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Chapter 2

Holographic chiral

scale-invariant models

2.1. Introduction

In the previous chapter we discussed how certain classical gravity theories

can be used to compute observables of quantum field theories that are both UV-

conformal and strongly coupled. The latter are difficult to study with standard

quantum field theory techniques because their strongly coupled nature prevents

calculations based on perturbation theory. The methods described thus far there-

fore represent an important tool to study the non-perturbative sector of these

theories.

The original AdS/CFT correspondence has been generalised over the years

to a broader class of field theories other than those worldvolume theories of the

brane solutions in string theory that we have been discussing. The proposed

dualities follow the same ingredients of AdS/CFT and map in a similar fashion

a classical theory of gravity – in manifolds that can have non-AdS asymptotics

– to a strongly coupled gauge theory at the boundary of the space.1 For this

reason they are generically called gauge/gravity or holographic dualities. The

field theories involved are typically of some phenomenological relevance and the

dualities usually have potential applications as holographic models of condensed

matter systems at strong coupling. In many-body physics, the state of a system

is captured in the expectation values of its operators and its correlations in its

1Recall that this is the UV theory. The interpretation of the coordinate transverse to the

boundary as an energy scale on the field theory is usually retained in those models built on

AdS/CFT ideas.
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2. Holographic chiral scale-invariant models

Green’s functions. The main purpose of the dualities in these cases is to extract

some physics from the non-perturbative sector of the system using holographic

methods to compute these observables.

Condensed matter systems such as Fermi liquids, insulating quantum mag-

nets and high temperature superconductors typically undergo quantum phase

transitions and are completely characterized by their correlation functions. In

a neighbourhood of their quantum critical points (QCP), these systems are con-

formally invariant and therefore should admit a gauge/gravity description where

the observables of the systems are computed holographically.2 However, de-

spite the success of AdS/CFT technology applied to these and many other sys-

tems, several scale invariant condensed matter theories remain that cannot be

described by gauge/gravity dualities, in particular by relativistic ones. Generi-

cally, gauge/gravity dualities are developed to model relativistic systems only and

their further generalization to the non-relativistic case is desirable, not only from a

phenomenological viewpoint but also from a pure theoretical perspective. Strange

metal phases of high temperature superconductors have underlying non-relativistic

scale invariant QCPs. Systems of interacting fermions in three spatial dimensions

that saturate the unitarity bound have been realised using trapped cold atoms

and are non-relativistic in nature; these systems become scale invariant in the

limit when the range of the interacting potential is zero. Several heavy fermion

metals exhibit non-relativistic but scale invariant QCPs with an associated non-

Fermi liquid phase. Strongly coupled non-relativistic systems are common place

in condensed matter physics and as such there would be many interesting appli-

cations had one had under control holographic dualities involving non-relativistic

quantum field theories.

Motivated by such applications, references [79, 80] initiated a discussion of

holography for (d+ 1) dimensional spacetimes with metric3,

ds2 =
σ2du2

r2z
+

2dudv + dxidxi + dr2

r2
, (2.1)

2Zero-point fluctuations of a condensed matter system are quantum fluctuations at zero tem-

perature of its physical quantities (e.g. the energy at a point) around their expectation values,

allowing the existence of different states of matter at such temperature. Transitions between

such quantum states are driven by variations of physical parameters such as an external mag-

netic field or the system’s pressure. A quantum critical point is the locus in the phase diagram

of a material where a second order (i.e. continuous) phase transition occurs between two quan-

tum states of matter and is characterised by an infinite susceptibility of the material to transit

from its disordered phase to an ordered one. At such particular combination of temperature and

physical parameters, the fluctuations are scale invariant and extend over the entire system.
3An earlier approach to the geometric realization of non-relativistic symmetries can be found

in [81] and the connection between this approach and holographic realizations is discussed in

[82].
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2.1. Introduction

with i ∈ {1, . . . , d− 2}. The isometries of this metric form include

H : u→ u+ a,

M : v → v + a, (2.2)

D : r → (1− a)r, u→ (1− a)zu, v → (1− a)2−zv, xi → (1− a)xi

along with rotations, translations and Galilean boosts in the xi directions. Here D
is the generator of non-relativistic scale transformations with dynamical exponent

z. In the case of z = 2 the isometry group becomes the Schrödinger group, which

includes the additional special conformal symmetry

C : r → (1−au)r, u→ (1−au)u, v → v+
a

2
(xixi+r2), xi → (1−au)xi

(2.3)

Much of the interest in such holographic models has centered around this case of

z = 2, following the initial suggestion that the metric (2.1) could play the role

of a background for the holographic study of critical non-relativistic systems with

z = 2 in (d − 1) spacetime dimensions, for example fermions at unitarity, which

have the same symmetry group.

The spacetime (2.1) solves the equations of motion for gravity coupled to a

massive vector field for all z > 0. Working in the limit where σ2 is small and

treated as a perturbation around AdS, the standard AdS/CFT dictionary shows

that the dual field theory is a deformation of the conformal field theory by a

vector operator. More specifically, the dual conformal field theory is deformed by

a constant null source for a vector operator Vv of scaling dimension (d+ z − 1)

Scft → Scft +

∫
dudvdd−2xbVv. (2.4)

With respect to the relativistic scaling dimension, this deformation is relevant for

z < 1, marginal for z = 1 and irrelevant for z > 1. However, the deformation is

exactly marginal with respect to the non-relativistic scaling symmetry for any z

and in this chapter we will explore holographic duality for these models. In the

context of two dimensional conformal field theories, such deformations have been

previously considered by Cardy [83] and the resulting models were called chiral

scale-invariant models, a terminology which we will adopt here4.

In the case of z = 2 the original goal was to model holographically a dual non-

relativistic (d − 1) dimensional theory, in a background with coordinates (u, xi)

where u plays the role of time. In this setup one considers operators O∆s,m(u, xi)

of definite scaling dimension ∆s and of charge m under the symmetry M. This

4Whilst such theories are often called non-relativistic, or Schr(z), this terminology is arguably

somewhat misleading; the theory only becomes non-relativistic after compactification on a null

direction.
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2. Holographic chiral scale-invariant models

charge m, which corresponds to momentum in the v direction, would then have to

be identified with a discrete quantum number such as particle number. In order to

discretize the possible values of m one therefore needs to compactify the v direction

in the holographic realization. This procedure is however very nontrivial as in

general quantum corrections become important and one cannot trust the metric

(2.1) with a compact null direction, see the discussions in [84]. (The problems in

compactifying any field theory along a null direction are discussed in, for example,

[85] and would in particular apply to the field theories considered here.) Recent

work aiming at obtaining Schrödinger solutions without such a compact direction

can be found in [86]. For general z and σ2 > 0 one can reduce along u (for z < 1)

and v (for z > 1) to obtain a (d−1)-dimensional theory with non-relativistic scale

invariance; in all cases the reduction is however null from the perspective of the

dual quantum field theory.

For every value of z compactification of a null direction will be associated with

problems at the quantum level and in this thesis we will consider (2.1) with both u

and v non-compact. The effects of such a compactification may be considered after-

wards but this issue will be for the most part suppressed. If the coordinates (u, v)

are non-compact, holography relates the bulk spacetime to a d-dimensional theory

which is not Lorentz invariant but which admits scaling symmetry. Theories of this

anisotropic scale-invariant type can certainly model interesting physical systems

and have appeared previously in the condensed matter literature. For example, the

ZN chiral Potts models were introduced to model systems with melting transitions

[87, 88]. The isotropic ZN models admit a continuum limit at criticality which

is described by two-dimensional ZN conformal field theories [89]. Since the chiral

ZN models are inherently anisotropic in their critical properties [90, 91, 92], they

cannot be described by a conformal field theory in the continuum limit. Instead, as

was shown in [83] for superintegrable chiral Potts models, their continuum limits

correspond to deformations of conformal field theories of the type (2.4), which are

anisotropic but respect scale invariance.

The case studied in [83] was the deformation of a specific two-dimensional

conformal field theory by a vector operator of dimension 9/5, which corresponds

to scale invariance with z = 4/5. As we show in section 2.3, anisotropic scale

invariance constrains two point functions of scalar operators at zero temperature

to be of the form

〈O∆D (ku, kv)O∆′D
(−ku,−kv)〉 = k

(∆D+∆′D)/z
u f(bkχ), (2.5)

where (ku, kv) are the lightcone momenta, ∆D is the anisotropic scaling dimension

and f(bkχ) is an arbitrary function of the quantity

kχ = 2z/2kz/2v kz/2−1
u , (2.6)
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2.1. Introduction

which is invariant under anisotropic scale transformations. In [83] two point func-

tions in the deformed theory were computed to leading order in b using conformal

perturbation theory; this amounts to computing the function f(bkχ) to first order

in the expansion in powers of (bkχ).

Conformal perturbation theory is restricted to weak chirality, namely since b

must be small, the theory must be close to the isotropic point. Since the defor-

mation is exactly marginal with respect to anisotropic scaling, the chirality b can

be arbitrarily large, and the holographic realizations allow correlation functions

to be computed in a strongly coupled theory, at finite chirality. Quantities com-

puted from the holographic models have certain universal features, as is typical

for holography. For example, only certain functions f(bkχ) are realized in these

models and the ratio of η/s for black holes in these models is the expected 1/4π,

since the background solves relativistic two derivative equations of motion.

There are several other motivations for exploring these anisotropic backgrounds.

The case of z = 0, which cannot be realized with massive vectors but can be re-

alized by coupling gravity to a scalar field, is related to Lifshitz with dynamical

exponent ZL = 2 upon dimensional reduction. Embedding Lifshitz into string

compactifications had proved elusive, but this kind of realization can be obtained

in Sasaki-Einstein reductions [93]. Note that the z = 0 anisotropic geometry is

asymptotically AdS, but the dimensionally reduced theory has Lifshitz symmetry;

since holography for the former is well-understood, a holographic dictionary for

the latter can be obtained straightforwardly by dimensional reduction. However,

as we will discuss here, the dimensional reduction is on a null circle, and this

DLCQ reduction introduces subtleties.

Another reason for studying general z is the following. The case of Schrödinger

(z = 2) has been extensively studied in previous literature, but the encoding of

the dual stress energy tensor in the asymptotics of the bulk geometry remains

elusive. As shown in [94] there are several reasons for this subtlety. Firstly, the

natural operator in the anisotropic dual theory couples not to the metric, but to

the vielbein. Secondly, linearized sources for the dual stress energy tensor and

deforming vector operator blow up near the boundary of the spacetime faster than

the Schrödinger background. In [94] the general linearized solution of the metric

and vector equations of motion about the Schrödinger background was presented;

this solution consisted of certain independent ‘T’ and ‘X’ modes, which should

relate to the stress energy tensor and deforming vector operator respectively. In

this part of the thesis we will show how these ‘T’ and ‘X’ modes are related to

the dual operators for z < 1 (when the spacetime is asymptotically locally anti-de

Sitter) and explain what this implies for the holographic dictionary of Schrödinger.

More generally, for z > 2, we demonstrate that the irrelevant nature of the de-

forming operator in the original CFT is reflected in the counterterm structure of

the deformed theory: an infinite series of counterterms are required to compute
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2. Holographic chiral scale-invariant models

correlation functions in the deformed theory.

The plan of this chapter is as follows. In section 2.2 we introduce the massive

vector models used to engineer the anisotropic geometries, and discuss how they

may be embedded into string theory. We also consider the special case of z = 0

which can be realized using gravity coupled to a scalar field. In section 2.3 the

field theoretic description of these models is described, as well as the form of

the correlation functions in the anisotropic theory. In section 2.5 holographic

renormalization is carried out in the case of d = 2, resulting in a precise map

between the asymptotic geometry and boundary data. In section 2.6 two point

functions of the stress energy tensor and of the deforming vector operator in the

scale invariant background are computed. In section 2.7 black hole solutions which

are asymptotic to the anisotropic scale invariant background are explored.

2.2. Massive vector model

Consider the Lagrangian:

S =
1

2κ2
d+1

∫
dd+1x

√
−g
[
R+ Λ− 1

4
FmnF

mn − 1

2
m2BmB

m

]
, (2.7)

where Fmn = 2∂[mBn], Λ = d(d − 1) and m2 = z(z + d − 2). The field equations

are

Rmn = −dgmn −
1

4(d− 1)
F 2gmn +

1

2
FmpF

p
n +

1

2
m2BmBn;

DmF
mn = m2Bn, (2.8)

where in addition DmB
m = 0.

These equations of motion admit both an AdSd+1 solution,

ds2 =
dρ2

4ρ2
+

1

ρ
ηab(x)dxadxb, (2.9)

in which Bm = 0 and a solution with anisotropic scale invariance:

ds2 =
dρ2

4ρ2
+

1

ρ

(
σ2ρ1−z(du)2 + 2dudv + dxidxi

)
;

Bu = bρ−z/2, (2.10)

where

b2 =
2σ2(1− z)

z
. (2.11)

This solution is a special case of an AdS pp-wave solution and it becomes AdSd+1

when the parameter σ is zero whilst any finite σ can be rescaled to one via the
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2.2. Massive vector model

rescalings u → σ−1u, v → σv. In addition to the rotations, translations and

Galilean boosts in the (d − 2) spatial directions xi, the isometry group of this

background is:

M : v → v + a, H : u→ u+ a, (2.12)

D : ρ→ (1− a)2ρ, xi → (1− a)xi, v → (1− a)2−zv, u→ (1− a)zu.

Here D is the non-relativistic scaling (dilatation) symmetry. For general z these

are the only symmetries, but at z = 2 the metric admits the Schrödinger symmetry

group, which includes in addition a special conformal symmetry.

In the case of z = 1 the vector field vanishes. The metric

ds2 =
dρ2

4ρ2
+

1

ρ

(
σ2(du)2 + 2dudv + dxidxi

)
(2.13)

solves the Einstein equations with negative cosmological constant for any constant

value of σ2. Here σ2 acts as a constant source for the Tvv component of the stress

energy tensor. If this source is zero, the metric is pure AdSd+1 whilst if σ2 is

non-zero the metric admits only non-relativistic scale invariance, as the rotational

symmetry is broken.

The case of z = 0 is also special: the vector field is massless, dual to a conserved

current, and adding a source for this current given by

Bu = b, (2.14)

gives no contribution to the bulk stress energy tensor, so AdSd+1 with this vector

field solves the bulk field equations for any value of b. For z = 0 and d = 2 the

constant coefficient σ2 can however be switched on arbitrarily, independently of b,

and relates to the expectation value of the stress energy tensor. One can realize

z = 0 in general dimensions by coupling gravity to a scalar field, as we will discuss

below.

It is interesting to note that the solutions (2.10) also arise in topologically

massive gravity (TMG) in three dimensions. The action for TMG is

S =
1

16πGN

∫
d3x
√
−g
(
R− 2Λ +

1

2µ
εlmn

(
Γrls∂mΓsrn +

2

3
ΓrlsΓ

s
mtΓ

t
nr

))
(2.15)

where Γlmn are the connection coefficients associated to the metric gmn and where

we use the covariant ε-symbol such that
√
−gεmnr = 1, with r the radial direction

in (2.1). Variation of the action results in the equations of motion:

Rmn −
1

2
gmnR+ ΛGmn +

1

2µ

(
ε rs
m ∇rRsn + ε rs

n ∇rRsm
)

= 0. (2.16)
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2. Holographic chiral scale-invariant models

Spacetimes (2.10) with generic z can be realized as solutions of TMG: the space-

time solves the TMG field equations when µ = (2z−1). These TMG solutions were

discussed in [95] and fit into the classification given in [96] as pp-waves. Solutions

of this type with u compactified were recently discussed in [97].

In [98, 99] details of the holographic dictionary for TMG were presented, and

this dictionary reflects the various problems of the theory: the theory is non-

unitary and contains negative norm states. The most important feature of the

dictionary for our purposes is that, since the equations of motion of TMG are

third order in derivatives, we need to specify not only the boundary metric but

also (a component of) the extrinsic curvature in order to find a unique bulk so-

lution. When we apply gauge/gravity duality to TMG with a negative cosmo-

logical constant, the extra boundary data corresponds to the source of an extra

operator. Therefore, besides the boundary energy-momentum tensor Tij , which

couples to the boundary metric g(0)ij , we also have a new operator Xvv which

couples to the leading coefficient of the radial expansion of the (uu) component of

the extrinsic curvature. It was shown in [98] that this operator Xvv has weights

(hL, hR) = 1
2 (µ+ 3, µ− 1).

