauge trans-

formation), but rather inhomogeneously as a connection form: AAµ TA
g−→
(
Ad(g)ABA

B
µ

)
TA =

(gAµg−1)ATA + ig−1
YM (∂µg g−1)ATA, with g an element of the group and Ad the adjoint repre-

sentation. Strictly speaking, the gauge field Aµ is not Lie algebra valued in the same sense that

a connection in differential geometry is not a tensor. One still says, however, that Aµ ∈ su(N)

and that it transforms under the adjoint representation of the group.
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1. Introduction to the AdS/CFT correspondence

{TA} that form a basis for su(N) with structure constants fABC . The theory con-

tains NF fermions Ψ(n) (also called quark flavours) with Ψa in the fundamental

representation and Ψ̄a in the anti-fundamental.2

The β-function for the dimensionless Yang-Mills coupling constant gYM at one-

loop order is given below. From this it follows that the theory is asymptotically

free if NF < 11N/2 and contains a Landau pole at some low energy. Standard

QCD corresponds to this case, with group rank N = 3 (also called the number

of colours) and NF = 6. In particular, the theory is strongly coupled (gYM > 1)

at energies below a characteristic scale Λ. For this reason, the low energy regime

of the theory and phenomena such as colour confinement cannot be studied using

perturbation theory with gYM the expansion parameter.

Since the rank N of the gauge group is a truly dimensionless parameter (i.e.

does not run) and 1/N < 1 for QCD, it was originally suggested by ’t Hooft [24]

that qualitative aspects of QCD at low energies could be derived be considering

SU(N) Yang-Mills theory at large N . The key observation is that the large N

theory can in principle be studied over a broad range of energies using perturbation

theory with 1/N the expansion parameter after an appropriate redefinition of the

coupling constant. Approximate results for QCD would then be obtained from the

large N theory by replacing 1/N by 1/3 in the perturbation expansions.

The regime of QCD that cannot be studied with standard perturbation the-

ory is the low energy, or confining, regime, so one may ask at this point whether

low energy scales (i.e. of order ∼ Λ) can be probed by approximating QCD by

a large N theory with perturbation parameter 1/N . We will see that such scales

can indeed be probed by considering the strongly coupled regime of the large N

theory in the new coupling constant. One may also ask whether QCD physics can

be modelled by a large N theory since 1/3 is not arbitrarily small. A positive

answer to this question is justified by qualitative and quantitative results which

show that large N gauge theories share many of the essential features expected

of strongly coupled QCD [25, 26] and hence that they may provide a window to

unknown aspects of its non-pertubative regime.

A fundamental feature that emerges from a detailed analysis of large N Yang-

Mills theories is that they simplify considerably in this limit. If we start by expand-

ing a given correlation function in Feynman diagrams with expansion parameter

1/N , we find that the propagators and vertices themselves in each diagram con-

tribute with powers of N . All diagrams that are not planar, as defined below, will

2Given a representation of a Lie group, it is common practice to refer to the representation

space on which the group/algebra acts as the representation and we will adopt this terminology.

This abuse of language is usually employed because a representation of a Lie group is essentially

defined by the vector space on which it acts.
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1.1. Large N gauge theories

be suppressed by powers of N−2 in relation to the planar ones and therefore the

correlation function will be dominated by the latter. For this reason, the large N

limit is also called the planar limit. Furthermore, the subleading orders are or-

ganised as an expansion in topologies of compact two-dimensional surfaces (closed

and orientable in the absence of matter in the fundamental), i.e. according to their

Euler characteristic. An immediate consequence of this feature is that the large N

theory can, in principle, be used to define a string theory if we identify 1/N with

the string coupling constant as discussed below. This apparent relationship be-

tween the large N expansion of Yang-Mills theories and perturbative string theory

is the strongest motivation for studying gauge theories at large N , even though

they were originally proposed as an approximate model to non-pertubative QCD.

This relationship suggests that gauge theories and string theories are in some way

dual, i.e. equivalent, and that this duality is more easily seen in the large N limit

[27].

We want to analyse the behaviour of the generating functional, or of correlation

functions, of Yang-Mills theory (1.1) at large N . There is no explicit dependence of

the Lagrangian on the group rank, but if we expand a given correlation function in

Feynman diagrams with perturbation parameter gYM , powers of N arise because

the computation requires that we sum over adjoint (A,B, ...) and fundamental

(a, b, ...) indices of SU(N). If we then take the limit N →∞ for generic gYM , we

do not obtain any sensible results. This fact is reflected on the β-function of the

theory. At one-loop order, this is given by:

µ
dgYM
dµ

= β(gYM ) = −kNg3
YM +O(g5

YM ) , k =
11

48π2

(
1− 2

11

NF
N

)
. (1.5)

From this expression it follows that the β-function is ill-defined in the limit N →∞
if gYM is kept fixed. A necessary condition for correlation functions of some

interacting QFT to be well-defined within a given range of energies is that the

β-function for the coupling constant also be so. This implies that we need at

least to redefine the coupling constant of the large N theory if we want to obtain

any sensible correlation functions. From the analysis below of vacuum diagrams

it follows that this is sufficient to guarantee that the generating functional of the

large N theory is well-defined.

In order to understand how to scale gYM with N as N → ∞, we begin by

solving the β-function equation (1.5) at one-loop:

g2
YM (µ) =

1

1 + 2kN log(µ/Λ)
, (1.6)

where the integration constant Λ represents the value of the renormalization scale

µ at which gYM = 1. Note that perturbation theory is valid only for gYM << 1,
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1. Introduction to the AdS/CFT correspondence

which requires µ >> Λ. This gives the physical meaning to Λ as an IR cut-off in

the perturbative theory.3

If we require that Λ remains fixed as N → ∞,4 we find that g2
YM behaves

asymptotically as 1/N . This suggests that we introduce the ’t Hooft coupling

λ := g2
YMN . Equation (1.5) then becomes:

µ
dλ

dµ
= β(λ) = −2k λ2 +O(λ3) , (1.7)

with solution:

λ(µ) =
1

1 + 2k log(µ/Λ′)
. (1.8)

Comparing with (1.6) and using the definition λ = g2
YMN , we obtain:

Λ′ = Λ exp
(N − 1

2kN

)
. (1.9)

By construction, the solution λ(µ) is finite and the beta-function β(λ) is well-

defined (and independent of NF ) in the large N limit. If we take into account

higher order terms in the β-function, one can show that the solution for λ(µ) re-

mains well-behaved in the limit N → ∞ still without the need to take a limit on

the scale Λ [26]. These results suggest that we introduce the ’t Hooft coupling as

the coupling constant of the large N theory and study the limit N →∞ of Yang-

Mills with λ kept fixed, known as the ’t Hooft limit. Note that the limit theory

with coupling λ is also an asymptotically free theory. Furthermore, it contains a

Landau pole at µ = Λ, so we can probe energy scales of the order Λ by considering

the strongly coupled regime (λ >> 1) of the large N theory.

We then return to the Lagrangian (1.1), replace gYM by
√
λ/N , and expand

the generating functional, or a given correlation function, in Feynman diagrams

with expansion parameter 1/N .5 Each diagram will have a specific dependence on

N determined by the vertices and particularly by contractions of SU(N) indices.

3The QCD, or confinement, scale ΛQCD ∼ 200 MeV is usually defined in the high-energy

literature as the Landau pole µ = Λ exp(−1/(2kN)). Note, however, that this pole is not

physically meaningful, as suggested by lattice simulations, and it only signals the breakdown of

perturbation theory. On the other hand, the scale parameter Λ is meaningful and it represents

the value of the RG scale µ below which perturbation theory is no longer reliable.

4Note that the requirement that the scale parameter Λ of the interaction be independent of N

is equivalent to requiring that the masses of the particles of the theory remain fixed as N →∞.

5Here and in what follows we assume that a proper gauge-fixing condition has been imple-

mented and ignore contributions from ghost fields.

10



1.1. Large N gauge theories

In order to simplify the counting of powers of N in each diagram, it is convenient

to rescale the fields as:

Aµ →
√
N

λ
Aµ , Ψ→

√
N Ψ , (1.10)

which results in the Lagrangian:

L = N

(
− 1

4λ
δABF

A
µνF

Bµν +

NF∑
n=1

Ψ̄(n)a (iγµDµ − 1mf )ab Ψb
(n)

)
, (1.11)

where now:

FAµν = ∂µA
A
ν − ∂νAAµ + ifABCA

B
µA

C
ν , (1.12)

(Dµ)ab = δab∂µ + iAAµ (TA)ab . (1.13)

Note that this redefinition is done for convenience only and physical results such

as scattering amplitudes are independent of this rescalling. Each vertex is then

proportional to N and each propagator to 1/N .6 A typical (internal) diagram of

the theory is of the form:

Figure 1.1: Internal diagram.

representing two gauge field (gluon) propagators, a quark momentum loop and

four vertices. This diagram is associated with the amplitude:[
iNγµ(TA)ab

]
〈AAµABν 〉

[
iN(TB)cd

]
tr
{
γν〈Ψ̄eΨ

d〉γα〈Ψf Ψ̄c〉
}[
iN(TC)ef

]
〈ACαADβ 〉

[
iNγβ(TD)gh

]
= N4 γµ 〈(Aµ)ab (Aν)cd〉 tr

{
γν〈Ψ̄eΨ

d〉γα〈Ψf Ψ̄c〉
}
〈(Aα)ef (Aβ)gh〉 γ

β , (1.14)

where the integral over the loop momentum is implicit in the trace over the Dirac

indices. The structure of the adjoint and fundamental group/colour indices in the

6Schematically, from the Lagrangian it follows that the equation for a Green’s function is of

the form N�G(x− y) = δ(x− y)⇒ G(x− y) ∝ 1
N

, with G(x− y) the Green’s function.
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1. Introduction to the AdS/CFT correspondence

gluon and quark propagators is given by:

〈AAµ (x)ABν (y)〉 =
1

N
δAB Dµν(x− y) , (1.15)

〈Ψa(x)Ψ̄b(y)〉 =
1

N
δab S(x− y) , (1.16)

with Dµν(x) and S(x) the respective Green’s functions with the N dependence

factored out. If we use the identity:

δAB (TA)ab (TB)cd =
1

2

(
δcbδ

a
d −

1

N
δab δ

c
d

)
, (1.17)

then each gluon propagator behaves at large N as a product of a quark and an

antiquark propagators from a group theoretic point of view:

γµ 〈(Aµ)ab (Aν)cd〉 γν =
k

N
δcbδ

a
d +O(1/N2) ∼ 〈ΨcΨ̄b〉〈Ψ̄dΨ

a〉 , (1.18)

with k = 1/2 γµγνDµν . This reflects the fact that an adjoint field transforms just

as an element of the gauge group representation space given by the tensor product

of a fundamental with an anti-fundamental representation spaces:7

(Fµν)ab
g−→ (Ad(g)Fµν)ab = (gFµνg

−1)ab = (g)ac(Fµν)cd(g
−1)db , (1.19)

ΨaΨ̄b
g−→ (gΨ)a(Ψ̄g†)b = (gΨ)a(Ψ̄g−1)b = (g)ac ΨcΨ̄d (g−1)db . (1.20)

This relation between the colour structure of the gluon and fermion propagators

suggests that we represent the former as a double line of a quark and an antiquark

propagators for the purpose of the N -counting:

Figure 1.2: Internal diagram in double-line notation.

An amputated closed diagram (i.e. no external lines and all SU(N) indices con-

tracted) such as a gluon momentum loop with two three-point vertices is repre-

sented in the double line notation as three colour index loops:

7For a connection such as the gauge field, there is an extra inhomogeneous contribution as

emphasized in footnote 1.
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1.1. Large N gauge theories

Figure 1.3: Closed diagram in double-line notation.

and is associated with the amplitude:

N2〈AAµABν 〉 kν 〈ACαADβ 〉 kβ 〈AEαAFµ〉
(
δAA′f

A′

DF

)(
δCC′f

C′

BE

)
= 4N2〈AAµABν 〉 kν 〈ACαADβ 〉 kβ 〈AEαAFµ〉

(
(TA)ab (TA′)

b
a f

A′

DF

)(
(TC)cd(TC′)

d
c f

C′

BE

)
= 4N2〈AAµABν 〉 kν 〈ACαADβ 〉 kβ 〈AEαAFµ〉

(
(TA)ab [TD, TF ]ba

) (
(TC)cd [TB , TE ]dc

)
∼ N2〈(Aµ)ab (Aν)dc′〉 kν 〈(Aα)cd(Aβ)ba′〉 kβ 〈(Aα)c

′

c (Aµ)a
′

a 〉

∼ N2
(
N−1 δdb δ

a
c′ +O(N−2)

) (
N−1 δbd δ

c
a′ +O(N−2)

) (
N−1 δa

′

c δc
′

a +O(N−2)
)

= δbb δ
a
a δ

c
c′
(
N−1 +O(N−2)

)
= N2 +O(N) , (1.21)

where we used the identity: (TA)ab(TB)ba = 1
2δAB . All contractions of adjoint

indices can be rewritten in this way as traces over fundamental indices and the

representation of gluon propagators by double lines of (anti-)fundamental indices

expresses this property. The upshot of the double line notation is that the factors of

N that arise from traces over SU(N) indices are now easier to determine from the

diagrams. In this notation, each trace over a fundamental (or anti-fundamental)

colour index, say δaa , becomes depicted by a colour index loop, resulting in a factor

of N for each such loop in the diagram. Together with the fact that each vertex

contributes with a factor of N and each propagator with 1/N , this establishes the

N -counting rules for each diagram.

The simplest case that we can study at large N is the expansion of the gen-

erating functional of pure Yang-Mills, i.e. the vacuum diagrams with all fermions

switched off. The first few vacuum bubbles are given in Figure 1.4 and are repre-

sented in double line notation in Figure 1.5. From the above rules, each diagram

with V vertices, E propagators and F colour index loops is proportional to a fac-

tor of NV−E+F . It is then a simple matter to check that all diagrams that can

be drawn on a plane (i.e. embedded in R2), called planar diagrams, scale as N2,

13



1. Introduction to the AdS/CFT correspondence

Figure 1.4: Vacuum bubbles.

Figure 1.5: Vacuum bubbles in double-line notation.

whereas all diagrams that need to be embedded in R3 are suppressed by powers

of N−2 in relation to the planar ones.

In topology, any connected closed 2-surface is completely characterised by its

Euler characteristic χ = 2− 2g, with g its genus, and by whether it is orientable.

From the classification theorem of closed 2-surfaces it then follows that every

two-dimensional connected, closed and orientable surface is homeomorphic to a

connected sum of g tori (g = 0, 1, 2, ... respectively the 2-sphere, the torus, the

double torus, etc). If we perform a one-point compactification of the surfaces in

the above double line diagrams, then they will fall in this category since they

will be closed (and connected) and the particle/anti-particle propagators induce

an orientation on the surfaces, represented by the arrows.8 Each diagram will

in this way be homeomorphic to some n-fold torus and the different loops in the

interior of the diagram will result in a triangulation of the respective surface.

The planar diagrams will correspond to triangulations of a 2-sphere and, more

generally, diagrams that scale as N2−2g will correspond to triangulations of a g-

fold torus. The asymptotic expansion of the generating functional with expansion

parameter 1/N will in this way be a sum over different topologies:9

8Boundaries arise when we insert matter in the fundamental and the Euler characteristic is

generalised to χ = 2−2g− b, with b the number of boundaries. Also, orientability of the surfaces

can be lost for certain gauge groups such as SO(N) in which an adjoint field transforms as a

product of two fundamental fields rather than a fundamental, anti-fundamental product [27].
9In the case of the S2, for example, with the one-point compactification of the respective

double line diagrams we are adding the point at infinity to obtain the south pole, as in an

upside-down (triangulated) Riemann sphere. Note also that the surfaces are connected, we are

segmenting each just for the purpose of emphasizing the triangulation.
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1.1. Large N gauge theories

and which is expressed as:

Z = N2
∞∑
g=0

N−2gfg(λ) , (1.22)

with fg some polynomial in the t Hooft coupling. This expansion is precisely the

one that arises in string perturbation theory of closed oriented strings:

Zstring ∼ g−2
s

∞∑
g=0

g2g
s

∫
[dX] e−S , (1.23)

with gs the string coupling constant that determines the coupling to the differ-

ent worldsheet topologies, X collectively the string embeddings, worldsheet metric

and gravitino, and S the worldsheet action. If we identify 1/N with gs we can

see the expansion (1.22) as the definition of a string theory. The large N limit

would then correspond on the string theory side to the limit in which all loop

corrections are suppressed in relation to the tree-level diagrams, a classical limit.

This connection, though derived at large N , suggests that one may be able to

completely reformulate string theories in terms of Yang-Mills theories such that

the full non-perturbative formulation of the former would be given by the latter

for all N .

Even though non-Abelian gauge theories simplify considerably in the large N

limit, it is still impossible to compute and sum all planar diagrams ∀λ in a given

correlation function. In fact, the large N expansion is an asymptotic expansion

and may not be convergent. A further simplification would be to consider λ << 1

and do perturbation theory of the large N theory with expansion parameter λ.

However, this is the weakly coupled regime of the theory and it excludes strongly

coupled phenomena such as confinement and chiral symmetry breaking, which

originally motivated the large N approach. The strongly coupled regime λ >> 1,

on the other hand, cannot be studied using perturbation theory in λ.

The above apparent connection between gauge and string theories does not

specify the relationship between the two remaining free parameters of each the-
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1. Introduction to the AdS/CFT correspondence

ory:10 the ’t Hooft coupling λ of the large N gauge theory and the string length

scale (inverse string tension) of the string theory that determines the coupling

to the target spacetime fields. If there is such a relationship, however, it must

necessarily be a strong/weak one because the two theories are clearly different at

the perturbative level and therefore, when one is weakly coupled, the other must

be strongly coupled, so that perturbation theory in λ and in the string scale does

not apply to both theories simultaneously. In the next section we will find that

certain gauge theories, specifically those with a renormalization UV fixed-point,

are in fact (in the strongest form of the correspondence) equivalent to string the-

ory formulated in specific backgrounds, and that this equivalence is a strong/weak

duality in the sense that λ is inversely proportional to the string scale. In this way,

the strongly coupled regime of the gauge theory (at large N) can be probed by

studying the dual string theory at lowest order approximation in the string scale,

which simply corresponds to classical supergravity.

1.2. The AdS5/CFT4 Correspondence

1.2.1. N = 4 super Yang-Mills

Let us start with the pure N = 1 supersymmetric Yang-Mills Lagrangian with

U(N) gauge group (or a subgroup such as SU(N)) in ten dimensional flat space

(ηmn = diag(−,+, ..,+)):

L = −1

2
(Fmn)ab(F

mn)ba + i(ψ̄)ab Γm(Dmψ)ba , (1.24)

where ψ is a Majorana-Weyl spinor (eight real degrees of freedom) and the Γm

matrices are the 32×32 Dirac matrices in ten dimensions: {Γm,Γn} = 2ηmn. Both

ψ and Fmn are in the adjoint representation, e.g. (Fmn)ab = FAmn(TA)ab with {TA}
a basis for u(N) normalized so that Tr(TATB) = 1

2δAB . The covariant derivative

Dm is the adjoint derivative:

(Dmψ)ba = ∂mψ
b
a + igYM [Am, ψ]ba =

(
∂mψ

A + igYM fABC A
B
mψ

C
)

(TA)ba .

(1.25)

We will omit the U(N) matrix indices (a, b, ... and A,B, ...) from now onwards.

