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Chapter 4

Aspects of Ricci-flat

Holography - II

4.1. Introduction

In the previous chapter we discussed the zero Λ limit of vacuum expectation

values and correlation functions in AdS/CFT at a formal level, the associated is-

sues and attempted to address them. We found that the analysis requires a suitable

foliation of the spacetime and we derived the mapping between bulk and boundary

data in the associated coordinate system. We focused specifically on the case of

the bulk spacetime metric and a non-backreacting scalar field, determined their

unique asymptotics, computed correlators of the dual operators and discussed the

necessary conditions for the correspondence between the near-boundary asymp-

totics and the vevs to admit a well-behaved zero Λ limit. We found that the

existence of the limit essentially translates into a statement about the sources and

states of the boundary theory. The most important open problem, however, is to

understand more precisely the nature of the zero Λ limit from the point of view

of string theory, and also holographically from the dual field theory perspective.

In this final chapter we will follow a different viewpoint and attempt to gain some

insight on the nature of flat space holography by formulating the problem, not as

a limit of AdS/CFT, but as an extension of the AdS/CFT ingredients to gravi-

tational theories with exactly vanishing cosmological constants. More specifically,

we will construct a correspondence between certain Ricci-flat geometries that nat-

urally generalize Minkowski spacetime and families of conformal field theories at

the null boundary of the manifolds.
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4. Aspects of Ricci-flat Holography - II

From the results of the previous chapter we have learned that the zero Λ limit

of AdS/CFT implies in particular that putative field theories dual to Ricci-flat

spacetimes should be defined at the conformal boundary of the spaces. In the

case of a vanishing cosmological constant, this boundary is a null manifold and a

direct application of the AdS/CFT recipe therefore requires a dual quantum field

theory on a degenerate manifold.1 We found in section 3.6.3 that the holographic

2-point function in the zero Λ limit was consistent with this fact: the form of the

correlator was consistent with that of an operator defined in two dimensions less.

The main problem in establishing a duality between a gravitational theory and

a quantum field theory on a codimension two submanifold lies in the reconstruc-

tion of two bulk dimensions from quantum field theory data, which in addition

cannot be both simultaneously spacelike. In AdS/CFT, the conformal boundary

of the Einstein spaces is timelike and any quantum field theory at the boundary

need only to contain enough information to allow for the reconstruction of one

spatial (radial) direction. Such information is indeed captured in the dynamics

and kinematic constraints of the boundary theory from which the bulk fields can

be reconstructed. In our case, on the other hand, the null nature of the conformal

boundary requires the behaviour of bulk fields along the timelike direction to be

captured as well by the dual field theory. Time evolution in the bulk must therefore

be of central importance in such a holographic description of Ricci-flat spacetimes.2

In the work initially developed by de Boer and Solodukhin [188, 189] it was pro-

posed that fields on (d+2)–dimensional Minkowski space could be reconstructed

from conformal field theory data on a d–dimensional conformal manifold repre-

senting the boundary of the Minkowski lightcone. The key observations are a)

that the interior of the lightcone is naturally foliated by conformally compact, hy-

perbolic (or Euclidean AdS) hypersurfaces whose boundaries all degenerate to the

boundary of the lightcone and b) that the isometry group of (an asymptotically)

Minkowski spacetime contains a subgroup that acts on such boundary as the con-

formal group. Since each leaf of the foliation admits a holographic description in

terms of a conventional Euclidean d–dimensional CFT on its conformal boundary,

the authors asked whether the interior of the lightcone could be described holo-

graphically in terms of a family of CFTs on this codimension two submanifold

1See also the discussion in [184] and the preliminary works [185, 186, 187] on quantum field

theories defined on null manifolds.
2It should be stressed that Ricci-flat spaces with Euclidean signature cannot have a conformal

boundary. It is simple to show that the Ricci scalar of conformally compact Riemannian manifolds

cannot vanish asymptotically, hence conformal compactness necessarily requires the Ricci-flat

spaces to be Lorentzian, which also follows from the fact that the conformal boundary must be

null. This implies in particular that one cannot have simultaneously a static conformal embedding

and a time-independent defining function, otherwise a simple Wick rotation would violate the

above statement. See appendix B.1 for further details.
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4.1. Introduction

to which all boundaries converge. The problem raised by this approach regards

to the reconstruction of the bulk timelike direction from field theory data. The

AdS/CFT dictionary allows one to reconstruct the radial direction on each slice

through the dynamics of the respective dual quantum field theory. The authors

then left open the non-trivial possibility that evolution along the extra timelike

direction defined by, and orthogonal to, the foliation could also be reconstructed

from the infinite set of CFTs that reside on the boundary of the lightcone. Al-

though the AdS/CFT duality guarantees that each CFT encodes radial evolution

along each slice, it does not necessarily imply the family of CFTs should encode

time evolution orthogonal to the slices.

The purpose of this chapter is to elaborate on such proposal and provide ev-

idence supporting the conjecture that bulk fields on a specific class of Ricci-flat

spacetimes can be reconstructed out of conformal field theory data on a codimen-

sion two conformal manifold representing the boundary of a null surface in the

bulk that extends to null infinity. We will do so in the case of pure gravity3 by

showing that the bulk spacetime metric can be reconstructed from the conformal

structure of null infinity and from the expectation values of a family of conformal

field theory stress tensors. Our results will be consistent with a dual description

of the time evolution of the Ricci-flat metric by a family of conformal field the-

ories. The procedure will follow the standard AdS/CFT programme at the full

non-linear level for our class of spacetimes by finding the most general spacetime

asymptotics towards the conformal boundary, holographically renormalizing the

gravitational action, computing the expectation values and Ward identities of the

stress tensors of the field theories and mapping these to the data necessary to the

reconstruction of the bulk metric. The results obtained for the holographic Weyl

anomalies in even dimensions then imply that, for each CFT, the bulk timelike

coordinate plays the role of the CFT central charge(s) in a gauge invariant way,

with the bulk Planck length as the characteristic length. We elaborate more on

this aspect in section 4.2.2 and then mainly in 4.4.3.

In the next section we review the foliation of Minkowski space that motivates

our framework and describe the generalisation to a specific class of asymptotically

Ricci-flat manifolds. We then outline the approach taken to deducing the most

general asymptotics of such spacetimes and which is based on the initial value for-

3Recall that in AdS/CFT, pure bulk gravity is describing a conformal field theory with van-

ishing vacuum expectation values and correlators of every gauge-invariant operator with the

exception of the CFT stress-energy tensor. This is indeed the picture that arises by working

with the full supergravity action, performing the holographic computations and in the end set-

ting the bulk matter configurations to zero. The field theory is therefore in a state in which no

operator has dynamics but the stress-energy tensor.
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4. Aspects of Ricci-flat Holography - II

mulation of general relativity. In section 4.3 we briefly review the latter formalism

and apply it to our class of manifolds. Solving the equations of motion within

such framework will allow us to obtain in a unique way the asymptotic behaviour

of the metric for such spacetimes and to find its relation to the ambient metric

of Fefferman and Graham [190]. In section 4.4 we renormalize holographically

the gravitational action and compute the vacuum expectation values and Ward

identities of the family of dual field theories. The last section represents a general-

isation of the previous formalism. Our class of asymptotically Ricci-flat manifolds

will be generalised further by including subleading corrections to the spacetime

asymptotics. This will allow us to obtain different expectation values for different

field theories in this family. In this chapter’s appendix we provide a few definitions

that are necessary to our formalism together with several technical results.

4.2. Preliminaries

4.2.1. Foliation of Minkowski space

Let (M, Gµν) be (d+2)–dimensional Minkowski space. In spherical coordinates:

ds2
d+2 = −dT 2 + dr2 + r2dΩ2

d . (4.1)

Let one introduce null coordinates (v := T + r , u := T − r):

ds2
d+2 = −dvdu+ v2

(
1− u/v

2

)2

dΩ2
d , (4.2)

such that infinity is represented by the union of the regions: =+ = {v = +∞ , |u| <∞} ,

=− = {u = −∞ , |v| < ∞} , i± = {v = u = ±∞ : |v − u| < ∞} and: i0 = {v =

−u = +∞ : |v+u| <∞}. To bring these regions to finite values of the coordinates,

one introduces Penrose-type null coordinates (v′ := arctan v , u′ := arctanu):

ds2
d+2 =

1

cos2 v′ cos2 u′

(
−dv′ du′ + 1

4
sin2(v′ − u′) dΩ2

d

)
:= ρ−2(x) ds̃2

d+2 , (4.3)

where infinity is represented by the region where the defining function ρ(x) :=

cos v′ cosu′ vanishes. Since r > 0 in (4.1), then v′ > u′ and the flattened Penrose

diagram for the conformal embedding (M̃, G̃µν = ρ2Gµν) is given in figure 4.1,

where each point represents a Sd (with the exception of the corners i±,0).4

4More precisely, the conformal embedding is obtained from M̃ by deleting the corners i±,0.

Notice that dρ = 0 and G̃ is degenerate in those regions, hence the triple (M̃, G̃, ρ) does not

represent an asymptote unless the corners are removed from the conformal embedding. See

appendix B.1 for further details.
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4.2. Preliminaries

Figure 4.1: Penrose diagram for Minkowski space

Let one now return to the non-compact coordinate system (4.2). We are in-

terested in looking at the region near =+ in two particular charts. We introduce

Rindler-type coordinates (z, t) defined as:
(
z et := u , z−1et := v

)
such that:

ds2
II =

e2t

z2

(
dz2 − z2dt2 +

(
1− z2

2

)2

dΩ2
d

)
. (4.4)

This coordinate system covers only region II of Minkowski space, where v, u > 0.

Notice that, due to the coordinate singularities at z = ±1, 0, these coordinates

are only defined in the interval: z ∈ ]0, 1[. In order to cover region I (only) we

analytically continue t and z to complex values: (z → iz , t→ t− iπ/2), which is

equivalent to defining:
(
z et := u , z−1et := −v

)
in the original coordinate system

(4.2):

ds2
I =

e2t

z2

(
− dz2 + z2dt2 +

(
1 + z2

2

)2

dΩ2
d

)
. (4.5)

In this case, the coordinate z is defined in the interval z ∈ ]−∞, 0[. The Penrose

diagram in each region in the new coordinates is given in figure 4.2, with z0 and

z1 a positive and a negative constant, respectively. It is relevant to notice that

worldlines in region II orthogonal to the surfaces of constant t, i.e. with tangent
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4. Aspects of Ricci-flat Holography - II

Figure 4.2: Foliation of Minkowski space
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4.2. Preliminaries

vector the unit normal n = e−t∂t to such surfaces (also called Eulerian worldlines),

define geodesic observers. In Minkowski coordinates (4.1):

n =
1√

1− V 2

(
∂T + V ∂r

)
: V = dr/dT , (4.6)

which is the standard velocity of inertial particles in radial motion, where the

constant relative velocity V is related to the (constant) coordinate z as: V = 1−z2

1+z2 .

This feature will be revisited later in section 4.4.

Future null infinity in each region is given by: =+ = {z = 0 : t 6= −∞} and

the defining function in the new coordinates becomes:

ρ(x)2 =
z2

e2t

(
1 + 2 z2 cosh(2t) + z4

)
. (4.7)

This implies in particular that the conformal embedding for region II approaches

Rindler space times Sd as z → 0:

ds̃2
II ∼ dz2 − z2dt2 +

1

4
dΩ2

d , (4.8)

with Rindler horizon {z = 0} represented by the union =+ ∪ H in region II

with bifurcation point ∂H ⊂ =+. The null surface H = {u = 0 , 0 < v <∞}
= {z = 0 , t = −∞ : 0 < ze−t < ∞} represents the boundary of the past do-

main of dependence of any partial Cauchy surface in region II and is therefore the

past Cauchy horizon of this region. This horizon defines the future lightcone of

Minkowski space with respect to an inertial observer at the origin {r = 0, T = 0}.

