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2
Principles of plasmonic transduction

In this chapter, we will model the interaction of focused laser beams with plas-
monic antennas to determine the experimental observables of scattering and ex-
tinction. More importantly in the context of motion transduction, we will deter-
mine the change in scattering and extinction with changes in mechanical configu-
ration. Therefore, it is logical to use a scattering model to describe the interaction
of light and matter.

First, we review the mechanical portion of our plasmo-mechanical transducer,
using Euler-Bernoulli theory to derive expressions for the eigenfrequencies and
mode-shapes of the doubly clamped beams in our experimental structures. We
then use the fluctuation-dissipation theorem to describe the thermal displacement
fluctuations of the mechanical modes.

Next, we determine the polarizability α of two coupled dipoles and discuss the
radiation corrections to the electrostatic model. We then determine Im(α) and
|α|2, with which extinction and scattering, respectively, are proportional, and find
expressions for the change in Im(α) and |α|2 with changes δx in mechanical con-
figuration. We study the interaction of such a system with a focused laser beam, to
find the transmittance,

T ≡ Pout

Pin
, (2.1)

with Pin the input power and Pout the transmitted power. From T and the depen-
dence of Im(α) and |α|2 on changes δx we will determine the change in transmit-
tance ∂T

∂x . We include input- and output polarizers in this model, which we will use
to study a crossed-polarizer geometry, which for some scattering parameters can
be used to improve signal-to-noise ratios.
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2 Principles of plasmonic transduction
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Figure 2.1: Sketch of beam geometry indicating relevant parameters. L:
beam length, v(x): displacement.

We illustrate the attainable measurement sensitivity with this plasmonic trans-
duction scheme by considering two systems with mechanical properties that have
been demonstrated by other groups. We also adapt this model to study transduc-
tion of motion by plasmonic metal-insulator-metal geometries and compare this
to motion transduction by a geometric shadow geometry, which is relevant for the
experimental structures studied in Chapters 44 and 55.

2.1 Mechanical modes of doubly clamped beams
In this thesis, the mechanical modes we study are those of silicon nitride beams,
sometimes coated with a layer of metal. These beams have a large ratio of thickness
in the direction of motion to length, such that we have to take their flexural stiffness
into account [6868, 6969]. For the boundary conditions we assume that the beams are
doubly clamped: the endpoints are constrained to have no displacement and no
bending**. In the following, we will discuss the mechanical modes of these systems.
We will derive the eigenfrequencies for beams governed by flexural stiffness, and
show the modifications to include tensile stress and bilayer beams.

Following the derivation by Weaver, Timoshenko and Young [6969], we start from
the equation of motion for a beam:

∂2v

∂x2

(
E I

∂2v

∂x2

)
=−ρA

∂2v

∂t 2 , (2.2)

with displacement v(x, t ), Young’s modulus E , moment of inertia I , mass density
ρ and cross section A = w ×h. If the beam is prismatic, i.e. has a constant cross
section along its length, Young’s modulus and moment of inertia are independent
of x, reducing the equation to

E I
∂4v

∂x4 =−ρA
∂2v

∂t 2 . (2.3)

We rewrite this as
∂4v

∂x4 − 1

a2

∂2v

∂t 2 = 0, (2.4)

*In Section 5.35.3, we will discuss the validity of this assumption for our experimental geometry, using
finite-element simulations of the full geometry.
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2.1 Mechanical modes of doubly clamped beams

where we define a =
√

E I
ρwh . If the beam is vibrating in an eigenmode, we can write

v(x, t ) = X (x)(A cosΩt +B sinΩt ). Substituting this in Equation (2.42.4) gives

d4X

dx4 − ω2

a2 X = 0, (2.5)

and by defining k4 ≡ ω2

a2 , we obtain

d4X

dx4 −k4X = 0. (2.6)

If we let X = enx , we obtain
enx (n4 −k4) = 0, (2.7)

which has solutions n = (k,−k,−ik,+ik). The general solution can be written as

X =C1(coskx +coshkx)+C2(coskx −coshkx)

+C3(sinkx + sinhkx)+C4(sinkx − sinhkx) (2.8)

The equation of motion being studied here is a fourth-order differential equation,
and therefore requires four boundary conditions. For a doubly clamped beam, the
beam displacement and bending at the endpoints are fixed to 0:

X |x=0 = 0,
dX

dx

∣∣∣∣
x=0

= 0, X |x=L = 0,
dX

dx

∣∣∣∣
x=L

= 0. (2.9)

The first two boundary conditions imply that C1 =C3 = 0. From the third and fourth
boundary conditions we then obtain the coupled equations

C2(coskL−coshkL)+C4(sinkL− sinhkL) = 0 (2.10)

−C2(sinkL+ sinhkL)+C4(coskL−coshkL) = 0. (2.11)

The determinant of this problem is

cos(kL)cosh(kL)−1 = 0. (2.12)

The zeros of this determinant can be found numerically, and determine values for
k. Defining βn ≡ kn/L, we show these solutions in Table 2.12.1.