Under the supersymmetry transformations:

δξAm = −iξ̄ Γmψ , δξψ =
1

2
FmnΓmΓn ξ , (1.26)

10In fact, λ is not really free, as determined by the β-function equation, and is dimensionally

transmuted to the characteristic scale Λ′ of the interaction, which represents the remaining

(dimensionful) free parameter of the large N theory. Note also that the string coupling gs is not

actually an independent parameter, but rather corresponds to the asymptotic expectation value

of the dilaton, which is a dynamical field.
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1.2. The AdS5/CFT4 Correspondence

with ξ(x) an infinitesimal spinor, the Lagrangian changes by a total derivative

and therefore the action remains invariant. In order to reduce the theory down

to four dimensions, we write the ten-dimensional coordinates as xm = (xµ, xa) :

µ = 0, .., 3, a = 4, .., 9 and require that the fields be independent of xa. We can

similarly compactify the theory on a flat six torus and truncate to the massless

sector (which is a consistent truncation). The Lagrangian then becomes:

L = Tr

{
− 1

2
FµνF

µν −DµAaD
µAa +

1

2
g2
YM [Aa, Ab][A

a, Ab]

+ iψ̄ΓµDµψ − gYM ψ̄Γa[Aa, ψ]

}
. (1.27)

The Majorana-Weyl spinor ψ can be represented as:

ψ =

4∑
i=1

{
vi ⊗

(
λiα
0

)
+ vi+4 ⊗

(
0

λ̄iα̇

)}
, (1.28)

where λi are four two-component Weyl spinors such that: λ̄iα̇ = (λiα)∗ , λ̄iα̇ =

(λiα)∗, with the spinor indices raised and lowered with the antisymmetric tensor

εαβ = −εα̇β̇ , and where vj is a 8× 1 column matrix such that:

(vj)k1 =

{
1 if k = j

0 otherwise
. (1.29)

The Dirac matrices can then be represented as:

Γµ = 18 ⊗ γµ , Γa = γ̂a ⊗ γ5 , (1.30)

γµ =

(
0 (σµ−)αβ̇

(σµ+)α̇β 0

)
, {γµ, γν} = 2ηµν14 , γ5 = iγ0γ1γ2γ3 =

(
12 0

0 −12

)
,

(1.31)

γ̂a =

(
0 (Σa)ij

(Σ̄a)ij 0

)
, {γ̂a, γ̂b} = 2δab18 , ΣaΣ̄b + ΣbΣ̄a = 2δab14 ,

(1.32)

where 1n is the n×n identity matrix, σµ± = (1,±~σ) are the Pauli matrices, and the

six complex and antisymmetric constant matrices Σa = (Σ̄a)∗ = (η1, η2, η3, iη̄1, iη̄2, iη̄3),

with ηa the ’t Hooft symbols [28] (see also [29]). The matrices γµ and γ̂a are the

Dirac matrices (i.e. satisfy the Clifford algebra) in four and six dimensions respec-

tively.
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1. Introduction to the AdS/CFT correspondence

With the six scalar fields Aa we then construct three complex scalars repre-

sented as φij and defined by:

φij =
1

2
Aa(Σa)ij , φ̄ij = (φij)∗ =

1

2
Aa(Σ̄a)ij =

1

2
εijklφ

kl , (1.33)

where i, j = 1, .., 4 are the matrix indices of Σa such that (Σa)ij = −(Σa)ji. These

are introduced so that the SU(4)R symmetry discussed below is manifest. We

then have the identities (ψ̄ = ψ†Γ0):

DµAaD
µAa = −Dµφ

ijDµφ̄ij , (1.34)

[Aa, Ab][A
a, Ab] = [φij , φkl][φ̄ij , φ̄kl] , (1.35)

iψ̄ΓµDµψ = 2i λ̄iα̇(σµ+)ȧβDµλ
i
β , (1.36)

ψ̄Γa[Aa, ψ] = 2λiα[φ̄ij , λ
j
α]− 2λ̄iα̇[φij , λ̄jα̇] . (1.37)

Note that:

Γ0Γµ = 18 ⊗

(
(σµ+)α̇β 0

0 (σµ−)αβ̇

)
, Γ0Γa =

(
0 (Σa)ij

(Σ̄a)ij 0

)
⊗

(
0 −δα̇

β̇

δβα 0

)
.

(1.38)

Finally, we replace these identities in (1.27), rescale Aµ → g−1
YMAµ and add the

topological invariant θI/8π
2
∫
F ∧ ∗F to obtain:

L = Tr

{
− 1

2g2
YM

FµνF
µν +

θI
8π2

Fµν F̃
µν +Dµφ

ijDµφ̄ij +
g2
YM

2
[φij , φkl][φ̄ij , φ̄kl]

+ 2i λ̄iσµ+Dµλ
i − 2gYM

(
λi[φ̄ij , λ

j ]− λ̄i[φij , λ̄j ]
)}

, (1.39)

where F̃ := ?F . Further details on the dimensional reduction can be found in [30]

(see also [31, 32]). All symmetries of the resulting theory in four dimensions follow

by construction from the original ten-dimensional symmetries. Our final theory is

invariant under N = 4 supersymmetry transformations acting on Aµ, φ
ij , λi and

λ̄i that follow from the transformations (1.26) (and are schematically given later

in (1.77)). The maximum extended supersymmetry in four dimensions is N = 8,

but since N > 4 necessarily requires fields of spin 3/2 and 2, it follows that the

super Yang-Mills theory (1.39) is the maximally supersymmetric gauge theory in

four dimensions. The theory has four supersymmetry generators (sixteen real su-

percharges) and the Lagrangian is invariant under a global SU(4)R ∼ SO(6)R
R-symmetry (acting on the indices i, j). This symmetry group follows from the

fact that the Lorentz group SO(1, 9) of the original ten-dimensional theory de-

composes as SO(1, 9)→ SO(1, 3)× SO(6). The Σa matrices then map tensors of

18



1.2. The AdS5/CFT4 Correspondence

SO(6) to tensors of SU(4). The theory contains three complex (six real) scalar

fields transforming under the two-index antisymmetric representation of SU(4)R,

four Weyl fermions in the fundamental of SU(4)R, and the gauge field which is a

scalar under the R-symmetry. All fields transform according to the adjoint repre-

sentation of the U(N) gauge group.

An important property of N = 4 super Yang-Mills (SYM) is that the theory

is invariant under the conformal group Conf(R1,3) ∼ SO(2, 4) ∼ SU(2, 2) con-

sisting of the set of conformal transformations in flat space (see appendix A.3).11

Because of supersymmetry, the symmetry group is enhanced to the maximal su-

perconformal group SU(2, 2|4) in four dimensions consisting of the bosonic sub-

group SU(2, 2) × SU(4)R together with the supersymmetries generated by the

Poincaré and conformal supercharges.12 This symmetry group is preserved at the

quantum level at all orders in perturbation theory and also non-perturbatively

[33, 34, 35, 36, 37]: the theory exhibits no UV divergences and therefore does not

require renormalization. In this way, the β-functions are identically zero and the

theory remains exactly conformal. Together, these features imply that N = 4

SYM is the most symmetric gauge theory in four dimensions.

A further aspect of N = 4 SYM is its conjectured invariance under the

Montonen-Olive duality that acts on the coupling constants as the SL(2,Z) group:

τ → aτ + b

cτ + d
: ad− bc = 1 , a, b, c, d ∈ Z , (1.40)

where τ = 4πi/g2
YM + θI/2π. This is an example of a strong-weak S-duality.

The quantum theory is invariant under the transformation θI → θI + 2π and

it is conjectured that it is also invariant under the strong-weak transformation

τ → −1/τ (together with the substitution of the gauge group by its Langlands

dual). The combination of the two results in the above SL(2,Z) symmetry. The

existence of this symmetry group will be important for the consistency of the

AdS/CFT duality as we will discuss in the next sections.

11The fields have mass dimensions [Aµ] = 1 = [φij ] , [λi] = 3/2, and the coupling constants

are dimensionless.
12 The conformal supercharges Siα are defined as the operators given by the commutators of the

generators of special conformal transformations with the Poincaré supercharges Qiα. It should

be further remarked that the full symmetry group is in fact the subgroup PSU(2, 2|4). In the

algebra of su(2, 2|4), the anticommutator between the supercharges is given by: {Qiα, Sβj} =

Mαβδ
i
j + εαβR

i
j + εαβδ

i
j (D + C), where Mαβ = σµναβMµν is the SU(2) representation of the

Lorentz generators, Rij are the R-symmetry generators, D is the dilatation generator and C is

the central charge. In the case of N = 4 SYM the central charge vanishes and the resulting

algebra is the psu(2, 2|4) algebra.
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1.2.2. String theory, Supergravity and D-branes

In the previous subsection we have analysed a highly symmetric gauge theory

in four dimensions and discussed how its symmetries arise from the parent ten-

dimensional SYM theory. In view of the results of the first section, we would like

to explore how this gauge theory can be related to superstring theory.

Let us start with type IIB closed strings with supersymmetry implemented on

the worldsheet, known as the Ramond-Neveu-Schwarz (RNS) formulation. Recall

that the R/NS vacuum is the state annihilated by the positive modes of the bosonic

and fermionic string embeddings with periodic/antiperiodic fermionic boundary

conditions, also known as R/NS boundary conditions. The Hilbert space then

corresponds to the Fock space generated by acting with the respective negative

modes on the R and NS vacuum. Since the string embeddings decompose into left

(−) and right (+) moving modes (i.e. holomorphic and anti-holomorphic compo-

nents), the Hilbert space decomposes into four sectors. States in the X-Y sector

are obtained by acting on the vacuum (|0〉+X⊗|0〉
−
Y ) with the negative modes of the

left/right fermionic movers with X/Y boundary conditions and with the left/right

bosonic movers, where X,Y ∈ {R, NS}. The massless states of the closed string in

the NS-NS sector are the first excited states and correspond to the particle states

for the graviton Gµν , the 2-form B-field and the dilaton Φ (form a basis for the

Hilbert spaces). The massless state in the R-R sector is the ground state, a tensor

product of two spinor states, and decomposes into the particle states of the axion

C0, the 2-form C2 and the 4-form C4 with self-dual field strength. The remaining

NS-R and R-NS sectors contain fermionic gravitinos’ and dilatinos’ particle states.

All these states correspond to the lowest energy excitations of the target spacetime

fields, with different configurations of the fields corresponding to different states,

and couple to the IIB closed string worldsheet via specific vertex operators. From

the one-loop β-functions of the closed string (leading order in α′) it then follows

that the dynamics of the spacetime fields is given by the IIB supergravity action

[38, 39]:

S =
1

(2π)7`8s

∫
d10x
√
Ge−2Φ

(
R[G] + 4|∂Φ|2 − 1

2
|H3|2

)
(1.41)

− 1

2(2π)7`8s

∫
d10x

[√
G

(
|F1|2 + |F̃3|2 +

1

2
|F̃5|2

)
+ C4 ∧H3 ∧ F3

]
+ fermions ,

where the field strengths are given by ( |Fn|2 = 1/n!Fµ...νF
µ...ν):

H3 = dB , F1 = dC0 , F3 = dC2 , F5 = dC4 ,

F̃3 = F3 − C0H3 , F̃5 = ∗F̃5 = F5 − 1
2 C2 ∧H3 + 1

2 B ∧ F3 , (1.42)

and where the string length scale `s :=
√
α′ and is related to the ten-dimensional
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1.2. The AdS5/CFT4 Correspondence

Planck length as: `8P = 8π6g2
s`

8
s (which is the Newton constant G10 in the Einstein

frame defined next) [40]. Note that IIB supergravity provides a good approxima-

tion to IIB closed strings only in the low-energy limit α′ → 0, where the massive

string states can be ignored (recall that the mass of the states M2 ∼ 1/α′). Fur-

thermore, the approximation can be trusted when the loop corrections in the string

perturbation theory are suppressed, i.e. for gs << 1.

IIB supergravity is invariant under N = 2 supersymmetry, with 32 real super-

charges (two generators in ten dimensions). The classical action is also invariant

under an SL(2,R) transformation. The latter symmetry is manifest if we rewrite

the action in the Einstein frame by defining:

GEµν := e(Φ0−Φ)/2Gµν , (1.43)

where eΦ0 = gs is the asymptotic expectation value of the dilaton, together with:

τ := C0 + i e−Φ and G3 := (F3 − τ H3)/
√

Im τ . The symmetry transformation

then acts as:

τ → aτ + b

cτ + d
, G3 →

cτ̄ + d

|cτ + d|
G3 : ad− bc = 1 , a, b, c, d ∈ R , (1.44)

with the remaining fields fixed. However, the full IIB string theory is invariant

only under the transformation τ → τ + 1 together with the strong-weak trans-

formation τ → −1/τ and therefore only the discrete subgroup SL(2,Z) survives

at the quantum level. This symmetry group is the S-duality of IIB closed strings

and is related by the AdS/CFT correspondence to the S-duality of N = 4 SYM

discussed in the preceding section.

Above we have briefly discussed closed strings, but a similar analysis can be

repeated for the open string. Recall that open strings end on Dp-branes with the

bosonic string embeddings satisfying Dirichlet/Neumann boundary conditions in

the directions transverse/parallel to the branes. In addition, appropriate Neveu-

Schwarz and Ramond fermionic boundary conditions imposed at the ends of the

string give rise to the NS and R sector of the open string Hilbert space corre-

sponding to bosonic and fermionic states respectively. The massless states in the

NS sector are the first excited states and decompose into the particle states of a

gauge field Aa on the D-brane and of the D-brane bosonic embedding XI in the

transverse directions. The massless state in the R sector is the ground state (a

spinor state) which decomposes into the particle states of the superpartners, viz.

a fermion on the D-brane and the D-brane fermionic embedding in superspace.

These states describe the lowest energy excitations of the D-brane; the massive

states describe excitations of higher energy. Furthermore, a collection of N D-

branes represents N ×N different combinations of hyperplanes on which the open
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string can end. If the branes are coincident, the above fields become non-abelian

and transform under the adjoint representation of a U(N) gauge group.

The action describing the dynamics of the low-energy excitations of the D-

branes can be derived (at leading order in α′) by coupling the string states to the

worldsheet via vertex operators and deducing the one-loop β-functions; further

methods involve T-duality and the BPS properties of D-branes. The dynamics of

the fields is then described by the generalised DBI, or worldvolume action of N

Dp-branes [41]:13

Sp =− Tp
∫
dp+1ξTr

{
e−Φdet1/2

[
Gab +Bab + 2πα′Fab + EaI

(
Q−1 − δ

)IJ
EJb

]
det1/2

[
QIJ

]}

+ Tp

∫
p+1

[ 2∑
n=0

C2n +

4∑
n=3

C2n

]
∧ Tr eBab+2πα′Fab + fermions . (1.45)

Here we have decomposed the brane embedding Xµ(ξ) in spacetime into the

directions parallel to the brane Xa : a = 0, ..., p and transverse to the brane

XI : I = p + 1, ..., 9. It is common practice to choose coordinates such that

Xa = ξa, with ξa the coordinates on the brane worldvolume. The equations of

motion are obtained by varying the action with respect to XI and the gauge field

Aa. The tension Tp of each brane (in the string frame) is given by [10, 42]:

Tp = (2π)−p `−(p+1)
s . (1.46)

The physical tension TEp = g−1
s Tp is obtained by moving to the Einstein frame

(recall equation (1.43)). Note that the perturbative regime of string theory requires

gs << 1, which implies TEp >> 1 (in string units). Since the brane tension

corresponds to its mass, the brane becomes infinitely heavy in string perturbation

theory and therefore it is not visible in this sector of the theory.

The two-form Fab(ξ) is the field strength of the open string gauge field Aa(ξ)

and the remaining fields are given by the pullback of the closed string fields onto

the brane worldvolume:

Φ = Φ(X) , Gab =
dXµ

dξa
dXν

dξb
Gµν(X) , Bab =

dXµ

dξa
dXν

dξb
Bµν(X) ,

Eµν = Gµν +Bµν , EaI =
dXµ

dξa
EµI(X) , (1.47)

and analogous for the closed string R-R gauge fields Cn. The C6 and C8 potentials

are the Hodge duals defined as dC6 = ?dC2 and dC8 = ?dC0. Note also that, in the

last integral, when we replace the exponential by its power series, with products

13If the curvature of the target spacetime is non-vanishing, the Chern-Simons term (the last

integral) also involves wedge-powers of the Riemann tensor pulledback to the worldvolume. Here

we will be ignoring these contributions.
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replaced by wedge products, only one term in the series is picked by each R-R

field due to the integral over the worldvolume such that the resulting form is a

(p+ 1)-form. The tensor QIJ is given by:

QIJ = δIJ + i2πα′[φI , φK ]EKJ(X) : φI =
1

2πα′
XI , (1.48)

with the I, J indices raised/lowered with the metric EIJ : EIKEKJ = δIJ . Finally,

the traces Tr are taken over the fundamental indices of the gauge group U(N).14

The worldvolume action contains interactions with the closed string modes.

These interactions can be switched off by decomposing the target spacetime fields

into their background configurations plus the α′ corrections that represent the

closed string excitations and taking the limit α′ → 0. This is called a decoupling

limit since the closed string modes decouple from the branes. In this limit, the

worldvolume theory reduces to a Yang-Mills gauge theory with U(N) gauge group.

In the particular case of D3-branes, if the target space metric Gµν = ηµν +O(α′2),

with ηµν the Minkowski metric, the dilaton eΦ = gs + O(α′), the axion C0 =

k+O(α′) (a constant), and the background configurations of the remaining target

space fields vanish, the worldvolume theory in the decoupling limit becomes N = 4

SYM in four dimensional flat space. In particular, the SYM field strength and the

six real scalar fields in (1.39) are given by the open string field strength and the

six transverse brane embeddings φI :15

Sp = −Tp(2πα
′)2

4gs

∫
d4ξTr

{
FabF

ab + 2Daφ
IDaφI − [φI , φJ ][φI , φJ ]

}
+
Tp(2πα

′)2k

2

∫
d4ξTr

{
FabF̃

ab
}

+ fermions . (1.49)

If we replace for Tp and compare the result with the Yang-Mills Lagrangian (1.39),

we find that the Yang-Mills coupling and the instanton angle θI are given by:

g2
YM =

( 2gs
Tp(2πα′)2

)
p=3

= 4πgs , θI = 8π2
(Tp(2πα′)2k

2

)
p=3

= 2πk .

(1.50)

A fundamental property of D-branes is the fact that they are the sources for

the R-R gauge fields. Recall from Maxwell’s theory that point charges couple to

a one-form gauge potential via an interaction term of the form:

Sint = e

∫
A = e

∫
dτ
dxµ

dτ
Aµ(x) , (1.51)

14For a discussion of how the traces should be implemented, see references [43, 44, 45].
15 Recall that the scalars φij in (1.39) are in the two-index antisymmetric representation of

SU(4)R, whereas the scalars φI are in the fundamental of SO(6)R. The isomorphism is given

by the Σa matrices as in (1.33).
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where A represents the pullback of the gauge field to the worldline of the particle

with proper time τ and electric charge e. In the case of higher-order gauge fields,

the sources for the (p + 1)-form potentials are (p + 1)-dimensional objects called

p-branes which couple to the potentials as:

Sint = µp

∫
p+1

Ap+1 = µp

∫
dp+1ξ

dXµ0

dξ0
...
dXµp

dξp
Aµ0...µp(X) , (1.52)

where µp is the charge of the p-brane, ξa are coordinates on the brane and Xµ(ξ)

is the brane embedding into spacetime. p-branes backreact on the embedding

spacetime just like point charges do, i.e. they are sources of closed strings, and in

the case of the IIB R-R potentials, the backreaction of the corresponding p-branes

is determined by the IIB supergravity action (1.41).

When we analyse the worldsheet of the closed and open strings with the vertex

operators for the string states inserted, we find that the strings couple to the two-

form B-field as above and therefore are the sources for the B-potential, but they

do not carry R-R charge since the R-R vertex operator for the two-form C2 field

involves directly the field strength. On the other hand, in the case of Dp-branes,

the interaction term with a R-R (p+1)-potential is of the form (1.52) (more clearly

seen if we switch off the background Bab and Aa fields) and therefore they are the

sources for the R-R gauge fields with charge Tp. This implies in particular that the

R-R p-branes that arise as solutions of IIB supergravity are the IIB Dp-branes with

p = ±1, 3. This statement is not entirely correct, though. Dp-branes with odd |p|
are supersymmetric 1/2 BPS objects, i.e. their states are in representations of the

superPoincaré group that saturate the BPS bound such that M = |Z| = Q, with

M,Z and Q the mass, central charge and electric charge, and preserve half of the

supersymmetry (the worldvolume theory is invariant under 16 supercharges).16

On the other hand, the only supersymmetric p-brane solutions of supergravity are

the extremal p-branes, which are also 1/2 BPS (admit 16 Killing spinors), so the

identification between p-branes and supersymmetric Dp-branes only holds for the

extremal case. D-branes at finite temperature are non-supersymmetric and in this

case are identified with p-brane solutions of supergravity near extremality.

The discovery that D-branes are the R-R charge carriers led to the conjecture

that their description as solutions of the worldvolume theory and as solutions of

the supergravity equations of motion could be two equivalent descriptions. More

generally, it led to the conjecture that the dynamics of open and closed string

states could be described by physically equivalent theories and therefore that the

open and closed string could be dual to each other. Note that the worldvolume

16Recall that IIB supergravity has N = 2 supersymmetry, so there is only N/2 = 1 central

charge. Also, Dp-branes in IIB string theory with even p are non-BPS. They break all of the

supersymmetry, do not carry conserved charges and are unstable.
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description of D-branes is a gauge theory without gravity, so this open/closed

string duality is in particular a gauge/gravity duality. Further, the theory on the

D-brane is defined in less dimensions than the gravitational theory, so the degrees

of freedom along the extra directions would have to be encoded (in a highly non-

trivial way) on the D-brane. We will see that these extra degrees of freedom are

encoded in the dynamics of the lower dimensional field theory description.

This conjectured relationship between the worldvolume theory on the D-brane

and the gravitational theory in the bulk, describing the backreaction of the brane

on the embedding spacetime, has its roots in the discovery of Hawking radia-

tion and in the fact that black hole entropy scales with the area of the horizon.

This fact led to the speculation that black holes (as bulk solutions) could equally

be described by a lower dimensional field theory on the horizon in such a way

that the Hilbert space of this theory would contain the black hole states. In the

case of D-branes, this idea extrapolates to the statement that the bulk theory in

the vicinity of the branes would admit an equivalent description in terms of the

gauge theory on the worldvolume of the branes. This conjecture was originally

supported by several results. The most important of these are the derivation of

the Bekenstein-Hawking (BH) entropy of black holes obtained from intersecting D-

branes by counting the degenerate states of the branes [9, 46] and the computation

of absorption cross-sections of parallel D-branes [17, 18, 19]. In the first case, the

calculation of the BH entropy is a bulk theory calculation, whereas the counting of

the degenerate states is performed using statistical mechanics in the worldvolume

theory, also known as the black hole microscopic theory. In the second case, the

cross-section for infalling massless closed strings to be absorbed by the D-branes

was computed using supergravity and the worldvolume theory (in which case the

process corresponds to a computation of the decay rate of the closed strings into

pairs of massless open strings on the branes [47]) and the results agree with one

another; see [27] for a review. Since absorption cross-sections can be expressed in

terms of correlation functions, this result suggested that worldvolume correlators

could be computed from supergravity.