In order to realize the scale invariant background with exponent z we need to

work at µ = (2z−1) and switch on a constant source for the operatorXvv. However

for z < 1, the case of primary interest in this thesis, the deforming operator Xvv

has negative scaling weights in the conformal field theory. This pathology is related

to the lack of unitarity of the dual theory, and in this thesis we work instead with

the massive vector models which do not exhibit such problems.

2.2.1. Linearized equations of motion about AdS background

Let us first linearize the equations of motion about the AdS background by letting

gab = ηab+hab; we fix radial axial gauge for the metric fluctuations. The linearized

Einstein equations decouple from the vector field equations, and the linearized

vector field equations are solved by

Ba = B(−z)a(xc)ρ−z/2 +B(2−z)a(xc)ρ1−z/2 + · · ·+B(z+d−2)a(xc)ρz/2+d/2−1 + · · ·
(2.17)

where (B(−z)a, B(z+d−2)a) are arbitrary d-dimensional 1-forms, and the other co-

efficients in the expansion are determined in terms of these functions. The radial

component of the vector field is completely determined in terms of these coeffi-

cients via the divergence equation (2.94) and the vector field equations. Note that

the relation between mass and CFT operator dimension ∆v for a vector is

m2 = (∆v − 1)(∆v + 1− d), (2.18)

which implies that

∆v = (z + d− 1) (2.19)
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2.2. Massive vector model

for the operator dual to the vector field. This relation means in particular that

the vector operator is irrelevant for z > 1 and relevant for z < 1. When z = 0, the

vector field becomes massless and is dual to a conserved current. When z = 1 the

vector operator is marginal with respect to the relativistic scaling symmetry.

Consider now the non-relativistic background (2.10). Suppose the parameter b

is small and one retains only terms linear in b, so the metric is purely AdSd+1. The

linearized AdS/CFT dictionary then implies that there is a constant null source for

the dual vector operator of dimension ∆v. When the latter is irrelevant, deforming

the theory in this way changes the UV structure. The corresponding holographic

statement is that at finite b the spacetime ceases to be asymptotically AdSd+1;

its asymptotic structure is modified and holography is extremely subtle. However,

when the deforming operator is relevant the spacetime remains asymptotically

AdSd+1 and the standard AdS/CFT dictionary can be developed. It is this latter

case that we will mostly focus on here, although we will extend our results to z > 1

wherever possible.

2.2.2. Global structure of the spacetime for z < 1

In this section we will briefly describe the global structure of the spacetime for

z < 1, which is analogous to that of the corresponding spacetimes with z > 1.

Since we are only interested in the case where b 6= 0, it is convenient to absorb

the parameter b in the rescaling u → σ−1u, v → σv, and also change the radial

coordinate to ρ = r2. The background metric and the vector field are then

ds2 = gmndx
mdxn =

1

r2

(
dr2 + 2dudv + r2(1−z)du2 + dxidxi

)
;

B =
b

σ
r−z du. (2.20)

In order to infer geodesic incompleteness, it is useful to consider the equation for

null geodesics, which satisfy the equation

ṙ2 + 2 v̇ u̇+ 2ẋiẋi + r2(1−z) v̇2 = 0. (2.21)

This equation can be written in terms of the constants of motion associated with

the Killing vectors ku = ∂u, kv = ∂v and ki = ∂ix:

Pu = kauẋa =
v̇

r2
; Pv = −kav ẋa =

u̇

r2
+

v̇

r2z
; Pi =

ẋi

r2
, (2.22)

resulting in ∫ r(λ)

r0

dr

r
√
P 2
u r

2(2−z) + 2 r2 PuPv + r2PiP i
= ±

∫ λ

λ0

dτ. (2.23)
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2. Holographic chiral scale-invariant models

Provided that 2PuPv + PiPi > 0, null geodesics reach r = ∞ in real, finite affine

parameter and hence the spacetime is geodesically incomplete. However, this

geodesic incompleteness will not prevent us from computing correlation functions

unambiguously in this background, as we will see later; the situation is analogous

to that found in Lifshitz spacetimes [100]. Moreover, in section 2.7 we will see that

the geometries can be blackened, with a horizon cloaking the geodesic incomplete-

ness. A singularity is considered acceptable according to the commonly applied

holographic criteria discussed in [101] if correlation functions can be computed

unambiguously and the singularity can be cloaked by a horizon. Precisely this

criterion was used in [100] to argue that holography for Lifshitz spacetimes made

sense, despite the geodesic incompleteness. Applying the same criteria here, one

can sensibly discuss holography for these spacetimes but it would of course still

be desirable to understand the resolution of this singularity at the quantum level,

for example, by embedding these geometries into string theory.

Next let us consider whether there is a well-defined time function in the space-

time. Reinstating the parameter b the metric is

ds2 =
dρ2

4ρ2
+

1

ρ

(
z

2(1− z)
b2ρ1−zdu2 + 2dudv + dxidxi

)
(2.24)

where b2 > 0 in the massive vector model. Thus guu > 0 (for finite ρ) for z < 1

and guu < 0 (for finite ρ) for z > 1, but note that for all z hypersurfaces of

constant u are null. In the case of z > 1, the u coordinate has been treated

as a time coordinate and real-time physics has been defined with respect to this

coordinate [102, 103]. However, the fact hypersurfaces of constant u are actually

null is symptomatic of a larger issue: there is no global time function in these

spacetimes and the spacetimes are said to be causally non-distinguishing, which

in turn implies subtleties in treating modes of zero lightcone momentum [104].

In the case where z < 1, one might similarly suppose that the u coordinate

should be treated as spacelike, but note that hypersurfaces of constant u are still

null and u is a null coordinate in the background for the dual quantum field

theory. Unlike the z > 1 case, there is a global time function: the spacetime is

asymptotically anti-de Sitter, and the coordinate defined as

t =
1√
2

(v − u) (2.25)

is everywhere timelike for b2 > 0 and z < 1, since hypersurfaces of constant t

are everywhere spacelike. Unlike the case of z > 1, there are no subtleties in

addressing real-time physics, and real-time issues will be suppressed here.
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2.2. Massive vector model

2.2.3. Embedding of massive vector models into string the-

ory

One may next wonder whether these massive vector models can be realized in

string theory compactifications. In the case of z > 1, various embeddings into

string theory have been found, with the massive vector actions arising as consis-

tent truncations of type II supergravities, see for example [84, 105, 106, 107, 108,

109, 110, 111, 112, 113]. Note that in these cases the truncation to a graviton and

massive vector suffices for the zero temperature background, but additional scalar

fields are switched on in the corresponding black hole solutions. From the con-

sistent truncation perspective, it is only consistent for the scalar fields to vanish

when the vector field is null.

A necessary condition for an embedding of 0 < z < 1 into string theory to exist

would be that there is a vector of mass squared 0 < m2 < (d− 1) (in AdS units)

in the spectrum around an AdSd+1 solution, corresponding to a vector operator

in the dual CFTd of dimension (d − 1) < ∆ < d. However, in spherical com-

pactifications, the dimensions of all vector operators dual to supergravity modes

are necessarily integral; this follows from the eigenvalue spectra of operators on

the sphere, see for example [64] for the S5 compactification of type IIB. Whilst

spherical compactifications includes vectors dual to symmetry currents of dimen-

sion (d− 1) and can include vectors of dimension d also, the chiral spectrum does

not include non-integral dimension vectors.

Irrational values for the conformal dimensions of operators dual to supergravity

modes in Sasaki-Einstein compactifications are however generic. As an example,

let us consider the T 1,1 compactification of type IIB supergravity, whose spectrum

was computed in [114, 115]. Since T 1,1 is a rank one SU(2)2/U(1) coset, all

differential operators can be expressed in terms of the Laplace-Beltrami operator,

which is the only functionally independent differential operator. This property

allows one to compute the complete KK spectrum in this case, whilst for generic

Sasaki-Einstein compactifications only a subset of the KK spectrum is known. All

masses are expressible in terms of the scalar Laplacian eigenvalue:

H0(j, l, r) = 6[j(j + 1) + l(l + 1)− 1

8
r2], (2.26)

where (j, l, r) refer to the SU(2)2 and R-symmetry quantum numbers. The super-

gravity compactification consists of graviton multiplet, four gravitino multiplets

and four vector multiplets, for which the conformal dimensions of the dual opera-

tors are expressible in terms of the function H0. These conformal dimensions are

generically irrational. In particular, considering one of the vector multiplets, the

corresponding dual operator to the vector is of dimension

∆ = −1 +
√

4 +H0(j, l, r). (2.27)
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2. Holographic chiral scale-invariant models

In special cases where the square root assumes a rational value the dual opera-

tor will have a rational conformal dimension, and will form part of a shortened

multiplet. Generically, however, the dimension will be irrational and the operator

will be part of a massive long multiplet. For the chiral model to be realized, we

would need the spectrum to contain a vector operator of dimension 3 < ∆ < 4.

From [114, 115], one finds that vector operators with protected dimensions do

not realize any operators with dimension 3 < ∆ < 4, although both ∆ = 3 and

∆ = 4 do occur. This is in agreement with the fact that 0 < z < 1 solutions were

not found in the systematic explorations of [110, 111]. However, since for general

compactifications there is no supersymmetry or unitarity obstruction to such op-

erators being contained in the spectrum, it would be interesting to explore further

whether embeddings of these models into such string compactifications exist.

2.2.4. Realization of z = 0 with scalar fields

In general dimensions, the case of z = 0 realized with gravity coupled to a gauge

field is special, since the gauge field corresponding to a constant null source for the

dual current does not backreact on the metric. However, z = 0 can also be realized

by coupling gravity and a cosmological constant to a massless scalar field; as we

will now discuss, this case is related to the supergravity solutions found recently

in [93].

Consider first the Lagrangian:

S =
1

2κ2
d+1

∫
dd+1x

√
−g
[
R+ Λ− 1

2
(∂Φ)2

]
, (2.28)

where Λ = d(d− 1). The field equations are

Rmn = −dgmn + ∂mΦ∂nΦ; �Φ = 0. (2.29)

As well as the AdSd+1 solution with constant scalar field they also admit a solution

with non-relativistic scale invariance z = 0:

ds2 =
dρ2

4ρ2
+

1

ρ

(
σ2ρ(dF )2 + 2dudv + dxidxi

)
;

Φ =
√

(d− 2)σF (u), (2.30)

where F (u) is an arbitrary function of u. The scalar field vanishes in d = 2, where

an arbitrary value of σ2 satisfies the Einstein equations with negative cosmological

constant. In this case σ2 corresponds to a non-vanishing expectation value of Tvv,

and the geometry is dual to a specific state in the conformal field theory, rather

than to a non-relativistic deformation of the original conformal field theory.
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2.2. Massive vector model

A massless field Φ is dual to a marginal scalar operator OΦ in the conformal

field theory. A non-vanishing σ implies that there is a u-dependent source for the

dual operator, so the deformed theory is:

SCFT → SCFT +
√

(d− 2)σ

∫
dudvdd−2xF (u)OΦ. (2.31)

A priori it is not obvious that such deformations are exactly marginal with re-

spect to the z = 0 scaling symmetry. When the function f(u) is constant, the

deformation does not break Lorentz symmetry, but the marginal scalar operator

is not generically exactly marginal with respect to the relativistic scaling sym-

metry. For general f(u) the deformation respects z = 0 symmetry under which

v → λ2v, u → u, xi → λxi, given that the scalar operator has non-relativistic

scaling dimension equal to the relativistic scaling dimension d. One would how-

ever still need to show that the scaling dimension remains exactly marginal under

the deformation and hence that the deformed theory remains scale invariant; this

proof will be discussed in the next section.

This system is particularly interesting for the following reason. If one considers

the case where dF = du, the metric can be written as

ds2 =
dρ2

4ρ2
+

1

ρ

(
dxidx

i − σ−2 dv
2

ρ

)
+ σ2(du+ ρ−1σ−2dv)2. (2.32)

Dimensionally reducing along the u direction results in a d-dimensional metric

with vector field A,

ds2
d =

dρ2

4ρ2
+

1

ρ

(
dxidx

i − σ−2 dv
2

ρ

)
; (2.33)

A =
dv

σ2ρ
, (2.34)

which exhibits Lifshitz symmetry with dynamical exponent ZL = 2 and corre-

sponds to the massive vector model used to obtain Lifshitz solutions in [116].

The Lifshitz symmetry group with dynamical exponent ZL includes a dilatation

symmetry

ρ→ λ2ρ; v → λZLv; xi → λxi, (2.35)

and v is a time coordinate. Note however that strictly speaking the scalar field

in (2.30) cannot be dimensionally reduced along the u direction, as F (u) = u.

Whilst the d-dimensional vector and metric, together with the constraint that

dΦ =
√
d− 2σ, are sufficient to solve the (d+ 1)-dimensional equations of motion,

it would be desirable to find an explicit realization of a z = 0 system in string

theory and, if possible, a consistent truncation to (d+ 1)-dimensional equations of

motion.
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2. Holographic chiral scale-invariant models

Such families of solutions were found in Sasaki-Einstein compactifications in

[93]. In particular, compactifications of type IIB on Sasaki-Einstein manifolds E5

admit solutions in which the ten-dimensional metric is

ds2 =
dρ2

4ρ2
+

1

ρ

(
fρ(du)2 + 2dudv + dxidxi

)
+ ds2(E5) (2.36)

where f is in general a function of both Sasaki-Einstein coordinates and of u. The

corresponding five-form F5, the complex three-form G and the complex one-form

P are respectively

F5 = du ∧ dv ∧ d(ρ2) ∧ dx1 ∧ dx2 + 4VolE)5; (2.37)

G3 = du ∧W ; P = gdσ,

where W and g are a three-form and a function defined on E5 which may also

depend on u. The equations of motion imply that

du ∧ dW = d∗EW = 0; (2.38)

−�E5
f + 4f = 4|g|2 + |W |2.

In general the function f depends both on u and on the Sasaki-Einstein coordi-

nates. There is a simpler subclass of solutions in which f is constant and the

metric becomes the product of (2.32) with a Sasaki-Einstein space. We can fur-

thermore consider the case where the axion and dilaton is trivial, and so g = 0 In

this case the solutions require that

4f = |W |2, (2.39)

with W a harmonic form on the Sasaki-Einstein. To make contact with the dis-

cussion above it is useful to let f = σ2, so that

ds2 =
dρ2

4ρ2
+

1

ρ

(
σ2ρ(du)2 + 2dudv + dxidxi

)
+ ds2(E5); (2.40)

F5 = du ∧ dv ∧ d(ρ2) ∧ dx1 ∧ dx2 + 4VolE5;

G3 = 2σdu ∧ W̃ ,

where W = 2σW̃ and hence |W̃ |2 = 1. In the limit where σ is small, we may

analyze the interpretation of the solution using the standard AdS/CFT dictionary.

From the form of G3 one can see that at order σ it indeed corresponds to switching

on a u dependent source for a dimension four scalar operator in the dual four-

dimensional CFT. Moreover, suppose one considers the reduction

ds2 = ds2(M5) + ds2(E5); (2.41)

F5 = 4(Vol(M5) + Vol(E5));

H =
√

2dΦ ∧ W̃ .
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2.3. Field theory analysis

The equations of motion for the metric on the five-dimensional non-compact man-

ifold M5 and the scalar Φ are precisely those given in (2.29), but in order to satisfy

the ten-dimensional equations of motion, one needs to impose the additional con-

straint

∂mΦ∂mΦ = 0, (2.42)

and thus the reduction is not technically a consistent reduction. A similar issue

was found in [93] in reducing the system further to four dimensions, retaining only

the four-dimensional metric and massive vector. A consistent truncation to four

dimensions involving additional fields was presented in [93].

