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Appendix A

A.1. Diffeomorphisms

A homeomorphism is a map f between two topological spaces:

f : M → N , (A.1)

such that f and f−1 are continuous.

If such map exists, then M and N necessarily have the same dimension and are

said to be homeomorphic to each other. Homeomorphisms provide an equivalence

relation between topological spaces and therefore M and N are said to have the

same topology if they are homeomorphic. Heuristically, M and N are “equiva-

lent” as topological spaces, i.e. homeomorphic, if we can deform one into the other

continuously without tearing them.

A diffeomorphism is a map ϕ between two manifolds:

ϕ : M → N

p → q = ϕ(p) , (A.2)

such that ϕ and ϕ−1 are smooth.

If such map exists, then M and N are said to be diffeomorphic to each other.

Clearly, diffeomorphisms are homeomorphisms and provide a more stringent equiv-

alence relation between manifolds. Two manifolds are said to have the same man-

ifold structure if they are diffeomorphic to each other. Heuristically, M and N are

“equivalent” as manifolds, i.e. diffeomorphic, if we can deform one into the other

smoothly.1

1Caveat: In General Relativity, two manifolds diffeomorphic to each other are physically
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A.

An automorphism in the category of differentiable manifolds is a diffeomor-

phism ϕ : M →M from a manifold M to itself. The set of automorphisms on M

is a group denoted as Diff(M) and called the diffeomorphism group of M .

If we are given a coordinate system xµ and x̄µ on (some open subset of) M

and N , respectively, we may express the diffeomorphism (A.2) as:

ϕ : M → N

xµ → x̄µ = ϕµ(x) . (A.3)

Diffeomorphisms are active transformations and map points between manifolds,

or move the points of a manifold in which case N = M . If ϕ is an automorphism,

however, one may adopt a passive viewpoint and rather see the action of ϕ as

resulting in an ordinary coordinate reparametrization on M from some coordinate

system xµ to a new coordinate system x̄µ := ϕµ(x). This is so because, under an

automorphism ϕ, a tensor T at x is mapped to the pushed-forward tensor ϕ?T at

x̄ = ϕ(x) and the components of ϕ?T are equal to the components of T in the new

coordinate system x̄µ.2 A simple example is that of T a vector field V (x) ∈ TxM .

Under the action of the automorphism it transforms as:

V µ(x)
ϕ−→ V̄ µ(x̄) = (ϕ?V )µ(x̄) =

dϕµ

dxα
V α(ϕ−1(x̄)) =

dϕµ

dxα
V α(x) . (A.4)

Automorphisms can therefore be seen as reparametrizations and, for this reason,

the diffeomorphism group Diff(M) is also called the group of reparametrizations

equivalent only if they are also (locally) isometric – i.e. if there exists a diffeomorphism between

the two that preserves distances, such that the pushed-forward metric of M is equal to the metric

of N c.f. section A.2 – . A simple example of two diffeomorphic manifolds that are not physically

equivalent is that of the Clifford torus (with a flat metric induced from the embedding in R4) and

the ring torus (with a curved metric induced from the embedding in R3). They are the “same”

manifold, i.e. diffeomorphic, but with two physically inequivalent metrics.

2 The same discussion applies to the case of T the metric tensor, but extra care needs to

be taken in this case. If we are given a metric gµνdxµdxν on M and perform an ordinary

transformation of coordinates by introducing x̄µ := ϕµ(x), we measure distances with the metric

components in the new coordinate system: ḡµνdx̄µdx̄ν , and the distance between two points p and

q remains the same. On the other hand, if we perform the diffeomorphism (A.3), the metric gµν is

mapped to a bilinear form with components (ϕ?g)µν = ḡµν in the target manifold. Unless ϕ is an

isometry, however, this bilinear form is different than the metric of the target manifold with which

we measure distances (and which is part of the initial data). The distance between two points

P = ϕ(p) and Q = ϕ(q) therefore will not be the same as the distance between p and q unless

ϕ is an isometry. So, even though gµν is indeed mapped to the pushed-forward form ϕ?g with

components equal to ḡµν , the metric used to measure distances in each scenario is different. To

avoid possible ambiguities, it is common practice in the high-energy literature to implicitly define

the metric of the target manifold to be equal to the pushed-forward metric, so that distances

after a transformation of coordinates or after a corresponding diffeomorphism are measured by

the same metrics. In conclusion, diffeomorphisms can be truly seen as reparametrizations only

if they are also isometries. See also section A.2.
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of M .

