
UvA-DARE is a service provided by the library of the University of Amsterdam (https://dare.uva.nl)

UvA-DARE (Digital Academic Repository)

Holography with broken Poincaré symmetry

Korovins, J.

Publication date
2014
Document Version
Final published version

Link to publication

Citation for published version (APA):
Korovins, J. (2014). Holography with broken Poincaré symmetry. [Thesis, fully internal,
Universiteit van Amsterdam].

General rights
It is not permitted to download or to forward/distribute the text or part of it without the consent of the author(s)
and/or copyright holder(s), other than for strictly personal, individual use, unless the work is under an open
content license (like Creative Commons).

Disclaimer/Complaints regulations
If you believe that digital publication of certain material infringes any of your rights or (privacy) interests, please
let the Library know, stating your reasons. In case of a legitimate complaint, the Library will make the material
inaccessible and/or remove it from the website. Please Ask the Library: https://uba.uva.nl/en/contact, or a letter
to: Library of the University of Amsterdam, Secretariat, Singel 425, 1012 WP Amsterdam, The Netherlands. You
will be contacted as soon as possible.

Download date:26 May 2023

https://dare.uva.nl/personal/pure/en/publications/holography-with-broken-poincare-symmetry(fc93e093-eac2-4283-8d3c-028d170bd303).html


Holography with broken 
Poincaré symmetry

Jegors Korovins

 
H

olography w
ith broken P

oincaré sym
m

etry 
 

 
 

Jegors K
orovins

This thesis deals wi th the extensions of  the  
holographic dual i t ies to the s i tuat ions where 
part  of  the Poincaré group has been broken. 
Such theor ies are part icular ly relevant for 
appl icat ions of  gauge/gravi ty dual i t ies to 
condensed matter systems, which usual ly 
exhibi t  non-relat iv ist ic symmetry. 



Holography
with broken Poincaré symmetry



This work has been accomplished at the Korteweg-de Vries Institute for Mathematics
(KdVI) and the Institute for Theoretical Physics (ITFA) of the University of Amster-
dam (UvA) and is financially supported by the Netherlands Organisation for Scientific
Research (NWO) via a VICI grant.

c© Jegors Korovins, 2014

All rights reserved. Without limiting the rights under copyright reserved above, no
part of this book may be reproduced, stored in or introduced into a retrieval system,
or transmitted, in any form or by any means (electronic, mechanical, photocopying,
recording or otherwise) without the written permission of both the copyright owner and
the author of the book.



Holography
with broken Poincaré symmetry

Academisch Proefschrift

ter verkrijging van de graad van doctor

aan de Universiteit van Amsterdam

op gezag van de Rector Magnificus

prof. dr. D.C. van den Boom

ten overstaan van een door het college voor promoties

ingestelde commissie,

in het openbaar te verdedigen in de Agnietenkapel

op vrijdag 10 oktober 2014, te 12:00 uur

door

Jegors Korovins

geboren te Riga, Letland



Promotiecommissie

Promotor

prof. dr. K. Skenderis

Overige leden

prof. dr. J. de Boer

dr. A. Castro Anich

dr. D.M. Hofman

prof. dr. N.A.J. Obers

prof. dr. S.J.G. Vandoren

prof. dr. E.P. Verlinde

Faculteit der Natuurwetenschappen, Wiskunde en Informatica



Publications

This thesis is based on the following publications:

[1] Y. Korovin, K. Skenderis and M. Taylor
Lifshitz as a deformation of Anti-de Sitter
JHEP 1308, 026 (2013), arXiv:1304.7776 [hep-th].

[2] Y. Korovin, K. Skenderis and M. Taylor
Lifshitz from AdS at finite temperature and top down models
JHEP 1311, 127 (2013), arXiv:1306.3344 [hep-th].

[3] Y. Korovin
First order formalism for the holographic duals of defect CFTs
JHEP 1404, 152 (2014), arXiv:1312.0089 [hep-th].

v



vi



Contents

1 Introduction 1
1.1 Gauge/gravity dualities . . . . . . . . . . . . . . . . . . . . . . . . 2

1.1.1 AdS space . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.1.2 Holographic renormalisation . . . . . . . . . . . . . . . . . . 3
1.1.3 Flat domain walls . . . . . . . . . . . . . . . . . . . . . . . 5
1.1.4 Irrelevant deformations and non-AdS asymptotics . . . . . . 8

1.2 Holographic renormalisation for massive vector fields . . . . . . . . 9
1.2.1 Renormalisation . . . . . . . . . . . . . . . . . . . . . . . . 10
1.2.2 Two-point correlation function . . . . . . . . . . . . . . . . 13

1.3 Selected CFT techniques . . . . . . . . . . . . . . . . . . . . . . . . 15
1.3.1 Correlation functions of the stress-energy tensor in two di-

mensions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
1.3.2 Cardy’s trick . . . . . . . . . . . . . . . . . . . . . . . . . . 17

1.4 Lifshitz invariant theories . . . . . . . . . . . . . . . . . . . . . . . 20
1.4.1 Lifshitz algebra . . . . . . . . . . . . . . . . . . . . . . . . . 20
1.4.2 Holographic models . . . . . . . . . . . . . . . . . . . . . . 21
1.4.3 Preview of the main results . . . . . . . . . . . . . . . . . . 23

2 Lifshitz as a deformation of Anti-de Sitter 27
2.1 Lifshitz solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
2.2 Holographic dictionary . . . . . . . . . . . . . . . . . . . . . . . . . 30

2.2.1 Analysis for d = 2 . . . . . . . . . . . . . . . . . . . . . . . 33
2.2.2 Analysis for d = 3 . . . . . . . . . . . . . . . . . . . . . . . 41
2.2.3 General d for position-independent couplings . . . . . . . . 45

2.3 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
2.A Useful formulae . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
2.B Expansion of Einstein equations in d = 2 . . . . . . . . . . . . . . . 49
2.C Expansion of Einstein equations in d = 3 . . . . . . . . . . . . . . . 52
2.D Scheme-dependence and Weyl invariance . . . . . . . . . . . . . . 54

vii



Contents

3 Lifshitz black brane and top down models 57
3.1 A Lifshitz black brane solution . . . . . . . . . . . . . . . . . . . . 59
3.2 Thermodynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

3.2.1 On-shell action . . . . . . . . . . . . . . . . . . . . . . . . . 66
3.3 Relation to top down solutions . . . . . . . . . . . . . . . . . . . . 68

3.3.1 Lifshitz with z ∼ 1 . . . . . . . . . . . . . . . . . . . . . . . 70
3.3.2 Backreaction of massive vector field . . . . . . . . . . . . . 71
3.3.3 Three-dimensional Lifshitz geometries . . . . . . . . . . . . 73

3.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

4 Lifshitz invariant field theory dual to Einstein-Proca model 77
4.1 Dual QFT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

4.1.1 The classical theory . . . . . . . . . . . . . . . . . . . . . . 77
4.1.2 Conformal perturbation theory . . . . . . . . . . . . . . . . 79
4.1.3 Three-dimensional examples . . . . . . . . . . . . . . . . . . 89

4.2 Lifshitz invariant correlation functions in two dimensions . . . . . . 92
4.2.1 Lifshitz theory . . . . . . . . . . . . . . . . . . . . . . . . . 92
4.2.2 Lifshitz invariance of two-point functions . . . . . . . . . . 94

4.3 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97
4.A Stress-energy tensor correlation functions in 2d Lifshitz theory. . . 99

5 First order formalism for the holographic duals of defect CFTs 101
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101
5.2 The formalism . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

5.2.1 Review of the first order formalism for curved domain walls
with a complex superpotential . . . . . . . . . . . . . . . . 104

5.2.2 Solving the constraint . . . . . . . . . . . . . . . . . . . . . 105
5.3 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

5.3.1 Generalities . . . . . . . . . . . . . . . . . . . . . . . . . . . 107
5.3.2 Interfaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111
5.3.3 Boundary CFT from the folding trick . . . . . . . . . . . . 113

5.4 Applications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116
5.4.1 Boundary OPE and fluctuations . . . . . . . . . . . . . . . 116
5.4.2 Entanglement entropy in CFTs with defects . . . . . . . . . 119

5.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122
5.A Relation to the Hamilton-Jacobi Theory . . . . . . . . . . . . . . . 125
5.B From AdS slicing to Fefferman-Graham . . . . . . . . . . . . . . . 126

Bibliography 129

Summary 145

viii



Contents

Samenvatting 149

Acknowledgements 153

ix



Contents

x



Chapter 1

Introduction

It is a truth universally acknowledged that the quantisation of gravity is among
the most important unsolved problems in modern theoretical physics. The famous
gauge/gravity dualities have supported the viewpoint that gravity should have a
holographic description [4, 5]. Specifically, some gravitational theories in d + 1
dimensions have an equivalent dual description in terms of quantum field theories
(QFT) in d dimensions. The celebrated AdS/CFT correspondence [6] is the best
understood example of the gauge/gravity dualities. It relates a theory of gravity
in anti-de Sitter (AdS) space to a conformal field theory (CFT) on the boundary
of AdS. The limit in which gravity becomes classical corresponds to the strong
coupling regime in the CFT. Therefore such dualities are hard to prove rigorously
- they relate simple problems in one theory to the hard ones on the dual side. At
the same time it makes these dualities very useful: QFTs at strong coupling can
be mapped to a classical gravity. For some complicated questions this method
provides the only available practical tool at the moment.

In recent years gauge/gravity dualities have been applied to numerous problems
in a variety of physical systems ranging from the quark-gluon plasma to condensed
matter systems. Frequently such applications require some generalisations of the
original AdS/CFT correspondence. In particular condensed matter systems usu-
ally lack relativistic invariance. This thesis focuses on some generalisations of the
correspondence to the cases when part of Poincaré group has been broken. In the
first part of the thesis we discuss certain aspects of non-relativistic holography.
The second part is devoted to the holographic realisation of conformal defects.

We begin in this chapter by reviewing some basic facts about gauge/gravity
dualities. In section 1.2 we illustrate the procedure of holographic renormalisation.
Then we move on to explain some useful CFT techniques in 1.3. In section 1.4 we
introduce Lifshitz invariant field theories, describe their holographic realisations

1



1. Introduction

and preview some of the main results of this thesis.

1.1 Gauge/gravity dualities
The prototypic example of a gauge/gravity duality is the duality between the type
IIB string theory on AdS5 × S5 and maximally supersymmetric N = 4 Yang-
Mills theory with gauge group SU(N) in four dimensions. This super Yang-Mills
theory is conformal at the quantum level. Indications are that it is integrable in
the planar limit (i.e. when N → ∞ with λ = g2

YMN held fixed). In this limit
the dual string theory becomes classical. If one further takes the ’t Hooft limit
λ = g2

YMN →∞ then in the corresponding low energy limit of string theory one
is left with classical (super-)gravity on AdS5 × S5. For an extensive early review
see [7].

1.1.1 AdS space
AdS space is the maximally symmetric solution of Einstein’s equations with neg-
ative cosmological constant. In the so-called domain wall type coordinates its
metric in d+ 1 dimensions is

ds2
AdSd+1

= dr2 + L2e2r/L(−dt2 + dxidx
i), (1.1)

where the index i runs from 1 to d − 1 and L is the radius of curvature of AdS.
The AdS space has a conformal boundary located at r =∞. The isometry group
SO(2, d) preserves the location of the boundary and matches the conformal group
of the d-dimensional Minkowski space.

The form of the metric (1.1) makes manifest the AdS isometries corresponding
to the Poincaré subgroup of conformal group. After changing the coordinates
(r, xd)→ (z, u) by

sinh
( z
L

)
= xd

r
, u =

√
r2 + x2

d, (1.2)

the same metric reads

ds2
AdSd+1

= dz2 + L2 cosh2
( z
L

)−dt2 + du2 + dxidx
i

u2 (1.3)

= dz2 + L2 cosh2
( z
L

)
ds2
AdSd

,

and now the index i runs from 1 to d − 2. This form of the metric makes the
SO(2, d−1) subgroup manifest. SO(2, d−1) is the symmetry group of a conformal
defect (of codimension one). This simple observation will play an important role
in chapter 5.
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1.1. Gauge/gravity dualities

For practical computations in holography we need to consider the larger class
of the so-called asymptotically locally AdS spaces (AlAdS for short). The defining
metric is

ds2 = dr2 + L2e2r/Lgij(r, x)dxidxj , (1.4)

with gij(r, x) having a smooth limit as r →∞

gij(r, x) ∼ g(0)ij(x) + e−2rg(2)ij(x) + . . . . (1.5)

One can think of g(0)ij(x) as the induced metric on the boundary of AlAdS space.
To be more precise, g(0)ij(x) is a representative of a conformal class of metrics on
the boundary.

1.1.2 Holographic renormalisation
The most basic observables in a CFT are correlation functions of local gauge
invariant operators. In this section we will briefly summarise the fundamental
prescription for computing CFT correlators on the dual gravity side. For simplicity
we will adopt Euclidean signature and assume that the CFT has a Lagrangian
description in terms of the action SCFT .

For our purposes it is convenient to package all CFT correlators in a generating
functional of connected diagramms W [J ] defined by

exp(−W [J ]) =
∫
DΦ exp(−SCFT [Φ,J ]), (1.6)

where Φ stands for the fundamental fields and J collectively denotes all the sources
of the gauge invariant operators

J = (gij(0), φ(0), A
i
(0), . . .). (1.7)

Here gij(0) denotes the metric to which the conserved stress-energy tensor couples,
φ(0) and Ai(0) are the sources for some generic gauge invariant scalar and vector
operators O and Ji. Other couplings can be introduced in a similar way.

The connected correlation functions are then defined by

〈O(x1) . . .O(xn)〉 = (−1)n+1√
g(0)(x1)

δ

δφ(0)(x1) . . .
1√

g(0)(xn)
δ

δφ(0)(xn)W [φ(0)], (1.8)

and similarly for the insertions of other operators.
According to the AdS/CFT correspondence, for every gauge invariant operator

in a CFT there is a dual field in the bulk of AdS. On the gravity side one can
consider the partition function Z[φ(0)] with the prescribed boundary conditions
at the conformal boundary of AdS. For simplicity we suppress the dependence

3



1. Introduction

of the functional Z on the boundary conditions for all other fields. The basic
prescription [8,9] then states that this partition function is equal to the generating
functional of the CFT

Z[φ(0)] = exp(−W [φ(0)]). (1.9)

This is the defining relation of the AdS/CFT correspondence. In the saddle point
approximation when the bulk partition function is dominated by a single classical
configuration we get

Son-shell[φ(0)] = W [φ(0)], (1.10)

where Son-shell[φ(0)] denotes the value of the classical gravitational solution with
the prescribed boundary conditions.

In practise one has to renormalise the basic relation (1.10) since both sides of
it are generically divergent. On the CFT side this is the usual renormalisation.
On the gravity side there exists an analogous well-developed systematic procedure
called holographic renormalisation [10–15]. We outline it below. For more details
we refer the reader to the pedagogical review [16].

For a given gravitational theory one can perform holographic renormalisation
by following a number of steps:

– Determine the form of the most general asymptotic solution for the gravita-
tional field equations close to the boundary of AlAdS. If the equations are
second order, then the asymptotic expansion will depend on two indepen-
dent functions (for each field). One of them corresponds to the source and
another to the expectation value of the dual operator.

– Introduce a radial cutoff ε in AdS space. This regularises the volume of AdS
and makes the value of the on-shell action finite.

– The regularised on-shell action diverges if we now remove the cutoff. Simi-
larly as in QFT one introduces covariant counterterms. After the countert-
erms have been added to the regularised action one can safely remove the
cutoff. This defines the renormalised action.

– The renormalised action gives the renormalised partition function accord-
ing to (1.10). Renormalised correlation functions are defined by covariant
differentiation of the renormalised action as in (1.8).

Notice that in the AdS/CFT correspondence one naturally obtains generating
functional in the presence of sources. Similarly the Ward identities obtained by
this procedure hold with sources switched on.

For completeness let us mention that there exists an alternative (equivalent)
Hamiltonian approach to holographic renormalisation [17,18] (see also [19,20] for
earlier work). It is conceptually less transparent but more convenient for many

4



1.1. Gauge/gravity dualities

practical computations. In particular this approach gives a rigorous identification
of the radial coordinate of AdS close to the boundary with the RG scale in the
field theory. Intuitively one can think of the near boundary region of AlAdS as
the one corresponding to the UV of the QFT. Correspondingly the deep interior
of AlAdS is related to the IR of the theory.

If the gravitational theory admits a pure AdS solution with all other fields
switched off then one conventionally defines this solution as the vacuum of the
CFT. Other solutions of the same theory correspond to non-trivial states or explicit
deformations of the dual theory. We will illustrate this important point in the next
section.

1.1.3 Flat domain walls
In this section we discuss flat domain wall solutions. It will allow us to introduce
some of the features of the holographic dictionary and to lay the ground for the
construction of curved domain walls in chapter 5. To large extent we will follow
the discussion in [21].

As a simple example of a gravitational theory consider a scalar field φminimally
coupled to gravity. The Lagrangian density is

L =
√
−g
(
R− 1

2(∂φ)2 − V (φ)
)
, (1.11)

where V (φ) is an arbitrary potential. To start with we require that this theory
admits an AdS vacuum with constant scalar. In other words V (φ) has at least one
extremum φ1 with V (φ1) = −d(d − 1)/L2 < 0. Then this theory admits an AdS
solution with radius L and φ = φ1.

As a next step let us assume that the potential V (φ) admits more then one
distinct AdS vacua labelled by φi. Then there might exist a solution interpolating
between the two. To be more specific let us look for the solutions of the form

ds2 = dz2 + e2A(z)ds2
d, φ = φ(z), (1.12)

where ds2
d denotes the d-dimensional Minkowski metric. The simplest solution is

obtained when scalar field extremises the potential φ = φi and A(z) = z/Li + ai,
where ai is an unimportant integration constant. This is just the AdS vacuum
discussed above.

There might exist more interesting solutions with the warp factor A(z) ap-
proaching linear functions

A(z)→
{
z/LUV , as z → +∞,
z/LIR as z → −∞. (1.13)

Clearly, as z → +∞ we approach the boundary of AdS space with the radius LUV ;
and when z → −∞ we approach the deep interior region of another AdS vacuum

5



1. Introduction

with the radius LIR. Of course LUV 6= LIR in general. Such solutions interpolate
between different extrema of V (φ). They preserve Poincaré invariance and hence
are called flat domain walls. As discussed at the end of the previous section one
can think of the z-coordinate as the energy (or RG) scale. Therefore such domain
walls are often referred to as holographic RG flows.

The Lagrangian (1.11) results in the constraint equation

Ȧ2 = 1
2d(d− 1)

(
φ̇2 − 2V (φ)

)
. (1.14)

and the dynamical equations for the scalar field and the warp factor

φ̈+ dȦφ̇ = dV

dφ
, 2(d− 1)Ä+ d(d− 1)Ȧ2 + 1

2 φ̇
2 + V (φ) = 0, (1.15)

where the dot denotes the derivative with respect to z. Alternatively this system
can be derived from the effective Lagrangian1

L = edA
(
d(d− 1)Ȧ2 − 1

2 φ̇
2 − V (φ)

)
. (1.16)

The constraint equation (1.14) has to be imposed by hand. (1.15) and (1.14) form
a non-linear coupled system. Naively one does not expect to be able to solve this
system analytically. However, as we explain next, there exists a very powerful
method for constructing flat domain walls.

Let us assume that the potential can be written in the form

V = 2
(
W ′2(φ)− d

2(d− 1)W
2(φ)

)
, (1.17)

where prime denotes the derivative with respect to φ. This is not a very strong
assumptions since one can view (1.17) as an ODE for the fake superpotentialW (φ)
(or just "superpotential" for short).

Now we can rewrite the effective Lagrangian (1.16) as

L = edA

2

[
2d(d− 1)

(
Ȧ+ 1

d− 1W
)2
− (φ̇− 2W ′)2

]
− 2 d

dz

(
WedA

)
. (1.18)

Hence the effective Lagrangian will be extremised when the first order equations

φ̇ = 2W ′(φ), Ȧ = − 1
(d− 1)W (φ) (1.19)

are satisfied. These decoupled equations have very simple structure. The first
of them can be integrated by separating the variables and the second by direct
integration. Remarkably, any solution of the system (1.19) also solves equations

1see also (5.4) and footnote 10 on the same page for notational explanation
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1.1. Gauge/gravity dualities

(1.15)! This is a great simplification of the problem - in many cases it allows to
construct simple analytic domain walls.

Moreover, if the fake superpotential exists it is easy to find the counterterms
action corresponding to (fake) supersymmetric renormalisation scheme. Clearly
only the last term in (1.18) contributes to the on-shell action. Since the total
energy must vanish in the supersymmetric scheme we need to add the counterterm
[14,18]

Sct = 2
∫
ddxedAW (φ). (1.20)

Of course this counterterm solves the problem of holographic renormalisation for
arbitrary extremum of the given action, not just for flat domain walls.

At the AdS vacuum we have

0 = V ′ = 4W ′(W ′′ − d

2(d− 1)W ). (1.21)

In particular we see that any critical point of the superpotential is also a critical
point of the potential. We will call the AdS vacua arising from W ′ = 0 "super-
symmetric" (although note that we refer here to "fake supersymmetry"). Crucially
these are stable, meaning that they saturate a positive energy bound. Even more:
any (pseudo-)supersymmetric domain wall interpolating between two such vacua
is stable [21,22]! In such a vacuum we have

V ′′

V
= −4(d− 1)

d

W ′′

W

(
W ′′ − d

2(d− 1)W
)
. (1.22)

This quadratic equation for W ′′ has real roots only if

V ′′

V
≤ d

4(d− 1) . (1.23)

This is the generalised Breitenlohner-Freedman (BF) bound. In the vicinity of the
supersymmetric critical point (here we shift it to zero) we can expand the potential
as

V (φ) = −d(d− 1)
L2 + m2

2 φ2 (1.24)

and the BF bound becomes m2L2 ≥ −d2/4 [23].
Let us now analyse probe fluctuations of the scalar field around an AdS vacuum.

We replace the full potential by its quadratic approximation (1.24). The field
equation for the scalar then reads

(�−m2)φ(z, x) = 0. (1.25)

Near the boundary the most general solution for the scalar field can be parametrized
by

φ(z, x) ∼ φ(0)(x)e−(d−∆)z + . . .+ φ(∆)(x)e−∆z + . . . , (1.26)

7



1. Introduction

where ∆ is the conformal dimension of the dual operator O. It is determined by
the relation ∆(d−∆) = m2L2.

Given a solution to the field equations we can compute renormalised correlation
functions using the basic AdS/CFT prescription. Schematically, the result is

〈O(x)〉 = δ

δφ(0)
Son-shell[φ(0)] ∼ φ(∆)(x) + C[φ(0)(x)], (1.27)

where C[φ(0)(x)] is a local functional of the source φ(0)(x). φ(∆)(x) is related
non-locally to the source as it should be for a non-trivial correlation function.
The precise form of the one-point function depends on the details of the theory,
dimension of the space and conformal weight of the operator. The renormalisation
scheme dependence is encoded in the functional C[φ(0)(x)] (however C[φ(0)(x)]
may contain scheme independent terms).

The functions φ(0)(x) and φ(∆)(x) represent two independent pieces of the
boundary data. The former corresponding to the source and the latter to the
VEV of the dual operator in the field theory. Notice that for ∆ > d (and hence
m2 > 0) the first term in (1.26) blows up at the boundary. In fact, after taking
the backreaction into account such a term would change the asymptotics of the
spacetime. This corresponds to an irrelevant deformation on the field theory side.
For ∆ < d both of the terms decay at the boundary, reflecting the fact that relevant
perturbations are not important in the UV of the theory.

Any small deviation from the pure AdS (vacuum) solution has one of the two
possible interpretations. If the solution is such that φ(0)(x) 6= 0, then it means
that underlying CFT has been explicitly deformed by the source (or background
field) φ(0)(x). If however the source vanishes but the one-point function is non
trivial φ(∆)(x) 6= 0, then we are dealing with a non-trivial state of CFT. In other
words, the conformal symmetry is broken spontaneously in this case.

For completeness let us also mention that for the vector fields the mass is
related to conformal dimension of the dual vector operator by

∆(∆− d) = m2L2 − (d− 1), (1.28)

and thus fluctuations with m2L2 > (d − 1) give rise to irrelevant deformations.
In subsequent chapters we will discuss the case m2L2 = (d− 1) (corresponding to
marginally irrelevant deformation) in much detail.

Let us now comment on the importance of irrelevant deformations in hologra-
phy.

1.1.4 Irrelevant deformations and non-AdS asymptotics
Formulating precise holographic dictionary for asymptotically flat spacetimes is
one of the holy grails of the modern theoretical physics. More generally, one would

8



1.2. Holographic renormalisation for massive vector fields

like to understand holography for spacetimes with arbitrary asymptotics. As such
this is a daunting task as of today. What does AdS/CFT correspondence teach
us about holography with non-AdS asymptotics? We know that if a spacetime is
asymptotically AdS then in the UV it is dual to a conformal fixed point. Then,
if one wants to generalise AdS/CFT, the conformal theory must be replaced by
something else in the UV. The most naive solution is to modify a CFT by adding
an irrelevant deformation to it. In QFT this is somewhat problematic: one has to
tune the deformation such that the RG trajectory hits another fixed point (and
then one is back to asymptotically AdS scenario) or one has to treat irrelevant
deformations infinitesimally (otherwise one loses predictability) and work order
by order in perturbation theory. But from the gravity perspective an irrelevant
deformation precisely does the job: it destroys AdS asymptotics. The problem
is then in determining the resulting back-reacted geometry and establishing the
holographic dictionary for it. This involves both technical and conceptual problems
which have not been resolved in general so far.

However the problem can be simplified if one treats the irrelevant deformation
perturbatively - just in the spirit of QFT. One expects to be able to renormalise
the theory (using finite number of counterterms) at any finite order in pertur-
bative expansion. Also viewing the deformation as a small perturbation of AdS
one still can apply the established rules of AdS/CFT correspondence to deduce
the nature of the dual field theory. This program has been first realised in [24]
where it has been shown that the Schrödinger background can be understood as a
specific irrelevant deformation of CFT which becomes exactly marginal from the
Schrödinger invariant theory viewpoint. Irrelevant deformations in holography
have been studied systematically in [25, 26]. In chapters 2, 3 and 4 we will apply
these ideas to the Lifshitz spacetimes in the context of Einstein-Proca model. But
first we collect some general information about Lifshitz invariant field theories and
their holographic duals.

1.2 Holographic renormalisation for massive vec-
tor fields

In this section we illustrate the procedure of holographic renormalisation, as out-
lined in the section 1.1.2, using massive vector field as an example. It should
prepare the reader for the analysis in the subsequent chapters, where a bit more
complicated system (massive vector field coupled to gravity) will be analysed and
some of the results of this section rederived.

9



1. Introduction

1.2.1 Renormalisation
Our starting point is the Euclidean action

S = 1
16πGd+1

∫
dd+1x

√
G
(1

4FµνF
µν + 1

2M
2AµA

µ
)
. (1.29)

Our goal is to compute the renormalised one-point function of the dual vec-
tor primary operator J i. Beyond that we will compute the two-point function
〈J i(x)Jj(0)〉 holographically.

We will assume that the background AdS geometry is fixed. The metric is

ds2 = Gµνdx
µdxν = dr2 + γijdx

idxj = dr2 + e2rδijdx
idxj . (1.30)

According to the prescription in 1.1.2 our first step is to find the asymptotic expan-
sion of the most general solution to the field equations with prescribed Dirichlet
boundary conditions. The field equations

DµF
µν = M2Aν , (1.31)

(where Dµ is the covariant derivative associated to metric G) can be decomposed
into

∂jFjr = M2e2rAr, (1.32)

∂kF
ki + e(4−d)r∂r(e(d−2)rF ri) = M2e2rAi, (1.33)
e−2r∂iA

i + e−dr∂r(edrAr) = 0, (1.34)

where the last equation was obtained by taking the divergence of the second one.
Radial component of the vector field Ar satisfies the first order equation with
respect to the radial derivative. This means that we cannot assign an independent
boundary condition for Ar - it will be completely determined by the boundary
condition for Ai.

Ai satisfies the linear second order equation (1.33). It can be solved using the
Frobenius method. For generic d and M2 we expand Ai near the boundary

Ai = eλr(A(0)i(x) + e−2rA(2)i(x) + e−4rA(4)i(x) + . . .). (1.35)

The lower index in the bracket indicates the order in the expansion. (1.34) implies
that Ar must have the expansion

Ar = e(λ−2)r(A(0)r(x) + e−2rA(2)r(x) + e−4rA(4)r(x) + . . .). (1.36)

By plugging the expansion (1.35) into (1.33) we can determine the leading power
λ in terms of M :

λ(d+ λ− 2) = M2. (1.37)

10



1.2. Holographic renormalisation for massive vector fields

In fact λ is related to the scaling dimension of the dual operator J i. To be more
precise, λ should be equal to the scaling dimension of the source A(0)i(x):

λ = ∆− d+ 1. (1.38)

To see this consider the interaction term gij(0)A(0)iJj . Under a coordinate transfor-
mation that induces a conformal transformation, g(0)ij(x) → e2σ(x)g(0)ij(x), the
interaction term should have (length) scaling dimension −d. The inverse metric
gij(0) has scaling weight −2, and the vector Ji transforms according to (see e.g. [27])

Ji(x)→ e−(∆−1)σ(x) ∂x
′j

∂xi
Jj(x′). (1.39)

It follows that A(0)i should have scaling dimension ∆− d+ 1.
Equation (1.34) relates the Ar component of the vector field to the Ai compo-

nent according to
A(2n)r = 1

2n+ 1−∆∂iAi(2n). (1.40)

Beyond that, (1.33) allows us to express the higher order expansion coefficient in
(1.35) in terms of the source using the iterative relation

Ai(2n) = 1
2n(2∆− d− 2n)

(
∂jF

ji
(2n−2) + ∆− 2n− 1

∆− 2n+ 1∂
i∂jAj(2n−2)

)
, (1.41)

where
F ki(2n−2) = ∂kAi(2n−2) − ∂

iAk(2n−2). (1.42)

Remarkably, the overall prefactor in (1.41) agrees exactly with the analogous ex-
pression for the scalar field [16]. Similarly as in the scalar case the coefficients
Ai(2n) are locally related to the source Ai(0). However, the procedure stops when
2∆−d−2n = 0. When it happens we need to introduce a logarithmic term re−∆r.
To be concrete let us analyse the case 2∆− d− 2 = 0. The asymptotic expansion
takes the form

Ai = eλr(A(0)i(x) + re−2ra(2)i(x) + e−2rA(2)i(x) + . . .), (1.43)

where
ai(2)(x) = 1

2

(
∂kF

ki
(0) + ∆− 3

∆− 1∂
i∂jAj(0)

)
(1.44)

and A(2)i(x) is undetermined by the asymptotic analysis. To find it one has to
solve the field equation with the appropriate regularity conditions in the interior
of AdS. As we will show below A(2)i(x) is related to the expectation value of the
dual operator.

11



1. Introduction

Next step in the holographic renormalisation procedure is to evaluate the on-
shell action with the finite cutoff r0. Since the field equations are satisfied on-shell,
we get only the boundary contribution

Sreg = 1
16πGd+1

1
2

∫
r=r0

ddx
√
γγijAiFrj (1.45)

= 1
16πGd+1

1
2

∫
r=r0

ddxe(d+2λ−2)r0
(
λA(0)i(x)Ai(0)(x)

+ 2(λ− 1)e−2r0A(0)i(x)Ai(2)(x) + e−2r0

d+ λ− 2A(0)i(x)∂i∂jAj(0)(x) + . . .
)
.

This is the result for 2∆ − d 6= even. To find the counterterms we have to invert
the relations (1.35) as

A(0)i(x) = e−λr0
[
Ai −

1
2(2∆− d− 2)γ

jk
(
∂jFki + ∆− 3

∆− 1∂i∂jAk
)]
, (1.46)

A(0)2(x) = e−λr0
1

2(2∆− d− 2)γ
jk
(
∂jFki + ∆− 3

∆− 1∂i∂jAk
)
. (1.47)

Now it is easy to see that the leading counterterms are

Sct =− 1
32πGd+1

∫
√
γ
[
λγijAi(x)Aj(x) + 1

∆−1Ai(x)∂l∂jAk(x)γjkγil (1.48)

− 1
2∆− d− 2Ai(x)

(
∂jFkl + ∆− 3

∆− 1∂l∂jAk
)
γjkγil + . . .

]
.

Again it is easy to notice the striking similarity of these counterterms to those
in the scalar analysis [16]. It is straightforward to work out all the necessary
counterterms for given d and ∆.

When 2∆− d is even there are additional logarithmic counterterms. Again for
concreteness let us assume 2∆− d = 2. The counterterm then is

Sct = − 1
32πGd+1

∫
√
γ
[
λγijAi(x)Aj(x) (1.49)

− r0

2 Ai(x)
(
∂jFkl + ∆− 3

∆− 1∂l∂jAk
)
γjkγil

]
.

This counterterm will be rederived in a more complex context for d = ∆ = 2 in
chapter 2 (see (2.47)).

With the counterterms at hand we define the renormalised action as

Sren = lim
r0→∞

(Sreg + Sct). (1.50)

Finally the renormalised one-point function (for 2∆− d = 2) is obtained by

〈J i〉 = 1
√
γ

δSren
δA(0)i

= − 1
16πGd+1

(
2Ai(2) − a

i
(2) −

1
∆− 1∂

i∂jAj(0)

)
. (1.51)
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1.2. Holographic renormalisation for massive vector fields

We will rederive this result for d = ∆ = 2 in chapter 2 (see (2.51)). Note that the
last two terms in (1.51) are purely local in the source Aj(0). In this case such terms
can be removed by adding finite local counterterms. This is the ordinary scheme
dependence. We will explain it in more detail in the section 2.2.1. For now we
will assume the scheme where the local terms have been cancelled by appropriate
counterterms.

1.2.2 Two-point correlation function
To compute the correlation functions we need to determine Ai(2) from the actual
solution to the field equations. Our discussion follows closely [28]. Note however
that in [28] only the case of non-integer conformal dimension was considered. Here
we will concentrate on d = ∆ case.

For concreteness we work in Euclidean AdS3 and assume that ∆ = d = 2, i.e.
M2 = d− 1 = 1. The action for the vector field is

S = 1
16πG3

∫
d3x
√
G

[
1
4F

2 + 1
2M

2A2
]
. (1.52)

The Maxwell equation (1.32) reads

∂j∂jAr − ∂j∂rAj − e2rAr = 0. (1.53)

Equation (1.34) imposes the constraint

∂jAj = −e2r(2Ar + ∂rAr) (1.54)

which allows us to decouple the field equation for Ar:

A′′r + 4A′r + 3Ar − e−2r∂j∂jAr = 0, (1.55)

where a prime denotes a radial derivative. The regular solution to this equation is

Ar(~x, r) =
∫

d2k

(2π)2 e
−i~k~xαr(~k)e−2rK1(ke−r), (1.56)

where K1 denotes the modified Bessel function.
Equation (1.33) provides us with the equation for Ai:

A′′i −Ai + e−2r∂j∂jAi = −2∂iAr. (1.57)

The general solution which is regular in the bulk is

Ai(~x, r) =
∫

d2k

(2π)2 e
−i~k~x

[
αi(~k)K1(ke−r)− iki

k
αr(~k)e−rK2(ke−r)

]
. (1.58)
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The constraint (1.54) implies αr = −ikjαj in agreement with the general analysis
of the previous section. Thus we can rewrite

Ai(~x, r) =
∫

d2k

(2π)2 e
−i~k~x

[
αi(~k)K1(ke−r)− kikj

k
αj(~k)e−rK2(ke−r)

]
. (1.59)

Using the asymptotic expansions

K1(z) ∼ 1
z

+ z

4(2γ − 1) + z

2 log
(z

2

)
+ . . .