To summarize, for the cases described in [93] where the function f is inde-

pendent of the Sasaki-Einstein, the corresponding (d−1)-dimensional holographic

theory should be the dimensional reduction along the u direction of a d-dimensional

CFT deformed by an operator respecting z = 0 scale invariance. Note that the

dual d-dimensional field theory is in a flat Minkowski background, with coordi-

nates (u, v, xi) and the reduction is along a null direction, which would be expected

to produce the standard problems and subtleties of DLCQ. In the general case

in which f depends on the Sasaki-Einstein coordinates, a similar correspondence

should hold. Decomposing f into harmonics of the Sasaki-Einstein, one could infer

which chiral primary operators are sourced in the dual four-dimensional conformal

field theory.

From the bulk perspective, one can see immediately implications of reducing

the z = 0 geometry along a compact u direction. Any asymptotically locally anti-

de Sitter geometry reduced along a spacelike circle will result in a geometry which

is conformally asymptotically locally anti-de Sitter in lower dimensions. This fact

was used to analyze holography for non-conformal branes in [117, 118]. In the

present case, reduction along the circle does not produce a geometry which is

conformal to anti-de Sitter, and the reason is that the reduction being carried out

is not along a spacelike circle: the u circle becomes null at infinity, corresponding

to the fact that u is a null coordinate in the dual quantum field theory. Therefore

one needs to carry out a DLCQ of the deformed theory to obtain a Lifshitz theory

in one lower dimension.

2.3. Field theory analysis

The chiral backgrounds for general z originate from deforming the dual conformal

field theory by operators which respect a non-relativistic scaling invariance. In

this section we will discuss these deformations in more detail from the field theory

perspective.

Consider first a conformal field theory in d spacetime dimensions, with co-

ordinates (u, v, xi). The conformal group SO(2, d) contains the group of non-
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2. Holographic chiral scale-invariant models

relativistic conformal symmetries with arbitrary z, which we will denote Sz. The

embedding is the following. Choosing lightcone coordinates u, v, the relativistic

momentum generators Pu and Pv are identified with H and M, respectively, the

non-relativistic scaling generator D is a linear combination of the relativistic scal-

ing generator and a boost in the uv direction and C. Translations, rotations and

Galilean boosts and related to translations and rotations in the relativistic theory.

More details can be found, for example, in [79] or [84]. Note in particular that the

non-relativistic dilatation D is given in terms of the relativistic D and the boost

Muv (normalized so that the eigenvalues of (u, v) are (1, 1) respectively) as

D = D + (z − 1)Muv. (2.43)

Thus any conformal field theory also admits the non-relativistic symmetry Sz.

2.4. Marginal deformations respecting anisotropic

scaling symmetry

One can next pose the question as to what deformations preserve Sz but break

the relativistic conformal symmetry. Such deformations should be marginal with

respect to Sz, and thus the non-relativistic scaling dimension of the deforming

operator should be ∆D = d. The deforming operator should also break Lorentz

invariance, by breaking rotational symmetry in the (uv) plane. The simplest

possibility is a vector operator Vµ of relativistic scaling dimension ∆ = d+(z−1).

Using (2.43) we note that

∆D(Vv) = d; ∆D(Vu) = d+ 2(z − 1), (2.44)

and thus Vv is marginal with respect to the non-relativistic symmetry. It is this

case which is modeled holographically by gravity coupled to massive vector fields,

SCFT → SCFT + b

∫
ddxVv + · · · (2.45)

In the specific case of two dimensions, the dual two-dimensional CFT is deformed

by the right-moving component of a vector operator, namely V(1+z/2,z/2) with

holomorphic and anti-holomorphic dimensions (hv, hu) = (1 + z/2, z/2), so that

SCFT → SCFT + b

∫
dvduV(1+z/2,z/2) + · · · (2.46)

with b constant and where the ellipses denote terms higher order in b. This defor-

mation is manifestly consistent with the non-relativistic scaling symmetry

v → λ2−zv; u→ λzu, (2.47)
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2.4. Marginal deformations respecting anisotropic scaling symmetry

along with translational symmetries in the (u, v) direction. Note that the combi-

nation:

χ2 ≡ vzuz−2 (2.48)

is invariant under the non-relativistic scaling symmetry, whilst the (Lorentz-invariant)

combination (2uv) scales as λ2.

It is interesting to note that such deformations by vector operators are only one

special case of a more general situation in two dimensions, in which one deforms

a 2d CFT by a (p, q) operator Yp,q where (p, q) are the CFT scaling weights

corresponding to (v, u) respectively,

SCFT → SCFT + bp,q

∫
d2xYp,q. (2.49)

As discussed in [94] such a deformation respects anisotropic scale invariance with

exponent z under which u→ λzu and v → λ2−zv provided that

(p− 1)(z − 2) = (q − 1)z. (2.50)

Vector deformations in which p = q±1 are just one special case. Another interest-

ing case is that of strictly chiral deformations of conformal field theories, by which

we mean

SCFT → SCFT + bp,0

∫
d2xYp,0, (2.51)

where Yp,0 is a holomorphic field of arbitrary integral spin. The dynamical expo-

nent in this example is

z = 2

(
1− 1

p

)
. (2.52)

The case of p = 1 corresponds to deformation by a conserved current, which as

we saw earlier is trivial from the bulk perspective; that of p = 2 corresponds to

z = 1 anisotropic symmetry and could be realized by deforming with the holo-

morphic component of the stress energy tensor. Such chiral deformations of CFTs

have arisen previously in many contexts, from two-dimensional large N QCD to

Kodaira-Spencer theory, see for example [119], but the existence and implications

of the anisotropic scaling symmetry have not been discussed. From the form of

(2.50) one can see that a theory with exponent z can also be viewed as a theory

with exponent z′ = (2− z) upon exchanging the rôles of u and v.

Returning to the case of vector deformations, while such deformations are

manifestly marginal, one also needs to show that they are exactly marginal. A

priori, one might not have expected such deformations to be exactly marginal

with respect to the non-relativistic symmetry group. However, holographic duals

for such deformations (at strong coupling) exist generically, and this implies that

such operator deformations do indeed remain exactly marginal. Using conformal
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2. Holographic chiral scale-invariant models

perturbation theory, the correction to the two point function of the deforming op-

erator itself, in the deformed theory, is expressed in terms of higher point functions

in the conformal theory as

δ〈Vv(x)Vv(0)〉 =
∑
n≥1

1

n!
〈Vv(x)

n∏
a=1

∫
dxa(bVv(xa))Vv(0)〉. (2.53)

This expression can be rewritten in momentum space as

δ〈Vv(k)Vv(−k)〉 =
∑
n≥1

1

n!
〈Vv(k)(bVv(0))nVv(−k)〉. (2.54)

If the deformation is to be exactly marginal, at zero momentum, the anomalous

dimension of the operator must vanish at zero momentum. A simple argument

why this is true was given in [94] for the case of z = 2 and follows from (relativistic)

conformal invariance, which implies that

〈Vv(k)(bVv(0))nVv(−k)〉 = (bkv)
n〈Vv(k)Vv(−k)〉f (n)

(
ln(k2/µ2)

)
, (2.55)

where the function f (n) can depend at most logarithmically on the scale. The

right-hand side always vanishes for kv → 0, and therefore the deforming operator

itself cannot acquire an anomalous dimension.

For general values of z (excluding the cases where z/2 is an integer) the ar-

gument is even simpler because the integrals appearing in (2.53) are not scale

invariant. This implies, following section 4.4 of [94], that for generic values of z

no operators acquire anomalous scaling dimensions in the deformed theory (again,

except when z/2 is an integer). Instead the corrections to the two point function

of the deforming operator are simply of the form

〈Vv(k)(bVv(0))nVv(−k)〉 = (bkz/2v kz/2−1
u )n〈Vv(k)Vv(−k)〉, (2.56)

where no logarithmic term can appear on the right hand side. The quantity

(kzvk
z/2−1
u ) is, according to (2.48), invariant under the anisotropic scaling symme-

try and therefore the deformation corrects only the normalization of the operator

but not its non-relativistic scaling dimension. Thus the operator indeed remains

marginal in the deformed anisotropic theory.

Note that an analogous simple argument cannot be made for deformations by

marginal scalar operators. In such a case the deformation of the scalar two point

function is

δ〈O(x)O(0)〉 =
∑
n≥1

1

n!
〈O(x)

n∏
a=1

∫
dxa(αO(xa))O(0)〉, (2.57)

where α is a scalar parameter. Conformal invariance implies that

〈O(k)(αO(0))nO(−k)〉 = αn〈O(k)O(−k)〉f (n)
(
ln(k2/µ2)

)
, (2.58)
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2.4. Marginal deformations respecting anisotropic scaling symmetry

and if any of the f (n) are non-zero the operator acquires an anomalous dimension.

Generically the f (n) are indeed non-zero, and one needs to use additional structure

such as supersymmetry to determine when operators are exactly marginal.

2.4.1. Deformations with z = 0

Scaling symmetry with z = 0 cannot be realized non-trivially with by vector oper-

ator deformations. The vector operator which would respect z = 0 has relativistic

dimension (d − 1) and is a conserved current. The deformation by a constant

null source for this operator introduces chemical potentials in the dual theory and

breaks the relativistic invariance in a trivial way; correspondingly the bulk metric

remains AdSd+1 after the deformation. In section 2.2.4 we showed that z = 0 bulk

solutions could be obtained by coupling gravity to a massless scalar, and switching

on a profile for the scalar field which depends on the lightcone coordinate u. Let

us now discuss the corresponding field theory deformations.

Working to leading order around the AdSd+1 background, the solution (2.30)

corresponds to a deformation of the CFT,

SCFT → SCFT +

∫
duF (u)

∫
dvdd−2xOd, (2.59)

where the operator Od is a marginal scalar operator dual to the bulk field Φ.

Recalling that the scaling symmetry with z = 0 acts as

u→ λ0u; v → λ2v; x→ λx, (2.60)

and that the marginal scalar operator with scale as Od → λ−dOd, one notes that

the deformation indeed respects z = 0 symmetry for any choice of the function

F (u). The question next arises as to whether this deformation is exactly marginal,

since as we discussed above, marginal scalar operators are generically not exactly

marginal. However, in the bulk realization, the scalar operator is a chiral primary

which is exactly marginal. In the holographic realizations, therefore, the deforma-

tion is indeed exactly marginal for any choice of F (u), with the case of constant

F (u) being a special case in which relativistic symmetry remains unbroken.

2.4.2. Correlation functions in the deformed theory

Next let us consider the behavior of correlation functions under such deformations,

focusing on the case of two dimensions. Suppose that in the original CFT the

stress energy tensor is Tab, the vector operator of relativistic dimension (1 + z) is

Va and let Oh,h̄ be generic chiral operators of relativistic dimension (h, h̄). Here

v corresponds to the holomorphic coordinate, scaling weight h, and u corresponds
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2. Holographic chiral scale-invariant models

to the anti-holomorphic coordinate, scaling weight h̄. The corresponding non-

relativistic scaling dimension for the operator Oh,h̄ is

∆D = h(2− z) + h̄z. (2.61)

Non-relativistic scale invariance generically constrains the two point functions to

be of the form

〈O∆D (u, v)O∆′D
(0)〉 =

1

u(∆D+∆′D)/z
f(χ), (2.62)

where f(χ) is an arbitrary function of the scale invariant quantity χ defined in

(2.48). The relativistic two-point function is of the required form noting that

1

v2hu2h̄
≡ 1

u2∆nr/z
χ−2h/z ≡ 1

(uv)∆nr
χh̄−h. (2.63)

One should note that for generic z operators of different scaling dimension can have

non-vanishing two point functions. In the cases of z = 1 and z = 2 the additional

special conformal symmetry imposes the further restriction that ∆nr = ∆′nr.

Using conformal perturbation theory one can derive the corrections to the two

point function at non-zero b. To leading order this results in (see section 4.4 of

[94] for a detailed analysis),

〈O(u, v)O(0)〉 =
1

v2hu2h̄

(
c0 + c1b(χ)−1/2

)
, (2.64)

where c0 denotes the operator normalization in the CFT and c1 is a computable

numerical constant, proportional to the structure constant of the three point func-

tion between these operators and the deforming vector operator. When (z/2) is

an integer the corresponding expression involves logarithms and is instead of the

form,

〈O(u, v)O(0)〉 =
1

v2hu2h̄

(
c0 + c1bχ

−1/2 ln(m2(uv))
)
. (2.65)

The appearance of logarithms reflects the fact that operators acquire anomalous

scaling dimensions in the deformed theory; this is only possible when z/2 is an

integer.

Returning to the generic case where z/2 is not an integer, the corrections are

organized in powers of bχ−1/2 since the deformed action remains invariant under

the original dilatation symmetries provided that the coupling b is also transformed.

Working to higher orders in b in the case where z/2 is non-integral gives

〈O(u, v)O(0)〉 =
1

v2hu2h̄

∑
n

cnb
n(χ)−n/2 (2.66)

The corrections in b hence change the χ dependent normalization of the correlator,

but do not the scaling dimension of the operator. By contrast in the case where
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2.4. Marginal deformations respecting anisotropic scaling symmetry

z/2 is integral the logarithmic terms in the expansion in b indicate that the scaling

dimension is also modified at non-zero b; the case of Schrödinger symmetry, z = 2,

was the main focus of [94].

In the holographic realizations considered here, there are no three-point cou-

plings between the metric and the vector field in the bulk action. This implies

that the leading corrections to their two point functions occur at order b2, and

they are related to four point functions at the conformal point. More generally,

since all odd couplings vanish in the bulk, their corrected two point functions in-

volve functions of (b2/χ). For generic z the stress energy tensor and the vector

operator can have non-zero two point functions with each other, at non-zero b,

and indeed as we will show the Ward identities do force these two point functions

to be non-zero.

2.4.3. Counterterms and renormalizability

In this section we will consider what counterterms are needed in computing the

two point functions in conformal perturbation theory. Explicit expressions for

the corrections to correlation functions at leading order in b were obtained in [94]

using the method of differential regularization [77]. Counterterms in this method

are implicit, although they can be constructed explicitly as in [120]. In the case

at hand we would like to explore the structure of the required counterterms and

compare it with the counterterms obtained in holographic renormalization.

Following [94], the leading order correction (2.64) is determined by the three

point function between the deforming operator and the other two operators. An-

alytically continuing to Lorentzian signature via v → w and u→ w̄ the correction

behaves as

δ〈O(w, w̄)O(0)〉 ∼ b

w2h−1−z/2w̄2h̄−z/2

∫
d2y

(w − y)z/2+1yz/2+1(w̄ − ȳ)z/2ȳz/2

(2.67)

∼ b

w2h−1−z/2w̄2h̄−z/2 ∂
2
w

∫
d2y

|y − w|z|y|z
. (2.68)

When 2z is not an integer, then |y|−z is well-defined as a distribution, and its

Fourier transform is∫
dwdw̄e−ikw−ik̄w̄|w|−z = π22−z Γ(1− z/2)

Γ(z/2)
|k|z−2. (2.69)

Noticing that the integral (2.68) is a convolution, the integral may be computed

via the inverse Fourier transform of the products of the two Fourier transforms.

This results in a leading correction to the two point function of the form (2.64).

Whilst the correct finite contribution to the two point function is obtained

in this way, note that the integrals being computed are in general divergent and
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2. Holographic chiral scale-invariant models

additional counterterms are required relative to b = 0. One way to see this is

remove small circles of radius Λ−1 around points where the vertices coincide; with

this regulator the integral will have power divergences which can be cancelled

by adding contact terms. Let us consider the case where the operator is the

deforming operator itself. The new counterterms are then precisely the same

counterterms needed in computing the three point function of this (for z > 1,

irrelevant) operator in the CFT. The counterterms at order bn will similarly be

related to the counterterms that arise in computing (n + 2)-point functions, and

the latter must on general grounds be local, covariant functionals of the vector

operator sources.

Let us restrict to the case where the conformal field theory is treated within

the flat background. The leading order counterterms at 2n-th order in the vector

field sources diverge as

Sct ∼ Λ2n(z−1)+2

∫
d2x(baba)n + · · · , (2.70)

and we have used the fact that the counterterm is necessarily covariant. The

degree of divergence is computed using the known dimensionality of the operator

source, of the metric and of derivatives. Since counterterms must be scalars, any

additional derivatives acting on the sources will reduce the degree of divergence,

Sct ∼ Λ2n(z−1)+2−2m

∫
ta1···a2nc1···c2m

2m∏
i

Dci

2n∏
j

baj , (2.71)

where ta1···a2nc1···c2m is a tensor, which must include (m+n) inverse metrics, since

the counterterm is a scalar. Compared to (2.70), these terms are indeed more

divergent when m > 0. The actual tensors which arise need to be obtained by

explicit computation, but note that when m = 0 the tensor needs to be completely

symmetric and built out of the (flat) metric, with (2.70) being the only possibility.