Using our previous definition of k4 = ω2

a2 , the eigenfrequencies are

ωn = β2
n

L2

√
E I

ρA
. (2.13)

The β values determine the frequency spacing between the different modes. Note
that the eigenfrequencies of a doubly clamped beam are not harmonically spaced.
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2 Principles of plasmonic transduction

mode 0 1 2 3

βn 4.73004 7.8532 10.9956 14.1372
C2,n/C4,n 1.01781 0.999223 1.00003 0.999999

fn,in (MHz) 14.2454 39.2679 76.9808 127.253
fn,in (MHz) (FEM) 14.1988 38.8893 75.5933 123.644

fn,out (MHz) 2.84907 7.85358 15.3962 25.4506
fn,out (MHz) (FEM) 2.87522 7.97144 15.7509 26.3022

Table 2.1: Mode numbers for the first four modes of a doubly clamped
flexural beam, showing β and the ratio C2/C4. We also show, for a
Si3N4 beam with parameters as given in Table 2.22.2, the in-plane and out-of-plane eigenfrequencies in MHz. These eigenfrequencies are both calculated,
using Equation (2.132.13), and extracted from FEM simulations.
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Figure 2.2: Mode shapes for the first four eigenmodes of a doubly clamped
beam, from Equation (2.82.8) and with parameters βn and C2,n /C4,n fromTable 2.12.1, with the maximummode amplitudemax(Xn (x)) normalized to 1.

silicon nitride gold

Young’s modulus E 250 GPa 70 GPa
density ρ 3100 kg/m3 19300 kg/m3

thickness h 50 nm 100 nm
width w 500 nm 500 nm
length L 18 µm 18 µm

Table 2.2: Parameters for silicon nitride and gold beams used in this
section.
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2.1 Mechanical modes of doubly clamped beams

Again using the boundary conditions for a doubly clamped beam given in Equa-
tion (2.92.9) we can solve for C2,n/C4,n . This parameter determines the shape of the
eigenmodes. We find the values in shown in Table 2.12.1 by solving

dX (L)

dx
= 0. (2.14)

The resulting mode shapes are plotted in Figure 2.22.2.
Using relevant experimental parameters, which we show in Table 2.22.2, we

can calculate the in-plane and out-of-plane eigenfrequencies for silicon nitride
nanobeams. These frequencies are shown in Table 2.12.1, together with values ex-
tracted from FEM simulations with identical geometrical and material parameters.

The values extracted from FEM are slightly different than the analytical results,
with FEM underestimating the in-plane eigenfrequency and overestimating the
out-of-plane eigenfrequency by less than 1%. We attribute this difference to
inaccuracies in meshing the beam, mainly around the clamping points.

2.1.1 Effective mass calculation
The maximum potential energy of a harmonic oscillator is given by

Upot,max = 1

2
kv2

max =
1

2
meffΩ

2
mv2

max, (2.15)

where the spring constant is determined by Ω2
m = k

meff
and vmax is the oscillator’s

maximum displacement. For the doubly clamped beams under consideration here,
the maximum displacement is not constant along the beam: it is determined by the
mode profile X (x). We account for this by introducing the effective mass meff [7070,
7171]. We integrate the potential energy over the volume elements dV of the beam,
normalized to the displacement at the center, as this is where we will generally
probe the motion [7272]:

Upot = 1

2
Ω2

m

∫ L

0
dV ρΩ2

mX (x)2 = 1

2
meffΩ

2
m max(X (x))2 . (2.16)

The effective mass for the fundamental mode is then, with the maximum displace-
ment max(X (x)) = X (L/2),

meff =
∫ L

0
dV ρ

[X (x)]2

[X (L/2)]2 . (2.17)

Performing the integration for the fundamental mode, using the mode shape from
Equation (2.82.8) and the parameters from Table 2.12.1, we obtain:

meff = 0.39whLρ = 0.39mphys, (2.18)

where mphys = whLρ the physical mass of the beam.
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2 Principles of plasmonic transduction
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Figure 2.3: Eigenfrequencies for in-plane (black) and out-of-plane (red)
mechanical modes of a silicon nitride beam. Dots are values extracted
from FEM simulations, lines are analytical calculations using Equation (2.222.22).
Parameters used are from Tables 2.12.1 and 2.22.2.