4.2.2. Holographic foliation and generalisation

As we move into region II from region I, the timelike surfaces of constant t

asymptote to H and become spacelike as we cross it. These surfaces are hyper-

bolic manifolds (Hd+1) in region II and de Sitter in region I, as well as conformally

compact. The (future) conformal boundary of each such surface converges to a

common region ∂H = {u = 0 , v = +∞} = {z = 0 : z et = 0 = z e−t} representing

the boundary of H. Notice that the coordinate t degenerates on ∂H where it can

assume any value. According to the AdS/CFT correspondence, each Hd+1 surface

admits a dual description in terms of a d–dimensional Euclidean conformal field

theory on its conformal boundary at ∂H and in particular, fields on each surface

(including the induced metric) can be reconstructed out of CFT data at ∂H. Given

a family of CFTs at this boundary, one is therefore able to reconstruct a collection

of hyperbolic hypersurfaces and their fields, but not necessarily able to reconstruct

fields in the flat spacetime foliated by such surfaces. The AdS/CFT dictionary
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4. Aspects of Ricci-flat Holography - II

allows one to reconstruct from CFT data the evolution along the z-direction of

the pullback of bulk fields to each slice, but it does not determine the evolution of

bulk fields along the time direction orthogonal to the slices. In order to obtain a

dual description of such behaviour, one needs to find asymptotically (near ∂H) the

most general time evolution of a given class of bulk fields and then to determine

how the bulk data necessary to the reconstruction of such evolution is mapped to

data in the family of CFTs.

Our main goal will be to obtain such asymptotics for the spacetime metric

and to show that it is possible to reconstruct its evolution near ∂H from data

belonging to a family of conformal field theories at this boundary, in particular

from the conformal structure at ∂H and from the expectation values of the stress

tensors of each field theory. We will also find in the case of even dimensions that

the bulk time coordinate t defining the leaves of the foliation essentially plays the

role of the central charges of the CFTs. This feature is not at all surprising: each

leaf of the foliation dually described by a unique CFT is uniquely defined by a

hypersurface condition {t = constant} and the time dependence of the metric (in

our gauge (4.4) the factor et) represents, on each slice, the AdS radius ` of the

hyperbolic hypersurface, which from AdS/CFT is mapped to the central charges

of the respective dual field theory [14, 124, 175].

In order to reconstruct holographically the spacetime metric, we need to gener-

alise the procedure developed in the previous section to a larger class of spacetimes.

We therefore generalise Minkowski space by any conformally compact, asymptoti-

cally Ricci-flat manifold that admits an asymptotically hyperbolic hypersurface of

constant mean curvature. In section 4.5 we will analyse how the mean curvature

condition may be relaxed. Since the conformal boundary of such manifolds is nec-

essarily null, the hypersurface must extend to null infinity (as opposed to a spatial

infinity). Such hypersurfaces are called hyperboloidal (see e.g. [191, 192, 193, 194])

and represent the natural generalisation of the hyperbolic leaves in the previous

foliation of Minkowski space. Our starting point will be such initial hypersurface

and we will then generate the Ricci-flat embedding near the hypersurface by time

evolving it as follows.

If a Ricci-flat space admits a spacelike hypersurface, then the Ricci-flat neigh-

bourhood of the surface can be identified with its “time evolution” in the ADM

sense [195], i.e. the vacuum Einstein equations in this region are completely equiv-

alent to the (gauge-fixed) Gauss-Codazzi equations for the surface, also called

ADM, or initial value equations. The solution to the latter equations represents

the time evolution of the induced metric of the hypersurface. Given such solution,

together with the lapse function and the shift vector, one can then construct the

most general metric for the Ricci-flat embedding near the surface as explained in
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4.2. Preliminaries

the next section. The embedding will then be foliated by the different instances

of the time-evolved hypersurface.

If the initial surface Σ is in particular asymptotically hyperbolic of constant

mean curvature, then it is possible to solve asymptotically the Gauss-Codazzi

equations and therefore to obtain the most general asymptotics of such Ricci-flat

embeddings. Furthermore, since Σ extends to null infinity =+ by definition, the

region ∂H in our previous case of Minkowski space will now represent that where Σ

intersects =+ and we will then verify that the boundary of each time slice converges

to ∂H. Moreover, ∂H also represents the intersection of some null surface with null

infinity. Such null surface will then be the past Cauchy horizon of the (generated)

embedding and represents the generalisation of the null horizon H that we found

in the case of Minkowski space (see figure 4.3. Notice that the region to the right

of H contains future-inextendible causal curves that do not intersect Σ).

Figure 4.3: Ricci-flat embedding near the initial hypersurface Σ. The dashed lines rep-

resent the different time slices obtained by time evolving Σ and the generated embedding

represents the region between some initial and final slices (which can be taken to be

infinitesimally close to H and to =+, respectively).

4.2.3. Exterior of the future lightcone

So far we have restricted our attention to a generalisation of region II of

Minkowski space, the future domain of dependence of H. Region I represents

the exterior of the lightcone in which the leaves of the foliation are de Sitter

hypersurfaces with future conformal boundary converging to ∂H, whereas region

III is the interior of the past lightcone with a hyperbolic foliation as in region II. In
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4. Aspects of Ricci-flat Holography - II

the particular case of Minkowski space, all the results obtained for region II may

be extended to region I or III by analytic continuation: (z → iz , t→ t− iπ/2),

or radial and time reversal: (z → −z , t→ −t), respectively. In this chapter we

will mainly restrict our attention to a single Ricci-flat region generated by time

evolving an initial Cauchy surface as explained above and which will be realised

in the next section. The generalisation of regions I and III can then be obtained

from such solution by the above continuations.5

In the next section we briefly review the initial value formulation of relativity

which will allow us to generate the Ricci-flat embeddings of initial data hypersur-

faces. We will then use the existence and uniqueness properties of solutions to the

Cauchy problem in order to obtain the spacetime asymptotics.

4.3. Spacetime asymptotics

4.3.1. Initial value formulation

Since we are only interested in (asymptotically) Ricci-flat embeddings, for the

sake of simplicity we will focus on the vacuum version of the initial value formu-

lation. A recent review of the subject can be found in [196].

An initial data set is a triple
(
Σ, h[0],K[0]

)
consisting of a Riemannian man-

ifold Σ with a positive-definite metric h[0]ab and a symmetric tensor field K[0]ab

satisfying the constraint equations:

R[h[0]] + (Ka
[0]a)2 −K[0]abK

ab
[0] = 0 , (4.9)

[0]DbK
b
[0]a −

[0]DaK
b
[0]b = 0 , (4.10)

where Rab[h[0]] and [0]Da are the Ricci tensor and the covariant derivative asso-

ciated to h[0]. Given an initial data set, one introduces a flow parameter t called

the development time and evolves the initial data in time by specifying a scalar

5It should be emphasized, however, that the generalisation of region I would involve generating

a Ricci-flat region by evolving a timelike surface along a spatial direction. While the above

analytic continuation should result in the appropriate generalisation of region I, it must be

emphasized that the initial data surface is not Cauchy in such case. This implies that the

uniqueness property of solutions to the initial value problem in the case of Cauchy initial data

surfaces proved by Choquet-Bruhat and reviewed in the next section do not necessarily carry

over to this case, hence the unique spacetime asymptotics that we will later obtain may no longer

be unique when analytically continued. See also appendix A of [78] on the analytic continuation

of solutions in the context of AdS to dS/CFT.
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4.3. Spacetime asymptotics

and vector fields N and Aa and solving the first order differential equations:

∂thab = £Ahab + 2NKab , (4.11)

∂tKab = £AKab +DaDbN −N
(
Rab[h]− 2Kc

aKcb +KKab

)
, (4.12)

subject to the initial value conditions:

hab
∣∣
t=0

= h[0]ab , Kab

∣∣
t=0

= K[0]ab , (4.13)

with Da the covariant derivative with respect to hab. After a solution is found,

one constructs the metric tensor Gµν of a Lorentzian manifoldM = I ×Σ, where

I ∈ R is the interval over which the time evolution is carried, according to the

formula:

ds2 = Gµνdx
µdxν

= −N2dt2 + hab (dxa +Aadt) (dxb +Abdt) . (4.14)

The manifold (M, G) is called the development of the Cauchy surface Σ and will

satisfy the vacuum Einstein equations. Notice that every Ricci-flat space can

be generated in this way because the equations (4.9)–(4.13) simply represent the

Gauss-Codazzi identities6 for a Ricci-flat space cast as a Cauchy problem. The

development represents an embedding of the initial Cauchy surface Σ = {t = 0}
and is foliated by a one-parameter family of spacelike surfaces Σt representing

the time evolution of Σ, each defined by the condition t = constant with future-

directed unit normal n = −Ndt. The induced metric and extrinsic curvature of

such surfaces are given by:

hµν = GµaGνbh
ab = Gµν + nµnν , Kµν = GµaGνbK

ab , (4.15)

where Kab = (h−1Kh−1)ab. Finally, a choice of lapse function N and shift vector

Aa as above is called a gauge choice and it represents how one chooses to foliate

M and how to propagate the coordinate system of Σ in M. In other words, it

represents a choice of coordinates for M near Σ and one is free to choose a lapse

and a shift without changing the physical spacetime in such neighbourhood.

Choquet-Bruhat showed [197] that there always exists a solution to the initial

value problem for smooth initial data and that such solution is unique in a neigh-

bourhood of the initial Cauchy surface. Choquet-Bruhat and Geroch [198] also

6By virtue of the Bianchi identities, the constraint equations have the fundamental property

that they hold for all t if they hold at a given t. In the conventional approach to relativity,

equation (4.11) represents the definition of extrinsic curvature Kµν = 1/2£nhµν projected onto

the surfaces of constant t.
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4. Aspects of Ricci-flat Holography - II

showed global existence and uniqueness of a maximal development, the element in

the set of solutions into which every other solution can be isometrically mapped.

See the review in [195]. These properties are the main reason behind our choice of

approach to finding the spacetime asymptotics. We will make use of the existence

and uniqueness of a solution to the Cauchy problem in order to deduce the most

general asymptotics of the developments of initial data sets that asymptote to

hyperboloidal sets. The latter are defined as follows.

An asymptotically hyperboloidal initial data set [191, 199, 200, 201] (see also

[202, 203]) is defined as any initial data set (Σ, h[0],K[0]) such that (Σ, h[0]) is

a conformally compact, asymptotically hyperbolic manifold7 and K[0] asymptoti-

cally covariantly conserved.

This last condition is equivalent to K[0] being asymptotically equal to h[0] up to

a proportionality constant. This can be proved as follows (we work in a sufficiently

small neighbourhood of the conformal boundary). If K[0] is equal to h[0], then it

is covariantly conserved. Reciprocally, if K[0] is covariantly conserved, then it

follows from the diffeomorphism constraint equation (4.10) that the trace of K[0]

is constant. Now, since Σ is Einstein with negative scalar curvature, its Ricci

tensor is proportional to the metric:

Rab[h[0]] = − d

`2
h[0]ab , (4.16)

with d + 1 the dimension of Σ and ` a real constant. If the trace of K[0] van-

ishes, then the Hamiltonian constraint equation (4.9) cannot be satisfied because

K[0]abK
ab
[0] ≥ 0 (h[0] is positive definite and K[0] is symmetric and real, see below).

Hence, the trace of K[0] must be a non-zero constant and it can then always be

normalised (e.g. by rescaling the metric) such that:

Tr[h−1
[0] K[0]] = ±d+ 1

`
. (4.17)

If we then decompose K[0] in terms of the shear tensor σab and the mean curvature:

K[0]ab = σab +
1

d+ 1
h[0]abTr[h−1

[0] K[0]] , (4.18)

it then follows from the Hamiltonian constraint equation (4.9) that: σabσ
ab =

0. Now, since h[0]ab is positive definite and σab Hermitian, then there exists an

invertible matrix Q such that (see e.g. [204]):

Q†h[0]Q = 1 , Q†σQ = D , (4.19)

7See appendix B.1 about the equivalence between such manifolds and conformally compact,

asymptotically Einstein Riemannian manifolds of negative scalar curvature.
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4.3. Spacetime asymptotics

with D = diag(λ1, .., λd+1) : λi ∈ R and where † denotes the Hermitian conjugate.

In this way:

0 = Tr[h−1
[0] σh

−1
[0] σ] = Tr[QQ† (Q†)−1DQ−1QQ† (Q†)−1DQ−1] = Tr[DD] =

∑
λ2
i .

(4.20)

Hence: D = 0, which implies that σab vanishes and therefore, by (4.18), that K[0]

is equal to h[0] up to a proportionality constant.8

Since K[0] represents the extrinsic curvature of the initial data surface (Σ, h[0])

in the embedding, and as remarked above the diffeomorphism constraint implies

that Σ is of constant mean curvature, then the developments of asymptotically

hyperboloidal sets are the asymptotically Ricci-flat spacetimes that we have intro-

duced in the previous section.9 In this way, by finding the unique solution to the

initial value problem with such initial data sets, we are able to find the asymptotics

of such embeddings. We will begin by developing exact hyperboloidal sets and in

section 4.5 allow deviations of K[0] away from its asymptotic value by considering

arbitrary subleading contributions.