K2(z) ∼ 2
z2 −

1
2 + . . .

we obtain the near-boundary expansion as

Ai(~x, r) =
∫

d2k

(2π)2 e
−i~k~x

[
er
(αi(~k)

k
− 2kikj

k3 αj(~k)
)

+ e−r log(e−r)αi(~k)k2

+ e−r
(
αi(~k)(k4 (2γ − 1) + k

2 log k − k

2 log 2) + 1
2
kikj
k
αj(~k)

)]
. (1.60)

We identify the leading term in the expansion with the source:

A(0)i =
(αi(~k)

k
− 2kikj

k3 αj(~k)
)
. (1.61)

This relation can be inverted

αi = kA(0)i − 2ki
k

(~k · ~A(0)). (1.62)

As a simple check of our calculation note that the logarithmic term (i.e. the one
multiplying re−r) is

−αi(~k)k/2 = −1
2

(
k2A(0)i − 2ki(~k · ~A(0))

)
→ 1

2�A(0)i − ∂i(∂jAj(0)), (1.63)

which is in agreement with (1.44).
We are interested in the coefficient multiplying e−r. In terms of the A(0)i it

can be written as

A(2)i = k2
(2γ − 1 + 2 log(k/2)

4

)
A(0)i(~k)− ki(~k · ~A(0))(γ + log(k/2)). (1.64)

From (1.51) (note that we are using the scheme where the local terms are absent)
it follows that〈

Ji(~k)Jj(−~k)
〉

= 1
8πG3

δA(2)i(~k)
δAj(0)(−~k)

= 1
8πG3

[k2

4 log
(e2γ−1k2

4m2

)
δij −

kikj
2 log

(e2γk2

4m2

)]
, (1.65)
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1.3. Selected CFT techniques

where m2 is the renormalization scale. This result can be Fourier transformed
using [29] ∫

d2k

(2π)2 e
−ikx log

(k2

µ2

)
= − 1

π

1
x2 . (1.66)

In position space the two-point function becomes

〈Ji(~x)Jj(0)〉 = 1
4πG3

1
πx4

(
δij − 2xixj

x2

)
. (1.67)

Let us rewrite this result in complex coordinates z = x1 + ix2, z̄ = x1 − ix2. The
form

(
δij − 2xixjx2

)
becomes (

− z
2+z̄2

2zz̄ i z
2−z̄2

2zz̄
i z

2−z̄2

2zz̄
z2+z̄2

2zz̄

)
.

Using Jz = 1
2 (J1 − iJ2) we get

〈JzJz〉 = 1
4(〈J1J1〉 − 2i 〈J1J2〉 − 〈J2J2〉). (1.68)

If one uses for the propagator 〈JiJj〉 = CJ
x4

(
δij − 2xixjx2

)
one obtains

〈JzJz〉 = −CJ2
1
z3z̄

, (1.69)

which has a sign in agreement with our CFT computation later on (see (4.35)).
Comparing (1.67) to the CFT normalization we can then fix

CJ = 1
4π2G3

. (1.70)

1.3 Selected CFT techniques
Throughout this thesis we will rely on a number of CFT methods. In spite of
their beauty, power and simplicity, some of them did not find their way into the
standard textbooks and lecture cources. In this section we explain some of these
techniques. In the subsection 1.3.1 we show how the conformal anomaly in two
dimensions fixes the correlation functions of the stress-energy tensor with itself.
In the subsection 1.3.2 we explain a powerful method to constrain certain OPE
coefficients.

We will assume that the reader is familiar with the basics of CFTs at the level
of the first few chapters of [30].
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1.3.1 Correlation functions of the stress-energy tensor in
two dimensions

In a relativistic two-dimensional CFT conformal symmetry is powerful enough to
fix the two-point functions of the stress-energy tensor with itself. In fact, all higher
point functions of the stress-energy tensor are fixed by the conformal anomaly.

Let us present the argument. Consider the metric fluctuations gµν = ηµν+hµν .
The diffeomorphism and trace Ward identities in standard complex coordinates
are given by

∂̄ 〈Tww〉+ ∂ 〈Tww̄〉 = 0, (1.71)

〈Tww̄〉 = 1
4 ·

c

24πR[g] (1.72)

= 1
4 ·

c

24π (∂2hww + ∂̄2hw̄w̄ − ∂̄∂hww̄ − ∂̄∂hww̄),

where in the last equality we have linearised the Ricci scalar which suffices for the
2-point functions.

The main idea of the argument is then the following. By taking further func-
tional derivatives of the diffeomorphism Ward identity we obtain a system of dif-
ferential equations for different 2-point correlation functions. For example, differ-
entiating (1.71) with respect to hww yields

∂̄ 〈Tww(w)Tww(0)〉 = −∂ 〈Tww̄(w)Tww(0)〉 . (1.73)

Then we use the trace Ward identity to compute one of the terms (involving the
trace) and integrating these differential equations we obtain all 2-point functions.

Indeed, taking the functional derivative of (1.72) with respect to hww we find

〈Tww̄(w)Tww(0)〉 = 1
4 ·

c

24π 4∂2δ2(w, w̄) = c

24π∂
2 1

2π ∂̄∂ log |w|2, (1.74)

and using (1.73) we obtain

∂̄ 〈Tww(w)Tww(0)〉 = −∂ 〈Tww̄(w)Tww(0)〉 = − c

24π
1

2π ∂̄∂
4 log |w|2. (1.75)

Integrating this equation we find the well-known result:

〈Tww(w)Tww(0)〉 = 1
(2π)2

c/2
w4 . (1.76)

(The factor 1/(2π)2 follows from our “bulk” convention for the energy momentum
tensor, i.e. Tµν = 2√

g
δS
δgµν , see also explanation after (4.20).) A similar com-

putations yields the 2-point function 〈Tw̄w̄(w̄)Tw̄w̄(0)〉 = 1/(2π)2(c/2)/w̄4 in the
anti-holomorphic sector. Finally, functionally differentiating (1.72) w.r.t. hw̄w
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we find the 2-point function 〈Tww̄(w, w̄))Tww̄(0)〉 = − c
24π∂∂̄δ

2(w, w̄), which is a
contact term as expected.

In fact, the conformal anomaly in two dimensions fixes all the n-point correla-
tion functions of the stress-energy tensor with itself. One just has to expand the
Ricci scalar in (1.72) to sufficiently high order in h and repeat the same procedure
as above. Actually the trace Ward identity can be integrated to a generating func-
tional for the stress-energy tensor. The result is the famous non-local Polyakov
effective action [31].

In section 4.2 we will use similar idea to compute the two-point correlation
function of the stress-energy tensors in a class of two-dimensional Lifshitz invariant
theories.

1.3.2 Cardy’s trick
Consider conformal primary operators Oi1 and Oi2 , which might carry Lorentz
or internal indices. Since all fields couple to the stress-energy tensor, the OPE
between Oi1 and Oi2 takes the form

Oi1(x)Oi2(0) ∼ Ii1i2(x)
x∆1+∆2

+ Cµνi1i2(x)Tµν(0) + . . . , (1.77)

where Tµν is the symmetric, traceless and conserved stress-energy tensor. Clearly,
Cµνi1i2 is related to the three-point function 〈TµνOi1Oi2〉. The form of generic three-
point functions in a CFT is fixed up to few numerical constants. The number of
these constants depends on the spins of the fields in the correlator. However we
can use the fact that stress-energy tensor generates conformal transformation in
order to constrain the OPE coefficient Cµνi1i2 even further! This can be achieved
exploiting the method used by Cardy in [32]. This method is the main subject of
this subsection. We follow closely the presentation in [32].

We will assume for simplicity that O = Oi1 = Oi2 is a scalar conformal primary
operator of dimension ∆ with the OPE

O(x)O(0) ∼ 1
x2∆ + Cµν(x)Tµν(0) + . . . . (1.78)

Our main goal is to determine Cµν(x). We will show that in this case it can be
fixed uniquely! We will also assume that d > 2 although the d = 2 case can be
treated in the analogous way.

Rotational and scale invariance constrain Cµν(x) to be

Cµν(x) = cO
x2∆+2−d

(
xµxν − 1

d
x2gµν

)
. (1.79)

We aim to determine the coefficient cO.
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Recall that general conformal transformation

xµ → x′µ = xµ + αµ(x) (1.80)

can be viewed as a combination of the local rescaling b−1(x) and local rotation
Rµν (x) defined by

b−1(x) =
∣∣∣∂x′
∂x

∣∣∣, Rµν (x) = b(x)∂x
′µ

∂xν
. (1.81)

Under conformal transformation (1.80) the scalar conformal primary field by def-
inition transforms according to

O(x)→ b(x)−∆O(x′) =
∣∣∣∂x′
∂x

∣∣∣∆O(x′). (1.82)

The one-point function 〈O〉 transforms under general coordinate transforma-
tion as

δ〈O(0)〉 =
∫
DΦO(0)e−SCFT [Φ]+

∫
∂ναµ(x)Tµν(x)ddx, (1.83)

where we have used the fact that the stress-energy tensor is exactly the variation
of the action with respect to general change of the metric

δgµν = ∂µαν + ∂ναµ. (1.84)

To leading order in α we may write an operator identity

δO(0) =
∫
∂ναµ(x)Tµν(x)O(0)ddx. (1.85)

Now let us assume that αµ(x) is supported on the small ball of radius ε around
zero and generates a conformal transformation. Then after integration by parts
we obtain

δO(0) = −
∫
r=ε

αµ(x)Tµν(x)xd−2xνO(0)dΩ. (1.86)

Now the OPE between Tµν and O is

Tµν(x)O(0) ∼ Aµν(x)O(0) +Bµνρ∂
ρO(0) + . . . , (1.87)

where Aµν and Bµνρ are constrained by tracelessness and conservation of Tµν :

Aµν = aO
xµxν − 1

dx
2gµν

xd+2 , (1.88)

Bµνρ = bO

[xµgνρ + xνgµρ − 2
dxρgµν

xd
+ (d− 2)

(xµxν − 1
dx

2gµν)xρ
xd+2

]
. (1.89)
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We can determine aO by using the OPE (1.87) on the right hand side of (1.86)
and considering rescalings αµ = αxµ under which δO(0) = −∆αO(0). This fixes

aO = 1
Sd

d

d− 1∆, (1.90)

where Sd is the volume of the d-dimensional unit sphere. Similarly, by considering
translations we can determine bO = d/(2(d− 1)Sd).

Now comes the main step. The idea is to establish a kind of crossing relation
for the three-point function

〈Tµν(x)O(x1)O(x2)〉. (1.91)

There are two equivalent ways to evaluate it. Assuming that x1 is close to x2 we
can use the OPE (1.78) and express this three-point function in terms of cO. On
the other hand we can send the point x2 to infinity using inversion and exploit the
OPE (1.87). Then this correlator will be expressed in terms of aO. Comparing the
two expressions will give the desired result for cO. Let us carry out this procedure
in detail.

Inversion
x′µ = xµ

x2 (1.92)

can be viewed as a local dilatation with the rescaling parameter b(x) = x2 and
local rotation

Iµν (x) = δµν − 2x
µxν
x2 . (1.93)

Under the inversion with respect to the origin close to x2 the three-point function
transforms according to

〈Tµν(x)O(x1)O(x2)〉 = 1
x2d

1
x2∆

1

1
x2∆

2
Iλµ(x)Iσν (x)〈Tµν(x′)O(x′1)O(x′2)〉. (1.94)

Setting x2 = 0 we send x2 to infinity. This allows us to use the OPE (1.87) which
results in

〈Tµν(x)O(x1)O(0)〉 = 1
x2d

1
x2∆

1
Iλµ(x)Iσν (x)Aλσ(x′ − x′1). (1.95)

Taking the further limit x1 → x2 the correlator approaches

〈Tµν(x)O(x1)O(0)〉 → aO
Iλµ(x)Iσν (x)

x2d
x1σx1λ − 1

dx
2
1gλσ

x2∆+d+2
1

. (1.96)

On the other hand in the limit x1 → x2 we can directly use the OPE (1.78) to
obtain

〈Tµν(x)O(x1)O(0)〉 → (1.97)

→Cλσ(x1)〈Tµν(x)Tλσ(0)〉=Cλσ(x1) cT
x2d

[
Iµλ(x)Iνσ(x)+Iµσ(x)Iνλ(x)− 2

d
gµνgλσ

]
,
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where we have used the standard result for the two-point function of the stress-
energy tensor. cT is the generalisation of the central charge. Comparing (1.97) to
(1.96) we can solve for Cλσ(x). As expected it is given by (1.79) with

cO = aO
cT

= 1
Sd

d∆
(d− 1)cT

. (1.98)

This is the main result of this subsection.
The same method may be followed for other three-point functions involving

stress-energy tensor insertions. We will exploit it in the chapter 4 to constrain the
OPE of the vector primary operator with itself.

1.4 Lifshitz invariant theories
Condensed matter systems close to a critical point are typically described in terms
of some effective scale invariant field theories. These theories are usually non-
relativistic (with some notable exceptions like graphene) due to asymmetry be-
tween space and time. This anisotropy can be commonly quantified using the so
called dynamical exponent z: at the critical point the system is invariant under
rescaling

t→ λzt, xi → λxi, (1.99)
for arbitrary positive constant λ. If the system in addition is invariant with respect
to time and space translations and space rotations then we call it Lifshitz invariant.

The simplest example of Lifshitz invariant field theory is given by the so called
(free) quantum Lifshitz model

S =
∫
dtddx

(
φ̇2 + φ(−∂2)zφ

)
, (1.100)

which is explicitly invariant with respect to rescalings (1.99). This action is local
only when z is integer. For z = 2 upon Wick rotation we recover Landau-Ginzburg
free energy describing (tri-)critical Lifshitz point arising for example in metamag-
nets [33].

Many interesting interacting theories have Lifshitz invariant fixed points: heavy
fermion systems feature phase transitions with integer z = 2 or z = 3 [34]; in some
systems dynamical exponent can be tuned by adjusting external parameter, e.g. in
Kondo lattice model z can take nonuniversal values depending on the microscopic
properties of the lattice [35]. We will give more examples of the Lifshitz invariant
systems (with z close to 1) in the section 1.4.3.

1.4.1 Lifshitz algebra
The Lifshitz symmetry algebra includes generators of space translations (denoted
by Pi), space rotations (Mij), time translations (H) and scale transformations
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1.4. Lifshitz invariant theories

(D). Note that Lifshitz algebra does not include non-relativistic boosts. The
commutation relations are

[D,Mij ] = 0, [D,Pi] = iPi, [D,H] = izH. (1.101)

To realise this symmetry in a holographic setup we need a spacetime with
isometries satisfying (1.101). One is led to consider the following so-called Lifshitz
metric:

ds2 = L2
(
− dt2

ρ2z + dρ2 + dxidx
i

ρ2

)
(1.102)

with Killing vector fields

Mij =−i(xi∂j−xj∂i), Pi =−i∂i, H = −i∂t, D = −i(zt∂t+xi∂i+ρ∂ρ).
(1.103)

When z = 1 the metric (1.102) becomes that of anti-de Sitter AdSd+1 space with
conformal boundary located at ρ = 0 and the isometry group enhances to the
conformal group SO(d, 2) of d-dimensional Minkowski space. For z 6= 1 we still
refer to ρ = 0 as the boundary of the space. For z > 1 as we move towards the
boundary, the gtt component of the metric diverges faster than gxx component,
meaning that the lightcones are flattening out and therefore the speed of light
diverges there. Diverging speed of light is another characteristic feature of non-
relativistic field theories. Matter sectors admitting z < 1 violate the null energy
condition [36]. In this thesis we will concentrate on the z > 1 case.

The metric (1.102) has a null curvature singularity at ρ = ∞ unless z = 1
[35, 37–39], corresponding to the fact that some of the tidal forces diverge there
and implying that the global geodesic completion of the space does not exist.
However this singularity is rather mild and is believed to be resolved at finite
temperature or in string theory framework (see e.g. [40]).

The Lifshitz algebra can be extended by adding the non-relativistic boosts Ki

and number operator N . The resulting algebra is the so-called Schrödinger algebra
(also sometimes called Galilean algebra). It generalises the symmetry algebra of
the Schrödinger equation for a free particle (corresponding to z = 2). There exist
spacetimes with Killing vectors satisfying Schrödinger algebra. Importantly the
Schrödinger group with z = 2 in (d−2) dimensions is a subgroup of the conformal
group in d dimensions. This fact has been crucial in understanding the holographic
dictionary for the corresponding spacetimes [24]. It does not generalise directly to
the Lifshitz case since the Lifshitz group is not a subgroup of the conformal group.

1.4.2 Holographic models
In order to study Lifsthitz symmetric theories holographically one needs gravi-
tational theories admitting solutions with Lifshitz isometries. In this section we
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briefly summarise known theories admitting Lifshitz vacua, known black brane
solutions, RG flows and string theoretic embeddings.

The first microscopic holographic realisation of Lifshitz symmetry was obtained
in [37], where Lifshitz solution was found in an Einstein-Hilbert theory coupled
to a 1− and a 2−form. This theory is classically equivalent to the Einstein-
Proca model [41]. Another simple model with Lifshitz solutions is the Einstein-
Dilaton-Maxwell (EDM) theory [41]. However in this case Lifshitz geometry is
accompanied by a running dilaton at the boundary and therefore the dual theory
is not strictly an RG fixed point. Lifshitz geometries are also vacuum solutions of
Hořava-Lifshitz type gravity [42,43] and of some exotic theories [44]. In this thesis
we will concentrate on the Einstein-Proca model.

Holographic RG flows connecting Lifshitz and conformal fixed points have been
constructed e.g. in [37,45,46]. Interestingly such flows often seem to be reversible
[46,47].

To study the corresponding dual field theories at non-zero temperature one
needs black hole/brane solutions with Lifshitz asymptotics. However, in Einstein-
Proca model only numerical black hole solutions are available for generic values of
z [44, 45, 48–60]. Analytic asymptotically Lifshitz black hole solutions are readily
available in EDM theories, see the earliest examples in [41, 61], with the inter-
pretation of the running scalar being discussed in [62]. More recently there has
been considerable interest in solutions of EDM theories exhibiting hyperscaling
violation, see for example [62–74]. In chapter 3 of this thesis we will present a
perturbative construction of an analytic Lifshitz black brane in Einstein-Proca
theory with z = 1 + ε2.

While it is a useful bottom up model, the Einstein-Proca model has a dis-
advantage: string theory embeddings are known only for specific values of the
dynamical exponent z, see for example [75], none of which are close to one. There
are two main classes of string theory embeddings of Lifshitz solutions. The first
is that of z = 2 Lifshitz which can be obtained from reducing z = 0 Schrödinger
over a circle [55,76,77]. This system can be embedded in supergravity [78–81] and
the detailed holographic dictionary was obtained in [58, 82–84], reducing the re-
sults obtained in [85]. However the reduction circle becomes null at infinity which
implies the dual theory should be related to the Discretized Light Cone Quan-
tization (DLCQ) of the deformed CFT corresponding to the z = 0 Schrödinger
solution, and thus this approach suffers from the well-known subtleties associated
with DLCQ.

The second class of top down embeddings of Lifshitz solutions consist of uplifts
of solutions to Romans gauged supergravity theories [86]. Lifshitz geometries
LiD(z) in D = d + 1 bulk dimensions with generic dynamical exponent z can be
realized in this way. The structure of these solutions is as follows: products of
LiD(z) with two-dimensional hyperboloids solve the equations of Romans gauged
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1.4. Lifshitz invariant theories

supergravity theories in (D + 2) dimensions, for specific choices of the masses
and couplings in these theories. We will discuss these theories in more details in
chapter 3.

1.4.3 Preview of the main results
A key idea in holographic approaches is that the gravity models may allow us to
uncover new universality classes, not easily accessible with perturbation theory,
which may be of relevance to condensed matter physics. One should note however
that there is very little a priori evidence that the holographic models actually
describe physics appropriate for the condensed matter systems under question.
The predominant approach has been to proceed phenomenologically and probe the
relevance of these models by computing observables holographically and comparing
to experimental results. Our goal in this thesis is rather to understand better the
dual theory from first principles.

When the gravity solution contains a parameter which can be adjusted such
that the solution becomes a deformation of AdS one may use the standard AdS/CFT
correspondence in order to understand the nature of the dual field theory. This
approach was exploited in [24] (see also [76, 87–90]) where it was shown that the
theory dual to Schrödinger geometries is a deformation of a relativistic CFT by
specific operators which, although irrelevant from the perspective of the original
relativistic CFT, are exactly marginal from the perspective of the non-relativistic
Schrödinger symmetry. Apart from elucidating the holographic duality for the
Schrödinger geometries, the analysis in [24] also indicated that a new general class
of theories with Schrödinger symmetry can be obtained from deformations of rel-
ativistic conformal theories, see [91] for a recent application of these ideas. These
deformations do not have to be realized holographically and indeed these results
are interesting for field theory in its own right. In this thesis we will present an
analogous set of results for Lifshitz geometries.

There are three different ways to adjust the dynamical exponent such that the
theory becomes a deformation of AdS. Firstly, one can consider the case in which
z approaches infinity, when the geometry about which one is deforming becomes
AdS2 ×Rd−1. This limit is however not very useful for our purposes because the
holographic dictionary for the limiting spacetime is not fully understood (due to
the non-compact Rd−1 directions and the well-known subtleties associated with
AdS2 holography). The second case is that of z = 2 Lifshitz which can be obtained
by a reduction from z = 0 Schrödinger in one dimension higher [55,76,77]. These
higher dimensional solutions are asymptotically AdS and therefore holography for
z = 2 Lifshitz can be derived by dimensional reduction, following [92, 93]. This
procedure for obtaining the holographic dictionary was followed in [58, 82–84],
reducing the results obtained in [85]. This system has the additional advantage

23



1. Introduction

that it can be embedded in supergravity [78–81]. However, the reduction circle
becomes null at infinity which implies the dual theory should be related to the
Discretized Light Cone Quantization (DLCQ) of the deformed CFT corresponding
to the z = 0 Schrödinger solution, and thus this approach suffers from the well-
known subtleties associated with DLCQ.

The third way to view Lifshitz geometries as being close to AdS is when the
dynamical exponent z is near to one. This case is free of any subtleties and will be
the topic of this thesis. When the dynamical exponent takes such a value, one can
extend the standard AdS/CFT correspondence in order to understand the dual
theory. Focusing on the pure Lifshitz solution2 of the system of a massive vector
coupled to gravity [41], we find that we can achieve z ∼ 1 + ε2, with ε small,
by tuning the mass of the vector field. Expanding in ε first, the solution indeed
becomes asymptotically AdS and its interpretation can then be extracted from its
asymptotics. We find that the solution is dual to a QFT which is a deformation
of a CFT by the time component of a vector primary operator J i of dimension d
(recall that conserved vectors have dimension ∆ = (d− 1)),

SLif = SCFT + ε

∫
ddxJ t. (1.104)

This is our first key observation. In the deformed theory the vector operator
acquires an anomalous dimension at order ε2 when d > 2 and at order ε4 when
d = 2.

Note that the most commonly quoted examples of Lifshitz invariant theories
are not of this form. For example, the scalar theory with action

S =
∫
dtdd−1x(φ̇2 + φ(−∂2)zφ) (1.105)

which is often used in the literature as an illustrative example (especially when
z = 2) does not become of the form (1.104) when z ∼ 1 + ε2. This suggests that
this field theory model is unlikely to share key features of the holographic model.

A number of theoretical models with dynamical exponents close to one have
appeared in the condensed matter literature. A sample of such models include
quantum spin systems with quenched disorder [94], models for quantum Hall sys-
tems [95, 96], graphene [97, 98], spin liquids in the presence of non-magnetic dis-
order [99] and quantum transitions to and from the superconducting state in high
Tc superconductors [100–102].

It turns out that these models are not governed by an action of the form (1.104).
However deformations of the type (1.104) do appear in the description of the so-
called zigzag phase transition in two dimensions [103,104]. There the Ising model

2In this thesis we will focus on exactly Lifshitz solutions but one could also explore Lifshitz so-
lutions with running scalar couplings (hyperscaling violation), which can for example be realized
using Einstein-Maxwell dilaton models.
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(for fermion ψ) and the Luttinger liquid (for scalar φ) are coupled by an interaction
term λ∂xφψ

†ψ (in Euclidean signature). This is precisely of the type we discuss
in this thesis! Moreover, in agreement with our analysis the resulting dynamical
exponent in this model is quadratic in deformation parameter: z − 1 ∼ λ2. We
comment more on this particular deformation in section 4.1.2.

More generally we show in chapter 4 that the generic deformation of the type
(1.104) leads to a Lifshitz invariant theory with dynamical exponent z ∼ 1 + ε2,
to leading order in ε. This is our second main result.

Let us briefly explain this result: at the classical level the deformation in
(1.104) breaks Lorentz invariance but the theory is still invariant under relativistic
scale transformations. Since ε is small one may study the theory via conformal
perturbation theory. The leading order correction arises at order ε2 and can be
computed using the OPE of the vector primary operator. This OPE contains the
following universal terms

Ji(x)Jj(0) ∼ Iij
x2d + · · ·+Aijkl

Tkl
xd

+ · · · , (1.106)

where Iij = δij − 2xixj/x2, Aijkl is some universal tensorial structure and Tij is
the CFT stress energy tensor. This follows from the fact that Ji is a primary
operator of dimension d (see section 4.1 for the detailed argument). The lead-
ing order term gives rise to power law divergences while the term with Tij leads
to a logarithmic divergence. These divergences are exactly the same as the ones
we find in holographically renormalizing the gravitational theory. Removing the
divergences requires in particular renormalization of the source of Tij , i.e. the
boundary metric. It turns out that the renormalized metric to this order is actu-
ally equal to the bulk metric at order ε2 with the cut-off replaced by the radial
coordinate! The renormalization leads to a beta function for the boundary metric
and this modifies the trace Ward identity which now becomes,

z〈T tt 〉ε2 + 〈T aa 〉ε2 = 0 (1.107)

where i = {t, a}, a = 1, . . . , d and 〈 〉ε2 denote the computation up to order ε2.
This is precisely the condition required for Lifshitz invariance!

This construction provides a new, general class of Lifshitz invariant models.
The emergence of Lifshitz invariance is derived using conformal perturbation the-
ory and relies on a universal part of the OPE of a primary operator of dimension
d. The argument is thus valid for any CFT, weakly or strongly coupled. The
dimension of Ji in the deformed theory however in general depends on the specific
details of the CFT. In the holographic models the dimension of Ji is not corrected
at leading order, which implies that the 3-point function of Ji should be zero.
Moreover, if the OPE contains other singular terms beyond the ones exhibited in
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(1.106), these induce relevant deformations of the critical point and the r.h.s. of
(1.107) contains corresponding terms.

The holographic model is based on a strongly coupled CFT, but weakly coupled
models may also have interesting applications. It would be interesting to investi-
gate whether such models could be of relevance for modelling real world systems
(irrespectively of their holographic realization). As noted above systems with z

close to one have already been studied with a view to applications that range from
quantum Hall system to graphene to high Tc superconductivity, etc. We also note
that at long distances Horǎva-Lifshitz gravity [105] has a dynamical exponent that
approaches z = 1. We further add that experimental evidence for critical behavior
with dynamical exponent close to one has been reported in [106–108] for the tran-
sition from the insulator to superconductor in the underdoped region of certain
high Tc superconductors and in [109] for the superconductor to metal transition
in the overdoped region.

From the bulk side, top down embeddings of Lifshitz solutions with z ≥ 1 were
found in [86] and were further explored in [46] and [110]. We will discuss in the
chapter 3 the implications of our results for such top down solutions with z close
to one.

This thesis is organized as follows. In the next chapter we present the gravita-
tional solutions with Lifshitz scaling and show that when z ∼ 1 + ε2 this model is
dual to a deformation of a CFT by a vector operator of dimension d. In section
2.2 we develop the holographic dictionary for our theory. In the chapter 3 we con-
struct an analytic Lifshitz black brane and study its thermodynamical properties.
Beyond that we study the top down Lifshitz solutions appearing in Romans gauged
supergravity. We show that these solutions can also be interpreted as deforma-
tions of CFTs by dimension d vector operators. In the chapter 4 we study in detail
some general properties of such deformations. Finally, in chapter 5 we switch to
a different common situation with broken Poincaré invariance and develop a first
order formalism for holographic realisation of conformal defects.
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Chapter 2

Lifshitz as a deformation of
Anti-de Sitter

In this chapter we interpret Lifshitz solutions in Einstein-Proca model as deforma-
tions of underlying CFT by a dimension d vector primary operator. We develop
holographic dictionary for this type of deformations.

2.1 Lifshitz solutions
Solutions with Lifshitz isometries were first presented in [37]. Here we will use the
formulation in [41] in terms of gravity coupled to a massive vector. The action is
given by3

S = 1
16πGd+1

∫
dd+1x

√
−G

[
R+ d(d− 1)− 1

4F
2 − 1

2M
2A2

]
, (2.1)

where relative to [41] we have rescaled the fields and the coordinates as,

Ghere
µν = l2Gthere

µν , Ahere
µ = lAthere

µ , xµhere = lxµthere (2.2)

where
l2 = z2 + z(d− 2) + (d− 1)2

d(d− 1) . (2.3)

(We have also absorbed an overall factor of l2d in Newton’s constant.)
The action (2.1) admits an AdS solution with unit AdS radius. When the mass

is equal to

M2 = zd(d− 1)2

z2 + z(d− 2) + (d− 1)2 (2.4)

3Curvature conventions: Rµνρσ = ∂νΓσµρ + ΓλµρΓσνλ − (µ↔ ν), Rµν = Rµσνσ .
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2. Lifshitz as a deformation of Anti-de Sitter

the field equations also admit a solution with Lifshitz scaling symmetry given by

ds2 = dr2 − e2zr/ldt2 + e2r/ldxadxa; (2.5)

A = Aezr/ldt, A2 = 2(z − 1)
z

,

where a = 1, · · · , (d − 1). The Lifshitz symmetry is realized by the following
transformation,

t→ ezλt, xa → eλxa, r → r − λl. (2.6)

By the standard AdS/CFT dictionary the massive vector (at the AdS critical
point) is dual to a vector primary operator Ji of dimension

∆ = 1
2(d+

√
(d− 2)2 + 4M2) (2.7)

= d

2 +

√
(d2 − 1)2 + zd(d− 1)2

z2 + z(d− 2) + (d− 1)2

In other words, the action (2.1) governs the dynamics of a CFT whose spectrum
contains a vector primary of dimension ∆. The same theory contains a Lifshitz
critical point if (2.4), viewed as an equation for z, has real solutions with z > 1.
In order (2.4) to have real solutions the mass has to satisfy,

0 ≤M2 ≤ d(d− 1)2

3d− 4 , (d ≥ 2). (2.8)

The lower bound comes from unitarity: M2 ≥ 0 is equivalent to the unitarity
bound for vector operators, ∆ ≥ (d − 1) (the massless case corresponds to a
conserved current with ∆ = d− 1). When the bound holds, there are two possible
solutions,

z± = 1− d2 + d(d− 1)2

2M2 ± 1
2M2

√
d(M2 + (d− 1)2)(d(d− 1)2 − (3d− 4)M2) (2.9)

When M2 ∼ 0, z either goes to infinity or to zero, while when M2 ∼ d(d −
1)2/(3d− 4), it approaches (d− 1).

It remains to impose the condition z > 1. One can easily show that the z+ ≥ 1,
while z− starts from 0 at M2 = 0 and monotonically grows to z− = (d − 1) as
M2 → d(d− 1)2/(3d− 4). It follows that it is greater than one only in the range

(d− 1)2(8− 3d+ 4
√

3d2 − 6d+ 4)
13d− 16 < M2 ≤ d(d− 1)2

3d− 4 , (2.10)

where z− = 1 at the lower limit and z− = (d−1) at the upper limit. We summarize
the bounds in Table 1 for up to d = 4.
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z+ > 1 z− > 1
d = 2 0 < M2 ≤ 1 M2 = 1
d = 3 0 < M2 ≤ 12/5 ≈ 2.4 4/23(−1 + 4

√
13) ≈ 2.33 < M2 ≤ 12/5 = 2.4

d = 4 0 < M2 ≤ 9/2 −1 + 2
√

7 ≈ 4.29 < M2 ≤ 9/2

Table 2.1: Allowed range of masses for Lifshitz solutions with dynamical exponent
z+ and z− bigger then one.

It follows from this analysis that a necessary condition for obtaining a top-
down model admitting a Lifshitz realization of the type discussed here is that the
spectrum of the compactification contains massive vectors with mass in the range
(2.8). If in addition the mass is within (2.10) then there are two possible Lif-
shitz critical points. These conditions are not sufficient however because they only
guarantee that the quadratic action equals (2.1). In general there would be inter-
action terms between the massive vector and other modes. If these interactions
are quadratic or higher order in the new field, then one can consistently truncate
them. However, if the interactions are linear in the new fields then the massive
vector would source them and they cannot be ignored. Indeed, in all known con-
sistent truncations that involve massive vectors one needs to keep additional scalar
fields, see for example the first such truncation [111]. This is related to the fact
that the OPE of the vector operator with itself may contain operators other than
the stress energy tensor and we will revisit this issue in section 4.1.

Looking at the spectrum of sphere compactifications one finds that there are
indeed massive vectors in the required range. The spectrum of AdS3×S3×K3 [112]
contains a massive vector with M2 = 1 which leads to z = 1. The spectrum of
AdS4 × S7 [113] contains two massive vectors in the allowed range. The first has
mass M2 = 3/4 and the associated dynamical exponent is z = (45 + 3

√
209)/6 ≈

14.72 while the second has mass M2 = 2 and can be associated either with z = 1
and z = 4. The spectrum of AdS5×S5 [114] contains one vector in allowed range,
M2 = 3, which is associated with z = 1 and z = 9 dynamical exponents. The cases
with z = 1 do not directly lead to a non-trivial Lifshitz geometry but the dual
operator may be used to deform the theory to a Lifshitz point as we describe in
section 4.1. It would be interesting to find whether any such case can be associated
with a consistent truncation.

We will instead here focus on the case where the dynamical exponent is close
to one, z ∼ 1 + ε2, with ε� 1. This can be achieved if the mass is

M2 ∼ (d− 1) + (d− 2)ε2 + 1 + d− d2

d(d− 1) ε4 + · · · (2.11)
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which implies that the dual operator has dimension

∆ = d+ d− 2
d

ε2 + (−2d3 + 6d2 − 7d+ 4)
d3(d− 1) ε4 + · · · . (2.12)

When M2 = d − 1 the leading order solution is AdS. Recall that the asymptotic
expansion of the bulk vector field is given by

Ai = e(∆−d+1)rA(0)i + · · ·+ e−(∆−1)rA(d)i + · · · , (2.13)

where A(0)i is the source of the dual operator and A(d)i is related to its expectation
value.

We would like now to interpret holographically the Lifshitz solution (2.5) with
z ∼ 1 + ε2 as a perturbation of AdS with ε� 1. The metric is AdSd+1 up to order
ε2 while the massive vector becomes

A(0)t =
√

2ε(1 +O(ε2)). (2.14)

Thus to order ε the Lifshitz solution has the holographic interpretation as a de-
formation of the CFT by a vector operator Jt of dimension d

SCFT → SCFT +
√

2
∫
ddxεJ t. (2.15)

In the following sections we will set up the holographic dictionary for this case and
analyze the dual QFT.

2.2 Holographic dictionary
In this section we will set up the holographic dictionary between the bulk gravity
and the dual field theory, working perturbatively in the parameter ε. Our aim is
to derive the holographic one point functions (in the presence of sources) and the
Ward identities they satisfy.