A hint of how this gauge/gravity duality could possibly work arises from M-

theory. The different types of string theories are related by dualities and type IIA

and the E8 × E8 heterotic string, both formulated in ten dimensions, approach

eleven-dimensional M-theory as gs → ∞. The low-energy limit of M-theory is

supergravity in eleven dimensions, which reduces to 10D supergravity by Kaluza-

Klein compactification. In the case of type IIA (resp. E8×E8), the argument to go

up to eleven dimensions is that the higher-dimensional M-theory is compactified

on a circle (resp. S1/Z2 orbifold) of radius r11 = gs`s. Perturbative string theory

therefore corresponds to the limit r11 → 0, i.e. represents an expansion around
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r11 ∼ 0, and hence this dimension is not be visible in the perturbative regime

of the string theory. However, as we go to the strong coupling regime, the extra

dimension opens up. This relationship between strong coupling regimes and extra

dimensions suggests that if the gauge theory on the brane admits an equivalent

description in terms of a higher-dimensional theory, say one dimension extra, then

maybe this equivalence could be more easily seen by going to the strong coupling

regime of the gauge theory, where the extra dimension would become more visible.

We will see that this is precisely how the duality is formulated.

1.2.3. AdS5 Supergravity and N = 4 SYM

The first proposal of a precise equivalence between the worldvolume and super-

gravity theories followed by studying a system of N parallel D3-branes in the

decoupling, low-energy limit α′ → 0, both from the point of view of the gauge

theory (1.49) on the branes and their backreaction on the embedding spacetime

[20], see also [27].

Suppose we have a set of N coincident D3-branes charged under the R-R C4

potential. We will be assuming that gs << 1 so that we can analyse this system

using string perturbation theory. Furthermore, we will work in the lowest order

approximation in α′ so that the massive states of the open and closed strings can be

ignored and the excitations of the D3-branes can be described by the worldvolume

theory (1.45). In this approximation, the backreaction of the D3-branes is derived

from the supergravity action (1.41). We want to look for solutions with constant

R-R scalar C0 and with vanishing B-field and R-R potential C2 (and without

fermionic degrees of freedom). If we further impose translational symmetry on

the branes and rotational symmetry in the transverse space, we find the unique

solution generated by the stack of D3-branes, also called the extremal black 3-

brane:

ds2
10 = H(r)−1/2

(
−dt2 + d~x 2

3

)
+H(r)1/2

(
dr2 + r2dΩ2

5

)
,

F5 = ?F5 = (1 + ?) dH(r)−1 ∧ dt ∧ dx1 ∧ dx2 ∧ dx3 ,

eΦ = gs , C0 = k , H(r) = 1 +
L4

r4
. (1.53)

In general, the solution for the dilaton is of the form e2Φ = g2
sH(r)(3−p)/2 for the

generic case of Dp-branes, but it must necessarily be a constant in the particular

case p = 3 [48, 49]. Note that, since eΦ = eΦ0 = gs, the metric in the Einstein

or in the string frame is the same (recall (1.43)). The coordinates (t, ~x) are the

coordinates ξa on the worldvolume of the D-branes and (r,Ωi) parametrise the

transverse space. The parameter L with dimensions of length is the characteristic

radius of the solution and is determined by a computation of the R-R flux over
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the S5, which should be equal to the total charge of the N D3-branes:17∫
S5

?F5 = 16πG10T
E
p N . (1.54)

Using the above formulas for TEp and for `8P = G10 , we find that 16πG10T
E
p N =

(2π`s)
7−pgsN . For p = 3 we then obtain (Vol(Sn−1) = 2πn/2/Γ[n/2]):

L4 = 4πgsN`
4
s . (1.55)

Note that the limit α′ → 0 (with gsN fixed) implies L → 0 and the spacetime

reduces to Minkowski space everywhere but at r = 0 in this limit.

The extremal black 3-brane solution is completely regular, geodesically com-

plete and free of essential singularities [53]. The region r = 0 where the D-branes

are localised is a horizon; it may seem that this region is a curvature singularity,

but in fact it is just a coordinate singularity. The easiest way to see this is to write

the metric near r = 0:

ds2
10 ∼

r2

L2

(
−dt2 + d~x 2

3

)
+
L2

r2
dr2 + L2dΩ2

5 (r ∼ 0) . (1.56)

The metric reduces to AdS5 × S5 in Poincaré coordinates near the centre of the

Poincaré patch. In this form we see explicitly that r = 0 is the usual coordinate sin-

gularity of the Poincaré patch of AdS and a regular solution near r = 0 can be ob-

tained by e.g. changing to global AdS coordinates.18 The above parametrisation of

the near-horizon geometry is incomplete because it is only valid for r/L << 1 and

17In the Einstein frame, the bulk plus Dp-brane action is given by:

S =
1

16πG10

∫
d10x

√
GEµν

(
RE −

1

2
e2(Φ−Φ0)

∣∣eΦ0F1

∣∣2
E
−

1

2
eΦ−Φ0

∣∣eΦ0 F̃3

∣∣2
E
−

1

4

∣∣eΦ0 F̃5

∣∣2
E

+ ...

)

− Tpe−Φ0

∫
p+1

dp+1ξTr

(
e(p−3)(Φ−Φ0)/4

√
GEab + ...

)
+ Tp

∫
p+1

Cp+1 .

Recall that p-branes can be surrounded by (d−p− 2)-spheres in d dimensions. For N Dp-branes

and a constant dilaton, the flux is then given by [50, 51]:

1

16πG10

∫
S8−p

?
(
eΦ0F(p+2)

)
= NTp ,

which is equation (1.54). The Dirac quantization condition then reads [52]: 16πG10NTEp T
E
6−p =

2πn ⇔ N = n, where TE6−p is the magnetic charge of the D(6 − p)-brane magnetic dual of the

Dp-brane and n ∈ N.

18 Since the D-branes are localised at r = 0, it may seem that the pullback of the metric and

C4 potential onto the worldvolume of the branes will be ill defined in these coordinates, but in

fact the divergences at r = 0 of the r-dependent pieces will cancel overall in the worldvolume

action. An example of this can be found e.g. in [54].

27



1. Introduction to the AdS/CFT correspondence

a complete parametrisation can be obtained by starting from the original solution

(1.53), performing the transformation of coordinates r = λr̃ , t = t̃/λ , xi = x̃i/λ

and in the end taking the limit λ → 0. Note that we approach the near-horizon

region r = 0 in this limit. The resulting metric will be the AdS5 × S5 metric

(1.56), now for all values of the new coordinates. Since we have just performed a

reparametrisation and obtained a well-defined solution (both for the metric and

the F5 form), this result implies that AdS5 × S5 is an exact solution of the same

equations of motion satisfied by the black brane metric.

The duality originally proposed in [20] is a form of open/closed string duality

and is based on the premise that the worldvolume description of the D3-branes

and the supergravity description are equivalent. However, this equivalence is very

hard to see even at the lowest order approximation in α′, so it was suggested that

we restrict to the low-energy limit α′ → 0. Suppose we consider IIB string theory

in the background (1.53) generated by the D-branes. Closed string states then de-

scribe excitations of target spacetime fields with vacuum expectation values (vevs)

the background configurations (1.53). Open string states describe excitations of

the fields on the D-branes with vevs certain background configurations obtained

by explicitly finding a ground state solution of the worldvolume theory. We will

argue that, under certain conditions, these two types of excitations are described

by equivalent theories, i.e. that the dynamics of each type can be described both

in terms of the worldvolume action and in terms of a gravitational theory. We will

derive the regimes in which one description appears to be more natural than the

other.

From the perspective of an observer in the bulk and far away from the D-branes,

there are two kinds of low-energy closed string excitations: either the excitations

are away from the D-branes and have low proper energy, or they have any proper

energy but are located in the near-horizon region. This fact follows from a quick

analysis of the spacetime metric. As r →∞ the metric reduces to Minkowski and

therefore t is the time coordinate of inertial observers at infinity. The vector k = ∂t
is a timelike Killing and the energy (per unit mass) kµu

µ = Gttṫ is a constant of

motion along geodesics with tangent vector uµ∂µ. If we replace this constant of

motion in the equation −1 = u2, we find that static particles at position r satisfy:

ε = H(r)−1/4 εp , (1.57)

where ε is the energy of the particle in string units as seen at infinity and εp is

the proper energy of the particle (i.e. as measured at r).19 If r >> L we find

19String excitations have energies E = ε/
√
α′, where increasingly excited states have increas-

ingly higher values of ε. Low-energy excited states therefore satisfy
√
α′ E = ε << 1. The

dimensionless energy ε is the relevant quantity to characterise excitations if we want to work in

the limit α′ → 0.
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ε =
(
1 +O(α′2/r4)

)
εp and therefore small ε requires low proper energy. On the

other hand, if r << L we obtain:

ε ∼ r

(α′)1/2
εp . (1.58)

In this case, the proper energy can be arbitrary while ε remains small as long as

the particle is sufficiently close to the D-branes.

The first claim we make is that these two types of low-energy excitations in the

bulk stop interacting with each other if the limit α′ → 0 is taken. We will discuss

this below. Note that, for the excitations in the near-horizon region at position r,

the limit α′ → 0 with H(r)−1/4 << 1 (so that (1.58) holds) requires that r → 0

faster than (α′)1/2. Just how fast we choose this to be is specified next, so for the

moment we will simply write r = (α′)n r̃, with n > 1/2, and take α′ → 0 with

the position of these excitations in the new coordinate r̃ fixed. In this limit, the

closed string excitations that are away from the D-branes propagate in Minkowski

space and are free strings, i.e. are described by free supergravity: the interaction

terms in the action (1.41) are all switched off once we expand the fields into their

background configurations plus the excitations and take the limit α′ → 0 [55]. On

the other hand, the closed string excitations that are near the D-branes propagate

in the near-horizon geometry (parametrised by r̃) and are fully interacting even

though we have taken the limit α′ → 0. This feature will be shown more precisely

below.

The second claim is that, if we take the same limit in the worldvolume action

(1.45), the interaction of the D-branes with the closed strings is switched off and

the theory on the branes reduces to N = 4 SYM in four dimensions with a flat

metric. We have argued that this is the case when we derived equation (1.49).20

Therefore, in both cases we have excitations that decouple from the (free)

closed strings that are away from the D-branes in the limit α′ → 0.21 The con-

jecture is then that the dynamics of the open string excitations on the branes and

20We have derived this in the particular case of vanishing R-R potentials, but it also holds

in the limit α′ → 0 when we include the R-R fields. Furthermore, we have assumed that

Gµν = ηµν + O(α′2). For the background metric (1.53) this is true except at r = 0, where the

branes are localised. The fact that Gµν is not of this form at r = 0 is the reason behind the

fact that the closed strings near the D-branes are not described by free supergravity as α′ → 0.

If we pullback both C4 and Gµν in the coordinate system (1.53) onto the worldvolume of the

D-branes, the divergences at r = 0 cancel and in the limit α′ → 0 the theory still reduces to

N = 4 SYM. This can be seen more concretely by working directly with the metric (1.62) in the

limit α′ → 0. Divergences at r = 0 translate into divergences as α′ → 0. However, there will be

an overall factor of L4 ∼ α′2 in the worldvolume action that combines with the brane tension

Tp ∼ α′−2. See also footnote 18.

21Schematically, we write the target spacetime metric as Gµν =
(
ηµν + α′2h

(1)
µν

)
+ α′2h

(2)
µν .

The excitations hµν are closed strings generated by the D3-branes and the metric in parenthesis

is the black-brane background. The excitations h
(2)
µν are the closed string excitations in this

background and decompose into far-away and near-horizon excitations. In the limit α′ → 0, the

29



1. Introduction to the AdS/CFT correspondence

of the closed string excitations in the near-horizon region are determined by two

equivalent theories. In the former case, the theory on the D3-branes in the limit

α′ → 0 is N = 4 SYM, but we haven’t seen yet how the theory for the closed

strings survives the limit. To complete this correspondence we need to specify the

parameter n that was introduced above.

The parameter n is chosen so that energies measured on the D-branes remain

fixed as α′ → 0. Recall from string theory that if we move a D-brane away from

the stack of branes at r = 0, the gauge group U(N) of the non-abelian gauge

theory (1.49) is broken to U(1)×U(N − 1) and the gauge field Aa decomposes as:

Aa =

(
A1
a Wa

W †a A2
a

)
, (1.59)

where A1
a and A2

a are the U(1) and U(N − 1) gauge fields transforming in the

adjoint representation and Wa the W-boson in the fundamental representation of

U(1)×U(N−1). From the relation (1.48) between the scalars φI and the position

of the branes in transverse space, we have that giving a position r = r1 to one

D-brane corresponds to giving a configuration to the φI of the form:

φI =

(
φI1 0

0 φI(N−1)×(N−1)

)
: φI1∂I =

r1

2πα′
∂r + ... , ~φ(N−1)×(N−1) = 0 ,

(1.60)

which minimizes the potential [φI , φJ ][φI , φJ ]. The Higgses φI therefore acquire a

vacuum expectation value proportional to r1/α
′ = (α′)n−1r̃1 and particles such as

the W-boson gain a mass given by the Higgs vev via the Higgs mechanism. If we

want to keep masses fixed as we bring the D-brane closer and closer to the stack of

D-branes, i.e. as α′ → 0, we need to require that n = 1. Another way to see this is

by recalling that the mass of the W-boson as measured by the field theory on the

D-branes is equal to the mass M of an open string stretching between the branes

at r = 0 and the D-brane at r = r1 as measured at infinity. Since the tension

T = 1/(2πα′) of the string represents its mass per proper length l as measured

locally, we obtain:

T =
dMp

dl
= H(r)1/4 dM

dl
=
dM

dr
, (1.61)

where dM = H(r)−1/4dMp is the mass of each point on the string with the red-

shift factor derived in (1.57) and where dl = H(r)1/4dr is the infinitesimal proper

former decouple both from the latter and from the h
(1)
µν excitations. However, the near-horizon

excitations do not decouple from the h
(1)
µν modes in this limit. Finally, the D3-branes decouple

both from the h
(2)
µν and from the h

(1)
µν closed strings.
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length of the string as deduced from the metric (1.53). Integrating the equation

results in: M = r1/(2πα
′) = (α′)n−1r̃1/(2π). The mass of the W-boson therefore

remains fixed as α′ → 0 if n = 1.

The near-horizon geometry in which the closed string excitations of arbitrary

proper energy live is derived by parametrising the transverse space with the new

coordinate r̃ : r = α′r̃ and taking the limit α′ → 0. Note that in this limit we

approach r = 0 ∀r̃. In this case it is more convenient to define z :=
√

4πgsN/r̃.

The spacetime metric (1.53) in the new coordinate z becomes:

ds2
10 = L2

[(
1 + L2/z2

)−1/2
(
−dt

2

z2
+
d~x 2

3

z2

)
+
(
1 + L2/z2

)1/2(dz2

z2
+ dΩ2

5

)]

∼ L2

[
1

z2

(
dz2 − dt2 + d~x 2

3

)
+ dΩ2

5

]
(α′ → 0) , (1.62)

which is AdS5 × S5 (in the limit α′ → 0) with radius L ∝
√
α′. Note that, in

the decoupling limit α′ → 0, the radial coordinate z no longer parametrises the

position of the D-branes in the transverse space, since these are localised at r/L = 0

and we have approached this region with this limit, so the closed strings do not

see the D-branes localised at any specific region in the near-horizon geometry. We

will discuss the role of this new radial coordinate in the next sections.

Due to the overall factor of L2, the near-horizon space seems to reduce to zero

size as α′ → 0. This is indeed correct from the point of view of an observer away

from the D-branes and explains the fact that the closed string excitations in the

far-away region stop interacting with the excitations in the near-horizon region

in the low-energy limit. The former excitations cannot probe this region in this

limit since it reduces to zero size, or equivalently since their wavelengths become

infinitely longer than the size of this region. As a consequence, the cross sections

for the D-branes to absorb infalling particles from infinity reduces to zero [55].

Reciprocally, the closed string excitations near the D-branes see the Minkowski

region infinitely far away. In other words, from the redshift equation (1.57) in the

new coordinate z and in the limit α′ → 0, we find that these excitations need

an infinitely large proper energy to escape the gravitational potential and reach

infinity with non-zero energy ε, so they do not propagate to this region.

From the point of view of the closed strings near the D-branes, the near-horizon

region is AdS5×S5 with arbitrary radius ` (but α′ independent!). If we write the

background metric (1.62) in the limit α′ → 0 as:

ds2
10 =

L2

`2

[
`2

z2

(
dz2 − dt2 + d~x 2

3

)
+ `2dΩ2

5

]

=
L2

`2
G̃µνdx

µdxν , (1.63)
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and replace this background in the worldsheet sigma model of the closed strings,

we obtain:

S =
1

4πα′

∫
d2σ
√
g
(
Gµν∂αX

µ∂βX
νgαβ + ...

)
=

1

4πα′′

∫
d2σ
√
g
(
G̃µν∂αX

µ∂βX
νgαβ + ...

)
(1.64)

where:

α′′ = `2
α′

L2
=

`2√
4πgsN

. (1.65)

Even though we introduced ` for dimensional reasons, it is common practice to

set ` = 1, so we will adopt this convention unless specified otherwise.22 From the

point of view of the strings in the near-horizon geometry, the inverse string tension

is effectively α′′ rather than α′ and the background metric is the AdS5×S5 metric

G̃µν with unit radius rather than radius L.23 We may then safely take the limit

α′ → 0 and have a well-defined theory of interacting closed strings in the near-

horizon region. In particular, at lowest order approximation in the new inverse

string tension α′′, the dynamics of the closed string excitations is described by the

IIB supergravity action (1.41) in the AdS5 × S5 background G̃µν with `s =
√
α′

replaced by
√
α′′ (note that there is also a non-trivial background configuration

for the R-R five form). The ten dimensional Newton constant G10 = `8P = 8π6g2
s`

8
s

is also replaced by π4/(2N2) (or by: `8π4/(2N2) if ` 6= 1). It is never too much

to emphasize that, in the case of strings propagating in the background (1.62),

the inverse string tension is not α′ because it cancels with the α′ in the radius L2

(and we have taken the limit α′ → 0); in addition, the radius of the background is

not L and it depends on how we define the inverse string tension α′′. These issues

reflect the fact that only the dimensionless ratio α′/L2 is relevant, as opposed to

α′ and L separately (see also footnote 26 and the discussion below).

Recall now the relation (1.50) between the Yang-Mills coupling of the N = 4

gauge theory on the D3-branes and the string coupling constant: g2
YM = 4πgs.

Furthermore, recall from the analysis in section 1.1 that the coupling constant of a

non-abelian Yang-Mills theory with gauge group rank N is effectively λ = g2
YMN

rather than gYM alone, where λ is the ’t Hooft coupling. The inverse string

tension and the ’t Hooft coupling are then related as α′′ = 1/
√
λ. This implies

22Another common choice is ` = (4πgsN)1/4 such that α′′ = 1. However, it doesn’t really

matter which convention one adopts because only the dimensionless ratio α′/L2 = 1/
√

4πgsN

will appear in any final physical computation [27]. We will say more about this shortly.

23If n 6= 1, the background metric G̃µν is ill defined in the limit α′ → 0. Requiring that the

background be well-defined is another approach to fixing the parameter n.
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that the conjectured equivalence between the gauge theory on the D3-branes with

coupling λ and IIB closed strings on AdS5×S5 with coupling α′′ is a strong/weak

duality: when one is weakly coupled the other is strongly coupled and vice-versa.24

Once the low-energy limit α′ → 0 is taken, it seems that we are free to adjust

λ. Note, however, that the backreaction of the D3-branes was determined using

supergravity. This approximation required both gs < 1, which we have assumed

throughout, and α′ ∼ 0. If the curvature radius L is smaller than the string length

scale, string corrections to supergravity become important. This can be seen by

writing the α′ corrections to the Einstein-Hilbert Lagrangian in the supergravity

action as:

S =
1

16πG10

∫
d10x
√
G
(
R[G] + α′R2 + ...

)
, (1.66)

where R denotes the Riemann, or contractions thereof. Since R ∼ 1/L2 ∼
(gsN)−1/2/α′, we find that the string corrections are of the same order of the

leading term unless gsN >> 1. Note that this implies N >> 1. To suppress

these corrections we then need to require that the ’t Hooft coupling λ = 4πgsN

be sufficiently large. This in turn implies that α′′ ∼ 0. The gauge theory on

the D-branes is therefore strongly coupled and cannot be studied by any known

method that relies on perturbation theory in λ. However, the dual string theory is

weakly coupled and therefore well-described by IIB supergravity on the AdS5×S5

background. We can then study the strong coupling regime of the gauge theory

using a classical theory of gravity.