4.3.2. Ricci-flat asymptotics

Let (Σ, h[0],K[0]) be an asymptotically hyperboloidal initial data set as intro-

duced in the previous section, with (Σ, h[0]) of dimension d + 1 and normalised

such that: Rab[h[0]] = −d h[0]ab and: K[0] = h[0] in a sufficiently small neighbour-

hood of the conformal boundary of Σ. It was found in [205, 190], see also [123],

that coordinates can be found in which the most general asymptotics of this initial

Cauchy surface takes the form:

ds2
d+1 = h[0]abdx

adxb ∼ 1

z2

(
dz2 + gijdx

idxj
)
, (4.21)

8The vanishing of the shear can also be seen by finding coordinates at a given point such

that h[0] is locally the Euclidean metric. Then, since σab is real and symmetric, it can be

diagonalised at each point by an orthogonal matrix. Replacing both conditions in the trace

equation σabσ
ab = 0 implies σab = 0 locally and hence everywhere since the equation is tensorial.

9There is a technical point regarding conformal compactness. If the embedding of some

Cauchy surface is conformally compact, then it is possible to show that the surface is also

conformally compact (see e.g. section 2 of [194]). The reciprocal, however, is not necessarily

true. In the above, we have only demanded that the initial data surface be conformally compact,

whereas in the previous section we required conformal compactness of the Ricci-flat embedding.

This means that, after finding the solution to our initial value problem, we will have to verify

that the embedding is indeed conformally compact.
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4. Aspects of Ricci-flat Holography - II

with the conformal boundary ∂Σ = {z = 0} and where gij(z, x) is given asymp-

totically by the power series:

gij(z, x) = g(0)ij(x) + z2g(2)ij(x) + ...+ zdg(d)ij(x) + zd log z g̃(d)ij(x) +O(z>d) ,

(4.22)

where only even powers of z arise below the order zd. The non-normalisable mode

g(0) is an arbitrary field and each coefficient g(n<d), as well as g̃(d), is a local func-

tional of g(0). For odd values of d, or for d = 2, the logarithmic term vanishes and

for even values it is traceless and divergenceless (with respect to g(0)). The nor-

malisable mode g(d) is undetermined up to its trace and divergence, which vanish

for odd values of d and are local functionals of g(0) for even values. See [123] for

the explicit expressions of these functionals.

In order to evolve this initial data in time and generate a Ricci-flat development

we need to prescribe a lapse function and a shift vector and we do so by choosing

the geodesic normal gauge: (N = 1, Aa = 0), also called synchronous gauge, or

Gaussian normal coordinates.10 In this gauge and sufficiently close to the Cauchy

surface Σ = {t̂ = 0}, the metric tensor (4.14) of the developmentM = I×Σ takes

the form:

ds2
d+2 = −dt̂ 2 + habdx

adxb . (4.23)

Since the constraint equations are trivially satisfied by the initial data, the only

equation left to solve is the dynamical equation obtained by replacing equation

(4.11) in (4.12):

2Rab[h] + ḧab +
1

2
ḣabTr[h−1ḣ]−

(
ḣh−1ḣ

)
ab

= 0 , (4.24)

subject to the initial value conditions (4.13) and where ḣ := ∂t̂ h. The unique

solution to this initial value problem is now very simple to find. One can easily

begin by verifying that the ansatz:

ds2
d+2 = −dt̂ 2 + hab(t̂, x)dxadxb = −dt̂ 2 +

(
1 + t̂

)2
h[0]ab(x)dxadxb , (4.25)

is a solution to the dynamical equation, which is simply the well-known result

that the Lorentzian cone of an Einstein space of negative curvature is Ricci-flat.

Furthermore, since the extrinsic curvature on the surfaces of constant t̂ is given

by: Kab = 1
2∂t̂ hab, one finds that:

hab
∣∣
t̂=0

= h[0]ab , Kab

∣∣
t̂=0

= h[0]ab . (4.26)

10Recall that any metric can be written in this gauge in a sufficiently small neighbourhood of

a (non-null) hypersurface. Regarding the notation from the previous section, we will relabel our

development time t→ t̂.
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4.3. Spacetime asymptotics

The metric (4.25) is therefore a solution to this initial value problem and hence

the unique solution. By performing the transformation of coordinates: et := 1 + t̂,

our solution becomes:

ds2
d+2 = e2t

(
−dt2 + h[0]abdx

adxb
)
, (4.27)

where the Cauchy surface Σ = {t = 0}. Let us now denote by ∂H the region in

the development11 described by the conformal boundary ∂Σ under time evolution

over the interval I ∈ R (i.e. the portion of null infinity foliated by the leaves

t = constant). Above we have found that, near ∂Σ = {z = 0}, h[0] takes the form

(4.21). In this way, the development (4.27) in a neighbourhood of ∂H takes the

asymptotic form:12

ds2
d+2 =

e2t

z2

(
dz2 − z2dt2 + gijdx

idxj

)
, (4.28)

with gij(z, x) given asymptotically by the expansion (4.22). In order to verify

that the slices of constant time converge to ∂Σ, and therefore that ∂H coincides

with ∂Σ, we bring in future null infinity to finite affine parameter distances by a

suitable conformal compactification. We define coordinates (u := z et , ρ := z e−t)

such that:

ds2
d+2 =

1

ρ2

(
dρdu+ gijdx

idxj
)
, (4.29)

where:13 gij = g(0)ij +ρ u g(2)ij +O(ρ2). Since G̃µν := ρ2Gµν is at least C2 (or C1

for d = 3) and non-degenerate, then (M̃, G̃) defines a conformal compactification

with conformal boundary {ρ = 0}. The Penrose diagram near the boundary with

the spatial coordinates xi suppressed (note that g(0) = g(0)(x
i) ) is then given by

figure 4.4.

Returning to our asymptotic solution (4.28), if the Ricci-flat development is in

particular Minkowski space as in (4.4), we have the expansion:

gij = g(0)ij + z2g(2)ij + z4g(4)ij :


g(0)ijdx

idxj = 1
4dΩ2

d ,

g(2)ij = −2g(0)ij ,

g(4)ij = g(0)ij .

(4.30)

11Not strictly in the development, but in some appropriate conformal embedding.

12In other words, this is the solution we would have found had we time evolved directly the

asymptotic metric (4.21).

13For d = 3, we have instead O(ρ3/2). Recall that the logarithmic term in (4.22) vanishes for

d = 2, 3.
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4. Aspects of Ricci-flat Holography - II

Figure 4.4: Conformal embedding near future null infinity. The dashed lines represent

different surfaces of constant t, while the solid lines are surfaces of constant z. The null

surface H = {z = 0, t = −∞} is the past Cauchy horizon of the development.

More generally, in Minkowski space gij can be expanded as:14

gij(z, x) = g(0)ij + z2g(2)ij + z4g(4)ij :


g(2)ij = − 1

d−2

(
Rij [g(0)]− 1

2(d−1)g(0)ijR[g(0)]
)
,

g(4)ij = 1
4

(
g(2)g

−1
(0)g(2)

)
ij
,

(4.31)

where g(0) is any conformally flat metric. This can be easily seen by recalling that

Minkowski space R1,d+1 is the Lorentzian cone of the hyperbolic space Hd+1. It

was found in [206] that Hd+1 in Poincaré coordinates is given by:

ds2
d+1 =

1

z2

(
dz2 + gijdx

idxj
)
, (4.32)

where gij is given by the expansion (4.31) with g(0) any conformally flat met-

ric. Hence, the respective cone is Minkowski. This implies in particular that the

solution gij = δij in (4.28) is also Minkowski and the direct transformation of

coordinates is given by:

X0 :=
et

2

(
z +

1 + ~x2

z

)
, Z :=

et

2

(
z +
−1 + ~x2

z

)
, Xi :=

xi

z
et , (4.33)

14For the special case d = 2 we have that g(2) − g(0)Tr[g−1
(0)
g(2)] is the stress tensor of the

Liouville field. See [206] for further details.
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4.3. Spacetime asymptotics

such that:

ds2
d+2 =

e2t

z2

(
dz2 − z2dt2 + dxidxi

)
(4.34)

= −dX2
0 + dZ2 + dXidXi .

It is not difficult to show that the Penrose diagram for (4.34) corresponds to that

of region II in figure 4.2 with the surfaces t = constant and z = constant still

as in this diagram. Although the spacetimes (4.4) and (4.34) are both Minkowski

and therefore diffeomorphic, we will find in the next section that they do not

yield the same expectation values for the holographic stress tensors. These are

computed from the (renormalized) gravitational action and vanish for the latter

solution with future null infinity R×Rd, whereas are non-vanishing for the former

with null infinity R × Sd in the same fashion as in AdS holography [123]. This

is associated to the fact that the holographic renormalization scheme that we will

employ later breaks invariance of the gravitational action with respect to bulk

diffeomorphisms15 that result in a conformal transformation at ∂H and therefore

spacetimes related by such transformations, such as (4.4) and (4.34), will not nec-

essarily result in the same renormalized expectation values as pointed out in [123].

The asymptotics (4.28) for our class of Ricci-flat spacetimes is the Lorentzian

cone of (Σ, h[0]) near ∂Σ and represents the desired generalisation of region II of

Minkowski space discussed in section 4.2.2 near null infinity. In section 4.2.3 we

have emphasized that region I of Minkowski can be obtained from region II by the

analytic continuation: (z → iz , t→ t− iπ/2). By applying the same continuation

to our solution (4.28), we obtain the Riemannian cone of an Einstein space of

positive curvature and which represents our generalisation of region I near null

infinity:

ds2
d+2 =

e2t

z2

(
− dz2 + z2dt2 + gijdx

idxj
)
, (4.35)

with gij(z, x) given asymptotically by the expansion (4.22) under the substitu-

tions:16

g(4n+2)ij → −g(4n+2)ij : n ∈ N0 . (4.36)

15The bulk diffeomorphisms that preserve the asymptotic functional form (4.28) of the metric

contain a subgroup that generates conformal transformations at ∂H. The proof of this fact is

sketched in section 6 of [188], where our solution represents a particular case of the asymptotic

metric analysed in this reference. A conformal transformation at ∂H is therefore realised in the

bulk as an asymptotic “isometry”. See [174] about the relation between bulk diffeomorphisms

and conformal transformations at the boundary in the context of AdS/CFT.

16Recall that the normalisable mode g(d) is undetermined up to its trace and divergence and

these vanish for odd values of d. In this way, g(d) does not suffer any transformation for d odd.
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4. Aspects of Ricci-flat Holography - II

An interesting example of such Ricci-flat spacetimes is the 5-dimensional Rieman-

nian cone of de Sitter-Schwarzschild:

ds2 = dt̂ 2 +
(
t̂/`
)2(−(1− r2

`2
− 2M

r

)
dτ2 +

dr2

1− r2

`2 −
2M
r

+ r2dΩ2

)
. (4.37)

This solution contains two curvature singularities: a spacelike singularity at r = 0

hidden behind a Killing horizon (for M ≤ `/3
√

3) of topology R3, and a null and

therefore trivially naked singularity at t̂ = 0. In the coordinate system (4.35), this

solution reads as:17

ds2 =
e2t

z2

−dz2 + z2dt2 +

(
1− 1

2

M

`

(
z

ρ

)3
)4/3


1 + 1

2
M
`

(
z
ρ

)3

1− 1
2
M
`

(
z
ρ

)3


2

dρ2 + ρ2dΩ2


 .

(4.38)

In this case, gij admits the expansion:

gij = g(0)ij − z2g(2)ij + z3g(3)ij +O(z6) :


g(0)ijdx

idxj = dρ2 + ρ2dΩ2
d ,

g(2)ij = 0 ,

g(3)ijdx
idxj = 4

3
M
` ρ
−3
(
dρ2 − 1

2 ρ
2dΩ2

)
.

(4.39)

In section 4.4.3 we will use the above expansions of gij for Minkowski and the cone

of dS4–Schwarzschild as an exercise to compute the holographic stress tensors of

the respective dual theories.

