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Appendix B

B.1. Conformal compactness and AdS asympto-

tia

In this appendix we deduce a few implications of conformal compactness that are

relevant to our work. We begin with the standard definition.

A manifold (M, G) is defined to be Cn≥0 conformally compact if there ex-

ists an asymptote (M̃, G̃, ρ) consisting of a defining function ρ(x) ∈ [0,+∞[ and a

manifold-with-boundary (M̃, G̃) with boundary ∂M̃ satisfying the following prop-

erties [215, 216, 217]:

1) M = int M̃ = {p ∈ M̃ : ∃ open set p 3 U ⊂ M̃} ,

2) G̃µν = ρ2(x)Gµν : M̃ = {ρ ≥ 0} , ∂M̃ = {ρ = 0} ,

3) dρ 6= 0 on ∂M̃ ,

with ρ(x) of class C∞ and G̃ non-degenerate and of class Cn≥0 in M̃. The region

{ρ = 0} of M̃ is referred to as the conformal boundary of M and M̃ as the con-

formal embedding.

We are now interested in showing that a conformally compact, asymptotically

Einstein manifold of negative scalar curvature is asymptotically locally AdS. In

order to do so, we need the following result.

Proposition Let (M, G) be a conformally compact manifold with an asymptote

(M̃, G̃, ρ). Then in the limit ρ → 0, the Riemann tensor behaves asymptotically

as:

Rabcd = −|∇̃ρ|2 (GacGbd −GadGbc) +O(ρ>−4) , (B.1)
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where: |∇̃ρ|2 := G̃ab∂aρ∂bρ and where O(ρ>−4) denotes terms that diverge slower

than ρ−4.

Proof By using the transformation law of the Riemann tensor under a Weyl

transformation, the Riemann of G and that of G̃ are related as:

Rabcd = ρ−2R̃abcd +

(
ρ−3G̃ ◦ ∇̃∇̃ρ− 1

2
ρ−4|∇̃ρ|2G̃ ◦ G̃

)
abcd

, (B.2)

where: (A ◦B)abcd := AacBbd −AadBbc +BacAbd −BadAbc, and where ∇̃a is the

covariant derivative with respect to G̃. From the third condition in the definition

of conformal compactness, we can introduce the defining function ρ as a coordinate

in the neighbourhood of ρ = 0. In this way, since G̃ is at least C0 in M̃ and the

Riemann tensor of G̃ contains at most second derivatives of G̃ with respect to ρ,

then if R̃abcd diverges as ρ → 0, it must do so slower than ρ−2. Also, the term

∇̃a∇̃bρ contains at most first derivatives of G̃ with respect to ρ and hence it must

diverge slower than ρ−1. Hence, the first two terms in (B.2) diverge slower than

ρ−4 and thus we find:

Rabcd = −ρ−4|∇̃ρ|2
(
G̃acG̃bd − G̃adG̃bc

)
+O(ρ>−4)

= −|∇̃ρ|2 (GacGbd −GadGbc) +O(ρ>−4) . (B.3)

q.e.d.

Now, from equation (B.1), the Ricci tensor of G behaves asymptotically as:

Rab = −d ρ−2|∇̃ρ|2G̃ab +O(ρ>−2) ∼ −d |∇̃ρ|2Gab , (B.4)

where d + 1 is the dimension of M. If (M, G) is in particular asymptotically

Einstein of negative scalar curvature, then from the above we find that |∇̃ρ|2 must

be a positive constant by definition. From equation (B.1) it then follows that the

Riemann tensor is asymptotically equal to that of AdS and therefore (M, G) is

asymptotically isometric to AdS space up to global properties such as the topology

of a neighbourhood of the boundary. On the other hand, if (M, G) is asymptot-

ically Ricci-flat, then from (B.4) we find that |∇̃ρ|2 must vanish asymptotically

as ρ → 0. Since dρ 6= 0 by definition, this implies that the conformal boundary

{ρ = 0} of M is null. We therefore define an asymptotically locally flat space

as any conformally compact, asymptotically Ricci-flat manifold. This definition

essentially coincides with that of asymptotic flatness at null infinity [195] if we

relax any conditions on the topology of the conformal boundary.