2.1.2 Flexural beams under the influence of axial ten-sion
So far, we have only included flexural restoring forces. There can also be axial ten-
sion in a beam, causing an additional restoring force. This modifies the governing
differential equation as follows [7373]:

E I
d4X

dX 4 −S
d2X

d x2 = ρAω2X , (2.19)

where S = σA is the tension in the beam, calculated as the axial stress σ times the
cross-sectional area A. Using Rayleigh’s method, equating the maximum kinetic
energy and the maximum potential energy in the beam, we can solve for the eigen-
frequencies of the beam:

Ω2 = E I

L4

(∫ 1
0

(
X ′′(x̄)

)2 dx̄∫ 1
0 (X (x̄))2 dx̄

+ σAL2

E I

∫ 1
0

(
X ′(x̄)

)2 dx̄∫ 1
0 (X (x̄))2 dx̄

)
, (2.20)

where x̄ = x/L, the (rescaled) position along the beam’s length, and the prime (′)
denotes differentiation with respect to x̄.

We can then find the leading order stress dependence of the frequency by filling
in the deflection function X (x) for a beam in the absence of stress, as given in
Equation (2.82.8), which we can rewrite for the fundamental mode (with β=β0),

X (x̄) = coshβ0x̄ −cosβ0x̄ + coshβ0 −cosβ0

sinhβ0 − sinβ0

(
sinβ0x̄ − sinhβ0x̄

)
, (2.21)

finding the frequency f :

f = 1

2π

β2
0

L2

√
E I

ρwh
+ 12.30σL2

ρβ4
0

. (2.22)
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2.2 Spectral density

We can rewrite this as a function of the unstressed frequency f0, shown in Equa-
tion (2.132.13), to emphasize the contribution of axial stress to the eigenfrequency:

f (σ) = f0

√
1+ σL2

3.4Eh2 . (2.23)

Figure 2.32.3 plots the resulting eigenfrequencies for a silicon nitride beam with pa-
rameters given in Table 2.22.2, and compares these analytical results with values ex-
tracted from FEM simulations. The agreement for the in-plane mode is very good.
However, for high stress we see that the FEM simulations predict a slightly lower
eigenfrequency than the analytical calculation. We attribute this to not having
enough mesh points in the out-of-plane direction in the FEM simulations, thereby
not modeling the geometry accurately enough. As the out-of-plane thickness is 10
times smaller than the the in-plane width, this direction is easily under-meshed.

2.1.3 Bilayer beams
In Chapters 44 and 55 we study beams made of silicon nitride covered with a layer
of gold. To model these bilayer beams, the values for the Young’s modulus, density
and stress must be replaced with effective parameters that represent the weighted
average of the two materials, each with cross-section area Am = wmhm :

Ee =
ESi3N4 ASi3N4 +EAu AAu

ASi3N4 + AAu
(2.24)

ρe =
ρSi3N4 ASi3N4 +ρAu AAu

ASi3N4 + AAu
(2.25)

σe =
σSi3N4 ASi3N4 +σAu AAu

ASi3N4 + AAu
, (2.26)

as shown by Su et al. [7474] and Bose et al. [7575]. We use this to modify Equation (2.222.22),
and compare the result to values extracted from FEM simulations for a bilayer beam
in Figure 2.42.4, and observe a good match. Due to the added layer of gold, the eigen-
frequencies are lower when compared to the silicon-nitride-only beam eigenfre-
quencies shown in Figure 2.32.3.

2.2 Spectral density
To study the (very small) mechanical motion of the beams, and to determine the
sensitivity with which this can be done, it is useful to define noise spectral densities.
For a review of noise spectral densities, we refer to the appendices of Clerk et al. [7676].