In section 1.1 we discussed the ’t Hooft limit of the gauge theory: N → ∞
with λ fixed. This is the large N limit under which the expansion of correlation

functions in Feynman diagrams becomes an expansion in topologies of Riemann

surfaces and reduces to a sum of planar diagrams at leading order in N as derived

in equation (1.22). This expansion represented the first hint that gauge and string

theories, as quantum theories, could be equivalent to one another. On the dual

string theory side, the ’t Hooft limit alone is also well-defined and corresponds to

the limit gs → 0 with α′′ fixed, under which all loop corrections in string perturba-

tion theory are suppressed with respect to the tree level diagrams. Given this fact,

it seems natural to formulate a stronger form of the correspondence and extend

the conjecture to all orders in λ. This includes the weak coupling regime of the

gauge theory which is amenable to perturbation theory in λ; on the string theory

24Note that we have chosen the radius ` so that this duality is explicit. For different choices

of `, in particular those that depend on λ such as ` = λ1/4 : α′′ = 1, this duality can be seen by

writing the supergravity approximation to string theory plus corrections as in equation (1.66)

with α′ replaced by α′′. We then have that R ∼ 1/`2 ∼ 1/(α′′
√
λ). Higher order curvature

terms, or stringy corrections, are therefore increasingly subleading with respect to lower order

ones iff λ >> 1. This analysis shows that the ’t Hooft coupling is effectively the string tension

regardless of the choice of `.
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side, α′′ corrections to IIB supergravity then become successively more important

than the leading terms and therefore the theory does not admit a description in

terms of a classical theory of gravity.25 The strongest form of the correspondence

is obtained by extending the conjecture to all values of N , in addition to all λ.

On the string theory side, we are extending the correspondence to all values gs, in

addition to all α′′. We can then summarise the original AdS/CFT conjecture as

follows:

Four dimensional N = 4 SYM with gauge group U(N) and ’t Hooft coupling

λ is equivalent to type IIB string theory with string coupling gs = λ/(4πN) and

inverse string tension α′′ = 1/
√
λ on an AdS5 × S5 background, both spaces with

unit radius.

An arbitrary but common radius ` for the AdS5 and the compact S5 spaces

can be introduced as we did when we derived equation (1.65). We should further

take into account the relationship (1.50) between the Yang-Mills instanton angle

θI and the vacuum expectation value of the axion and supplement the conjecture

with the identification between the two: 〈C0〉 = θI/(2π).

As discussed above, the weakest form of the conjecture corresponds to a restric-

tion to the regime α′′ ∼ 0, gs ∼ 0. In this case the supergravity approximation

is valid and we can consider perturbation theory in α′′. We are then probing the

regime of the (planar) gauge theory away from large λ. The mild form of the

conjecture corresponds to a restriction to the regime gs ∼ 0 ∀α′′. In this case

we have to consider the full IIB string theory spectrum, but we still work in the

classical approximation of the theory where the generating functional of string

theory correlation functions is dominated by worldsheets with the topology of the

sphere. We can then probe the non-perturbative regime of the string theory (in

gs) with the 1/N expansion of the dual gauge theory. The conjecture in its mild

form is obtained by working first in the limit N → ∞ such that λ/N is always

25We have argued above that λ needs to be large so that α′ corrections to the equations of mo-

tion that govern the backreaction of the D3-branes are negligible and the black-brane background

(1.53) is reliable. To be completely consistent with our reasoning, if we extend the conjecture

away from λ >> 1, then not only we need to consider α′′ corrections to the supergravity de-

scription of the dual string theory, but also α′ corrections to the supergravity action (1.66) that

governs the backreaction of the D3-branes. However, note that the distinction between the closed

strings that generate the AdS background and the closed strings that propagate in this back-

ground is artificial and is helpful only conceptually. We can simply consider closed strings with

inverse string tension α′′ and with vacuum expectation values for the target spacetime fields

given by the background AdS configurations. In this way, the α′ corrections to the supergravity

description of the former background-generating closed strings are part of the α′′ corrections to

the supergravity description of the latter strings with AdS vevs. We can then forget altogether

about α′ corrections and work solely with α′′. Note that a double prime in α is simply indicating

the fact that we have an AdS background, rather than a Minkowski background.
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small. It then posits the existence of a single theory with a dimensionless coupling

constant λ. The regime λ << 1 is most naturally described by a weakly coupled

planar gauge theory. The opposite regime λ >> 1 admits a natural description

in terms of a classical theory of gravity. Note that the latter is explicitly higher

dimensional, effectively one dimension extra. Once we compactify the closed string

fields on the S5, as described in section 1.2.5, we are left with massive fields in

five-dimensional AdS space. Therefore, as we move to the strong coupling regime,

the extra dimension that is not apparent at weak coupling becomes more visible.

This mimics the previous discussion about M-theory and string theory.

Finally, the strongest form of the conjecture corresponds to the regime of all

gs and all α′′. In this case we have to consider the contribution of all worldsheet

topologies to the generating functional and work with the full quantum theory

of IIB string theory. On the gauge theory side, N is no longer necessarily large

and all diagrams in the 1/N expansion contribute equivalently to the field theory

generating functional.

It should be mentioned that an equivalent statement of the conjecture is com-

monly found in the literature that makes use of the auxiliary, but nevertheless

redundant parameters gYM , α
′ and L. These extra parameters are not visible to

each theory and drop out of any final physical computations,26 but are helpful

conceptually. In this case, the gauge theory parameters are the group rank N and

gYM , while the string theory coupling gs = g2
YM/(4π), the inverse string tension is

α′ and the radius of the background is L4 = 4πgsN̄α
′2, with N̄ = N the number

of D3-branes on the string theory side, or equivalently the flux of the self-dual R-R

five-form in appropriate units. Note that the decoupling limit α′ → 0 is implicit

and the strong/weak duality relation is not explicit in this version.

It should also be mentioned that the gauge group U(N) involved in the cor-

respondence should be restricted more precisely to the subgroup SU(N). The

group product SU(N) × U(1) is an N -fold cover of U(N) such that: U(N) ∼
(U(1) × SU(N))/ZN . If we perform this group decomposition, we find that the

U(1) fields are free and represent the degrees of freedom associated with the center

of mass motion of the D-branes. Since there are no free fields on the gravity side,

the dual string theory is rather describing the SU(N) sector of the gauge theory

[27, 56]. We will say more about this aspect in section 1.2.5.

A fundamental feature supporting the duality between the two theories is the

equivalence of their symmetry groups, which are independent of the regimes of the

26 One way to see this is by recalling that the gauge theory does not have any dimensionful

parameter, so the dual string theory does not have either. In this way, the string theory does not

see α′ and L separately, but only the dimensionless ratio α′/L2 = α′′. Note that to introduce

α′ and L separately is effectively the same as to introduce `.
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parameters. If we analyse the global symmetries of string theory on AdS5×S5 (as

opposed to local symmetries such as reparametrization or gauge invariance), we

find that these match precisely with the global symmetries of the dual gauge theory

discussed at the end of section 1.2.1. Note that we should restrict the discussion

to the superconformal phase of N = 4 SYM characterised by vanishing vacuum

expectation values of the six scalars φI that represent the transverse positions of

the D-branes. The moduli space of the gauge theory is the space of all commuting

φI because the potential energy term is of the form [φI , φJ ]2 and therefore is

minimized by commuting scalars. It is then possible to have ground states with

〈φI〉 6= 0 as long as the scalars commute. Such phase is called the Coloumb phase

and the superconformal symmetry of the theory is spontaneously broken in that

phase because the vevs introduce a scale.

The SU(4)R ∼ SO(6)R R-symmetry of the gauge theory matches precisely with

the SO(6) symmetry of the dual string theory corresponding to invariance under

rotations on the S5. Also, the conformal symmetry group SU(2, 2) ∼ SO(2, 4)

of the gauge theory is the isometry group of AdS5. However, as discussed at the

end of section 1.2.1, the bosonic group SU(2, 2) × SU(4)R of the gauge theory

is enhanced to the superconformal group SU(2, 2|4). On the gravity side, the

D3-branes are 1/2 BPS and therefore preserve half of the N = 2 supersymme-

try of supergravity, which leaves us with 16 Poincaré supercharges. These are not

enough to extend the symmetry group to SU(2, 2|4). However, in the near-horizon

region we have the conformal symmetry group of AdS5. The generators of the spe-

cial conformal transformations do not commute with the Poincaré supercharges

and these commutators represent 16 conformal supercharges. In this way, in the

near-horizon geometry we have in total 32 supercharges and the symmetry group

SO(2, 4) × SO(6) ∼ SU(2, 2) × SU(4) on the string theory side is lifted to the

full superconformal group SU(2, 2|4),27 such that all generators of the latter are

either Killing vectors or Killing spinors of the near-horizon geometry. Finally, the

Montonen-Olive S-duality of the Yang-Mills theory acts as in (1.40) where now

τ = i/gs + 〈C0〉. This is precisely the S-duality of IIB string theory discussed in

(1.44).

The matching of the symmetries on each side of the duality and the correspon-

dence between the coupling constants represent the first entries in a dictionary

that should describe how gauge theory quantities map to string theory ones and

vice-versa. This is what is meant by equivalence between the two theories and

a precise map should be established between the theories. In particular, there

must be a correspondence between states as well as correlation functions. Since

27Just as on the gauge theory side, the central charge in the anticommutator of the Poincaré and

conformal supercharges vanishes and therefore the full symmetry group is in fact the PSU(2, 2|4)

subgroup as described in footnote 12.
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the global symmetry group on each side of the duality is SU(2, 2|4), string theory

states are in irreducible representation spaces for the superconformal algebra and

the same for the gauge theory. One should then detail the mapping between the

states. Closed string states correspond to excitations of the target spacetime fields,

whereas gauge theory states are in one-to-one correspondence with local operators

via the state-operator map,28 so there should be a one-to-one correspondence be-

tween string theory fields and local operators on the dual gauge theory side, more

exactly gauge invariant primary operators as we will now discuss.

1.2.4. Representations of the superconformal algebra

In order to derive this map, we need to discuss irreducible representations of

su(2, 2|4). This algebra is derived in appendix A.3. Recall that the way we build

irreducible representation spaces for the conformal and superconformal group is

different from the way we do it for the Poincaré and superPoincaré group. In

the latter case, we work with eigenstates of the generators Pµ of translations and

start by restricting the representation space to the subspace of states with a given

momentum p̊µ. We then find the subgroup of the Poincaré group that leaves p̊µ
invariant, called the stability/little group and which in this case is the spatial ro-

tations group, find irreducible representations of this subgroup and then boost the

states in such a representation by acting on them with the generators of Lorentz

boosts. In this way we generate an (infinite dimensional) irreducible representa-

tion space for the whole Poincaré algebra and all states in such a space will be

eigenstates of Pµ. Finally, we identify each such space with the Hilbert space of

a fundamental particle. Since PµP
µ and the square of the Pauli-Lubanski vector

are Casimirs, we find that irreducible representations, or particles, are classified

by the mass and by the spin/helicity of the particle, the latter given by the specific

rotations representation that we have boosted.

If we include supersymmetry in the algebra, before boosting the states in a

28In a conformal field theory on the plane, each state is obtained by acting on the vacuum with

a unique local operator (operator defined at a point), so there is an isomorphism between states

and local operators, in particular between highest-weight states and primary operators (tensors

under conformal transformations), and one rather speaks about the spectrum of operators –

the primary and its descendants – associated with each representation space. Note that this

isomorphism does not hold for non-conformal QFTs. In general, a state is obtained by acting

on the vacuum with an operator at the infinite past to create an “in” state and then evolving it

unitarily in time. For CFTs on the cylinder, the infinite past can be mapped to a single point

on the plane by a conformal transformation and therefore each state is mapped to a unique local

operator acting at the origin. In this sense, states in a CFT live at a point on the plane. On the

other hand, states in non-conformal QFTs live over a whole spatial hypersurface at past infinity

in the sense that each state is mapped to an infinite set of local operators corresponding to the

infinite number of points on the hypersurface.
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representation space for the rotations subgroup we act on such a space with the

Poincaré supercharges Qα. From the algebra of these charges with the genera-

tors of rotations we find that the Qα lower and raise the spin of the states by

1/2, so the action of the supercharges results in several different irreducible rep-

resentation spaces for rotations (the range of spins depends on the number N
of supersymmetry and on the BPS property of the supermultiplet). This set of

different irreducible spaces is called a pre-boosted supermultiplet. We then boost

each such space as before to generate an irreducible representation space for the

whole superPoincaré algebra. In this case, however, we don’t associate the latter

space with a single fundamental particle, but still classify particles according to

the Poincaré representation. In other words, we rather associate each different

Poincaré representation in the boosted supermultiplet with the Hilbert space of

a different particle. In conclusion, a single irreducible representation space for

the whole superPoincaré algebra consists of a multiplet of different particles, each

classified according to the spin. This set of particles, each with its Hilbert space,

is what we call a supermultiplet. The mass of the particles in a supermultiplet

will be the same because P 2 is still a Casimir, so irreducible representation spaces

for the whole superPoincaré algebra, or supermultiplets, are classified by the mass

and by the highest spin in the representation (vector multiplet, hypermultiplet,

etc.).

In the case of the conformal algebra, we start by noticing that each generator

in the algebra is an eigenfunction of the dilatation generator D (i.e. ad(D)X ∝ X
for each generator X), so we build irreducible representations by working with

eigenstates of D with eigenvalues ∆ called conformal/scaling dimensions. Notice

that [D,Pµ] 6= 0, so these will not be eigenstates of Pµ (this and the fact that

P 2 is not a Casimir are the main reasons one doesn’t speak about particle states

in a conformal field theory). On the other hand, D commutes with the Lorentz

generators Mµν , so the states will transform in irreducible representations of the

Lorentz group. In a fashion similar to the Poincaré group, we begin by restricting

the representation space for the conformal algebra to the subspace of states with

a given dilatation eigenvalue ∆0, which we will fix below, and look for the sub-

group that preserves ∆0. The generators Mµν form a subalgebra and are the only

generators that commute with D, so the Lorentz group is in this case the stability

subgroup and we start by finding irreducible representations of this group. Since

so(1, 3) ∼ su(2) ⊕ su(2), the Lorentz group is the tensor product of two spatial

rotations groups and a basis for an irreducible representation space can be written

as
{
|j1,m1〉 ⊗ |j2,m2〉 : j1 = s1, j2 = s2

}
, where

{
|j,m〉 : j = s

}
is a basis for

an irreducible representation of rotations. Each irreducible representation of the

Lorentz group is labelled as (s1, s2), where s1 and s2 label the representation of

the respective SU(2) group. As a side remark, notice that the previous Poincaré
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group contains the Lorentz group as a subgroup, but in that case we don’t work

with representations of the full Lorentz group (only with its rotations subgroup)

because the generators of boosts do not leave p̊µ invariant.

Once we have chosen an irreducible representation space for the Lorentz alge-

bra, say (m,n), we have that each state in the representation basis has the same

dimension ∆0. The generators we have left are Pµ and the generators Kµ of spe-

cial conformal transformations. From the algebra of Pµ and Kµ with D we have

that these raise and lower the dimension of the states by one unit, respectively.

In an unitary representation space for the conformal group it follows that there is

a lower bound on the possible values for the dimensions ∆ of the states [57], so

we fix the dimension ∆0 we have started with to be that lowest possible one such

that all the states in the basis of (m,n)∆0
are annihilated by Kµ. We then act on

these states with all possible products of Pµ to generate a (infinite dimensional)

set of states that form a basis for an irreducible representation space for the whole

conformal algebra. All states in such a space are eigenstates of D, each classified

by its dimension ∆. Irreducible representation spaces are labelled as (∆0;m,n)

according to the lowest dimension ∆0 in the representation and to the specific

Lorentz representation (m,n) that we have “conformally boosted”. Note that,

from the algebra of Pµ and Kµ with Mµν , we have that Pµ and Kµ do not change

the spin of the states and their action does not leave the representation (m,n)

that we have started with: all states will have spin m+ n.

Now, given an irreducible representation space (∆0;m,n) for the conformal

group, it is almost universal in the literature to speak about a basis for a Lorentz

representation space (m,n)∆ inside (∆0;m,n) as a single “state” of conformal

dimension ∆ and to say that this “state” has Lorentz multiplicity (2m+ 1)(2n+

1), which is the degree/dimension of the (m,n) representation (the number of

states in the basis). This terminology is employed for the sake of simplicity in

the arguments. We will call such “state” a tensorstate |∆;m ⊗ n〉 of dimension

∆ and spin m + n. The tensorstate |∆0;m ⊗ n〉 that we have started with and

which is annihilated by Kµ is called a primary state, or highest-weight state,29 and

all tensorstates obtained by acting with products of Pµ on |∆0;m⊗ n〉 are called

the descendants. The set of tensorstates given by a primary and its descendants

is called a Verma module, which in our case is another name for an irreducible

conformal representation space.

Given a conformal field theory, from the state-operator map we have that

each tensorstate |∆;m ⊗ n〉 corresponds to a unique field theory tensor operator

Oµ1...µ(m,n)

∆ (x) of conformal dimension ∆ in the (m,n) Lorentz representation and

vice-versa (unlike its spin, the rank of the operator is not necessarily m+n and it

29Note the misnomer: a highest-weight state is the tensorstate of lowest dimension in a repre-

sentation space for the conformal algebra.
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depends on the representation) and the isomorphism is given by:

|∆;m⊗ n〉 = lim
x→0

Oµ1...µ(m,n)

∆ (x)|0〉 , (1.67)

where the vacuum |0〉 is defined to be the state annihilated by all generators of the

algebra, so one uses the notion of tensorstates and operators interchangeably. The

field theory operator associated with a primary state is called a primary operator.

Primary operators Φ(x) are therefore eigenfunctions of the dilatation generator at

the origin such that [D,Φ(0)] ∝ Φ(0) and are annihilated by Kµ at the origin such

that [Kµ,Φ(0)] = 0 (these expressions are evaluated on states, but also hold as

operator identities). The action of the generators on a primary at a generic point

can be derived from their action on the primary at the origin using the identity

Φ(x) = eix·PΦ(0)e−ix·P and the result is given by:

[D,Φ(x)] = −i (∆ + x · ∂) Φ(x) , (1.68)

[Kµ,Φ(x)] =
[
i
(
2xµx · ∂ + 2xµ∆− x2∂µ

)
− 2xνΣµν

]
Φ(x) , (1.69)

[Pµ,Φ(x)] = i∂µΦ(x) , (1.70)

[Mµν ,Φ(x)] =
[
i (xµ∂ν − xν∂µ) + Σµν

]
Φ(x) , (1.71)

where the Σµν matrices are the spin matrices that form the representation of the

Lorentz algebra that acts on the Lorentz indices of Φ(x) (which we are omit-

ting). These commutation relations imply that primary operators are tensors

under conformal-Weyl transformations and therefore transform as:

Φµ1...µn(x) → Ω−∆(x)
∂ϕµ1

∂xα1
...
∂ϕµn

∂xαn
Φα1...αn(x) , (1.72)

under a conformal-Weyl transformation (A.10)–(A.11). Reciprocally, every opera-

tor that transforms as above creates at the origin a tensorstate which is annihilated

by Kµ and therefore is a primary state.

The field theory operator associated with a descendant state is called a de-

scendant or derivative.30 Descendant operators are therefore eigenfunctions of the

dilatation generator at the origin and hence obey (1.68) at a generic point and

transform as in (1.72) under scale transformations. However, by definition they

are not eigenfunctions of Kµ at the origin and therefore do not obey (1.69) and

thus do not transform as tensors under a general conformal transformation. Recip-

rocally, every operator which is an eigenfunction of D at the origin but not of Kµ

creates a descendant state. Any operator in a conformal field theory is an eigen-

function of D at the origin and therefore is either a primary or a descendant. The

30 Since descendant states are obtained by acting on a primary state with products of Pµ, from

the commutation relation (1.70) it follows that a descendant operator is some nth-order partial

derivative of a primary operator, hence the second terminology.
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conformal dimension of an operator in the free theory coincides, by definition, with

its physical dimension in units of mass, or inverse length. In the interacting theory,

the dimensions in general will receive quantum corrections and are called renor-

malized dimensions. There are special operators which we discuss below, called

BPS superprimary operators and their superdescendants, that are protected from

quantum corrections and their dimensions remain the unrenormalized ones.