We also show that the Ricci scalar of a conformally compact Riemannian man-

ifold (M, G) of dimension d+ 1 > 1 cannot vanish asymptotically. From equation
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B.2. Gauss-Codazzi decomposition

(B.1), the Ricci scalar of G behaves asymptotically as:

R = −d(d+ 1)|∇̃ρ|2 +O(ρ>0) . (B.5)

If (M, G) is Riemannian, one can write without loss of generality the positive-

definite metric tensor Gab near ρ = 0 as:

ds2 = Gabdx
adxb

= M2dρ2 + γij
(
dxi +Bidρ

) (
dxj +Bjdρ

)
= ρ−2

(
M̃2dρ2 + γ̃ij

(
dxi +Bidρ

) (
dxj +Bjdρ

))
= ρ−2G̃abdx

adxb . (B.6)

From this decomposition, we find:

|∇̃ρ|2 = G̃ρρ = M̃−2 . (B.7)

Since G̃ab is at least of class C0 and G̃ρρ = M̃2 + γ̃ijB
iBj , then M̃−2 must be

supported in M̃, otherwise G̃ρρ would not be C0. Notice that γ̃ij , being positive-

definite, prevents the term γ̃ijB
iBj from cancelling M̃2 in G̃ρρ. In this way, |∇̃ρ|2

is non-vanishing and thus the Ricci scalar cannot vanish asymptotically.

In this section we have shown in particular that conformal compactness to-

gether with Einstein’s equations with a negative cosmological constant implies that

a manifold is asymptotically locally AdS. Fefferman and Graham [190] proved in

particular a reciprocal statement: that Einstein’s equations with a negative cos-

mological constant imply that the manifold is conformally compact. We will do

so in section B.4.

B.2. Gauss-Codazzi decomposition

The Gauss-Codazzi relations are identities between geometric invariants of hyper-

surfaces and the respective embeddings and show that the Riemannian geometry

of a manifold is completely encoded in the intrinsic and extrinsic geometry of em-

bedded hypersurfaces. An introductory review of the subject in the context of the

3 + 1 formalism of general relativity can be found in the notes [196].

Let (M, Gµν) be a manifold of dimensional d+ 1 such thatM = I ×Σ : I ∈ R
and let (Σz) : z ∈ R be a foliation ofM by a family of hypersurfaces (Σz, γab(z, x)).
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The Gauss, Codazzi and Ricci identities are respectively:1

Rabcd[G] = Rabcd[γ]− ε (KacKbd −KadKbc) , (B.8)

Rabcµ[G]nµ = DaKbc −DbKac , (B.9)

Raµbν [G]nµnν = −£nKab + (K ·K)ab +D(aab) − ε aaab , (B.10)

where n is the (future-directed) unit normal to the leaves of the foliation such

that: n2 = ε = ±1, the acceleration aµ = n · ∇nµ and the extrinsic curvature

Kµν = 1
2£nγµν = γ σ

µ ∇σnν , where the induced metric γµν = Gµν−ε nµnν . Notice

that: γµν = γab∂ax
µ∂bx

ν , which follows from: γµνnν = 0. Also: Daγbc := 0. In

terms of an ADM decomposition of the metric:

ds2 = Gµνdx
µdxν = εN2dz2 + γab(dx

a +Nadz)(dxb +N bdz) , (B.11)

Gµν =

(
εN−2 −εN−2Na

−εN−2Na γab + εN−2NaN b

)
, (B.12)

we have: nµ = εN∂µz, n
µ∂µ = N−1 (∂z −Na∂a) and: aµ = −ε γµν∂ν logN . We

also have: Kab = 1
2N (∂z −£N ) γab.

From the above identities, we then find:2

nµnνRµν [G] = γab (Raµbν [G]nµnν)

= −nµ∂µK −K ·K +∇µaµ

= K2 −K ·K −∇µ(nµK − aµ) , (B.13)

nµRµb[G] = γac (Rabcµ[G]nµ)

= DcK
c
b − ∂bK , (B.14)

Rbd[G] = γacRabcd[G] + ε (Rcµdν [G]nµnν)

= Rbd[γ] + ε
(
−£nKbd −KKbd + 2(K ·K)bd +D(bad)

)
− abad .