Wiener–Khinchin theorem
A measurement of an observable X (t ) is typically performed during a finite time
T . The gated Fourier transform XT (Ω) of X (t ) respresents the spectral content of a
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2 Principles of plasmonic transduction
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Figure 2.4: Eigenfrequencies for in-plane (black) and out-of-plane (red)
mechanical modes of a bilayer silicon nitride and gold beam. Dots are
values extracted from FEM simulations. Lines are an analytical model using
Equation (2.222.22) with Equations (2.242.24)–(2.262.26). Parameters used are from
Tables 2.12.1 and 2.22.2.

single observed trace:

XT(Ω) = 1p
T

∫ T /2

−T /2
X (t )e iΩt dt . (2.27)

By repeating the measurement over (individual) runs, we can obtain the spectral
density

〈|X (Ω)|2〉.
We can also define the noise power spectral density of the process X (t ) as the

Fourier transform** of the autocorrelation function:

SXX(Ω) ≡
∫ ∞

−∞
〈X (t )X (0)〉e iωt dt (2.28)

In most cases we are dealing with stationary processes, for which the autocorre-
lation function

〈
X (t + t ′)X (t )

〉
does not depend on t and can therefore be given

by 〈X (t )X (0)〉. In these cases, the Wiener–Khinchin theorem links the measured
spectral density to the noise power spectral density:

SXX(Ω) = lim
T→∞

〈|XT (Ω)|2〉= lim
T→∞

〈XT (Ω)XT (−Ω)〉 , (2.29)

Note that this is a “two-sided” spectral density, defined for positive and negative
frequencies Ω. We also define a “single-sided” spectral density, for Ω≥ 0, as

SX(Ω) = 2SXX(Ω), (2.30)

if we assume X (t ) is a real-valued and classical variable (X (t ) and X (t ′) commute
for all {t , t ′}). The units of both SX and SXX are [X ]2 /Hz. Note that the square root
of a spectral density

p
SXX is also often quoted, with units [X ]/

p
Hz.

*We define the Fourier transform of a function f (x) as f̃ (ω) = ∫ ∞
−∞ f (x)eiωt dt .
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2.2 Spectral density

By integrating the spectral density in Equation (2.292.29), we obtain:∫ ∞

−∞
SXX(Ω)

dΩ

2π
= 〈

X 2〉 . (2.31)

As such, the integral over a spectral density is the variance of the signal.

Transfer function
If two processes X and Y are linearly related through

Y (Ω) = g (Ω)X (Ω), (2.32)

the spectral densities SYY and SXX are related as

SYY(Ω) = ∣∣g (Ω)
∣∣2 SXX(Ω). (2.33)

The function
∣∣g (Ω)

∣∣2 is called a transfer function.

2.2.1 Spectral displacement density
The mechanical modes of the beams we study can be characterized by their suscep-
tibility, which depends on their eigenfrequency Ωm, damping rate Γm and effective
mass meff. In Section 2.12.1, we used Euler-Bernoulli beam theory to determine Ωm

and meff. Here, we will derive the susceptibility and determine the thermal fluc-
tuations of the eigenmodes of a mechanical system. Assuming that the different
modes of the system are sufficiently separated in frequency ((Ω2 −Ω1) À Γ1,Γ2),
where Γ1, Γ2 are the loss rates of the modes, we can describe the different modes
independently. Then, we can describe the time evolution of the position x(t ) for
one of the modes by the equation of motion for a harmonic oscillator:

meff
dx2(t )

dt 2 +meffΓm
dx(t )

dt
+meffΩ

2
mx(t ) = Fext(t ), (2.34)

where Fext is the sum of all the forces acting on the system. If there are no external
driving forces, only the stochastic thermal Langevin force contributes. In frequency
space, the solution can be written as δx(Ω) =χxx(Ω)Fext(Ω). This defines the mech-
anical susceptibility, connecting the driving force to the response of the mechanical
oscillator:

χxx(Ω) = 1

meff(Ω2
m −Ω2)− imeffΓmΩ

, (2.35)

Fluctuation-dissipation theorem
With the equation for the susceptibility given in Equation (2.352.35), the fluctuation-
dissipation theorem relates the thermal displacement spectral density to the

17



2 Principles of plasmonic transduction
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Figure 2.5: Spectral displacement density of a mechanical oscillator
with Ωm = 2π × 10 MHz, Q = 1000, meff = 160 fg. (a): Spectral
displacement density (blue line), and spectral displacement density with
added imprecision level S

imp
xx = 3×10−28 m2/Hz (purple line). Integration

of the spectral displacement density Sth
xx(Ω) (indicated by the blue shading)

gives the variance of the displacement 〈
x2〉 = 1.6 × 10−20 m2, using

Equation (2.312.31). (b): Same data as (a), but plotted as pSxx(Ω), as is often
seen in the literature, with units of fm/Hz1/2.

mechanical susceptibility [6868]:

Sth
xx(Ω) = 2

kBT

Ω
Imχxx

= 1

meff

2Γm

(Ω2 −Ω2
m)2 +Γ2

mΩ
2

kBT, (2.36)

which is plotted in Figure 2.52.5 for the experimental parameters of the nanome-
chanical systems studied in Chapter 66: Ω0 = 2π × 10 MHz, meff = 160 fg,
Q =Ω0/Γm = 1000, T = 300 K.