An operator is said to be invariant under a scale-Weyl transformation xµ →
x̄µ = λxµ if it transforms as: Φµ1...µn(x) → Φ̄

µ1...µn
(x̄) = Φµ1...µn(x̄). Using the

transformation law (1.72), we find that scale invariant operators satisfy:

Φµ1...µn
ν1...νm(λx) = λ−∆+n−m Φµ1...µn

ν1...νm(x) . (1.73)

As an example of the relation between tensorstates and operators, consider

the stress-energy tensor. Every conformal field theory in d dimensions has a

stress-energy operator Tµν of dimension ∆ = d which is a tensor under general

conformal transformations and is an example of a primary operator (in the case

d = 2 it is a quasi-primary, a distinction relevant only in two dimensions). In the

four-dimensional case, Tµν is in the (1, 1) symmetric traceless representation of

SO(1, 3). The tensorstate |∆ = 4; 1⊗ 1〉 = limx→0 T
µν(x)|0〉 that it creates corre-

sponds to the basis
{
Tµν(0)|0〉

}
. The vector space spanned by this basis coincides

with the irreducible Lorentz representation space (1, 1)∆=4 spanned by the basis{
|j = 1,m1〉 ⊗ |j = 1,m2〉

}
.31

As a final remark, note that primary or descendant operators away from the

origin are not eigenfunctions of the dilatation generator as can be seen from (1.68)

and their action on the vacuum results in a linear superposition of tensor eigen-

states of D:

Oµ1...µ(m,n)

∆ (x)|0〉 =
(
eix

µPµ Oµ1...µ(m,n)

∆ (0)
)
|0〉 = eix

µPµ |∆;m⊗ n〉

=
∑
s

is

s!
(xµPµ)s |∆;m⊗ n〉 , (1.74)

where we have used the Taylor expansion of the operator. In a similar fashion,

the action of an operator on a generic tensorstate determines its operator product

31 The correct procedure is to express each operator in the set
{
Tµν

}
in terms of the ten-

sor product of the irreducible tensor operators
{
T̂1m

}
: m ∈ {−1, 0, 1} as the linear com-

bination: Tµν =
∑
m,n

(
am,nµν T̂1m ⊗ T̂1n

)
, where am,nµν are coefficients. The action of an

irreducible T̂jm on the vacuum is given by: T̂jm|0〉 =
∑
J,M |J,M〉〈j,m; 0, 0|J,M〉, where{

|J,M〉 : J = J0

}
is a basis for an irreducible SU(2) representation space and where the

Clebsch-Gordan 〈j,m; 0, 0|J,M〉 = cj,mδJ,jδM,m, with cj,m some constant. In this way:

Tµν |0〉 ⊗ |0〉 =
∑
m,n

(
cm,nµν |j = 1,m〉 ⊗ |j = 1, n〉

)
. Each state in

{
Tµν |0〉 ⊗ |0〉

}
is therefore

written in terms of the basis
{
|j = 1,m〉 ⊗ |j = 1, n〉

}
and by inverting the above identity we

have the reciprocal statement (recall that Tµν has nine independent components). In this way

we find that the representation space spanned by
{
Tµν |0〉 ⊗ |0〉

}
coincides with that spanned by{

|j = 1,m〉 ⊗ |j = 1, n〉
}

.
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expansion (OPE) with the corresponding tensor operator:

O∆1
(x)O∆2

(0)|0〉 = O∆1
(x)|∆2〉 =

(
eix

µPµ O∆1
(0)e−ix

µPµ
)
|∆2〉

=
∑
∆

c∆1,∆2

∆ (x)|∆〉 =
∑
∆

c∆1,∆2

∆ O∆(0)|0〉 , (1.75)

from which it follows the OPE:

O∆1
(x)O∆2

(0) =
∑
∆

c∆1,∆2

∆ (x)O∆(0) , (1.76)

and where we have omitted the Lorentz multiplicity of the operators and states for

simplicity. The coefficients c∆1,∆2

∆ (x) can be determined by expressing the opera-

tor
(
eixPOe−ixP

)
in terms of commutators using the standard Hausdorff formula

and then using the commutator (1.70) of O with Pµ (which also holds for descen-

dants). A recent review of these topics in conformal field theory can be found in

the lecture notes [58].

Let us then turn to the representations of the superconformal group and ex-

tend the conformal algebra by including the Poincaré supercharges Qiα and the

conformal supercharges Sjα. Note that, in the case of N = 4 SYM, the indices

i, j = 1, ..., 4 on the supercharges transform in the fundamental of SU(4)R, whereas

the indices I, J = 1, ..., 6 on the scalars φI transform in the fundamental of SO(6)R.

The latter are mapped to the SU(4)R indices via the Σa matrices discussed in

(1.33) (see also footnote 15). Due to the Lorentz multiplicity of tensorstates, it

is much easier to discuss irreducible representations in terms of tensor operators

rather than states. From the algebra of the supercharges with the Lorentz gen-

erators Mµν it follows that Qiα (and Sjα) changes the spin of a state by 1/2, so

by using tensor operators we avoid having to organize states in tensorstates, i.e.

in irreducible representations of the Lorentz group, after acting with the Poincaré

supercharges on the states in (m,n)∆0 . As discussed above, a tensor operator cre-

ates directly a complete tensorstate: the set of states it creates forms a complete

basis for a Lorentz representation space. So once we find the set of tensor opera-

tors that form an irreducible representation space for the superconformal group,

the corresponding states in the representation automatically come organized in

Lorentz representations. The same discussion applies to representations of the

R-symmetry group which, together with the Lorentz group, forms the stability

group SO(1, 3)× SU(4)R of the superconformal group since the R-symmetry and

Lorentz generators are the only generators of the algebra that commute with D

(and form a subalgebra). Besides carrying a Lorentz representation, or multiplic-

ity, each operator also carries a representation of SU(4)R ∼ SO(6)R, so the set of

states the operator creates forms a basis for a representation space of the stability
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group. The fermionic generators Qiα and Sjβ carry the fundamental representa-

tion of SU(4)R, so by acting with these generators on some initial operator to

generate a representation space as discussed below, we obtain new operators that

also carry some representation of the stability group. It should be emphasized

that the action of the generators of the superconformal algebra on operators is

via the adjoint representation of the generators, i.e. in terms of commutators (and

anticommutators) as in (1.68)–(1.69).

In order to generate an irreducible representation space for the whole super-

conformal group, we start by noticing that, while Pµ and Kµ raise and lower the

dimension of eigenfunctions of D by one unit, from the commutation relations

with D it follows that the supercharges Qiα and Sjα raise and lower the dimension

by half a unit, respectively. Furthermore, from the anticommutation relations of

the supercharges we have that {Qiα, Q̄
j

β̇
} ∼ Pµ and {Siα, S̄

j

β̇
} ∼ Kµ, so certain

products of Q’s (and S’s) correspond to products of P ’s (and K’s) acting on op-

erators. So we proceed as in the case of the conformal group and start with some

operator Oµ1...µ(m,n)

∆0
of dimension ∆0 in the (m,n) Lorentz representation and in

some representation of SU(4)R (representations of the latter are labelled according

to the same Dynkin notation for SO(6) that we will use in the next section; we

omit these labels here, and will suppress the Lorentz indices, to avoid an excess of

labels that are not necessary for the discussion). We choose the operator to be the

one with the lowest possible dimension in the representation space for the super-

conformal group such that O∆0 is annihilated by Siα and S̄iα̇ and therefore also by

Kµ.32 We then act on O∆0
with all possible products of Q’s and Q̄’s to generate

an (infinite dimensional) irreducible representation space for the whole supercon-

formal group. Since the conformal algebra is a subalgebra of the superconformal

one, this representation space contains several irreducible representation spaces for

the conformal algebra. The operator O∆0 that we have started with and which is

annihilated by the conformal supercharges Siα is called a superconformal primary

operator, or superprimary. Those operators that we have derived from it by acting

with the Poincaré supercharges can be divided into two sets. Those that are anni-

hilated by Kµ are called superconformal descendants, or superdescendants. These

superdescendants are the primary operators of the several irreducible conformal

representation spaces. The remaining operators, those that are not annihilated by

Kµ, can each be written as some product of P ’s acting on the superprimary or

on a primary and therefore will be a descendant in the corresponding conformal

representation space. The number of different primaries derived in this way from

a superprimary will be finite, in general 2N − 1 for N real Poincaré supercharges,

and each of the 2N conformal representation spaces is classified by the Lorentz

32For the lower bounds on the possible conformal dimensions of operators in unitary super-

conformal representations, see ref. [59].
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representation and conformal dimension of the corresponding primary as usual.

In conclusion, an irreducible representation space for the whole superconfor-

mal algebra consists of a superprimary and a finite set of primaries, each with its

own (infinite dimensional) Verma module. This whole set is called a conformal

supermultiplet and is classified by the dimension ∆0 of the superprimary, which is

the lowest one, by its SU(4)R representation and by the highest spin in the super-

multiplet. The su(2, 2|4) algebra involves 16 real Poincaré supercharges, half with

helicity +1/2 and half with −1/2, and each raises the dimension of an operator

by half a unit, so the helicities in a conformal supermultiplet in general will range

from λ− 4 to λ+ 4, where λ = m+ n (the spins will range from λ to λ+ 4), and

the dimensions in general will range from ∆0 to ∆0 + 8 (the dimensions in each

Verma module will, of course, range from some ∆ to ∞).

As in any algebra with supersymmetry generators, there will be special repre-

sentations of the superconformal group that are shorter than generic ones. These

are representations built from special superprimaries that are annihilated by some

of the Poincaré supercharges. The number of supercharges we can effectively act

with to obtain new operators is therefore reduced and for this reason the num-

ber of primaries in such special conformal supermultiplets is less than 2N and the

range of helicities will be shorter. If the superprimary is annihilated by N/n of the

N real Poincaré supercharges, the corresponding representation is said to be 1/n

BPS, or chiral.33 In such representations of SU(2, 2|4) the spins will then range

from λ to λ+a and the dimensions of the primaries in general will be between ∆0

and ∆0 + 2a, where a = 4(1 − 1/n) (as we will see in the next section, there are

specific 1/2 BPS representations where the range of the dimensions is narrower

than this). Furthermore, the conformal dimension ∆0 of a BPS superprimary op-

erator is protected from quantum corrections: its dimension is uniquely fixed by

the superconformal algebra, more precisely by the anticommutator of the Poincaré

supercharges with the conformal supercharges. This can be derived by acting with

the anticommutator on a BPS superprimary and using the fact that the latter is

annihilated by all of the conformal supercharges and by some of the Poincaré

33The terminology BPS is employed by analogy with the superPoincaré case, where 1/n BPS

representations are characterised by the fact that 1/n of the total number of anticommutators

between Q and Q† vanish on the representation space. In the superPoincaré case this happens

whenever the mass of the particle states that form the representation is equal to the value of N/n
central charges, i.e. when they saturate (part of) the BPS bound, and in that case only (1−1/n)

of the total number of Q† are effective in building the representation space. However, the concept

of BPS bound arises only when we consider representation spaces for the supersymmetry algebra

where the states are eigenstates of the momentum operator Pµ. In the superconformal case, the

states created by BPS operators are not eigenfunctions of Pµ and P 2 is not a Casimir, so there is

no notion of mass and particles states and therefore one should not think of BPS representations

in the conformal case in terms of mass/BPS bounds.
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supercharges in order to express the dimension of the superprimary in terms of

its Lorentz representation and R-symmetry representation [60] (the corresponding

superdescendants will have dimension ∆0 plus an integer or half-integer number

and therefore are protected as well). In this way, BPS conformal supermultiplets

can be uniquely classified by the R-symmetry and Lorentz representations of the

superprimary operators. Since the supercharges are also in a representation of

SU(4)R, the R-symmetry representation of a primary in a supermultiplet is fixed

by that of the superprimary and by the number of Poincaré supercharges we acted

on it with to derive the primary.

1.2.5. Matching gauge theory operators with string states

In order to obtain the map between operators of the N = 4 SYM theory and the

string theory states, we need to organize all possible operators on the gauge the-

ory side in irreducible representations of the superconformal group, i.e. to derive

the spectrum of superprimary and primary operators that form conformal super-

multiplets. Each (local) gauge invariant operator of the theory consists of some

product of the elementary fields and their derivatives. Since the product needs to

be gauge invariant, we need to trace over the gauge group indices. We can consider

operators obtained by taking a single trace over a product of fields, or operators

that are products of such single trace operators. The latter multi-trace operators

are dual to multi-particle states or to bound states of single-particle states on the

string theory side and we will not discuss them here. As discussed in the previous

section, primary operators are derived from superprimaries by acting on the latter

with the Poincaré supercharges. The action of the supercharges on the elementary

fields is given by the N = 4 supersymmetry transformations that leave the SYM

Lagrangian invariant and which are schematically of the form:

δφ = [Q,φ] ∼ λ ,
δλ = {Q,λ} ∼ F+ + [φI , φJ ] ,

δλ̄ = {Q, λ̄} ∼ Dφ ,
δA = [Q,A] ∼ λ̄ , (1.77)

where F+ is the self-dual gauge field strength and D the gauge covariant derivative.

From this algebra it follows that superprimary operators, those of lowest dimension

in their own supermultiplets, cannot contain products of fermions or gauge field

strengths: operators with such products can always be written as a supercharge

acting on some other operator and therefore the latter is of lower dimension. For

this reason, superprimary operators in N = 4 SYM always consist of products of
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scalars. Let us then consider a generic such product:

Ok := Tr
(
φI1 ... φIk

)
. (1.78)

Note that each scalar φI has unrenormalized conformal dimension [φI ] = 1, which

is the physical dimension of the field in the free theory, and therefore [Ok] = k.

From the algebra (1.77) we have that antisymmetric products of scalars can be

written as a supercharge acting on some operator, so if the SO(6)R indices in

(1.78) are not completely symmetrised the operator will not be a superprimary.

In this way, N = 4 SYM superprimary operators always consist of symmetric

products of Lorentz scalars φI . Then, the symmetric product of SO(6)R vectors

φI (i.e. in the fundamental of SO(6)) is not an irreducible SO(6)R ∼ SU(4)R
representation and therefore a representation space for the whole superconformal

group derived from such a superprimary contains invariant subspaces (other than

itself). To obtain irreducible representations, we perform a decomposition of the

symmetric product of the scalars into those symmetric products that are totally

traceless (the contraction of any two indices vanishes) and those that consist of the

traces. Note that this is the standard irreducible decomposition of SO(n) tensors

of rank k, in this case symmetric ones. Finally, if the superprimary contains traces,

the resulting supermultiplet will contain primary operators of spin higher than 2,

in the above language the representation will not be 1/2 BPS.34 Such operators

correspond to string theory states obtained from the dimensional reduction of

ten-dimensional massive string states, which are suppressed in the supergravity

approximation α′′ → 0, and for this reason we will not discuss them here. On the

other hand, it can be shown that the totally traceless symmetric products that

remain are annihilated by half of the Poincaré supercharges and therefore form 1/2

BPS representations [62]. From the above discussion, the corresponding conformal

supermultiplets will be shortened and the spins will range from 0 to 2, as required

for operators dual to supergravity multiplets. Furthermore, as discussed above,

the conformal dimension of a BPS superprimary remains the unrenormalized one:

∆(Ok) = [Ok] = k, and therefore the dimensions in a 1/2 BPS supermultiplet

in general will range between k and k + 4. Since all superprimaries are in the

(0, 0) Lorentz representation and their dimensions are uniquely fixed by their R-

symmetry representations, the symmetric traceless SO(6)R representations can be

used to classify the BPS representations of the superconformal group.

In conclusion, the superprimary operators that are dual to supergravity fields

are of the form:

Ok = Tr
(
φ{I1 ... φIk}

)
: 2 ≤ k ≤ N , (1.79)

34In fact the representation will not be BPS at all since 1/4 and 1/8 BPS representations are

derived from multitrace superprimary operators [61].
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where N is the rank of the gauge group and φ{IφJ} denotes the symmetric traceless

product. The lower bound on k arises from the fact that we have a SU(N) gauge

group and the elementary fields are traceless in the gauge group indices (which

would not be the case for U(N)), whereas the upper bound is due to the fact that

Ok>N can always be expressed as a product of single-trace operators Ok<N (up

to superdescendants) and therefore as a multi-trace operator. The primaries in

a conformal supermultiplet are obtained by acting with products of the Poincaré

supercharges on the respective superprimary Ok and their form follows from the

algebra (1.77). These operators are given below in Table 1.1 after we discuss the

string theory states as states in representations of the superconformal group. The

descendants that form the Verma modules associated with each primary follow by

acting with products of Pµ’s on the corresponding primaries as discussed in the

previous section (see also footnote 30).

On the string theory side, the right procedure to follow would be to determine

the string theory spectrum on the AdS5 × S5 background: to solve the worlsheet

sigma-model in this background, to find the ground and excited states of the

string, which are states obtained by acting on the vacuum state with products of

the Fourier modes of the string embedding tensor operators, and then to verify

that these operators (or the states) fit into conformal supermultiplets, i.e. that can

be organized in irreducible representations of SU(2, 2|4) as discussed in the pre-

ceding section. We would then match the string supermultiplets obtained in this

way with the gauge theory supermultiplets. Even though this programme can be

followed in a Minkowski background, in which case the symmetry group is rather

the superPoincaré group, it is not known how to find the string theory spectrum in

curved backgrounds such as anti-de Sitter, though much progress has been made

in this direction over the past years.35 The only known states in the AdS5 × S5

string spectrum are the massless string states we derived in flat space, the particle

states of the ten-dimensional supergravity fields (note that the restriction of the

full spectrum to this subspace of states is valid only for large values of the ’t Hooft

coupling λ). However, as such, the ten-dimensional supergravity fields, or the

particle states associated with them,36 are not explicitly organized in superconfor-

35For a review of integrability of string theory in AdS5 × S5 see [63]. A way to deal with

this question, though, is to trust the AdS/CFT correspondence from first principles. The string

theory spectrum in AdS5 × S5 would then correspond to the states obtained from the spectrum

of N = 4 SYM operators.

36For the sake of clarity, the string embedding tensor operators are the operator-version of

the supergravity fields (in the supergravity approximation) and the states associated with each

field are the states obtained by acting with the operators on the vacuum state. For example, in

the case of a Minkowski target spacetime background, a specific state of the graviton is given

by: hµν(p)ψ
{µ
−1/2

|0, p〉+NS ⊗ ψ̃
ν}
−1/2

|0, p〉−NS . Here, ψµr are the Fourier modes of the fermionic
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mal irreducible representations but rather in a massless Poincaré supermultiplet.

Since the global symmetry group on the string theory side is SU(2, 2|4), the su-

pergravity fields necessarily must fit into conformal supermultiplets. The helicities

of the fields range from −2 to 2, so from the discussion in the previous section it

follows that they must form 1/2 BPS representations built on superprimaries that

are Lorentz scalars.37 We have seen that BPS representations are uniquely clas-

sified by the R-symmetry representation of the superprimaries and their Lorentz

representations (which in this case is always the (0, 0)) and that each primary is

also in a specific R-symmetry representation. Since the R-symmetry group is the

isometry group SO(6) of the S5, if we want to organize the supergravity fields in

conformal supermultiplets we need to make explicit their SO(6) representations.

This means that we have to expand each supergravity field in spherical harmonics

on the S5, which is an expansion in elements of different irreducible representation

spaces for SO(6). For example, scalar spherical harmonics Yk are in one-to-one

correspondence with symmetric traceless SO(n) tensors of rank k, which transform

irreducibly under the action of SO(n):

Y
(m)
k (x̂) = T

(m)
I1... Ik

x̂I1 ... x̂Ik :

n∑
I=1

x̂I x̂I = 1 , (1.80)

where
{
T (m)

}
forms a basis for the SO(n) irreducible representation space Vk

of symmetric traceless tensors of rank k such that T (m) · T (m′) = δmm
′

and:

m = 1, 2, ...,dim(Vk), with dim(Vk) the dimension of the vector space given in

terms of gamma functions by:38

dim(Vk) =
(n+ 2k − 2) Γ(n+ k − 2)

Γ(n− 1)Γ(k + 1)
. (1.81)

string embedding acting on the NS left/right moving vacuum |0, p〉+/−NS , with ψ{µψ̃ ν} denoting

the symmetric traceless part. The coefficients hµν are what we call a classical solution of the

supergravity equations of motion around the flat background such that the metric Gµν = ηµν +

hµν . The tensor operator Ĝµν := ψ
{µ
−1/2

⊗ψ̃ ν}−1/2
is what we call the operator-version of the metric

Gµν . Supergravity fields are in this way in a one-to-one correspondence with tensor operators

and we will use the notion of fields, operators and the states they create interchangeably since

this is common practice in the literature.

37In the supergravity limit α′′ → 0 there are no other string states, so the supergravity fields

cannot be in other BPS or non-BPS representations because these would require additional states

of spin > 2.

38In the case n = 3, for example, we have the standard identification between Vk of dimension

dim(Vk) = 2k + 1 and the irreducible representation space for rotations spanned by the angular

momentum basis
{
|j,m〉 : j = k

}
. For n = 4, Vk coincides with the SO(4) irreducible represen-

tation spanned by
{
|j1,m1〉 ⊗ |j2,m2〉 : j1 = j2 = k/2

}
, just as for the ( k

2
, k

2
) representation of

the Lorentz group. Note also that the notation in this case is different than the one in footnote

31 since Tµν are operators, while each T
(m)
I...J (for each m) is a matrix of c-numbers. So, while Tµν

represents nine independent components, each T
(m)
I...J (for each m) represents one independent

component.
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The expansion of a Lorentz-scalar field in S5 spherical harmonics is therefore an

explicit expansion in symmetric traceless tensors of SO(6) such that each mode

corresponds to an element of a different symmetric traceless representation. More

generally, each spherical harmonic mode in the expansion of a supergravity field

will be in a specific SO(6) irreducible representation labelled according to the

Dynkin notation (a1, k, a2) for SO(6), where a1,2 depend in particular on the

Lorentz representation of the spherical harmonic (determined by the Lorentz rep-

resentation of the supergravity field) but are independent of the rank k of the

spherical harmonic. Each mode will fit in a conformal supermultiplet derived

from a superprimary which should be a spherical harmonic mode of a Lorentz

scalar. Since the supercharges carry a SU(4)R ∼ SO(6)R representation (besides

carrying a Lorentz representation) and each superdescendant in a supermultiplet

is obtained by acting with some product of Poincaré supercharges on a scalar su-

perprimary, the spherical harmonic modes that will be in a given supermultiplet

are uniquely determined by the SO(6)R representation of the superprimary.