Now let us suppose one has computed the counterterms to arbitrarily high

order in the vector field sources and then let

ba = bδau + aa, (2.72)

where b is constant and finite whilst aa is treated perturbatively. The 2n-point

correlation functions in the deformed theory may then be computed by working

to order 2n in the source aa. Consider which counterterms can contribute to

this calculation: when aa = 0, all of the counterterms vanish, since there are

no covariant scalar invariants which can be formed from a null vector field. The

absence of such scalar invariants is related to the exactly marginal nature of the

anisotropic deformation.

In computing the two point functions in the deformed theory, one needs to

retain only terms quadratic in the source aa. For z < 2 this implies that only
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2.4. Marginal deformations respecting anisotropic scaling symmetry

a finite number of counterterms are needed. This follows from (2.71): since the

background source is null, at order n we need to include at least m = (n − 2)

v derivatives to form a scalar invariant. The leading non-vanishing counterterms

have the structure

Sct ∼ Λ2n(z−2)+6−2m̃

∫
d2kk2m̃(bkv)

2n−4(bav)
2, (2.73)

where we work in momentum space, kv is the lightcone momentum and k schemat-

ically denotes all momenta. Clearly for z < 2 there are only a finite number of

divergent counterterms. However, for z > 2, counterterms of arbitrarily high order

in the finite source b can contribute. In the holographic computation we will find

the same analytic structure, and we will argue in addition that for non-rational

values of z the counterterms cannot give finite contributions to the renormalized

two point functions.

2.4.4. Stress energy tensor and deforming vector operator

Let us next consider the stress energy tensor and the deforming vector operator,

focusing on the case of z < 1 where the latter is a relevant operator. Our starting

point is a two-dimensional conformal field theory which is invariant under dif-

feomorphisms and Weyl rescalings (up to the usual conformal anomaly). If the

generating functional of the field theory is W the stress energy tensor Tab may be

defined as5:

Tab =
2i√
−g(0)

δW

δgab(0)

, (2.74)

where g(0)ab is the background metric for the field theory. The vector operator

Va of scaling dimension (1 + z) which couples to a source ba is correspondingly

defined as:

Va =
i√
−g(0)

δW

δba
. (2.75)

Diffeomorphisms act as

δgab(0) = −(Daζb +Dbζa); δba = ζcDcba +Daζ
cbc, (2.76)

with Da the covariant derivative. Weyl transformations act as

δgab(0) = −2λgab(0), δba = zλba. (2.77)

Imposing invariance of the generating functional under diffeomorphisms and Weyl

transformations gives the following Ward identities:

Db〈Tab〉J − baDb〈Vb〉J + Fba〈Vb〉J = 0; (2.78)

〈T aa 〉J − zba〈Va〉J = A[g(0), b]. (2.79)

5Note that we are working here in Lorentzian signature.
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2. Holographic chiral scale-invariant models

where 〈O〉J denotes the expectation value of an operator O in the presence of

sources J , and A denotes the conformal anomaly. Here Fab is the curvature of

the vector field source ba, Fab = 2∂[abb]. The anomaly can in principle depend

covariantly both on the background metric g(0) and on the source b. Since the

anomaly must have dimension two, for generic values of z there is no covariant

quantity of the right weight that can be formed out of b and the anomaly will be

given entirely in terms of the Ricci scalar of the metric g(0) and the central charge

c of the CFT:

A(g(0)) =
c

24π
R[g(0)] (2.80)

(The additional factor of 2π on the righthand side relative to usual CFT conven-

tions follows from the absence of the 2π factor in our normalization of the stress

energy tensor.) For specific values of z where a quantity of the form ∂nbp can di-

mension two there are additional contributions to the conformal anomaly, as will

be discussed in section 2.5.

The Ward identities imply an infinite number of relations for correlation func-

tions in the deformed theory, which are obtained by differentiating with respect to

the sources and then setting g(0)ab and ba to their background values. In particu-

lar, the identities for two point functions can be completely solved, up to the two

point functions of the vector operators. For notational convenience let us denote

T ≡ Tvv, T̄ ≡ Tuu and θ ≡ Tuv. The dilatation Ward identity implies that

〈θ(u, v)Vv(0)〉 = 1
2zb〈Vv(u, v)Vv(0)〉; 〈θ(u, v)Vu(0)〉 = 1

2zb〈Vv(u, v)Vu(0)〉,
(2.81)

whilst

〈θ(u, v)θ(0)〉 =
1

4
z2b2〈Vv(u, v)Vv(0)〉+ · · · , (2.82)

where the ellipses denote local terms. Solving the v component of the diffeomor-

phism identity then results in

〈T (u, v)T (0)〉 =
c

8π2v4
+

1

4
z2b2

∂2
v

∂2
u

(〈Vv(u, v)Vv(0)〉) ;

〈T (u, v)θ(0)〉 = −1

4
z2b2

∂v
∂u

(〈Vv(u, v)Vv(0)〉) . (2.83)

〈T (u, v)T̄ (0)〉 =
b2z

4
(z − 2)〈Vv(u, v)Vv(0)〉 − b2z2

2

∂v
∂u

(〈Vu(u, v)Vv(0)〉) ;

〈T (u, v)Vv(0)〉 = − 1
2zb

∂v
∂u

(〈Vv(u, v)Vv(0)〉) ;

〈T (u, v)Vu(0)〉 = − 1
2zb

∂v
∂u

(〈Vu(u, v)Vv(0)〉) ,

where local terms have been suppressed. Real-time issues and contact terms in

the correlators have also been suppressed, since they do not play a rôle in the
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2.4. Marginal deformations respecting anisotropic scaling symmetry

discussions here. Solving the u component of the diffeomorphism identity results

in

〈T̄ (u, v)T̄ (0)〉 =
c

8π2u4
+ b2(2− z)

(
∂2
u

2∂2
v

〈Vv(u, v)Vv(0)〉+
∂u
∂v
〈Vv(u, v)Vu(0)〉

)
+b2〈Vu(u, v)Vu(0)〉;

〈T̄ (u, v)θ(0)〉 =
1

4
zb2(2− z)∂u

∂v
(〈Vv(u, v)Vv(0)〉) +

b2z

2
〈Vu(u, v)Vv(0)〉; (2.84)

〈T̄ (u, v)Vv(0)〉 = b(1− 1
2z)

∂u
∂v

(〈Vv(u, v)Vv(0)〉) + b〈Vu(u, v)Vv(0)〉;

〈T̄ (u, v)Vu(0)〉 = b(1− 1
2z)

∂u
∂v

(〈Vu(u, v)Vv(0)〉) + b〈Vu(u, v)Vu(0)〉.

Thus in the deformed theory the relativistic stress energy tensor is no longer

conserved and has non-trivial two point functions, determined in terms of the

conformal anomaly of the original theory and the correlation functions of the

vector operator.

In the deformed theory the relativistic stress energy tensor is no longer con-

served. However, when b is covariantly constant and has zero curvature F ≡ 0,

there is a non-symmetric stress-energy tensor tab defined such that

tab = Tab − baVb, (2.85)

which is covariantly conserved. As discussed in [94], the components of tab are

related to the Noether charges, including those associated with the translational

symmetries u → u+ a, v → v + b, and the fact that tab is non-symmetric follows

from the general result that a conserved stress tensor in any field theory in a

Minkowski background which breaks Lorentz invariance cannot be symmetric.

The conserved stress energy tensor tab is obtained by coupling the CFT to a

vielbein eaâ, and then defining

tab = eb̂b
i

|e|
δWcft

δeab̂
, (2.86)

where â denotes tangent space indices. The vector operator deformation is then

given by

Scft → Scft + i

∫
d2x|e|baeâaVâ. (2.87)

If we now consider the behavior of the generating functional under Lorentz trans-

formations, diffeomorphisms and Weyl transformations, respectively, we can derive

the following Ward identities for tab:

〈t[ab]〉+ b[a〈Vb]〉 = 0; (2.88)

Dâ〈tb̂â〉+Dbbb̂〈Vb〉+ Fbb̂〈V
b〉 = 0;

〈taa〉+ (1− z)ba〈Va〉J = A(e),
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2. Holographic chiral scale-invariant models

where we again assume that the only anomaly is the conformal anomaly A(e),

which depends only on the scalar curvature. The operator tab is indeed conserved

when b is covariantly constant and has zero curvature.

For z < 1 deformations, which are relevant with respect to the conformal

symmetry group, both the relativistic stress energy tensor Tab and the (conserved)

anisotropic stress energy tensor tab are natural well-defined operators to consider.

The relativistic stress energy tensor Tab is natural when we are treating the theory

as a deformation of a CFT, whilst the tensor tab is natural if we view the theory

as an intrinsically anisotropic scale-invariant theory, which acquires additional

symmetries in the UV. Correlation functions of the tensors are non-locally related

to each other, but may be obtained straightforwardly by the defining relation

(2.85). For z > 1 deformations, however, which are irrelevant with respect to

the conformal symmetry, it is rather less natural to work with the operator Tab,
since it is neither conserved nor is the theory conformal in the UV. However, for

generic values of z such that z > 1, two point functions around the scale invariant

vacuum, including correlation functions of Tab, are reconstructable from those of

the deforming vector operator, using the Ward identities, and we thus evade having

to work in a vielbein formalism.

2.5. Holographic renormalization for d = 2

In this section we will derive general expressions for the renormalized holographic

one point functions of dual operators in terms of coefficients in the near boundary

expansions of bulk solutions. We will focus first on the case of z < 1 in two dimen-

sions, and then comment on the case of z > 1 which is no longer asymptotically

AdS. We discuss holographic renormalization using two methods. The first uses

the general asymptotic solution of the bulk field equations to regulate the volume

divergences of the on-shell action with covariant counterterms being obtained by

inverting these expansions. This method is the most familiar approach to holo-

graphic renormalization, see the review [78], but becomes increasingly cumbersome

as the number of counterterms required increases. Since this method works with

the asymptotic expansion of the bulk metric and vector, it allows us to appreciate

the roles of different terms in the asymptotic expansions, which we will exploit in

section 2.6.

The second method of holographic renormalization exploits the Hamiltonian

approach developed in [121, 122], which uses covariant expansions in terms of

eigenfunctions of a dilatation operator. This approach is much more efficient and

powerful; the main advantage here is that renormalized correlation functions can,

in favorable cases, be determined without explicit computation of the countert-

erms. In cases where many counterterms are needed, and the inversion of the
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2.5. Holographic renormalization for d = 2

asymptotic expansions of the bulk fields is cumbersome, this methodology is the

more appropriate one to use.

2.5.1. Asymptotic expansions and their inversion

We begin by analyzing the most generally asymptotically locally AdS solutions of

the bulk field equations. In the neighborhood of the conformal boundary at ρ→ 0,

the metric and vector field can be expressed as:

ds2 =
dρ2

4ρ2
+

1

ρ
gab(x, ρ)dxadxb; (2.89)

Ba = ρ−z/2ba(x, ρ);

Bρ = ρmbρ(x, ρ),

where the power m will be determined below. Given this coordinate choice, the

Einstein equations can be written as:

Rab[gcd] + (d− 2)g′ab + tr(g−1g′)gab − ρ(2g′′ − 2g′g−1g′ + tr(g−1g′)g′)ab

=
1

2
m2BaBb −

1

4(d− 1)
ρ(gcegdfFcdFef + 8ρgcdFcρFdρ)gab +

1

2
ρ(gcdFacFbd + 4ρFaρFbρ);

(2.90)

Da(tr(g−1g′))−Dbg′ab = −(m2BaBρ + ρgcdFacFρd); (2.91)

1

4
tr(g−1g′g−1g′)− 1

2
tr(g−1g′′) =

1

2
m2BρBρ −

1

16(d− 1)
gcegdfFcdFef

+
(d− 2)

2(d− 1)
ρgcdFcρFdρ. (2.92)

The vector field equations in this coordinate system become:

∂a
(√
−ggabFbρ

)
=

m2

ρ

√
−gBρ; (2.93)

∂a
(√
−ggabgcdFbd

)
+ 4ρd/2−1∂ρ

(√
−gρ2−d/2gcdFρd

)
=

m2

ρ

√
−ggcdBd.

The divergence equation for the vector field is:

∂a
(√
−ggabBb

)
+ 4ρd/2∂ρ

(√
−gρ1−d/2Bρ

)
= 0. (2.94)

Here for future convenience the equations are written for general d, although in

this section we will consider only d = 2. The leading order terms in these equations

as ρ→ 0 imply that:

gab(x, 0) = g(0)ab(x); ba(x, 0) = b(−z)a(x), (2.95)
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2. Holographic chiral scale-invariant models

for arbitrary (non-degenerate) metric and 1-form respectively. By the usual rules

of AdS/CFT, g(0) acts as a source for the stress energy tensor in the dual theory,

whilst b(−z)a acts a source for the dual vector operator of dimension (d+ z − 1).

The leading term in the expansion of Bρ (including the polynomial power

m) is determined by the divergence equation, and does not therefore represent

an additional independent source. Indeed, using the leading order terms in the

equations of motion one finds that the power of ρ in the leading order term of Bρ
is the same as in the leading term of Ba:

Bρ = ρ−z/2
[
b(−z)ρ + · · ·

]
; (2.96)

b(−z)ρ =
1

2z
Da

(0)b(−z)a,

where D(0) is the covariant derivative associated with the metric g(0)ab. Therefore

the value of m in (2.89) is −z/2.

The first step in holographic renormalization is to determine the general asymp-

totic expansion near the boundary, namely the radial expansion of the fields. We

thus expand the fields in Fefferman-Graham form as:

gab(x, ρ) = g(0)ab(x) + · · ·+ ρg(2)ab(x) + · · · ; (2.97)

ba(x, ρ) = b(−z)a(x) + · · ·+ ρzb(z)a(x) + · · · ;

bρ(x, ρ) = b(−z)ρ(x) + · · ·+ ρzb(z)ρ(x) + · · · .

The radial expansion only needs to be calculated to sufficient order to determine

the divergences in the on-shell action; in practice this means up to the order at

which coefficients are undetermined or only partially determined by the asymptotic

analysis.Since the coefficients in the field equations (2.90) are polynomials in ρ

this system of equations admits solutions with (gab(x, ρ), ba(x, ρ), bρ(x, ρ)) regular

functions of ρ. To solve these equations, one may successively differentiate the

equations w.r.t. ρ and set ρ = 0. In pure gravity, the metric is expanded in

integral powers of ρ, with additional logarithmic terms generically needed to solve

the equations of motion in odd dimensions. In the case of gravity coupled to the

massive vector, the powers of ρ that occur in the expansions need to be determined

from the equations of motion, and should not a priori be assumed to be integral.

Explicit solution of the equations of motion for 0 < z < 1/2 determines that

the first subleading term in the metric is actually of order ρ1−z. The form of

the asymptotic expansions for 0 < z < 1/2 can be summarized as follows. The

only terms required in determining the counterterms and renormalized one point

functions are

gab = g(0)ab + ρ1−zg(2−2z)ab + ρg(2)ab + h̃(2)abρ log ρ+ · · · ; (2.98)

ba = b(−z)a + ρzb(z)a + · · · ;

bρ = b(−z)ρ + ρzb(z)ρ + · · · ,
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2.5. Holographic renormalization for d = 2

where the ellipses denote subleading terms. The following coefficients are com-

pletely determined in terms of the non-normalizable modes:

g(2−2z)ab =
z

2(1− z)

[
b(−z)ab(−z)b − 1

2Tr(b(−z)g
−1
(0)b(−z))g(0)ab

]
, (2.99)

b(−z)ρ =
1

2z
Da

(0)b(−z)a,

h̃(2)ab = 1
2

(
R(0)ab − 1

2g(0)abR(0)

)
= 0.

In the latter expression the identity relating Ricci curvature and Ricci scalar in

two dimensions has been imposed.