Integrating Sth
xx(Ω) according to Equation (2.312.31) yields the variance, which for

weak damping is given by the equipartition theorem [6868]:

〈
x2〉= kBT

meffΩ
2
m

, (2.37)

finding
√〈

x2
〉 = 1.26 × 10−10 m for the spectral displacement density shown in

Figure 2.52.5. Here, we see an advantage of high-Q oscillators: because
〈

x2
〉

does not
depend on Q, having a higher Q leads to a higher peak displacement.

2.3 Dipolar scattering
Now we have determined the mechanical properties of the system, we turn to the
optical properties. To model plasmonic transduction of motion, we will consider

18



2.3 Dipolar scattering

how a dipolar scatterer, which has a polarizability that is a function of some mech-
anical degree of freedom characterized by position coordinate x, can be used to
transduce the mechanical motion x(t ). First, we discuss how a conformational
change, caused by mechanical displacement, affects the polarizability of the scat-
tering system, while properly taking into account radiation reaction.

2.3.1 Coupled-dipole polarizability
As an example of a system that can show a strongly changing optical response upon
nanoscale displacements, let’s consider a scatterer consisting of two particles that
we will treat as point dipoles, separated by a distance d which is much smaller than
the wavelength of light. The total dipole moment of the system is then given by

p = p1 +p2. (2.38)

If the total scattering system is sufficiently small, i.e. much smaller than the wave-
length, its interaction with a light beam can be described in the dipolar approxima-
tion: an incident light field Ein induces a dipole moment

p =α ·Ein, (2.39)

where α is the 3×3 polarizability tensor associated with the scatterer (we neglect
magnetic interactions here). The induced dipole at position r0 gives rise to a scat-
tered field

Edip(r) = k2

4πε0r
e ikr

((
r̂×p

)× r̂+ (
3r̂

(
r̂ ·p

)−p
)( 1

(kr )2 − i

kr

))
(2.40)

in free space, where r = |r− r0| and k =ω/c.
Neglecting radiation for the moment, the equation of motion of dipole 1 in the

electrostatic limit can be expressed to first order as

p̈1 +γiṗ1 +ω2
0p1 = f1E1, (2.41)

where p1 is the induced dipole moment, γi the internal dissipation rate (i.e., ab-
sorption), ω0 the resonance frequency, and f1 the oscillator strength of the individ-
ual particle. Note that the definition of f here is different from the usual definition
of atomic oscillator strength expressed in units of e2/me , with e and me the electron
charge and mass, respectively. We can however still interpret its magnitude as
q2/m, where q is the induced charge and m its effective mass. In the case of our
dimer, the dipole is driven by the field E1 consisting of the incident field, with
strength Ein, and the field of the second dipole. For small d , and for an incident field
aligned along the line connecting both particles (which we define as the x axis), the
magnitude E1 of the field can be found from Equation (2.402.40) as

E1 = Ein + p2

2πε0d 3 (2.42)
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2 Principles of plasmonic transduction

where we have now changed to scalar notation as we are considering only fields
and dipole moments along the x direction. Since p1 = p2 and f1 = f2 we can write
the equation of motion for the dipole moment of particle 1:

p̈1 +γiṗ1 +
(
ω2

0 −
f1

2πε0d 3

)
p1 = f1Ein, (2.43)

The above equation can be written in the Fourier domain as(
ω2

0 −
f1

2πε0d 3 −ω2 − iγiω

)
p1 = f1Ein. (2.44)

As such we can identify the electrostatic polarizability of the first dipole (respond-
ing to Ein and in the presence of particle 2):

α1(ω) = f1

ω2
es −ω2 − iγiω

, (2.45)

writing

ωes =
√
ω2

0 −
f1

2πε0d 3 . (2.46)

We will consider the effect of small variations δx of d on the resonance frequency
ωn. We write d = d̄ +δx. Approximating ωes as ωes(δx) = ω̄es +Gδx by taking the
first term in the Taylor expansion, we obtain for the polarizability:

α1(ω) = f1

ω̄2
es +2Gω̄esδx −ω2 − iγiω

, (2.47)

with coupling strength

G = 3 f1

4πε0ω̄esd̄ 4
(2.48)