So far we have found a coordinate system in which the most general asymptotics

of our class of asymptotically Ricci-flat spacetimes assumes the form (4.28). It is

now simple to see that our solution is diffeomorphic to the ambient metric of

Fefferman and Graham [190] by recalling that the ambient construction represents

the Lorentzian cone of an Einstein Riemannian manifold in coordinates adapted

to the study of the past Cauchy horizon [203]. Indeed, by introducing coordinates(
r := z2, v := z−1et

)
, our solution assumes the form:

ds2
d+2 = −rdv2 − vdvdr + v2gijdx

idxj , (4.40)

which represents the ambient metric with gij(r, x) expanded as in (4.22) with

z =
√
r. For v finite, this represents an expansion away from the Cauchy horizon

17The transformation of coordinates is given by: et = t̂ , −` log(z/`) = τ −∫
dr

A(r)

A(r)2−1
, ` log(ρ/`) = −t− 2

3
` log 2 +

∫
dr

A(r)3

A(r)2−1
, where: A(r)−2 = r2/`2 + 2M/r. Notice

in particular that: r/` = B
2/3
− ρ/z and also that: r2/`2 + 2M/r = B

4/3
− (B+/B−)2ρ2/z2, where:

B± = 1± 1
2

(M/`) z3/ρ3. The curvature singularities are now given by: etB− = 0.
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4.3. Spacetime asymptotics

H = {z = 0, t = −∞} = {r = 0, v 6= ∞}, whereas for v = ∞ it is an expansion

away from ∂H = {z = 0, t 6= ∞} = {r = 0, v = +∞}. The coordinate system

(4.40) is therefore well-adapted to the study of the former region, but unsuited to

the study of the latter and the other way around with respect to (4.28). Since we

are rather interested in the spacetime asymptotics, a correct choice of coordinates

in our case is given by our original solution (4.28).18 As a matter of fact, rather

than relying on a particular time coordinate, any coordinate system of the form:

ds2
d+2 = −N(t)2dt2+

β(t)2

z2

(
dz2 + gijdx

idxj
)

: β(t) :=

∫
dtN(t) , ∀N(t) 6= 0 ,

(4.41)

with N(t) smooth, is suited to the study of the spacetime asymptotics and is

related to our previous coordinates by: et →
∫
dtN(t). We will find more useful to

keep in this way the lapse function N(t) arbitrary. In particular, we can now notice

that the scalar field β(t), which will play a central role in the remainder of this

chapter, is a gauge invariant quantity, the coordinate invariant part of the lapse,

and measures propertime distances along the so-called Eulerian worldlines, the

timelike curves with tangent vector the future-directed unit normal n = −Ndt =

N−1∂t to the constant time slices.19 Indeed, the line element for such curves

reduces to:

ds2
d+2

∣∣∣
z,xi= const.

= −dβ(t)2 +
β(t)2

z2

(
dz2 + gijdx

idxj
) ∣∣∣
z,xi= const.

= −dβ(t)2 .

(4.42)

For later use in the holographic renormalization of the action, it is also useful to

rewrite such relation in the form:

1 = β̇/N = nµ∂µβ = −∂µβ ∂µβ . (4.43)

These Eulerian observers can in turn be defined as those for whom our constant

time hypersurfaces represent locally the set of events that are simultaneous.20 In

our case, such Eulerian worldlines are in fact geodesics with affine parameter β.

Indeed, the acceleration of such worldlines is given by [196]:

aµ = n · ∇nµ = hµν∂ν logN(t) = 0 , (4.44)

18Furthermore, notice that the metric (4.28), or (4.40), represents the most general spacetime

asymptotics near the boundary ∂H of H, but not necessarily the most general Ricci-flat metric

near the entire H unless we restrict further our class of spacetimes to those in which the metric in

a neighbourhood of H is identically equal to its asymptotic form. Such spacetimes are defined by

the ambient metric defining conditions 1)–3) in section 2 of [190] (see also the conditions a)–d)

in Problem 5.1 of this reference).

19For the interpretation of β as a thermodynamic variable, see [207, 208] and references therein.

20See also section 3.3 of [196] for further details.
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4. Aspects of Ricci-flat Holography - II

where hµν = Gµν + nµnν is the induced metric of the surfaces of constant t and

hence its contraction with the gradient of the lapse vanishes since the latter is

a pure function of the time coordinate. In the case of Minkowski space, such

geodesics coincide with those found in (4.6) defining inertial particles in flat space.

The scalar β(t) therefore measures the invariant distance between points on dif-

ferent time slices connected by geodesics orthogonal to the slices.

4.4. Holographic reconstruction of spacetime

4.4.1. Outline

In the previous section we obtained our spacetime asymptotics in the form

(4.41) with the expansion (4.22). In other words, after fixing the gauge freedom as-

sociated to a choice of coordinates, we found asymptotically the time evolution of

our class of metrics. By construction, our bulk solution is foliated by conformally

compact, asymptotically Einstein hypersurfaces of negative scalar curvature with

a conformal boundary at ∂H. Each such surface admits a dual description in terms

of a d–dimensional Euclidean conformal field theory at ∂H and we would like to

identify in this family of field theories the data necessary to the reconstruction of

the bulk metric (4.41). In the previous section we found that, after choosing our

time coordinate represented by a choice of N(t), our spacetime asymptotics in the

neighbourhood of the initial Cauchy surface is determined by the conformal struc-

ture of ∂H (the conformal class [g(0)]) up to order zd, excluding. Moreover, we

found that it is possible to move past such order and reconstruct the bulk metric

near the surface up to very high order21 from the knowledge of the normalizable

mode g(d). On each time slice, this mode is associated to the holographic energy

tensor of the respective dual field theory on the conformal boundary [123]. As we

now briefly review for convenience, this result follows from the standard AdS/CFT

prescription (1.106), which identifies the supergravity partition function in asymp-

totically locally (Euclidean) AdS spaces with the generating functional of QFT

correlation functions. The former is a functional of the boundary configurations

φ(0) of bulk fields and these are identified as sources for gauge-invariant operators

O in the dual field theory. For a weakly coupled gravitational theory, one can

work in a saddle-point approximation and take the gravitational on-shell action as

21The obstacle to the reconstruction up to all orders is associated to the Fefferman-Graham

coordinates (4.21) on the surface. Once we have gauge-fixed our coordinate system on the surface,

the gauge-fixing condition is valid only in a thickening near the boundary of the surface. This

issue is analogous to the Gribov ambiguity in gauge theories and the absence of global gauge

conditions, where gauge choices only hold in a neighbourhood of a gauge orbit.
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4.4. Holographic reconstruction of spacetime

the generating functional W of connected QFT correlation functions:

W [φ(0)] = log 〈exp

(
−
∫
∂H

φ(0)O
)
〉QFT = log ZSUGRA[φ(0)] ∼ −Sonshell[φ(0)] ,

(4.45)

where S is the gravitational action in an asymptotically (E)AdS space and ∂H
its conformal boundary. One can then obtain in particular the expectation value

and correlation functions of the QFT energy tensor by functionally differentiat-

ing Sonshell with respect to the induced metric at ∂H representing the boundary

configuration of the asymptotically AdS metric tensor. From the Hamilton-Jacobi

theory, it follows that the on-shell action is a Hamilton principal functional and

therefore that its first variation with respect to the induced metric results in the

canonical momentum of the boundary, also known as the Brown-York quasi-local

energy tensor [179]. This tensor, however, in its bare form is ill-defined since

both sides of (4.45) suffer from divergences. One then proceeds by introducing

a regulating boundary in the asymptotically AdS space and renormalizing the

gravitational action with a set of covariant counterterms [123]. Finally, since the

conformal boundary is a region of the conformal embedding, one computes the

Brown-York tensor of the regulating surface in the embedding from the renor-

malized action and in the end removes the regulator by taking the limit as the

surface tends to the boundary. The renormalized Brown-York tensor obtained in

this way corresponds by construction to the vacuum expectation value of the dual

field theory energy tensor as computed at strong coupling from the renormalized

generating functional W ren of the QFT. An explicit computation then shows that

such one-point function indeed coincides exactly with the normalizable mode g(d)

for odd d and is equal to g(d) plus local functionals of the source g(0) for even

values of d. See [123] for further details.

The data necessary to the reconstruction of the bulk metric therefore consists of

the modes g(0) (or any representative of the conformal structure [g(0)] at ∂H) and

g(d). While the former should be identified as the source for each conformal field

theory stress tensor, the latter should be mapped to the expectation values of the

stress tensors and in this section we will consider replacing the action on the right

hand side of (4.45) by the gravitational action for our class of Ricci-flat spacetimes

in an attempt to confirm these entries in the holographic dictionary. By following

the steps just outlined above, we will show that it is possible to reproduce the

expectation values and Ward identities of the stress tensors of the field theories that

reside at ∂H and to identify in this family the data necessary to the reconstruction

of our spacetime asymptotics. Such results seem to support a non-trivial extension

of the prescription (4.45) to Ricci-flat embeddings of asymptotically hyperbolic

manifolds. We will begin with the holographic renormalization of the gravitational

on-shell action and then deduce the renormalized Brown-York tensor at ∂H which
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4. Aspects of Ricci-flat Holography - II

should correspond, for each fixed value of t, to the expectation value of the stress

tensor of each field theory.

4.4.2. Renormalization

In order to renormalize the gravitational action, we begin by considering our

spacetime as the region bounded by a (regulating) timelike hypersurface {z = ε}.
Such regulating boundary corresponds to one of the surfaces of constant z in figure

4.4 and in the end we will take the limit ε → 0. In our coordinate system (4.41),

we approach ∂H under such limit for finite, non-zero values of β(t) (recall that

(=+,H) = {z = (0, 0) , β(t) = (+∞, 0)} and β(t) ∈ ]0,+∞[ ). The gravitational

action is then given by:

2κ2
d+2 S =

∫
M
dd+2x

√
GR[G] + 2

∫
z=ε

dd+1x
√
q QAA , (4.46)

where: 2κ2
d+2 = 16πGN and where qAB and QAB are the induced metric and

the extrinsic curvature on the regulating boundary with coordinates xA = (t, xi).

Given a spacetime with a timelike boundary {z = ε}, the Brown-York tensor, or

the canonical momentum of the boundary, is obtained from the action as follows.

One begins with a canonical decomposition of the spacetime metric Gµν :

ds2
d+2 = Gµνdx

µdxν = M2dz2 + qAB
(
dxA + UAdz

) (
dxB + UBdz

)
. (4.47)

In our particular case we would have: M = β(t)/z and UA = 0. The extrinsic

curvature QAB = (2M)−1 (∂z −£U ) qAB and its extension to the spacetime is

given in the same fashion as in (4.15). One then proceeds by rewriting the action

in the canonical form using the Gauss-Codazzi identities (see e.g. [195]):

2κ2
d+2 S =

∫
M
dd+2xM

√
q

(
R[q] +Q2 −Q ·Q− 2∇µ (mµQ− aµ)

)
+ 2

∫
z=ε

dd+1x
√
q Q

=

∫
M
dd+2xM

√
q

(
R[q] +Q2 −Q ·Q

)
= 2κ2

d+2

∫
dz L[q, q′,M,U ] ,

(4.48)

where the acceleration vector aµ = m · ∇mµ and where m = Mdz is the unit

normal to the surfaces of constant z. Note that aµmµ = 0. Also, q′ := ∂zq and

L is the canonical Lagrangian. We emphasize that it is the on-shell action in the

canonical form that is a Hamilton principal functional and therefore a functional

of the boundary configuration of the spacetime metric. Furthermore:

δGµν =
(

2mµmν/M
)
δM +

(
2m(µqν)A/M

)
δUA +

(
qAµ q

B
ν

)
δqAB , (4.49)
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and hence the action S = S[G] is a functional of the canonical fields M,UA and

qAB . The variation of S is then given by:

δS =

∫
dz

∫
dd+1x

(
δL

δqAB
δqAB +

δL

δq′AB
δq′AB + ...

)

=

∫
dz

∫
dd+1x

(
δL

δqAB
− d

dz

δL

δq′AB

)
δqAB + ...+

∫
z=ε

dd+1x
δL

δq′AB
δqAB ,

(4.50)

where the ellipses denote the variation of the Lagrangian with respect to the lapse

and shift M and UA which are Lagrange multipliers in the canonical formalism.