Holographic renormalization for Lifshitz solutions was studied in [115–120].
In particular, it was established in [116], using the radial Hamiltonian formalism
[17, 18], that these models can be holographically renormalized for any z. Since
the models are non-relativistic it is natural to use the vielbein formalism [24,115]
and this is indeed what was used in [116]. Here however we will proceed by using
the methodology in [13] and the metric formulation. The reason for using the
metric formulation is that we are studying the theory from the perspective of the
AdS critical point and the formulation in [13] gives the asymptotic form of the
metric in a more direct manner than the radial Hamiltonian formalism (which in
turn is more efficient in producing the counterterms etc.). In contrast to previous
approaches we have in mind deforming (by an irrelevant operator) AdS space into
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Lifshitz and do not assume particular fall-off behaviour for the bulk fields, but
derive bulk solution for arbitrary Dirichlet data (see below).

We begin with the action (2.1) together with the Gibbons-Hawking boundary
term

Sbare = 1
16πGd+1

∫
dd+1x

√
−G
(
R+ d(d− 1)− 1

4FµνF
µν− 1

2M
2AµA

µ
)

(2.16)

+ 1
8πGd+1

∫
ddx
√
−γK,

with M2 given in (2.4). The associated field equations are

DµF
µν = M2Aν , (2.17)

Rµν = −dGµν + M2

2 AµAν + 1
2G

ρσFµρFνσ + 1
4(1− d)F

σλFσλGµν .

Taking the trace of the Einstein equations and plugging back into (2.16) the onshell
action is

Sonshell = 1
16πGd+1

∫
dd+1x

√
−G(−2d− 1

2(d− 1)FµνF
µν) (2.18)

+ 1
8πGd+1

∫
ddx
√
−γK.

This action diverges due to the infinite volume of spacetime and we need to add
covariant counterterms in order to render it finite. The counterterms at order
ε0 are well known. Here we would like to compute the required counterterms
through order ε2. To obtain those we need to compute the most general infinities
that appear to this order and for this we need to know the asymptotic solutions
of the field equations.

We parameterize the metric and vector field as

ds2 = dr2 + e2rgijdx
idxj , (2.19)

gij(x, r; ε) = g[0]ij(x, r) + ε2g[2]ij(x, r) + . . .

Ai(x, r; ε) = εerA(0)i(x) + . . . .

For the metric, the notation g[a]ij captures the order in ε. Each of these coefficients
has a radial expansion as well and the order in radial expansion will be denoted
(as usual) by curved parentheses. For example,

g[0]ij(x, r) = g[0](0)ij(x) + e−2rg[0](2)ij(x) + · · · (2.20)

is the radial expansion of the metric at leading order in ε. We would like to obtain
the most general asymptotic solution given g[0](0)ij(x) and A(0)i(x) as arbitrary
Dirichlet data.
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Using this form for the metric the Einstein equations can be expressed as

Ric[g]ij − e2r
{1

2g
′′ + d

2g
′ − 1

2g
′g−1g′ + 1

2tr(g−1g′)g + 1
4tr(g−1g′)g′

}
ij

(2.21)

= M2

2 AiAj + 1
2FirFjr + e−2r

2 gklFikFjl

+ 1
4(1− d)g

kl(2FkrFlr + e−2rgmnFkmFln)gij ,

1
2D

jg′ij −
1
2Ditr(g−1g′) = M2

2 AiAr + e−2r

2 gjkFijFrk, (2.22)

− 1
2tr(g−1g′′)− tr(g−1g′) + 1

4tr(g−1g′g−1g′) (2.23)

= M2

2 ArAr + (d− 2)
2(d− 1)e

−2rgijFriFrj + e−4r

4(1− d)F
ijFij

where a prime denotes a derivative with respect to r; indices are raised and traces
are taken with the metric gij and Di is the covariant derivative constructed from
the metric gij .

The vector field equations are

∂i(
√
−ggijFjr) = M2e2r√−gAr, (2.24)

∂k(
√
−gF ki) + e(4−d)r∂r(e(d−2)r√−ggimFrm) = M2e2r√−gAi. (2.25)

Taking the divergence of the last equation we obtain

e−2r∂i(
√
−ggijAj) + e−dr∂r(edr

√
−gAr) (2.26)

= e−2r∂i(
√
−ggijAj) + d

√
−gAr + ∂r(

√
−gAr) = 0.

These equations can now be solved order by order in ε: note that the metric
expansion involves even powers of ε whilst the vector field is expanded in odd pow-
ers. The details of the analysis differ for different dimensions due to singularities
in the numerical coefficients of the expansion. These imply the appearance of log-
arithms in special dimensions. We will thus study the two main cases of interest,
d = 2 and d = 3, separately. It is clear that the analysis can be straightforwardly
extended to any d; the computations however become increasingly more tedious as
we increase the dimension (as in the standard asymptotically locally AdS cases).
However, the analysis can be simplified if one assumes that background sources
are position independent. Under this assumption we carry out the analysis for
general d in the section 2.2.3.
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2.2.1 Analysis for d = 2
Zeroth order in ε

The analysis at order ε0 (pure gravity) was done in [121] leading to the metric

g[0]ij = g[0](0)ij(x) + e−2rg[0](2)ij + e−4rg[0](4)ij . (2.27)

Note that in this case the Fefferman-Graham expansion terminates at order e−4r,
although this will not play any role in this paper. The coefficient g[0](2) is related
to the holographic energy momentum tensor

〈Tij〉[0] = − 2
√
g[0](0)

δSren

δgij[0](0)
, (2.28)

where the subscript indicates that we work at order ε0, as follows [13,121]

g[0](2)ij = 1
2
(
−g[0](0)ijR+ (16πG3)〈Tij〉[0]

)
(2.29)

= 1
2

(
−g[0](0)ijR+ 24π

c
〈Tij〉[0]

)
where the holographic energy momemtum tensor satisfies [10,11]

∇j〈Tij〉[0] = 0, 〈T ii 〉[0] = c

24πR (2.30)

and c = 3/2G is the Brown-Henneaux central charge [122] (recall that we set the
AdS radius equal to one).

We also record the holographic counterterms:

Sct[0] = − 1
8πG3

∫
d2x
√
−γ(1 + 1

2R[γ]r0), (2.31)

where r0 is the radial cutoff.

First order in ε

At this order the massive vector is non-trivial and the near-boundary expansions
has the form

Ai = er(A(0)i(x) + e−2r(A(2)i(x) + rÃ(2)i(x)) . . .), (2.32)
Ar = e−r(A(0)r(x) + e−2r(A(2)r(x) + ra(2)r(x)) . . .),

where we will take A(0)i(x) = εA(0)i(x) and work perturbatively in ε. Note that
A(0)r does not represent an independent source; using the divergence equation
(2.26) one obtains

A(0)r(x) = − ε

d− 1∇iA
i
(0)(x), (2.33)
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2. Lifshitz as a deformation of Anti-de Sitter

where we gave this expression for general d for later use and ∇ denotes the co-
variant derivative constructed from the g[0](0)ij (note that ∇i differs from Di in
(2.22)!).

It will be useful to define A(2)i = εA(2)i and Ãi(2) = εai(2). Then the vector
field expansion coefficients are

ai(2) =
[1

2∇kF
ki
(0) −

1
2∇

i(∇jAj(0)) +
(12π

c
〈T ij〉[0] −

R

4 g
ij
[0](0)

)
A(0)j

]
(2.34)

=
[1

2�A
i
(0) −∇

i(∇jAj(0)) + 12π
c
〈T ij〉[0]A(0)j −

R

2 g
ij
[0](0)A(0)j

]
,

a(2)r = ε∇iai(2), (2.35)

A(2)r = ε
[
− R

4 (∇iAi(0)) +∇iAi(2) −
1
2∇

i∇i∇jAj(0), (2.36)

+
(24π

c
〈T ij〉[0] −

R

2 g
ij
(0)

)
∇iA(0)j

]
.

Here and later, when we present asymptotic solutions, indices are raised using the
metric gij[0](0).

The coefficient A(2)i is left undetermined by the asymptotic analysis. As we
will see later it is related to the expectation value of the dual operator, as in the
standard case [13]. Note further that the coefficients at order ε depend locally
on the sources g[0](0), A(0)i, as expected. In addition, the coefficients depend also
locally on the zeroth order expectation value of the dual stress energy tensor
〈T ij〉[0], which at first sight appears problematic since this coefficient is in general
non-locally related to g[0](0) and this could lead to non-local divergences. We will
see later how this issue is resolved and the conceptual interpretation of it.

Second order in ε

Let us consider the backreaction at order ε2. The asymptotic expansion takes the
form

g[2] = rh[2](0) + re−2rh[2](2) + e−2rg[2](2) +O(e−4r). (2.37)

One could also include a term at order r0 in g[2]ij , namely g[2](0)ij , but such a term
would correspond to a modification of the stress energy tensor source and here we
analyze the response of the theory with the sources kept fixed – hence this term
is set to zero.

We provide details of the computation in Appendix 2.B. Here we collect results.
h[2](0)ij and h[2](2)ij are determined by the sources (for later use this expression
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2.2. Holographic dictionary

for h[2](0)ij is given for general d):

h[2](0)ij = −A(0)iA(0)j + 1
2(d− 1)A(0)kA

k
(0)g[0](0)ij , (2.38)

h[2](2)ij = 6π
c

(A(0)kA
k
(0)〈Tij〉[0] −Ak(0)〈Tkl〉[0]A

l
(0)g[0](0)ij) +A(0)ka

k
(2)g[0](0)ij

−∇k(A(0)iF(0)jk +A(0)jF(0)ik)− R

8 A(0)kA
k
(0)g[0](0)ij + R

4 A(0)iA(0)j (2.39)

−1
2(A(0)ia(2)j +A(0)ja(2)i) + 1

4∇k
(
Ak(0)(∇lAl(0))− 3A(0)lF

kl
(0)

)
g[0](0)ij .

Moreover, divergence of g[2](2) is also fixed by (2.131) and:

tr(g[2](2)) = A(0)iA
i
(2) −

1
4A(0)i�A

i
(0) −

6π
c
Ai(0)〈Tij〉[0]A

j
(0) + R

4 A(0)iA
i
(0). (2.40)

The part of g[2](2)ij undetermined by the asymptotic analysis is linked to the
expectaction value of Tij at order ε2, as we will soon find.

On-shell action and counterterms
Having computed the most general asymptotic solution through order ε2 we now
move on to computing the order ε2 terms in the regulated on-shell action to which
the zeroth order counterterms Sct[0] have been added. Computing the divergent
terms at order ε2 we obtain

− ε2

16πG3

∫
d2x
√
−g[0](0)

[e2r0

2 A(0)iA
i
(0) (2.41)

+r0

(12π
c
Ai(0)〈Tij〉[0]A

j
(0) −

R

4 A(0)iA
i
(0)

)]
.

At first sight this looks problematic since the divergences appear to be non-local,
due to the term involving 〈Tij〉[0]. However, this is only a “pseudo non-local”
divergence, similar to those discussed in [25,26]. The non-locality disappears when
we express everything in terms of induced fields at the regulated surface r = r0.

To find the counterterm action we invert equation (2.32):

εA(0)i = e−rAi + · · · . (2.42)

Thus the counterterm needed to cancel the leading order divergence in (2.41) at
order ε2 is

S̃ct[2](2) = 1
32πG3

∫
d2x
√
−γγijAiAj . (2.43)

Noting that
√
−γγijAiAj = ε2

√
−g[0](0)(gij[0](0)A(0)iA(0)je

2r + 2rA(0)ia
i
(2)) + . . . (2.44)
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2. Lifshitz as a deformation of Anti-de Sitter

we see that this counterterm cancels the apparently non-local piece in (2.41) in-
volving 〈Tij〉[0].

After canceling the leading order divergence we are left with a logarithmic
divergence (which originates from the leading order counterterm):

ε2

16πG3

∫
d2x
√
−g[0](0)r0

(1
2(∇iAi(0))2 − 1

4F(0)ijF
ij
(0)

)
, (2.45)

which in turn can be cancelled by the logarithmic counterterm

S̃ct[2](0) = − 1
16πG3

∫
d2x
√
−γr0

(1
2(∇iAi)2 − 1

4FijF
ij
)
. (2.46)

Thus, in summary, the total counterterm action in two dimensions becomes

Sct = Sct[0] + Sct[2] = − 1
8πG3

∫
d2x
√
−γ(1 + 1

2Rr0) (2.47)

+ 1
32πG3

∫
d2x
√
−γγijAiAj

− 1
16πG3

∫
d2x
√
−γr0

(1
2(∇iAi)2 − 1

4FijF
ij
)
.

These counterterms suffice to render the action finite to order ε2.

Computation of renormalized one-point functions
To compute the renormalized one point functions we need to vary the total action.
Note that the variation of δgij includes variation of the vector source δA(0)j :

δgij = δgij[0](0) (2.48)

+ ε2r

(
2gjk[0](0)A

i
(0)δA(0)k − δA(0)kA

k
(0)g

ij
[0](0) −

1
2A(0)kA

k
(0)δg

ij
[0](0)

− 1
2A(0)kA(0)lg

ij
[0](0)δg

kl
[0](0) +Ai(0)A(0)kδg

kj
[0](0) +Aj(0)A(0)kδg

ki
[0](0)

)
.

The variation of the renormalized action with respect to the vector source is finite
by construction and is given by

ε2

16πG3

∫
d2x
√
−g[0](0)g

ij
[0](0)(2A(2)i − a(2)i −∇i∇jAj(0))δA(0)j . (2.49)

The corresponding vector 1-point function is defined as

〈J i〉 = − 1√
−g[0](0)

δSren
δA(0)i

= − 1√
−g[0](0)

δSren
εδA(0)i

(2.50)

36



2.2. Holographic dictionary

and is given by 〈J i〉 = ε〈J i〉 with

〈J i〉 = − 1
16πG3

(2Ai(2) − a
i
(2) −∇

i∇jAj(0)). (2.51)

As expected the part of the asymptotic expansion, Ai(2), undetermined by asymp-
totics is directly related with the 1-point function of the dual operator.

Now let us compute 1-point function of the stress-energy tensor:

〈Tij〉 = 〈Tij〉[0] + ε2〈Tij〉[2] + · · · (2.52)

The stress-energy tensor 1-point function to order ε2 is obtained using the finite
part of the action variation at order ε2:

1
16πG3

∫
d2x
√
−g[0](0) (2.53)

δgij[0](0)

[1
2h[2](2)ij − g[2](2)ij −

(1
2tr(h[2](2) − g[0](2)h[2](0))− tr(g[2](2))

)
g[0](0)ij

+A(0)iA(2)j −
1
2A(0)kA

k
(2)g[0](0)ij + 1

4A
k
(0)g[0](2)klA

l
(0)g[0](0)ij −

1
4A(0)kA

k
(0)g[0](2)ij

]
.

After using (2.39) we obtain the correction to the stress energy tensor at order
ε2:

〈Tij〉[2] = − 2√
−g[0](0)

δS[2]ren

δgij[0](0)
(2.54)

= 1
8πG3

[
g[2](2)ij −A(0)iA(2)j −

1
2A(0)kA

k
(2)g[0](0)ij −

1
2(∇kAk(0))2g[0](0)ij

− R

8 A(0)iA(0)j + R

16A(0)kA
k
(0)g[0](0)ij + 1

2A(0)ka
k
(2)g[0](0)ij

+ 1
4(A(0)ia(2)j +A(0)ja(2)i) + 1

8∇k
(
A(0)lF

kl
(0) + 5Ak(0)∇lA

l
(0)

)
g[0](0)ij

− 1
4

(
F(0)i

kF(0)jk +A(0)i∇kF(0)kj +A(0)j∇kF(0)ki

)]
.

Again, as expected, the expectation value of Tij is directly related with the unde-
termined coefficient, g[2](2)ij .

These 1-point functions were obtained using minimal subtraction. We will
shortly see that they can be somewhat simplified in a different scheme, where
certain finite boundary terms are added to the action. We will first analyze the
Ward identities, however.
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2. Lifshitz as a deformation of Anti-de Sitter

Ward identities
The divergence of the order ε2 contribution to stress-energy tensor can be obtained
using equation (2.131):

∇j〈Tij〉[2] = 1
16πG3

[
2Aj(2)F(0)ij − 2A(0)i(∇jAj(2)) + 12π

c
〈Tjk〉[0]∇k(A(0)iA

j
(0))

− 12π
c
Ak(0)〈Tkl〉[0]∇iAl(0) −

1
4A(0)i∇j(RAj(0)) + 1

2A(0)i∇k∇k∇jAj(0)

− 1
2F(0)ij∇k∇kAj(0)

]
= A(0)i∇j〈Jj〉 − 〈Jj〉F(0)ij . (2.55)

The complete energy momentum tensor then satisfies

∇j〈Tij〉 = A(0)i∇j〈J j〉 − 〈J j〉F(0)ij . (2.56)

where we recall that A(0)i = εA(0)i, 〈J j〉 = ε〈Jj〉 and F(0)ij is the field strength
of A(0)i. This is precisely the correct diffeomorphism Ward identity. The terms in
the rhs represent the contribution due to the coupling of vector operator (see for
example [15]). There is no explicit ε dependence in this equation and this suggests
it may hold beyond the small ε limit.

Let us now turn to the trace identity. Computing 〈T ii 〉[2] leads to

〈T ii 〉[2] = − 1
8πG3

[
A(0)iA

i
(2) −

12π
c
Ai(0)〈Tij〉[0]A

j
(0) + 1

4F(0)ijF
ij
(0) (2.57)

+ R

4 A
i
(0)A(0)i −

1
4∇k

(
A(0)iF

ki
(0) +Ak(0)(∇iAi(0))

)]
= A(0)i〈J i〉+A,

where we used (2.51) and

A= 1
16πG3

(12π
c
Ai(0)〈Tij〉[0]A

j
(0)−

1
4F(0)ijF

ij
(0)+ 1

2(∇iAi(0))2−R4 A
i
(0)A(0)i

)
(2.58)

This is expected form of an anomalous trace Ward identity. The first term in the
rhs of (2.113) is due to the fact that we deformed the theory by a dimension 2
vector operator. The second term A is the correction to the trace anomaly and it
must be a Weyl invariant.

In fact this term is related to the Weyl invariant action given in [123] which in
our conventions and in arbitrary dimension d > 2 can be written as

L = −1
4FijF

ij − d− 4
2d (∇iAi)2 + d− 4

2 SijA
iAj − d− 4

8(d− 1)RAiA
i, (2.59)

where
Sij = 1

d− 2

(
Rij −

R

2(d− 1)gij
)

(2.60)
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is the Schouten tensor. This action is only valid for d > 2 because of the singularity
in (2.60) as d → 2. We note however that when d ≥ 3, Sij = −g[0](2) (see (A.1)
of [13], reproduced here for d = 3 in (2.71)) and moreover if in d = 2 we replace
Sij by −g[0](2)ij (given by (2.29)) we get A!

One can check the Weyl-invariance of A by direct computation. The Weyl
transformation of 〈Tij〉[0] is well known: δ〈Tij〉[0] = c

12π (∇i∇jσ − g(0)ij�σ). This
is a standard result in CFT and it has also been derived holographically in [13].
With this information at hand one can check that under a Weyl transformation
such that δg[0](0)ij = 2σg[0](0)ij and δA(0)i = σA(0)i

δ
(12π

c
Ai(0)〈Tij〉[0]A

j
(0) −

1
4F(0)ijF

ij
(0) + 1

2(∇iAi(0))2 − R

4 A
i
(0)A(0)i

)
(2.61)

= −2σ
(12π

c
Ai(0)〈Tij〉[0]A

j
(0) −

1
4F(0)ijF

ij
(0) + 1

2(∇iAi(0))2 − R

4 A
i
(0)A(0)i

)
up to a total derivative term. Thus the anomaly term in 〈T ii 〉[2] is indeed Weyl
invariant.

The complete anomaly through order ε2 is given by

〈T ii 〉 −
1
2A

i
(0)〈Tij〉A

j
(0) (2.62)

= A(0)i〈J i〉 −
c

24π

(
−R+ 1

4F(0)ijF ij(0) −
1
2(∇iAi(0))2 + R

4 A
i
(0)A(0)i

)
where this formula holds through order ε2. As in the case of the diffeomorpshim
Ward identity, the ε dependence is implicit and this formula may hold away from
the small ε limit.

As we will discuss in more detail in section 4.1, the term quadratic in Ai(0)
on the left hand side can be thought of as a beta function contribution to the
trace Ward identity, where the beta function is that of the source of Tij , namely
of the metric g(0)ij . Indeed the asymptotic expansion of the bulk metric contains
a leading order logarithmic term at order ε2, the h[2](0) term in (2.37), which can
be thought of as renormalising the leading order metric.

Scheme dependence
One can simplify the one-point function of the vector operator by adding finite
counterterms. The details of the computation are given in appendix 2.D; here we
only summarize the results. Requiring that 〈J i〉 contains only non-local terms can
be achieved by adding

Sct, finite = −1
8

∫
√
γ
(
FijF

ij + 2(∇iAi)2 +RA2) . (2.63)

Then

〈J i〉 = − 2ε
16πG3

Ai(2) + 1
2 〈T

ij〉[0]A(0)j . (2.64)
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2. Lifshitz as a deformation of Anti-de Sitter

The first term in this formula is in agreement with the result of [76] (upon contin-
uation z → 1). The second term is related to the OPE coefficient of two J i’s to
T kl.

The addition of these finite counterterms modifies also the one-point function
of the stress-energy tensor, which becomes

〈Tij〉[2] = 1
2A

k
(0)〈Tkl〉[0]A

l
(0)g[0](0)ij −

1
8πG3

[
− g[2](2)ij +A(0)iA(2)j (2.65)

+ 1
2A(0)kA

k
(2)g[0](0)ij −

1
4(A(0)ia(2)j +A(0)ja(2)i) + R

16A(0)kA
k
(0)g[0](0)ij

− 5
8A

k
(0)∇k∇lA

l
(0)g[0](0)ij −

1
4(∇kAk(0))2g[0](0)ij + 1

2A(0)j∇i∇kAk(0)

+ 1
4

(
A(0)i∇kF(0)kj +A(0)j∇kF(0)ki

)
− 3

8A(0)l∇kF kl(0)

]
.

The addition of finite counterterms does not affect the Ward identities.

Recovering the Lifshitz invariance
Let us now fix the source terms to be those corresponding to the Lifshitz solution
in (2.5) with z = 1 + ε2:

A(0)t =
√

2ε, g[0](0)ij = ηij . (2.66)

The trace Ward identity (2.62) becomes

z〈T tt 〉+ 〈T xx 〉 = ε
√

2〈J t〉, (2.67)

where the contribution of the term quadratic in A(0)i in the left hand side of (2.62)
led to the change of the coefficient of 〈T tt 〉 from 1 to z = 1 + ε2 . When 〈J t〉 = 0
then (2.67) is precisely the condition for Lifshitz invariance (we will review this in
section 4.1)! When 〈J t〉 6= 0 the Lifshitz invariance is spontaneously broken.

Let us now evaluate the holographic formulas for the solution in (2.5) with
z = 1 + ε2. Expanding first in ε we find that g[0](2) = 0 which implies 〈Tij〉[0] = 0.
Furthermore, expanding the vector field we find A(2)i = 0 and using (2.64) we
conclude

〈J i〉 = 0, (2.68)
so indeed we recover the Lifshitz symmetry from the QFT Ward identity (2.67).

Expanding the metric in ε also gives h[2](0)tt = −ε2 = h[2](0)xx, h[2](2) = 0 =
g[2](2). Thus h[2](0) is traceless in agreement with our general results (see equation
(2.38)). Using (2.65) we finally obtain

〈Tij〉 = 0, (2.69)

which is indeed what we would expect, since this geometry should be dual to the
(scale invariant) vacuum of the Lifshitz theory. In chapter 3 we will discuss the
black hole solution in the deformed theory, which corresponds to a thermal state
in the Lifshitz theory.
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2.2.2 Analysis for d = 3
Zeroth order in ε

The analysis at order ε0 was carried out in [13] and we summarize the results here.
The asymptotic expansion of the metric is given by

g[0]ij = g[0](0)ij + e−2rg[0](2)ij + e−3rg[0](3)ij + · · · (2.70)

Here g[0](2)ij is determined in terms of g[0](0)ij

g[0](2)ij = −Rij + R

4 g[0](0)ij , (2.71)

while g[0](3)ij is traceless and divergenceless and is related to the holographic stress
energy tensor by

〈Tij〉[0] = 3
16πG4

g[0](3)ij . (2.72)

The gravitational counterterms are given by

Sct[0] = − 1
16πG4

∫
d3x
√
−γ
(

4 +R[γ]
)
. (2.73)

First order in ε

Only the vector has a contribution linear in ε:

Ai = er(A(0)i(x) + e−2rA(2)i(x) + +re−3rÃ(3)i + e−3rA(3)i(x) + . . .), (2.74)
Ar = e−r(A(0)r(x) + e−2rA(2)r(x) + re−3ra(3)r + e−3rA(3)r(x) + . . .). (2.75)

and (as in the d = 2 case) we will assume the source is linear in ε,A(0)i(x) =
εA(0)i(x). It is also useful to define Ai(2) = εAi(2) and Ã(3)i = εa(3)i.

Solving asymptotically the field equations we find for the spatial components
of the vector,

Ai(2) = 1
2(d− 2)

(
∇kF ki(0) − (d− 3)∇iA(0)r − (tr(g[0](2))Ai(0) − 2gij[0](2)A(0)j)

)
d=3= 1

2

(
∇kF ki(0) + 3R

4 Ai(0) − 2RicijA(0)j

)
(2.76)

a(3)i = g[0](3)ijA
j
(0), (2.77)

while the radial components are given by

A(0)r = − ε2∇iA
i
(0); A(2)r = − ε4

(
� + R

4

)
∇iAi(0) +∇iAi(2), (2.78)

a(3)r = ε∇iai(3), A(3)r = ε∇iAi(3). (2.79)
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2. Lifshitz as a deformation of Anti-de Sitter

Second order in ε

Next let us consider the backreaction on the metric to order ε2. The asymptotic
expansion of the ε2 term in the metric is

g[2]ij=rh[2](0)ij+e−2r(rh[2](2)ij+g[2](2)ij)+e−3r(rh[2](3)ij+g[2](3)ij)+. . . (2.80)

where we set to zero the possible contribution to the source at order ε2. Using
the expansions of the field equations given in appendix 2.C, one can express these
coefficients as follows. The leading term h[2](0)ij is given by (2.38). The terms at
order r in (2.132) give us the expression for h[2](2)ij :

h[2](2)ij = 1
4

[
(∇kA(0)l)(∇kAl(0))− (∇kAk(0))2 + 2A(0)k�A

k
(0) − 2Ak(0)∇k∇lA

l
(0)

+ 1
2F(0)klF

kl
(0)

]
g[0](0)ij −

3
8∇i∇j(A(0)kA

k
(0))−

R

4 A(0)iA(0)j (2.81)

+ 1
2∇

k
(
∇i(A(0)jA(0)k) +∇j(A(0)iA(0)k)−∇k(A(0)iA(0)j)

)
.

From the terms at order one in (2.132):

g[2](2)ij = −R8 A(0)iA(0)j +A(0)iRjkA
k
(0) −

1
4A(0)kA

k
(0)Ricij + 3

16∇i∇j(A(0)kA
k
(0))

− 1
4∇

k
(
∇i(A(0)jA(0)k) +∇j(A(0)iA(0)k)−∇k(A(0)iA(0)j)

)
+ 1

2F(0)i
kF(0)jk

+ 1
4

(
A(0)i∇j∇kAk(0) +A(0)j∇i∇kAk(0) +A(0)i∇kF(0)kj +A(0)j∇kF(0)ki

)
+
[ 3

16(∇kAk(0))2 − 1
4F(0)klF

kl
(0) −

3
8A(0)k�A

k
(0) −

1
4A

k
(0)∇l∇kA

l
(0) (2.82)

− 1
8(∇kA(0)l)(∇kAl(0)) + 1

2A
k
(0)∇k∇lA

l
(0) + 3

16RA(0)kA
k
(0)

]
g[0](0)ij .

Using e−r terms in (2.132) we find

h[2](3)ij = 3
8A(0)kA

k
(0)g[0](3)ij −

2
3A

k
(0)

(
g[0](3)ikA(0)j + g[0](3)jkA(0)i

)
(2.83)

+ 1
3A

k
(0)g[0](3)klA

l
(0)g[0](0)ij .

The term g[2](3)ij is left undetermined by the asymptotic analysis, up to trace and
divergence constraints. Its trace is

tr(g[2](3)) = 2
3A(0)iA

i
(3) −

5
18A

i
(0)g[0](3)ijA

j
(0), (2.84)
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2.2. Holographic dictionary

whilst its divergence satisfies

∇jh[2](3)ij − 3∇jg[2](3)ij − gjk[0](3)∇kh[2](0)ij −
1
2h

jk
[2](0)∇ig[0](3)jk (2.85)

−∇itr(h[2](3) − 3g[2](3) − g[0](3)h[2](0))

= 2(A(3)iA(0)r +A(3)rA(0)i)− gjk[0](3)F(0)ijA(0)k

+Aj(0)(∇iA(3)j −∇jA(3)i)− 2Aj(3)F(0)ij + aj(3)F(0)ij .

Counterterms
Evaluating the on-shell action we find that the leading order divergence is given
by

Sleading
div = ε2

16πG4

∫
d3x
√
−g[0](0)e

3r
(
− 1

2A(0)iA
i
(0)

)
+ · · · (2.86)

There is also a seemingly non-local logarithmic divergence:

Slog
div = − ε2

16πG4

∫
d3x
√
−g[0](0)r

(
2Ai(0)g[0](3)ijA

j
(0)

)
. (2.87)

Both these divergences are removed by the local counterterm

Sct[2] = 1
32πG4

∫
d3x
√
−γAiAi. (2.88)

Thus, we find again that all the counterterms are local.

Renormalized one-point functions
Although there are additional local counterterms required to remove subleading
divergences at order ε2, only this leading counterterm (2.88) can contribute finite
pieces to the 1-point functions. Therefore we do not need to construct explicitly
all the counterterms: it is enough to know that these are local. Defining the one
point function of the vector operator as

〈J i〉 = − 1√
−g[0](0)

δSren
δA(0)i

= − 1√
−g[0](0)

δSren
εδA(0)i

, (2.89)

and using

(16πG4)δASon-shell = −
∫
d3x
√
−γγijFriδAj +

∫
d3x
√
γγijAiδAj (2.90)

we compute 〈
J i
〉

= − 3ε
16πG4

Ai(3) + 1
3 〈T

ij〉[0]A(0)j , (2.91)
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2. Lifshitz as a deformation of Anti-de Sitter

where we used (2.72).
From

16πG4δγSon-shell =
∫
d3x
√
−γ(Kij −Kγij + 2γij)δγij (2.92)

+1
2

∫
d3x
√
−γ(AiAj −

1
2AkA

kγij)δγij

one can compute the stress energy tensor

〈Tij〉 = − 2√
−g[0](0)

δSon-shell

δgij[0](0)
. (2.93)

Then
〈Tij〉 = 〈Tij〉[0] + ε2〈Tij〉[2] + · · · (2.94)

where the leading order term is given in (2.72) whilst

〈Tij〉[2] = − 1
16πG4

[
h[2](3)ij − 3g[2](3)ij −

1
4A(0)kA

k
(0)g[0](3)ij (2.95)

−Ak(0)g[0](3)klA
l
(0)g[0](0)ij +A(0)kA

k
(3)g[0](0)ij +A(0)iA(3)j +A(0)jA(3)i

]
.

Ward identities
Using (2.85) we can check that the expected diffeomorphism Ward identity is
satisfied:

∇j 〈Tij〉[2] = A(0)i∇j
〈
Jj
〉
−
〈
Jj
〉
F(0)ij . (2.96)

where we used 〈J i〉 = ε
〈
J i
〉
.

For the trace of stress-energy tensor we obtain〈
T ii
〉

[2] = − 1
16πG4

(3A(0)iA
i
(3) −

5
2A

i
(0)g[0](3)ijA

j
(0)) (2.97)

= A(0)i
〈
J i
〉

+ 1
2A

i
(0)〈Tij〉[0]A

j
(0).

Thus through order ε2 the complete trace Ward identity is

〈T ii 〉 −
1
2A

i
(0)〈Tij〉A

j
(0) = A(0)i〈J i〉. (2.98)

This is precisely the same as the d = 2 case in (2.62), except that in d = 2 we have
additional terms related to the conformal anomaly. The terms quadratic in A(0)i
can be thought of as a beta function contribution to the trace Ward identity.
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2.2. Holographic dictionary

Recovering Lifshitz invariance
The discussion parallels that given for d = 2 in section 2.2.1. The quadratic terms
in Aj(0) are responsible for producing the Lifshitz Ward identity

z〈T tt 〉+ 〈T xx 〉 = ε
√

2〈J t〉, (2.99)

once we set the sources to the values relevant for pure Lifshitz (2.66).
Furthermore, the 1-point functions evaluated on the pure Lifshitz solution (2.5)

with z = 1 + ε2 yield
〈J i〉 = 0, 〈Tij〉 = 0. (2.100)

Thus the geometry can be interpreted as the vacuum state in the Lifshitz theory,
as anticipated.

2.2.3 General d for position-independent couplings
In the chapter 3 we will be interested in the case in which the background sources
g[0](0) and A(0) are constant. For such sources the holographic renormalisation can
be performed directly in general number of dimensions d. For constant sources
we can drop non-radial derivatives in the subsequent analysis and simplify many
formulae from the previous sections. In particular the radial component of the
vector field vanishes, Ar = 0.

The results provided below hold for any dimension d. The near boundary
expansions of the vector field and the metric up to order ε2 are as follows. For the
vector the asymptotic expansion takes the form

Ai = er(A(0)i + e−dr(rÃ(d)i(x) +A(d)i(x)) + . . .), (2.101)

where we will define A(0)i = εA(0)i and work perturbatively in ε. It is also useful
to define A(d)i = εA(d)i and let Ãi(d) = εai(d). The logarithmic expansion coefficient
is given by

a(d)i = g[0](d)ijA
j
(0), (2.102)

where g[0](a)ij is defined below. Here and later, whenever we present asymptotic
solutions, indices are raised to this order using the metric gij[0](0), which we set to
be the Minkowski metric: g[0](0)ij = ηij .

The coefficient A(d)i is left undetermined by the asymptotic analysis and is
related to the expectation value of the dual operator. Note that the expansion
coefficients depend locally on the zeroth order expectation value of the dual stress
energy tensor 〈Tij〉[0] (which is related to g[0](d)ij as in (2.110)). At first sight this
might appear problematic since this coefficient is in general non-locally related to
g[0](0) which might lead to non-local divergences but as we review below there are
in fact no non-local divergences: the counterterm action is local.
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2. Lifshitz as a deformation of Anti-de Sitter

For the metric the asymptotic expansion is as follows [1, 13,121]:

gij = ηij + ε2rh[2](0)ij + e−dr
(
ε2rh[2](d)ij + (g[0](d)ij + ε2g[2](d)ij)

)
, (2.103)

where the metric g[0](0)ij is chosen to be flat and

h[2](0)ij = −A(0)iA(0)j + 1
2(d− 1)A(0)kA

k
(0)ηij . (2.104)

g[0](d)ij is traceless and divergenceless, while

h[2](d)ij = d

4(d− 1)A(0)kA
k
(0)g[0](d)ij + 1

d
Ak(0)g[0](d)klA

l
(0)ηij (2.105)

− d− 1
d

(A(0)ig[0](d)jk +A(0)jg[0](d)ik)Ak(0),

tr(g[2](d)) = 2
d
A(0)iA

i
(d) −

d2 − 2d+ 2
d2(d− 1) Ai(0)g[0](d)ijA

j
(0), (2.106)

and the divergence of g[2](d) vanishes. The part of g[2](d)ij which is undetermined
by the asymptotic analysis is related to the expectation value of Tij at order ε2.