Finally, we define compact and closed manifolds as follows. A compact man-

ifold, in the sense of limit point compactness, is any manifold in which every

sequence of points in the manifold has a limit point in the manifold. Examples

are the sphere and the disk and counterexamples are the open disk and the plane.

A closed manifold is any compact manifold without boundary. An example is the

sphere and a counterexample is the disk.

A.2. Conformal and Weyl Transformations

Two metrics gµν and g̃µν on some manifold M are said to be conformally

equivalent, or to belong to the same conformal class, if they are equal up to a

positive local factor:

g̃µν(x) = e2φ(x)gµν(x) . (A.5)

Let (M, g) and (N,h) be two manifolds diffeomorphic to each other. A confor-

mal transformation (or conformal isometry) is a diffeomorphism ϕ : M → N such

that the pulled-back metric (ϕ?h)(x) is conformally equivalent to g(x):

ϕ?
(
h(ϕ(x))

)
= e2φ(x)g(x) . (A.6)

If the conformal factor e2φ(x) = 1 the conformal transformation is called in par-

ticular an isometry and if φ(x) is constant it is called a scale transformation.

Isometries are therefore diffeomorphisms that preserve distances, whereas confor-

mal transformations in general only preserve angles. It should be emphasized that

it is common practice to restrict conformal transformations to be automorphisms

such that (N,h) = (M, g). One also defines the conformal group (resp. isometry

group) of (M, g) as the set of all automorphisms ϕ : M →M that are also confor-

mal transformations such that ϕ?g ∝ g (resp. ϕ?g = g).

The simplest example of a conformal transformation is the map between the

cylinder M = R× S1 and the plane N = R2. If we parametrise (M, g) and (N,h)

as:

gµνdx
µdxν = dτ2 + dσ2 , (A.7)

hµνdx̄
µdx̄ν = dr2 + r2dθ2 , (A.8)

with σ, θ ∈ [0, 2π[, and define the diffeomorphism:

ϕ : M → N

(τ, σ) → (r, θ) = (eτ , σ) , (A.9)
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we find that: (ϕ?h)µν = e2τgµν , and therefore ϕ is a conformal transformation.

Since the metric hµν of the target manifold is not equal to the pushed-forward

metric (ϕ?g)µν , the distance between two points P = ϕ(p) and Q = ϕ(q) on N is

not the same as the distance between p and q, but the angles between vectors are

preserved. In contrast, if M = R2 parametrised as above with τ, σ ∈ R, an isom-

etry would be the diffeomorphism ϕ : (τ, σ) → (r, θ) = (
√
τ2 + σ2 , arctan(τ/σ)),

such that: (ϕ?h)µν = gµν . In this case, distances between points are preserved by

the diffeomorphism.

A Weyl transformation is closely related to a conformal transformation: given

a manifold (M, g), it is a local rescaling of the metric of the form: gµν(x) →
Ω2(x)gµν(x). Incidentally, this is called a conformal transformation in some of

the literature, but we will not use this terminology. Note that the conformal

factor Ω2(x) in a Weyl rescaling can be any positive analytic function, whereas

the set of conformal factors obtained by considering all conformal transformations

ϕ : M →M is much smaller than the set of all positive analytic functions.

Finally, an expression (e.g. an action) is said to be conformally invariant if it

is invariant under a two-step transformation:3

i) A conformal transformation: xµ → x̄µ = ϕµ(x) : (ϕ?g)µν = Ω2(x)gµν ,

(A.10)

ii) A Weyl transformation: gµν → Ω2(x)gµν . (A.11)

We will call the combined transformations a conformal-Weyl transformation. Un-

der such a transformation the metric components transform as:

gµν(x)
conf.−→ ḡµν(x̄) = (ϕ?g)µν(x̄) = Ω−2(ϕ−1(x̄)) gµν(ϕ−1(x̄)) = Ω−2(x) gµν(x)

Weyl−→ gµν(x) ,

and therefore the metric components remain invariant. On the other hand, the

line element ds2 is a scalar and therefore transforms as:

ds2 = gµνdx
µdxν

conf.−→ ḡµνdx̄
µdx̄ν = gµνdx

µdxν
Weyl−→ Ω2gµνdx

µdxν = Ω2ds2 .