Since δL/δq′AB(z = ε) is by definition the canonical momentum πAB of the regu-

lating boundary that is conjugate to qAB , and since the remaining terms in (4.50)

represent the equations of motion and the Hamiltonian and diffeomorphism con-

straints, we find:

δS
∣∣∣
on−shell

=

∫
z=ε

dd+1xπABδqAB . (4.51)

A quick computation using (4.48) shows that πAB = −√q
(
QAB − qABQ

)
/2κ2

d+2

and hence:
2κ2

d+2√
q

δSonshell

δqAB(z = ε)
= QAB − qABQ , (4.52)

which represents the Brown-York tensor of the regulating boundary. An explicit

computation of this tensor using our solution (4.41) reveals that it diverges under

the limit ε→ 0 and therefore we need to renormalize the action (4.48).22 In order

to do so, we use our solution (4.41) and the asymptotic series (4.22) and begin by

evaluating the integral on-shell23 and reading the terms that diverge as ε→ 0. We

find that the divergent terms are of the form:∫
z=ε

dd+1x

(
d∑

n>0

An ε
−n +A log ε

)
, (4.53)

22It should be emphasized that it is the canonical action (4.48), as opposed to (4.46), that is

renormalized, since it is the former that is the functional of the boundary configuration of the

metric. If the lapse M = M(z), then the acceleration aµ is identically zero and therefore both

forms of the action exhibit the same divergences as evaluated by an examination of the asymptotic

form of the integrands. In such case, it is irrelevant which of the two actions is renormalized.

Indeed, the gauge choice M = M(z) is the standard gauge in conventional AdS/CFT and hence

one can renormalize directly the gravitational action without any canonical decomposition. For a

different gauge choice, a canonical decomposition of the action is required (or then, the addition

of a total derivative −2∇µaµ to the undecomposed action). In the language of AdS/CFT, the

UV divergences of the QFT partition function are mapped to the IR divergences of the on-shell

gravitational action in the canonical form. In our case, from the spacetime asymptotics (4.41)

we find that M = M(z, t) and hence aµ = −qµν∂ν logM = nµ/β 6= 0. See also [121, 139].

23The integration limits in the z-integral are as follows:
∫ ε
z0
dz, for some constant z0 > ε.
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where the coefficients An and A are local functionals of g(0)ij and β. We then

invert the expansion (4.22) in order to express g(0)ij order by order in ε in terms

of gij and therefore covariantly in terms of γij := β(t)2/ε2gij , where γ is the

induced metric on the surfaces {z = ε , t = constant}, and replace the inverted

expansion g(0) = g(0)[γ, ε, β] in the functionals An and A. The next step is to

introduce the projector γAB := qAB + nAnB onto the surfaces of constant time

with unit normal nA and use the standard identities from the theory of embedded

hypersurfaces to extend the scalar functionals of γij to scalar functionals of γAB
on the submanifold {z = ε}. The divergent terms written in this way can then be

minimally subtracted from the action by introducing a preliminary counterterm

integral at z = ε consisting of minus such divergent terms. These counterterms

are given by:

2κ2
d+2 S

pre−CT =

∫
z=ε

dd+1x
√
q

(
2(d− 1)β−1 +

β

d− 2
RAA[γ]

+
β3

(d− 4)(d− 2)2

(
RAB [γ]RAB [γ]− d

4(d− 1)

(
RAA[γ]

)2)
+ ...+ βd−1A(d) log ε

)

=

∫
z=ε

dd+1x
√
q

( [d/2−1]∑
n=0

Cn β
2n−1 + βd−1A(d) log ε

)
, (4.54)

where we have written explicitly the counterterms Cn up to d = 6. The notation

[d/2− 1] represents the integer value of d/2− 1 rounded up. The coefficient A(d)

will be proportional to the conformal anomalies of the field theories, it vanishes

for odd d and for even d up to d = 4 is given by:

A(2) = −RAA[γ] , A(4) = −1

8

(
RAB [γ]RAB [γ]− 1

3

(
RAA[γ]

)2)
. (4.55)

Notice that, on the surfaces of constant t, these preliminary counterterms agree

with those found in [123] in the context of AdS/CFT. Furthermore, and as in

AdS holographic renormalization, these counterterms break invariance of the ac-

tion with respect to diffeomorphisms involving the radial coordinate z due to the

explicit dependence on the regulator ε and this will be associated as usual to the

conformal anomalies of the field theories.

Due to the dependence of Spre−CT on β(t), this counterterm action is not yet

fully covariant. We can then covariantise it by introducing a boundary Lagrange

multiplier λ for β. The simplest choice is to use the identity (4.43) and add to

(4.54) the Lagrange multiplier:24

2κ2
d+2 S

λ =

∫
z=ε

dd+1x
√
q λ
(
1 + qAB∂Aβ∂Bβ

)
. (4.56)

24The action (4.56) for β is identical to the action for a pressureless perfect fluid, or dust, at

the boundary, where λ is proportional to the fluid’s rest mass density and β plays the role of
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4.4. Holographic reconstruction of spacetime

We then treat β as a dynamical field at the boundary with respect to which the

variation of the renormalized action Sren := S + Spre−CT + Sλ should vanish.

Such variation then results in the configuration for λ:

δSren

δλ
= 0 ⇔ qAB∂Aβ∂Bβ = −1 , (4.57)

δSren

δβ
= 0 ⇔ ∂A

(√
q λ ∂Aβ

)
=

1

2

√
q

[d/2−1]∑
n=0

(2n− 1)Cn β
2(n−1)

+ (d− 1)βd−2A(d) log ε

)
. (4.58)

By using our solution (4.41), now written as:

ds2
d+2 = −N(t)2dt2 +

β̄(t)2

z2

(
dz2 + gijdx

idxj
)

: β̄(t) :=

∫
dtN(t) , (4.59)

and looking for solutions β = β(t), we obtain:

β = β̄(t) , (4.60)

2λ = −
[d/2−1]∑
n=0

2n− 1

d− 1
Cn β̄(t)2n−1 − β̄(t)d−1A(d) log ε , (4.61)

where we have set the integration constants to zero. The final renormalized action

is therefore given by:

2κ2
d+2 S

ren =

∫
M

dd+2xM
√
q

(
R[q] +Q2 −Q ·Q

)

+

∫
z=ε

dd+1x
√
q

( [d/2−1]∑
n=0

Cn β
2n−1 + βd−1A(d) log ε

)

+

∫
z=ε

dd+1x
√
q λ
(
1 + |∂β|2

)
. (4.62)

the fluid’s propertime [125]. This feature simply follows from the fact that the set of Eulerian

worldlines described at the end of section 4.3.2 for which β is the propertime behaves as a

congruence of dust particles. Equation (4.58) is a continuity equation for the rest mass current

and, in the absence of the counterterm action (4.54), it expresses the conservation of the total

mass.
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The on-shell value of δSren is then given by:

2κ2
d+2 δS

ren
∣∣∣
on−shell

=

∫
z=ε

dd+1x
√
q
(
QAB − qABQ

)
δqAB

− 1

2

∫
z=ε

dd+1x
√
q

( [d/2−1]∑
n=0

Cn β̄
2n−1 + β̄d−1A(d) log ε

)
qAB δq

AB

+

∫
z=ε

dd+1x
√
q

( [d/2−1]∑
n=0

β̄2n−1 ∂Cn
∂qAB

+ β̄d−1 log ε
∂A(d)

∂qAB

)
δqAB

+

∫
z=ε

dd+1x
√
q λ
(
∂Aβ̄∂Bβ̄

)
δqAB . (4.63)

Using equation (4.61) for λ and the identity: ∂Aβ̄ = −nA , the last integral in

(4.63) is given by:

∫
z=ε

dd+1x
√
q λ
(
∂Aβ̄∂Bβ̄

)
δqAB = −1

2

∫
z=ε

dd+1x
√
q

(
[d/2−1]∑
n=0

2n− 1

d− 1
Cn β̄

2n−1

+ β̄d−1A(d) log ε

)
nAnB δq

AB .

(4.64)

In this way, the renormalized Brown-York tensor is given by (we drop the bar

notation over β from now on):

2κ2
d+2√
q

δSrenonshell

δqAB(z = ε)
= QAB − qABQ+

[d/2−1]∑
n=0

β2n−1

(
∂Cn
∂qAB

− 1

2
Cn

(
qAB +

2n− 1

d− 1
nAnB

))

+ βd−1

(
∂A(d)

∂qAB
− 1

2
A(d)γAB

)
log ε . (4.65)

As an exercise, for d+ 2 = 4 we obtain:

2κ2
4√
q

δSrenonshell

δqAB(z = ε)
= QAB − qABQ− 2β−1qAB + β−1γAB , (4.66)

where the term (RAB [γ]− 1
2γABR[γ]) log ε vanishes identically for d = 2.
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4.4.3. Holographic stress tensors

Following [179], we now decompose the Brown-York tensor into the spatial stress

tensor sij and the momentum and energy densities ji and ε:

sij :=
2

N
√
γ

δSrenonshell

δγij
= γAi γ

B
j

(
2
√
q

δSrenonshell

δqAB

)
, (4.67)

ji :=
1
√
γ

δSrenonshell

δV i
= γAi n

B

(
2
√
q

δSrenonshell

δqAB

)
, (4.68)

ε := − 1
√
γ

δSrenonshell

δN
= −nAnB

(
2
√
q

δSrenonshell

δqAB

)
, (4.69)

where: qABdx
AdxB = −N2dt2 + γij

(
dxi + V idt

) (
dxj + V jdt

)
and:

√
q = N

√
γ.

For our spacetime solution, the non-trivial components are the spatial stress and

energy density; the contraction of the Brown-York tensor (4.65) with γAi n
B van-

ishes identically, resulting in a vanishing momentum ji.

The expectation value of the stress tensor of each field theory is now obtained

by computing the spatial components sij of the renormalized Brown-York tensor

in the conformal embedding and taking the limit as the regulating surface {z = ε}
tends to the boundary {z = 0}. Recall from (4.29) that our defining function

ρ = z/β. By factorising the latter, our spacetime solution reads as:

ds2
d+2 =

β(t)2

z2

(
dz2 − z2N2

(0)dt
2 + (g(0)ij +O(z2) ) dxidxj

)
, (4.70)

with N(0) := N(t)/β(t). The metric G̃ of the conformal embedding is given by

G̃µν = (z/β)2Gµν and the expectation value of the operator dual to g(0) is therefore

obtained as:25

〈Tij〉 =
2

N(0)
√
g(0)

δSrenonshell

δgij(0)

= lim
ε→0

(
β (β/ε)

d−2
sij

)
. (4.71)

From the perspective of the standard AdS/CFT dictionary, we cannot interpret

N(0) in the usual sense as a source term for some dual operator in each field theory

(note that N(0) cannot be switched off). We cannot interpret it as a source for the

time-component of the energy tensor at z = 0 either, due to the different asymp-

totic behaviours of the spatial and time components of the metric. Nevertheless,

we can still define the renormalized quantity:

E := − 1
√
g(0)

δSrenonshell

δN(0)
= lim

ε→0

(
β (β/ε)

d
ε
)
. (4.72)

25Here and in equation (4.72) we have performed the intermedium step: δS/δq̃AB =

(z/β)2δS/δqAB , where: q̃AB := (z/β)2qAB , and performed the decomposition of δ/δq̃AB in

the same way as in (4.67)–(4.69).
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An explicit computation of 〈Tij〉 and E using our spacetime solution results in the

following expectation values:26

〈Tij〉 =
d β(t)d

2κ2
d+2

(
g(d)ij +Xij [g(0)]

)
, (4.73)

E =
1

d− 1
〈T ii 〉 , (4.74)

where Xij is a functional of g(0), it vanishes for odd values of d and its explicit

expression for even values depends on d. Also, the trace of 〈Tij〉 is taken with

respect to g(0). Equation (4.73) represents the expectation value of the spatial

stress tensor of each field theory described holographically by a hypersurface of

constant t and it coincides with the holographic stress tensor found in [123] in the

context of AdS/CFT. Equation (4.74) identifies E with the Weyl anomaly of each

field theory.27 The holographic Ward identities for the field theories are given by:

(0)∇j 〈T ji〉 = 0 ∀d, (4.76)

〈T ii 〉 = 0 : d = 2n+ 1 , n ∈ N , (4.77)

where (0)∇j is the covariant derivative associated to g(0). For even values of d, the

trace of the stress tensor depends on d. For d = 2, we find:28

〈Tij〉 =
β(t)2

κ2
4

(
g(2)ij − g(0)ijTr[g−1

(0)g(2)]
)
. (4.78)

The holographic Weyl anomaly in this case is given by:

〈T ii 〉 =
β(t)2

2κ2
4

R[g(0)] =
c

24π
R[g(0)] , (4.79)

26Notice that the term QAB as well as: ∂Cn/∂qAB and: (∂A(d)/∂q
AB − 1

2
A(d)γAB) log ε in

(4.65) are purely spatial and therefore vanish when contracted with nA. The expression for E
follows from an explicit computation of (4.72) for each value of d and has been verified up to

d = 6.