Counterterms and renormalized one-point functions
The counterterm action, restricted to the case where the boundary metric is flat
and so is A(0), becomes

Sct = Sct[0] + Sct[2] = − 1
32πGd+1

∫
ddx
√
−γ
(

4(d− 1)− γijAiAj
)
. (2.107)

These counterterms suffice to render the action finite to order ε2, under the above
restrictions. For non-constant sources there are also other counterterms (see pre-
vious sections) but these do not play a role here.

The vector one-point function is

〈J i〉 = − 1√
−g[0](0)

δSren
δA(0)i

= − 1
16πGd+1

(dAi(d) − g
ij
[0](d)A(0)j). (2.108)

The part of the asymptotic expansion, Ai(d), undetermined by asymptotics is di-
rectly related to the one-point function of the dual operator.

Now let us give the 1-point function of the stress-energy tensor:

〈Tij〉 = 〈Tij〉[0] + ε2〈Tij〉[2] + · · · (2.109)

with [13,121]

〈Tij〉[0] = − 2√
−g[0](0)

δS[0]ren

δgij[0](0)
= d

16πGd+1
g[0](d)ij (2.110)
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and

〈Tij〉[2] = 1
16πGd+1

[
dg[2](d)ij−(A(0)iA(d)j+A(0)jA(d)i)−A(0)kA

k
(d)ηij (2.111)

+ d− 1
d

(A(0)ig[0](d)jk +A(0)jg[0](d)ik)Ak(0)

+ d2−d+2
2d(d− 1)A

k
(0)g[0](d)klA

l
(0)ηij −

d−2
4(d−1)A(0)kA

k
(0)g[0](d)ij

]
.

Again, as expected, the expectation value of Tij is directly related to the undeter-
mined coefficient, g(d)ij .

Ward identities
The holographic energy momentum tensor satisfies

∇j 〈Tij〉 = Ai∇j
〈
J j
〉
−
〈
J j
〉
Fij . (2.112)

Computing the trace of the second order stress energy tensor gives the complete
anomaly through order ε2

〈T ii 〉 −
1
2A

i
(0)〈Tij〉A

j
(0) = A(0)i〈J i〉. (2.113)

The terms quadratic in A(0)i can be thought of as a beta function contribution to
the trace Ward identity.

2.3 Summary
In this chapter we have developed holography for Lifshitz spacetimes with dynam-
ical exponent z = 1 + ε2, working perturbatively in ε. We showed that the bulk
theory is dual to a d-dimensional CFT deformed by a vector operator of dimen-
sion d. Such a continuous deformation changes the relativistic fixed point into a
non-relativistic one.

Given that the bulk theory is relativistic, it is perhaps not surprising that the
non-relativistic dual theory could be related to a relativistic field theory, but it is
nonetheless highly non-trivial that they are continuously connected. It has been
argued in various works, see the recent discussions in [42,43], that holography for
Lifshitz theories would more naturally be described using non-relativistic Hořava-
Lifshitz type gravities. It would be interesting to explore the relationship between
the non-relativistic and relativistic descriptions for z close to one. In particular,
one might wonder whether they are dual to different universality classes of Lifshitz
invariant theories.
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Appendix

2.A Useful formulae
Under a general transformation gij → gij + δgij the Christoffel symbols and Ricci
tensors transform as:

δΓijk = 1
2g

il(∇jδgkl +∇kδgjl −∇lδgjk), (2.114)

δRij = 1
2

(
∇k∇iδgjk +∇k∇jδgik −∇2δgij −∇i∇jtr(δgij)

)
, (2.115)

δR = δgijRij + gijδRij . (2.116)

In particular, under a Weyl rescaling δgij = 2σgij we get:

δΓijk = δik∇jσ + δij∇kσ − gjk∇iσ, (2.117)
δRij = −gij∇2σ + (2− d)∇i∇jσ, (2.118)
δR = −2σR+ 2(1− d)∇2σ. (2.119)

2.B Expansion of Einstein equations in d = 2
To obtain the coefficients in the expansion (2.37) we need to work out (2.21) at
order ε2. Note that although ε appears in M2 it always multiplies a vector field
and hence it can contribute only at higher order in the ε perturbation theory.
Therefore to this order we can set M2 = 1. The rhs of (2.21) can be expanded
near the boundary as follows

e2rt[2](0)ij + e0r(t[2](2)ij + rτ[2](2)ij) +O(e−2r), (2.120)

49



2. Lifshitz as a deformation of Anti-de Sitter

where

t[2](0)ij = A(0)iA(0)j −
1
2A(0)kA

k
(0)g[0](0)ij , (2.121)

t[2](2)ij = 1
2

(
A(0)ia(2)j +A(0)i∇j(∇kAk(0)) + (i↔ j)

)
(2.122)

+ 1
2F(0)i

kF(0)jk −
1
4F(0)klF

kl
(0)g[0](0)ij

+
(
A(0)

kA(2)k −A(0)
ka(2)k −A(0)

k∇k(∇nAn(0))
)
g[0](0)ij

+ 6π
c

(〈T kl〉[0]A(0)kA(0)lg[0](0)ij −A(0)kA
k
(0)〈Tij〉[0]),

τ[2](2)ij = A(0)
ka(2)kg[0](0)ij . (2.123)

Note also the identity

tr(t[2](2)ij + rτ[2](2)ij) =2A(0)iA
i
(2) + (2r − 1)A(0)ia

i
(2) −A

i
(0)∇i(∇jA

j
(0))

+12π
c
Ai(0)〈Tij〉[0]A

j
(0) −

1
4RA

i
(0)A(0)i. (2.124)

The leading term in r on the right-hand side of (2.21) indicates that a loga-
rithmic correction h[2](0)ijr must be included at leading radial order in g[2]. It is
given by (2.104).

In d = 2 the following identities hold

tr(h[2](0)) = 0 (2.125)

tr(g[0](2)h[2](0)) = 1
4RA

i
(0)A(0)i −

12π
c
Ai(0)〈Tij〉[0]A

j
(0). (2.126)

Equation (2.23) allows us to compute tr(h[2](2)):

tr(h[2](2)) = 1
2(∇iAi(0))2 − 1

4F(0)
ijF(0)ij . (2.127)

Note also the following useful relation:

tr(h[2](2) − h[2](0)g[0](2)) = A(0)ia
i
(2) + 1

2∇j
(
Aj(0)(∇iA

i
(0))−A(0)iF

ji
(0)

)
. (2.128)

Collecting terms of order ε2 and e0r in (2.21) we get (for general d)

Ric[2]ij

∣∣∣
r
−
[
(2− d)g[2](2) + (2− d)rh[2](2) + d− 4

2 h[2](2) (2.129)

+ g[0](2)g
−1
[0](0)h[2](0) + h[2](0)g

−1
[0](0)g[0](2)

+ 1
2tr
(

(2r − 1)h[2](0)g[0](2) + (1− 2r)h[2](2) − 2g[2](2)

)
g[0](0)

+ R

4 (1 + 2r)h[2](0)

]
ij

= t[2](2)ij + rτ[2](2)ij ,
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where the trace is taken with g−1
[0](0). Taking the trace of the last equation and

using (2.115) and properties of Ricci tensor in 2 dimensions

Ric[2]ij

∣∣∣
r

= r

2

(
∇k∇jh[2](0)ik +∇k∇ih[2](0)jk −∇2h[2](0)ij

)
(2.130)

we see that terms proportional to r cancel separately and we obtain (2.40).
Now we can solve for h[2](2)ij from (2.129). The result is given in (2.39). The

divergence of g[2](2)ij is determined from the e−2r terms in (2.22), leading to

∇j(h[2](2)ij − 2g[2](2)ij)−∇itr(h[2](2) − 2g[2](2) − g[0](2)h[2](0)) (2.131)

−gjk[0](2)∇kh[2](0)ij + 6π
c
Al(0)A

k
(0)∇i〈Tkl〉[0] −

1
4A(0)iA

j
(0)∇jR

=− gjk[0](2)A(0)kF(0)ij +Aj(0)(∂iA(2)j − ∂jA(2)i)−A(2)i(∇jAj(0))

+
(
aj(2) −A

j
(2) +∇j(∇kAk(0))

)
F(0)ij +A(0)iA(2)r.
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2.C Expansion of Einstein equations in d = 3
Collecting ε2 terms (up to e−r) in (2.21) gives (we keep explicit d in our formulas,
since some of our results apply to arbitrary dimension)

e2r
[
− d

2h[2](0) −
1
2tr(h[2](0))g[0](0)

]
ij

+Ric[2]ij

∣∣∣
r

(2.132)

+ r
[
(d− 2)h[2](2) + tr(h[2](2) − h[2](0)g[0](2))g[0](0) + tr(g[0](2))h[2](0)

]
ij

+ e0r
[4− d

2 h[2](2) + (d− 2)g[2](2) − h[2](0)g
−1
[0](0)g[0](2) − g[0](2)g

−1
[0](0)h[2](0)

+ 1
2tr(2g[2](2) − h[2](2) + h[2](0)g[0](2))g[0](0) + 1

2tr(g[0](2))h[2](0)

]
ij

+ re−r
[3(d− 3)

2 h[2](3) + 3
2tr(h[2](3) − h[2](0)g[0](3))g[0](0)

]
ij

+ e−r
[6− d

2 h[2](3) + 3(d− 3)
2 g[2](3) −

3
2

(
h[2](0)g

−1
[0](0)g[0](3) + g[0](3)g

−1
[0](0)h[2](0)

)
+ 1

4tr(h[2](0))g[0](3) + 1
2tr(3g[2](3) + h[2](0)g[0](3) − h[2](3))g[0](0)

]
ij

= e2r
[d

2A(0)iA(0)j + 1
2(1− d)A(0)kA

k
(0)g[0](0)ij

]
+ e0r

[1
2g

kl
[0](0)F(0)ikF(0)jl

+ d− 2
2 (A(0)iA(2)j +A(0)jA(2)i)−

1
2(A(0)i∇jA(0)r +A(0)j∇iA(0)r)

+ 1
4(1− d)

(
− 4(A(0)kA

k
(2) +A(0)k∇kA(0)r)g[0](0)ij + F(0)klF

kl
(0)g[0](0)ij

− 2Ak(0)g[0](2)klA
l
(0)g[0](0)ij + 2A(0)kA

k
(0)g[0](2)ij

)]
+ re−ra(3)kA

k
(0)g[0](0)ij

+ e−r
[d− 3

2 (A(0)iA(3)j +A(0)jA(3)i) + 2
d− 1A(0)kA

k
(3)g[0](0)ij

+ 1
2(d− 1)A

k
(0)g[0](3)klA

l
(0)g[0](0)ij −

1
2(d− 1)A(0)kA

k
(0)g[0](3)ij

+ 1
2

(
a(3)iA(0)j + a(3)jA(0)i − a(3)kA

k
(0)g[0](0)ij

)]
.
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The trace of it in d = 3 gives:

tr(Ric[2]|r)− e2r
[
3tr(h[2](0)) + (−4r + 1)e−2rtr(h[2](2)) (2.133)

− 4e−2rtr(g[2](2)) + (3r + 1
2)e−2rtr(g[0](2)h[2](0))− (r + 1

2)e−2rtr(g[0](2))tr(h[2](0))

− 9
2re
−3rtr(h[2](3))−

9
2e
−3rtr(g[2](3)) + 1

2(9r + 3)e−3rtr(g[0](3)h[2](0))
]

= 3
4e

2rA(0)iA
i
(0) + e0r

(5
2A(0)iA

i
(2) −

1
4A

i
(0)∇i∇jA

j
(0) + 1

8F(0)ijF
ij
(0)

+ 3
4A

i
(0)g[0](2)ijA

j
(0) −

1
4tr(g[0](2))A(0)iA

i
(0)

)
+ 3re−ra(3)iA

i
(0)

+ e−r
(

3A(0)iA
i
(3) + 3

4A
i
(0)g[0](3)ijA

j
(0) −

1
2a(3)iA

i
(0)

)
.

The Rrr equation (2.23) gives:

− tr(h[2](0)) + e−2rtr(h[2](2)) + 3
2re
−3rtr(g[0](3)h[2](0) − h[2](3)) (2.134)

+ e−3rtr(2h[2](3) −
1
2g[0](3)h[2](0) −

3
2g[2](3))

= 1
4A(0)iA

i
(0)

+ 1
4e
−2r
(

(∇iAi(0))2 −Ai(0)g[0](2)ijA
j
(0) − 2A(0)iA

i
(2) +Ai(0)∇i∇jA

j
(0) −

1
2F(0)ijF

ij
(0)

)
− re−3ra(3)iA

i
(0) + e−3r

(
− 1

4A
i
(0)g[0](3)ijA

j
(0) −A(0)iA

i
(3) + 1

2a(3)iA
i
(0)

)
.
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2. Lifshitz as a deformation of Anti-de Sitter

The Rri Einstein equation (2.22) reads at order ε2

∇jh[2](0)ij −∇itr(h[2](0)) (2.135)

+re−2r
(

2hjk[2](0)∇kg[0](2)ij + gjk[0](2)∇ih[2](0)jk − 2∇jh[2](2)ij

+ g[0](2)ik(2∇jhjk[2](0) −∇
ktr(h[2](0)))− 2∇itr(g[0](2)h[2](0) − h[2](2))

)
+e−2r

(
∇jh[2](2)ij − 2∇jg[2](2)ij − gjk[0](2)∇kh[2](0)ij −

1
2h

jk
[2](0)∇ig[0](2)jk

− 1
2h[2](0)ik(2∇jgjk[0](2) −∇

ktr(g[0](2)))−∇itr(h[2](2) − 2g[2](2) − g[0](2)h[2](0))
)

+re−3r
(

3hjk[2](0)∇kg[0](3)ij + 3
2g

jk
[0](3)∇ih[2](0)jk − 3∇jh[2](3)ij

+ 3
2g[0](3)ik(2∇jhjk[2](0) −∇

ktr(h[2](0)))− 3∇itr(g[0](3)h[2](0) − h[2](3))
)

+e−3r
(
∇jh[2](3)ij − 3∇jg[2](3)ij − gjk[0](3)∇kh[2](0)ij −

1
2h

jk
[2](0)∇ig[0](3)jk

−∇itr(h[2](3) − 3g[2](3) − g[0](3)h[2](0))
)

= 2A(0)iA(0)r

+ e−2r
(

2(A(2)iA(0)r +A(0)iA(2)r)− gjk[0](2)F(0)ijA(0)k

+Aj(0)(∇iA(2)j −∇jA(2)i)−Aj(2)F(0)ij + 1
2F(0)ij∇j∇kAk(0)

)
+ re−3r

(
2(a(3)iA(0)r + a(3)rA(0)i) +Aj(0)(∇ia(3)j −∇ja(3)i)− 2aj(3)F(0)ij

)
+ e−3r

(
2(A(3)iA(0)r +A(3)rA(0)i)− gjk[0](3)F(0)ijA(0)k

+Aj(0)(∇iA(3)j −∇jA(3)i)− 2Aj(3)F(0)ij + aj(3)F(0)ij

)
.

2.D Scheme-dependence and Weyl invariance
Here we collect some formulas which ae used in our discussion of scheme depen-
dence and the check of Weyl invariance. We will consider three specific integrals:∫ √

γFijF
ij ,
∫ √

γ(∇iAi)2,
∫ √

γRA2. These are finite in two dimensions and thus
one could have added these as finite counterterms. In this section we consider
contributions of these terms to one-point functions, their Weyl transformations
and their possible effect on Ward identities.

Let us begin with
∫ √

γFijF
ij . The variation of such an action is

δ

∫
√
γFijF

ij=
∫
√
γ
[
− 4∇iF ijδAj+(2FikFjlγkl−

1
2FklF

klγij)δγij
]
. (2.136)
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We hence obtain the following contributions to one-point functions:

〈J i〉 = −4∇kF ki(0), (2.137)

〈Tij〉 = 4F(0)ikF(0)jlg
kl
[0](0) − F(0)klF

kl
(0)g[0](0)ij . (2.138)

The Weyl variation is

δW [FijF ij ] = −2σFijF ij + 4F ijAj∇iσ. (2.139)

The trace of the stress-energy tensor is:

〈T ii 〉 = 2F(0)ijF
ij
(0). (2.140)

Next we consider
∫ √

γ(∇iAi)2. Its variation is

δ

∫
√
γ(∇iAi)2 =

∫
√
γ
[
− 2∇j(∇iAi)δAj (2.141)

+
(1

2(∇kAk)2γij +Ak∇k∇lAlγij − 2Aj∇i∇kAk
)
δγij

]
.

From here we get the following contributions to one-point functions:

〈J i〉 = −2∇j(∇iAi(0)), (2.142)

〈Tij〉 = (∇kAk(0))2g[0](0)ij + 2Ak(0)∇k∇lA
l
(0)g[0](0)ij − 4A(0)j∇i∇kAk(0). (2.143)

The Weyl variation is

δW [(∇iAi)2] = −2σ(∇iAi)2 + 2(∇jAj)Ai∇iσ. (2.144)

The trace of the stress-energy tensor is:

〈T ii 〉 = 2(∇iAi)2. (2.145)

Finally, consider
∫ √

γRA2. Its variation is

δ

∫
√
γRA2 =

∫
√
γ
[
2RAiδAi +RAiAjδγ

ij
]
. (2.146)

From here we obtain contributions to one-point functions:

〈J i〉 = 2RAi, (2.147)
〈Tij〉 = 2RAiAj . (2.148)

The Weyl variation is

δW [RA2] = −2σRA2 − 2A2�σ. (2.149)
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2. Lifshitz as a deformation of Anti-de Sitter

The trace of the stress-energy tensor is:

〈T ii 〉 = 2RA2. (2.150)

Putting these results together it is also straightforward to check the Weyl invari-
ance of the d = 2 analogue of the Deser-Nepomechie action:

LDN = −12π
c
Ai(0)〈Tij〉[0]A

j
(0) + 1

4F(0)ijF
ij
(0) −

1
2(∇iAi(0))2 + R

4 A
i
(0)A(0)i. (2.151)
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Chapter 3

Lifshitz black brane and top
down models

In this chapter we consider the finite temperature behaviour of Lifshitz theories
with dynamical exponent z close to one which can be viewed as vector deformations
of CFTs. We also show that top down models in string theory with dynamical
exponents close to one belong to this universality class.

From the bulk perspective, the simplest realization of Lifshitz is the bottom up
Einstein-Proca model introduced in [41]. Black hole/brane solutions with Lifshitz
asymptotics are needed to study the corresponding dual field theories at non-zero
temperature. However, only numerical black hole solutions are available for generic
values of z [44, 45,48–60].

Note that analytic asymptotically Lifshitz black hole solutions are readily
available in Einstein-Dilaton-Maxwell (EDM) theories, see the earliest examples
in [41, 61], with the interpretation of the running scalar being discussed in [62].
More recently there has been considerable interest in solutions of EDM theories
exhibiting hyperscaling violation, see for example [62–74]. Here we focus on pure
Lifshitz solutions although it would certainly be interesting to understand whether
EDM solutions can admit analogous dual interpretations in terms of deformations
of relativistic theories and indeed whether EDM solutions can be related to Lifshitz
solutions through generalized dimensional reduction [92,93,124]. Note that issues
and open questions involving the IR behaviour of the Lifshitz theory, see [125]
and [39], do not play a role here.

In the first part of this chapter we consider Einstein-Proca models and con-
struct black brane solutions with Lifshitz asymptotics for dynamical exponent
z = 1 + ε2, with ε being a small expansion parameter. Our solutions are con-
structed analytically, working perturbatively in ε. Applying the holographic dic-
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3. Lifshitz black brane and top down models

tionary developed in the previous chapter we obtain the one-point function of the
dual energy-momentum tensor and check the various thermodynamic relations ex-
pected for Lifshitz invariant theories [110,126,127]. In particular we show how the
Ward identity due to Lifshitz invariance implies the existence of a conserved mass
and we show that the entropy scales with temperature as

S ∝ T
d−1
z . (3.1)

The thermodynamic quantities are obtained analytically and the analytic solutions
could be useful in extracting quasi-normal modes, studying correlation functions
etc.

While it is a useful bottom up model, the Einstein-Proca model has a dis-
advantage: string theory embeddings are known only for specific values of the
dynamical exponent z, see for example [75]. There is a class of top down em-
beddings of Lifshitz solutions consisting of uplifts of solutions to Romans gauged
supergravity theories [86]. Lifshitz geometries LiD(z) in D = d+1 bulk dimensions
with generic dynamical exponent z can be realized in this way. The structure of
these solutions is as follows: products of LiD(z) with two-dimensional hyperboloids
solve the equations of Romans gauged supergravity theories in (D+2) dimensions,
for specific choices of the masses and couplings in these theories.

Since there are Lifshitz solutions with z ∼ 1 in these top down models, it is in-
teresting to explore whether these can also be understood in terms of deformations
of conformal field theories. In section 3.3 we show that these solutions are indeed
in the same universality class as the Einstein-Proca model: i.e. to leading order
in the parameter ε the dual field theory is a deformation of a CFT by a vector
operator. However, unlike the Einstein-Proca model, other CFT operators (which
preserve Lifshitz symmetry) are induced at higher orders in ε. The bulk theories
in this case therefore realise one of the field theory scenarios which we will discuss
in the chapter 4.

Unfortunately not just the Lifshitz solutions but also the z = 1 AdS solu-
tions in these models break supersymmetry and are unstable. We show this ex-
plicitly in section 3.3 by demonstrating that scalar modes around AdS violate
the Breitenlohner-Freedman (BF) bound. The operators dual to these (unstable)
scalar modes arise in the operator product expansions of the vector operators as-
sociated with the Lifshitz deformations and correspondingly are necessarily part of
the consistent truncation of the bulk theory to D dimensions. Therefore the z ∼ 1
Lifshitz solutions in these top down models are unstable. It would be interesting
to find analogous top down solutions which are obtained from deformations of
supersymmetric AdS critical points and which do not suffer from BF instabilities.

For the four-dimensional Lifshitz geometries, which are realized as solutions
of the six-dimensional Romans theory, there is a second branch of solutions for
which the dynamical exponent z > 4.29. These solutions are not connected to the
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3.1. A Lifshitz black brane solution

unstable critical point and therefore cannot be understood in terms of marginal
Lifshitz deformations. It would be interesting to understand this branch of the
solutions further.

The plan of this chapter is as follows. In section 3.1 we develop the perturbation
theory in ε and obtain the black brane solutions in arbitrary dimension. In section
3.2 we discuss the thermodynamics of our solutions, give an argument for and verify
the Lifshitz scaling behaviour. In section 3.3 we demonstrate that the Lifshitz
solutions and the corresponding black holes [110] of the top-down model [86] are
in the same universality class as those considered in the present thesis, i.e. they
can be viewed as describing the ground state and a thermal state, respectively, of
a relativistic CFT deformed by a vector of dimension d.

3.1 A Lifshitz black brane solution
In this section we construct a Lifshitz black brane solution analytically, working
perturbatively in ε around the AdS neutral black brane. Working up to second or-
der in ε, the resulting black brane solution has Lifshitz asymptotics with dynamical
exponent z = 1 + ε2.

The leading order metric in (d+ 1) dimensions can be expressed as

ds2 = dy2

c0
− c0dt2 + y2dx · dx, (3.2)

with y → ∞ at the boundary and y = yh at the horizon. The metric function c0
is given by

c0 = y2(1− ydh/yd). (3.3)

If a source for the vector field εA(0)t is switched on, then at order ε the bulk solution
is given by the black hole metric together with a vector field At(y) satisfying

1
d− 1∂

2
yAt + y−1∂yAt −

1
c0
At = 0, (3.4)

subject to the condition that At → 0 on the horizon y = yh and At → εA(0)ty as
y →∞. The solution that satisfies these boundary conditions is

At = εA(0)ta(y); (3.5)

a(y) = π

sin π
d

d− 1
d2 y(1− ydh

yd
) 2F1(1

d
,
d− 1
d

; 2; 1− ydh
yd

),

where the normalization has been fixed for future convenience. As y → ∞ this
solution behaves as

a(y) = y
[
1− d− 1

d

ydh
yd

log y

yh
− ydh
yd

(
1 + d− 1

d2 − (d− 1)
d2 k(d)

)
+ . . .

]
, (3.6)
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3. Lifshitz black brane and top down models

where we have introduced

k(d) = 2γ + ψ(d+ 1
d

) + ψ(2d− 1
d

) (3.7)

to shorten formulae; γ is the Euler-Mascheroni constant, and ψ denotes the digamma
function.

The coordinate y can be changed to a domain-wall type radial coordinate as

r =
∫

dy
√
c0
. (3.8)

Near the boundary y =∞ this can be integrated to give the following asymptotic
expansion

r = log y − 1
2d
ydh
yd

+ . . . . (3.9)

In the new coordinates the metric (3.2) is

ds2 = dr2− e2r(1 + 1− d
d

ydhe
−dr + . . .)dt2 + e2r(1 + 1

d
ydhe
−dr + . . .)dx · dx. (3.10)

Thus at zeroth order in ε we recover the well-known result

〈Ttt〉[0] = d− 1
16πGd+1

ydh, (3.11)

〈Tij〉[0] = δij
16πGd+1

ydh. (3.12)

and the stress-energy tensor is manifestly traceless. Also in the new variable

a(r)=er
[
1− d−1

d
ydhre

−dr− d−1
d2

(2d2+d−2
2(d− 1) −k(d)−d log yh

)
ydhe
−dr
]
. (3.13)

The expansion (3.13) agrees with the earlier result from solving the field equations
asymptotically; a nontrivial check is provided by the ratio of a(d)i and A(0)i coef-
ficients in the asymptotic expansion. They are related to each other by (2.102).
It is easy to see that this relation is in agreement with (3.13). Moreover, we can
extract the one-point functions 〈J t〉 using (2.108)

〈
J t
〉

= ydh
εA(0)t

16πGd+1

(
− 2d− 1

2 + d− 1
d

k(d) + (d− 1) log yh
)
. (3.14)

Next let us consider the backreaction of the vector field onto the metric at
order ε2. It is convenient to parameterize the metric as follows

ds2 = dy2

c(y) − dt
2c(y)b(y)2 + y2dx · dx, (3.15)
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3.1. A Lifshitz black brane solution

letting
c(y) = c0 + ε2A2

(0)t∆c(y); b(y) = 1 + ε2A2
(0)∆b(y). (3.16)

With this parametrization the Einstein equations give the change in the Ricci
tensor as

ε−2A−2
(0)t∆Ryy = d

c20
∆c(y) + (2− d)

2(d− 1)
(∂ya(y))2

c0
; (3.17)

ε−2A−2
(0)t∆Rtt = d(∆c(y)+2c0∆b(y))+ 1

2M
2a(y)2+ (d−2)

2(d−1)c0(∂ya(y))2; (3.18)

ε−2A−2
(0)t∆Rij = δij

1
2(d− 1)y

2(∂ya(y))2. (3.19)

The perturbation in the Ricci tensor computed from the metric gives

ε−2A−2
(0)t∆Ryy =− 3

2∂y ln(c0)∂y∆b(y)− ∂2
y∆b(y) (3.20)

−
∂2
y∆c(y)

2c0
− (d− 1)∂y∆c(y)

2yc0
+ d∆c(y)

c20
;

ε−2A−2
(0)t∆Rtt =d(∆c(y) + 2c0∆b(y))+ d−1

2
c0
y
∂y∆c(y)+ 1

2c0∂
2
y∆c(y) (3.21)

+ yc0

(
(d+ 2)− (d− 4

2 )y
d
h

yd

)
∂y∆b(y) + c20∂

2
y∆b(y);

ε−2A−2
(0)t∆Rij =δij

(
− y∂y∆c(y)−yc0∂y∆b(y)− (d−2)∆c(y)

)
. (3.22)

It is convenient to consider the following combination of equations:

c0∆Ryy + 1
c0

∆Rtt + gij∆Rij , (3.23)

which leads to a decoupled equation

∂y(yd−2∆c) = −1
2
yd−1

c0

(
a2 + c0(∂ya)2

(d− 1)

)
. (3.24)

Using the differential equation satisfied by a(y) in the form

∂y(yd−1∂ya) = (d− 1)yd−1

c0
a (3.25)

the righthandside of the above equation can be simplified to give

∂y(yd−2∆c) = − 1
2(d− 1)∂y

(
a∂yay

d−1) . (3.26)
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This equation can be integrated to

∆c(y) = − (d− 1)π2

4d5 sin2(πd )
c0
yd

2F1(1
d
,
d− 1
d

; 2; 1− ydh
yd

)× (3.27)

×
[
2d(yd + (d− 1)ydh) 2F1(1

d
,
d− 1
d

; 2; 1− ydh
yd

)

+ (d− 1)ydh(1− ydh
yd

) 2F1(2d− 1
d

,
d+ 1
d

; 3; 1− ydh
yd

)
]

+ chy
d−2
h

y2

yd
,

where ch is integration constant chosen such that ∆c(yh) = ch.
The asymptotic expansion for ∆c(y) is

∆c(y) = y2
[ 1

2(1− d) −
(d− 2)

2d
ydh
yd

log( y
yh

) (3.28)

+ ydh
yd

(d− 2
2d2 k(d)− d3 − 2d2 − 2d+ 2

2d2(d− 1) + ch
y2
h

)
. . .
]
.

Therefore,

c(y) = y2
(

1−
ε2A2

(0)t

2(d− 1) −
(d− 2)ε2A2

(0)t

2d
ydh
yd

log( y
yh

)− ydh
yd

(3.29)

+ ε2A2
(0)t

ydh
yd

(d− 2
2d2 k(d)− d3 − 2d2 − 2d+ 2

2d2(d− 1) + ch
y2
h

)
. . .
)
.

In the backreacted geometry the domain-wall type radial coordinate differs from
that in the original asymptotically AdS black brane spacetime. The radial coor-
dinate is now given by

r =
∫
dy

1√
c0 + ε2A2

(0)t∆c
(3.30)

=
(

1 +
ε2A2

(0)t

4(d− 1)

)
log(y)− ε2A2

(0)t
d− 2
4d2

ydh
yd

log( y
yh

)− 1
2d
ydh
yd

+
ε2A2

(0)t

4d3

(
(d− 2)k(d)− 2d3 + d2 − 10d+ 8

2(d− 1) + 2d2 ch
y2
h

)ydh
yd

+ . . . .

The integration constant is fixed by the requirement that there is no contribution
to the source at order ε2, i.e. g[2](0)xx = 0. Inverting this relation we get

y = er
[
1 + 1

2dy
d
he
−dr + . . .+ ε2A2

(0)t

(
− r

4(d− 1) + (3d− 4)
8d2 ydhre

−dr (3.31)

+ (d
2 + d− 4− (d− 2)k(d)

4d3 − ch
2dy2

h

− d− 2
4d2 log yh)ydhe−dr + . . .

)]
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and hence

gxx=e2r
[
1+ 1

d
ydhe
−dr +. . .+ ε2A2

(0)t

(
− r

2(d−1) + (3d−2)(d−2)
4d2(d− 1) ydhre

−dr (3.32)

+ (d
2 + d− 4− (d− 2)k(d)

2d3 − ch
dy2
h

− d− 2
2d2 log yh)ydhe−dr + . . .

)]
.

Now we can check that

h[2](0)xx = 1
2(d− 1)A(0)tA(0)tg

tt
[0](0)g[0](0)xx, (3.33)

and

h[2](d)xx = ydh
(3d−2)(d−2)

4d2(d− 1) A(0)tA(0)t, (3.34)

in agreement with (2.104) and (2.105) respectively.
Next, we solve for ∆b(y):

c0∂y∆b(y) = −∂y∆c(y)− d− 2
y

∆c(y)− 1
2(d− 1)y(∂ya(y))2, (3.35)

or

∂y∆b(y) = ya2(y)
2c20

. (3.36)

Integrating this equation close to the boundary we find

∆b(y) =
[1

2 log y + d− 1
d2

ydh
yd

log( y
yh

) + b̃+ d− 1
d3 (2− k(d))y

d
h

yd
+ . . .

]
, (3.37)

where b̃ is an integration constant. This gives the time component of the metric
in domain-wall coordinates

gtt = −c0 − ε2A2
(0)t(∆c+ 2c0∆b) (3.38)

= −e2r + d− 1
d

ydhe
(2−d)r + ε2A2

(0)te
2r
[
(−1 + 1

2(d− 1))r

+ (d− 2)(7d− 6)
4d2 ydhre

−dr +
(
− (d− 1)(d− 6)

2d2 log yh

− (d− 1)(d− 6)k(d)
2d3 + (d− 1)(d− 4)(d+ 3)

2d3 − d− 1
d

ch
y2
h

)
ydhe
−dr
]

+ . . . .

Again the source should not be modified and therefore b̃ = 1/(4(d − 1)). We see
that

h[2](0)tt = (−1 + 1
2(d− 1))A(0)tA(0)t, (3.39)

h[2](d)tt = ydh
(d− 2)(7d− 6)

4d2 A(0)tA(0)t, (3.40)
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3. Lifshitz black brane and top down models

both in agreement with (2.104) and (2.105) correspondingly.
Using (2.111) we compute

〈Ttt〉[2] =ydh
A(0)tA(0)t

16πGd+1

(2d− 1
4 − d− 1

2

(
log yh+ k(d)

d
+ 2ch
y2
h

))
, (3.41)

〈Tij〉[2] =ydh
A(0)tA(0)t

16πGd+1

(
− 1

4(d− 1) + log yh
2 + k(d)

2d −
ch
y2
h

)
δij . (3.42)

It is straightforward to check that the Ward identity (2.113) are satisfied.

3.2 Thermodynamics
In this section we will discuss the thermodynamics of the black brane solution,
working in Euclidean signature for convenience. To define the mass we need to
take into account the fact that the stress-energy tensor is not conserved by itself,
but satisfies a non-trivial Ward identity (2.112). Consider the current

Qj = (〈Tij〉 − Ai 〈Jj〉)ξi, (3.43)

where ξi is such that ∇0ξ0 = z, ∇aξb = δab, ∇aξ0 = ∇0ξa = 0. Using the Ward
identity we get

∇jQj = −
〈
J j
〉

(ξi∇iAj +Ai∇jξi) + 〈Tij〉∇jξi (3.44)
= −z

〈
J t
〉
At + z

〈
T tt
〉

+
〈
T ii
〉
,

which is precisely the Ward trace identity.
Therefore the current Qi is conserved and following [128] we can define the

conserved mass as
M =

∫
t=const

√
g(〈Ttt〉 − At 〈Jt〉). (3.45)

Note that expressions for the one-point functions (2.108) and (2.111) remain the
same upon analytic continuation to Euclidean signature as explained in [129].

The horizon location at order ε2 is shifted to

y0 = yh(1− 1
dy2
h

ε2A2
(0)tch). (3.46)

The Hawking temperature obtained from the requirement of no conical singularity
in Euclidean signature is shifted to

T = dyh
4π

(
1 + ε2A2

(0)t

[
(d− 3)
d

ch
y2
h

+ 1
d

∂y∆c(yh)
yh

+ bh

])
(3.47)

with bh = ∆b(y = yh) and the entropy defined as the area of the horizon becomes

S =
V yd−1

h

4Gd+1
(1− ε2A2

(0)t
(d− 1)
d

ch
y2
h

), (3.48)
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with V being the regulated volume of the horizon. The constant ch is directly
related to the position of the horizon, which is the only independent parameter
characterizing the thermodynamic properties of the black brane. The derivative
of ∆c at the horizon is

∂y∆c(yh) = − (d− 1)π2yh

2d2 sin2(πd )
+ (2− d) ch

yh
. (3.49)

We compute bh using equation (3.36) in integrated form

∆b(y)
∣∣∣y0

yh
=
∫ y0

yh

ya2(y)
2c20

dy, (3.50)

where y0 is a near-boundary cut-off. Using the expansion (3.37) we find

bh = 1
4(d− 1) + lim

y→∞

(1
2 log y −

∫ y

yh

y′a2(y′)
2c20(y′) dy

′
)

(3.51)

= 1
4(d− 1) + 1

2 log yh + lim
y→∞

∫ y

yh

( 1
2y′ −

y′a2(y′)
2c20(y′)

)
dy′.