(B.15)

From the trace of (B.15):

γabRab[G] = R[γ]− ε∇µ (nµK − aµ) . (B.16)

1Note that: £nKab = nµ∂µKab + 2Kµ(a∂b)n
µ = nµ∇µKab + 2(K ·K)ab.

2Notice that: Dbad = γµb γ
ν
d∇µaν and therefore: Dc ac − ε ac ac = ∇µaµ.
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In this way, we find:

R[G] = (γµν + ε nµnν)Rµν [G] = R[γ] + ε
(
K2 −K ·K

)
− 2ε∇µ (nµK − aµ) ,

(B.17)

2nµnν
(
Rµν [G]− 1

2
GµνR[G]

)
= −εR[γ] +K2 −K ·K . (B.18)

When replaced by the Einstein’s equations: Rµν − 1
2GµνR + ΛGµν = Tµν , the

identities (B.14), (B.15) and (B.18) become the ADM equations that follow from

a Hamiltonian formulation of General Relativity [195]. The identities (B.18) and

(B.14) become respectively the Hamiltonian and Diffeomorphism constraints and

the identity (B.15) becomes the dynamical equation:

− εR[γ] +K2 −K ·K = 2 εΛ + 2Tµνn
µnν , (B.19)

DcK
c
a − ∂aK = Taµn

µ , (B.20)

ε
(
−£nKbd −KKbd + 2(K ·K)bd +D(bad)

)
− abad +Rbd[γ] =

1

d− 1

(
2Λγbd + Tbd − γbdT

)
.

(B.21)

B.3. On ADM and the choice of Lapse and Shift

Let (M, Gµν) be a generic spacetime with coordinates (z, xa) and a metric de-

composition of the form (B.11). For simplicity take ∂z to be spacelike. Let

Σ = {ρ(z, x) = 0} be any timelike hypersurface in M. Let α(z, x) be any smooth

function supported in M and βa(z, x) any smooth set of functions. Then, in a

sufficiently small neighbourhood of Σ it is always possible to introduce coordinates

r = r(z, xb), ya = ya(z, xb) in order to bring the metric (B.11) to the form:3

ds2 = α2dr2 + hab(dy
a + βadr)(dyb + βbdr) , (B.22)

with Σ = {r = 0}. Note that different choices of (α, βb) require different transfor-

mation of coordinates and hence will result in different coordinates (r, ya) (they

will be different functions of z and xa). Therefore, for each transformation of co-

ordinates there exists a (α, βa) and for each (α, βa) there exists a transformation

of coordinates such that the correspondence is surjective.

Since we can always bring (B.11) to the form (B.22) near Σ for any such α

and βa that we wish, we say that we can choose directly N = α and Na = βa

in (B.11). This is the same as to relabel r → z, ya → xa and hab → γab in

3Note that we have d+ 1 functions {z(r, yb), xa(r, yb)} to eliminate d+ 1 variables {N,Na},
with d+ 1 the spacetime dimension.
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(B.22). Note, however, that the new z, xa and γab in general are not the old ones

and therefore different choices of (N,Na) in (B.11) are associated with different

coordinates z, xa and induced metric γab, although this is usually left implicit.

Furthermore, by fixing (N,Na) in this way we are foliating the spacetime near Σ

by surfaces of constant r, i.e. by surfaces of constant znew (but not! by surfaces

of constant zold) and therefore different choices of (N,Na) correspond to different

foliations since znew varies with the choice of (N,Na).

Suppose now that we start from a generic metric (B.11), choose some α and

βa and bring the metric to the form (B.22) by a transformation of coordinates.

Then, we solve Einstein’s equations for hab subject to some initial conditions pre-

scribed on Σ and obtain a solution Gµν . Next, return to the generic metric (B.11),

choose another α and βa, say ᾱ and β̄a, bring it to the form (B.22) by another

transformation of coordinates and solve Einstein’s equations for h̄ab subject to

the same initial conditions prescribed on Σ to obtain a solution Ḡµν . Then Gµν
and Ḡµν will be locally isometric (i.e. related by a coordinate reparametrization).