Therefore, in order to organize the supergravity fields (or the corresponding

string states/operators) in conformal supermultiplets, we start by decomposing

the ten-dimensional fields into their background configurations plus perturbations

and then expanding the perturbations in S5 spherical harmonics:39

φ(x, θ) =

∞∑
k=0

φk(x)Yk(θ) , (1.82)

where xµ are coordinates on AdS5 and θa on S5. Note that this expansion depends

on the Lorentz representation of the ten-dimensional field φ(x). Explicit expres-

sions for the expansions of each field are given in the original work [64]. In the

case of the spacetime metric, we perform the decomposition into the AdS5 × S5

background configuration (the metric G̃ in (1.63) with ` = 1) plus perturbations

hMN as:

ds2
10 = GMNdx

MdxN

= GAdS5
µν dxµdxν +GS

5

ab dθ
adθb + hMNdx

MdxN , (1.83)

where:

GAdS5
µν dxµdxν =

1

z2

(
dz2 − dt2 + d~x 2

3

)
, (1.84)

and expand the different components of hMN (x, θ) in spherical harmonics. The

S5 components hab are Lorentz scalars on AdS5, whereas the components hµa are

39Here we are omitting the inner product of each mode φk with the corresponding basis Yk
because the expansion depends on the Lorentz representation of φ. In the case of scalar harmonics

(1.80), for example, we would have the usual sum over m.
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( 1
2 ,

1
2 ) Lorentz vectors. If we introduce the S5 expansions in the ten-dimensional

supergravity action and dimensionally reduce it by integrating on the S5, the

Newton constant of the resulting five-dimensional action is determined as:

1

16πG10

∫
d10x
√
G
(
....
)

=
1

16πG10

∫
d5θ
√
GS5

∫
d5x
√
GAdS

(
....
)

=
1

16πG5

∫
d5x
√
GAdS

(
....
)

: G5 = G10/π
3 = π/(2N2) , (1.85)

where π3 =Vol(S5) and we used the result of section 1.2.3 for G10 (if the AdS5×S5

radius ` 6= 1 we have G5/`
3 = π/(2N2)).

After expanding a given field φ as in equation (1.82), we have that each spher-

ical harmonic mode φk will be an eigenfunction of the dilatation generator in the

following sense. On the string theory side, the generators of the conformal al-

gebra are the Killing vectors of AdS5. The dilatation generator D in this case

corresponds to the derivative z∂z + xα∂α that generates scale transformations

z → λz, xα → λxα, with z the AdS radial direction transverse to the D3-branes

and xα = (t, ~x) the coordinates on the branes. A supergravity mode φk(z, x) will

be an eigenfunction of D if: (z∂z + x · ∂)φk = (∆ + x · ∂)φk (recall equation

(1.68)),40 which should be read asymptotically as z → 0. Once we introduce the

spherical harmonic expansions in the supergravity equations of motion (linearized

around AdS5×S5), the five-dimensional modes of each ten-dimensional (massless)

supergravity field will acquire a mass according to their SO(6) and Lorentz rep-

resentations. This mass in turn will determine the leading order asymptotics of

the modes in the radial direction: φk = z∆
(
φ(∆)k +O(z>0)

)
, where ∆ = ∆(m) is

a polynomial of the mass m associated with the mode, which in turn is uniquely

fixed by the SO(6) and Lorentz representation of φk. Since ∆(m) is the asymptotic

eigenvalue of the mode with respect to z∂z, we conclude that each mode will be an

eigenfunction of the dilatation generator with a specific dilatation eigenvalue ac-

cording to its SO(6) and Lorentz representation. We have restricted this analysis

to the asymptotic regime (and to the normalisable solutions of the supergravity

equations of motion) and the reason that this should be the case will be clear

after the discussion in section 1.3. The relation between the eigenvalues ∆ and

40In terms of states and operators as in section 1.2.4, this statement translates to: D|φk〉 =

−i∆|φk〉, where |φk〉 = limz,x→0 Oα1...αn
k (z, x)|0〉 is the tensorstate created by the xα compo-

nents of the string tensor operator Ok(z, x) associated with the five-dimensional supergravity

field φk(z, x) such that: [D,Ok(0, x)] = −i(∆ + x · ∂)Ok(0, x). The z-components can always be

gauge-fixed near z = 0 and do not represent real degrees of freedom.
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the masses of the modes is given by:

scalars : m2 = ∆(∆− 4) ,

spin 1/2, 3/2 : |m| = ∆− 2 ,

p-forms : m2 = (∆− p)(∆ + p− 4) ,

spin 2 : m2 = ∆(∆− 4) , (1.86)

where ∆ = k+a, with a ≥ 0 an integer or half-integer number that depends on the

Lorentz representation of the field [64] and is given below in Table 1.1 for each field.

1/2 BPS irreducible representations of the superconformal group built on Lorentz-

scalar superprimaries were determined in [65] using oscillator representation meth-

ods, whereas the spectrum of the S5 compactification of supergravity was deter-

mined in [64] (in the latter reference the procedure involves a diagonalisation of

the supergravity equations of motion for the spherical harmonic modes in order to

decouple all interactions and obtain equations for free fields with mass terms. In-

teractions can then be switched on after the spectrum has been determined). Given

that each supergravity mode is in a specific SO(6)R representation (a1, k, a2) and

Lorentz representation (s1, s2), we can organize the modes in conformal supermul-

tiplets using the group theoretic analysis of [65].41 The spectrum of superprimaries

and corresponding superdescendants that form the gauge theory and string theory

conformal supermultiplets is given below in Table 1.1, which was adapted from

reference [61]. Here we are omitting the complex conjugates of the operators and

fields. The fermionic supergravity fields ψM and χ correspond to the two gravitinos

(N = 2) and the two dilatinos, respectively. The metric G′µν = Gµν − 1
3G

AdS5
µν Gaa ,

41Note that this can be done particularly without knowing a priori the conformal dimension ∆

discussed above associated with each supergravity mode. For example, from Table 1 in ref. [65]

we have that the superprimary of lowest conformal dimension is a Lorentz scalar in the (0, 2, 0),

which corresponds to the 20 according to our formula (1.81) with n = 6, k = 2. Then, from the

supergravity spectrum in Table III in ref. [64] we have that the only scalar modes in the 20

are the k = 2 modes of the supergravity fluctuations H := hαα − aαβγδ and B. However, from

ref. [65] we see that the higher the dimension (or the rank k) of a SO(6)R representation in the

expansion of a supergravity field, the higher its conformal dimension. For this reason, the lowest

superprimary cannot be the 20 of the axion-dilaton field B because it has SO(6)R representations

of lower dimension (namely the 1 and the 6) and therefore of lower conformal dimension. On the

other hand, the 20 of the H is the lowest dimensional SO(6)R representation in the spherical

harmonic expansion of H, so the lowest superprimary will be the (0, 2, 0) spherical harmonic

mode of H. This reasoning can then be repeated in succession for all other supergravity modes

to derive the conformal supermultiplets. The conformal dimensions in [65] will then coincide with

the conformal dimensions ∆ discussed above and this is an alternative way to derive the latter

using group theory (note that in ref. [65] the conformal dimensions are given by E0/2 because

the dilatation generator D corresponds to the generator of U(1)E in L0 multiplied by a factor

of 1/2, which can be seen by comparing equation (2) in this reference with the commutation

relation between D and the Poincaré supercharges Qiα).
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SYM Operator superdesc SUGRA dim ∆ spin SO(6)R

Ok ∼ Trφk : k ≥ 2 – Gaa , C4abcd k (0, 0) (0, k, 0)

O(1)
1+k ∼ Trλφk : k ≥ 1 Q ψa k + 3

2 ( 1
2 , 0) (1, k, 0)

O(2)
2+k ∼ Trλλφk Q2 Bab + iC2ab k + 3 (0, 0) (2, k, 0)

O(3)
2+k ∼ Trλλ̄φk QQ̄ Gµa , C4µabc k + 3 ( 1

2 ,
1
2 ) (1, k, 1)

O(4)
1+k ∼ TrF+φ

k : k ≥ 1 Q2 Bµν + iC2µν k + 2 (1, 0) (0, k, 0)1

O(5)
2+k ∼ TrF+λ̄φ

k Q2Q̄ ψµ k + 7
2 (1, 1

2 ) (0, k, 1)

O(6)
2+k ∼ TrF+λφ

k Q3 χ k + 7
2 ( 1

2 , 0) (1, k, 0)

O(7)
3+k ∼ Trλλλ̄φk Q2Q̄ ψa k + 9

2 (0, 1
2 ) (2, k, 1)

O(8)
2+k ∼ TrF 2

+φ
k Q4 C0 + iΦ k + 4 (0, 0) (0, k, 0)

O(9)
2+k ∼ TrF+F−φ

k Q2Q̄2 G′µν k + 4 (1, 1) (0, k, 0)

O(10)
3+k ∼ TrF+λλ̄φ

k Q3Q̄ Bµa + iC2µa k + 5 ( 1
2 ,

1
2 ) (1, k, 1)

O(11)
3+k ∼ TrF+λ̄λ̄φ

k Q2Q̄2 C4µνab k + 5 (1, 0) (0, k, 2)

O(12)
4+k ∼ Trλλλ̄λ̄φk Q2Q̄2 G(ab) k + 6 (0, 0) (2, k, 2)

O(13)
4+k ∼ TrF 2

+λ̄φ
k Q4Q̄ χ k + 11

2 (0, 1
2 ) (0, k, 1)

O(14)
4+k ∼ TrF+λλ̄λ̄φ

k Q3Q̄2 ψa k + 13
2 ( 1

2 , 0) (1, k, 2)

O(15)
3+k ∼ TrF+F−λφ

k Q3Q̄2 ψµ k + 11
2 ( 1

2 , 1) (1, k, 0)

O(16)
3+k ∼ TrF+F

2
−φ

k Q4Q̄2 Bµν + iC2µν k + 6 (1, 0) (0, k, 0)2

O(17)
4+k ∼ TrF+F−λλ̄φ

k Q3Q̄3 Gµa , C4µabc k + 7 ( 1
2 ,

1
2 ) (1, k, 1)

O(18)
4+k ∼ TrF 2

+λ̄λ̄φ
k Q4Q̄2 Bab + C2ab k + 7 (0, 0) (0, k, 2)

O(19)
3+k ∼ TrF 2

+F−λ̄φ
k Q4Q̄3 ψa k + 15

2 (0, 1
2 ) (0, k, 1)

O(20)
4+k ∼ TrF 2

+F
2
−φ

k Q4Q̄4 Gaa , C4abcd k + 8 (0, 0) (0, k, 0)

Table 1.1: Super Yang-Mills operators and the corresponding supergravity fields.

The range of k is k ≥ 0 unless otherwise specified.

whereas F+/− are the self-dual/antiself-dual SYM field strength. Since the gauge

theory is defined in four dimensions, the Lorentz indices of the SYM operators are

omitted to avoid confusion with the supergravity indices.

The conformal supermultiplets built on the superprimaries On of dimension

∆ = n are given by the sets:{
O2;O(1)

2 , ...,O(6)
2 ,O(8)

2 ,O(9)
2

}
, (1.87){

O3;O(1)
3 , ...,O(11)

3 ,O(13)
3 ,O(15)

3 ,O(16)
3

}
, (1.88){

On;O(1)
n , ...,O(20)

n

}
: n ≥ 4 . (1.89)
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The string superprimaries and superdescendants are the SO(6)R modes of the

perturbations of the corresponding SUGRA fields. A string superprimary of di-

mension k is a linear combination of the (0, k, 0) mode of the trace of the S5

components of the metric perturbation with the (0, k, 0) mode of the S5 compo-

nents of the antisymmetric 4-form perturbation:

h a
(k)a − 10(k + 4)b(k) : k ≥ 2 , (1.90)

where a(k)4abcd ∼ b(k)εabcd are the modes of the perturbation of C4abcd. The string

superdescendant of highest dimension (in a supermultiplet built on a superprimary

of dimension 4 + k) corresponds to a different linear combination of these modes:

h a
(k)a+10k b(k). A similar thing happens in the other slots with two fields separated

by a comma.42 Note that a mode (0, k, 0) of the antisymmetric 2-form Bµν +

iC2µν seems to lie in two different supermultiplets, one built on a superprimary

of dimension ∆ = 1 + k and another on a superprimary of dimension ∆ = 3 + k.

What happens in this case is that the equation of motion for the antisymmetric

2-form factorizes into two field equations with different mass terms, so the 2-form

effectively admits two different spherical harmonic expansions with modes (0, k, 0)1

and (0, k, 0)2.43 Note also that there are supergravity modes with negative mass-

squared: the (0, 2, 0) and (0, 3, 0) scalar superprimaries and the (2, 0, 0) mode of

the scalars Bab + iC2ab. However, in AdS spaces a scalar field can have negative

mass-squared without being tachyonic: the AdS curvature provides a positive

contribution to the energy of the field such that the total energy is non-negative if

m2 ≥ −4 in five dimensions [66, 67]. This is the so-called BF bound, or stability

bound, and is saturated by the lowest string superprimary.

It should also be mentioned that unitarity of SU(2, 2|4) representation spaces

built on scalar superprimaries implies the unitarity bound ∆ ≥ 1, which is less

stringent than the bound in (1.79). For a SU(N) gauge group, the elementary

operators of the gauge theory are traceless as remarked above and the supermulti-

plet built on O1 is empty (for a U(N) gauge group there is the so-called doubleton

supermultiplet built on the superprimary O1). On the string theory side, the su-

permultiplet built on the (0, 1, 0) superprimary consists of modes that are pure

gauge and therefore it can be made empty by diffeomorphisms and gauge trans-

formations. This result is consistent with the fact that the string theory side is

describing the SU(N) sector of the gauge theory.

42These linear combinations are obtained by diagonalizing the corresponding equations of

motion. In the case of the ha
(k)a

with b(k) modes this is given by equation (2.33) in ref. [64]. In

the case of the Gµa and C4µabc modes, the linear combinations are explicitly given in equation

(2.28) in this reference.

43See equations (2.61)–(2.64) together with equation (2.48) in reference [64].
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The representations built on the superprimaries of dimension ∆ ≥ 4 have 20+1

primaries of dimension between ∆ and ∆ + 4, but those built on superprimaries

with ∆ = 2 and ∆ = 3 are even shorter and the dimensions have a range span of

2 and 3, respectively. The gauge theory supermultiplet built on the superprimary

O2 contains the conserved currents of the theory (the stress-energy tensor, the R-

symmetry currents and the supercharges) and for this reason this supermultiplet

is called the currents supermultiplet. The highest dimension primary operator in

this supermultiplet has conformal dimension 4 and is the Yang-Mills stress-energy

tensor. On the string theory side this corresponds to the (0, 0, 0) mode of the

metric G′µν , which is the only massless spin-2 mode as seen from equation (1.86)

and therefore corresponds to the graviton. The string theory supermultiplet that

contains this mode is therefore called the graviton supermultiplet and corresponds

to the currents supermultiplet on the gauge theory side (in fact the names are used

interchangeably).

The string theory field content of the graviton supermultiplet coincides with the

field content of N = 8 gauged supergravity in five dimensions. This theory can be

obtained from the Kaluza-Klein reduction of ten-dimensional N = 2 supergravity

by working in the limit where the Kaluza-Klein radius of the compact manifold is

small so that only the lightest mode of each field survives. All gauge fields in this

theory are massless and for this reason the graviton supermultiplet is said to be

massless (all scalars but one, all fermions and the 2-form in this supermultiplet

are massive as seen from (1.86)). Note, however, that in the case of AdS5 × S5

the radius of the S5 is the same as that of AdS, so we cannot remove from the

compactified theory all but the lightest modes by a similar argument. In this way,

in our case the S5 compactified theory does not correspond to an effective low-

energy theory but remains the full theory since we are keeping the infinite tower

of Kaluza-Klein modes from first principles. On the other hand, the truncation of

the S5 compactification of the ten-dimensional supergravity theory to the graviton

supermultiplet is believed to be a consistent truncation in the sense that solutions

of the resulting N = 8 supergravity theory in five dimensions are exact solutions of

ten-dimensional supergravity. So, by keeping only the field content of the graviton

supermultiplet we are not working with an effective theory but rather restricting

our analysis of the full ten-dimensional theory to a specific sector of the theory.

If we restrict the compactified theory to N = 8 gauged supergravity in AdS5,

we have that each of the fields is dual to a gauge theory operator that lies in

the supercurrent multiplet. To compute their correlation functions we deform the

gauge theory by introducing sources for these operators. With the exception of the

stress-energy tensor,44 each of these operators has conformal dimension ∆ < 4 and

44In the case of the stress-energy operator, we compute its correlation functions by promoting

the gauge theory flat metric to an arbitrary background metric g(0) and taking variations of

the generating functional with respect to this source before setting back g(0) to be flat. Since
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therefore is a relevant operator (see appendix A.4). While the undeformed gauge

theory does not require renormalization, relevant (and marginal) deformations in

general spoil the UV-finiteness of the theory such that the correlation functions of

relevant operators will be UV-divergent.45 Unlike the case of irrelevant operators,

however, these divergences are renormalisable by a finite number of counterterms.

These gauge theory UV-divergences have an exact analogue on the supergravity

side, where they are mapped to divergences of the supergravity action associated

with the infinite size of the AdS space. The latter arise from the behaviour of

AdS gravity at long distances and therefore are called IR-divergences. This type

of duality between the divergences of the two theories is called a UV/IR duality.

The subsequent renormalization procedure on the gauge theory side also has an

exact analogue on the string theory side. The systematic process of removing

the supergravity divergences is called holographic renormalization and will be the

subject of the next sections.

String supermultiplets other than the graviton one include fields dual to gauge

theory operators of dimension ∆ > 4. Those operators are therefore irrelevant and

their correlation functions contain UV divergences that are not renormalisable.

This non-renormalizability of the gauge theory deformed by irrelevant operators

is reflected on the string theory side, in which case the holographic renormaliza-

tion procedure breaks down in the presence of the dual string theory fields and

the corresponding effective action is non-renormalisable. Since the gauge theory

supercurrent multiplet is the only supermultiplet with non-irrelevant operators, it

follows that the string theory graviton supermultiplet is the only supermultiplet

dual to a UV-conformal field theory (c.f. appendix A.4).

The matching between the gauge theory and string theory supermultiplets dis-

cussed in this section is a consistency check, albeit a very helpful one, and does not

imply an equivalence between the two theories: this matching would necessarily

take place between any two theories with the same symmetry groups (although it

is hard to find inequivalent theories with the same symmetry groups). As men-

tioned at the end of section 1.2.2, the strongest suggestion that the two theories

are describing the same aspects of the same system, just from different perspec-

tives, follows from the fact that each theory seems to encode the observables of

the stress-energy tensor has conformal dimension 4, switching on an arbitrary metric can be

interpreted as a deformation of the original theory by a marginal source.

45It should be emphasized that, if the undeformed theory is UV-finite, then the divergences in

the correlators are always proportional to the sources and derivatives of it and therefore vanish

if the sources are set to zero (and the metric to be flat if the correlator involves the stress-energy

operator). This is just the statement that switching off the sources in a correlator should result

in the same expression as that obtained by computing the correlator of an operator of the UV-

finite theory. In this way, renormalization is only required if the sources are set to be coupling

constants, or left arbitrary but non-vanishing functions.
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the other. A given quantum field theory is completely characterised by the set

of all its correlation functions and therefore by its generating functional. Fol-

lowing the original conjecture [20], and motivated in particular by the results of

[17, 18, 19], it was proposed in [21, 22] how to use the string theory partition

function with AdS boundary conditions to define the generating functional of a

quantum field theory. The correlation functions computed via this prescription

reproduce all expected results of a UV-conformal field theory. In the particular

case of string theory approximated by N = 8 gauged supergravity in AdS5, these

are the correlators of the N = 4 SYM operators in the supercurrent multiplet

that we discussed above.46 Recall that this approximation is valid in the regime

α′′ ∼ 0, which corresponds to the strong coupling regime λ >> 1 of the gauge

theory where perturbation theory in λ is not reliable. The prescription therefore

allows us to study the non-perturbative sector of the gauge theory using the dual

supergravity theory as we discussed in the previous sections. Even though the

correlation functions at strong coupling cannot be computed perturbatively in the

gauge theory, the conformal symmetry of the theory completely fixes the form of

the (n ≤ 3)-point correlators up to proportionality constants [68] as we will see in

the next section, while (n > 3)-point functions are fixed up to a proportionality

function of anharmonic ratios [69, 70]. These constraints imposed by conformal

invariance are satisfied by the correlation functions derived from supergravity us-

ing the AdS/CFT prescription.

The computation of the gauge theory correlators from the dual string theory

partition function requires detailing the precise way the supergravity fields are

related to the super Yang-Mills operators. In this section we have shown how these

fields are organized in the same conformal supermultiplets as these operators, but

we have not discussed the identification between the Hilbert spaces of the two

theories. The particle states associated with each supergravity field should be

in one-to-one correspondence with the states created by the corresponding gauge

theory operators, but this identification is highly non-trivial. Note that the SYM

operators in Table 1.1 are defined in four dimensions, whereas the supergravity

modes live in one dimension higher, with the radial coordinate z in the AdS5

metric (1.84) parametrising the extra dimension. This implies in particular that

46Note that we compute correlation functions of the gauge theory operators that lie in the

conformal supermultiplets. Correlation functions of the elementary fields themselves are not

observables because the latter are not gauge invariant. To form gauge invariant quantities we need

to trace over the gauge group indices, but then the trace of the elementary SU(N) fields vanishes.

In the U(N) case the elementary fields correspond to the operator content of the doubleton

supermultiplet:
{
O1;O(1)

1 ,O(4)
1

}
and respective complex conjugates, and we can compute their

correlation functions in the gauge theory (though this would be done at weak coupling). Since

the dual string theory only describes the SU(N) sector of the gauge theory, these correlators

cannot be computed on the gravity side with the standard AdS/CFT correspondence.