The limit on the right hand side of the last line is finite and independent of yh.
We evaluate it numerically and get in d = 2

bh = 1
2 log yh + 0.42370309... ∼ π2

16 − log 2 + 1
2 + 1

2 log yh (3.52)

and in d = 3

bh = 1
2 log yh + 0.22974839.... ∼ −1

2 log 3 + 4π2

81 + 7
24 + 1

2 log yh. (3.53)

More generally, the first law of thermodynamics allow us to fix that for any d

bh = (d− 1)π2

2d3 sin2(π/d)
+ k(d)

2d + log yh
2 − 2d2 − 3d+ 2

4d(d− 1) , (3.54)

which agrees with the above expressions in d = 2 and d = 3.
Up to order ε2 we get the following results for the thermodynamic quantities:

M = (d−1)V yd0
16πGd+1

[
1 + ε2A2

(0)t

(
− 2d− 1

4(d− 1) + k(d)
2d + 1

2 log y0

)]
, (3.55)

S = V yd−1
0

4Gd+1
, (3.56)

T = dy0

4π

[
1 + ε2A2

(0)t

(
bh −

(d− 1)π2

2d3 sin2(π/d)

)]
. (3.57)
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As a non-trivial check one can verify that the relation

M = d− 1
d+ z − 1TS (3.58)

is satisfied. Such a relation must hold in any Lifshitz invariant theory on general
grounds: in equlibrium we have Tµν = diag(e,−p, . . . ,−p), where p is pressure
and e = dM

dV is energy density. The fundamental thermodynamic relation implies
that

e+ p = Ts, (3.59)
where s = dS

dV is the entropy density. Invariance under Lifshitz scaling yields

ze = (d− 1)p. (3.60)

These together imply (3.58).
Let us make another important observation. Recall that this black brane is

asymptotically Lifshitz with z = 1 + ε2A2
(0)t/2. From (3.57) we can read off the

scaling relation between temperature and entropy (recall that y0 is the independent
parameter) [110,126,127]

T ∼ S
z
d−1 . (3.61)

This relation together with (3.55) implies the first law of thermodynamics

dM = TdS. (3.62)

3.2.1 On-shell action
In this section we evaluate the Euclidean on-shell action. Note that under the
Wick rotation t→ −iτ all the terms in the action change their sign.

The on-shell action for the Lifshitz black brane can be expressed as a sum of
terms:

Son-shell = Sbulk + SGH + Sct. (3.63)
We begin by computing Sbulk:

Sbulk = − 1
16πG

∫
ddx

∫ yc

y0

dy
√
G(−2d− 1

2(d− 1)FµνF
µν) (3.64)

where yc is a radial cutoff and y0 is the position of the horizon. Noting that√
G = yd−1b(y) we compute

Sbulk=− 1
16πG

∫
ddx

∫ yc

y0

dyyd−1
(
−2d+ ε2A2

(0)t

( (∂ya)2

(d− 1) −2d∆b(y)
))

(3.65)

= − 1
16πG

∫
ddx
[
− 2yd(1 + ε2A2

(0)t∆b(y))
∣∣∣yc
y0

+ ε2A2
(0)t

yd−1a∂ya

d− 1

∣∣∣yc
y0

+ ε2A2
(0)ty

d
0

( 1
2(d− 1) + log yc

)
− 2ε2A2

(0)ty
d
0bh

]
.
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3.2. Thermodynamics

Here we have integrated by parts, used the field equation (3.36) for ∆b(y) along
with the defining equation (3.4) for a(y).

Now we move on to evaluate the Gibbons-Hawking term and the counterterms.
Working in the y coordinate, the induced metric at the regulated surface satisfies

√
γ = (ydc −

ydh
2 )
(

1 + ε2A2
(0)t∆b(yc) + 1 + (yh/yc)d

2y2
c

ε2A2
(0)t∆c(yc)

)
. (3.66)

The Gibbons-Hawking term can be combined with the leading order counterterm
to give

K−(d−1) = 1+ε2A2
(0)t

( tr(h[2](0))
2 −y

−d
c

2 tr(h[2](d)−dg[2](d)−g[0](d)h[2](0))
)
. (3.67)

Thus we obtain

− 1
8πG3

∫
d2x
√
γ(K − d+ 1) (3.68)

= − 1
8πGd+1

∫
ddxydc

[
1− yd0

2ydc
+ ε2A2

(0)t

(
∆b(yc) + d− 3

4(d− 1)

− d−1
2d

(y0

yc

)d
log yc+

(y0

yc

)d(5d−6
4d (k(d)

d
+ log y0)− 7d3−4d2−16d+12

8d2(d− 1)

))]
.

Now we compute the on-shell action term by term by plugging in asymptotic
expansions for a, ∆c and ∆b:

Sbulk = − 1
8πGd+1

∫
ddx
[
− ydc + yd0 − ε2A2

(0)ty
d
c

(
∆b(yc) + 1

2(1− d) (3.69)

+ 1−d
d

(y0

yc

)d
log yc+(d−2)

(y0

yc

)d(k(d)
2d2 −

(2d2 + d− 2)
4d2(d− 1) + log y0

2d

))]
.

The remaining contributing counterterm is

− 1
32πGd+1

∫
ddx
√
γAiA

i= 1
32πGd+1

∫
ddxε2A2

(0)t

[
ydc−

2(d−1)
d

yd0 log yc (3.70)

− 2yd0
(3d2 + 4d− 4

4d2 − d− 1
d

(k(d)
d

+ log y0)
)]
.

Putting all these terms together gives the free energy

Son-shell = βF = −β V yd0
16πGd+1

[
1 + ε2A2

(0)t

(k(d)
2d + log y0

2 − 1
4(d− 1)

)]
, (3.71)

where β = 1/T . It is a simple check that F = M − TS.
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3.3 Relation to top down solutions
In [46,86,110] Lifshitz solutions of Romans gauged supergravity theories were con-
structed and then uplifted to ten dimensional supergravities4. General dynamical
exponents with z ≥ 1 were obtained. Here we will consider the limit of these
solutions as z → 1 and interpret them from the perspective of the dual conformal
field theory of the AdS z = 1 solution. Recently uplifts of the six-dimensional
Romans theory to type IIB were found [130] and thus these solutions may also be
viewed as solutions of type IIB.

Here we will discuss mostly the Lifshitz solutions in four bulk dimensions
(henceforth denoted Li4) which are obtained as solutions of the Romans gauged
supergravity in six dimensions since the four-dimensional case is phenomenolog-
ically more interesting and moreover corresponding finite temperature solutions
were constructed in [110]. An analogous discussion holds for the Lifshitz solutions
in three bulk dimensions found in [86] and we will summarise the properties of
these solutions at the end of this section.

We begin by reviewing the equations of motion for the six-dimensional Romans
theory [131]. The bosonic field content of 6D Romans’ supergravity consists of the
metric, gAB , a dilaton, φ, an anti-symmetric two-form field, BAB , and a set of
gauge vectors, (A(i)

A ,AA) for the gauge group SU(2)× U(1). The bosonic part of
the action for this theory is

S =
∫
d6x
√
−g6

[
1
4R6−

1
2(∂φ)2 − e−

√
2φ

4

(
H2 + F (i)2

)
−e

2
√

2φ

12 G2 (3.72)

−1
8 ε

ABCDEF BAB

(
FCDFEF +mBCDFEF + m2

3 BCDBEF + F
(i)
CDF

(i)
EF

)
+1

8

(
g2e
√

2φ + 4gme−
√

2φ −m2e−3
√

2φ
)]

,

where g is the gauge coupling, m is the mass of the two-form field BAB , FAB is a
U(1) gauge field strength, F (i)

AB is a nonabelian SU(2) gauge field strength, GABC
is the field strength of the two-form and HAB = FAB +mBAB . Spacetime indices
A,B, ... run from 0 to 5, and ε is the Levi-Civita tensor density.

Varying the action gives the Einstein equation

RAB = 2∂Aφ∂Bφ−
1
2gABV (φ)+e2

√
2φ
(
G CD
A GBCD −

1
6gABG

2
)

+ e−
√

2φ
(

2H C
A HBC + 2F iCA F iBC −

1
4gAB

(
H2 + (F i)2)) , (3.73)

4Note however that the uplifts from six dimensions to massive IIA given in [86] have typos in
the Bianchi identities.
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and the following matter equations of motion

�φ = −1
2
∂V

∂φ
+1

3

√
1
2e

2
√

2φG2 − 1
2

√
1
2e
−
√

2φ
(
H2 + (F (i))2

)
(3.74)

∇B
(
e−
√

2φHBA
)

= 1
6 ε

ABCDEFHBCGDEF

∇B
(
e−
√

2φF (i)BA
)

= 1
6 ε

ABCDEFF
(i)
BCGDEF

∇C
(
e2
√

2φGCAB
)

=me−
√

2φHAB+1
4 ε

ABCDEF
(
HCDHEF +F (i)

CDF
(i)
EF

)
,

where we have defined the scalar potential function as

V (φ) = 1
4

(
g2e
√

2φ + 4mge−
√

2φ −m2e−3
√

2φ
)
. (3.75)

The equations of motion admit a solution which is Li4×H2, with H2 a hyperboloid

ds2 = L2
(
−y2zdt2 + y2dx · dx+ dy2

y2

)
+ a2ds2(H2), (3.76)

where L is the curvature radius of Li4 and a is the curvature radius of the hy-
perboloid, with ds2(H2) denoting the unit radius metric. Relative to [110] the
signature has been changed to mostly plus, to fit the conventions of this chapter,
and the radial coordinate is denoted y in accordance with the earlier sections. In
the Lifshitz solutions, the scalar field is constant, φ = φ0, and the field configura-
tions are

F
(3)
ty = qBL3e

√
2φ0yz−1; F

(3)
H2

= qηH2 , (3.77)

Bx1x2 = B

2 L
3y2.

Here ηH2 is the volume form of the hyperboloid. The Lifshitz solutions exist only
if the parameters are related by algebraic equations which are expressed in terms
of the following quantities

B̂ = LBe
√

2φ0 Q = Le−φ0/
√

2q/a2

ĝ = Lgeφ0/
√

2 â = a/L m̂ = Lme−3φ0/
√

2 .
(3.78)

and hence one gets

B̂2 = z − 1 ĝ2 = 2z(4 + z) m̂2

2 =
6 + z ∓ 2

√
2(z + 4)

z

Q2 =
(2 + z)(z − 3)± 2

√
2(z + 4)

2z
1
â2 = 6 + 3z ∓ 2

√
2(z + 4) .

(3.79)

From here onwards we will set the curvature radius L to be one and the integra-
tion constant φ0 to be zero, in which case the hatted quantities are the same as
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3. Lifshitz black brane and top down models

those without hats. Note however that Q = q/a2. Flux quantization may impose
restrictions on the allowed values of z, forcing z to take discrete values but in what
follows we will not discuss these restrictions.

3.3.1 Lifshitz with z ∼ 1
There are two branches of Lifshitz solutions, but only the upper sign solutions are
connected to the AdS solution with z = 1 and it is this branch that we will focus
on here. When z = 1, B = 0 and

m =
√

10− 2; Q2 =
√

10− 3; (3.80)

g2 = 10; 1
a2 = 9− 2

√
10.

At this critical point
V (0) = 9−

√
10. (3.81)

Now letting
B2 ≡ ε2 = z − 1, (3.82)

with ε small, we note that at order ε the solution is the leading order AdS4 ×H2
together with an F (3)

ty flux of order ε and a Bx1x2 flux also of order ε. At order ε2
both parts of the six dimensional metric are changed (note that the radius of the
hyperboloid is corrected) and the flux along the hyperboloid is also corrected at
this order.

To interpret this limit, it is useful to look at the spectrum around the AdS4×H2
background. We will not need the complete spectrum in what follows; it suffices
to look at the following decoupled modes. Switch on perturbations around the
background

A(3)
µ = aµ(xρ); Bµν = bµν(xρ), (3.83)

where xµ denote the AdS4 coordinates. Such perturbations do not depend on the
H2 coordinates and are therefore singlet modes from the perspective of the Kaluza-
Klein reduction over this (compact) space. Linearising the equations of motion
around the background these modes decouple from all other linear perturbations
but are coupled to each other via the equations

∇̄µfµν = 1
3Qε

νρστgρστ ; (3.84)

∇̄ρgρµν = m2bµν +Qεµνστfστ .

Here ∇̄ denotes the AdS4 covariant derivative, εµνρσ is the covariant epsilon on
AdS4 and (fµν , gµνρ) are the curvatures of the vector and tensor field pertur-
bations, respectively. These equations should be supplemented by the divergence
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constraint on the tensor field, ∇̄µbµν = 0. This system of equations has the degrees
of freedom of a massive vector field: define

cµ = 1
3!εµνρσg

νρσ. (3.85)

Closure of the three form g implies that cµ is divergenceless. Denoting the curva-
ture of c as fµνc the coupled equations of motion reduce to

∇̄µfµνc = 2cν ; (3.86)

with this massive vector field strength being related to the gauge field strength
and the tensor field as

fµνc = 2Qfµν − 1
2m

2εµνρσbρσ. (3.87)

Comparing with (2.17), we note that such an equation describes a massive vector
field with M2 = 2 = d − 1 and thus this mode is precisely the vector mode
considered in earlier sections. Working to order ε, the Lifshitz solution is therefore
indeed a deformation of the dual conformal field by the time component of a
massive vector operator of dimension three: expanding (3.77) to first order in ε

one can extract
ct = −εy. (3.88)

(Note that with our conventions εty12 = −y2.)

3.3.2 Backreaction of massive vector field
Working perturbatively around z = 1, the backreaction of the massive vector pre-
serves Lifshitz invariance with z = 1 + ε2 when evaluated on the AdS background.
If one adds a massive vector perturbation to an asymptotically AdS background,
such as a black brane, the resulting solution will only be asymptotically Lifshitz.
Moreover, the backreaction of the massive vector will be non-trivial not just on
the four-dimensional metric, but also on the two scalar fields, which will now run.

To analyse the backreaction of the massive vector field at order ε2 it is useful
to first reduce the six-dimensional equations to a set of four-dimensional equations
using the following ansatz for the fields [46]. The six-dimensional Einstein frame
metric is expressed as

ds2 = e
1
2χgµνdx

µdxν + e−
1
2χa2ds2(H2), (3.89)

where the factors are chosen such that gµν is an Einstein frame metric in four
dimensions. For the other six-dimensional fields,

φ = φ(x); BAB = bµν(x) + b(x)η(H2)ab; (3.90)

F
(3)
AB = fµν(x) + γη(H2)ab.
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Here b(x) is a scalar field but γ is a constant and F = 0. The reduced action is
then [46]:

S = a2
∫
d4x
√
−g
[1

4R−
e−
√

2φ−χ/2

4 (fµνfµν +m2bµνb
µν) (3.91)

− e2
√

2φ−χ

12 gµνρg
µνρ− 1

16(∇χ)2− 1
2(∇φ)2− e

2
√

2φ+χ

2a4 (∇b)2− eχ

2a2 + eχ/2

2 V (φ)

− 1
2a4 e

−
√

2φ+3χ/2(m2b2 + γ2)− ε
µνρσ

8a2 (2m2bbµνbρσ+2bfµνfρσ + 4γbµνfρσ)
]
.

The interactions in the action above imply that the backreaction of the massive
vector will be non-trivial not just on the four-dimensional metric, but also on the
two scalar fields, which will run. At order ε2 Lifshitz invariance is preserved but
at this order other operators, as well as the stress energy tensor, are affected.
As discussed in chapter 4, the extra fields in the consistent truncation, beyond
the metric and massive vector, relate to additional terms occurring in the OPE
between the vector operator and the stress energy tensor. One could analyse a
more general system of this type using the techniques of this thesis.

However, for the specific system under consideration, analysing the expansion
in ε in detail is less interesting for the following reason. Linearizing the equations
of motion for the scalars φ and χ around the AdS solution one obtains

�φ = −1
4(g2 + 4mg − 9m2)φ+Q2φ− 3Q2

2
√

2
χ (3.92)

= (16− 6
√

10)φ− 3(
√

10− 3)
2
√

2
χ;

�χ = ( 4
a2 − V (0) + 9Q2)χ− (2V ′(0) + 6

√
2Q2)φ (3.93)

= 2
√

10χ− 4
√

2(
√

10− 3)φ.

Diagonalizing this system we find that the masses of the two independent scalar
modes are

m2
1 = −2.99...; m2

2 = 6.34... (3.94)

and thus the eigenmodes do not satisfy the Breitenlohner-Freedman bound m2 ≥
−9/4; this was also observed in [46, 110]. Therefore these scalars correspond to
instabilities of the system: the original AdS critical point is not supersymmetric
and it is not stable.

Turning now to the Lifshitz solution, we note that these unstable scalars run in
the finite temperature solution. Although these unstable modes prevent us from
giving clear dual interpretation of this particular system, we have shown that it
belongs to the same universality class of models discussed in this thesis. It would
be interesting to find z ∼ 1 Lifshitz solutions in string theory which are obtained
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from deformations of supersymmetric CFTs and which do not suffer from such
instabilities. Note that the second branch of Lifshitz solutions found in [86] have
dynamical exponents z > 1 and are not connected to the unstable z = 1 critical
point; these have been argued to be the stable branch [46,110].

3.3.3 Three-dimensional Lifshitz geometries
In this section we briefly summarize the interpretation of the Li3 ×H2 solutions
of Romans N = 4 gauged supergravity in five dimensions found in [86].

The bosonic field content of the Romans theory [132] consists of the metric,
gAB , a dilaton, φ, two antisymmetric tensors BαAB , and a set of gauge vectors,
(A(i)

A ,AA) for the gauge group SU(2) × U(1). The bosonic part of the action for
this theory is

S =
∫
d5x
√
−g5

[
1
4R5−

1
2(∂φ)2 − ξ2

4

(
Bα2 + F (i)2

)
−ξ
−4

4 F
2 (3.95)

−1
4 ε

ABCDE

(
1
g1
εαβB

α
AB∇CB

β
DE − F

(i)
ABF

(i)
CDAE

)
+1

8g2

(
g2ξ
−2 + 2

√
2g1ξ

)]
,

where we have defined ξ = e
√

2φ/
√

3. Here g1 and g2 are the gauge couplings for
U(1) and SU(2) respectively. FAB is a U(1) gauge field strength and F

(i)
AB is a

nonabelian SU(2) gauge field strength. Spacetime indices A,B, ... run from 0 to
4, and ε is the Levi-Civita tensor density.

Just as in the six-dimensional case there exist Lifshitz solutions

ds2 = L2(−y2zdt2 + y2dx2 + dy2

y2 ) + a2ds2(H2), (3.96)

where L is the curvature radius of Li3 and a is the curvature radius of the hyper-
boloid, with ds2(H2) denoting the unit radius metric. In the Lifshitz solutions,
the scalar field is constant and can be set to zero; for notational simplicity we will
also set the curvature radius L to one in the metric above. There are two distinct
classes of Lifshitz solutions. The first has the following fluxes

Fty = −α1y
z−1; F

(3)
H2

= a2γηH2 , F (3)
yx = β2. (3.97)

Here ηH2 is the volume form of the hyperboloid. This Lifshitz solution requires5

α2
1 = 1

2z(z − 1); β2
2 = 1

2(z − 1); γ2 = z

4 ; (3.98)

g2
2 = −2z2 + 3z + 2; g1g2 = 1√

2
(2z2 + z + 1); a2 = 2

3z .

5Note that there are typos in equations (3.32) and (3.39) of [86]: ĝ2
1 should read ĝ1ĝ2.

73



3. Lifshitz black brane and top down models

In the second class of Lifshitz solutions the fluxes are

F
(3)
ty = −α2y

z−1; F
(3)
H2

= a2γηH2 , Fyx = β1. (3.99)

Here ηH2 is the volume form of the hyperboloid. This Lifshitz solution requires

α2
2 = 1

2z(z − 1); β2
1 = 1

2(z − 1); γ2 = z

4 ; (3.100)

g2
2 = 2z2 + 3z − 2; g1g2 =

√
2(1 + z); a2 = 2

3z .

Both solutions reduce in the z = 1 limit to the same AdS critical point. Reality
of the gauge couplings requires that 1 ≤ z ≤ 2.

Linearizing around the AdS solution the following fluctuations form a decoupled
system:

δFµν = fµν(xρ); δF (3)
µν = f (3)

µν (xρ), (3.101)

where xµ denote AdS coordinates, with the linearised equations of motion being

∇̄νfνµ = −εµρσf (3)
ρσ ; ∇̄νf (3)νµ = −εµρσfρσ, (3.102)

with ∇̄µ the AdS3 covariant derivative and εµνρ the three-dimensional covariant
Levi-Civita. As previously, we can define

cµ = 1
2εµνρf

νρ (3.103)

such that cµ is divergenceless and is a massive vector

∇̄µfµν(c) = cν , (3.104)

where f(c)µν ≡ −2f (3)
µν is the curvature of cµ. This is precisely the mass given

above (2.17). Looking now at the Lifshitz solutions, we see that when z = 1 + ε2

the two classes of solutions reduce to the following perturbations about the AdS3
background, respectively:

ct = 1√
2
εy; cx = 1√

2
εy. (3.105)

Therefore, the first class corresponds to a deformation by the time component of
the massive vector while the second class corresponds to a deformation by the
spatial component of the massive vector. Note that only in three dimensions a
deformation by the special component of the massive vector is consistent with
Lifshitz symmetry – in higher dimensions such deformation breaks the rotational
symmetry.

As in the six-dimensional models, the backreaction at order ε2 generically in-
duces other fields in addition the metric and massive vector system, since the
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consistent truncation to three dimensions involves additional scalar fields. How-
ever, working out this backreaction in detail is not necessary because one can
already show that the system has BF instabilities. Perturbing around AdS, the
dilaton together with the following breathing mode of the metric

ds2 = e2χ(xµ)
(
−y2dt2 + y2dx2 + dy2

y2

)
+ e−χ(xµ)ds2(H2) (3.106)

form a decoupled system. The diagonalized masses of these scalar modes are

m2
± = 3

2 ±
√

33
2 , (3.107)

with the mode such that m2
− < −1 violating the BF bound. Therefore just as in

the six-dimensional models the AdS critical point is unstable.

3.4 Summary
In this chapter we have constructed analytically asymptotically Lifshitz black
branes with dynamical exponents z = 1 + ε2. Using the holographic dictionary
developed in [1] and extended here to arbitrary dimension we obtained the ther-
modynamic properties of these neutral black branes analytically. In particular,
we argued for and verified the scaling relation between temperature and entropy:
T ∼ S

z
d−1 . In the non-relativistic theory care must be taken to identify the correct

conserved quantity needed to define the mass M .
We showed that the z ∼ 1 solutions in the top-down models of [86,110] belong

to the same universality class as those analysed in the present thesis, i.e. they
can be viewed as deformations of relativistic fixed points by a dimension d vector
operator Jt. Unfortunately, these models suffer from Breitenlohner-Freedman type
instabilities, which makes the study of these systems challenging. It would be
interesting to look for other string theory embeddings of z ∼ 1 Lifshitz geometries
which do not have such instabilities.
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Chapter 4

Lifshitz invariant field
theory dual to

Einstein-Proca model

In previous sections we found that the QFT dual to the Lifshitz geometries with
z = 1 + ε2 is a specific deformation of a CFT. One might wonder whether such
Lifshitz critical points can only arise in strongly interacting QFTs with a holo-
graphic dual or whether there is a general such construction of Lifshitz invariant
theories, irrespectively of whether the theory is strongly or weakly coupled, has
a holographic dual or not. We show in this section that this construction indeed
holds in general. We consider a CFT deformed by a weight d vector J i,

S = SCFT +
√

2ε
∫
ddxJ t. (4.1)

(The factor of
√

2 is included only for the purpose of comparison with the earlier
holographic discussion.)

In section 4.2 we concentrate on d = 2 case and compute correlation functions
of the conserved stress-energy tensor in this class of theories.

4.1 Dual QFT

4.1.1 The classical theory
Let us first discuss the classical theory. After the deformation, the theory still
has a conserved energy-momentum tensor Tij , since the theory is invariant un-
der translations. However, this tensor is not symmetric any longer because the

77



4. Lifshitz invariant field theory dual to Einstein-Proca model

deformed theory is not Lorentz invariant [24, 115]. One can work out Tij either
as the Noether current corresponding to translations or by coupling the theory
to a vielbein ek̂i and varying with respect to it (hatted indices correspond to flat
tangent directions). In our case the coupling to vielbein is given by

S[e] = SCFT[e] + ε
√

2
∫
ddxeei

t̂J i, (4.2)

and the stress energy tensor is defined by

Tik̂ = −1
e

δS[e]
δei
k̂

. (4.3)

This is a conserved tensor, ∇iTik̂ = 0. In our case, it is given by

Tij ≡ Tik̂ejk̂ = TCFTij +
√

2ε
(
gijJ

t̂ + ei
t̂Jj − ejk̂

(
δJk

δei
k̂

)
et̂k

)
. (4.4)

From the energy-momentum tensor at hand we can construct the conserved current
corresponding to Lifshitz rescaling. Consider the following current

li = Tijξj (4.5)

where ξi is the Lifshitz transformation,

δxi = ξi, ξ0 = zx0, ξa = xa, (a = 1, . . . , d− 1). (4.6)

Taking the divergence of this current we find

∂ili = (∂iTij)ξj + Tij∂iξj , (4.7)

where we now consider the theory in a flat background. The first term vanishes
due to translational invariance. In the relativistic case, Tij is symmetric, and
at this point one symmetrizes, ∇iξj → 1/2(∂iξj + ∂jξi). Then the second term
vanishes if ξi is a Killing vector (Poincaré transformations) or it can be made to
be proportional to the trace of stress energy tensor, T ii , if ξi is a conformal Killing
vector. In the latter case conformal invariance is thus linked to the tracelessness
of Tij .

In our case, Tij is not symmetric. However,

∂0ξ
0 = z, ∂aξ

b = δba ∂aξ
0 = ∂0ξ

a = 0. (4.8)

It follows that the conservation of li is equivalent to

0 = ∇ili = zT tt + T aa . (4.9)
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4.1. Dual QFT

We conclude that a non-relativistic theory with a (non-symmetric) stress energy
tensor Tij is Lifshitz invariant if Tij satisfies the trace condition (4.9).

Taking the trace of (4.4) we find

T ii =
√

2ε
(

(d+ 1)J t̂ + (δDJ i)eit̂
)

= 0, (4.10)

where in the first equality we used the fact that the stress energy tensor of original
CFT is traceless and in the second, δDJ i = −(d + 1)J i, which expresses the fact
that J i is a weight d vector. Thus, at the classical level we have a non-relativistic
z = 1 Lifshitz theory.

4.1.2 Conformal perturbation theory
We now turn to the quantum theory. We will eventually specialize to the case
of a deformation with only the time component participating but we start by
considering a more general deformation:

S = SCFT + ε

∫
ddxA(0)iJ

i. (4.11)

Since the deformation is small we can study the theory using conformal perturba-
tion theory. Let us consider the partition function Z[ε] and expand in ε,

Z[ε] = ZCFT − ε
∫
ddxA(0)i〈J i(x)〉CFT (4.12)

+1
2ε

2
∫
|x−y|>Λ

ddxddyA(0)i(x)A(0)j(y)〈J i(x)Jj(y)〉CFT

where 〈 〉CFT denotes the computation in the conformal vacuum of the undeformed
theory and 1/Λ is a UV cut-off. Since CFT 1-point functions vanish, the leading
non-trivial effect is at order ε2. To compute this we will use the OPE of the vector
operators.

The general form of the OPE is

Ji(x)Jj(0) ∼
∑

Ckij
Ok

x2d−∆k
, (4.13)

where ∆k is the dimension of the operator Ok. Inserting this in (4.12) one finds
divergences whenever

∆k ≤ d. (4.14)

To remove them we will need to renormalize the sources of Ok. If we do not have
couplings to these operators we have to add them at this point. The OPE contains
the following universal terms

Ji(x)Jj(0) ∼ CJ
Iij
x2d + · · ·+Aijkl

Tkl
xd

+ . . . , (4.15)
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4. Lifshitz invariant field theory dual to Einstein-Proca model

where
Iij = δij − 2xixj

x2 . (4.16)

and the overall normalization is correlated with the normalization of Ji. The OPE
coefficient Aijkl is completely fixed by conformal invariance in d = 2 while there
is a 2-parameter family of coefficients when d > 2. We will discuss the two cases
in turn. The terms not exhibited are theory specific rather than universal.

From a relativistic to a Lifshitz critical point
Before we move on to discuss in detail the two cases let us explain how the relativis-
tic critical point becomes a Lifshitz invariant critical point. After the relativistic
CFT is deformed there are beta functions and one finds that the dilation Ward
identity becomes

〈T ii 〉 = −
∑
i

βiO
i. (4.17)

Zeroes of the beta functions will lead to a new relativistic CFT in the IR, since
then 〈T ii 〉 = 0. As we reviewed above, Lifshitz invariance is characterized by

z〈T tt 〉+ 〈T aa 〉 = 0. (4.18)

Thus in order to obtain a Lifshitz invariant fixed point starting from a relativistic
one, one of the operators appearing on the rhs of (4.17) must be the stress energy
tensor and it should have a non-zero beta function such that

〈T ii 〉+ 1
2β

ij
g 〈Tij〉 = z〈T tt 〉+ 〈T aa 〉, (4.19)

for some z. In other words, this beta function, instead of generating a flow, changes
the condition of scale invariance from the relativistic one to a Lifshitz invariant
one. If there are beta functions beyond the one for metric in (4.17) then one needs
these to be zero to remain at a fixed point. We will show in the next subsections
that the deformation we consider is indeed of this type.

The d = 2 OPE
In this section we work in two dimensions, in Euclidean signature, introducing
complex coordinates z = x1 + ix2, z̄ = x1 − ix2

6. The vector operator J ≡ Jz
has dimension (hJ , h̄J), while J̄ ≡ Jz̄ has dimension (hJ̄ , h̄J̄). The stress energy
tensor is defined as usual by Tµν = 2√

g
δS
δgµν and (following [30]) we also define

T (z) = −2πTzz (4.20)

6We use the conventions in [30]. In partricular, ∂ = 1
2 (∂x1−i∂x2 ), ∂̄ = 1

2 (∂x1 +i∂x2 ), vz =
1
2 (vx1 − ivx2 ), vz̄ = 1

2 (vx1 + ivx2 ), gzz̄ = 1
2 , d2z = 2dx1dx2, δ2(z) = 1

2 δ(x1)δ(x2) Note
also the useful identity: ∂∂̄ log |z|2 = 2πδ2(z).
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4.1. Dual QFT

with a similar formula for the anti-holomorphic part. T has the standard nor-
malization for a 2d CFT while the normalization of the holographic stress energy
tensor is that of T .

Recall that

T (z)J(w) ∼ hJJ(w)
(z − w)2 + ∂J(w)

(z − w) + . . . , (4.21)

T (z)T (w) ∼ c

2(z − w)4 + . . . (4.22)

with obvious generalizations for antiholomorphic components of the vector and
stress-energy tensor. The central charge of the CFT is c.

On general grounds the OPE J(z)J(w) takes the following form:

J(z)J(w) ∼ − CJ/2
(z − w)3(z̄ − w̄) + k

T

(z − w)(z̄ − w̄) + . . . (4.23)

J̄(z)J̄(w) ∼ − CJ/2
(z − w)(z̄ − w̄)3 + k

T̄

(z − w)(z̄ − w̄) + . . . (4.24)

J(z)J̄(w) ∼ −c1CJ
δ2(z − w, z̄ − w̄)
(z − w)(z̄ − w̄) + . . . (4.25)

We now consider how to determine the constant k. We consider the 3-point func-
tion 〈T (z)J(z1)J(z2)〉 in the limit when (first) z2 goes to 0 and (then) z1 ap-
proaches z2. This correlation function can be determined in two different ways.
First we can exploit the J(z1)J(z2) OPE directly in the correlator (neglecting a
possible trace anomaly, which does not play a role)

〈T (z)J(z1)J(z2)〉 =
〈
T (z)kT (z2)

z1z̄1

〉
= k

c

2
1

z1z̄1

1
z4 , (4.26)

where we set z2 = 0. Note that in general the J(z1)J(z2) OPE contains also
descendants of T . But such terms have less singular behaviour when z1 goes to 0
and it suffices to keep the most singular term only.

Another way to compute this limit of the correlator is to consider an inversion
with respect to z2 (or a point very close to it)

x′i = xi

x2 . (4.27)

This way we may send z2 to infinity and then apply the short-distance expan-
sion (4.21) to calculate T (z′)J(z′1). The inversion (4.27) corresponds to a local
dilatation and a local rotation, such that

〈T (z)J(z1)J(z2)〉 = 1
(zz̄)2

1
(z1z̄1)2

1
(z2z̄2)2

z̄2

z2
z̄1

z1

z̄2

z2

〈
T̄ (z′)J̄(z′1)J̄(z′2)

〉
. (4.28)
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The correlation function of the right-hand side then becomes

〈
T̄ (z′)J̄(z′1)J̄(z′2)

〉
=
〈

( h̄J̄ J̄(z′1)
(z̄′ − z̄′1)2 + ∂̄J̄(z′1)

(z̄′ − z̄′1) )J̄(z′2)
〉

(4.29)

= −CJ h̄J̄2
1

(z̄′ − z̄′1)2(z̄′1 − z̄′2)3(z′1 − z′2) + . . . .

In the limit when z1 goes to 0 we obtain

〈T (z)J(z1)J(z2)〉 = −CJ h̄J̄2
1

z1z̄1

1
z4 . (4.30)

Comparing (4.26) to (4.30) we obtain the relation

kc = −CJ h̄J̄ = −CJhJ . (4.31)

A particular example of such a deformation is given by combining free boson and
free fermion CFTs (such that c = c̄ = 3/2). In such a theory the vector operator
Jµ = i∂µXψψ̄ is of the correct dimension. Such a deformation also appears in
the description of zigzag phase transitions [103,104] (with the difference that free
CFTs are replaced by Luttinger liquid and Ising model correspondingly). Using
the standard free field OPEs

X(z)X(w) ∼ − 1
4π ln |z − w|2 + . . . , (4.32)

ψ(z)ψ(w) ∼ 1
2π

1
z − w

+ . . . . (4.33)

it is straightforward to check that CJ = 1
(2π)3 and k = − 1

(2π)3 in agreement with
(4.31).

Conformal perturbation theory in d = 2
Next we use the general OPEs (4.23) in order to obtain the beta function and
anomaly in the deformed theory. This will allow us to reproduce the structure of
our three-dimensional gravity results.

Consider a deformation of the CFT by a term of the form ε
∫
d2xAµJ

µ =
ε
∫
d2z(ĀJ +AJ̄), i.e.

S = SCFT + ε

∫
d2z(ĀJ +AJ̄). (4.34)

Then J has dimension (3/2, 1/2) and J̄ has dimension (1/2, 3/2) in the case of
interest.
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4.1. Dual QFT

Expanding exp[−ε
∫
d2z(ĀJ + AJ̄)] to the second order in A and using the

OPEs (4.23) we get

exp[−ε
∫
d2z(ĀJ +AJ̄)] ∼ 1− ε

∫
d2z(ĀJ +AJ̄) (4.35)

− ε2

2 CJ
∫
d2z1d

2z2

(
c1

(
A(z1)Ā(z2) + Ā(z1)A(z2)

)δ2(z12z̄12)
z12z̄12

+ Ā(z1)Ā(z2)
[ 1

2z3
12z̄12

+ 3
2c
T (z2)
z12z̄12

]
+A(z1)A(z2)

[ 1
2z12z̄3

12
+ 3

2c̄
T̄ (z2)
z12z̄12

])
.