In the vector field, the coefficient b(z)a is totally undetermined, whilst

b(z)ρ = − 1

2z
D(0)ab

a
(z). (2.100)

The metric coefficient g(2)ab is undetermined, but subject to the following con-

straints:

Trg(2) = − 1
2R(0) + z2Tr(b(−z)g

−1
(0)b(z)); (2.101)

Db
(0)g(2)ba = ∂a

(
Tr(g(2))

)
+
z

2

(
b(−z)ab(z)ρ + b(−z)ρb(z)a

)
+
z

2

(
F(−z)acb

c
(z) − F(z)acb

c
(−z)

)
,

where F(−z)ab is the curvature of the field b(−z)a.

For generic 0 < z < 1, the asymptotic expansion of the metric has the form

gab =
∑
m,n

g(2m+2n(1−z))ρ
m+n(1−z) + · · · (2.102)

with (m,n) integral and coefficients of terms with

m+ n(1− z) < 1 (2.103)

contribute to the on-shell divergences. For 1/2 < z < 1 this implies that an

increasing number of coefficients can contribute to the on-shell divergences, and

the Hamiltonian approach to renormalization is more efficient. Note also that the

coefficient g2n(1−z) is of order b2n−z, and whenever (1− z) = 1/p, with p an integer,

logarithmic terms will arise, corresponding to conformal anomalies.

Next one can proceed to renormalize the on-shell action for 0 < z < 1/2 as

follows. One substitutes these expansions into the regulated on-shell action:

S =
1

2κ2
d+1

∫
M
dd+1x

√
−g
[
R+ Λ− 1

4
FmnF

mn − 1

2
m2BmB

m

]
− 1

κ2
d+1

∫
∂M

ddx
√
−hK

(2.104)
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2. Holographic chiral scale-invariant models

with the boundary regulated at ρ = ε and we now let κ2 ≡ κ2
3 in the case of

interest, d = 2. The Gibbons-Hawking boundary term is included to ensure that

the Dirichlet variational problem is well-defined on the surface of fixed radius; note

that K is the trace of the second fundamental form. This procedure results in a

regulated action of the form:

Sreg =
1

2κ2

∫
ρ=ε

d2x
√
−g(0)

[
ε−1a(0) + ε−za2(1−z) + ã2 log ε+O(ε0)

]
(2.105)

which involves a finite number of terms that diverge as ε→ 0. Here all coefficients

(a(k), ã) of divergent terms are local functions of the sources (g(0)ab(x), b(−z)a(x)):

a(0) = 2 a2(1−z) = −z
2
b(−z)g

−1
(0)b(−z), (2.106)

ã2 = Trg(2) − z2b(−z)g
−1
(0)b(z) = − 1

2R(0).

These divergences can be removed using the following covariant counterterm ac-

tion:

Sct =
1

2κ2

∫
d2x
√
−γ
(
−2 +

z

2
BaBa +

1

2
R[γ] log ε

)
, (2.107)

where γ is the induced metric. From the renormalized action, Sren = S + Sct, one

can define the following renormalized one point functions:

〈Va〉 = − 1√
−g(0)

δSren
δba(−z)

= lim
ε→0

[ε−z/2√
−γ

δSren
δBa

]
= − z

κ2
b(z)a, (2.108)

and for the stress energy tensor:

〈Tab〉 = − 2√
−g(0)

δSren

δgab(0)

= − lim
ε→0

[ 2√
−γ

δSren

δγab

]
(2.109)

=
1

κ2

[
g(2)ab +

1

2
R(g(0))g(0)ab −

z

2

(
b(−z)ab(z)b + b(z)ab(−z)b

)
−z(z − 1

2
)
(
b(−z)cb

c
(z)

)
g(0)ab

]
.

Note that the answer for pure Einstein gravity, i.e. when Bm = 0, agrees with

that given in [123]. Since the generating functional of the dual field theory W in

Lorentzian signature is related to the renormalized on-shell action as W = iSren,

these definitions for the operators agree with those given in section 2.4.4, as do

the dilatation and diffeomorphism Ward identities, which are respectively:

〈T aa 〉 = − 1

κ2
Tr(g(2)) =

1

κ2
R(0) + zba(−z)〈Va〉; (2.110)

Db〈Tab〉 =
(
b(−z)aD

b〈Vb〉+ F b(−z)a〈Vb〉
)
.
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The relation between the bulk Newton constant G3 and the central charge c of the

dual two-dimensional CFT is

1

κ2
=

1

8πG3
=

c

24π
, (2.111)

as derived in [124].

2.5.2. Hamiltonian analysis

In the previous section we showed that an increasing number of counterterms are

needed for z > 1/2. The renormalized one point functions and counterterms are

in such cases more conveniently computed using the Hamiltonian formulation of

holographic renormalization. In this section we will analyze holographic renormal-

ization using the methods developed in [121, 122]. These will allow us to compute

renormalized correlation functions for generic values of z > 1/2.

We begin by expressing the metric as

ds2 = gmndx
mdxn = (N2 +NaN

a)dr2 + 2Nadx
adr + γabdx

adxb, (2.112)

where N is the lapse and Na is the shift. The choices of N = 1 and Na = 0 make

r a Gaussian normal coordinate, related to the Fefferman-Graham coordinate ρ as

ρ = e−r. In order to provide a Hamiltonian description of the dynamics one first

expresses the curvature part of the action in terms of quantities on hypersurfaces

Σr, of constant r:

S =
1

2κ2

∫
d3x
√
γN

[
R̂+K2 −KabK

ab + Λ− 1

4
FmnF

mn − 1

2
m2BmB

m

]
,

(2.113)

where R̂ is the Ricci scalar of Σr and Kab is its second fundamental form. After

using the gauge freedom to fix N = 1 and Na = 0 the Einstein equations of motion

become

K2 −Kb
aK

a
b = R̂+ 2κ2Trr

DaK
a
b −DbK = κ2Tbr (2.114)

K̇b
a +KKb

a = R̂ba − κ2(T ba − δbaT )

where ȧ denotes ∂ra and

κ2Tmn = (1− 1

8
F 2 − 1

4
m2B2)gmn +

1

2
FmpFn

p +
1

2
z2BmBn, (2.115)

with T = Tmm . Note that the (ra) and (rr) Einstein equations are the momen-

tum and Hamilton constraints, which enforce that the momenta conjugate to the

lapse and shift functions vanish identically. The momentum conjugate to Br also
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vanishes (corresponding to the divergence equation for the vector field) and the

non-trivial canonical momenta are

πab = πab[γ,Bc] =
δL

δγ̇ab
=

δIr
δγab

= − 1

2κ2

√
γ(Kγab −Kab), (2.116)

πa = πa[γ,Bb] =
δL

δḂa
=

δIr
δBa

= − 1

2κ2

√
γFra = − 1

2κ2

√
γ(Ḃa − ∂aBr),

(2.117)

where Ir =
[ ∫

drL
]
on−shell

is the on-shell action. This implies that the extrinsic

curvature Kab and the momenta of the vector field Ba are themselves functionals

of the induced fields on Σr. Note that the extrinsic curvature is given by

Kab =
1

2
nm∂mγab =

1

2
γ̇ab, (2.118)

where n is the normal to Σr. In the Hamiltonian version of holographic renor-

malization one uses the equations of motion to determine the asymptotic form of

the momenta as functionals of the induced fields. This method has the key advan-

tage of maintaining covariance at all stages, thus ensuring that Ward identies are

manifest and it also shortens the computation of counterterms.

In the method of holographic renormalization used in the last section the

asymptotic analysis begins by expanding the bulk fields in the ρ coordinate. In the

Hamiltonian method one notes that the non-normalizable modes of the induced

fields behave asymptotically as

γab ∼ e2rg(0)ab, γ̇ab ∼ 2γab, (2.119)

Ba ∼ ezrb(−z)a, Ḃa ∼ zBa.

Note that the field Br is entirely determined by these fields, using the vector

divergence equation. The dilatation operator, identified with the functional form

of the asymptotic r-derivative in the solution space, is found to be:

∂r =

∫
d2x

(
γ̇ab

δ

δγab
+ Ḃa

δ

δBa

)
∼
∫
d2x

(
2γab

δ

δγab
+ zBa

δ

δBa

)
≡ δD.

(2.120)

Since Kab, Ḃa and Br are functionals of the induced fields, each can be writ-

ten asymptotically as an expansion in eigenfunctions of the dilatation operator,

(2.120). Furthermore, the leading terms in the asymptotic radial expansions co-

incide with those in the asymptotic expansions in eigenfunctions of the dilatation

operator. This allows one to write:

Ka
b = K(0)a

b +K(α1)a
b +K(α2)a

b + · · ·+K(2)a
b + K̃(2)a

b
log e−2r + · · · , K(0)a

b = δba

Ḃa = Ḃ(−z)a + Ḃ(β1)a + Ḃ(β2)a + · · · , Ḃ(−z)a = zBa (2.121)

Br = B(2−z)r +B(σ1)r + · · · ,
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where the dilatation weights are such that

δDK(n)a
b = −nK(n)a

b, n < 2 (2.122)

δDḂ(n)a = −nḂ(n)a, δDB(n)r = −nB(n)r.

with the logarithmic terms similarly transforming homogeneously. Note that

δDK(n)ab = −(n − 2)K(n)ab and [δD, ∂a] = 0 but [δD, ∂r] 6= 0. The term K(2)a
b

transforms as

δDK
b
(2)a = −2Kb

(2)a − 2K̃b
(2)a. (2.123)

This inhomogeneous transformation is obtained by requiring firstly that δD does

not act on coordinates (i.e, on the logarithm) and secondly that the action of

∂r on Kb
a provides asymptotically the same result as the action of δD, where

∂rK(d)a
b ∼ −dK(d)a

b. Using the vector field equations and divergence equation,

one can show that

DaB
a = − 1

√
γ
∂r(
√
γBr), Ḃr = zB(2−z)r −KBr, (2.124)

and hence the expansion for Ḃr can indeed be written in terms of the expansion

for K and Br.

The expansions of the momenta in eigenfunctions of the dilatation operator

can be determined iteratively by solving the field equations. One can now deduce

immediately the first subleading term K(α1)a
b of Kb

a by looking at the leading

order terms in the Einstein equations. The (ra) equation implies that

DbK
b
a −DaK = κ2Tar =

1

2
Fabγ

cb(Ḃc − ∂cBr) +
1

2
z2BaBr. (2.125)

Since DbK(0)a
b − ∂aK(0) = 0, the lowest order terms contributing are

DbK(α1)a
b − ∂aK(α1) =

z

2
Fabγ

cbBc +
z2

2
BaB(2−z)r. (2.126)

This implies that α1 = 2(1 − z). One can then use this fact in the (ab) Einstein

equations to find K(α1)a
b, resulting in

K(2−2z)a
b = −z

2

(
BaB

b − 1

2
(Bγ−1B)δba

)
. (2.127)

Note that K(2−2z) := K(2−2z)i
i = 0. One can derive similar equations for further

coefficients in (2.121) but the ordering of the weights (α(n), β(n)) depends on the

value of z. For example, when z < 1/2, the coefficient β1 = z is the first subleading

term in the vector field expansion, as we showed in the previous section, whilst

for z > 1/2, the first subleading term is instead B(2−3z)a since (2 − 3z) < z. At
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2. Holographic chiral scale-invariant models

z = 1/2 one needs to include logarithmic terms, related to the conformal anomalies,

to satisfy the field equations.

Before solving for further coefficients, let us discuss how this information will

be used to determine the renormalized on-shell action and one point functions.

Starting from (2.113) one can differentiate the on-shell action with respect to r to

obtain

Ṡon−shell =
1

κ2

∫
Σr

d2x
√
γ

(
R̂+ 1− 1

4
FabF

ab − 1

2
z2BaB

a

)
. (2.128)

One can then write the regulated action as

Ir =
1

κ2

∫
§r
ddx
√
γ(K − λ), (2.129)

where λ satisfies

λ̇+Kλ− κ2(2 +
1

4
F 2 +

1

2
z2B2) = 0. (2.130)

The variable λ admits an expansion in dilatation eigenfunctions:

λ = λ(ε0) + λ(ε1) + ...+ λ(2) + λ̃(2) log e−2r + · · · (2.131)

where each term transforms homogeneously, namely δDλ(n) = −nλ(n) except for

λ(2). The transformation law for the latter is obtained in a similar fashion as that

for K(2)a
b. Terms in the on-shell action are divergent as r → ∞ only for n < 2,

along with the logarithmic term, and thus the counterterm action is formally given

by

Ict = − 1

κ2

∫
§r
d2x
√
γ

(∑
n<2

(K(n) − λ(n))− λ̃(2) log e−2r

)
. (2.132)

The terms in the dilatation expansion of λ can be obtained by iteratively solving

the above first order equation defining λ, but a more efficient procedure is the

following. Note first that

2γabπ
ab + zBaπ

a = 2γab
δIr
δγab

+ zBa
δIr
δBa

(2.133)

=
1

κ2

∫
§r
d2x
√
γ

[
2γab

δ

δγab
+ zBa

δ

δBa

]
(K − λ).

Hence,

2γabπ
ab+zBaπ

a =
1

κ2
δD(
√
γ(K−λ))⇔ (1+δD)K+

z

2
Baγ

ab(Ḃb−∂bBr) = (2+δD)λ

(2.134)
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where one has used (2.116) and (2.117), together with: δD
√
γ = 2

√
γ which follows

from the definition of δD. This last equation then allows the iterative determina-

tion of the expansion of λ. For example, looking at the leading order term one

finds that

K(0) = (2 + δD)λ(0) → λ(0) = 1. (2.135)

The first subleading term has weight 2(1− z) and is given by

z2

2
(Bγ−1B) = (2 + δD)λ(2−2z) ↔ λ(2−2z) =

z

4
(Bγ−1B). (2.136)

As mentioned already above, the question of which terms appear at subsequent

order depends on the value of z. For z < 1/2, the only other divergent term is

the logarithmic term, which follows from solving (2.134) at weight two. Using the

expression for K(2) given in (2.145) one finds that

(2 + δD)(λ(2) + λ̃(2)loge−2r) = −2λ̃(2) = −1

2
R. (2.137)

For z < 1/2 this suffices to determine explicitly the counterterm action

Ict =
1

2κ2

∫
§r
d2x
√
γ
(
− 2 +

z

2
(Bγ−1B) +

1

2
R log e−2r

)
, (2.138)

in agreement with that found in the previous section. Further counterterms are

needed for z ≥ 1/2 but, as we will see, the explicit form is not needed to compute

renormalized correlation functions for non-rational values of z.

In general, the renormalized on-shell action is given by

Iren = lim
r→∞

(Ir + Ict) =
1

κ2

∫
d2x
√
γ(K(2) − λ(2)) . (2.139)

The one-point functions can be determined by using the Hamilton-Jacobi relations,

which can be written as:

πabδγab + πaδBa =
1

κ2

∫
§r
d2xδ[

√
γ(K − λ)]. (2.140)

Taking r →∞, one expands the momenta and the integrand in eigenfunctions of

the dilatation operator and matches terms with the same weight. The procedure

implies in particular that:

δIren =
1

κ2

∫
d2xδ

[√
γ(K(2) − λ(2))

]
=
[
πabγ

acγbeδγce
]
(0)

+
[
πa γ

abδBb
]
(0)

,

(2.141)

where the subscript represents the overall terms with zero dilatation weight. Since,

by the definition of δD, the vector field has weight z, the induced metric weight 2
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2. Holographic chiral scale-invariant models

and its inverse weight -2, the renormalized one-point functions are then found to

be:

〈Tab〉 = − 2

−√g(0)

δIren
δgab(0)

= lim
r→∞

[ 2

−√γ
δIren

δγab

]
=

1

κ2

[
K(2)γab −K(2)a

cγcb

]
;

(2.142)

〈Va〉 = − 1√
−g(0)

δIren
δba(−z)

= lim
r→∞

[ ezr√
−γ

δIren
δBa

]
=

1

2κ2
lim
r→∞

[
ezrḂ(z)a

]
. (2.143)

It should be emphasized that these expressions for the renormalized one point

functions hold for general values of z < 1, as does the form (2.139) for the renor-

malized action. However, one still needs to determine the relation between the

momenta coefficients and coefficients in the asymptotic expansions of the fields,

which in general can involve both the normalizable modes and local functionals of

the sources.