56



1.2. The AdS5/CFT4 Correspondence

the states created by the SYM operators do not correspond directly to the states

created by the string operators associated with each five-dimensional supergravity

mode.

We have seen that a fundamental piece in the duality between the two theories

is the decomposition of each ten-dimensional supergravity field in S5 harmonics

so that the SO(6)R representations of the fields be explicit. The S5 components

and the Kaluza-Klein modes are then recovered on the gauge theory side from

the infinite set of operators of different spins that form the supermultiplets. The

precise correspondence between these operators and the modes requires in turn a

decomposition of each mode along the radial direction that solves the supergravity

equations of motion in the AdS5 background. These equations are second order

in the radial coordinate and therefore each mode admits two linearly independent

solutions called the non-normalisable and normalisable solutions. The leading or-

der coefficient in the radial expansion of each solution is then related to the dual

SYM operator in a precise way. In the case of the normalisable solution, this is the

coefficient φ(∆)k that we introduced when we discussed the dilatation eigenvalue

of each mode. The states created by the string operator associated with φ(∆)k are

then in one-to-one correspondence with the states created by the dual SYM oper-

ator (in fact, this is an equivalence between the operators). These results will be

the main subject of the next section where we will further show that the classical

coefficient φ(∆)k is directly related to the vacuum expectation value of the dual

operator.

1.2.6. The radius/energy-scale duality

The AdS radial direction plays a special role in the AdS/CFT correspondence

that we haven’t yet discussed. On string theory side, this direction is geometric

and the theory behaves locally in z. The dual gauge theory is defined explicitly

in one dimension less and for this reason this locality and the degrees of freedom

along the extra direction are not apparent. If the two theories are equivalent, these

degrees of freedom must be encoded in the observables of the gauge theory. The

specific way the radial dimension is seen from the gauge theory perspective was

originally discussed in [23] and is based on the observation that a scale transforma-

tion in the gauge theory, generated by the dilatation generator D of the su(2, 2|4)

algebra, corresponds to a specific isometry of the AdS metric that rescales the

radial coordinate z. Suppose we consider the gauge theory with a UV cut-off Λ

such that the generating functional of the theory is a sum over all field config-

urations with momenta |k| < Λ. If the gauge theory is pure N = 4 SYM no

cut-off is needed because the theory is UV-finite, but once we deform the theory
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with relevant (or marginal) operators the cut-off is necessary to regulate the di-

vergences.47 As discussed more carefully in appendix A.4, a scale transformation

xα → λxα in the gauge theory results in a rescaling Λ → Λ/λ of the cut-off. If

λ > 1, this in turn requires that we integrate over all field configurations with

momenta above Λ/λ in the generating functional to obtain the effective theory at

scales below Λ/λ. On the string theory side, such a transformation corresponds to

the isometry xα → λxα, z → λz of the AdS metric (1.84) generated by the Killing

vector D. Note that this isometry results in motion of points of the manifold

inwards (λ > 1) or outwards (λ < 1) from some region z = zΛ to some region

z = λzΛ. This correspondence implies that the radial coordinate z behaves as an

energy scale from the gauge theory perspective and it is natural to take zΛ ∝ 1/Λ

so that the UV limit Λ → ∞ in the gauge theory corresponds to the infinity, or

conformal boundary z = 0 of AdS space (see appendix B.4).

A similar way of seeing this result is to recall the above discussion about the

UV-divergences of the gauge theory and the divergences of supergravity associated

with the infinite size of AdS space. When using the string theory partition function

in the supergravity approximation to define the generating functional of quantum

field theory correlation functions, one faces divergences in the supergravity action

as z → 0 because supergravity solutions typically diverge as we approach infinity

of AdS space. In order to remove these divergences, one regulates the action (or

the area of the boundary) by replacing the true conformal boundary by a reg-

ulating boundary z = zΛ. One then derives the appropriate counterterms that

cancel the potentially divergent terms and in the end takes the limit zΛ → 0. This

process mimics precisely the standard renormalization of quantum field theories.

After computing the correlation functions, one finds that the regulator zΛ plays

exactly the role of a UV regulator Λ ∝ 1/zΛ in the quantum field theory that was

defined from the string theory.

An intuitive way of seeing this radius/energy-scale duality follows by consider-

ing lattice gauge theory, or statistical mechanics, in which case the UV regulator Λ

of the theory is the inverse of the lattice spacing such that all wavelengths shorter

than 1/Λ are suppressed. If the gauge theory is UV-regulated in this way, a scale

transformation xα → λxα rescales the lattice spacing as discussed in appendix A.4

and all wavelengths shorter than λ/Λ become suppressed. On the string theory

side, we can consider a lattice as a hypersurface z = zΛ. The scaling isometry

47In the Wilsonian sense, one can see pure N = 4 SYM as a fundamental theory where

no degrees of freedom have been integrated out. This is so because, as we start the process of

integration of high-momenta degrees of freedom down to some low momenta, the theory continues

to look the same and therefore is not associated with any particular energy scale. On the other

hand, deformed theories are effective: they differ from the fundamental theory one starts with

and are derived from it by integrating out degrees of freedom, hence are defined only below a

certain energy scale.
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xα → x̄a = λxα, z → z̄ = λz of the AdS metric (1.84) preserves the induced met-

ric on the hypersurfaces of constant z. The hypersurface z = zΛ is mapped by the

isometry to a surface z̄ = λzΛ farther (λ > 1) or closer (λ < 1) to the conformal

boundary z̄ = 0. In addition, the lattice spacing increases (λ > 1) or decreases

(λ < 1) because this isometry is a scale transformation that simultaneously leaves

the induced metric fixed (see Figure A.1 in appendix A.4). Therefore, from the

string theory point of view, successive changes in the lattice spacing – which is

another way of seeing the process of successively integrating out gauge theory de-

grees of freedom – correspond to successive changes of the position of the lattice

along the radial direction z such that approaching the boundary z = 0 corresponds

to taking the zero size limit of the lattice spacing. From this picture one says that

different hypersurfaces of constant z correspond to the gauge theory at different en-

ergy scales: the fundamental gauge theory where no degrees of freedom have been

integrated out, the UV theory, is said to live at the boundary of AdS, whereas the

gauge theory at different scales Λ describes supergravity in regions of AdS space

bounded by different regulating sufaces z ∼ 1/Λ and therefore is said to live on

such surfaces (see e.g. [71]). For these reasons, the AdS/CFT correspondence is

said to be a holographic duality: the field theory dual to string theory in AdS is

defined in one less geometric dimension and it encodes in its scaling behaviour the

degrees of freedom, or dynamics, along the extra radial direction. In particular,

the lower dimensional boundary theory contains all the gauge theory degrees of

freedom and therefore encodes information about the gravitational physics of the

entire bulk interior. It should be emphasized that the above discussion of scale

transformations can be generalized to include the special conformal transforma-

tions of appendix A.3 that, together with translations and rotations, form the

isometry group of AdS. These isometries result in conformal transformations at

the boundary and for this reason any field theory defined at the boundary of AdS

will enjoy the conformal group as its symmetry group.

The identification of the bulk radius as a gauge theory energy scale is at the

core of the holographic renormalization group [72, 73],48 where the renormalization

flow of the coupling constants of the gauge theory translates into a radial flow of

solutions of the gravity theory. The successive rescallings of the gauge theory cut-

off and the corresponding integrations over high-momenta degrees of freedom can

be transferred into the coupling constants, so that the resulting theory is defined

at the same cut-off but the couplings undergo renormalization group (RG) flow

according to the energy scales being observed (this is the flow in λ of the coupling

constant in the specific example of appendix A.4). On the gravity side, this process

results in changes of the regulating boundary and therefore in the radial position

of the boundary configuration of the supergravity solutions. In the Hamilton-

48See also the review [74] and more recently the discussion in [75].
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Jacobi formulation of the gravity theory, the Hamiltonian equations of motion

together with the Hamilton-Jacobi equation result in first order ‘flow’ equations

that determine the radial evolution of the fields and therefore the evolution of

the boundary configurations with the radial position of the boundary. As we

will discuss in the next section, these boundary configurations are mapped by

the AdS/CFT correspondence to the couplings of the gauge theory (which can be

constant or position dependent, in which case are called sources). The radial flow

equations therefore correspond via the radius/energy-scale duality to the beta-

function equations of the gauge theory couplings that dictate their RG flow.

1.3. AdS/CFT Correlators and Renormalization

As mentioned in the previous sections, the results on the computation of the

absorption cross-sections of D-branes were the main precursor of the AdS/CFT

correspondence and suggested that the observables of the worldvolume theory

could be computed from supergravity in the near-horizon AdS region. In this sec-

tion we are interested in following the proposal of [21, 22] to define the generating

functional of a quantum field theory from the string theory partition function in

order to compute these observables. This allows us in particular to compute the

correlation functions of the SYM operators in the supercurrent multiplet dual to

N = 8 supergravity in five dimensions that we have been analysing, but we will

not restrict our discussion to this specific case. The exact same analysis of the

previous sections can be repeated to other p-brane solutions of supergravity and

the respective worldvolume theories, such as the M-branes of eleven-dimensional

supergravity and systems of D-branes in supergravity in ten dimensions, see e.g.

[20, 27], all of these solutions free of essential singularities. The important point

to retain is that the worldvolume gauge theories are conformal field theories and

the near-horizon regions in which the dual closed strings live are products of AdS

spaces with compact spaces. In each case, the conformal group of the gauge the-

ory coincides with the symmetry group of the corresponding AdS space, and the

R-symmetry with the symmetry group of the compact space. For this reason, we

will keep the dimension of the AdS space arbitrary and we will assume that we

have reduced our theory along the compact space as we did in the case of the S5

to obtain the SO(6)R Kaluza-Klein modes and their masses.

As we briefly mentioned in the previous section, in the Wilsonian treatment

of renormalization theory, quantum field theories are understood by starting with

some field theory defined at a fundamental energy scale Λ and integrating out

high-momenta degrees of freedom down to some observable scale Λ/λ. The Λ-

theory we start from can in turn be understood as a deformation of a conformal
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field theory because CFTs are fixed points of the renormalization flow; in this

sense, quantum field theories differ from CFTs because we have moved along a

RG flow away from the fixed point. Following this viewpoint, we will use the

string theory partition function to define a quantum field theory as a deformation

of a CFT. If the deformation is irrelevant, such as deformations by those operators

in all but the supercurrent multiplet of N = 4 SYM, the quantum field theory

is non-renormalisable as already discussed and therefore we will restrict to rel-

evant (and marginally non-irrelevant) deformations. These deformations vanish

as we approach the UV and therefore the gauge theory is UV-conformal; in the

specific example of deformations by operators in the supercurrent multiplet, the

theory will approach N = 4 SYM at high-energies. On the string theory side,

the spacetime in general will not be AdS everywhere because the closed string

excitations dual to the deformations backreact on the geometry as in the case of

equation (1.83).49 On the other hand, since the gauge theory is UV-conformal,

from the discussion on the radius/scale duality it follows that the bulk geometry is

AdS asymptotically i.e. as we approach the conformal boundary. In fact, we can

be more general than this and require that a neighbourhood of the boundary be

AdS only locally in the sense of appendix B.1, such that the global properties of

the near-boundary region such as its topology be relaxed. The most general way

to describe deformations of CFTs is by starting from the UV theory and letting

it flow to some observable scale, so the quantum field theory we define from the

string partition function is the boundary theory perturbed by the deformation.50

Let us then start with the string theory partition function (1.23). The world-

sheet action S is schematically of the form (1.64) and contains the target spacetime

fields with AdS vevs (the string excitations in an AdS background) pulled-back to

the worldsheet. In the partition function we sum over all possible configurations

for the string embeddings. The target space fields, as functions of the embeddings

and at leading order in gs, satisfy the supergravity equations of motion with a

negative cosmological constant plus all α′′ corrections.51 Since we are considering

49In the probe approximation, we consider the supergravity fields as infinitesimal and neglect

their backreaction such that the geometry on which they propagate is exactly AdS. On the gauge

theory side, this is equivalent to working in the vicinity of a CFT, where the deformations are

infinitesimal.

50Note in particular that if we are interested in computing correlation functions of operators at

a point such as those in the supercurrent multiplet of N = 4 SYM, we must give a definition of

the field theory generating functional in the UV. These operators are all defined at xα = 0. We

localise gauge theory operators at a single point by performing a scale transformation xα → λxα

and taking λ → 0. Since the energy scale Λ → Λ/λ and the bulk radius z → λz, this implies

that correlation functions of these operators are computed at the boundary, i.e. in the UV.

51Note that the cosmological constant follows from the dimensional reduction of the ten-

dimensional supergravity theory along the compact space; it is given by the Ricci scalar of the
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closed strings propagating in AdS, the string states satisfy AdS boundary condi-

tions rather than the usual flat space ones. These boundary conditions are held

fixed in the string path integral and therefore the latter is a functional of the

boundary configurations of the fields. In this way, we write the string partition

function as:

Zstring = Zstring

[
φ|∂AdS = φ0

]
, (1.91)

where φ is a generic target space field with configuration φ0 at the conformal

boundary. With the string partition function we compute correlation functions of

string states (or their scattering amplitudes) by inserting the vertex operators of

these states and evaluating the string path integral. Equivalently, we can compute

such correlators by working with the partition function of supergravity with the

same boundary conditions plus the α′′ corrections that render the theory finite.

Working at leading order in gs in the string path integral is then equivalent to

approximating the supergravity partition function by a saddle point (note that gs
behaves as ~ in the supergravity partition function) such that:

Zstring

[
φ|∂AdS = φ0

]
∼ Zsugra(gs, α′′)

[
φ|∂AdS = φ0

]
= exp

(
iIsugra(α′′)

[
φ|∂AdS = φ0

])
+ ...

where Isugra(α′′) is the on-shell supergravity action with all α′′ corrections and

the ellipsis denote quantum corrections in gs. We can then suppress all stringy

correction in the saddle point approximation by working in the limit α′′ → 0 to

obtain our first result:

Zstring

[
φ|∂AdS = φ0

]
∼ exp

(
iIsugra

[
φ|∂AdS = φ0

])
. (1.92)

1.3.1. Scalar field in AdS

In order to understand how to use (1.92) to define the generating functional

of a field theory at the boundary, we particularise the formalism and evaluate

the right-hand side of the equation by considering a specific case. The simplest

example one can consider is a scalar field in AdS with a possible mass term while

simultaneously neglecting any backreaction on the geometry by working in the

probe approximation. In the case of N = 8 supergravity dual to the supercurrent

multiplet of N = 4 SYM, this scalar can be any of the scalar modes in Table

1.1 and respective mass term, with the remaining supergravity modes switched

off (i.e. with vanishing configurations). The (truncated) supergravity action in

(d+1)-dimensional AdS space is then given in our case by:

S =
1

2η

∫
dd+1x

√
G
(
Gµν∂µφ∂νφ+m2φ2

)
, (1.93)

compact space and generically by the background value of the field strength of the (p+ 1)-form

that sources the geometry.
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where η is a normalization constant that depends on the parent ten-dimensional

supergravity theory. In order to avoid many subtleties that arise in the case of a

Lorentzian signature, we will work with Euclidean AdS, also known as the hyper-

bolic space. We should note that, while the Poincaré coordinate system that we

have been using parametrises only half of AdS, the Wick rotation of this coordi-

nate system results in a parametrisation – the upper half plane parametrisation –

that covers the entire hyperbolic space. This can be seen by performing a Wick

rotation of AdS in global coordinates and verifying that the upper half plane

parametrisation covers the Wick rotated space. The main advantage of work-

ing with this parametrisation lies in the fact that the conformal transformations

that form the isometry group of AdS are manifest. In this coordinate system,

(Euclidean) AdSd+1 takes the form:

ds2
d+1 =

`2

z2

(
dz2 + d~x 2

d

)
. (1.94)

Here we have reinstated the AdS radius ` that was introduced in section 1.2.3 for

dimensional reasons. The equation of motion for the scalar field in this background

is given by:

∂2
zφ−

d− 1

z
∂zφ+ ~∇ 2φ =

`2m2

z2
φ , (1.95)

where ~∇ 2 = δij∂i∂j . The equation is second order in z and therefore admits two

linearly independent solutions. These can be obtained by working with the Fourier

transform φ̂(z, p) = (2π)−d/2
∫
ddx e−ip·xφ(z, x) and are given by:

φ̂(z, p) = zd/2
(
Â(p)Kk/2(z|p|) + B̂(p) Ik/2(z|p|)

)
, (1.96)

where Kα(x) and Iα(x) are the modified Bessel functions, |p| =
√
~p 2 , k = 2∆− d

and ∆ is the largest root of the polynomial:

∆(∆− d) = m2`2 , (1.97)

and which is equation (1.86) for scalars in the case ` = 1, d = 4. Also, Â(p)

and B̂(p) are arbitrary functions of the momenta. For generic values of these

coefficients, the solution is not well-behaved in the interior of AdS. If we analyse

the asymptotics of the Bessel functions as z →∞ we find that the solution diverges

unless B̂(p) = 0. In this way, the solution that is regular in the interior is given

by:

φ̂(z, p) = Â(p) zd/2Kk/2(z|p|) . (1.98)

We can Fourier transform this solution back to position space by using the identity:

2∆−1Γ(∆)

(2π)d/2

∫
ddy

ε∆(
ε2 + ~y 2

)∆ eip·y = εd/2|p|k/2Kk/2(ε|p|) : k = 2∆− d , ∀ε .

(1.99)
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We obtain:

φ(z, x) =
Γ(∆)

πd/2Γ(∆− d/2)

∫
ddy ϕ(0)(y)

z∆(
z2 + |~x− ~y|2

)∆ , (1.100)

where ϕ(0) is an arbitrary function of y given by the Fourier transform of a term

proportional to Â(p). If we now use the asymptotics of the integrand given by

[21, 76]:

lim
z→0

Γ(∆)

πd/2Γ(∆− d/2)

z∆(
z2 + |~x− ~y|2

)∆ = zd−∆
(
δd(~x− ~y) +O(z2)

)
, (1.101)

we obtain:

φ(z, x) = zd−∆
(
ϕ(0)(x) +O(z2)

)
= φ0 +O(zd−∆+2) , (1.102)

where φ0 = φ|∂AdS is the configuration of the field at the conformal boundary as

introduced in the previous section. For generic values of ∆, or m2, this bound-

ary configuration is singular at z = 0. We therefore introduce the renormalized

boundary value:

ϕ(0) = lim
z→0

z∆−dφ(z, x) . (1.103)

The integrand in (1.100) is called the bulk-to-boundary propagator, it is a Green’s

function in AdS and results in a regular bulk solution for each boundary configu-

ration ϕ(0).

We are now in position to evaluate the action (1.93) on-shell as required in

the approximation (1.92). In order to do so, we start by introducing a regulating

boundary z = ε in our space. If we then integrate the first term in the action by

parts and use the equation of motion �φ = m2φ, we obtain:52

I =
1

2η
(`/ε)

d−1
∫
z=ε

ddxφ∂zφ , (1.104)

where the integration by parts resulted in a surface term because our space is a

manifold-with-boundary. We can now use the solution (1.100) together with the

asymptotic behaviour (1.101) to find:

Isugra

[
φ
∣∣ren.
∂AdS

= ϕ(0)

]
=

`d−1

2η πd/2
Γ(∆ + 1)

Γ(∆− d/2)

∫
z=ε

ddxddy
ϕ(0)(x)ϕ(0)(y)(
ε2 + |~x− ~y|2

)∆ (1 +O(ε2)
)
.

(1.105)

52Our convention for the integral in z is as follows:

S = 1/(2η)

ε∫
∞

dz

∫
ddx
√
G (...) .
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With the limit ε → 0 the regulating boundary approaches the true conformal

boundary of the space. In this limit we see explicitly that the on-shell action is a

functional of the boundary configuration of the field. We also find that the parti-

tion function (1.92) in this limit behaves as a generating functional of conformal

field theory correlation functions, with the renormalized boundary configuration

ϕ(0) playing the role of a source for a conformal scalar operator O∆ of dimension

∆. Indeed, if we define [21, 22]:〈
e
∫
ddxϕ(0)O∆

〉
CFT

:= Zstring

[
φ
∣∣ren.
∂AdS

= ϕ(0)

]
, (1.106)

and use the approximation (1.92), we obtain:

〈O∆(x)O∆(y)〉 = −
δ2 log

〈
e
∫
ddxϕ(0)O∆

〉
δϕ(0)(x) δϕ(0)(y)

∣∣∣∣
ϕ(0)=0

= −δ
2 logZstring

δϕ(0) δϕ(0)

∣∣∣∣
ϕ(0)=0

∼ δ2Isugra

δϕ(0) δϕ(0)

∣∣∣∣
ϕ(0)=0

=
`d−1

2η πd/2
Γ(∆ + 1)

Γ(∆− d/2)

1

|~x− ~y|2∆
(ε→ 0) .

(1.107)

Note that we are taking variations with respect to the generator − logZ of con-

nected correlation functions. The result is exactly the 2-point correlator of a

conformal operator of dimension ∆ as dictated by conformal symmetry, as we

review next. In this specific model, higher-order correlators vanish. To compute

n-point correlation functions we need to consider n-point vertices and add to the

Lagrangian (1.93) an interaction term proportional to φn. If we repeat the com-

putation with such interactions, as well as for fields of different spin, we find that

all observables derived in this way satisfy the axioms of a conformal field theory.