Let us take a closer look at possible divergences. All the z2 integrals can be
explicitly evaluated in polar coordinates, e.g.∫

d2z1d
2z2

A(z1)A(z2)
z12z̄3

12
= 2π log(Λ−1)

∫
d2z1A(z1)∂̄2A(z1), (4.36)

where Λ−1 << 1 is a UV cutoff. The cutoff introduces a scale and thus breaks
Weyl invariance, and the logarithmic divergence is removed by a logarithmic coun-
terterm. Noting that A∂̄2A + Ā∂2Ā = 1

16FijF
ij − 1

8 (∂iAi)2 + total derivative we
see that it precisely mimics (2.46).

Another divergent term arises from∫
d2z1d

2z2
A(z1)A(z2)
z12z̄12

T̄ (z2) = 4π log(Λ−1)
∫
d2z1A(z1)A(z1)T̄ (z1). (4.37)

This involves the stress-energy tensor and thus renormalizes the metric (δS =√
g

2 Tµνδg
µν ; recall that T = −2πTzz)

gz̄z̄ → gz̄z̄R = gz̄z̄ − 16π2 3CJ
2c log(Λ−1)AzAz. (4.38)

Equivalently

∂gRzz
∂ log(Λ−1) = 4π2 3CJ

2c AzAz= AzAz (4.39)

and similarly

∂gRz̄z̄
∂ log(Λ−1) = 4π2 3CJ

2c Az̄Az̄= Az̄Az̄, (4.40)

where we used the relation CJ = c/(6π2) which follows from (1.70). In the gravity
computation this renormalization arose from the h[2](0) correction in 2 dimensions.
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Recall that h[2](0)ij = −AiAj + 1
2AkA

kg[0](0)ij . Using

h[2](0)zz=AzAz = 1
4(AtAt −AxAx + 2iAxAt); (4.41)

h[2](0)z̄z̄=Az̄Az̄ = 1
4(AtAt −AxAx − 2iAxAt); (4.42)

h[2](0)tt = h[2](0)zz + h[2](0)z̄z̄ = −h[2](0)xx=1
2(AtAt −AxAx). (4.43)

If we want to compare with the gravitational results we should analytically con-
tinue to Lorentzian signature AtAt → −AτAτ and h[2](0)tt → −h[2](0)ττ . Then the
CFT expression for h[2](0) agrees exactly with the gravity computation. Switching
on only the deformation by the time-component of the vector leads to z = 1 + ε2,
in agreement with our bulk computation.

The most leading divergence comes from∫
d2z1d

2z2A(z1)Ā(z2)δ
2(z12, z̄12)
z12z̄12

= 2
∫

Λ−1
dρ
δ(ρ)
ρ2

∫
d2z1A(z1)Ā(z1). (4.44)

This divergence is removed by a local counterterm which is the counterpart of
(2.43).

The generating functional of connected diagrams transforms under Weyl vari-
ations as [133]

δWW = dW

d log(Λ) = ∂W

∂ log(Λ) +
∑
i

βiOi + a, (4.45)

where βi are the beta functions for the operators coupled to Oi and a is the trace
anomaly (not to be confused with A). In our case there are non-vanishing beta
functions for the metric g.

On the other hand [133]

∂W

∂ log(Λ) = −〈T ii 〉+ 〈J i〉Ai. (4.46)

Comparing with (2.57) this gives us an interpretation of the non-local termAi〈Tij〉Aj
appearing in A: it comes from beta functions!

We can compute dW
d log(Λ) directly from the renormalized action. A arises essen-

tially from the logarithmic divergences (4.36) and (4.37), which combine to give a
total logarithmic divergence proportional to(

A∂̄2A+ Ā∂2Ā
)

+ 4 3
2c (ĀT Ā+AT̄A). (4.47)

Note that

A∂̄2A+ Ā∂2Ā = 1
16FijF

ij − 1
8(∂iAi)2 + total derivative (4.48)
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and

ĀT Ā+AT̄A = 1
4A

iTijA
j . (4.49)

Thus the logarithmic divergence (which is equal in this case to the anomaly) is( 1
16FijF

ij − 1
8(∂iAi)2

)
+ 3

2cA
iTijA

j . (4.50)

To compare to the gravitational computation recall that Newton’s constant is
related to the central charge of the underlying CFT through c = 3

2G3
. We rewrite

our holographic anomaly (2.58) as

A = 1
2A

i
(0)〈Tij〉[0]A

j
(0) −

c

24π

(1
4F(0)ijF

ij
(0) −

1
2(∇iAi(0))2

)
, (4.51)

where we omitted the curvature term as we cannot see it in our CFT computation
because we are working in a flat background. Recalling that TCFT = −2πTbulk
we see that the gravity and CFT computations indeed produce exactly the same
Weyl anomaly. Recalling that in our holographic model CJ = 1/(4π2G3) (see
(1.70)) one can check that even the overall coefficient of the anomaly agrees with
the gravity computation.

Analysis for d > 2
In this section we adapt the discussion of [134] for the 3-point correlation function
〈Tµν(x1)Jσ(x2)Jρ(x3)〉, where J is a vector field of dimension ∆ (equivalent results
can be obtained using the embedding formalism [135]). Here we will assume that
there is a unique spin-2 conserved current i.e. the stress-energy tensor is unique.
Our goal is to derive the general OPE and compute the beta function for the
metric.

Our starting point is the following expression [134] for the 3-point function
under consideration:

〈Tµν(x1)Jσ(x2)Jρ(x3)〉 = 1
xd12x

d
13x

2∆−d
23

Iµν,γδ(x13)Iσα(x23)t̃γδαρ(X12) (4.52)

= 1
xd12x

d
13x

2∆−d
23

Iσα(x13)Iρβ(x23)tµναβ(X23),

where xij = xi − xj , Iµν(x) = δµν − 2xµxνx2 , X12 = x13
x2

13
− x23

x2
23

and

Iµν,σρ(x) = 1
2(Iµσ(x)Iνρ(x) + Iνσ(x)Iµρ(x))− 1

d
δµνδσρ. (4.53)

The tensors t and t̃ are homogeneous of degree zero in X and they satisfy

t̃µνσρ(X) = Iσα(X)tµναρ(X), tµνσρ = tνµσρ = tµνρσ, tµµσρ = 0. (4.54)
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We can write the OPE of Tµν with Jρ in the form

Tµν(x1)Jρ(x2) ∼ Aµνρσ(x12)Jσ(x2) +Bµνρλσ(x12)∂λJσ(x2) + . . . . (4.55)

Using the methods of [134] one can show that

t̃γδαρ(X12) = CJ
xd12

xd13x
d
23
Aγδαρ(X12). (4.56)

The OPE coefficient Aµνσρ must be traceless and symmetric in the first two indices
and it must satisfy ∂µAµνσρ = 0. Furthermore, IσλAµνλρ must be symmetric in
σ and ρ (this can be shown by multiplying the OPE (4.55) with Jλ and taking
expectation value on both sides). This fixes its form to be

Aµνσρ(x) =
[
(a+ db)h1

µν(x)gσρ + (d2 − 4)bh1
µν(x)h1

σρ(x) (4.57)

+ b(h2
µνσρ(x)− h3

µνσρ(x)) + eh̃µνσρ(x)
] 1
xd

with so far undetermined constants a, b, e. We have introduced the following
notation from [134]

h1
µν(x) = xµxν

x2 − 1
d
gµν , (4.58)

h2
µνσρ(x) = xµxσ

x2 gνρ + (µ↔ ν, σ ↔ ρ)− 4
d

xµxν
x2 gσρ −

4
d

xσxρ
x2 gµν + 4

d2 gµνgσρ,

h3
µνσρ(x) = gµσgνρ + gµρgνσ −

2
d
gµνgσρ,

h̃µνσρ(x) = xµxσ
x2 gνρ + xνxσ

x2 gµρ −
xµxρ
x2 gνσ −

xνxρ
x2 gµσ.

Under conformal transformations the transformation of the current is given by
the integral over the sphere [32]

δJσ(0) = −
∫
x=ε

αµ(x)Tµν(x)xνxd−2Jσ(0)dΩ (4.59)

where dΩ is normalized such that
∫
dΩ = 1. If we now consider a dilatation

αµ = αxµ under which δJσ(0) = ∆αJσ(0) we get

∆Jσ(0) = −
∫
xµxνxd−2Aµνσρ(x)Jρ(0)dΩ (4.60)

= −
∫ 1
x2

(
(d+ 1)(d− 2)bxρxσ + (d− 1)a+ 2b

d
x2gρσ

)
Jρ(0)dΩ.

(this is equivalent to the Ward identity at coincident points). Evaluating the
integrals we obtain an additional relation

a+ db = − d∆
d− 1 . (4.61)
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The leading coefficient of the OPE is not restricted by the special conformal and
translation transformations because their contribution to the integral in (4.59)
vanishes (the integrand is odd in xi). Thus, the leading term in the OPE of Tµν
with Jρ is fixed up to two independent coefficients.

As an aside, we note that the two dimensional case is special. In his case, the
scaling of operators is characterized by two parameters, hJ and h̄J , instead of one
(the overall conformal dimension ∆ = hJ + h̄J = d). In two flat dimensions (4.58)
becomes

Aµνσρ(x) =
[
(a+ 2b)h1

µν(x)gσρ + eh̃µνσρ(x)
] 1
x2 (4.62)

=
[
− 4h1

µν(x)gσρ + eh̃µνσρ(x)
] 1
x2 ,

since h2
µνσρ(x)−h3

µνσρ(x) vanishes identically. The only independent constant e is
determined entirely by the holomorphic weight hJ . One can see this by considering
the OPE (4.63) in complex coordinates:

TzzJz ∼
1
z2 (−1 + e

2)Jz, (4.63)

where we have used h1
zz = z̄

4z , h
1
z̄z̄ = z

4z̄ , h̃zzzz̄ = z
4z̄ .

In two dimensions the Ward identity (4.59) can be rewritten as

δJz(0) = 1
2πi

∫
Γ
[v(z)Tzz(z)− v̄(z̄)T̄z̄z̄(z̄)]Jz(z), (4.64)

where Γ is some contour around the origin. Using a holomorphic rescaling v(z) = z,
v̄(z̄) = 0, under which δJz(0) = hJJz(0), we identify

e = 2(hJ + 1). (4.65)

Going back to (4.52) we can determine part of the JJ OPE. Recall that

〈Tγδ(x2)Tµν(x1)〉 = CT
x2d

1
Iγδ,µν(x1), (4.66)

where CT is a constant determining the overall scale of the correlator; it is an
analog of the central charge. Evaluating 〈TJJ〉 by first using the JJ OPE and
comparing it then to (4.52) we deduce that

Jµ(x)Jν(0) ∼ CJ
Iµν(x)
x2d + . . .+ CJ

CT
Iµα(x)Aγδαν(x)Tγδ(0) + . . . . (4.67)

Note however that Aγδαν(x) is traceless in γ, δ.
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4. Lifshitz invariant field theory dual to Einstein-Proca model

From this OPE we can immediately derive the leading divergence in the par-
tition function

1
2

∫
ddxddyAµ(y)Aν(x)Jµ(y)Jν(x) (4.68)

= CJ
2

∫
ddxddy(Aµ(x) + . . .)Aν(x)Iµν(y − x)

(y − x)2d + . . .

= CJ
2

(d− 2)Λd

d2

∫
ddxAµ(x)Aµ(x) + . . . (d > 2).

In d = 2 leading divergence equals CJ
2 Λ2 ∫ d2xAµ(x)Aµ(x). This divergence can

be cancelled by the obvious local counterterm.
The OPE (4.67) also allows us to compute the beta function for the background

metric. To this end we expand the deformed action up to second order in the
deformation∫

ddxddyAµ(y)Aν(x)Jµ(y)Jν(x) (4.69)

= . . .+ CJ
CT

∫
ddxddy(Aµ(x) + . . .)Aν(x)Iµα(y − x)Aγδαν(y − x)Tγδ(x) + . . . .

The logarithmic divergence comes from the y-integral∫
ddyIµα(y)Aγδαν(y) (4.70)

=
∫
ddy

1
yd

[
− d∆
d− 1h

1
γδ(y)(d− 2

d
gµν − 2h1

µν(y))

+ b(d2 − 4)h1
γδ(

2− d
d

h1
µν + 21− d

d2 gµν) + e(−h2
γδµν + 4h1

γδh
1
µν)

+ b
(4(2− d)

d
h1
γδh

1
µν + 4(2− d)

d2 h1
γδgµν + h2

γδµν − h3
γδµν

)]
.

Using ∫
dΩyiyj

y2 = gij
d
,

∫
dΩyiyjykyl

y4 = gijgkl + gikgjl + gilgkj
d(d+ 2) , (4.71)

this integral can be evaluated to give∫
ddyIµα(y)Aγδαν(y) = log Λ 2

d+ 2

( ∆
d− 1 + b

(d− 2)(d+ 1)
d

− e
)

Πγδµν , (4.72)

where Πγδµν = gγµgδν + gγνgδµ − 2
dgµνgγδ is the projector on symmetric traceless

part. Thus the beta function is

βµν = 2 2
d+ 2

CJ
CT

( ∆
d− 1 + b

(d− 2)(d+ 1)
d

− e
)

(AµAν −
1
d
AλA

λgµν). (4.73)

Note that it is traceless because Aγδαν is traceless in its first two indices by con-
struction (this just reflects the fact that the stress energy tensor it multiplies is
traceless). Thus we indeed obtain the expected beta function.
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4.1.3 Three-dimensional examples
We now turn to specific examples of three dimensional field theories.

Example I
Consider a theory of two free scalar fields φ1 and φ2 with the stress energy tensor

Tµν = ∂µφ1∂νφ1 −
1
8

(
∂µ∂ν + δµν∂

2
)
φ2

1 + (1↔ 2). (4.74)

The propagators are 〈φ1(x)φ1(0)〉 = 〈φ2(x)φ2(0)〉 = 1
S3

1
x , where S3 is the volume

of the 3-sphere. For notational convenience we set S3 = 1. The constant CT = 3/2
in this theory.

We can construct a dimension three vector operator as

Jµ = (φ2
1 − φ2

2)(φ2∂µφ1 − φ1∂µφ2). (4.75)

It is straightforward to check that this vector is a conformal primary operator of
dimension 3, i.e. it transforms according to

J ′
µ(x′) = J

∆−1
d
∂x′

µ

∂xν
Jν(x) (4.76)

with ∆ = 3 and where J is the Jacobian of the coordinate transformation.
Now we compute the Aµνσρ coefficient in the OPE of Tµν with Jσ (see section

4.1.2). The result is

Tµν(x)Jσ(0) ∼ (4.77)

· · ·+ 3
4

[
− 5xµxνxσxρ

x7 Jρ(0)− 3xνxσJµ(0) + xµxσJν(0) + xµxνJσ(0)
x5

+ 3δµνxσxρ
x5 Jρ(0) + xρ

x5

(
δνσxµ + δµσxν

)
Jρ(0)

+ 1
x3

(
δνσJµ(0) + δµσJν(0) + 1

3δµνJσ(0)
)]

+ · · · ,

where we omitted contributions which are not proportional to Jµ. This form
matches (4.58) with coefficients b = −3/4 and e = −3/2.
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As a consistency check we compute

Jµ(x)Jν(0) ∼ 8
x6 Iµν(x) + 8

x5

(
3δµν − 7xµxν

x2

)
φ2

1(0) (4.78)

+ 8
x5φ1(0)

(
xµ∂νφ1(0)− xν∂µφ1(0)

)
+ 8
x5

(
3δµν − 7xµxν

x2

)
xσφ1(0)∂σφ1(0)

+ 8
x3

[
∂µφ1(0)∂νφ1(0) + xσ

x2

(
xµ∂σφ1(0)∂νφ1(0) + (µ↔ ν)

)
− 1

2
xρxσ
x2

(
3δµν − 7xµxν

x2

)
∂σφ1(0)∂ρφ1(0)

]
+ 8
x3

[
− 1

2
xσxν
x2 ∂µ∂σφ

2
1(0) + 1

4
xρxσ
x2

(
3δµν − 7xµxν

x2

)
∂σ∂ρφ

2
1(0)

]
+ (1→ 2) + . . .

First, we can read off CJ = 16. Secondly, we note that the last line includes de-
scendants of φ2

1. Since the 2-point function
〈
Tµν(x)φ2

1(y)
〉
vanishes, these terms do

not contribute to the 3-point function 〈Tµν(x1)Jσ(x2)Jρ(x3)〉 and therefore they do
not contribute to Aγδαρ coefficient in the 3-point function or OPE. The remaining
terms which are quadratic in derivatives and fields (fourth and fifth lines) are what
we are really interested in since these should be equal to Iµα(x)Aγδαν(x)Tγδ(0).
We find that

Iµα(x)Aγδαν(x)Tγδ(0) (4.79)

= 8
x3

[
∂µφ1(0)∂νφ1(0) + xσ

x2

(
xµ∂σφ1(0)∂νφ1(0) + (µ↔ ν)

)
− 1

2
xρxσ
x2

(
3δµν − 7xµxν

x2

)
∂σφ1(0)∂ρφ1(0)

]
+ descendants of φ2

1

+ (1→ 2).

We conclude that up to unimportant descendant fields this theory reproduces
(4.58) with coefficients b = −3/4 and e = −3/2. This immediately gives the beta
function for the background metric field according to (4.73).

Example II
In our second example we consider the theory of one free real scalar φ and one
free real fermion ψ. The stress-energy tensor is given by

Tµν = Tφµν + Tψµν , (4.80)

with

Tφµν = ∂µφ∂νφ−
1
8

(
∂µ∂ν + δµν∂

2
)
φ2, (4.81)

Tψµν = 1
2 ψ̄(γµ

↔
∂ ν + γν

↔
∂ µ)ψ. (4.82)
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Note that any linear combination of Tφµν and Tψµν is still a conserved current.
which leads to some complications as we see below. We can construct a conformal
primary ∆ = 3 vector

Jµ = φ2ψ̄γµψ. (4.83)

The basic propagators are

〈φ(x)φ(0)〉 = 1
x
,
〈
ψ(x)ψ̄(0)

〉
= γ · x

x3 , (4.84)

where the Dirac gamma matrices satisfy as usual {γµ, γν} = 2gµν . Using this
information it is straightforward to obtain

CJ = 4, CφT = 3/2, CψT = −3. (4.85)

We compute the relevant term in the OPE as

Tµν(x)Jσ(0) ∼ (4.86)

∼ . . .+ 1
x3

(3
2gµνJσ −

9
2
xµxν
x2 Jσ + 3

2
xρ
x2 (gµσxν + gνσxµ)Jρ

− 3
2
xσ
x2 (xνJµ + xµJν)

)
+ . . .

which matches (4.58) with b = 0, e = −3/2, determining the beta function for the
background metric field according to (4.73).

Computing the JJ OPE we find

Jµ(x)Jν(0) (4.87)

∼ . . .+ 1
x3 Iµα(x)

(
(4h1

γδ(x)gαν + 2h̃γδαν(x))Tψγδ(0)− 4h1
γδ(x)gανTφγδ(0)

)
+ . . .

∼ . . .+ 1
x3 Iµα(x)

(
(12h1

γδ(x)gαν + 4h̃γδαν(x))(Tψγδ(0) + Tφγδ(0))

+6(4h1
γδ(x)gαν + h̃γδαν(x))( 1

CψT
Tψγδ(0)− 1

CφT
Tφγδ(0))

)
+ . . . ,

where we again omitted descendants. The first term on the right-hand side is pre-
cisely CJ

CT
Iµα(x)Aγδαν(x)Tγδ(0) while the remainder gives a vanishing contribution

to the 3-point function 〈Tµν(x1)Jσ(x2)Jρ(x3)〉. As we might have anticipated, a
generic linear combination of Tφµν and Tψµν can appear in this OPE. However this
can always be rewritten in terms of the true stress-energy tensor (i.e. the one
obtained by varying the action with respect to the metric) plus another linear
combination which is orthogonal to the stress-energy tensor. The beta function
for the metric arises from the factor multiplying the true stress-energy tensor.
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4. Lifshitz invariant field theory dual to Einstein-Proca model

4.2 Lifshitz invariant correlation functions in two
dimensions

To derive higher-point correlation functions in general spacetime dimension using
holography one needs to solve the bulk field equations around the background.
However in d = 2 the situation simplifies: as we have reviewed in the introduction
(see section 1.3.1), in a relativistic two-dimensional CFT conformal symmetry is
powerful enough to fix the 2-point function of stress-energy tensor with itself (in
fact, all higher point functions of stress-energy tensor are fixed by the symmetry).
Here we show that a similar argument applies to the Lifshitz invariant theory.

4.2.1 Lifshitz theory
Our goal is to obtain the 2-point function by exploiting the underlying symmetry.
Let us decompose A = AB + a, where AB is the constant background value of
order ε necessary to support the Lifshitz geometry and a is a fluctuation around
this background. Similarly, we write gµν = ηµν + hµν .

The diffeomorphism Ward identity can be rewritten in complex coordinates
(w, w̄) as

∂̄ 〈Tww〉+ ∂ 〈Tww̄〉 = AB(0)w(∂ 〈Jw̄〉+ ∂̄ 〈Jw〉) + . . . , (4.88)

where we omitted terms which do not contribute to the two-point functions in the
scale invariant vacuum (i.e. the vacuum with a = 0).

It is convenient to define a conserved spin two current by

Jµν = Tµν −ABµ Jν . (4.89)

In the scale-invariant vacuum we have

∂̄ 〈Jww〉+ ∂ 〈Jww̄〉 = 0, (4.90)
∂̄ 〈Jw̄w〉+ ∂ 〈Jw̄w̄〉 = 0,

i.e. this operator is conserved.
The trace Ward identity reads

〈Tww̄〉 =1
2(AB[0]w 〈Jw̄〉+AB[0]w̄ 〈Jw〉) (4.91)

+ 1
4

c

24πR[h] + 1
2 〈Tww〉 (A

B
[0]w̄)2 + 1

2 〈Tw̄w̄〉 (A
B
[0]w)2.

Similarly to the relativistic case we can use (4.91) to compute one of the 2-point
functions. Differentiating this identity with respect to aw we get

〈Tww̄Jw̄〉 =1
2A

B
[0]w 〈Jw̄Jw̄〉+O(ε2), (4.92)
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where we have dropped terms which vanish in the scale-invariant vacuum; note
also that 〈JwJw̄〉 is of order ε or higher.

Similarly, differentiating (4.91) with respect to hww̄ and using (4.92) we get up
to quadratic order in AB[0]w

〈Tww̄Tww̄〉 = 1
4

(
(AB[0]w)2 〈Jw̄Jw̄〉+ (AB[0]w̄)2 〈JwJw〉

)
+ 〈Tww̄Tww̄〉CFT (4.93)

+ 1
2

(
(AB[0]w̄)2 〈Tww̄Tww〉+ (AB[0]w)2 〈Tww̄Tw̄w̄〉

)
.

Note that we kept several contact terms, like 〈Tww̄Tww̄〉CFT (see the previous
subsection). Using (4.92) and (4.93) we finally compute

〈Jww̄(w)Jww̄(0)〉 = 〈Tww̄(w)Tww̄(0)〉 , (4.94)

〈Jww̄(w)Jw̄w(0)〉 = 〈Tww̄(w)Tw̄w(0)〉 − 1
2

(
(AB[0]w)2 〈Jw̄Jw̄〉+ (AB[0]w̄)2 〈JwJw〉

)
.

Let us now return to the diffeomorphism Ward identity (4.90). This provides us
with a set of differential equations for correlation functions. Consider differentiat-
ing it with respect to the source to which Jµν couples. One gets

∂̄ 〈Jww(w)Jww(0)〉 = −∂ 〈Jww̄(w)Jww(0)〉 , (4.95)
∂̄ 〈Jww(w)Jww̄(0)〉 = −∂ 〈Jww̄(w)Jww̄(0)〉 . (4.96)

One can obtain similar relations by complex conjugating (4.95) and (4.96), which
amounts to making the replacements ∂ ↔ ∂̄ and w ↔ w̄.

This information suffices to derive all two-point correlation functions of Jµν .
Inserting the background value for vector field7: A(0)t =

√
2ε or A(0)w = −A(0)w̄ =

ε/
√

2 and using〈Jw(w)Jw(0)〉 = −(CJ/2)/(w3w̄) and 〈Jw̄(w)Jw̄(0)〉 =−(CJ/2)/(ww̄3)
we directly compute

〈Jww̄(w)Jww̄(0)〉 = −ε2CJ16

( 1
w3w̄

+ 1
ww̄3

)
+ 〈Tww̄(w)Tww̄(0)〉CFT (4.97)

+ ε2

4

(
〈Tww̄(w)Tww(0)〉+ 〈Tww̄(w)Tw̄w̄(0)〉

)
,

〈Jww̄(w)Jw̄w(0)〉 = 〈Jww̄(w)Jww̄(0)〉+ ε2
CJ
8

( 1
w3w̄

+ 1
ww̄3

)
(4.98)

Note that we keep local terms because they are needed for the derivation of sub-
sequent formulae. Using (4.96) we can integrate (4.97) once to obtain

〈Jww(w)Jww̄(0)〉 = −ε2CJ16

(
− 1

2w2w̄2 + 3log |w|2

w4

)
+ ε2

4
1

(2π)2
c/2
w4 (4.99)

− ∂

∂̄
〈Tww̄(w)Tww̄(0)〉CFT + ε2

4 〈Tww(w)Tw̄w̄(0)〉+ ε2F (w),

7Our Euclidean conventions are w = x+ itE , w̄ = x− itE following those of [136].
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where we have explicitly introduced a local term needed for Lorentz invariance (at
order ε0) and absorbed other local terms in holomorphic function F (w). Integrat-
ing (4.95) we obtain

〈Jww(w)Jww(0)〉 = −ε2CJ16

( 1
w3w̄

+ 12
w̄ log |w|2 − 5

4 w̄

w5

)
(4.100)

+ ε2
c/2

(2π)2
w̄

w5 + 1
(2π)2

c/2
w4 + ε2(−w̄∂F (w) +G(w)),

where G(w) is also local. A completely analogous reasoning applies to the anti-
holomorphic components.

Likewise, starting from (4.98) one can compute 〈Jww(w)Jw̄w(0)〉 and other
correlators. Omitting all details we just quote the results:

〈Jww̄(w)Jw̄w̄(0)〉 = 〈Jww(w)Jw̄w(0)〉∗ , (4.101)
〈Jww(w)Jw̄w̄(0)〉 = 〈Jww̄(w)Jw̄w(0)〉 , (4.102)

〈Jww(w)Jw̄w(0)〉 = −〈Jww(w)Jww̄(0)〉+ ε2

2
c/2

(2π)2
1
w4 , (4.103)

up to local terms which in particular involve the Tµν correlator in the CFT with the
same index structure. Here ∗ denotes complex conjugation and all other correlators
can be obtained by complex conjugation.

4.2.2 Lifshitz invariance of two-point functions
To obtain the scaling properties of the conserved stress-energy tensor Jµν under
the Lifshitz rescaling

x→ λx, t→ λzt (4.104)

it is more convenient to rewrite the correlators in Cartesian coordinates, using the
results in the previous subsection. For example, we obtain

〈Jtt(t, x)Jtt(0)〉 = (1− ε2)2 c/2
(2π)2

(t4 − 6t2x2 + x4)
(t2 + x2)4 − 1

6ε
2 c/2

(2π)2
t2 − x2

(t2 + x2)3

+ 2ε2 c/2
(2π)2

(t2 − x2)(t4 − 14t2x2 + x4)
(t2 + x2)5 (log(t2 + x2)− 9

4) + . . . , (4.105)

where we have omitted scheme dependent (local) terms. To simplify the result we
have also explicitly used c = 6π2CJ = 3/(2G3), where CJ is obtained from (1.67).

On general grounds one expects that 2-point correlation functions in a Lifshitz
invariant theory take the form

〈O∆L1O∆L2〉 = x−∆L1−∆L2f(χ), (4.106)
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where the function f depends on the ratio χ = t/xz but is otherwise in general
undetermined by the scale invariance. Our results take exactly this form, for
example

〈Jtt(t, x)Jtt(0)〉 = c

(2π)2x
−2(1+z)

[
(1− ε2)χ

4 − 6χ2 + 1
(χ2 + 1)4 (4.107)

− 1
12ε

2 χ2 − 1
(χ2 + 1)3 + ε2

(χ2 − 1)(χ4 − 14χ2 + 1)
(χ2 + 1)5 (log(1 + χ2)− 9

4) + . . .
]
,

with the function f(χ) being completely determined in this instance by the Ward
identities.

Under the Lifshitz rescaling (4.104)

〈Jtt(t, x)Jtt(0)〉 → 〈Jtt(λzt, λx)Jtt(0)〉 = 1
λ2λ2z 〈Jtt(t, x)Jtt(0)〉 (4.108)

up to order ε4.
The correlator 〈Jxx(t, x)Jxx(0)〉 agrees with 〈Jtt(t, x)Jtt(0)〉 up to terms with-

out logarithms at order ε2 and therefore it scales as

〈Jxx(t, x)Jxx(0)〉 → 〈Jxx(λzt, λx)Jxx(0)〉 = 1
λ2λ2z 〈Jxx(t, x)Jxx(0)〉 . (4.109)

Similarly, we can compute

〈Jtx(t, x)Jtt(0)〉 = 8ε2 c/2
(2π)2

tx(t4 − 5t2x2 + 2x4)
(t2 + x2)5 log(t2 + x2) (4.110)

+ 8(1− ε2

2 ) c/2
(2π)2

tx(t2 − x2)
(t2 + x2)4 − 9ε2 c/2

(2π)2
tx(t2 − 3x2)(3t2 − x2)

(t2 + x2)5

+ 1
3ε

2 c/2
(2π)2

tx

(t2 + x2)3 + . . . .

= 4 c

(2π)2x
−(1+z)−2z

[χ(χ2 − 1)
(χ2 + 1)4

+ ε2

6
χ(−23χ4 + 68χ2 − 17)

(χ2 + 1)5 + ε2
χ(χ4 − 5χ2 + 2)

(χ2 + 1)5 log(1 + χ2) + . . .
]
.

Under the rescaling (4.104) this transforms as

〈Jtx(t, x)Jtt(0)〉 → 〈Jtx(λzt, λx)Jtt(0)〉 = 1
λλ3z 〈Jtx(t, x)Jtt(0)〉 . (4.111)

Recall that Jµν is not symmetric and therefore Jtx and Jxt are not equivalent. For
example,

〈Jxt(t, x)Jtt(0)〉 = 4 c

(2π)2x
−2−(1+z)

[χ(χ2 − 1)
(χ2 + 1)4 (4.112)

+ ε2

6
χ(−23χ4 + 68χ2 − 17)

(χ2 + 1)5 + ε2
χ(2χ4 − 5χ2 + 1)

(χ2 + 1)5 log(1 + χ2) + . . .
]
,

95



4. Lifshitz invariant field theory dual to Einstein-Proca model

and this scales under (4.104) as

〈Jxt(t, x)Jtt(0)〉 → 〈Jxt(λzt, λx)Jtt(0)〉 = 1
λ3λz

〈Jxt(t, x)Jtt(0)〉 . (4.113)

From these results we can now read off the Lifshitz scaling dimensions for the
different components of J . From (4.108) and (4.109) we see that the scaling
dimension of Jtt equals that of Jxx

∆L(Jtt) = ∆L(Jxx) = 1 + z, (4.114)

where the subscript L is used to signify that this is the Lifshitz scaling dimension.
Furthermore (4.111) and (4.113) imply that

∆L(Jtx) = 2z, ∆L(Jxt) = 2. (4.115)

These scaling dimensions agree with those derived on general grounds in [116] and
thus our correlators indeed display the expected scaling properties. Note that one
interprets Jtt and Jxt as the energy and momentum densities, respectively, while
Jtx and Jxx are the energy fluxes and momentum fluxes, respectively. Note that
in a non-relativistic theory momentum density and energy flux are independent
quantities.

One can derive the remaining correlators using the diffeomorphism Ward iden-
tity

∂t 〈Jtt(t, x)〉+ ∂x 〈Jtx(t, x)〉 = 0, (4.116)
∂t 〈Jxt(t, x)〉+ ∂x 〈Jxx(t, x)〉 = 0, (4.117)

just as in the last subsection. For example, using the explicit expressions given
above it is straightforward to check that

∂x 〈Jtx(t, x)Jtt(0)〉 = −∂t 〈Jtt(t, x)Jtt(0)〉 . (4.118)

To display the full structure contained in the correlators it is useful to introduce
the notation

〈Jµν(t, x)Jρσ(0)〉 = x−∆L(Jµν)−∆L(Jρσ)fµν,ρσ(χ). (4.119)

Note that fµν,ρσ(χ) is not a tensor but rather a bookkeeping device. One can
then translate the diffeomorphism Ward identities into simple differential relations
between the different components of fµν,ρσ. For example

f ′tt,tt(χ) = (1 + 3z)ftx,tt(χ) + zχf ′tx,tt(χ), (4.120)

where a prime denotes a derivative with respect to χ. It is easy to verify this
relation holds using (4.107) and (4.110). If the Ward identities do not get modified
at higher orders in ε than this and analogous relations for other components would
hold to all orders in ε! Explicit expressions for all remaining correlation functions
may be found in Appendix 4.A.
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4.3 Summary
Let us conclude this section by summarising the general structure of the deformed
theory. We observed that the singular terms in the JJ operator product expansion
are associated with the renormalisation of the background metric and the emer-
gence of Lifshitz symmetry. Using conformal perturbation theory, the universal
terms in this OPE give rise to a volume divergence and a divergence involving the
stress energy tensor. Non-universal terms in the OPE can generate beta functions
for other background fields (apart from the metric) which in general break the
Lifshitz symmetry. Such additional terms in the OPE also imply that one cannot
truncate to just the stress energy tensor and the vector operator, which will be
reflected by the absence of a corresponding consistent truncation in the dual bulk
theory.

In the two dimensional example, there were no non-universal divergences oc-
curring in the OPE and therefore this case exactly realised the bulk scenario. In a
typical higher dimensional model one may well obtain additional divergences and
therefore running of associated background fields. In the first of our three dimen-
sional examples there would be divergences arising from relevant operators such as
φ2. We observed using our other 3d example that generically additional operators
of dimension d can also arise in the OPE, both descendants of lower dimension
operators and primary operators which are orthogonal to the stress-energy tensor,
and in this example there was a beta function for a second dimension d operator.

Conformal perturbation theory was used to study such deformations of a
generic conformal field theory from the field theory perspective. We argued and
demonstrated in specific examples that the Lifshitz invariance indeed appears
generically in a deformed CFT. Without reference to any holographic dual, we
could see directly from the vector operator OPEs that a renormalisation of the
background metric is induced by the vector deformation; this renormalisation is
responsible for the emergence of Lifshitz symmetry.

In standard QFT discussions, after deforming the CFT infinities give rise to
beta functions and these drive the theory towards a new fixed point in the IR
where the beta functions vanish. In our discussion, the effect of the beta function
is to change the condition of scale invariance from that of relativistic invariance
(i.e. tracelessness of the stress energy tensor) to Lifshitz invariance (i.e. vanishing
of the z weighted trace). In other words, as soon as the operator is switched on
the theory finds itself in the non-relativistic fixed point rather than flowing to it
in the IR.

Various extensions of this work would be possible. Firstly, deformations by
other dimension d tensor operators are likely to lead to similar results since their
OPEs should have a similar structure to that of the JJ OPE discussed here. In
particular, one expects a logarithmic divergence proportional to the stress energy
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tensor, which should then induce a beta function for the metric. It would be
interesting to systematically investigate all such possibilities.
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Appendix

4.A Stress-energy tensor correlation functions in
2d Lifshitz theory.