(A.12)

Since conformal transformations are a subset of coordinate reparametrizations,

every expression invariant under general coordinate transformations is invariant

under conformal transformations and therefore will be conformally invariant iff

it is Weyl invariant. It can be shown that Weyl invariance of a theory and the

tracelessness of its stress-energy tensor are equivalent properties. See also section

A.4 on the relation between conformal invariance and conformal dimensions.
3Note the misnomer: invariance under conformal transformations alone (or Weyl transforma-

tions alone) does not necessarily imply conformal invariance.
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A.3. Conformal and Superconformal Group

Let us then study the set of conformal transformations in flat spacetime, i.e.

the conformal group Conf(R1,d−1). Suppose we perform an infinitesimal automor-

phism on a manifold (M, g) generated by a vector field ξ(x):

xµ → x̄µ = ϕµ(x) = xµ + εξµ(x) +O(ε2) . (A.13)

The pulled-back metric reads:

(ϕ?g)µν(x) =
dϕα

dxµ
dϕβ

dxν
gαβ(ϕ(x))

= gµν(ϕ(x)) + ε
(
gµβ(ϕ(x))∂νξ

β + gαν(ϕ(x))∂µξ
α
)

+O(ε2)

= gµν(x) + ε
(
ξα∂αgµν(x) + gµβ(x)∂νξ

β + gαν(x)∂µξ
α
)

+O(ε2)

= gµν(x) + ε£ξgµν(x) +O(ε2) . (A.14)

If this is a conformal transformation we find that the generator ξ satisfies:

∇µξν +∇νξµ = £ξgµν = 2φ(x)gµν , (A.15)

where: φ(x) = d−1∇µξµ. The generator ξ is called a Killing (resp. conformal

Killing) vector field of gµν if φ = 0 (resp. φ 6= 0). If the metric gµν is the

Minkowski metric ηµν , we can solve this equation explicitly for ξ and obtain:

iξµ∂µ = aµPµ + ωµνLµν + λD + bµKµ , (A.16)

where aµ, λ and bµ are constants, ω is an antisymmetric constant matrix, and the

operators P,L,D and K are defined as:

Pµ = i∂µ , Lµν = −i (xµ∂ν − xν∂µ) ,

D = ixµ∂µ , Kµ = i
(
2xµx

ν − (x · x)δνµ
)
∂ν . (A.17)

The conformal Killing ξ corresponds to a linear combination of two Killing vec-

tor fields and two conformal Killings, respectively, that generate the infinitesimal

transformations:

xµ → (1− iε a · P )xµ = xµ + ε aµ ,

xµ → (1− iε ω · L)xµ = xµ + ε ωµνx
ν ,

xµ → (1− iε λD)xµ = xµ + ε λ xµ ,

xµ → (1− iε b ·K)xµ = xµ + ε
(
2(b · x)xµ − (x · x)bµ

)
.

Each transformation can be exponentiated (i.e. consider an infinite sequence of

infinitesimal transformations) and results in the finite conformal transformations:
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Diffeomorphisms Generator Conf. Factor

translations xµ → xµ + aµ Pµ 1

rotations and boosts xµ → Λµνx
ν Lµν 1

dilatations xµ → eλ xµ D e2λ

special conformal xµ → xµ − bµ(x · x)

1− 2(x · b) + (b · b)(x · x)
Kµ

(x− bx2)4

x4

The first two transformations correspond to isometries of the Minkowski metric,

with SO(1, d−1) 3 Λ = exp(−iω ·L) in the fundamental representation, and form

the Poincaré isometry group, while the third corresponds to a scale transforma-

tion. The special conformal transformation corresponds to a sequence of diffeo-

morphisms given by an inversion xµ → xµ/(x · x), a translation xµ → xµ + bµ

and again another inversion and results in the pulled-back metric (ϕ?η)µν =(
1− 2(x · b) + (b · b)(x · x)

)2
ηµν .