This parameter, the frequency shift per unit displacement, is a measure for the
strength of the optomechanical interaction. To make an estimate for its magni-
tude, let’s consider each dipole to be a small spherical particle with electrostatic
polarizability [4545]:

α0(ω) = 4πε0V

(
ε−εm

ε+2εm

)
, (2.49)

where ε is the dielectric constant of the metal, εm is the dielectric constant of the
surrounding medium and V = 4

3πa3 is the particle’s volume. For a metallic particle
in vacuum (εm = 1), using the Drude model for the metal permittivity,

εDrude = 1−
ω2

p

ω(ω+ iγi)
, (2.50)

we can obtain for the polarizability

α0(ω) = 4πε0V
ω2

0

ω2
0 −ω2 − iγiω

, (2.51)
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2.3 Dipolar scattering
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Figure 2.6: Dependence of coupling strength G on interparticle spacing d̄ ,
for gold nanoparticle dimers, with particle diameters of 20, 40, 60, and 80
nm (red to brown). The dashed black line indicates d̄ = 4a (particles spaced
by one diameter). The coupling strength diverges for touching particles (d̄ =
2a).

with ω0 = ωp/
p

3 for a spherical particle. We can then recognize the oscillator
strength f1 in Equation (2.452.45) as

f1 = 4πε0Vω2
0, (2.52)

and rewrite the electrostatic resonance frequency (Equation (2.462.46)) as:

ωes =
√
ω2

0

(
1−2

V

d 3

)
. (2.53)

As a result, the coupling strength (Equation (2.482.48)) for two spherical nanoparticles
is

G = 3Vω2
0

ω̄esd̄ 4
, (2.54)

where G has units of [frequency]/[distance]. Figure 2.62.6 shows G for gold nanopar-
ticles of radius 10 nm, 20 nm, 30 nm, and 40 nm (red to brown), using a plasma
frequency for gold of ωp = 2π×476 THz [7777]. We can see that for particles spaced
by about 1 particle diameter, marked by the dashed black line, this dipole–dipole
model predicts a coupling strength of G ≈ 2π×1 THz/nm. When the particles touch
(d̄ = 2a), the coupling strength diverges. In this regime, this dipole–dipole model
will have lost its validity, as higher order modes will start playing an important role.

2.3.2 Radiation reaction
We can now express the polarizability of the total system of two coupled dipoles as

α(ω) = f

ω2
es −ω2 − iγiω

, (2.55)
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using f = f1 + f2 = 2 f1. At this point, it is crucial to correctly take into account
the effect of radiation reaction, which we have omitted up to now: we need to
acknowledge the action of the scattered field on the scatterer itself [7878, 7979]. The
electrostatic polarizability should be corrected as

α−1 =α−1
es −

↔
G (r0,r0). (2.56)

In this correction,
↔
G (r1,r0) = ω2µ0

4πr e ikr is the Green’s function, with r = |r1 − r0|, that
describes the electric field at position r1 produced by a dipole at position r0 through

E(r1) =↔
G (r1,r0) ·p. (2.57)

The real and imaginary part of
↔
G (r0,r0) cause a frequency shift and radiation

damping, respectively. We take the first order expansion of
↔
G:

Re(
↔
G (r1,r0)) ≈ 1

2πε0 |r1 − r0|3
(2.58)

Im(
↔
G) ≈ ω3

6πε0c3 (2.59)

The real part of
↔
G (r0,r0) diverges for a point dipole, an issue that is usually treated

by introducing an effective cutoff radius rc (motivated by the reasoning that real-
istic charge distributions have some finite size) such that the phenomenological
resonance frequency ωn is obtained:

ω2
n =ω2

es −
f

2πε0r 3
c

. (2.60)

The imaginary part leads to an effective total damping

γ= γi + f ω2

6πε0c3 . (2.61)

Properly taking into account radiation reaction therefore leads to a polarizability
for the dimer system:

α (ω) = f

ω2
n −ω2 − iωγ

. (2.62)

We can rewrite the electrostatic coupling strength G from Equation (2.542.54) in terms
of the electrodynamic variables:

G = 3 f

2πε0ω̄nd̄ 4
(2.63)

leading to the polarizability

α(ω) = f

ω̄2
n +2Gω̄nδx −ω2 − iγω

. (2.64)
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2.3 Dipolar scattering

Change in particle radius
Up to now, we have discussed changing the center-to-center distance between two
particles. As the plasmon resonance frequency depends on the radius of a sin-
gle particle, internal mechanical modes of a plasmonic particle can also lead to
changes in scattering [8080]. Typically, these internal modes have frequencies in the
GHz range, with gold nanoparticles measured to have stretch vibrations between 3
and 7 GHz [8181, 8282], and radial breathing modes up to 100 GHz [8383, 8484]. These high
frequencies make measuring the scattering in the time domain challenging, and
therefore these modes are often studied with for instance Raman scattering [8585, 8686]
or time-resolved pump-probe measurements [8787, 8888]. Due to the high frequencies
involved, we will not observe these effects in this thesis.