In this appendix we give the 2-point correlation functions of the conserved stress-
energy tensor in the two dimensional theory. Starting from correlation func-
tions 〈Jtt(t, x)Jtt(0)〉, 〈Jxt(t, x)Jtt(0)〉 (which are given in (4.107), (4.112)) and
〈Jxx(t, x)Jxx(0)〉 (see below) and applying the diffeomorphism Ward identity one
can derive all other correlation functions. In terms of the quantity fµν,ρσ defined
in (4.119) the relevant identities are

f ′tx,tt(χ) = 4zftx,tx(χ) + zχf ′tx,tx(χ), (4.121)
f ′xt,xx(χ) = 2(1 + z)fxx,xx(χ) + zχf ′xx,xx(χ), (4.122)
f ′xt,xt(χ) = (3 + z)fxt,xx(χ) + zχf ′xt,xx(χ), (4.123)
f ′xt,tt(χ) = 2(1 + z)fxt,tx(χ) + zχf ′xt,tx(χ), (4.124)
f ′xt,tt(χ) = 2(1 + z)fxx,tt(χ) + zχf ′xx,tt(χ), (4.125)
f ′xt,tx(χ) = (1 + 3z)fxx,tx(χ) + zχf ′xx,tx(χ). (4.126)

These relations together with the symmetry of f with respect to the exchange
of the first pair of indices with the second pair provide enough information to
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construct all 2-point correlation functions. We summarize the results here:

〈Jxx(t, x)Jxx(0)〉 = c

(2π)2x
−2(1+z)

[χ4 − 6χ2 + 1
(χ2 + 1)4 (4.127)

− 2ε2

3
2χ6 − 43χ4 + 58χ2 − 5

(χ2 + 1)5 + ε2
(χ2 − 1)(χ4 − 14χ2 + 1)

(χ2 + 1)5 log(1 + χ2)
]
,

〈Jxt(t, x)Jxx(0)〉 = −4 c

(2π)2x
−2−(1+z)

[χ(χ2 − 1)
(χ2 + 1)4 (4.128)

− ε2

6
χ(2χ4 − 5χ2 + 1

(χ2 + 1)5 + ε2
χ(2χ4 − 5χ2 + 1)

(χ2 + 1)5 log(1 + χ2)
]
,

〈Jtx(t, x)Jxx(0)〉 = −4 c

(2π)2x
−(1+z)−2z

[χ(χ2 − 1)
(χ2 + 1)4 (4.129)

− ε2

6
χ(2χ4 − 5χ2 + 1)

(χ2 + 1)5 + ε2
χ(χ4 − 5χ2 + 2)

(χ2 + 1)5 log(1 + χ2)
]
,

〈Jtx(t, x)Jtx(0)〉 = c

(2π)2x
−4z
[
− χ4 − 6χ2 + 1

(χ2 + 1)4 (4.130)

+ ε2

6
9χ6 − 209χ4 + 203χ2 − 11

(χ2 + 1)5 + 2ε2 5χ4 − 10χ2 + 1
(χ2 + 1)5 log(1 + χ2)

]
,

〈Jxt(t, x)Jtx(0)〉 = c

(2π)2x
−2−2z

[
− χ4 − 6χ2 + 1

(χ2 + 1)4 (4.131)

+ ε2

3
(χ2 − 1)(7χ4 − 94χ2 + 7)

(χ2 + 1)5 − ε2 (χ2 − 1)(χ4 − 14χ2 + 1)
(χ2 + 1)5 log(1 + χ2)

]
,

〈Jxt(t, x)Jxt(0)〉 = c

(2π)2x
−4
[
− χ4 − 6χ2 + 1

(χ2 + 1)4 (4.132)

+ ε2

6
11χ6 − 203χ4 + 209χ2 − 9

(χ2 + 1)5 − 2ε2χ
2(χ4 − 10χ2 + 5)

(χ2 + 1)5 log(1 + χ2)
]
,

〈Jtt(t, x)Jxx(0)〉 = c

(2π)2x
−2(1+z)

[
− χ4 − 6χ2 + 1

(χ2 + 1)4 (4.133)

+ ε2

3
(χ2 − 1)(7χ4 − 94χ2 + 7)

(χ2 + 1)5 − ε2 (χ2 − 1)(χ4 − 14χ2 + 1)
(χ2 + 1)5 log(1 + χ2)

]
.
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Chapter 5

First order formalism for the
holographic duals of defect

CFTs

In this chapter we develop a first order formalism for constructing gravitational du-
als of conformal defects in a bottom up approach. Similarly as for the flat domain
walls a single function (analog of the fake superpotential) specifies the solution
completely. Using this formalism we construct several novel families of analytic
solutions dual to conformal interfaces and boundaries. As a sample application we
study the boundary OPE and entanglement entropy for one of the found defects.

5.1 Introduction
The conformal defects play a prominent role in many critical condensed matter
systems and in the string theory giving rise to interesting physical effects [137].
The majority of physical systems studied in a laboratory have defects such as
boundaries or impurities. At the same time the relevant physics often exhibits
the strong coupling (e.g. Kondo effect, graphene). To address such problems the
holographic approach could be applied. Here we focus on defects of codimension
one - boundaries and interfaces.

The conformal group of d-dimensional Minkowski space is SO(2, d). A bound-
ary CFT (BCFT) is a CFT on a space with a planar boundary which preserves
the SO(2, d − 1) part of the conformal group. More generally, a planar interface
can separate two different CFT, in which case we call it an interface CFT (ICFT).
We refer to all these possibilities as defect CFTs (DCFT) and call SO(2, d−1) the
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symmetry group of a conformal defect. Notice that in order to define a DCFT we
have to start with a bulk CFT and then couple it to a defect. It turns our that
the conformal symmetry on the defect still puts strong constraints on the ambient
physics [138–140].

To realise the group of a conformal defect holographically we have to consider
asymptotically AdSd+1 space with the isometry group broken from SO(2, d) down
to SO(2, d − 1). Noting that SO(2, d − 1) is the isometry group of AdSd one is
lead to consider asymptotically locally AdSd+1 spacetimes which can be foliated
with the AdSd slices.

Several approaches to construct holographic duals to DCFT have been pursued.
References [141–145] used a probe AdSd brane embedded in AdSd+1. This brane
divides the bulk into two halfs. If one imposes an orbifold condition relating
the independent fluctuations in the two halves of the bulk, one ends up with a
BCFT. One can also think of an AdSd brane as a spatial cutoff. The CFT on
the defect in this case is conjectured to be dual to the gravity on AdSd brane.
References [141, 142] were motivated by the prospects of localizing gravity on the
worldvolume of a brane. The key feature allowing this localisation is the presence
of the local bump of the warp factor around the position of the brane. Equivalently,
the scalar potential has a characteristic vulcano shape.

Similar set of ideas was used to construct a holographic dual of BCFT in
[146, 147]. In this approach the asymptotically locally AdS spacetime is cut off
across some surface Q in such a way that conformal infinity has a boundary. This
additional boundary Q can be realized as a brane in string theory embedding.

Regular solutions dual to ICFT describing intersecting branes and branes
ending on branes have been obtained from 10- and 11-dimensional supergrav-
ity in [148–152]. These in turn in particular limits can give rise to duals of
BCFTs [153–156]. However the resulting spaces are generically singular. A non-
singular example of this type was constructed in [157].

Finally, defect CFTs can be realized by utilising a curved domain wall ansatz
for the fields where an asymptotically locally AdSd+1 is sliced using AdSd slices.
Famously, the Janus solution [18, 22, 158, 159] is of this type (see also [160–162]
for supersymmetric examples). The simplicity of this solution is based on the fact
that the dilatonic potential is just a constant.

Naturally, Janus-type ansatz can be used also to construct examples involving
non-trivial potential for the scalar field. In the reference [163] such solutions are
constructed numerically (with unbounded potential). The BCFT solutions in [163]
are singular and are conjectured to be dual to massive IR fixed point.

As reviewed in the chapter 1, flat domain walls have been studied extensively
in the context of AdS/CFT [14, 18, 21, 22, 164]. Here we just remind that for
Poincare-invariant domain walls a beautiful first order formalism based on the
so-called fake superpotential exists. Its power stems from the fact that the entire
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problem of finding flat domain walls reduces to solving first order ordinary differ-
ential equations (as opposed to second order partial Einstein equations). Also the
stability of such domain walls is guaranteed [21,165].

In this chapter we develop further the first order formalism of [14,166,167] for
curved domain walls 8 9. In this formalism a complex superpotential (or a triplet
of real superpotentials in [14]) is introduced and there is a constraint relating
the two independent real functions appearing in it. In this chapter we point out
that this constraint can be solved in a closed form (see equation (5.17)), at least
up to some integrals. When these integrals can be evaluated analytically one
immediately obtains explicit analytic domain wall solutions. As a result, the warp
factor and the scalar field satisfy first order ordinary differential equations and an
AdS-sliced domain wall is specified completely by a single function. In this respect
the situation is now analogous to that for Poincaré-invariant domain walls. This
observation helps us to bring the formalism in a form which can be readily applied
for constructing simple examples of analytic solutions. It allows us to find families
of holographic duals to boundary and interface CFTs. Moreover, all these solutions
are stable [21,166].

This chapter is organized as follows. In the next section we introduce and
simplify the formalism for curved domain walls of [166,167]. On the basis of it we
construct families of analytic gravitational backgrounds in the section 5.3. As a
sample application of these results we study the boundary OPE and entanglement
entropy for one of the defects in the section 5.4.

5.2 The formalism
In this section we present the general first order formalism for domain walls with
AdS slices. We begin by reviewing the construction of [14,166,167] where a complex
"superpotential" (or a triplet of real superpotentials) is introduced allowing for the
first order field equations. Then we demonstrate how one of the real functions
appearing in the "superpotential" can be obtained from another one in the closed
analytic form. This observation brings the formalism for curved domain walls in
the shape similar to that for flat domain walls, where the solution is completely
specified by the single superpotential. We comment on the Hamilton-Jacobi theory
in Appendix 5.A.

8An alternative first-order formalism based on introduction of two real superpotentials is given
in [168]. There the superpotentials are also related by a constraint.

9An alternative solution generating technique for coupled ODEs based on single real super-
potential was discussed in [169].
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5.2.1 Review of the first order formalism for curved domain
walls with a complex superpotential

Let us briefly summarize the construction of [166, 167]. For simplicity we assume
that the domain wall is supported by a single scalar. The theory is defined by the
Lagrangian density

L =
√
−g
(
R− 1

2(∂σ)2 − V (σ)
)

(5.1)

with general potential V (σ). The formalism is applicable for both domain walls
and cosmologies. It is convenient to introduce a sign η such that η = 1 for domain
walls and η = −1 for cosmologies. We are looking for the solutions of the form

ds2
d+1 = η dz2 + e2βϕds2

d (5.2)

where ds2
d denotes the metric of a spacetime (space) of constant curvature for

η = 1 (η = −1). For later convenience we introduce d-dependent constants

α = dβ , β = 1/
√

2d(d− 1) . (5.3)

We use the ansatz preserving the symmetry group of the slices ds2
d, i.e. the scalar

field σ and the warp factor ϕ depend only on z. The field equations then re-
duce to equations for the variables (ϕ, σ) that can be derived from the effective
Lagrangean10

L = η

2e
αϕ
(
ϕ̇2 − σ̇2)− eαϕ(V (σ)− k

2β2 e
−2βϕ

)
, (5.4)

where the overdot indicates differentiation with respect to z and k ∈ (−1, 0, 1)
denotes the radius of curvature of ds2

d. The Euler-Lagrange equations reduce to

ϕ̈ = −ασ̇2 − (kη/β) e−2βϕ , σ̈ = −αϕ̇σ̇ + ηV ′ , (5.5)

where the prime indicates differentiation with respect to σ. The solutions to these
equations have to satisfy an additional constraint (resulting from the Hamiltonian
constraint in the original theory (5.1))

ϕ̇2 − σ̇2 = −2η
[
V − k

2β2 e
−2βϕ

]
. (5.6)

We are looking for the solutions with the scalar field σ interpolating between
two critical points of the potential V (σ) (these can coinside). First let us assume
that such a solution (σ(z), ϕ(z)) is already given. If σ(z) is a monotonic function

10This Lagrangean generalises the one discussed in the introduction (see (1.16)) for k 6= 0.
Here we have changed the notation: φ and A in (1.16) became σ and βϕ correspondingly.
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we can view σ as a radial coordinate by inverting the relations between σ and z.
For ηk ≤ 0 we may define a complex function

Z(σ) = ω(σ)eiθ(σ) (5.7)

by the formulae

ω = 1
2α

√
ϕ̇2 − kη

β2 e
−2βϕ , (5.8)

θ′ = ±
√
−kη

(
α

β

)
σ̇ e−βϕ

(
ϕ̇2 − kη

β2 e
−2βϕ

)−1
. (5.9)

Note that for flat domain wall (i.e. with k = 0) these expressions simplify signifi-
cantly, in particular θ(σ) can be set to zero.

The function Z(σ) constructed in this way determines the scalar potential
through

V = 2η
[
|Z ′|2 − α2|Z|2

]
. (5.10)

Moreover the solution used to construct Z(σ) satisfies,

σ̇ = ±2|Z ′| , ϕ̇ = ∓ 2α
|Z ′|
Re
(
Z̄Z ′

)
,

−kη e−2βϕ =
(
2αβ Im

(
Z̄Z ′

)
/|Z ′|

)2
. (5.11)

Importantly, these equations imply the second-order ones. We can now reverse the
logic: for given Z(σ) a solution of first order equations (5.11) produces a domain
wall!

The consistency between the second and third of eqs. (5.11) requires

Im
[
Z̄ ′ (Z ′′ + αβZ)

]
= 0 . (5.12)

Remarkably, this is an identity for (ω, θ) defined by (5.8)-(5.9). To summarise,
any two scalar functions ω(σ) and θ(σ) satisfying the constraint (5.12) define a
domain wall solution (provided that the potential V (σ) constructed out of them
has at least one critical point).

Let us note that in the original version of this formalism [14] a triplet of super-
potentials W has been introduced. However as was shown in [166] the formulation
with the triplet is equivalent to that with a single complex superpotential.

5.2.2 Solving the constraint
The consistency condition (5.12) can be solved in the closed form, i.e. given ω(σ)
there is an analytic formula for θ(σ). (5.12) is equivalent to

ωω′θ′′ + (2ω′2 − ωω′′ − αβω2)θ′ = −ω2θ′3. (5.13)
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Viewed as an equation for θ′ this constraint can be solved in a closed analytic
form. However, we first simplify it by introducing

s(σ) = ω2(σ) (5.14)

and
q(σ) = 1

ω(σ)2 (1 + ω′(σ)2

ω(σ)2θ′(σ)2 ) = −kη 4α2β2e2βϕ. (5.15)

In terms of these functions equation (5.13) reads

1
4αβ q

′(σ)s′(σ) + q(σ)s(σ) = 1. (5.16)

This can be viewed as a first order linear ODE for s(σ) if q(σ) is given or for q(σ)
if s(σ) is given. It has the closed form solution

q(σ) = exp(−4αβ
∫ σ

σ?

s(σ′)
s′(σ′)dσ

′)×

×
(
q(σ?) + 4αβ

∫ σ

σ?

1
s′(σ′) exp(4αβ

∫ σ′

σ?

s(σ′′)
s′(σ′′)dσ

′′)dσ′
)
, (5.17)

where σ? is some initial value point. Completely analogous formula holds with s
and q interchanged.

It is amusing to note that s(σ) and q(σ) enter symmetrically in the constraint
equation (5.16). Nevertheless their role is very different, which is evident from the
expression for the scalar potential

V (σ) = 2η
(s′(σ)2

4
q(σ)

q(σ)s(σ)− 1−α
2s(σ)

)
= −2ηα

(
β
q(σ)
q′(σ)s

′(σ)+αs(σ)
)
. (5.18)

(5.15) shows that q(σ) is essentially the warp factor. The scalar profile σ(z) is
obtained from

σ̇2 = s′(σ)2 q(σ)
q(σ)s(σ)− 1 = −4αβ q(σ)

q′(σ)s
′(σ). (5.19)

Note, that functions s(σ) and q(σ) must be always positive.
Another useful equation can be derived from (5.11)

q̇2 = 16α2β2q(σ(z))
(
q(σ(z))s(σ(z))− 1

)
. (5.20)

It allows to obtain the warp factor as a function of the radial coordinate z. However
we can use σ to parametrize the radial direction.

(5.15), (5.17), (5.18) and (5.19) provide formal solution to the problem of
finding AdS-sliced domain walls. I.e. given s(σ) we can derive potential, geometry
and the scalar profile of the solution.
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In principle one can (and would like to) view the potential V (σ) as an inde-
pendent function and derive an ODE for q(σ) (or s(σ)) for any given V (σ). We do
not present this equation here since it is highly non-linear unilluminating second
order equation which is useless in practise.

On the practical side, the only technical difficulty in finding analytic domain-
wall solutions (with prescribed properties) is hidden in evaluation of the integrals
in (5.17) (or equivalently, solving first order ODE (5.16) analytically).

Let us make the following comment. From the discussion above it is clear that
the full solution is determined by a single function (just as for flat domain walls).
We chose this free function to be s(σ). But other choices are possible and can
even be beneficial for constructing some analytic solutions. For example, we can
parametrize solutions by the function q(s). In this case s(σ) as a function of scalar
field can be obtained by inverting the relation

σ = ± 1√
4αβ

∫ √
dq/ds

1− sq(s)ds (5.21)

and the scalar profile follows from

z = ±
∫ √

−4αβ dq/ds(σ)
q(s(σ)) dσ. (5.22)

As an example, we note that Janus solution [18, 158, 159] corresponds to a
simple functional relation between s and q:

c q(s)−d = s− 1
4α2β2L2 , (5.23)

where L is the asymptotic radius of curvature and c is an arbitrary constant.
Similarly, any other functional dependence between s, q, and σ can be used to

construct a solution generating algorithm.

5.3 Examples

5.3.1 Generalities
From now on we will specialise to AdSd-sliced domain walls in asymptotically
AdSd+1, i.e. we set η = 1, k = −1.

In the famous Janus solution [18, 22, 158, 159] the potential of the scalar field
σ is flat producing a moduli space of vacua parametrized by the values of the
dilaton. Here we are interested in the cases when potential has distinct isolated
critical points. Corresponding to every critical point (maximum or minimum) of
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the potential there is an AdS vacuum with constant scalar σ and radius of AdS
determined by the value of the potential.

We are interested in finding solutions which interpolate between two asymp-
totically AdS region(s) corresponding to the two sides of a defect. If the solution
interpolates between two different vacua of the potential we interpret such solu-
tion as a bulk dual of interface CFT (ICFT). If the bulk solution is Z2 symmetric
(i.e. we approach the same critical point on both sides of the interface) then upon
identification of the two sides of AdS one obtains a holographic dual of boundary
CFT (BCFT). More generally, if the bulk has only one asymptotic AdS region one
can interpret it as a BCFT.

Close to the boundary of AdS (corresponding to the critical point of the scalar
potential) the warp factor q(σ) has to diverge. Let us make some general state-
ments regarding the critical point. Near the critical point (we can shift it to be at
σ = 0) we can expand s(σ)

s(σ) = s0 + s2

2 σ
2 +O(σ3), (5.24)

the potential

V (σ) = − 1
2β2L2 + m2

2 σ2 +O(σ3), (5.25)

where L is the radius of asymptotically AdS region and the warp factor as

q(σ) = q−n
σn

+ q−n+1

σn−1 +O(σ−n+2). (5.26)

The constraint equation (5.16) relates

n = 4αβ s0

s2
. (5.27)

There are also further relations implied by (5.16), but they depend on the par-
ticular value of n and are not important for what we are going to show next.
Comparing now (5.25) with the Taylor expansion of (5.18) we find

s0 = 1
4α2β2L2 , s2 = 2(d− 1)

nL2 . (5.28)

The mass of the scalar field is determined by n through

m2L2 = −2(dn− 2)
n2 (5.29)

and the conformal dimension of the dual operator is determined in a remarkably
simple way by n as

∆ = 1
2

(
d± (d− 4

n
)
)
. (5.30)
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In particular for n = 1 in d = 2 the mass vanishes and we deal with dilatonic de-
formation (similarly as in the Janus solution [18,22,158,159]). The Breitenlohner-
Freedman bound m2L2 ≥ −d2/4 does not put any restrictions on n.

Recall that for the mass in the range

− d2

4 < m2L2 < −d
2

4 + 1 (5.31)

there are two possible quantizations in the dual CFT which are related to each
other by a Legendre transform [170]. Alternatively, one of them corresponds to
Dirichlet while another to Neumann boundary condition for the scalar field on the
conformal boundary of AdS. It is useful to reformulate condition (5.31) in terms
of parameter n. For d = 2 the alternative quantisation is possible whenever n > 1,
n = 1 corresponds to marginal (diatonic) deformation, while 0 < n < 1 leads to
the non-vanishing VEV of an irrelevant operator of dimension ∆ = 2/n. For d > 2
the alternative quantisation is possible if

4
d+ 2 < n <

4
d− 2 . (5.32)

If 4
d−2 < n then we are dealing with explicit deformation by a relevant operator

of dimension ∆ = d− 2/n. For n in the interval

2
d
< n <

4
d+ 2 (5.33)

a relevant operator of dimension ∆ = 2/n gets a VEV, and for 0 < n < 2/d an
irrelevant operator of dimension ∆ = 2/n gets a VEV.

In the examples below the metric can be written explicitly using the scalar
σ to parametrize the radial coordinate. However, in order to understand the
geometry and holographic interpretation of the solutions it is convenient to adopt
the coordinate z of (5.2). Equation (5.20) can be analyzed asymptotically as
z → ±∞, where q is expected to diverge exponentially in z. Indeed, the leading
asymptotics can be written up to an overall coefficient as

q(z) ∼ cosh2
( z

L±

)
, as z → ±∞, (5.34)

where the curvature radii L− and L+ can be different for z → −∞ and z → ∞
indicating that CFTs on two sides of the interface correspond to different critical
points of the potential. Asymptotically as z → ±∞ the spacetime metric is

ds2 ∼ dz2 + γ2L2
±

[
cosh2

( z

L±

)
+ . . .

]du2 − dt2 + dr2
‖ + r2

‖dΩ2
d−3

u2 , (5.35)

with some arbitrary coefficient γ and dΩ2
d−3 denoting the volume element of the

(d− 3)-dimensional unit sphere. This metric is asymptotically locally AdS. It can
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be brought to the Fefferman-Graham form using the formulae from appendix 5.B.
For γ = 1 neglecting subleading terms in the warp factor we make a change of
coordinates

ρ = u

cosh
(

z
L±

) , r⊥ = u tanh
( z

L±

)
, (5.36)

resulting in AdS written in Fefferman-Graham (FG) coordinates

ds2 = L2
±
dρ2 − dt2 + dr2

⊥ + dr2
‖ + r2

‖dΩ2
d−3

ρ2 . (5.37)

Importantly, the two asymptotic regions z → ±∞ both map to conformal
boundary in Fefferman-Graham coordinates, i.e. they both correspond to a theory
defined in the UV. The same is true when γ 6= 1 (see Appendix 5.B).

Now it is natural to ask: how would an RG flow of DCFT look like in a
holographic setup? To answer this question notice that in Fefferman-Graham
coordinates the energy scale varies (at least asymptotically) along coordinate ρ.
We approach UV when ρ→ 0 while IR corresponds to the limit ρ→∞. Borrowing
intuition from flat domain walls we expect the holographic RG flow to interpolate
between the near boundary (ρ → 0) region of UV theory and the deep interior
(ρ → ∞) of the IR theory. In particular, the warp factor (in domain-wall type
coordinates) should go to zero in the IR.

Comparing the FG coordinates (ρ, x⊥) to the hyperbolic slicing coordinates
(u, z) we see that the only way to approach the deep IR region in hyperbolic
slicing coordinates is to fix z and send u → ∞. When we fix z we restrict to a
particular AdS slice. Recall that all AdS slices intersect the conformal boundary
along the defect. Assuming that the dynamics on the AdS slice is dual to the
dynamics on the defect theory (i.e. the theory describing the subset of degrees
of freedom localised on the defect) we conclude that the evolution along the FG
radial coordinate ρ is naturally interpreted as an RG flow of the defect theory and
not as that of the ambient CFT.

We can also solve for the asymptotic behaviour of the scalar σ:

σ(z) ∼ σ0

sinh2( z
nL )
∼ σ0

( ρ

r⊥

)2/n
, as ρ→ 0. (5.38)

Note that n can be different on the two sides of the defect (i.e. for r⊥ > 0 and
r⊥ < 0).

As we have discussed above the value of n determines if we are dealing with an
explicit deformation or a VEV for a dual operator. Naively one would expect an
RG flow if we deform the theory. To be more precise we add to the action of the
CFT on each side of the interface the term with a position-dependent coupling∫

ddx
σ0

rd−∆
⊥
O∆ (5.39)
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which breaks the full conformal symmetry to the defect conformal group. The
position-dependence of this coupling is very special. It makes this deformation
marginal by power counting for any ∆ (see [171] for a discussion of such couplings)!
This is why an RG flow is not necessarily generated by this deformation.

When the critical point of the potential is a local minimum the dual operator is
irrelevant, i.e. ∆ > d. Then (5.38) says that the symmetry is broken by a position
dependent VEV of the dual operator.

In the analysis above we ignored subleading terms in (5.35). In general there
are corrections to coordinate transformation (5.36) which will change the position
of the defect x⊥ = 0. However, these corrections will not change our interpretation
of the solution since the leading terms in near boundary expansions of the fields
are correctly captured by (5.36) alone (or its generalisation for γ 6= 1).

To summarize: at the maximum of the scalar potential the type of deformation
(explicit breaking or VEV) is determined by the value of n (see discussion above)
while at the minimum of the scalar potential the ambient CFT is deformed by a
VEV for an irrelevant operator. The interface separates two critical points of the
potential deformed by position-dependent sources/VEVs.

Now we present some of the simplest defects which can be obtained using our
formalism.

5.3.2 Interfaces
We begin by providing examples where q(σ) has two poles. Consider

q(σ) = eσ

cosσ (5.40)

in d = 2 dimensions. Equation (5.16) has general solution

s(σ) = e−σ (c1 + σ + sin(σ) cos(σ))
sin(σ) + cos(σ) . (5.41)

Requiring s(σ) to be non-singular between −π/2 and π/2 fixes c1 = (2 + π)/4.
The potential is

V (σ) = e−σ(−4σ− 2(4σ+ π+ 4) sin(2σ) + (4σ + π − 2) cos(2σ) + cos(4σ)− π − 7)
4(sin(σ) + cos(σ))3 .

(5.42)

The potential, warp factor and the scalar profile are plotted in the Figure 5.1.
Between −π/2 and π/2 this potential is monotonic and has the maximum at π/2
and the minimum at −π/2. Interestingly, the mass of the deformation at both
boundaries is zero (which corresponds to n = 1 - see the discussion above). Note
that both maximum and minimum of the potential define an AdS vacuum. The
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Figure 5.1: Holographic dual for the interface CFT defined by equation (5.40).
Left: the warp factor and the scalar potential as functions of the scalar σ; Right:
numerical solution for the warp factor and the scalar profile as functions of the
radial coordinate z. Note that this interface is not Z2 symmetric.

radii of curvature on the two sides differ and thus the central charge in the dual
theory jumps across the defect (see [172] for an earlier discussion of such solution
in supergravity). These two vacua could be in principle connected by an RG flow
(which from the gravity perspective is just a Poincaré-invariant domain wall). Thus
this solution is very close to a holographic realization of the construction in [173],
where such an interface is called RG domain wall. The only difference is that in our
construction the theories on the two sides of the interface are deformed by position-
dependent scale-invariant couplings (see previous subsection) (see also [174] for a
recent example of RG domain walls in supergravity).

A family of interface solutions can be obtained for any d from

q(σ) = a

sinn(bσ) . (5.43)

This gives

s(σ) = 1
a

2F1

[
−n2 ,

2αβ
b2n

; 2αβ
b2n

+ 1; cos2(bσ)
]

(5.44)

and the scalar potential is

V (σ) =−
2α2

( (
b2n2−4β2 tan2(bσ)

)
2F1

[
−n2 ,

2αβ
b2n ; 2αβ+b2n

b2n ; cos2(bσ)
]

+ 4β2 sinn+2(bσ)
cos2(bσ)

)
ab2n2 .

(5.45)
For even n (or simple relations among b and β) the hypergeometric functions
reduce to polynomials (elementary functions) in cos2 σ. The simplest example is
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Figure 5.2: Holographic dual for the interface CFT defined by equation (5.43)
with n = 2, d = 3, a = b = 1. Left: the warp factor and the scalar potential as
functions of the scalar σ; Right: the warp factor and scalar profile as functions of
the radial coordinate z.

given by n = 2 giving

s(σ) = 1
a

(
1− αβ

b2 + αβ
cos2(bσ)

)
, (5.46)

V (σ) = −4b2d+ cos(2bσ)− 1
2a (2b2(d− 1) + 1) . (5.47)

The domain wall interpolates between σ = 0 and σ = π/b. In this example one
can obtain scalar’s profile and the warp factor analytically

σ(z) = 2
b

arctan
[

exp(z/L)
]
, q(z) = a cosh2(z/L), (5.48)

where we have introduced

L =
√
a(d− 1)(1 + 2b2(d− 1))√

2b
. (5.49)

Note that this warp factor does not define the pure AdS space, but only asymp-
totically locally AdS (see Appendix 5.B).

This flow interpolates between two maxima of the potential V (σ) as shown on
the Figure 5.2.

5.3.3 Boundary CFT from the folding trick
A well-known method of constructing boundary CFT is the so-called folding (dou-
bling) trick. With the machinery developed above it is easy to construct a holo-
graphic counterpart of this construction (see [175] for an early discussion of this
construction in the context of AdS/CFT correspondence).
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5. First order formalism for the holographic duals of defect CFTs

We want to put the same theory on the both sides of the interface. To this
end it is enough if the scalar potential has only one critical point. The scalar field
σ approaches the same critical value as z → ±∞. Moreover we are looking for
solutions which have Z2 invariance with respect to z → −z. It is also enough for
q(σ) to have only one pole.

We describe a family of solutions related to that discussed in the previous
subsection. It is defined by

q(σ) = a

sinhn(bσ) . (5.50)

This gives

s(σ) = c1 cosh
4αβ
b2n (bσ) + i−n

a
2F1

[
−n2 ,−

2αβ
b2n

; 1− 2αβ
b2n

; cosh2(bσ)
]
, (5.51)

where c1 is an arbitrary integration constant. Note that the hypergeometric func-
tion has a branch cut in the complex plane running from 1 to ∞ and generically
the right hand side of the last formula should be viewed as an analytic continua-
tion (however, for simple choices of n or b it reduces to elementary functions). It
is easy to check then that the function s(σ) defined by (5.51) is in fact real. The
scalar potential is

V (σ) = −8α2β2 tanh2(bσ) sinhn(bσ)
ab2n2 (5.52)

−
2α2 (b2n2 − 4β2 tanh2(bσ)

) (
i−n 2F1

[
−n2 ,−

2αβ
b2n ; 1− 2αβ

b2n ; cosh2(bσ)
]

+ ac1 cosh
4αβ
b2n (bσ)

)
ab2n2 .

As a simple example, consider the case n = 4 and set c1 = 0. Clearly, as σ
goes to zero (from the right) we approach the boundary of AdS. The potential
simplifies to

V (σ) =
(k−1) cosh(4bσ) +

(
b2(32− 48d) + 4

)
cosh(2bσ) + 4b2 (d (11− 8k)− 7)− 3

8a (k − 1) (2k − 1) ,

(5.53)
where we have introduced

k = 4b2(d− 1). (5.54)

We also impose k > 1. The kinetic energy is

σ̇2 = 1
a(d− 1)

(2 sinh2(bσ)
k − 1 + sinh2(2bσ)

2 (1− 2k)

)
(5.55)

The scalar is stationary at

σ = 0 and at σ = 1
2b cosh−1

(3k − 1
k − 1

)
. (5.56)
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Figure 5.3: Holographic dual for the interface CFT defined by equation (5.50)
with n = 4, d = 3, a = 1, b = 1/2. Left: the warp factor and the scalar potential
as functions of the scalar σ; Right: the warp factor and scalar profile as functions
of the radial coordinate z.

and its profile as well as warp factor can be obtained analytically:

σ(z) = 1
b

cosh−1
(√ (2k − 1)

1 + k tanh2 ( z
L

)), q(z) = a

(
2k − 1
k

cosh2
( z
L

)
− 1
)2

,

(5.57)
where the characteristic scale of this solution is (it is twice the asymptotic radius
of curvature)

L =
√
a(k − 1)(2k − 1)

2
√

2b2
. (5.58)

The potential, geometry and scalar profile of such a solution are plotted in the
Figure 5.3.

Another similar family of solutions can be obtained by considering the warp
factor

q(σ) = a

σn
. (5.59)

Then

s(σ) = e
σ2

(d−1)n

σn+2E−n2

(
σ2

(d−1)n

)
a(d− 1)n + c1

 , (5.60)

where Ek(x) denotes the exponential integral function defined as

Ek(x) =
∞∫

1

e−xt

tk
dt. (5.61)
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The potential and kinetic energy can be again computed analytically analogously
as in the cases discussed above. When n is even the solution can be expressed
using elementary functions.

5.4 Applications
In this section we perform sample computations on some of the simplest back-
grounds we have found in the previous section. We discuss the gravity dual of
the boundary OPE and illustrate computation of entanglement entropy for the
specific entangling surface. It allows us to extract nontrivial information about
the spectrum and central charge of some defect CFTs.

5.4.1 Boundary OPE and fluctuations
In a defect CFT it is useful to draw a distinction between "ambient" fields φd(y, r⊥)
propagating throughout the space and "defect" fields φd−1(y) confined to the de-
fect (y parametrizes all coordinates along the defect). The latter include also
restrictions of the former to the defect.

Reference [140] analysed the constraints put on the correlation functions of
gauge invariant operators by the reduced defect conformal group. In particular, a
non-zero one-point function for the ambient operator Od of scaling dimension ∆
is allowed and takes the form

〈Od(y, r⊥)〉 = AOd
r∆
⊥

(5.62)

for some constant AOd . The form of the two-point function of an ambient operator
of dimension ∆ and a defect operator Od−1 of dimension ∆′ is also fixed uniquely
up to an overall coefficient

〈Od(y, r⊥)Od−1(y′)〉 =
BOdOd−1

r∆−∆′
⊥ (r2

⊥ + (y − y′)2)∆′
. (5.63)

Coordinates of any two points can be combined into an invariant with respect to
the defect conformal group

ξ = (y − y′)2 + (r⊥ − r′⊥)2

4r⊥r′⊥
(5.64)

and therefore the two-point function of two ambient (scalar) operators in general
depends on an undetermined function f of this invariant

〈O1
d(y, r⊥)O2

d(y′, r′⊥)〉 = f(ξ)
r∆1
⊥ r′∆2
⊥

. (5.65)
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Near the defect an ambient operator Od can be expanded as a power series in
defect operators Ond−1

Od(y, r⊥) =
∑
n

BOdOn

r∆d−∆n

⊥
Ond−1(y). (5.66)

This expansion is called boundary OPE (BOPE).
As argued in the beautiful paper [145] the BOPE has simple counterpart in the

dual gravitational description. Consider generic field φd+1(z, u, y) of mass Md+1
in AdSd+1 (y parametrizes coordinates along the defect while z and u together
combine into r⊥). It transforms in some representation of SO(2, d) and is dual to
some gauge-invariant ambient operator Od in the boundary field theory. We can
decompose φd+1(z, u, y) into a tower of fields φd,n(u, y) living on AdSd subspace
and transforming in some representations of the defect subgroup SO(2, d− 1):

φd+1(z, u, y) =
∑
n

ψn(z)φd,n(u, y). (5.67)

Equation (5.67) is conjectured to be the gravitational analog of the BOPE (5.66).
The conformal dimension of φd,n(u, y) is determined by the AdSd-mass m2

n:

�dφd,n(u, y) = m2
nφd,n(u, y). (5.68)

After equation (5.68) has been solved, the fluctuation equation for φd+1(z, u, y)
reduces to an equation for ψn(z). Imposing regularity of ψn(z) at the boundary
of AdSd+1 (i.e. as z → ±∞) we obtain an eigenvalue problem, which determines
the masses mn of the fields appearing in the expansion (5.66). In the language
of the dual field theory this analysis determines the dimensions of the operators
appearing in the BOPE (5.66).