The differential operators (A.17) form a representation of the generators of the

conformal algebra in the space of functions, an infinite-dimensional representation

space, and satisfy the Lie algebra:

i[Lµν , Lαβ ] = ηναLµβ + ηµβLνα − ηµαLνβ − ηνβLµα , i[D,Pµ] = Pµ ,

i[Lµν , Pα] = ηναPµ − ηµαPν , i[D,Kµ] = −Kµ ,

i[Lµν ,Kα] = ηναKµ − ηµαKν , i[Pµ,Kα] = −2Lµα − 2ηµαD ,

with all other commutators vanishing. This algebra is isomorphic to so(2, d). This

can be seen by introducing JMN : M,N = −1, 0, 1, ..., d defined as (recall that

µ, ν = 0, .., d− 1):

Jµν := Lµν , J−1µ :=
1

2
(Pµ −Kµ) , Jdµ :=

1

2
(Pµ +Kµ) , J−1d := D .

The above commutation relations can then be rewritten as the algebra of SO(2, d):

i[JMN , JAB ] = ηNAJMB + ηMBJNA − ηMAJNB − ηNBJMA . (A.18)

The conformal algebra can be extended to the superconformal case by adding the

corresponding fermionic generators. The above bosonic algebra is a subalgebra of

the latter and we have in addition the commutators and anticommutators with

the Poincaré supercharges Qiα and conformal supercharges Sjβ . These supercharges

generate translations and conformal transformations in superspace. The indices
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i, j = 1, ...,N transform in the fundamental of the SU(N )R R-symmetry group,

while α, β are the spinor indices. The exact form of the superconformal algebra

depends on the spacetime dimension and R-symmetry group and for this reason we

will give the commutation relations with the supercharges only schematically. To-

gether with the above bosonic subalgebra, the relevant part of the superconformal

algebra is given by :

i[D,Q] = 1
2Q , {Q,Q} ' P ,

i[D,S] = − 1
2S , {S, S} ' K ,

i[K,Q] ' S , {Q,S} ' L+D +R ,

i[P,Q] ' Q ,

where Rij are the generators of the R-symmetry group and we are omitting the

commutators involving these generators.

A.4. Deformations of CFTs

A way to discuss deformations of conformal field theories without going too

much through the systematics of the renormalization group is to work with the

notions of physical dimension and conformal dimension and to use the equivalence

between UV regulators Λ and lattice spacings a ∼ 1/Λ in quantum field theory.

The three principles we will need in this case are a) the action of a given theory

is the phase of the exponential in the theory’s generating functional, b) the action

is always physically dimensionless (in units ~ = 1), c) the coupling constants are

always conformally dimensionless (they are conformal tensors that transform as in

equation (1.72) with ∆ = 0 and n = 0).

Suppose we have a UV-finite conformal field theory in d dimensions (such as

pure N = 4, d = 4 SYM) with a conformally invariant action S0. Suppose we

deform the theory with some operator insertion and UV-regulate it by considering

the theory on a lattice such that the total action is given by:

S[ϕ0] = S0 +

∫
a

ddx
√
g ϕ0O∆(x) . (A.19)

The field O∆ is a conformal scalar of conformal dimension ∆ that transforms as in

equation (1.72) under a conformal-Weyl transformation, whereas ϕ0 is a coupling

constant. The paramenter a is the lattice spacing such that the generating func-

tional of the theory is a sum over field configurations with momenta |k| < Λ = 1/(2a):

Z =

∫
[dφ]Λ e

−S[ϕ0] , [dφ]Λ =
∏
|k|<Λ

dφ(k) . (A.20)
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Figure A.1: Scale transformation on a lattice: (x, y) → (x̄, ȳ) = λ(x, y) with gµν fixed

(λ = 3). The lattice spacing is increased from a = 1/3 to 1. Since wavelengths shorter

than twice the lattice spacing are suppressed, after the scale transformation we suppress

all wavelengths shorter than 2 (and therefore we lose resolution). The scale factor 9 in

the final line element is then transferred to the coupling constant so that the final theory

is on the original lattice, just with a different coupling.