2.3.3 Determining ∂α(ω)/∂x
We are modeling a scattering system with a transmittance T , that depends on
scattered power and extinct power, as observables. The scattered power scales with
|α|2, and the power extinct from the beam scales with Im(α) [4545]. It is therefore
useful to determine expressions for |α|2 and Im(α). From Equation (2.622.62), we can
find the following expressions:

Im(α) = f ωγ(
ω2

n −ω2
)2 +ω2γ2

|α|2 = f 2(
ω2

n −ω2
)2 +ω2γ2

. (2.65)

For the transduction of motion, it is not the value of the transmittance that is
of paramount importance, but the change in transmittance with a mechanical
change, expressed as the partial derivative ∂T

∂x . This change in transmittance then

depends on ∂|α|2
∂x and ∂Im(α)

∂x .
We therefore calculate the derivatives of Im(α) and |α|2 with respect to x from

Equation (2.652.65):

∂Im(α)

∂x
=−4G

f ωγω̄n(ω̄2
n −ω2)(

(ω̄2
n −ω2)2 +ω2γ2

)2 (2.66)

∂ |α|2
∂x

=−4G
f 2ω̄n(ω̄2

n −ω2)(
(ω̄2

n −ω2)2 +ω2γ2
)2 . (2.67)

In Figure 2.72.7a and b, we show Im(α) and |α|2 as a function of changing center
frequency, choosing center frequencies 350, 375, 400 and 425 THz. The albedo,
which is defined as

A ≡ γ−γi

γ
= f ω2

6πε0c3γ
(2.68)

is A ≈ 0.85 for these scatterers, and they have quality factor Qopt ≡ω0/γ≈ 6. We see
the effect of changing the center frequency, showing the effect of radiation reaction
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Figure 2.7: Dispersive change in polarizability. (a): Imaginary part of
polarizability Im(α), for center frequencies ω0 = 2π×350,375,400,425 THz
(from red to brown), with optical quality factor Qopt ≈ 6, albedo A ≈ 0.85.
Data is plotted in units of [cm3], which is equal to Im(α)/(4πε0) in SI
units. The black line is the imaginary part of the unitary limit shown in
Equation (2.732.73). (b): |α|2 for scatterers identical to those in (a). (c): Change
in Im(α) for the scatterer with ω0 = 2π×400 THz, with G = 2π×1 THz/nm
and a change in interparticle spacing δx = 1 nm. (d): Change in |α|2, for
parameters identical to those in (c).

on the polarizabilities. For higher center frequencies, the radiation reaction lowers
the quality factor and slightly increases the albedo. In Figure 2.72.7c and d, we plot
the change in polarizability for a change in particle spacing of δx = 1 nm with a
coupling strength G = 2π× 1 THz/nm. We see that the red side of the resonance
shows a stronger change in polarizability, due to radiation reaction. Therefore,
choosing a red detuning to measure small mechanical changes in such a scattering
system will be more sensitive.

In many realistic systems, it will however not only be the resonance frequency
that changes upon a displacement δx. In the example of the dimer, the fact that
the particles will have finite size, comparable to their separation, will establish a
contribution of higher order multipoles to the interparticle coupling. For coupled
dipolar particles, this leads to an increased induced charge to compensate for the
field gradient experienced by the finite-sized particle. As such, also the oscillator
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2.3 Dipolar scattering

strength f can change with the distance d . We will write f (δx) = f̄ +Fδx. By filling
in Equation (2.622.62), this leads to:

α (ω) = ( f̄ +Fδx)

ω2
es − f̄ +Fδx

2πε0d̄ 3
(
1+ δx

d

)3 − f̄ +Fδx
2πε0r 3

c
−ω2 − iω

(
γi + ω2( f̄ +Fδx)

6πε0c3

) , (2.69)

which reduces to

α (ω) ≈ ( f̄ +Fδx)

ω̄n −2Gω̄nδx −Fδx
(

1
2πε0d̄ 3 + ω2

es−ωn
f

)
−ω2 − iω

(
γ̄+ ω2Fδx

6πε0c3

) (2.70)

where we see that the (radiative) damping rate is affected when the oscillator
strength varies with displacement, leading to a natural appearance of dissipative
optomechanical coupling alongside dispersive coupling. In Chapter 66, in
Figure 6.26.2b, we will show finite-difference-time-domain simulations of the
scattering cross section of coupled dipolar gold nanoparticles, showing both a
frequency shift G and change in oscillator strength F with changing separation d̄ .