When z 6= (1 − 1
n ), with n an integer, the map between momenta coefficients

and terms in the asymptotic expansions is particularly simple. Let us express the

asymptotic expansions as in the previous section as

γab = g(0)ab + · · ·+ e−2rg(2)ab + · · · (2.144)

Ba = ezr(b(−z)a + · · · ) + e−zr(b(z)a + · · · ),

where ρ = e−2r. Then,

K(2) =
1

2

(
R[g(0)]− 2z2ba(−z)b(z)a

)
; (2.145)

K(2)ab = −g(2)ab +
z

2
(b(−z)ab(z)b + b(z)ab(−z)b)−

z

2
b(−z)cb

c
(z)g(0)ab;[

ezrḂ(z)a

]
= −2zb(z).

and substituting into the renormalized one point functions (2.142) results in the

same expressions as (2.108) and (2.109).

When z = (1− 1
n ), with n an integer, functionals of the vector operator source

can have the required dilatation weight to contribute to the one point functions.

In such cases there are additional contributions to the map between momenta

coefficients and terms in the asymptotic expansions, and one has to compute the

one point functions on a case-by-case basis. For example, in the case of z = 1/2

K(2) =
1

2

(
R[g(0)]− 2z2ba(−z)b(z)a

)
+

1

2
K b

(2−2z)aK
a
(2−2z)b, (2.146)

where, using (2.127),

K b
(2−2z)a = −z

2

(
b(−z)ab

b
(−z) −

1

2
(b(−z)cb

c
(−z))δ

b
a

)
. (2.147)
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This implies that the conformal anomaly is given by

〈T aa 〉 =
1

κ2

(
R(0) − z2ba(−z)b(z)a +

z2

16
(ba(−z)b(−z)a)2

)
, (2.148)

and thus involves a local functional of the vector field source.

2.5.3. Analysis for z > 1

Let us now discuss the issues that arise when z > 1 and the vector field is dual

to an irrelevant operator in the conformal field theory. Since irrelevant oper-

ators modify the UV behavior of the quantum field theory, their sources can

only be treated perturbatively, which allows their correlation functions to be com-

puted. The holographic analogue can be seen in (2.98): even for z > 1 the data

(g(0)ab, g(2)ab, b(−z)a, b(z)a) supplies the independent integration constants for the

bulk equations, but when z > 1 the limit of gab(ρ→ 0) is no longer finite. In fact,

using (2.102), one sees that the metric

gab =
∑
m,n

g2m+2n(1−z)ρ
m+n(1−z) (2.149)

contains terms for m = 0 and n ≥ 0 which behave as

g−2n(z−1)ρ
−n(z−1) ∼ b2n(−z)ρ

−n(z−1), (2.150)

and thus terms which are higher order in the vector operator source diverge faster

as ρ→ 0, as expected. Working at finite b(−z) an infinite number of counterterms

would thus in general be needed. A well-defined problem is obtained by working

perturbatively with small b(−z)a such that

|b(−z)|2 � εz−1, (2.151)

where ρ = ε is the cutoff. To compute an n-point function of the dual vector

operator, one should only retain terms to order bn(−z) and thus only a finite number

of counterterms are needed. Logarithmic terms in the on-shell action related to

conformal anomalies can arise whenever

z = 1 +
p

q
, (2.152)

where (p, q) are integers. Except in such cases, where z is rational, the renormalized

one point functions are just as for z < 1, i.e.

〈Va〉 = − z

κ2
b(z)a; (2.153)

〈Tab〉 =
1

κ2

[
g(2)ab +

1

2
R(g(0))g(0)ab −

z

2

(
b(−z)ab(z)b + b(z)ab(−z)b

)
− z(z − 1

2
)
(
b(−z)cb

c
(z)

)
g(0)ab

]
. (2.154)
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To prove this, one can use the Hamiltonian method of the previous section: pro-

vided that the source is treated perturbatively, the dilatation operator is well-

defined and the momenta admit expansions in eigenfunctions of this dilatation op-

erator. The general expressions for the renormalized one-point functions in terms

of the momenta coefficients given in (2.142) can then immediately be rewritten

in terms of coefficients in the asymptotic expansion when z is not rational, as

terms involving only the vector field sources cannot have the correct dilatation

weight. For rational values of z the map between the momenta and asymptotic

coefficients can indeed involve polynomials in the vector field sources, and it needs

to be worked out iteratively on a case by case basis.

Note that in the Hamiltonian method one does not actually need to explicitly

compute the counterterms λ(n) to derive the correlation functions, although they

would be needed to compute the on-shell value of the action. Formally, at least,

one can work to arbitrarily high perturbative order in the operator source b(−z)a,

with corresponding counterterms of increasing order of divergence. If however

the source b(−z)a is treated as finite, then there is no well-defined asymptotic,

or equivalently dilatation, expansion and the counterterm action (2.132) is not

a priori valid. This corresponds to the fact that switching on a generic finite

deformation by the dual vector operator makes the dual quantum field theory

non-renormalizable.

In the case of interest here, however, the source b(−z)a is finite but null: just

as in the field theory discussion earlier, we can compute correlators of the vector

operator in the deformed theory by setting

g(0)ab = ηab; b(−z)a ≡ bδau + a(−z)a, (2.155)

where the source a(−z)a is treated perturbatively. The existence of a dilatation

symmetry is preserved at finite b and all bulk fields still admit an asymptotic

expansion in terms of eigenfunctions of the dilatation operator, even though the

metric gab does not have a finite limit as ρ→ 0.

Now consider the following: treating b(−z)a perturbatively first derive the coun-

terterm action (2.132), working recursively in powers of the source. Then

Ict = − 1

κ2

∫
§r
d2x
√
γ

(∑
n<2

(K(n) − λ(n))− λ̃(2) log e−2r

)
, (2.156)

where in addition to the counterterms λ(0), λ̃(2) and λ−2(z−1) computed explic-

itly earlier there are an infinite number of counterterms at z > 1. For example,

polynomials of the vector field occur,

λ−2n(z−1) = c2n(z−1)(B
aBa)n (2.157)

where the coefficients c2n(z−1) may be determined iteratively in n, working per-

turbatively in the source. This counterterm is the holographic analogue of (2.70)
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2.6. Linearized analysis around chiral background

and counterterms involving further derivatives and curvatures will also occur. If

these counterterms are evaluated on the anisotropic background itself (2.155) in

which a(−z)a = 0, then, since the source is both null and constant, all counterterms

apart from λ(0) vanish. This is the holographic analogue of the deformation being

exactly marginal with respect to the anisotropic symmetry. To compute the two

point function of the vector operator in the deformed theory we will need to retain

terms in the action to order a2
(−z), and following the arguments of section (2.4.3)

there will be a finite number of terms for z < 2.

2.6. Linearized analysis around chiral background

In this section we will consider the linearized equations of motion around the chiral

background for generic values of z in two dimensions, and the corresponding two

point functions of the stress energy tensor and vector operator in the deformed

theory. We should note that the analysis excludes those values of z for which

the deforming operator itself acquires an anomalous dimension; the case of z = 2,

Schrödinger, is one such example, which was analyzed in detail in [94].

2.6.1. Linearized equations

Let us perturb the fields around the background as:

Bm = ρ−z/2bm(x, ρ) = b ρ−z/2δum + am(ρ, u, v), (2.158)

ds2 =
dρ2

4ρ2
+

1

ρ
gab(x, ρ)dxadxb, gab = h̄ab(ρ) + hab(ρ, u, v),

where

h̄abdx
adxb ≡ (2dudv + σ2ρ1−zdu2). (2.159)

The linearized Einstein equations can then be written as:

Rab[h] + tr(h̄−1h′)h̄ab − ρ
(

2h′′ab − 2 z b2δu(ah
′
b)v ρ

−z +
z

2
b2 tr(h̄−1h′)δuaδ

u
b ρ
−z
)

=
1

2
(1 + z)z b2hvvh̄ab ρ

−z +
(z

2
b2
)2
hvvδ

u
aδ
u
b ρ

1−2z + z2 b a(aδ
u
b) ρ
−z/2

+2 z b
(
δu(afb)ρ − fvρ h̄ab

)
ρ1−z/2; (2.160)

∂a
(
tr(h̄−1h′)

)
− h̄bc∂ch′ab −

1

4
z b2∂ahvv ρ

−z +
1

2
z b2δua ρ

−z ∂c

(
hcv −

1

2
tr(h)δcv

)
=

1

2
z b fav ρ

−z/2 − z2b aρ δ
u
a ρ
−z/2 ; (2.161)

1

4
z b2 ∂ρ

(
ρ−z hvv

)
=

1

2
tr(h̄−1h′′) (2.162)

Rab[h]− 1

2
h̄abR[h] = 0. (2.163)
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The last equation is the linearization of the two-dimensional identity Rab[g] −
1
2gabR[g] = 0. Note also that we define fab := ∂aab − ∂baa as the curvature of the

vector fluctuation ab.

The linearized vector field equations are

∂a
(
h̄abfbρ

)
− z

2
b ρ−1−z/2∂a

(
hav −

1

2
tr(h)δav

)
=

z2

ρ
aρ;

(2.164)

∂a
(
h̄abh̄cdfbd

)
+ 4∂ρ

(
ρh̄acfρa

)
+ 2 z b ρ−z/2∂ρ

(
hcv −

1

2
tr(h)δcv

)
=

z2

ρ
h̄caaa.

(2.165)

whilst the linearized divergence equation is:

∂a
(
h̄acac

)
+ 4ρ a′ρ − b ρ−z/2∂a

(
hav −

1

2
tr(h)δav

)
= 0. (2.166)

It is also useful to write:

tr(h) = −σ2hvvρ
1−z + 2huv; ∂a

(
hav −

1

2
tr(h)δav

)
= −1

2
σ2hvv,vρ

1−z + hvv,u.

(2.167)

One now begins with the identity (2.163), which implies that Rvv = 0 , Ruu =

σ2ρ1−zRuv , where the components of the Ricci tensor are:

Ruv[h] =
1

2
hvv,uu +

1

2
huu,vv − huv,uv; (2.168)

Ruu[h] = σ2ρ1−z
(

1

2
hvv,uu +

1

2
huu,vv − huv,uv

)
.

Using these identities, the (vv) component of the Einstein equations is solved by

h′′vv = 0 → hvv = h(0)vv + ρh(2)vv, (2.169)

where both h(0)vv and h(2)vv are arbitrary functions of (u, v). The (v) component

of (2.161) together with (2.162) lead to:

h′uv,v − h′vv,u −
1

4
z b2 hvv,v ρ

−z = 0; h′′uv =
1

4
z b2 ∂ρ

(
ρ−z hvv

)
. (2.170)

Integrating the second of these equations gives:

huv = h(0)uv + ρh(2)uv +
b2z

4

(
1

(1− z)
ρ1−zh(0)vv +

1

(2− z)
ρ2−zh(2)vv

)
, (2.171)

whilst the first equation implies that:

∂vh(2)uv = ∂uh(2)vv. (2.172)
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The other Einstein equations do not decouple from the vector field fluctuations.

One can however use equation (2.163) to express the remaining graviton fluctuation

as

huu = H̃(0)uu + ρH̃(2)uu −
z

4(1− 2z)
σ4h(0)vvρ

2−2z

− z

4(3− 2z)
σ4ρ3−2zh(2)vv +

σ2

(2− z)
ρ2−zh(2)uv + hVuu, (2.173)

where (H̃(0)uu, H̃(2)uu) are integration constants and hVuu is defined as the solution

to

∂2
ρh

V
uu = −1

2
zbσ2ρ1−z∂ρ(ρ

−z/2av) + zb∂ρ(ρ
−z/2au) + zbρ−z/2(

1

2
σ2ρ1−zaρ,v−aρ,u).

(2.174)

In order to solve the remaining Einstein equations, the graviton fluctuation must

in addition satisfy the u component of (2.161) and the (uv) component of (2.160),

which requires

h′uu,v =
1

2
zb2ρ−z(h(0)vv,u + ρh(2)vv,u) + ∂uh(2)uv +X; (2.175)

X =
1

2
zbρ−z/2 (au,v − av,u + 2zaρ) ;

huu,vv = 2huv,uv − hvv,uu − 4h(2)uv + 2zσ2ρ1−zh(2)vv + Y ; (2.176)

Y = 2zbρ1−z
(
∂ρ

(
ρz/2 av

)
− ρz/2 aρ,v

)
.

As we will show below, these constraints impose a restriction on the integration

constant h̃(2)uu, related to the diffeomorphism Ward identity. These equations

are automatically satisfied when the vector field equations are solved. We use the

notation (H̃(0)uu, H̃(2)uu) to denote the integration constants anticipating the fact

that hVuu could also contribute terms at order ρ0 and ρ in the asymptotic expansion

as ρ→ 0.

The linearized vector field equations can be written in terms of the metric

fluctuations as follows. The divergence equation (2.166) becomes

4ρa′ρ =− av,u − au,v + σ2av,vρ
1−z + bρ−z/2

(
− 1

2
σ2∂v(h(0)vv + ρh(2)vv)ρ

1−z

+ ∂u(h(0)vv + ρh(2)vv)

)
. (2.177)

Equation (2.164) becomes

z2ρ−1aρ = ∂v (aρ,u − a′u) + ∂u (aρ,v − a′v)− σ2ρ1−z∂v (aρ,v − a′v) (2.178)

− 1

2
zbρ−1−z/2

(
−1

2
σ2∂v(h(0)vv + ρh(2)vv)ρ

1−z + ∂u(h(0)vv + ρh(2)vv)

)
.
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Equations (2.165) become

ρz/2∂ρ

[
ρ1−z ∂ρ

(
ρz/2 av

)]
= ∂ρ (ρ aρ,v)−

1

4
∂v (av,u − au,v)−

1

2
zbρ−z/2h(2)vv;

(2.179)

ρz/2∂ρ

[
ρ1−z ∂ρ

(
ρz/2 au

)]
= −1

4
∂u (au,v − av,u) + σ2ρ1−zρz/2∂ρ

[
ρ1−z∂ρ

(
ρz/2av

)]
+ ∂ρ (ρaρ,u)− σ2∂ρ

(
ρ2−zaρ,v

)
+ (1− z)σ2ρ1−za′v

+
1

4
z(1− z)bσ2ρ−3z/2h(0)vv +

1

4
z(2− z)σ2ρ1−3z/2h(2)vv.

(2.180)

These field equations can be diagonalized to give fourth order differential equa-

tions. To show this, let us first define the differential operator

∆ := ρ∂2
ρ + ∂ρ −

z2

4
ρ−1 +

1

2
∂u∂v −

σ2

4
ρ1−z∂2

v . (2.181)

We then define

aVv ≡ av −
b

2
ρ−z/2(h(0)vv + ρh(2)vv), (2.182)

as well as

aVρ ≡ aρ −
1

2
b∂−1
u h(2)uvρ

−z/2, (2.183)

where the inverse derivative is abbreviated notation such that

A = ∂−1B → ∂A = B. (2.184)

(In practice the solutions are expressed in momentum space, where the inverse

derivative acts by division of momenta.) By differentiating (2.177) with respect to

v and inserting into (2.179) one obtains

∆aVv = ∂va
V
ρ . (2.185)

Differentiating (2.177) with respect to ρ and subtracting it from (2.178) one obtains

∆aVρ =
σ2

4
(1− z)ρ−z∂vaVv . (2.186)

Combing these equations, one finds that aVρ satisfies the fourth order equation

ρz∆(ρz∆aVρ ) =
σ2

4
(1− z)ρz∂2

va
V
ρ , (2.187)

whilst aVv also satisfies a fourth order equation

∆2aVv =
σ2

4
(1− z)ρ−z∂2

va
V
v . (2.188)
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2.6. Linearized analysis around chiral background

Given the solutions for aVv and aVρ one can then determine au using the remaining

vector field equations; one first determines au using (2.177) and then checks that

the remaining equations are solved.

The general solution of the linearized equations of motion can hence be ex-

pressed in terms of solutions to coupled second order equations or, equivalently,

the fourth order equations as

av =
b

2
ρ−z/2(h(0)vv + ρh(2)vv) + aVv ; (2.189)

aρ =
1

2
b∂−1
u h(2)uvρ

−z/2 + aVρ .