27As an observation, by using the definitions (4.71) and (4.72), equation (4.74) can be rewritten

as: −2 gij
(0)

δ

δgij
(0)

+ (1− d)N(0)
δ

δN(0)

Srenonshell = 0, (4.75)

and which represents the holographic Callan-Symanzik equation for a anomaly-free CFT de-

formed by a source N(0) for a relevant scalar operator of dimension one. The Weyl anomaly of

each field theory can therefore also be seen as that created by a non-vanishing vacuum expecta-

tion value of such an operator. Notice that, in such case and by using (4.76), the diffeomorphism

Ward identity would also be satisfied since ∂iN(0) = 0 when on-shell.

28If d+ 2 = 4, then our (asymptotic) solution (4.41) represents the Lorentzian cone of a three-

dimensional Einstein Riemannian manifold of negative scalar curvature. The latter is therefore

the hyperbolic 3-space, up to possible global identifications, and hence (4.41) is diffeomorphic to

Minkowski spacetime.

220



4.4. Holographic reconstruction of spacetime

where the central charge of each 2-dimensional CFT is related to β(t) as:

β(t) = `′P

√
c

6
: `′P := 2

√
~GN
c30

, (4.80)

where we have reinserted29 the factors of ~ and c0 and defined `′P as twice the

usual convention for the Planck length in four bulk dimensions. As an exercise,

for four dimensional Minkowski space (4.4) in the cone coordinate (also known as

Milne’s space):

ds2 = −dt2 + t2

(
dz2

z2
+

1

z2

(
1− z2

2

)2

dΩ2

)
, (4.81)

we obtain:

〈Tij〉 =
t2

2κ2
4

(
4g(0)ij

)
, (4.82)

c/6 = (t/`′P )
2
, (4.83)

with 4g(0)ijdx
idxj = dΩ2 the metric on the S2.

Equation (4.80) associates the spectrum of central charges to the bulk time co-

ordinate essentially in a gauge-invariant way, i.e. it does not depend on a particular

choice of time coordinate due to the invariant meaning of β(t), and it requires,

either a notion of locality in the spectrum, or a discretisation of time distances

in units of the Planck length. More generally, in even dimensions, the time coor-

dinate is mapped to the coefficients, or central charges, of the Euler density and

Weyl invariant in the conformal anomalies, also known as type A and B anomalies

[209].30 In AdS/CFT, the renormalization group equations are local in the energy

scale and this property is consistent with the notion of (coarse) locality in the bulk

radial direction, hence we obtain a precise matching on both sides of the duality.

In our case, on the other hand, the interrelationship between the different field

theories in the family, and in particular between their central charges, is not clear.

Consistency of our framework therefore requires a notion of locality in the spec-

trum so that locality in the time direction is recovered. In order to understand

more comprehensively the correlation between the field theories required by the

duality, as well as the role of the time coordinate in the family, it seems necessary

to study the full group of diffeomorphisms in the bulk that preserves the form of

the metric (4.41). Such diffeomorphisms contain a subgroup involving the time

29Recall that ~ arises from the partition function (4.45).
30Recall that, holographically and in the absence of higher curvature corrections, these coeffi-

cients are related, see e.g. [124, 175]
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coordinate [188] which should act at ∂H as a particular type of transformation be-

tween the different field theories. By construction, this family should be invariant

under such transformations and an identification of such symmetry group should

allow a better understanding of the way the field theories are connected.

In section 4.3.2 we performed the analytic continuation of our spacetime asymp-

totics to the Riemannian cone (4.35) representing (asymptotically) our generali-

sation of region I of Minkowski space. The regulating boundary {z = ε} for these

spacetimes is now spacelike and it can be verified that, under such continuation,

the renormalized action is given by (4.62) under the substitution Q → iQ and

with the counterterm action multiplied by −1.31 In this case, the renormalized

Brown-York tensor is then given by the right-hand side of (4.65) multiplied by

−1. This implies that the expectation value of the spatial stress tensors is still

given by formula (4.73) for d = 4n + 2 : n ∈ N0, and given by (4.73) multiplied

by minus one otherwise. As an exercise, for d = 3, we have:

〈Tij〉 = −3β(t)3

2κ2
5

g(3)ij : 〈T ii 〉 = 0 = (0)∇j 〈T ji〉 . (4.84)

For the cone (4.38) of dS4–Schwarzschild, we find:

〈Tij〉dxidxj =
M

`

(et/ρ)
3

κ2
5

(
−2dρ2 + ρ2dΩ2

)
. (4.85)

Before ending this section and as an exercise, we can consider a simple example

of a family of two-dimensional CFTs with a continuous parametrisation of the

central charge and which we will take to be a family of Liouville field theories.

Classical Liouville theory is the theory of two-dimensional conformal manifolds,

or Riemann surfaces. Suppose we have a two-dimensional Riemannian manifold

with metric:

ds2 = g̃ijdx
idxj := e2bφg(0)ijdx

idxj , (4.86)

where g̃ is a representative of the conformal structure [g̃] of some Riemann surface,

b is a dimensionless constant and g(0) is an arbitrary “background” metric. The

field φ(x) is known as the Liouville field. The scalar curvature of g̃ and g(0) are

then related as: R[g̃] = e−2bφ
(
R[g(0)]− 2b�φ

)
, where � is the Laplacian with

respect to g(0). Since the Riemann surface is endowed with a conformal structure,

we can take the representative g̃ to be a metric of constant curvature and write:

R[g̃] = −8πµb2 : µ > 0. In this way, we find: �φ = 4πµbe2bφ + (2b)−1R[g(0)].

31Recall also the transformation (4.36) for the coefficients in the expansion of gij .
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The action for this theory is the classical Liouville action [210, 211]:

S =
1

4π

∫
d2x
√
g(0)

(
gij(0)∂iφ∂jφ+ 4πµe2bφ +QR[g(0)]φ

)
, (4.87)

where the so-called background charge Q = b−1. The continuous parameter b is

either real of purely imaginary, corresponding respectively to a metric g̃ of negative

or positive curvature.32 Since we are only interested in the conformal structure

[g̃], we require that φ transforms as: φ → φ − (Q/2) log Ω under the conformal

transformation: g(0) → Ω g(0), such that g̃ → g̃. The equation of motion for

φ is therefore invariant under the combined transformations, which implies that

the action is also invariant up to boundary terms, as long as Q = b−1. Since

every two-dimensional metric is conformally flat, we can now set g(0) = 1 (which

just corresponds to a redefinition of φ in (4.86)) and then change to complex

coordinates:
(
z = x1 + ix2 , z̄ = x1 − ix2

)
such that:

ds2 = e2bφdzdz̄ . (4.88)

In the gauge (4.88), the non-vanishing components of the holomorphic Liouville

energy tensor (obtained from δS/δg(0)) are given by:

T (z) = − (∂φ)
2

+Q∂2φ , (4.89)

T̄ (z̄) = −
(
∂̄φ
)2

+Q∂̄2φ , (4.90)

where we have used the equation of motion for φ. Under the holomorphic trans-

formation: z → ω(z) , φ → φ − (Q/2) log |∂ω|2, the energy tensor transforms

as:

T (z)→ (∂ω)
−2

(
T (z)− Q2

2

(
∂3ω

∂ω
− 3

2

(
∂2ω

∂ω

)2
))

. (4.91)

A comparison with the standard transformation law for T (z) under a holomorphic

conformal transformation yields the “classical” central charge:

c = 6Q2 . (4.92)

This result can also be obtained by considering Liouville’s theory on a cylinder

and verifying that the Fourier components of the energy tensor satisfy the Vira-

soro Poisson bracket algebra with the above central charge (see e.g. [212] with a

slightly different notation). From the transformation law for the Liouville field, it

follows that the fields e2αφ are primary with “classical” dimension ∆ = αQ, for

some constant α. When the Liouville theory is quantised, the background charge

Q receives corrections, as well as the central charge and the dimensions ∆. After

32In the latter case, the Liouville field is redefined as φ→ −iφ, resulting in a negative sign in

the kinetic term in the action.
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normal ordering the (off-shell) energy tensor, its Fourier components only satisfy

the Virasoro commutator algebra (with the canonical commutation relations im-

posed on the Liouville field and momentum, see [213]) if Q = b−1+b. The Virasoro

algebra then yields the central charge:

c = 6Q2 + 1 . (4.93)

The classical limit corresponds to b → 0. Finally, by considering the OPE of the

operators e2αφ with the energy tensor, it follows that these are primary, now with

dimension:

∆ = αQ− α2 . (4.94)

In conventional AdS/CFT, a Liouville theory at the conformal boundary can be

realised holographically by an asymptotically hyperbolic 3-space with a scalar field

of mass m2 = α(Q − α) (α(Q− α)− 2) for each dynamical operator e2αφ. Moti-

vated by our results, we also expect that, by switching on some scalar field in our

spacetime in four dimensions, we are able to capture holographically the dynamics

of scalar operators in a family of two-dimensional CFTs at ∂H. In [188] it was

brought to the attention that, in general, each (non-backreacting) scalar field in

the bulk decomposes into an infinite set of massive scalars on each surface of con-

stant time. This feature poses several problems to the holographic computation of

correlators of scalar operators, in particular because we know that each massive

scalar on a constant time slice is dual to a single scalar operator of definite scaling

dimension in the dual field theory. Since we do not have a definite mass (or a

unique scalar field) on a slice of constant time associated to a scalar field on the

spacetime, we lose the correspondence between a bulk field and a single operator

per field theory just as we had between the spacetime metric and the stress tensors.

It seems possible, however, to bypass this issue and reproduce the correlators of

one operator per field theory by setting up an initial value problem for the bulk

scalar in a manner similar to the approach that we followed in the case of the

spacetime metric. In this way, we restrict the solutions of the bulk wave equation

to a subclass that suffices to capture the dynamics of the operators in the field

theories.33 Such particular solutions reduce on each slice to a single massive scalar

and in this case, the mass of the field on a slice, and therefore the dimension of

the dual operator, will be associated to the time-dependence of the bulk spacetime

33Of course that, in this way, we are not able to reconstruct holographically any solution of

the bulk wave equation, but rather a subclass of such solutions. In the same way, we are not able

to reconstruct holographically any asymptotically Ricci-flat metric, but rather the subclass of

such metrics that admit an asymptotically hyperbolic hypersurface of constant mean curvature.

It seems that such general classes of solutions contain more information than that that just a

family of field theories in two dimensions less can provide. On the other hand, if we are only

interested in reproducing the correlators of the operators of each field theory in the family, then

the above approach should be sufficient.
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field, i.e. to its derivatives with respect to β(t). With a correspondence between a

bulk solution and a single operator per field theory, we should be able to reproduce

holographically the correlators of operators in the family of field theories.

Returning to the case at hand, and in particular for a family of Liouville field

theories at ∂H, we have deduced that pure gravity in the bulk captures the dy-

namics of the stress tensors of each theory. By using equations (4.80) and (4.93),

it then follows that β(t) is associated to the continuous background charge of the

family as:

β(t) = `′P
√
Q2 + 1/6 ∼ `′P Q (b→ 0) . (4.95)

Equation (4.94) then implies that the scaling dimensions of the primary operators

of each field theory are also expressed in terms of β(t). If a scalar field in the bulk is

dual to a family of primary operators (each belonging to a different field theory) of

the same scaling dimension ∆, then different operators in this family must have dif-

ferent α’s. From equation (4.94) we find that: α(t) = Q/2±
√

(Q/2)2 −∆ , where

the time dependence of α is obtained from the relation (4.95). The bulk scalar

would therefore be dual to the family operator: exp
[ (
Q(t)±

√
Q(t)2 − 4∆

)
φt

]
,

where φt is the operator of the field theory with central charge c(t). In the limit as

b→ 0 (or at late times β(t)� 1), the family operator asymptotes to exp (2βφ/`′P )

or to the identity operator.

In the next section we will generalise our class of asymptotically Ricci-flat

spacetimes, deduce their asymptotics and compute the modifications to the ex-

pectation values of the stress tensors. This is done for the following reason. From

equation (4.73) it follows that, up to a constant factor, different CFTs have the

same expectation values of the stress tensors.34 This implies that the reconstruc-

tion of the spacetime asymptotics only requires the knowledge of the holographic

stress tensor of a single CFT, besides the conformal structure [g(0)]. In order

to obtain different vevs for different field theories, a relative time-dependence is

needed in the expressions (4.73) for the expectation values which would discrim-

inate between different CFTs. This could be achieved by requiring for example

that ∂tgij 6= 0 in the spacetime metric (4.41). Indeed, we can obtain different

expectation values of the stress tensors for different field theories by considering

subleading contributions to the asymptotic value of the initial data K[0]. The so-

lution to such Cauchy problem will be similar to our solution (4.41), but with a

particular time-dependent gij . The reconstruction of the spacetime asymptotics in

34The n-point correlators should also be the same. These are obtained by functionally dif-

ferentiating 〈Tij〉 with respect to g(0) for an exact bulk solution and, since both the source

and the normalisable mode g(d) are t-independent, such differentiation should not introduce any

additional time dependence which would discriminate between different CFTs.
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such case will then require the knowledge of a family of different holographic stress

tensors. In the next section we will therefore allow an arbitrary initial extrinsic

curvature K[0] away from the conformal boundary of the initial data surface such

that it approaches h[0] only asymptotically.