Therefore, the definition (1.106) gives a prescription for computing conformal field

theory observables from string theory. At the lowest order approximation in gs and

α′′ it implies that the effective action of the conformal field theory that we define

from string theory in AdS is the on-shell action of the corresponding supergravity

theory. From the AdS/CFT conjecture [20] we then know that the latter approxi-

mation corresponds to the large N , large λ regime of the field theory. Note that, a

priori, the definition (1.106) does not say anything about the coupling constants on

each side of the duality. In fact, any quantum theory of gravity with AdS Einstein

gravity as a low energy limit defines in this way a CFT at the boundary of AdS.

However, in order to derive equivalences between specific theories such as the case

of N = 4 SYM and AdS5 × S5 supergravity one needs string theory. Ultimately,

the AdS/CFT prescription (1.106) is justified by the fact that the AdS boundary

configurations of the string states behave as sources for boundary correlators that

satisfy the right properties that define a conformal field theory.
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1.3.2. Conformal correlators and Ward identities

In this section we review very briefly the implications of conformal invariance to

the correlation functions of a conformal field theory in flat space. Reviews of this

topic can be found in [68, 27, 69] and references therein.

Correlators

Lorentz invariance implies that only scalar operators can have non-zero vevs.

Together with scale invariance (1.73), this fixes the one-point functions to be of

the form:

〈O∆〉 =
C∆

|~x|∆
, (1.108)

where ∆ is the conformal dimension and C∆ a constant. However, invariance un-

der special conformal transformations (1.69) fixes C∆ ∝ δ∆,0. If the field theory is

unitary, the unitarity bounds discussed in section 1.2.4 on the conformal dimen-

sions of the operators imply in particular that ∆ > 0 and therefore the one-point

function must vanish in unitary CFTs.

In the case of two-point functions, Poincaré and scale invariance implies that

〈O∆1
O∆2
〉 = C∆1,∆2

/|~x − ~y|∆1+∆2 . Invariance under special conformal transfor-

mations implies ∆1 = ∆2 and therefore fixes the correlator up to a ∆1-dependent

constant:

〈O∆1
(x1)O∆2

(x2)〉 =
C∆1

|~x1 − ~x2|2∆1
δ∆1,∆2

. (1.109)

Note that the correlation function (1.107) is exactly of this form. Finally, the form

of three-point functions is fixed in a similar fashion by conformal symmetry to be

of the form:

〈O∆1
(x1)O∆2

(x2)O∆3
(x3)〉 =

C∆1,∆2,∆3

|x1 − x2|∆−2∆3 |x3 − x1|∆−2∆2 |x2 − x3|∆−2∆1
,

(1.110)

where: ∆ = ∆1 + ∆2 + ∆3. Higher-point correlators are also fixed by conformal

symmetry, this time up to a proportionality function of anharmonic ratios [69].

Renormalized correlators

The correlation functions given above are singular at coincident points and

therefore do not admit Fourier transforms and are not well-defined as distribu-

tions. Well-behaved expressions can be obtained by regularizing the correlators
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in position space, transforming to momentum space and then introducing coun-

terterms that cancel the potential divergent terms before removing the regulator

[77, 68]. One can then transform the renormalized expressions back to position

space. This implies that the correlators given above are effective rather than exact:

they coincide with the renormalized correlators in position space asymptotically

away from coincident points, but are ill-defined at short distances. In the case of

the two-point function, the renormalized expression can be obtained as follows.

We start by ε-regularizing the short-distance divergences in the correlator and

Fourier transform it by recalling the identity (1.99):∫
ddy

eip·y(
ε2 + ~y 2

)∆ =

(
(2π)d/2

2∆−1Γ(∆)

)
ε−k/2|p|k/2Kk/2(ε|p|) , k = 2∆− d .

(1.111)

The Bessel function admits the following asymptotics as x→ 0:

Kk/2(x) = 2k/2−1 Γ(k/2)x−k/2
(

1 +
(ix)2

2(k − 2)
+

(ix)4

2(k − 2)4(k − 4)

+ ...+ ak x
k + ãk x

k log x2 +O(x>k)

)
, (1.112)

where the coefficient ãk of the inhomogeneous term is non-vanishing only if k/2 ∈ N
and in such case is given by:

ãk = − (−1)k/2 2−k

Γ(1 + k/2)Γ(k/2)
: k/2 ∈ N . (1.113)

The coefficient ak is in general non-vanishing, but its expression is only relevant

when k/2 6∈ N because otherwise it can be absorbed into the argument of the

logarithm of the inhomogeneous term. Therefore, in such case it is given by:

ak = 2−k
Γ(−k/2)

Γ(k/2)
: k/2 6∈ N . (1.114)

If we replace x by ε|p|, we find that all terms of order below ε0 in the expansion

of ε−k/2Kk/2(ε|p|) diverge as the regulator ε → 0. We then introduce the corre-

sponding counterterms that minimally subtract these divergences to obtain the

renormalized expression:53

[
ε−k/2|p|k/2Kk/2(ε|p|)

]
ren.

=

2k/2−1 Γ(k/2) ãk |p|k log(|p|2/µ2) +O(ε>0) , (k/2 ∈ N)

2k/2−1 Γ(k/2) ak |p|k +O(ε>0) , (k/2 6∈ N)

53For consistency, these counterterms should be added to the field theory Lagrangian in the

generating functional used to compute the correlators. From the expansion (3.182) with x re-

placed by ε|p| we find that the divergent terms in the correlator (1.111) are proportional to

powers of the momentum. In position space, these divergences are therefore derivatives of delta
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where the scale µ in the first case was introduced for dimensional reasons and the

coefficient ak was absorbed into µ. In this way, we find:

lim
ε→0

[ ∫
ddy

eip·y(
ε2 + ~y 2

)∆ ]
ren.

=

c̃k |p|
k log(|p|2/µ2) , (k/2 ∈ N)

ck |p|k , (k/2 6∈ N)
(1.115)

where: 
c̃k = (−1)1+ k

2
2−k πd/2

Γ(k+d
2 ) Γ(1 + k

2 )
,

ck =
πd/2

2k
Γ(−k2 )

Γ(k+d
2 )

.

(1.116)

Note in particular that, due to the singularities of the gamma function, the coef-

ficient ck cannot be extended to integer values of k/2 and which is the regime of

validity of the other branch. Finally, we can obtain the renormalized correlator in

position space:

[
1

|~x|2∆

]
ren.

=


c̃k

(2π)d

∫
ddp e−ip·x|p|k log(|p|2/µ2) , (k/2 ∈ N)

ck
(2π)d

∫
ddp e−ip·x|p|k , (k/2 6∈ N) .

(1.117)

Ward identities

Ward identities are the quantum version of Noether’s theorem and represent the

conservation laws associated with the invariance of the generating functional under

the classical symmetry group. This group is usually broken by quantum corrections

because renormalization in general does not preserve part of the symmetries, so the

renormalized generating functional should be invariant up to possible anomalies

such as trace/Weyl/conformal anomalies or diffeomorphism anomalies. Since one

is often interested in the expression of the correlators in the presence of the sources

for the operators, the Ward identities are usually given with non-vanishing sources,

functions. If we add to the field theory Lagrangian counterterms of the form:

L0 +

∫
ddxϕ(0)O −→ L0 +

∫
ddxϕ(0)O + cn

∫
ddxϕ(0)�

nϕ(0) ,

and take variations of the generating functional with respect to the source ϕ(0) to derive the

correlation functions, the counterterms will result in derivatives of delta functions that cancel

the divergences in the correlators. Note that in the case k/2 ∈ N the inhomogeneous term

proportional to the logarithm in the expansion (3.182) is non-vanishing and will result in a

divergence proportional to log ε. The corresponding counterterm is proportional to log(εµ), with

µ some energy scale, and therefore breaks scale invariance of the generating functional .
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but which may in turn be switched off. Let us write the generating functional of

the field theory as:

Z[g,A, ϕ(0)] =
〈

exp

(
−
∫
ddx
√
g
[
AµJ

µ + ϕ(0)O∆

])〉
CFT

, (1.118)

where the metric gµν(x), the gauge field Aµ(x) and the scalar ϕ(0)(x) are respec-

tively the sources for the stress-energy operator Tµν , a possible symmetry current

Jµ and the conformal scalar operator O∆ such that:

〈Tµν〉 := − 2
√
g

δW

δgµν
, (1.119)

〈Jµ〉 := − 1
√
g

δW

δAµ
, (1.120)

〈O∆〉 := − 1
√
g

δW

δϕ(0)
. (1.121)

where W = logZ. We will assume that the current has vanishing conformal

dimension, whereas O∆ has dimension ∆. Unlike the example in appendix A.4,

the source ϕ(0)(x) is now an arbitrary function, so it can transform as ϕ(0)(x) →
Ω−αϕ(0)(x) under a conformal-Weyl transformation (A.10)–(A.11) such that:∫
ddx
√
g ϕ(0)(x)O∆(x)

conf.−→
∫
ddx̄
√
ḡ ϕ̄(0)(x̄) Ō∆(x̄) =

∫
ddx
√
g ϕ(0)(x)O∆(x)

Weyl−→
∫
ddx
√
gΩd−∆−α ϕ(0)(x)O∆(x) , (1.122)

where the first identity holds because the integrand is a Lorentz-scalar. If the

unrenormalized generating functional is conformally invariant we find that α =

d−∆. If we then consider an infinitesimal Weyl transformation gµν → Ω2gµν such

that Ω2 = e2σ = 1 + 2σ +O(σ2), the generating functional transforms as:

W →W + δσW = W +

∫
ddx

(
δW

δgµν
δσgµν +

δW

δϕ(0)
δσϕ(0)

)

= W +

∫
ddxσ

(
δW

δgµν
2gµν −

δW

δϕ(0)
(d−∆)ϕ(0)

)

= W +

∫
ddx
√
g σ
(
〈Tµµ〉+ 〈O∆〉(d−∆)ϕ(0)

)
. (1.123)

Weyl invariance of the renormalized generating functional for arbitrary σ(x) can

then be expressed as:

〈Tµµ〉 = −(d−∆)ϕ(0)〈O∆〉+A , (1.124)
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and which is the trace Ward identity. The possible quantum anomaly A is called

the Weyl anomaly. The same procedure can be repeated for the case of general dif-

feomorphisms. As derived in appendix A.3, under an infinitesimal diffeomorphism

(A.13) generated by a vector field ξµ, the metric transforms at leading order as:

gµν(x)→ (ϕ?g)µν(x̄) = gµν(x̄)− (∇µξν +∇νξµ) = gµν(x̄) + δgµν(x̄) . (1.125)

In addition, the scalar source and the gauge field transform at leading order as

(see equation (A.4)):

ϕ(0)(x)→ (ϕ?ϕ(0))(x̄) = ϕ(0)(x̄)− ξ · ∇ϕ(0) = ϕ(0)(x̄) + δϕ(0)(x̄) , (1.126)

Aµ(x)→ (ϕ?A)µ(x̄) = Aµ(x̄)− (ξ · ∇Aµ +Aα∇µξα) = Aµ(x̄) + δAµ(x̄) .

(1.127)

The generating functional in this case transforms at leading order in ξ as:

W →W + δξW = W +

∫
ddx̄

(
δW

δgµν
δξg

µν +
δW

δAµ
δξAµ +

δW

δϕ(0)
δξϕ(0)

)

= W +

∫
ddx
√
g

(
〈Tµν〉∇µξν + 〈Jµ〉

(
ξ · ∇Aµ +Aα∇µξα

)
+ 〈O∆〉 ξ · ∇ϕ(0)

)

= W −
∫
ddx
√
g ξν

(
∇µ〈Tµν〉+ 〈Jµ〉Fµν +Aν∇µ〈Jµ〉 − 〈O∆〉∇νϕ(0)

)
.

(1.128)

Diffeomorphism invariance of the renormalized generating functional for arbitrary

ξ can then be expressed as:

∇µ〈Tµν〉+ 〈Jµ〉Fµν +Aν∇µ〈Jµ〉 − 〈O∆〉∇νϕ(0) = Aν , (1.129)

and which is the diffeomorphism Ward identity. The possible quantum anomaly

Aν is called the diffeomorphism anomaly. This identity can be simplified further

by using the Ward identity that arises in a similar fashion from invariance of the

generating functional under gauge transformations Aµ → Aµ +Dµφ :

∇µ〈Jµ〉 = 0 . (1.130)

1.3.3. AdS renormalization of the scalar field

In the previous section we showed that the form of the correlation functions

as directly fixed by conformal symmetry suffers from short-distance singularities

and therefore cannot possibly represent the correlators of operators at coincident

points, such as those SYM operators in Table 1.1 that we discussed before. We
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then showed that a derivation of the correlators with the required properties en-

tails a regularization and renormalization of the CFT generating functional. The

two-point function (1.107) that we derived by holographic methods matches the

effective correlator and suffers in a similar way from short-distance divergences.

Just as the left-hand side of the AdS/CFT prescription (1.106) should be improved

with counterterms that render the correlation functions well-behaved, the gravity

side of the correspondence should undergo a similar renormalization programme

called holographic renormalization. In this case, the short-distance divergences in

the holographic correlators are associated with (infra-red) divergences of the on-

shell action due to the infinite area of the conformal boundary of AdS. Note that,

even though we haven’t yet discussed them, these divergences are indeed there: in

the specific example of the previous section, if we use the asymptotics (1.101) in

the on-shell action (1.105) we find that the latter behaves asymptotically as:

I ∼
∫
z=ε

ε−k
(
1 +O(ε2)

)
, (1.131)

with ε the regulator that we introduced before. The correlation functions with

the required properties at short distances are obtained by ensuring that the grav-

ity action from which the correlators are extracted is free of these infra-red di-

vergences. The procedure entails improving the regulated action with boundary

terms called holographic counterterms that cancel the divergent terms. Since these

counterterms are surface terms, the bulk equations of motion are not affected by

the procedure. In this section we will exemplify the basics of the holographic

renormalization programme by deriving the renormalized correlator (1.117) that

we obtained from a quantum field theory computation. Further aspects on this

topic can be found in the lecture notes [78] and references therein.

Let us return to the action (1.93) of the scalar field in AdSd+1 and the resulting

equation of motion (1.95). Instead of finding an exact solution to the equation,

let us rather solve it asymptotically as z → 0. We start by defining:

ϕ(z, x) = z∆−dφ(z, x) , (1.132)

with ∆ the largest root of the polynomial (1.97) as before. In terms of ϕ, the

equation of motion becomes:

ϕ′′ − k − 1

z
ϕ′ + ~∇ 2ϕ = 0 , k = 2∆− d , ϕ′ = ∂zϕ . (1.133)

If we solve asymptotically this equation in powers of z we obtain the solution:

φ(z, x) = zd−∆ϕ(z, x)

= zd−∆
(
ϕ(0)(x) + z2ϕ(2)(x) + ...+ zkϕ(k)(x) + zk log z ϕ̃(k)(x) + ...

)
,

(1.134)
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where the coefficients ϕ(0) and ϕ(k), called respectively the non-normalisable and

the normalisable modes, are arbitrary functions of x. Note that ϕ(0) is the source

term, or renormalized boundary configuration, that we identified in (1.103). The

remaining coefficients ϕ(n<k) are local functionals of the source:

ϕ(n<k) =
1

n(k − n)
~∇ 2ϕ(n−2) , (1.135)

while the coefficient ϕ̃(k) of the inhomogeneous term is non-vanishing only if k/2 ∈
N and in that case is also a local functional of the source:

ϕ̃(k) = − 2−k+1

Γ(1 + k/2)Γ(k/2)
~∇ kϕ(0) : k/2 ∈ N . (1.136)

Given this solution, we start by inspecting the regulated on-shell action (1.104):

I =
1

2η
(`/ε)

d−1
∫
z=ε

ddx
[
φ∂zφ

]
on-shell

=
`d−1

2η

∫
z=ε

ddx ε−k
(

(d−∆)ϕ2 + εϕϕ′
)

=
`d−1

2η

∫
z=ε

ddx

[
(d−∆) ε−k

(
ϕ2

(0) + 2ε2ϕ(0)ϕ(2) + ...+ 2εk log εϕ(0)ϕ̃(k) +O(εk)
)

+ ε−k
(
εϕ2

(0) + 3ε3ϕ(0)ϕ(2) + ...+ kεk log εϕ(0)ϕ̃(k) +O(εk)
)]

. (1.137)

All terms proportional to ε<0 will be divergent as the regulator ε→ 0 and therefore

should be subtracted. Note that such terms do not involve coefficients ϕ(n≥k).

Since each coefficient (1.135) and (1.136) is a local functional of the source ϕ(0),

the divergences can be removed by covariant boundary counterterms (up to a

possible anomalous term):

Sct :=
`−1

2η

∫
z=ε

ddx
√
γ φ

(
−(d−∆)− `2 �γ

k − 2
−

(
`2 �γ

)2
(k − 2)2(k − 4)

+ ...+ αk
(
`2 �γ

)k/2
log ε

)
φ

(1.138)

where γij = (`/ε)2δij is the induced metric on the regulating boundary. The

coefficient αk is non-vanishing only if k/2 ∈ N and in such case is given by:

αk = 2−(k−2)Γ−2(k/2). It can be checked by explicitly expanding the counterterms

that these cancel exactly the divergences of the action. In this way, we define the

renormalized action:

Sren := S + Sct , (1.139)
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where S is the covariant action (1.93). Note that the renormalized action depends

explicitly on the regulator ε if k/2 ∈ N. This dependence partly breaks invari-

ance of the action under diffeomorphisms that involve the radial direction z, more

specifically those bulk isometries that result in a conformal transformation at the

boundary. This is the holographic counterpart of the breaking of symmetries by

the renormalization procedure on the quantum field theory side and will result in

quantum anomalies. As we will find in the late sections, if we take into account

the backreaction of the field on the geometry, the anomalous term in the gravity

action will be responsible for the Weyl anomaly A that we discussed in the previ-

ous section. Since the counterterms depend on the value of k, or the value of the

mass m2, in order to proceed and compute the renormalized correlators we will

focus on the specific case k = 2. The renormalized action in such case is given by:

Sren =
1

2η

∫
dd+1x

√
G
(
Gµν∂µφ∂νφ+m2φ2

)
+

`−1

2η

∫
z=ε

ddx
√
γ φ
(
− d/2 + 1 + `2 log ε�γ

)
φ . (1.140)

We will start by computing the one-point function of the operator dual to the

scalar field. We do this by following AdS/CFT prescription (1.106) and taking

the variation of the action with respect to the boundary configuration ϕ(0) before

evaluating the result on-shell:

δSren
∣∣∣
on−shell

=
1

η

∫
z=ε

ddx
√
γ

(
ε

`
φ′ − d/2− 1

`
φ+ ` log ε�γφ

)
δφ (1.141)

If we introduce the renormalized configuration of the boundary metric:

g(0)ij = lim
z→0

(
z2

`2
γij

)
, (1.142)

and which in our case is g(0)ij = δij , the vacuum expectation value (1.121) is then

given by:

〈O〉 = − 1
√
g(0)

δSren

δϕ(0)
= lim
ε→0

(
`d

ε∆

1
√
γ

δSren

δφ

)
= lim

ε→0

`d

η εk

(
ε

`
ϕ′ +

ε2

`
log ε ~∇ 2ϕ

)

=
`d−1

η

(
2ϕ(k) −

1

2
~∇2ϕ(0)

)
, (1.143)

where we used the solution (1.134). The last term is scheme dependent: it can

be subtracted by adding to the action (1.140) a finite boundary term proportional

to:
∫
ddx
√
γφ�γφ, and therefore can be ignored. This fact reflects the renor-

malization scheme dependence that is also presence on the quantum field theory
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side. In this way, the vacuum expectation value is proportional to the normalis-

able mode ϕ(k). The isometry z → λz, xi → λxi of the metric (1.94) induces a

scale-Weyl transformation at the boundary. From the solution (1.134) we find that

the source transforms as: ϕ(0) → λ−(d−∆)ϕ(0) under this transformation, whereas

the normalisable mode transforms as a field of conformal dimension ∆:

ϕ(k) → λ−∆ϕ(k) . (1.144)

This implies that the dual operator O has dimension ∆ as expected. In order to

compute the renormalized two-point correlator, we take a second variation with

respect to the source:

〈O(x)O(y)〉 = − 1
√
g(0)

δ2Sren

δϕ(0)δϕ(0)
= 2

`d−1

η

δϕ(k)

δϕ(0)
. (1.145)

In order to compute the response of the normalisable mode under a variation of the

source, we need to have an exact solution of the equations of motion, in particular

a physical solution that is regular in the interior of AdS. In section 1.3.1 we found

the regular solution (1.98) in momentum space. Using the asymptotics (3.182),

we find that the normalisable mode is related to the source as:

ϕ(k)(p) = ãk|p|k log
(
|p|2/µ2

)
ϕ(0)(p) , (1.146)

where the scale µ was introduced for dimensional reasons and we absorbed the

coefficient ak in the definition of µ. The two-point function is then given by:

〈O(x)O(y)〉 =
2 ãk `

d−1

η (2π)d/2

∫
ddx eip·(x−y)|p|k log

(
|p|2/µ2

)
, (1.147)

and which agrees with the renormalized correlator (1.117). The case k/2 6∈ N can

be dealt with in a similar fashion and the result will agree with the second branch

of (1.117).
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