Since (aVv , a
V
ρ ) satisfy coupled second order equations, the general solution involves

four independent integration constants. The other fluctuations can be formally

expressed in terms of (aVv , a
V
ρ ) as

∂va
V
u = −4ρ∂ρa

V
ρ − ∂uaVv + σ2ρ1−z∂va

V
v ; (2.190)

∂va
V
u ≡ ∂vau − bzρ−z/2∂−1

u h(2)uv −
1

2
bρ−z/2(∂uh(0)vv + ρ∂vh(2)uv)

∂2
ρh

V
uu = ∂2

ρ

(
ρ1−zσ2∂−2

v (zh(2)vv + ∂u∂vh(0)vv) (2.191)

+ρ2−z b2z

2(2− z)
h(2)uv

+2zbρ1−z∂−2
v (∂ρ(ρ

z/2aVv )− ρz/2aVρ,v)
)
.

Now let us consider the differential equations satisfied by the vector fluctuations

in more detail. If one Fourier transforms to momentum space so that for every

field φ(r, u, v)

φ̃(r, ku, kv) =

∫
dudveikuu+ikvvφ(r, u, v), (2.192)

then the operator ∆ acts on φ̃ as

∆φ̃ = (ρ∂2
ρ + ∂ρ −

z2

4ρ
− 1

2
kukv +

σ2

4
ρ1−zk2

v)φ̃. (2.193)

It is then natural to introduce a new dimensionless coordinate x

x = (2kukv)ρ ≡ k2ρ, (2.194)

such that

∆φ̃ = k2(x∂2
x + ∂x −

z2

4x
− 1

4
+ σ2x1−zkχ)φ̃ ≡ k2∆xφ̃, (2.195)

where

kχ ≡ 2z−4kzvk
z−2
u . (2.196)
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2. Holographic chiral scale-invariant models

Then the fourth order equation for aVv is

∆2
xa
V
v = (z − 1)σ2kχx

−zaVv . (2.197)

Since this equation only depends on the dimensionless coordinate x and the quan-

tity σ2kχ, the exact solution for aVv can only depend on these quantities, as dis-

cussed earlier. Regularity throughout the spacetime will, as we show below, impose

two conditions on the four independent solutions of this equation. In what follows

we will solve the equations at weak chirality, namely perturbatively in σ2, in which

case it is more convenient to use the coupled second order equations rather than

the fourth order equation.

2.6.2. ‘T’ and ‘X’ modes of solution

One can summarize the general solution of the linearized equations of motion as

follows. The metric fluctuations are

hvv = h(0)vv + ρh(2)vv;

huv = h(0)uv + ρh(2)uv +
b2z

4

(
1

(1− z)
ρ1−zh(0)vv +

1

(2− z)
ρ2−zh(2)vv

)
;

(2.198)

huu = h̃(0)uu + ρh̃(2)uu + ρ1−zσ2∂−2
v (zh(2)vv + ∂u∂vh(0)vv)

+ ρ2−z b2z

2(2− z)
h(2)uv

+ 2zbρ1−z∂−2
v (∂ρ(ρ

z/2aVv )− ρz/2aVρ,v).

The vector fluctuations are

av =
b

2
ρ−z/2(h(0)vv + ρh(2)vv) + aVv ; (2.199)

aρ =
1

2
b∂−1
u h(2)uvρ

−z/2 + aVρ ;

∂va
V
u = ∂vau − bzρ−z/2∂−1

u h(2)uv −
1

2
bρ−z/2(∂uh(0)vv + ρ∂vh(2)uv);

∂va
V
u = −4ρ∂ρa

V
ρ − ∂uaVv + σ2ρ1−z∂va

V
v .

The propagating modes aVm solve the coupled differential equations:

∆aVv = ∂va
V
ρ ; ∆aVρ =

σ2

4
(1− z)ρ−z∂vaVv , (2.200)

where the second order differential operator ∆ is given in (2.181).

Let us express the source and normalizable modes in the asymptotic expansion

of huu as ρ→ 0 as

huu = h(0)uu + ρh(2)uu + · · · , (2.201)
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2.6. Linearized analysis around chiral background

respectively. These are given in terms of the integration constants (h̃(0)uu, h̃(2)uu)

as

h(0)uu = h̃(0)uu + 2z2b∂−2
v aV(z)v; (2.202)

h(2)uu = h̃(2)uu + 2zb(z + 1)∂−2
v aV(z+2)v − 2zb∂−1

v aV(z)ρ,

where aV(m)a is the coefficient of the term at order ρm/2 in the asymptotic expansion

of aVa as ρ → 0. Note that it is h(0)uu which is the source for dual operator, and

the (u), (v) and (uv) components of Einstein equations at order ρ0 enforce the

linearized Ward identities

∂vh(2)uv = ∂uh(2)vv; (2.203)

∂vh(2)uu = ∂uh(2)uv − zb∂uaV(z)v,

h(2)uv = −1

4
R[h(0)] +

z2

2
baV(z)v,

and

R[h(0)] = ∂2
uh(0)vv + ∂2

vh(0)uu − 2∂u∂vh(0)uv. (2.204)

We have used the fact that the coupled differential equations for aVm can be solved

asymptotically as ρ→ 0. The resulting solutions have the structure expected from

the previous (non-linear) analysis, namely

aVa = aV(−z)aρ
−z/2 + · · ·+ aV(z)aρ

z/2 + · · · , (2.205)

aVρ =
1

2z
(∂va

V
(−z)u + ∂ua

V
(−z)v)ρ

−z/2 + · · ·

− 1

2z
(∂va

V
(z)u + ∂ua

V
(z)v)ρ

z/2 + · · ·

where we have isolated the terms corresponding to the operator source (aV(−z)a)

and operator expectation value (aV(z)a) respectively. The analogous terms in the

radial component of the vector field are completely determined in terms of these

components. The case of z = 2 is special, as the radial powers in the independent

solutions depend explicitly on b2, see [94], because the dimension of the dual

operator is modified at non-zero b.

Recall that for z < 1 the holographic one point functions at the linearized level

are given in terms of coefficients in the asymptotic expansion as

〈Tvv〉 =
1

κ2
h(2)vv; 〈Tuv〉 = − 1

κ2
h(2)uv; (2.206)

〈Tuu〉 =
1

κ2

(
h(2)uu − bza(z)u

)
;

〈Va〉 = − z

κ2
a(z)a.
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2. Holographic chiral scale-invariant models

Combining the propagating solution for aV with the other modes results in the

following source and vev terms in the asymptotic expansions for the metric and

vector fluctuations

hvv = h(0)vv + ρh(2)vv;

huv = h(0)uv + ρh(2)uv + · · ·
huu = h(0)uu + ρh(2)uu + · · · (2.207)

av = ρ−z/2
(
aV(−z)v +

b

2
h(0)vv

)
+ · · ·+ aV(z)vρ

z/2 + · · ·

au = ρ−z/2
(
aV(−z)u +

b

2
∂−1
v ∂uh(0)vv + bz∂−1

v ∂−1
u h(2)uv

)
+aV(z)uρ

z/2 + · · ·

These expressions imply that the stress energy tensor sources are g(0)ab = η(0)ab +

h(0)ab and the vector operator sources are given by

b(−z)v = a(−z)v =

(
aV(−z)v +

b

2
h(0)vv

)
; (2.208)

b(−z)u = b+ a(−z)u = b+

(
aV(−z)u +

b

2
∂−1
v ∂uh(0)vv + bz∂−1

v ∂−1
u h(2)uv

)
.

Thus in particular the fluctuation h(0)ab sources not just the stress energy tensor

but also the vector operator. To compute two point functions of the stress energy

tensor one should set the vector source to zero, by switching on appropriate aV(−z)a,

whilst to compute the two point functions of the vector operator one should set to

zero h(0)ab. Note that switching off the sources for either set of operators does not

switch off their expectation values, since the two point functions in the deformed

theory are non-diagonal.

In [94] the general linearized solution for z = 2 was given in terms of indepen-

dent solutions of the equations of motion, the ‘T’ and ‘X’ modes. The ‘T’ mode

solution is the z → 2 limit of the solution given above with aV = 0, which involves

only the integration constants (h(0)ab, h(2)ab). The limit of z → 2 requires

1

(2− z)
ρ2−z → ln(ρ). (2.209)

This ‘T’ mode solution is non-dynamical, in that there is no bulk differential equa-

tion satisfied by these modes. From a field theoretic perspective, these correspond

to quantities which are completely determined by Ward identities. From the bulk

perspective the corresponding statement is that the ‘T’ mode solution is equiva-

lent to a bulk diffeomorphism. To show this, let us consider a bulk diffeomorphism

generated by a vector field ζm such that

δgmn = (Dmζn +Dnζm). (2.210)
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2.6. Linearized analysis around chiral background

Restricting to diffeomorphisms which respect the Fefferman-Graham form of the

metric requires δgrr = δra = 0 and hence

ζρ =
ζ

ρ
; ζv =

ζ(0)v

ρ
− ∂vζ; (2.211)

ζu =
ζ(0)u

ρ
− ∂vζ + σ2ρ−zζ(0)v

+
σ2(z − 1)

(2− z)
ρ1−z∂vζ,

where (ζ, ζ(0)a) are independent arbitrary functions of (u, v). The metric variations

are then

δgvv =
1

ρ

(
2∂vζ(0)v − 2∂2

vζρ
)

; (2.212)

δguu =
1

ρ

(
2∂uζ(0)u − 2∂2

uζρ
)

− 4σ2

(z − 1)
ρ−zζ +

2σ2

(2− z)
ρ1−z∂u∂vζ;

δguv =
1

ρ

(
(∂uζ(0)v + ∂vζ(0)u)− 4ζ − 2∂u∂vζρ

)
+σ2ρ−z∂vζ(0)v +

σ2(z − 1)

(2− z)
ρ1−z∂2

vζ,

and using the analog of (2.76) the vector field fluctuations are

δbρ = −b∂vζρ−z/2; (2.213)

δbv = bρ−z/2(∂vζ(0)v − ρ∂2
vζ);

δbu = −bρ−z/2(∂uζ(0)v − ρ∂v∂uζ)− 2bzρ−z/2ζ.

Noting that δgmn = hmn/ρ this agrees with the ‘T’ mode fluctuations, under the

identifications

h(0)vv = 2∂vζ(0)v; h(0)uu = 2∂uζ(0)u; h(0)uv = (∂uζ(0)v + ∂vζ(0)u)− 4ζ,

(2.214)

with all other modes determined in terms of these quantities. The ‘X’ mode

solution of [94] corresponds to our propagating solution aV . In the limit of z → 2

the coupled differential equations (2.200) remain well-defined, but the asymptotic

solutions of these equations depend explicitly on b2, since the corresponding vector

operator picks up an anomalous dimension at non-zero b [94].

One of the puzzling features in [94] was that in the ‘T’ mode solution the vector

field is expressed non-locally in terms of the “source” data h(0)ab. In the case of

z < 1, where the relationship between asymptotics of the fluctuations and operator
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2. Holographic chiral scale-invariant models

data is known, the reason for this feature is now clear: h(0)ab does not source just

Tab, but it also sources the vector operator Va. Moreover, from (2.208), one sees

that the source a(−z)u is non-locally expressed in terms of h(0)ab. Note however

that the ‘T’ mode solution is manifestly local when expressed in terms of the

vector ζm generating the bulk diffeomorphism. From the boundary perspective ζ

parameterizes a Weyl rescaling, whilst ζ(0)a generates a boundary diffeomorphism.

Since the asymptotic expansion is local in the ζm it would be natural to set up

a variational problem in terms of these quantities. Such a vector field formalism

for the case of z > 1 will be explored elsewhere. In the case of z < 1, it is not

necessary to use such a formalism as one can exploit the fact that the spacetime

is asymptotically locally anti-de Sitter to set up the variational problem and holo-

graphic renormalization in terms of the usual data (g(0)ab, b(−z)a). In this case one

can compute the two point functions as follows: using the Ward identities the only

undetermined information is the two point functions of the vector operator. These

can be computed by setting to zero the sources g(0)ab, and solving the differential

equations for the propagating modes aV . The sources for the vector operator will

induce expectation values for the stress energy tensor, corresponding to the cross

correlators between the stress energy tensor and the vector operators. These two

point functions are also completely determined by the Ward identities, and there-

fore do not give additional information. By the arguments given in the previous

section, the same procedure may be carried out for generic z > 1, when z is not

rational, and when the deforming vector operator does not acquire an anomalous

dimension. What remains to be done, therefore, is to find the regular solutions for

aV .

2.6.3. Solution around AdS3

Let us first solve the vector field equations for σ2 = 0. Using (2.185) and (2.185),

one can show that the regular solutions are:

av(ρ, k) = a(−z)v(k)K̃z(k
√
ρ) +

2ikv
k1−z a(−z)ρ

21−z√ρ
Γ(z)

K(z−1)(k
√
ρ);

aρ(ρ, k) = a(−z)ρK̃z(k
√
ρ), (2.215)

where K̃z(k
√
ρ) represents the modified Bessel function with a specific normaliza-

tion such that

K̃z(k
√
ρ) =

2(1−z)

Γ(z)
kzKz(k

√
ρ)

= ρ−z/2(1 +
k2ρ

4(1− z)
+ · · · ) +

Γ(−z)
22zΓ(z)

k2zρz/2(1 +
k2ρ

4(1 + z)
+ · · · ),
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2.6. Linearized analysis around chiral background

and the latter is the expansion as ρ → 0. In solving the equations recurrence

relations for modified Bessel functions are useful:

Kz+1(x) = Kz−1(x) +
2z

x
Kz(x); ∂xKz(x) = −Kz−1(x)− z

x
Kz(x). (2.216)

Using (2.177) one can then show that the solution

au(ρ, k) = a(−z)u(k)K̃z(k
√
ρ) +

2iku
k1−z a(−z)ρ

21−z√ρ
Γ(z)

K(z−1)(k
√
ρ)

a(−z)ρ =
1

2z
(∂va(−z)u + ∂ua(−z)v), (2.217)

satisfies all remaining equations. As a consistency check note that the asymptotic

expansions of all vector field components as ρ→ 0 agree with those given in section

2.5, with the normalizable modes determined in terms of the non-normalizable

modes as follows

av(ρ, k) = a(−z)v(k)ρ−z/2 + · · · kvk
2z

ku

Γ(−z)
22zΓ(z)

a(−z)uρ
z/2 + · · · (2.218)

au(ρ, k) = a(−z)u(k)ρ−z/2 + · · · kuk
2z

kv

Γ(−z)
22zΓ(z)

a(−z)vρ
z/2 + · · ·

The two point functions are computed using

〈Va(k)Vb(−k)〉 =
z

κ2

δb(z)a

δbb(−z)
=

z

κ2

δa(z)a

δab(−z)
+ · · · , (2.219)

where the ellipses denotes contact terms, and thus

〈Vv(k)Vv(−k)〉 = − 1

κ2

kvk
2z

ku

Γ(1− z)
22zΓ(z)

; 〈Vu(k)Vu(−k)〉 = − 1

κ2

kuk
2z

kv

Γ(1− z)
22zΓ(z)

,

with the cross correlation function vanishing, as it should, since the operators have

different scaling weights. These expressions can be written in position space as fol-

lows. Recall that the general expression for the Fourier transform of a polynomial

in d dimensions is

1

(2π)d

∫
ddke−i

~k·~x(k2)λ = π−d/222λΓ(d/2 + λ)

Γ(−λ)
(|x|2)−λ−d/2, (2.220)

which is valid when λ 6= −(d/2 + n), where n is zero or a positive integer. Using

this Fourier transform, and its derivatives with respect to x, one obtains

〈Vv(x)Vv(0)〉 =
z(z + 1)

4πκ2

1

|x|2zv2
; 〈Vu(x)Vu(0)〉 =

z(z + 1)

4πκ2

1

|x|2zu2
, (2.221)

which is of the expected form for operators of these scaling dimensions.
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2. Holographic chiral scale-invariant models

2.6.4. General solution

We now consider the case of σ 6= 0 with the sources for the dual stress-energy

tensor switched off. Let us first express the asymptotic expansions of the solutions

to the dynamical vector field equation as

aVa = ρ−z/2aV(−z)a + · · ·+X b
a (σ, k)aV(−z)bρ

z/2 + · · · , (2.222)

where the matrix X b
a (σ, k) is to be determined by solving the inhomogeneous

differential equations exactly and imposing regularity conditions. The asymptotic

expansion of the vector field is then written in terms of this data as

aa = ρ−z/2(aV(−z)a+b z δau∂
−1
v ∂−1

u h(2)uv)+· · ·+X b
a (σ, k)aV(−z)bρ

z/2+· · · , (2.223)

Note that the source for the vector operator includes another term involving h(2)uv,

as the latter is not automatically set to zero by setting h(0)ab = 0. Indeed from

the linearized Ward identity (2.203) one knows that

h(2)uv =
z2

2
baV(z)v ≡

z2

2
bX b

v (σ, k)aV(−z)b. (2.224)

The true vector operator sources are thus defined in terms of the asymptotic

solutions to the dynamical equations as

a(−z)a = aV(−z)a −
b2z3

k2
δauX

b
v (σ, k)aV(−z)b, (2.225)

and therefore

a(−z)v = aV(−z)v; (2.226)

a(−z)u = (1− b2z3

k2
Xvv)a

V
(−z)u −

b2z3

k2
X v
u a

V
(−z)v.