Below we perform this program in a simple example. As a result we obtain
partial information about the spectrum of the defect operators.

First we consider the fluctuations of the minimally coupled probe scalar field
on the generic backgrounds constructed above. Recall that the fluctuations of
the transverse traceless part of the metric satisfy the field equation of the mass-
less scalar (see [172] for a recent discussion). We will be able to restrict to this
particular case later by setting AdSd+1-mass to zero.

For the scalar field f(σ, u, t, ~x) of mass Md+1 the field equation is

−2αβ
q′2

[
2qq′s′f ′′ +

(
(d+ 1)s′q′2 − (qq′′s′ − qq′s′′)

)
f ′
]

(5.69)

+ 4α2β2

q

[
u2∂2

uf + (2− d)u∂uf − u2k2f
]

= M2
d+1f,

where k is the Fourier momentum along the (t, ~x) directions. The second line
involves the Laplacian in transverse AdSd space. We can separate the variables by
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decomposing the general fluctuation in the sum over those respecting the defect
conformal group

f(σ, u) =
∑
n

ψn(σ)Un(u, t, ~x). (5.70)

Functions Un satisfy the field equation of the probe scalar on AdSd space:

u2∂2
uU + (2− d)u∂uU − u2k2U = m2

nU, (5.71)

with the regular solution given in terms of modified Bessel function

Un(u) = u
d−1

2 Kνn(ku), (5.72)

where νn =
√

(d− 1)2 + 4m2
n/2. The field equation for the wave function ψn(σ)

is

− 2αβ
q′2

[
2qq′s′ψ′′n +

(
(d+ 1)s′q′2 − (qq′′s′ − qq′s′′)

)
ψ′n

]
= (M2

d+1 −
4α2β2

q
m2
n)ψn.

(5.73)
Generically this equation does not have an analytic solution. We can look for
specific choices of s(σ) for which this equation can be solved.

As a simple example consider

q = a

sin2(bσ)
(5.74)

discussed in the section 5.3.2. To analyse the equation (5.73) we introduce new
variable x = cos(bσ) and look for the solution of the form ψn = (1− x2)d/4gn(x).
The equation for gn(x) becomes that for the associated Legendre function

(1− x2)g′′n(x)− 2xg′n(x) +
[
λn(λn + 1)− µ2

1− x2

]
gn(x) = 0, (5.75)

with the prime denoting the derivative with respect to x. We have also introduced
parameters λn and µ defined by

(λn + 1
2)2 = (d− 1)2

4 + (1 + αβ

b2
)m2

n, (5.76)

µ2 = d2

4 + (1 + αβ

b2
) a

4α2β2M
2
d+1. (5.77)

We are looking for a solution for ψn which approaches zero at the boundary, i.e.
as x → ±1. Using the trigonometric expansions for the Legendre functions [176]
we see that this condition leads to the relation

λn = −µ+ n, n ∈ Z. (5.78)
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If µ is half-integer we have to impose in addition λn > −3/2. The dimensions of
the operators appearing in the BOPE decomposition are

∆n =
d+

√
d2 + b2

b2+αβ (2λn + d)(2λn + 2− d)
2 . (5.79)

Putting Md+1 = 0 (leading to µ being integer or half-integer) we obtain part of
the spectrum of the operators appearing in the BOPE of the stress-energy tensor
with the defect. As a simple check of our result we see that in the limit when
b→∞ (which corresponds to pure AdS without defect) we get the mass spectrum

m2
n = (2n+ d)(2n+ 2− d)

4 (5.80)

reproducing the known result (see reference [141] for pure AdS5 case).

5.4.2 Entanglement entropy in CFTs with defects
Entanglement Entropy (EE) in QFT is a powerful measure of entanglement be-
tween subsystems. It can count number of degrees of freedom, characterise phases
of matter, serve as an order parameter in phase transitions, etc. However, EE is
difficult to compute, even in free field theories. In the context of holography a
well-defined prescription was proposed in [177, 178]. Rigorous proof of this con-
jecture exists in d = 2 [179, 180] (for more general evidence see [181]). In the
special case when the entangling surface (i.e. surface separating a subsystem from
its complement) is a sphere (or a conformal transformation of it) an independent
derivation of EE was given by Casini, Huerta and Myers (CHM) in [182]. The
CHM idea was generalised for defect CFTs to compute the EE across the spherical
entangling surface centred on the defect in [183]. In this sections we compute the
EE of such a region in one of our examples.

Let us start with some general observations. In our notation the backreacted
geometries take the form

ds2 = dz2 + (d− 1)2 q(z)
u2 (du2 − dt2 + dr2

‖ + r2
‖dΩ2

d−3). (5.81)

We are looking for the minimal surface ending on the boundary on the circle of
radius R centred at the defect. We parametrize it by the so far unknown function
u(z, r‖). The minimal area functional is (assuming d ≥ 3)

Amin = Vol(Sd−3)
∫
dr‖dz r

d−3
‖

( (d− 1)2q(z)
u2

) d−2
2

√
1+(∂r‖u)2+ (d− 1)2q(z)

u2 (∂zu)2.

(5.82)
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Crucially, as argued in detail in [183], the area is minimised (globally) when ∂zu =
0. This simplifies the computation significantly. The minimal surface is given by
the equation

u(r‖)2 + r2
‖ = R2 (5.83)

and its area factorizes into two integrals

Amin = (d− 1)d−2Vol(Sd−3)
[ rε∫

0

dr‖
Rrd−3
‖

(R2 − r2
‖)

d−1
2

][ zε(r‖)∫
−zε(r‖)

dzq(z)
d−2

2

]
, (5.84)

i.e. for any fixed value of r‖ between zero and rε =
√
R2 − ε2 we integrate over z

up to the cutoff zε(r‖) which depends on both ε and r‖.
Usually entanglement entropy is computed with a regulator ε in Poincaré coor-

dinates. It is possible to implement it directly in AdS slicing using the expression
for the Poincaré radial coordinate ρ [183] (see also Appendix 5.B)

ρ = u exp
(
−
∫ z

dz′

√
1
L2 −

1
(d− 1)2q(z)

)
(5.85)

leading to the relation between the cutoffs ε and zε

ε =
√
R2 − r2

‖ exp
(
−
∫ zε

dz′

√
1
L2 −

1
(d− 1)2q(z)

)
. (5.86)

After the integral over z in (5.84) is performed one integrates over r‖ from 0 to
rε =

√
R2 − ε2.

We perform this computation for the interface discussed in the previous section
defined by the equations (5.48) and (5.49). To evaluate the z-integral in (5.84) we
notice that

∫
coshd−2(z)dz =


1

2d−2

(
d−2

(d−2)/2
)
z + 1

2d−2

d
2−2∑
k=0

(
d−2
k

) sinh((d−2−2k)z)
d
2−1−k if d is even

d−3
2∑

k=0

( d−3
2
k

) sinh2k+1(z)
k+1 if d is odd

For definiteness we choose d = 3, then

Amin = 4RL
√
a

rε∫
0

sinh(zε(r‖)/L)
R2 − r2

‖
dr‖. (5.87)

Next step is to find the relation between ε and zε. Evaluating the integral in (5.86)
we find (see also (5.111))

ε = B
√
R2 − r2

‖

( tε − 1
tε + 1

)1/2(A tε + 1
A tε − 1

)A/2
, (5.88)
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where
A2 = L2

a(d− 1)2 , B = 2A√
A2 − 1

(A− 1
A+ 1

)A/2
(5.89)

and we have introduced

tε = sinh(zε/L)√
cosh2(zε/L)−A2

. (5.90)

For generic value of A one cannot solve analytically the algebraic equation (5.88)
for sinh(zε/L) (except for the case A = 2). Luckily, we know the inverse relation
between r‖ and tε and can express the integrand in (5.87) in terms of tε:

Amin = 4RL
√
a(A2 − 1)3/2

∞∫
t0

tε
(t2ε − 1)3/2

1
A2t2ε − 1

1√
R2 − ε2

B2
tε+1
tε−1 (Atε−1

Atε+1 )A
dtε,

(5.91)
where t0 is defined through the equation

t0 − 1
t0 + 1

(At0 + 1
At0 − 1

)A
= ε2

B2R2 , (5.92)

which again cannot be solved analytically for generic A. It is enough however to
know the Taylor series for t0(ε):

t0 ∼ 1 + 2
R2

(A− 1
A+ 1

)A ε2

B2 +O(ε4). (5.93)

The integral in (5.91) cannot be performed analytically, but we can analyse
its behaviour as ε → 0. Naively we expect to find 1/ε divergence characteristic
for three-dimensional CFT and potential logarithmic divergence coming from the
two-dimensional defect.

It is convenient to change the integration variable once again and define

t = tε − t0, (5.94)

then the integration domain for t is from zero to infinity. Next, let us rewrite the
integral in (5.91) as a sum of two integrals: one from zero to some intermediate
value δ and the second one from δ to infinity (we will assume that δ is of order
O(1) and that ε2 � δ). Now note that the integrand is approaching zero as t→∞
fast enough and therefore the second integral is never divergent irrespectively of
the value of ε, even for ε = 0. Therefore we can concentrate on the region close to
the lower limit of the integral.

Notice also that the expression under the square root in the integrand vanishes
at t = 0 (as t/ε2) and is of order O(1) when t ∼ O(ε2). Thus we can identify
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two different regions between zero and δ where the integrand behaves differently.
For t < ε2 it goes like 1/

√
t and for ε2 < t < δ it is approximately 1/t3/2. In

both regimes the power is fractional and therefore there can be no logarithmic
divergence. To be more precise, in the first regime we get

ε2∫
0

1
ε2

1√
t
dt ∼ 1

ε
, (5.95)

and in the second regime

δ∫
ε2

dt

(t+ t0 − 1)3/2 ∼
1√

t+ t0 − 1

∣∣∣
ε2
∼ 1
ε
. (5.96)

The coefficient of 1/ε divergence (as well as finite part of the EE) can be extracted
numerically.

Thus we do not find a logarithmic divergence11. Usually the logarithmic di-
vergence in the EE in even dimensions is multiplied by some linear combination
of the central charges. For instance in a two-dimensional CFT there is a single
central charge c which can be defined as a coefficient of the Ricci scalar R in the
trace anomaly. When we are dealing with a two-dimensional defect embedded into
some higher-dimensional CFT the situation is more complicated. Apart from the
Ricci scalar one can use the extrinsic curvature and the Weyl tensor in order to
construct two other possible structures appearing in the anomaly [185–187]. In
three dimensions the Weyl tensor vanishes and therefore naively there are two cen-
tral charges characterising two-dimensional DCFT embedded in three-dimensional
space. In general some linear combination of them will multiply the logarithmic
divergence in the EE. Our computation shows that for this specific interface this
particular combination of central charges vanishes.

5.5 Conclusions
To summarise, we have developed a simple first-order formalism for construct-
ing AdSd-sliced domain walls in asymptotically AdSd+1 spacetimes. Such domain
walls provide holographic duals of the conformal codimension one defects - bound-
aries and interfaces. We have shown that the entire solution is specified with the
help of a single function, from which the spacetime geometry, scalar potential and
scalar profile are easily derived. In this respect the situation is analogous to the
well-known fake superpotential formalism for flat Poincaré-invariant domain walls.

11 Similar computation with analogous result appeared in [184] for the top-down supersym-
metric M-theory Janus defect.
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We have applied this formalism to construct families of analytic gravitational
duals of the conformal defects. Among them there are subfamilies given in terms
of elementary functions. For one of the simplest solutions we have computed
the discrete spectrum of dimensions appearing in the OPE between the energy-
momentum tensor and the defect. For the same defect we have studied the en-
tanglement entropy across the spherical region centred on the defect. For a two-
dimensional defect we have found that the coefficient in front of the logarithmic
divergence in the entanglement entropy vanishes. This means that one of the linear
combinations of the central charges vanishes in the dual defect theory.

Interfaces constructed using the AdS-slicing have the property that some of
the sources or VEVs have specific position-dependence of the form (5.39), which
in part may be responsible for the breaking of bulk conformal symmetry to the
defect conformal group. It is important to find a generalization of the original
ansatz such that position-independent couplings could be incorporated. In such a
setup it will be natural to look for a holographic version of the g-theorem [188].

We have also found a simple interface separating two CFTs which could be
connected via an RG flow. Such an interface is reminiscent of the construction
in [173] 12. The main difference in our solution is that the UV and IR CFTs on
the two sides of the interface are deformed by position-dependent (but classically
scale invariant) couplings or VEVs. It would be interesting to find a holographic
RG flow interpolating between a CFT in the UV and such a defect in the IR.

Another natural question is how the formalism presented in this chapter relates
to the "top-down" constructions of holographic defects. For flat domain walls the
answer to an analogous question has been provided in references [190,191], where
it has been shown that any flat domain wall in a supergravity theory is also a
domain wall solution of a specific fake supergravity. Our results indicate which
structure generalises fake supergravity and thus provide a first step towards an
analogous statement for curved domain walls.

Using domain wall / cosmology correspondence [166, 192] our formalism can
also be applied for constructing cosmologies with spherical spatial slices and time-
dependent cosmological constant.

12We are aware that Davide Gaiotto has unpublished related work [189].
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Appendix

5.A Relation to the Hamilton-Jacobi Theory
The Hamilton-Jacobi theory for (curved) domain walls was developed in the ref-
erence [167] (see also [193,194]). Here we repeat their analysis in our language.

Starting from effective Lagrangian (5.4) we define canonical momenta

πϕ = ∂L

∂ϕ̇
= ηeαϕϕ̇, πσ = ∂L

∂σ̇
= −ηeαϕσ̇. (5.97)

The Hamilton’s characteristic function S is a functional of the fields σ and ϕ.
We will find it without actually solving the Hamilton-Jacobi equations. To this
end observe that

Ṡ = πϕϕ̇+ πσσ̇. (5.98)

Using explicit expressions

ϕ̇ = ∓2α
√
s− 1/q, σ̇ = ±|s′|

√
1

s− 1/q (5.99)

we compute

ηṠ = eαϕ(ϕ̇2 − σ̇2) (5.100)

= ϕ̇(∓2αeαϕ
√
s− 1/q)− σ̇2eαϕ

= d

dz
(∓2eαϕ

√
s− 1/q)± eαϕ√

s− 1/q

(
ṡ+ q̇

q2

)
− σ̇2eαϕ

= d

dz
(∓2eαϕ

√
s− 1/q)∓ 4αβ e

αϕ

q
.

Integrating with respect to z we finally find

S = ∓2ηeαϕ
√
s− 1/q ∓ 4ηαβ

∫ z(σ) eαϕ

q
dz. (5.101)
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It is straightforward to check that the relations

∂S
∂ϕ

= πϕ,
∂S
∂σ

= πσ (5.102)

hold.
As was noted in [167] the last term in (5.101) is absent for flat domain walls.

Importantly, this last term is a non-local function of the scalar field σ (ϕ depen-
dence can be removed by a gauge choice). In the context of holography S plays
the role of the generating functional and thus may need to be renormalized. While
the first term can be removed by a local counterterm, the second term can not.
Therefore the 1-point function of the operator dual to σ is generically non-zero.

5.B From AdS slicing to Fefferman-Graham
A locally asymptotically AdSd+1 metric in AdSd slicing

ds2 = dz2 + (d− 1)2 q(z)
u2

(
du2 − dt2 + dr2

‖ + r2
‖dΩ2

d−3

)
(5.103)

can be always brought in the Fefferman-Graham form (at least near the boundary
and away from the location of the defect)

ds2 = L2

ρ2

[
dρ2 + v(ρ/r⊥)dr2

⊥ + w(ρ/r⊥)
(
− dt2 + dr2

‖ + r2
‖dΩ2

d−3

)]
(5.104)

by the following change of coordinates [183,195]

ρ = u exp
(
∓
∫ z

√
1
L2 −

1
(d− 1)2q(z′)dz

′
)
, (5.105)

r⊥ = u exp
(
± 1

(d− 1)

∫ z 1√
q(z′)

(
(d−1)2

L2 q(z′)− 1
)dz′), (5.106)

where the sign in the first formula should be chosen in such a way that ρ ap-
proaches zero as z → ±∞ (the sign in the second formula is then the opposite
one). Moreover the integration constant is fixed by the requirement that the func-
tions

v(z) = ρ2

r2
⊥

( (d− 1)2

L2 q(z)− 1
)
, (5.107)

w(z) = (d− 1)2

L2
ρ2

u2 q(z), (5.108)

approach one as ρ→ 0.
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As a concrete example consider a geometry defined by

ds2 = dz2 + γ2L2 cosh2(z/L)
u2

(
du2 − dt2 + dr2

‖ + r2
‖dΩ2

d−3

)
. (5.109)

We have encountered a geometry of this type in the subsection 5.3.2. When the
constant γ is not equal to one this space is not pure AdS. To see it compute the
Ricci curvature:

R = −d(d+ 1)
L2 + d(d− 1)(γ2 − 1)

γ2L2
1

cosh2(z/L)
. (5.110)

As z →∞ the Ricci scalar approaches −d(d−1)/L2 which is the Ricci curvature of
the pure AdSd+1 with the radius L. Therefore this geometry defines asymptotically
locally AdS space. Assuming that γ2 < 1 the Fefferman-Graham form is achieved
through

r⊥ = u
(1− γ

1 + γ

) 1
2γ
( t+ γ

t− γ

) 1
2γ
, ρ = 2√

1− γ2
r⊥

( t− 1
t+ 1

) 1
2
, (5.111)

where
t = sinh(z/L)√

cosh2(z/L)− 1/γ2
. (5.112)

Note that this change of coordinates is not defined on the entire spacetime, but only
when cosh(z/L) > 1/γ. It indicates the breaking of Fefferman-Graham expansion
at a particular value of z.
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Summary

Since Newton’s times we appreciate the fact that the behaviour of any physical
system is governed by the simple and beautiful laws. More specifically, once the
relevant interactions have been specified we can ’predict’ the evolution of the sys-
tem. On the most basic level we distinguish between four fundamental interactions:
electromagnetism, weak force, strong force and gravity. The first three of them
are described using the so-called gauge theories. Physicists know how to quantize
such theories (at least perturbatively). Quantum versions of these three interac-
tions are united in the so-called standard model of elementary particles. From the
experimental point of view this is arguably the most successful scientific theory
created by human beings by now.

Modern situation with the fourth fundamental force - gravity - is different.
Classically the Einstein’s theory of gravity works remarkably well. So well that
it is extremely hard to modify it in any way which would be consistent with
observations. However, construction of a quantum theory of gravity is an unsolved
problem. Gravity is just very different from other fundamental forces. Many
attempts to marry gravity with quantum physics have led to unresolved conceptual
puzzles, which are keeping several generations of theoretical physicists baffled.

String theory is one of the frameworks where we can probe some quantum
aspects of gravity. On the one hand string theory is a candidate for a quantum
theory of gravity on its own. On the other hand it gave rise to a concrete realisation
of the so-called holographic principle, according to which some (quantum) theories
of gravity secretly are lower dimensional gauge theories. In other words, gravity
is equivalent, or dual, to lower dimensional scale-invariant quantum field theory
(QFT). Holographic principle is believed to hold both at the classical and quantum
level.

Holographic duality to some extent may be viewed as an alternative definition
of gravity. With the precise holographic dictionary in hand we can translate any
question about gravity into a question about quantum field theory. Possible dif-
ficulties in answering corresponding question on the field theory side may well be
more of a technical rather then conceptual character.
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Summary

Having this new perspective on gravity has been very useful when applied
in another direction, i.e. for studying quantum field theories with the help of
gravity. Usually holography connects a strongly coupled QFT to a weakly coupled
classical gravity, which a priori is a much simpler theory. Understanding physical
phenomena at strong coupling rarely can be done using standard QFT techniques
analytically. Even computers are not useful so far for some types of problems.
Using holography such hard problems sometimes can be reformulated in the dual
gravitational language where they become much more tractable. For instance,
universal benchmarking results have been obtained in this way for certain transport
properties of strongly coupled (QCD-like) quark-gluon plasmas.

Usually the holographic duality connects gravity on the anti-de Sitter (AdS)
space to a scale invariant relativistic field theory, often referred to as conformal
field theory (CFT). AdS is a particular maximally symmetric solution to Einstein
equations with negative cosmological constant. Its isometries coincide with the
conformal symmetry group. In the AdS/CFT context the holographic dictionary
has been established to great precision and detail. It is natural to ask, if one could
extend the AdS/CFT correspondence to the spacetimes which are not asymptot-
ically AdS. It is widely believed that the holographic principle holds for a much
broader classes of spacetime asymptotics. However at present only the very special
extensions of the standard AdS/CFT correspondence are understood. Often these
are obtained as some kinds of analytic continuation or continuous deformation on
the either side of the correspondence. One way to modify the AdS asymptotics
is to introduce irrelevant deformations on the field theory side. Then if one can
keep the theory under computational control one will find a new field theory at
high energies and a new non-AdS spacetime on the gravity side. In such cases the
original holographic dictionary often gives rise to a natural dictionary in the new
duality. This philosophy is followed in a major portion of this thesis, where we
study holography for the so-called Lifshitz spacetimes.

Condensed matter physics is a rich source of strongly coupled scale-invariant
systems. Many phase transitions (like in the case of the high-Tc superconductivity)
are so interesting and hard due to the strong coupling physics involved. When the
standard methods do not work one is tempted to model corresponding systems
using holography. Holographic approach does not directly identify the theory
explaining the corresponding real world behaviour. Nevertheless it may well serve
as an inspiration for the new classes of theories which are more likely to describe
real materials and for some reason were overlooked before. One should keep in
mind, however, that a priori there is little reason to believe that holographic
approach should provide appropriate description of any given real-world system.
Usually one hopes that holography captures at least some universal features of the
system in question.

One general obstacle for applying holographic duality directly to condensed
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matter problems is the non-relativistic nature of the most real-world systems. At
the very least the time and space usually behave very differently. Holography,
on the other hand, is best understood in the relativistic (i.e. Poincaré invariant)
context. This thesis deals with some generalisations of the holographic principle
to the cases with broken Poincaré invariance.

The first part of this thesis deals with the holographic approach to the study of
the so-called Lifshitz invariant field theories. These are theories with anisotropic
scale invariance, where time and space scale differently at the critical point. This
anisotropy must be reflected in the dual gravitational description, i.e. the dual
spacetime should enjoy these non-relativistic symmetries. Such spacetimes have
been constructed as solutions of some simple gravitational theories. However, usu-
ally it is not clear how such spacetimes should be interpreted from the dual QFT
point of view. Hence it is also not known to which extent such constructions can be
connected to the real world phenomena. The spacetime with anisotropic asymp-
totics cannot correspond to relativistic theory. In this thesis we manage to clarify
the field theoretical interpretation of Lishitz invariant spacetimes in the context
of a particular gravitational theory, known as the Einstein-Proca model. It turns
out that in this case one can view the dual field theory as a particular irrelevant
deformation of underlying relativistic QFT. This deformation breaks relativistic
invariance and changes the nature of the critical point making it Lifshitz invariant.
As expected from the QFT perspective, irrelevant deformations are hard to keep
under analytical control in general. However one can proceed systematically using
a perturbative expansion in the deformation. This approach allowed us in this
thesis to study such deformations both from the gravitational and field theoretical
point of view. The resulting picture is very coherent. It provided new under-
standing of Lifshitz holography and helped to uncover a whole new universality
class of Lifshitz invariant quantum field theories. Moreover, as it turned out this
new class of theories is not completely disconnected from reality. A representative
of this type of Lagrangians has appeared few years ago in the theoretical models
explaining ’zig-zag’ phase transitions in one-dimensional electron chains! Some
results obtained in those studies follow directly from our general analysis.

In the second part of the thesis we consider the so-called conformal defects.
Such defects break translational invariance in ambient space, but scale invariance
on the defect is still preserved. Such defects are ubiquitous in condensed matter
physics. Again it is of interest to see what holographic dualities can teach us about
the physics of such systems. However in this case, before one could apply holo-
graphic approach to study such defects one is faced with another problem. One has
to construct spacetimes which would reflect the symmetry group of the conformal
defects. It turns out that it is not easy to find gravitational theories which would
allow simple solutions with required properties. In this thesis we have developed a
formalism which simplifies this problem significantly. This formalism is similar in
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spirit to the so-called ’superpotential’ formalism for constructing Poincaré invari-
ant asymptotically-AdS domain wall solutions. In particular it reduces a system of
the second order coupled ordinary differential equations to a set of the first order
decoupled equations. This method allowed us to construct new simple families of
theories and their classical solutions corresponding to conformal boundaries and
interfaces. We used constructed solutions to perform holographic computation of
some basic observables characterising the nature of such defects. We hope that
our method will find its applications in the active field of research on conformal
defects.
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Newton heeft ons leren waarderen dat de natuur kan worden beschreven door sim-
pele en prachtige wetten. Specifieker gezegd hebben we geleerd het gedrag en de
evolutie van een systeem te voorspellen, gegeven de interacties van dit systeem.
Op het meest elementaire niveau maken we onderscheid tussen vier fundamentele
interacties: elektromagnetisme, de zwakke kernkracht, de sterke kernkracht en
zwaartekracht. De eerste drie van deze krachten worden beschreven door zoge-
naamde ijk-theorieën. Natuurkundigen begrijpen hoe we zulke theorieën kunnen
quantiseren (perturbatief, ten minste). De quantumtheorie die de vereniging van
deze drie ijk-theorieën beschrijft noemen we het ’Standaard Model’ van de elemen-
taire deeltjes. Deze theorie is met de grootste nauwkeurigheid waargenomen en
experimenteel de meest succesvolle die de mens heeft voortgebracht.

In de moderne natuurkunde proberen we de vierde fundamentele kracht, de
zwaartekracht, in dit model te passen, en dit levert andere fysica op. Op het
klassieke niveau werkt Einsteins theorie voor de zwaartekracht opmerkelijk goed:
zo goed dat het erg moeilijk is om er iets aan te veranderen zonder in tegen-
spraak te raken met waarnemingen. Dit is echter wel nodig, omdat we nog geen
quantumtheorie van de zwaartekracht hebben gevonden. Zwaartekracht is in dit
opzicht een buitenbeentje. De vele pogingen om zwaartekracht te laten rijmen met
de wetten van de quantummechanica hebben generaties van natuurkundigen op
de pijnbank gelegd en zijn nog steeds zijn er vele diepe raadsles die tot op heden
onopgelost zijn.

De Snaartheorie is een raamwerk dat de toegang verschaft tot inzichten in
sommige van deze raadsles. Aan de ene kant is de Snaartheorie zelf een theorie
voor een quantummechanische zwaartekracht. Maar aan de andere kant geeft het
ook de eerste concrete realisering van het zogenaamde ’holografische principe’. Dit
principe luidt kortweg dat sommige theorieën van (quantum-)zwaartekracht eigen-
lijk ijktheorieën zijn, maar in een dimensie lager. In andere termen is zwaartekracht
’duaal’ (dat wil zeggen, equivalent) aan schaal-invariante quantum-velden theorie
(QFT) in lagere dimensie. Men gelooft dat dit holografische principe zowel klassiek
als quantum-mechanisch gezien stand houdt.
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In zekere zin kunnen we deze holografische dualiteit beschouwen als een alter-
natieve beschrijving van zwaartekracht. Aan de hand van een woordenboek, dat
de vertalingen tussen de twee theorieën mogelijk maakt, kunnen wel iedere vraag
in de ene theorie, vertalen naar een vraag in de andere theorie. Vragen die moeilijk
te beantwoorden zijn in de ene theorie kunnen, na vertaling, wellicht gemakkelijker
te beantwoorden zijn in de andere.

Holografie relateert een veldentheorie bij sterke koppeling aan een theorie van
zwaartekracht bij zwakke koppeling. Omdat vragen in sterk gekoppelde velden-
theorie notoir moeilijk te beantwoorden zijn, biedt holografie een uitkomst door
deze vragen de vertalen naar de zwak gekoppelde zwaartekracht. In een beroemd
voorbeeld heeft dit de mogelijkheid geboden tot het uitrekenen van transport-
coëfficienten voor sterk gekoppelde (QCD-achtige) quark-gluon plasma’s.

In de meest gebruikelijke vorm relateert holografie zwaartekracht in anti-de
Sitter (AdS) ruimtes aan schaal-invariante veldentheorie, of ’conforme veldenthe-
orie’ (CFT). De AdS-ruimte is een oplossing van Einsteins vergelijkingen voor de
zwaartekracht, in de aanwezigheid van een (negatieve) kosmologische constante.
De groep van de isometrie van deze ruimte is gelijk aan de groep van symmetrie‘n
van de CFT. Dit is een voorbeeld van een ’lemma’ uit het ’woordenboek’. In de
context van AdS/CFT is dit woordenboek nog veel verder uitgewerkt.

Het ligt voor de hand om de vraag te stellen of de AdS/CFT dualiteit ook zou
kunnen werken voor een meetkunde die niet (asymptotisch) AdS is. Vele natu-
urkundigen geloven inderdaad dat holografie verder gaat dan enkel dit voorbeeld
van AdS/CFT, maar slechts erg specifieke voorbeelden zijn goed uitgewerkt. De
typische extensies ontstaan door analytische continuatie of continue deformatie van
kwantiteiten uit de holografische theorieën. Een manier om de AdS asymptotiek
aan te passen is door irrelevante deformaties aan te zetten bij de velden-theorie.
Als we de theorie dan simpel genoeg weten te houden, dan zullen we bij hoge en-
ergie een nieuwe theorie vinden met een meetkunde die afwijkt van AdS. In zulke
gevallen geeft het oude woordenboek op een natuurlijke aanleiding tot een nieuwe,
als we de deformaties consequent meenemen. Deze filosofie is de leidraad voor het
grote deel van deze thesis, waarin we holografie bestuderen voor de zogenaamde
Lifschitz meetkunde.

Een rijke bron voor sterk gekoppelde schaal-invariante systemen wordt geleverd
door de natuurkunde van gecondenseerde materie. Vele fase-overgangen (neem
bijvoorbeeld hoge-temperatuur supergeleiders) zijn even ingewikkeld als inter-
ssant doordat ze worden beschreven door een theorie op sterke koppeling. Als de
berekeningen te moeilijk worden om uit te voeren, dan kan holografie een uitkomst
bieden. Hoewel de holografische benadering niet altijd de meest accurate beschri-
jving zal bieden voor systemen die we tegenkomen in de alledaagse natuur kan zij
toch helpen om de globale eigenschappen voor gelijkaardige klassen van theorieën
te begrijpen.
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De holografische beschrijving identificeert over het algemeen een relativistische
veldentheorie met een een theorie van zwaartekracht, en dit geeft een obstakel
voor het toepassen van holografie op systemen in de gecondenseerde materie: deze
zijn immers over het algemeen niet-relativistisch, en tijd en ruimte gedragen zich
op verschillende wijze. Deze thesis behandelt uitbreidingen van de holografische
methode naar gevallen die inderdaad niet-relativistisch zijn, dat wil zeggen waar
Poincaré-symmetrie is gebroken.

Het eerste deel van deze thesis behandelt de holografische beschrijving van
veldentheorieën die Lifschitz-invariant zijn. Dit zijn theorieën waar, op een kri-
tiek punt, de tijd en ruimte anders schalen (we noemen dit anisotropische schaal-
invariantie). Deze anisotropie moeten we terug kunnen vinden in de duale beschri-
jving in termen van de zwaartekracht, dat wil zeggen dat de duale meetkunde
deze niet-relativistische symmetrie moet genieten. Inderdaad zijn zulke meetkun-
des geconstrueerd als oplossingen van eenvoudige zwaartekrachtstheorieën. Het
is echter over het algemeen niet duidelijk hoe men zulke meetkundes moet inter-
preteren in termen van de veldentheorie, en is het ook niet bekend in hoeverre zulke
modellen verband houden met de werkelijkheid. De meetkunde met anisotropische
asymptotiek kan niet corresponderen met een relativistische theorie. In deze the-
sis verduidelijken we interpretatie van Lifschitz-meetkunde in termen van velden-
theorie door te kijken naar een specifieke zwaartekrachtstheorie, het zogenaamde
Einstein-Proca model. We leggen uit dat we in dit geval de duale veldentheorie
kunnen interpreteren als een bepaalde irrelevante deformatie van een relativistische
velden-theorie. Deze deformatie breekt de relativistische symmetrie en verandert
de aard van het kritieke punt en maakt haar Lifschitz-invariant. Zoals we gewend
zijn van het standpunt van de QFT, is het erg moeilijk om deze irrelevante defor-
maties analytisch te beheersen. Gelukkig kunnen we systematisch te werk gaan
door een perturbatieve analyse toe te passen in de deformatie. Deze analyse was
belangrijk in deze thesis zowel om de veldentheorie als de zwaartekracht te be-
grijpen, en geeft en erg coherrent beeld van de holografie. Het verschaft tevens
nieuwe inzichten in de Lifschitz holografie en geeft aanleiding tot de ontdekking
van een nieuwe universaliteits-klasse van Lifschitz-invariante QFTs. Deze nieuwe
theorieën staan zelfs niet zo ver weg van de realiteit als men aanvankelijk zou
denken: een vertegenwoordiger van dit type Lagrangianen is een paar jaar geleden
opgedoken in de beschrijving van de ’zig-zag’ fase-overgang in één-dimensionale
electron-ketens! Een aantal resultaten van die studie volgt direct uit onze veel
algemenere analyse.

In het tweede deel van de thesis behandelen we zogenaamde ’conforme defecten’.
Deze defecten breken de schaal-invariantie van de ruimte waarin ze leven, maar
de schaal-invariantie van het defect zelf blijft bestaan. Deze defecten zijn erg
belangrijk in de natuurkunde van de gecondenseerde materie. Wederom is het
interessant om te onderzoeken wat holografie ons kan leren over de fysica van
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dergelijke systemen. In deze gevallen worden we echter, voordat we holografie
willen gebruiken, gehinderd door een een probleem. We moeten een meetkunde
construeren die de isometrie-groep heeft van de symmetrie-groep van de conforme
defecten. Dit blijkt een erg lastige opgave te zijn. In deze thesis hebben we een
formalisme ontwikkeld dat dit probleem zeer versimpelt. Dit formalisme lijkt
in de kern op het zogenaamde ’super-potentiaal’ formalisme dat in AdS/CFT
wordt gebruike voor de beschrijving van ’domain-wall’ solutions. In het bijzonder
reduceert het een systeem van gekoppelde differentiaalvergelijkingen van de tweede
orde tot een verzameling ongekoppelde vergelijkingen van de eerste orde. Op deze
manier kunnen we nieuwe, eenvoudige families van theorieën construeren tezamen
met hun oplossingen, die corresponderen met conforme randen en interfaces. We
hebben deze oplossingen gebruikt om met behulp van holografie observabelen uit te
rekenen die ons iets over de aard van de defecter leren. We hopen dat deze methode
een toepassing zal vinden in het bruisende onderzoek van conforme defecten.
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