4.5. Corrections to the holographic stress tensors

4.5.1. Generalisation of the initial data

As in section 4.3.2, we start from an asymptotically hyperboloidal initial data

set (Σ, h[0],K[0]), with (Σ, h[0]) of dimension d+1, and consider the first subleading

orders of K[0] as we move away from the conformal boundary {z = 0} of the initial

Cauchy surface. The asymptotic form of our initial data is therefore:

Rab[h[0]] = − d

`2
h[0]ab , (4.96)

K[0]ab =
1

`
h[0]ab + z−2+α

(
d

2
` Tab

)
: Tab(z, x) = T(0)ab(x) +O(z>0) , (4.97)

where we have now kept for convenience the constant curvature radius ` of Σ

arbitrary as in equations (4.16) and (4.17). Also, α ∈ R and Tab is so far an

arbitrary symmetric tensor on Σ with the above asymptotic expansion representing

the first subleading corrections to the asymptotic value of K[0]. As before, we will

take the first condition (4.96) to be asymptotically equivalent to the solution (4.21):

h[0]abdx
adxb ∼ `2

z2

(
dz2 + gijdx

idxj
)
, (4.98)

with the Fefferman-Graham asymptotic expansion (4.22). Furthermore, since

h[0] = O(z−2) and we require the initial data set to be asymptotically hyper-

boloidal, we find that α > 0.

The next step is to analyse the constraints on Tab imposed asymptotically by

the initial data constraint equations (4.9) and (4.10). For our purposes, we will only

need the constraints imposed on the leading order T(0). By using the asymptotic

form (4.98) of h[0] we find that the constraint equations in a neighbourhood of the
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conformal boundary take the form:

Tzz + Tr[g−1T ] +
1

4
zα
(

2 Tzz Tr[g−1T ] + Tr2[g−1T ]− 2 Tzi gijTjz − Tr[g−1T g−1T ]
)

= 0 ,

(4.99)

∇i
(
gijTjz

)
=

d

z

(
Tzz +

α− 1

d
Tr[g−1T ]

)
+ Tr[g−1T ′]− 1

2
TzzTr[g−1g′]− 1

2
Tr[g−1g′g−1T ] ,

(4.100)

∇j
(
g−1T

)j
i
− ∂i Tr[g−1T ] =

d+ 1− α
z

Tzi − T ′zi −
1

2
Tzi Tr[g−1g′] + ∂iTzz ,

(4.101)

where ∇i is the covariant derivative associated to gij and T ′ := ∂zT . From the

leading order of the three constraint equations above we find the following three

conditions for α 6= d+ 1:

T(0)zz = 0 , Tr[g−1
(0)T(0)] = 0 , T(0)zi = 0 . (4.102)

We also find the following additional condition for α = d from the first subleading

order of the third constraint equation above:

(0)∇jT j(0)i = 0 , (4.103)

where (0)∇i is the covariant derivative associated to g(0) and where the indices are

raised with g(0). These four particular conditions will play an important role in

the analysis that follows next. With these constraints identified, the approach we

now take towards the initial value problem is to make a choice of lapse function

and shift vector and solve asymptotically the evolution equations (4.11) and (4.12)

in powers of z up to some desired order. If we find a solution to this problem up

to some order in z, then such solution is the unique solution up to that order. We

will analyse the three possible situations: when the power α is greater than, equal

to or less than d and we will find that the relevant case is when α = d.

As in the previous sections, we begin by choosing to evolve the initial data in

time in the gauge (N = 1, Aa = 0) in which the metric tensor (4.14) of the Ricci-

flat development in a neighbourhood of Σ = {t̂ = 0} assumes the form (4.23):

ds2
d+2 = −dt̂ 2 + habdx

adxb . (4.104)

The extrinsic curvature (4.11) on the surfaces of constant t̂ in this gauge is given

by Kab = 1
2∂t̂ hab. We then introduce a new coordinate t as: et := 1+ t̂/`, in which
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Σ = {t = 0}, and define h̃ab := `−2e−2thab. The development’s metric therefore

becomes:

ds2
d+2 = `2e2t

(
−dt 2 + h̃abdx

adxb
)
. (4.105)

The extrinsic curvature on Σ becomes:

K[0]ab = Kab(t = 0) =

[
` et
(
h̃ab +

1

2
∂th̃ab

)]
t=0

= ` h̃ab

∣∣∣
t=0

+
`

2
∂th̃ab

∣∣∣
t=0

.

(4.106)

In this way, the asymptotic initial conditions (4.96) and (4.97) in this coordinate

system read respectively as:

h̃abdx
adxb

∣∣∣
t=0

=
1

z2

(
dz2 + gijdx

idxj
)
, (4.107)

∂th̃ab

∣∣∣
t=0

= d z−2+α Tab , (4.108)

with gij given by equation (4.22). We then solve asymptotically the dynamical

equation obtained by replacing equation (4.11) in (4.12) subject to the above initial

value conditions. This equation reads as:

2
(
Rab[h̃] + d h̃ab

)
+

¨̃
hab+d

˙̃
hab+h̃ab Tr[h̃−1 ˙̃

h]+
1

2
˙̃
hab Tr[h̃−1 ˙̃

h]−
(

˙̃
hh̃−1 ˙̃

h
)
ab

= 0 ,

(4.109)

where
˙̃
h := ∂th̃.

4.5.2. Asymptotics and expectation values

We begin by analysing the simplest case α > d. Let one start with the following

ansatz:

h̃abdx
adxb =

1

z2

(
dz2 + g̃ijdx

idxj
)

+O(z>−2+d) , (4.110)

h̃zi = (1− e−dt)A[d]i(z, x) +O(z>−1+d) : A[d]i = O(z>−2+d) , (4.111)

g̃ij(z, x) := g(0)ij(x) + z2g(2)ij(x) + ...+ zdg(d)ij(x) + zd log z g̃(d)ij(x) ,

(4.112)

where only even powers in z arise below the order zd in the above finite series35

and where each coefficient g(n) is defined to be equal to the coefficient g(n) in the

Fefferman-Graham expansion (4.22). This ansatz satisfies the dynamical equation

(4.109) up to order z−2+d (see appendix 4.6.1 for the complete treatment), and

35It should be emphasized that, unlike the expansion (4.22), the above expansion (4.112) is

defined to be finite and to terminate at order zd.

228



4.5. Corrections to the holographic stress tensors

since α > d, it also satisfies the initial conditions (4.107) and (4.108) up to order

z−2+d. In this way, the unique solution to this initial value problem must coin-

cide with our ansatz up to order z−2+d. Such solution receives corrections in all

components at higher orders, but we will find that we do not need the asymptotic

form of h̃ab beyond the order z−2+d. Finally, we reinstate the lapse function N(t)

by redefining our time coordinate t→ log
∫
dtN(t)/` such that the development’s

metric becomes:

ds2
d+2 = −N(t)2dt2 + β(t)2h̃abdx

adxb , (4.113)

with β̇ := N(t) as before.

Given the above asymptotic solution for the Ricci-flat development (equation

(4.113) with (4.110)) we then proceed as previously by renormalizing the gravi-

tational action. If we regularize and evaluate the action (4.48) on-shell, we find

that the divergences arise only down to order ε−d as in (4.53) and that these only

involve the asymptotic form of h̃ab up to order z−2+d. Hence, the counterterm

action will be exactly the same as in (4.62) because our solution is the same as

in (4.41) up to that order. We also find that the expectation values of the holo-

graphic stress tensors are equal to those found in (4.73) because only the terms up

to z−2+d in the asymptotic expansion of h̃ab survive under the limit ε → 0 taken

in (4.71). In this way, the case α > d does not yield new results.

The next step is to analyse the power α = d. In this case, the four conditions

(4.102)–(4.103) on the leading term T(0)ab hold. Let one start with the following

ansatz:

h̃abdx
adxb =

1

z2

[
dz2 +

(
g̃ij+zd

(
∆ij −∆[0]ij

))
dxidxj

]
+O(z>−2+d) , (4.114)

with g̃ and h̃zi as defined in (4.111)–(4.112) and where:

∆ij := ∆ij(t, x) , ∆[0]ij := ∆ij(t = 0, x) . (4.115)

If we replace this ansatz in the dynamical equation (4.109), we find that this

equation is solved up to order z−2+d if ∆ij satisfies the second order differential

equation in t:

∆̈ij + d ∆̇ij = 0 ⇒ ∆ij(t, x) = ∆[0]ij(x) +
(
1− e−dt

)
∆[d]ij(x) , (4.116)

subject to the conditions that the integration constant ∆[d]ij be traceless and

covariantly conserved with respect to g(0) (see appendix 4.6.2). In this way, the
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ansatz:

h̃abdx
adxb =

1

z2

[
dz2 +

(
g̃ij + zd

(
1− e−dt

)
∆[d]ij(x)

)
dxidxj

]
+O(z>−2+d) ,

(4.117)

Tr[g−1
(0)∆[d]] = 0 , (0)∇j∆j

[d]i = 0 , (4.118)

solves the dynamical equation up to order z−2+d. If we then compute the initial

values h̃ab(t = 0) and ∂th̃ab(t = 0), we find that these coincide with the initial

conditions (4.107) and (4.108) up to order z−2+d (recall that T(0)za = 0) if we

identify ∆[d]ij with T(0)ij :

∆[d]ij = T(0)ij . (4.119)

Recall that the leading order T(0)ij is also traceless and covariantly conserved. In

this way, with the above identification, we find that our ansatz (4.117) solves the

initial value problem up to order z−2+d and therefore the unique solution to this

problem must coincide with our ansatz up to this order. Finally, we reinstate the

lapse function N(t) as in (4.113) to obtain:

ds2
d+2 = −N(t)2dt2+β(t)2

(
dz2

z2
+

1

z2

[
g̃ij + zd

(
1−

(
β(t)/`

)−d) T(0)ij

]
dxidxj +O(z>−2+d)

)
,

(4.120)

with β̇ = N(t). Given the above asymptotic solution we then proceed to compute

the holographic stress tensors. The counterterm action will again be the same as in

(4.62) because our asymptotic solution for the Ricci-flat development only differs

from the previous solution (4.41) at order z−2+d. The divergences of the on-shell

action involve the asymptotic form of the Ricci-flat metric below this order and the

trace of h̃ij with respect to g(0) at order z−2+d. However, since the trace of T(0)ij

vanishes, the trace of h̃ij is the same as that computed from (4.41) up to order

z−2+d and hence we find the same divergent terms as previously, as well as the

same counterterms. If we then compute the holographic stress tensors according to

formula (4.71), we find them to be of the same form as in (4.73) plus an additional

contribution:

〈Tij〉 =
d β(t)d

2κ2
d+2

(
g(d)ij + T(0)ij +Xij [g(0)]

)
− d `d

2κ2
d+2

T(0)ij . (4.121)

Notice that we recover the result (4.73) for the initial hypersurface Σ = {β(t) = `}.
The diffeomorphism Ward identities are still as in equation (4.76) and the trace

Ward identities are also as in (4.77) for odd values of d. For even values the trace
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depends on d. For d+ 2 = 4, we have:

〈Tij〉 =
β(t)2

κ2
4

(
g(2)ij + T(0)ij − g(0)ijTr[g−1

(0)g(2)]
)
− `2

κ2
4

T(0)ij , (4.122)

〈T ii 〉 =
β(t)2

2κ2
4

R[g(0)] =
c

24π
R[g(0)] . (4.123)

For small and large values of the central charge, we find the asymptotic behaviours:

〈Tij〉 =

−
`2

κ2
4
T(0)ij +O(β2) : β � 1 ,

β2

κ2
4

(
g(2)ij + T(0)ij − g(0)ijTr[g−1

(0)g(2)]
)

+O(β0) : β � 1 .
(4.124)

Different field theories in the family, identified by their central charges, have there-

fore different expectation values of the stress tensors and, in order to reconstruct

the bulk spacetime metric from CFT data in this case, we need such expectation

values in the regimes of large and small central charges.