These relations allow one to rewrite the modes aV(−z)a in terms of the true sources,

and thence one can also obtain the relationship between the normalizable modes

aV(z)a and the sources. Functionally differentiating the linearized one point func-

tions with respect to the sources one then finds that

〈VvVv〉 =
z

κ2

(
1− b2z3

k2
Xvv

)−1

Xvv; (2.227)

〈VuVv〉 =
z

κ2
Xvu

(
1− b2z3

k2
Xvv

)−1

;

≡ z

κ2
Xuv

(
1− b2z3

k2
Xvv

)−1

;

〈VuVu〉 =
z

κ2

(
Xuu +

b2z3

k2
XuvXvu(1− b2z3

k2
Xvv)

−1

)
.

124



2.6. Linearized analysis around chiral background

The fact that 〈VvVu〉 = 〈VuVv〉 must then follow from the symmetry of the matrix

Xab that arises in solving the differential equations.

Next let us consider the vector field equations at σ 6= 0. It is useful to write

the equations (2.185) and (2.186) in the form:

∆0a
V
v − ∂vaVρ =

1

4
σ2ρ1−z∂2

va
V
v ; (2.228)

∆0a
V
ρ =

1

4
σ2(1− z)ρ−z(ρ∂2

va
V
ρ + ∂va

V
v ),

where ∆0 is the restriction of the differential operator ∆ to σ2 = 0. It is interesting

to note that the corrections to the differential equation at σ2 6= 0 vanish when the

lightcone momentum kv = 0. Working in conformal perturbation theory we noted

that corrections were organized in powers of σ2k2
v, and the same behavior is found

holographically. Let us try to solve the equations perturbatively in σkv at kv 6= 0

by looking for solutions of the form

aVv =
∑
n>0

σ2n(aVv )n; (2.229)

aVρ =
∑
n>0

σ2n(aVρ )n,

where the n = 0 solutions are given by (2.215). The coupled differential equa-

tions then reduce to pairs of inhomogeneous differential equations generating a

recurrence relation

∆0(aVv )n+1 − ∂v(aVρ )n+1 =
1

4
ρ1−z∂2

v(aVv )n; (2.230)

∆0(aVρ )n+1 =
1

4
(1− z)ρ−z(ρ∂2

v(aVρ )n + ∂v(a
V
v )n).

For generic values of z the corrections (aVa )n are bounded as ρ → ∞, since the

differential operator ∆0 has an essential singularity as ρ → ∞ and so the regular

n = 0 solutions decay exponentially there:

aρ(ρ, k) = a(−z)ρe
−k√ρ

(
(k/2)z−1/2

√
π

Γ(z)ρ1/4
+O(ρ−3/4)

)
. (2.231)

Solving for the inhomogeneous contributions to the corrections as ρ→∞ one finds

that they also behave as

(aVa )n ∼ e−k
√
ρρ−1/4, (2.232)

and are hence exponentially small.

Once we have established that the inhomogeneous contributions to the cor-

rections are finite everywhere, we need to solve the inhomogeneous differential
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2. Holographic chiral scale-invariant models

equations to extract the asymptotic coefficients (aV(−z)a, a
V
(z)a). This could be car-

ried out numerically for finite chirality b2, and can be done perturbatively in b2 at

small chirality, using the Green function for the differential operator ∆0, which is

given in the appendix. This results in the following correlation functions

〈Vv(k)Vv(−k)〉 = − 1

κ2

kvk
2z

ku

Γ(1− z)
22zΓ(z)

(
1 + cvvk

2
χσ

2
)

;

〈Vv(k)Vu(−k)〉 = − 1

κ2
cvuk

2
χσ

2; (2.233)

〈Vu(k)Vu(−k)〉 = − 1

κ2

kuk
2z

kv

Γ(1− z)
22zΓ(z)

(
1 + cuuk

2
χσ

2
)
,

where the constant numerical coefficients cab are given in the appendix.

To summarize, these correlation functions are sufficient to reconstruct all two

point functions of the stress energy tensor and vector operator, to leading or-

der in b2. The functional form of the correlation functions is as anticipated from

anisotropic scale invariance and conformal perturbation theory. As we will empha-

size in the conclusions, the holographic models for scale invariance with exponent z

always include fields dual to the deforming, Lorentz symmetry breaking, operators.

These operators must therefore necessarily play an important rôle in the physics

of the condensed matter system being modeled. At small chirality, the correlation

functions of these operators are given by the above formulae and these should

match the features of the system under consideration. One would also like the

finite temperature holographic realization to match the behavior of the physical

system under consideration, and we will next turn to modeling finite temperature

physics with black holes.

2.7. Black holes

It would be interesting to find black hole solutions of the gravity-vector system,

in order to probe the phase structure of the anisotropic theory. Again there will

be a qualitative difference between the cases of z < 1 and z > 1. In the former

case, the deformation is relevant with respect to the conformal symmetry and one

would only expect to retain the effects of the deformation at temperatures which

are small compared to the deformation parameter:

T � b1/z. (2.234)

Let us start by considering the following black hole solution in three dimensions

ds2 =
dr2

r2(1− (r/r+)2(2−z))
+ (2.235)

1

r2

(
−
(

2− (r/r+)2(1−z) − (r/r+)2
)
dη2 + 2

(
1− (r/r+)2

)
dηdx+ (r/r+)2dx2

)
.
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This geometry describes a black hole with Killing horizon r = r+ and generator

K = ∂η. The critical exponent is restricted to z < 2, otherwise grr 6→ 1/r2 as

r → 0. Under the coordinate transformation: x := ξ + η, the metric becomes:

ds2 =
1

r2

(
dr2

1− (r/r+)2(2−z) + (r/r+)2(1−z)dη2 + 2 dξ dη + (r/r+)2dξ2

)
.

(2.236)

In these coordinates, the black hole is manifestly asymptotic to the chiral scale-

invariant background as r → 0 for z < 2. Next one lets η = σr1−z
+ u and ξ =

rz−1
+ v/σ so that

ds2 =
dr2

r2(1− (r/r+)2(2−z))
+ σ2r−2zdu2 +

2

r2
dudv +

dv2

σ2r4−2z
+

. (2.237)

The anisotropic scale invariant background can be obtained as the zero tempera-

ture limit of the black hole, corresponding to r+ →∞ with σ finite.

Einstein equations admitting such solutions can be constructed as follows.

Writing the scale invariant geometry as

ds2 =
1

r2

(
dr2 + σ2r2(1−z)du2 + 2 dξ du

)
(2.238)

note that the Einstein tensor Gab satisfies

Gab = gab + z2BaBb, B = br−zdu b2 = 2
1− z
z

σ2. (2.239)

The contravariant components are correspondingly

Gab = gab + z2BaBb, B = −br2−z∂ξ. (2.240)

For the above black hole solution, the Einstein tensor satisfies

Gab = gab + z2BaBb, B = −br2−z∂ξ, b2 = 2
1− z
z

r
−2(1−z)
+ . (2.241)

This means that the contravariant energy tensor is actually exactly the same in

both cases. However, while for the scale invariant background one can write a pure

Proca action generating the required field equations, for the black hole solution one

cannot. Note that the case of z = 1 is exceptional: the above black hole reduces

to the BTZ black hole which satisfies the Einstein equations without matter. The

case of z = 0 in three dimensions is also special, as the spacetime is Einstein.

The fact that the black hole solution does not follow from a Proca action

suggests that a string theory embedding may give rise to consistent truncations

involving not just vectors, but vectors coupled to scalars. This is indeed known

to be the case for Schrödinger (z = 2) in five bulk dimensions, see the consistent
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truncation found in [84]. It is interesting however to note that the black hole

solution can be supported by dust or by a perfect fluid; appropriate actions for

dust solutions can be found in [125] and for perfect fluids in [126].

Starting from (2.235), the normal to the hypersurfaces of constant r is null at

the horizon as well as the Killing vector ∂η: ||dr||2 = 0 = ||∂η|| at r+. To see that

the Killing is normal to r = r+, one rewrites (2.235) in the form:

ds2 =
1

r2

[
−
(

2− (r/r+)2(1−z) − (r/r+)2
) (
dη2 − dr∗2

)
+ 2

(
1− (r/r+)2

)
dηdx+ (r/r+)2dx2

]
,

(2.242)

where

dr∗ =
dr√

1− (r/r+)2(2−z)
√

2− (r/r+)2(1−z) − (r/r+)2
. (2.243)

Then define: η = U + r∗

ds2 =
1

r2

[
−
(

2− (r/r+)2(1−z) − (r/r+)2
)
dU2 − 2

√
2− (r/r+)2(1−z) − (r/r+)2

1− (r/r+)2(2−z) dUdr

+ 2
(
1− (r/r+)2

)
(dUdx+ dr∗dx) + (r/r+)2dx2

]
. (2.244)

In this coordinate system, the metric is well behaved at the horizon with the metric

close to the horizon being

ds2 =
1

r2

(
−2 dUdr +

1

2− z
dxdr + dx2

)
, (2.245)

which is well behaved everywhere near the horizon. One can further define U =
1
2y + x

2(2−z) with r = 1
R to obtain

ds2 = dydR+R2dx2, (r → r+). (2.246)

This is exactly the same metric as that of the non-rotating BTZ black hole near

the horizon in Eddington-Finkelstein coordinates as long as one compactifies the

coordinate x with period 2π. From (2.244), the Killing vector k = ∂η in this

coordinate system becomes ∂U . This means that

k̄ = gack
cdxa = gUUdU + grUdr + gxUdx. (2.247)

At the horizon: k̄ = 1
r2
+
dr, which implies that the horizon is indeed a Killing

horizon with respect to ∂η.

The temperature of the black hole (2.235) is

TL =
κ

2π
=

2− z
2πr+

, (2.248)
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where κ is the surface gravity, whilst the entropy is given by

S =
βx

4G3r+
, (2.249)

where βx is the periodicity of the x direction and G3 is the Newton constant. The

entropy density s = S/βx can be expressed as

s =
π

2G3(2− z)
TL, (2.250)

the form of which is determined on dimensional and scaling grounds.

In the absence of a complete solution involving appropriate fields, one cannot

directly interpret the black hole (2.235) in terms of finite temperature behavior

of the deformed chiral theory. However, one can make interesting preliminary

observations: the temperature is associated with the periodicity of the Euclidean

coordinate ū = iu. Note however that u is a null coordinate in the quantum field

theory, and therefore the temperature TL relates to that in the left moving sector of

the field theory, hence the notation used. It would be interesting to find an explicit

embedding of this black hole into string theory, and thence its interpretation as a

thermal state in the dual field theory.

2.8. Appendix: Solution of vector equations

The homogeneous equation(
ρ∂2
ρ + ∂ρ −

z2

4ρ
− k2

4

)
φ(ρ) = 0, (2.251)

admits modified Bessel functions as solutions

φ = αIz(k
√
ρ) + βKz(k

√
ρ). (2.252)

The solution which is regular as ρ→∞ is the second, so α = 0.

Let us next consider a generic inhomogeneous equation(
ρ∂2
ρ + ∂ρ −

z2

4ρ
− k2

4

)
φ(ρ) = g(ρ). (2.253)

By defining x = k
√
ρ, it becomes:

∆xφ(x) =

[
∂x (x ∂x)−

(
x+

z2

x

)]
φ(x) = x

(
2

k

)2

g([x/k]2) := h(x). (2.254)
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The general solution to this equation is

φ(x) = φ0(x) +

∫ ∞
0

dx′G(x, x′)h(x′), (2.255)

where φ0(x) satisfies the homogeneous equation (the regular solution throughout

the bulk being Kz(x)) and the Green’s function is defined by

∆xG(x, x′) = δ(x′ − x). (2.256)

Then, the solution for the Green’s function for x 6= x′ is:

G(x′, x) =

{
A(x′)Kz(x) : x > x′

B(x′)Iz(x) : x < x′
(2.257)

For x > x′, one chooses the Kz(x) so that the Green’s function is regular as

x→∞. For x < x′, one chooses the Iz(x) so that the results for the case σ2 = 0

are recovered. Note that Iz(x) does not contain the x−z power, only the xz one.

In order to find the coefficients, one imposes continuity in the Green’s function

and integrating the equation for G(x′, x) between x′ − ε and x′ + ε with ε → 0,

one obtains the second condition. Hence:

A(x′)Kz(x
′) = B(x′)Iz(x

′), (2.258)

A(x′)K ′z(x
′)−B(x′) I ′z(x

′) = 1/x′.

The two above conditions have a unique solution if the Wronskian is non-vanishing,

which is indeed the case as

KzI
′
z − IzK ′z = 1/x′. (2.259)

With A(x′) = −Iz(x′) and B(x′) = −Kz(x
′), all conditions on the Green’s function

are satisfied.

Using this Green’s function to solve the vector field equations iteratively gives

that the v-component of the normalizable mode is

a(z)v = a
(0)
(−z)u

kvk
2z

ku

Γ(−z)
22z Γ(z)

(
1 + σ2k2

χcvv
)

+ a
(0)
(−z)v σ

2k2
χcuv. (2.260)

The u component of the normalizable mode is then

a(z)u = a
(0)
(−z)v

ku k
2z

kv

Γ(−z)
22zΓ(z)

(
1− σ2k2

χcuu
)

+ a
(0)
(−z)u σ

2k2
χcuv. (2.261)
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In these expressions,

cvv =
1− z

2z2Γ(−z)Γ(z)

[(
(1− z)− 2(3− 2z)z2

) √π Γ(1− z) Γ(2− 2z)

4 Γ(5/2− z)
+ S1 + S4 − 2(S3 + S6)

]
;

cuv =
1− z

21+2zΓ(1 + z)2

[√
πΓ(1− z)Γ(2− 2z)

4Γ(5/2− z)
+ S1 + S4 − 2(S3 + S6)− 4z(S2 + S5)

]
;

cuu =
1− z

z2Γ(−z)Γ(z)

[
1− z(4 + z − 2z2)

22z(3 + 4z(−2 + z))
Γ(1− z)2 + S1 + S4 − 2(S3 + S6)− 4z(S2 + S5)

]
.

The constants cab relate to the numerical constants appearing in the two point

functions in (2.233). The constants Sa are given in terms of integral over Bessel

functions as,

S1 =

∫ ∞
0

dy yKz(y)Kz(y)

∫ y

0

dy′ (y′)3−2z Iz(y
′)Kz(y

′)

S2 =

∫ ∞
0

dy yKz(y)Kz(y)

∫ y

0

dy′ (y′)1−2z Iz(y
′)Kz(y

′)

S3 =

∫ ∞
0

dy y Kz(y)Kz(y)

∫ y

0

dy′ (y′)2−2z Iz(y
′)K(z−1)(y

′)

S4 =

∫ ∞
0

dy y Kz(y) Iz(y)

∫ ∞
y

dy′ (y′)3−2zKz(y
′)Kz(y

′)

S5 =

∫ ∞
0

dy y Kz(y) Iz(y)

∫ ∞
y

dy′ (y′)1−2zKz(y
′)Kz(y

′)

S6 =

∫ ∞
0

dy y Kz(y) Iz(y)

∫ ∞
y

dy′ (y′)2−2zKz(y
′)K(z−1)(y

′)
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