Spacetimes that satisfy the same Einstein’s equations subject to the same initial

conditions but have different lapses N and shifts Na are related by a transforma-

tion of coordinates near Σ.4 This is the statement that general relativity has a

well-posed initial value formulation such that a solution to an initial-value prob-

lem is unique up to symmetries of the theory, which in this case are coordinate

reparametrizations. For this reason, and since the diffeomorphism group is the

gauge group of general relativity, we call a choice of lapse and shift a choice of

gauge. The synchronous gauge, or Gaussian normal coordinates, corresponds to

the choice (α = 1, βa = 0):

ds2 = dr2 + habdx
adxb . (B.23)

In general, we cannot bring the metric of a spacetime to the form (B.22) everywhere

in a single coordinate system. The fact that this procedure in general is only valid

near a given hypersurface Σ is associated with the tendency of geodesics to cross

and end in singularities. This issue is analogous to the Gribov problem in non-

abelian gauge theories and the absence of global gauge conditions, where a choice

of gauge is only valid near a gauge orbit. See e.g. [218] for an example of how

to construct normal coordinates and why such construction may eventually break

down sufficiently far away from Σ.

The fact that a choice of lapse and shift represents a choice of gauge can be

seen from a similar perspective – and more closely related to the Hamiltonian

4It should be clarified that, since hab and h̄ab are a priori arbitrary, then Gµν and Ḡµν are

not necessarily locally isometric before they are required to satisfy Einstein’s equations subject

to the same initial conditions. Without the latter requirement, Gµν and Ḡµν in general will not

be isometric and an example of that is Minkowski space and the Schwarzschild solution, both in

Gaussian normal coordinates.
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treatment of general relativity – by performing an ADM decomposition of the

Einstein-Hilbert Lagrangian:

L =
√
GR[G] = N

√
γ
(
R[γ] +K2 −K ·K − 2∇µ (Knµ − aµ)

)
, (B.24)

where we use the notation of the previous section. An inspection of the Lagrangian

shows that only the induced metric γab has derivatives in z and therefore the

equations of motion will be second order differential equations in z for γab only.

The lapse and shift do not have any z-derivatives in L and therefore their conjugate

momenta vanishes. This means that they are not dynamical variables and that

are part of the initial data in an initial value problem.

B.4. Einstein metrics and conformal compactness

Given the results of the previous sections it is now a simple matter to show that any

solution of Einstein’s equations with a negative cosmological constant is confor-

mally compact with a timelike conformal boundary. We will work with Gaussian

coordinates (B.23) in d+ 1 dimensions:

ds2
d+1 = Gµνdx

µdxν = dr2 + γabdx
adxb . (B.25)

The Einstein equations (B.19)–(B.21) in this coordinate system become:

R[γ]− 1

4
(γ−1γ′)2 +

1

4
(γ−1γ′γ−1γ′) =

d(d− 1)

`2
, (B.26)

Dc(γ
−1γ′)ca − ∂a(γ−1γ′) = 0 , (B.27)

Rab[γ]− 1

2
γ′′ab −

1

4
(γ−1γ′)γ′ab +

1

2
(γ′γ−1γ′)ab = − d

`2
γab , (B.28)

where the cosmological constant Λ = −d(d − 1)/(2`2) and γ′ = ∂rγ. If we solve

the equations asymptotically as r →∞ we obtain:

ds2
d+1 = dr2 + e2r/`

(
g(0)ab(x) +O(e−2r/`)

)
dxadxb , (B.29)

where g(0)ab is a non-degenerate but otherwise arbitrary function of the coordinates

xa.5 We can now define: z := ` e−r/` to obtain the metric in Poincaré coordinates:

ds2
d+1 =

`2

z2

(
dz2 +

(
g(0)ab +O(z2)

)
dxadxb

)
. (B.30)

The function ρ(x) = z/` and the metric G̃µν = (z/`)2Gµν satisfy the properties of

section B.1 and therefore the set (M̃, G̃, ρ) forms an asymptote. In this way, the

5Non-degeneracy follows from the fact that:
√
G ∼ edr/`√g(0) as r →∞ and the metric Gµν

is by definition non-degenerate.
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manifold (M, G) is conformally compact with defining function z/` and conformal

boundary {z = 0}.
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