The last case to be analysed is for α < d. In this case, only the three con-

ditions (4.102) on the leading term T(0)ab hold. The strategy is again to start

from an ansatz as in (4.114), where the power zd is now replaced by zα, and find

the differential equation and constraints that ∆ij needs to satisfy in order for the

dynamical equation to be solved up to order z−2+α. We then compute the initial

values h̃(t = 0) and ∂th̃(t = 0) and find the relations between the integration con-

stants in the solution for ∆ij and the leading order T(0)ij in order for the initial

conditions to be satisfied up to order z−2+α. The unique solution to this initial

value problem must then coincide with our refined ansatz up to order z−2+α. The

next step is to attempt to renormalize the gravitational action (4.48). If we regu-

larize it as previously and evaluate it on-shell, we find that the divergences involve

the asymptotic form of the Ricci-flat metric up to order z−2+d as before. How-

ever, we have just deduced that this asymptotic form involves terms already at

order z−2+α (and beyond) that are not pure functionals of g(0)ij . Such terms are

rather functionals of the unspecified leading and subleading orders T(n)ab in the

asymptotic expansion of Tab. In this way, the divergences will be functionals of the

undetermined terms g(0) and T(n). This implies that we cannot rewrite the diver-

gences covariantly in terms of the induced metric γij = hij (or γAB) as in equation

(4.54). We can invert the asymptotic series for h̃ij as before in order to rewrite

g(0)ij covariantly in terms of γij , but now only up to order z−2+α, which is below

z−2+d. Furthermore, the divergences involving the terms T(n) cannot be rewritten

in a covariant fashion because the asymptotic expansion for Tab is undetermined

and unrelated to γij and hence cannot be inverted in order to express the terms

T(n) as functionals of γij . In the language of holographic renormalization, this

type of divergent terms are said to be non-local in the sources. We therefore find
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that if the exponent α < d, the Ricci-flat development is non-renormalizable holo-

graphically in the sense that the gravitational action for the development cannot

be renormalized with local covariant counterterms and the only perturbations of

the initial data K[0] away from the hyperboloidal one that result in renormalizable

developments must occur at order equal to or greater than z−2+d.

4.6. Appendix: Asymptotic solutions of the dy-

namical equation

4.6.1. Solution for α > d

In this section we show that the ansatz (4.110)–(4.112) solves the dynamical equa-

tion (4.109) up to order z−2+d. Let us begin by performing an ADM decomposition

of h̃ab with respect to surfaces of constant z:

h̃abdx
adxb = M2dz2 + γij(dx

i +Aidz)(dxj +Ajdz) , (4.125)

with unit normal na = M∂az. The inverse of h̃ab is given by:

h̃ab =

(
M−2 −M−2Ai

−M−2Aj γij +M−2AiAj

)
. (4.126)

We then start from the following ansatz:
M = z−1 +O(z>−1+d) ,

Ai = (1− e−dt)A[d]i(z, x) +O(z>−1+d) : A[d]i = O(z>−2+d) ,

γij = z−2gij : gij(t, z, x) = g̃ij(z, x) +O(z>d) , g̃ij = O(z0) ,

(4.127)

such that:

h̃abdx
adxb =

1

z2

(
dz2 + g̃ijdx

idxj
)

+O(z>−2+d) . (4.128)

The reason for the above dependence of the shift Ai = γijA
j on t at orders between

O(z>−2+d) and O(z−1+d) will become clear later. If we replace this ansatz in the

dynamical equation:

2
(
Rab[h̃] + d h̃ab

)
+

¨̃
hab+d

˙̃
hab+h̃ab Tr[h̃−1 ˙̃

h]+
1

2
˙̃
hab Tr[h̃−1 ˙̃

h]−
(

˙̃
hh̃−1 ˙̃

h
)
ab

= 0 ,

(4.129)

232



4.6. Appendix: Asymptotic solutions of the dynamical equation

we find:

Rij [h̃] + d h̃ij +O(z>−2+d) = 0 , (4.130)

nanbRab[h̃] + d+O(z>d) = 0 , (4.131)

naRai[h̃] +
1

2
na
(

¨̃
hai + d

˙̃
hai

)
+O(z>−1+2d) = 0 . (4.132)

We begin by analysing the spatial components (i, j). In order to do so, we need

the Gauss-Codazzi identity:

K ′ij = £AKij −DiDjM +M

(
Rij [γ] + 2(Kγ−1K)ij −KijTr[γ−1K]−Rij [h̃]

)
,

(4.133)

Kij =
1

2M

(
γ′ij −£Aγij

)
, (4.134)

where prime denotes differentiation with respect to z and Diγjk := 0. If we use

our ansatz in (4.134), we find:

Kij = −z−2gij +
1

2
z−1g′ij +O(z>−2+d) . (4.135)

With this result, the Gauss-Codazzi identity becomes:

2

(
Rij [h̃] +

d

z2
gij

)
= 2Rij [g]− g′′ij +

d− 1

z
g′ij +

1

z
gijTr[g−1g′]− 1

2
g′ijTr[g−1g′]

+
(
g′g−1g′

)
ij

+O(z>−2+d) . (4.136)

If we then replace this identity in (4.130), we obtain:

2Rij [g]−g′′ij+
d− 1

z
g′ij+

1

z
gijTr[g−1g′]−1

2
g′ijTr[g−1g′]+

(
g′g−1g′

)
ij

+O(z>−2+d) = 0 .

(4.137)

The above is the Fefferman-Graham (FG) equation plus additional contributions

at order z>−2+d and therefore is solved by the FG solution up to order zd in gij :

gij = g(0)ij + z2g(2)ij + ...+ zd log z g̃(d)ij + zdg(d)ij︸ ︷︷ ︸
g̃

+O(z>d) , (4.138)

with g(n) the FG coefficients. In this way, our ansatz (4.110)–(4.112) solves the

spatial components of the dynamical equation up to order z−2+d. The same pro-

cedure can be applied to the remaining components (4.131) and (4.132). For the

former, we need the Gauss-Codazzi identity:

−R[γ] + Tr2[γ−1K]− Tr[γ−1Kγ−1K] = nanbRab[h̃]− γijRij [h̃] , (4.139)
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where R[γ] is the Ricci-scalar of γij and na = h̃abnb : nb = M∂bz. If we use our

ansatz (4.127) in this identity, together with the expression (4.135) for Kij and

the previous Gauss-Codazzi identity (4.136), we find:

nanbRab[h̃] = −d− z2

2

(
Tr[g−1g′′]− 1

z
Tr[g−1g′]− 1

2
Tr[g−1g′g−1g′]

)
+O(z>d) .

(4.140)

If we then replace this identity in the equation (4.131), we obtain:

Tr[g−1g′′]− 1

z
Tr[g−1g′]− 1

2
Tr[g−1g′g−1g′] +O(z>−2+d) = 0 . (4.141)

The above is the FG trace equation plus additional contributions at order z>−2+d

and is solved by the FG solution up to order zd in gij . Hence, the components

(4.131) of the dynamical equation are also solved by our ansatz (4.110)–(4.112) up

to order z−2+d in h̃ab. Finally, for the remaining components (4.132) we need the

last Gauss-Codazzi identity:

Dj

(
γ−1K

)j
i
−DiTr[γ−1K] = naRai[h̃] . (4.142)

If we use again the ansatz (4.127) in this identity, we find:

naRai[h̃] =
z

2

(
∇j
(
g−1g′

)j
i
−∇iTr[g−1g′]

)
+O(z>d) , (4.143)

where ∇igjk := 0. By replacing this identity in (4.132), we obtain:

∇j
(
g−1g′

)j
i
−∇iTr[g−1g′] + z−1na

(
¨̃
hai + d

˙̃
hai

)
+O(z>−1+d) = 0 . (4.144)

Now notice that n = z∂z +O(z>1+d) and hence that:

z−1na
(

¨̃
hai + d

˙̃
hai

)
=

¨̃
hzi + d

˙̃
hzi +O(z>−2+2d) . (4.145)

Since h̃zi = Ai, we obtain:36

z−1na
(

¨̃
hai + d

˙̃
hai

)
= O(z>−1+d) , (4.146)

and hence equation (4.144) becomes:

∇j
(
g−1g′

)j
i
−∇iTr[g−1g′] +O(z>−1+d) = 0 . (4.147)

This last equation is the FG divergence equation plus additional contributions at

order z>−1+d and is also solved by the FG solution up to order zd in gij . Hence,

we conclude that our ansatz (4.110)–(4.112) solves the dynamical equation (4.109)

up to order z−2+d in h̃ab.

36In general we can have Ai = A[0]i(z, x) − e−dtA[d]i(z, x) + O(z>−1+d) : A[0,d]i =

O(z>−2+d), but we set A[0] = A[d] so that our ansatz satisfies the initial condition (4.107).
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4.6.2. Solution for α = d

We now show that the ansatz (4.117)–(4.118) solves the dynamical equation (4.109)

up to order z−2+d. We perform again the ADM decomposition (4.125) of h̃ab and

start from the ansatz (4.127), but now do not impose the dependence of gij on t

to arise at order z>d:
M = z−1 +O(z>−1+d) ,

Ai = (1− e−dt)A[d]i(z, x) +O(z>−1+d) : A[d]i = O(z>−2+d) ,

γij = z−2gij(t, z, x) : gij = O(z0) .

(4.148)

If we replace such ansatz in the dynamical equation (4.129) and use again the

Gauss-Codazzi identities as in the previous section, we obtain:

− g̈ij − d ġij − gijTr[g−1ġ]− 1

2
ġijTr[g−1ġ] +

(
ġg−1ġ

)
ij

=

z2

(
2Rij [g]− g′′ij +

d− 1

z
g′ij +

1

z
gij Tr[g−1g′]− 1

2
g′ijTr[g−1g′] +

(
g′g−1g′

)
ij

)
+O(z>d) ,

(4.149)

Tr[g−1ġ] = z2

(
Tr[g−1g′′]− 1

z
Tr[g−1g′]− 1

2
Tr[g−1g′g−1g′]

)
+O(z>d) ,

(4.150)

∇j
(
g−1g′

)j
i
−∇iTr[g−1g′] + +O(z>−1+d) = 0 . (4.151)

These are the analogues of equations (4.137), (4.141) and (4.147). We then seek

for a solution of the form:

gij(t, z, x) = g(0)ij(x) + z2g(2)ij(x) + ...+ zd
(
g(d)ij(x) + ∆ij(t, x)−∆[0]ij(x)

)
+ zd log z g̃(d)ij(x) +O(z>d) , (4.152)

where only even powers in z arise below the order zd and where each coefficient g(n)

is defined to be the FG coefficient in the solution (4.138). Also, ∆[0] := ∆(t = 0).

If we replace for gij in (4.149)–(4.151), we find that the equations are satisfied up

to order zd in gij if ∆ij obeys the equations:

∆̈ij + d∆̇ij + g(0)ijTr[g−1
(0)∆̇] + d g(0)ijTr[g−1

(0)

(
∆−∆[0]

)
] = 0 , (4.153)

Tr[g−1
(0)∆̇]− d(d− 2)Tr[g−1

(0)

(
∆−∆[0]

)
] = 0 , (4.154)

(0)∇j
(
g−1

(0)

(
∆−∆[0]

))j
i
− ∂iTr[g−1

(0)

(
∆−∆[0]

)
] = 0 , (4.155)
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where (0)∇jg(0)ik := 0. Suppose that Tr[g−1
(0)∆̇] = 0. Then, equation (4.154) is

solved (recall that ġ(0) = 0) and equation (4.153) becomes:

∆̈ij + d ∆̇ij = 0 ⇒ ∆ij(t, x) = ∆[0]ij(x) +
(
1− e−dt

)
∆[d]ij(x) . (4.156)

If we insert this solution in the remaining equation (4.155), we obtain:

(0)∇j
(
g−1

(0)∆[d]

)j
i

= 0 . (4.157)

In this way, the ansatz:

gij(t, z, x) = g(0)ij(x) + z2g(2)ij(x) + ...+ zd
(
g(d)ij(x) +

(
1− e−dt

)
∆[d]ij(x)

)
+ zd log z g̃(d)ij(x) +O(z>d) :

Tr[g−1
(0)∆[d]] = 0 , (0)∇j∆j

[d]i = 0 , (4.158)

is a solution to the equations (4.149)–(4.151) up to order zd in gij and therefore our

ansatz (4.117)–(4.118), or (4.148) with gij as above, solves the dynamical equation

(4.109) up to order z−2+d in h̃ab.
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