By definition, the physical mass dimensions are given by:

[x] = M−1 , [O∆] = M∆ , [ϕ0] = Mε , (A.21)

where ε is some constant. Since [S] = M0, we find that: ∆ = d− ε.
Next, let us perform a rescaling of the coordinates: xµ → λxµ. Note that

this rescaling is a scale-Weyl transformation as discussed at the end of section

A.2: a scale transformation xµ → x̄µ = λxµ followed by a constant Weyl trans-

formation gµν → λ2gµν . Since gµν → gµν under the combined transformations, it

is common practise to express the transformation simply as xµ → λxµ with the

metric components gµν kept fixed. The regime λ >> 1 corresponds to the infra-

red, or low-energy regime: the lattice spacing increases to λa and we integrate

out all wavelengths shorter than 2λa, see Figure A.1. On the other hand, the

limit λ→ 0 corresponds to the ultra-violet, or high-energy limit where the lattice

spacing shrinks to zero size and therefore we have to consider arbitrarily high mo-

menta on the lattice. Since O∆ has conformal dimension ∆ and the coupling ϕ0

246



A.4. Deformations of CFTs

is conformally dimensionless, the action transforms as:

S[ϕ0] → Seff
0 +

∫
λa

ddx̄
√
g (ϕ0 + δϕ0) Ō∆(x̄)

= S0 + λd−∆

∫
a

ddx
√
g (ϕ0 + δϕ0)O∆(x)

= S[ϕ̄0] , (A.22)

where ϕ̄0 = λd−∆ (ϕ0 + δϕ0) = λε (ϕ0 + δϕ0). The possible effective (or Wilso-

nian) correction δϕ0 to the coupling arises in the case λ > 1 after the rescaling

because we are simultaneously integrating out the degrees of freedom with mo-

menta |k| in the interval Λ/λ < |k| < Λ so that we don’t double count momenta in

the generating functional (wavelengths shorter than 2λa are equivalent to wave-

lengths longer than 2λa because of the periodicity of the new lattice):4

Z →
∫

[dφ]Λ/λ exp

(
−Seff

0 −
∫
λa

ddx̄
√
g (ϕ0 + δϕ0) Ō∆(x̄)

)
. (A.23)

On the other hand, the effective action Seff
0 = S0 because the undeformed theory is

conformally invariant and free of divergences, so it does not require renormalization

and therefore does not receive corrections. The final action is scale invariant iff

ε = 0 and therefore we find that scale invariant theories cannot have physically

dimensionful coupling constants. More importantly, we conclude that the effect of

the lattice rescaling has been transferred into the coupling constant.5 In this way,

there are three possible cases to consider according to the dimension ∆:

i) ∆ < d : ϕ̄0 → 0 in the UV, ϕ̄0 →∞ in the IR ⇒ IR-relevant ,

ii) ∆ > d : ϕ̄0 →∞ in the UV, ϕ̄0 → 0 in the IR ⇒ IR-irrelevant ,

iii) ∆ = d : ϕ̄0 = ϕ0 +O(δϕ0) ⇒ Marginal .

Marginal deformations result in another conformal field theory since the action

remains conformally invariant (c.f. section A.2), whereas relevant deformations of

a CFT result in a field theory which is conformally invariant only in the UV (the

deformation vanishes in the high-energy limit but not elsewhere). Irrelevant de-

formations become dominant in the UV and therefore spoil conformal invariance

4Note that δϕ0 typically depends on λ because the degrees of freedom over which we integrate

in the generating functional to obtain the effective theory are defined in the interval Λ/λ < |k| <
Λ, so the integration intervals will depend on λ. For this reason, the marginal case ∆ = d

discussed next can still result in a flow of the coupling with λ. However, in the vicinity of the

fixed point S0 of the transformation such that ϕ0 is infinitesimal we have that δϕ0 is second (or

higher) order in ϕ0 and therefore can be ignored, so that ϕ̄0 = λd−∆ϕ0.

5In terms of renormalization flows, in which case λ > 1, we find that the theory described by

(A.19) when the cut-off is Λ will effectively look like (A.22) at energy scales below Λ/λ.
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at high-energies, but lead to the original conformal field theory in the IR. In terms

of renormalization theory, while conformal field theories that remain conformal at

the quantum level (i.e. the beta-functions vanish) do not require renormalization,

it can be shown using a counting of the superficial degree of divergence that irrele-

vant deformations of such CFTs result in UV divergences in the Feynman diagrams

that cannot be renormalized (require infinitely many counterterms), whereas rele-

vant or marginal deformations in general introduce UV divergences but which are

renormalizable by a finite number of counterterms [214] .
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