From Equation (2.702.70), it is straightforward to derive Im(α) and |α|2 as well as
∂Im(α)/∂x and ∂ |α|2 /∂x. In Figure 2.82.8a and b, we show Im(α) and |α|2, applying
a large dissipative coupling strength F . Figure 2.82.8c and d show the derivatives of
Im(α) and |α|2 with F = 0.1, for a change in interparticle spacing of 1 nm. Note that
due to the change in oscillator strength, the transduction is stronger on the red side
of the resonance, as was also observed for dispersive coupling in Figure 2.72.7. We note
that the magnitude of F is not predicted by the model shown in this section and
must therefore still be determined from e.g. FDTD simulations for experimental
geometries.

2.3.4 Cross sections
With expressions for Im(α) and |α|2, we can calculate the extinction and scattering
cross sections [4545]. These observable quantities express how much light is extinct
or scattered by a polarizable particle from an incident plane wave:

Cext = ω

ε0c
Im(α) (2.71)

Csca = ω4

6πε2
0c4

|α|2 . (2.72)

Using these cross sections, we can determine that for the polarizability shown in
Figure 2.72.7, we have Cext = 0.178 µm2, Csca = 0.153 µm2, and the relative change in
both Cext and Csca for δx = 1 nm is 2.7%/nm. We can also calculate the albedo,
using A ≡ Csca/Cext, evaluated at resonance. In Figures 2.72.7 and 2.82.8, the scatterer
has A = 0.87.

25



2 Principles of plasmonic transduction

�a�

300 350 400 4500.0
0.5
1.0
1.5
2.0
2.5
3.0

Frequency �THz�

Im�
Α
��

10�
11

cm
3 � �b�

300 350 400 4500.0
0.2
0.4
0.6
0.8

Frequency �THz�

�Α
2 �

1041
�cm

3 �2
�

�c�

300 350 400 450 5000
1
2
3
4

Frequency �THz�

�Im
�Α
���

x�1
0�2

2 cm
3 �m
�

�d�

300 350 400 450 5000.0
0.2
0.4
0.6
0.8
1.0
1.2
1.4

Frequency �THz�

��
Α

2 ��
x�1

0�4
2 �

cm
3 �2
�m�

Figure 2.8: Dissipative change in polarizability. (a): Imaginary part of
polarizability Im(α), with dissipative coupling strength F = (0,0.2,0.4,0.6)
(from red to brown), with center frequencyω0 = 2π×400 THz, optical quality
factorQopt ≈ 6 and albedoA ≈ 0.85. Data is plotted in units of [cm3], which
is equal to Im(α)/(4πε0) in SI units. The black line is the imaginary part of
the unitary limit shown in Equation (2.732.73). (b): |α|2 for scatterers identical
to those in (a). (c): Change in Im(α) for the scatterer with ω0 = 2π×400 THz,
with F = 0.2 and a change in interparticle spacing δx = 1 nm. (d): Change in
|α|2, for parameters identical to those in (c).

With the inclusion of radiation reaction in the polarizability, we can also cal-
culate the unitary limit. This is the polarizability for a scatterer with no intrinsic
loss γi, so that all energy is reradiated: such a particle has an albedo A = 1. Setting
γi = 0 and assuming resonance, ωn =ω, Equation (2.622.62) reduces to

αuni = 6πiε0c3

ω3 . (2.73)

Calculating the extinction cross section for this unitary limit gives:

Cuni = 3λ2

2π
, (2.74)

where λ= 2πc
ω is the free-space wavelength. We can then also express the albedo as

A = Im(α)/Im(αuni).
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Figure 2.9: Schematic of the coordinates used in Section 2.3.52.3.5. (a): Refer-
ence sphere for focusing. (b): Angles for input and output polarization, as
used in Section 2.3.62.3.6. The scatterer is at the origin, marked by O.

These cross sections are useful, as they give physical intuition, expressing the
interaction of a scatterer with light as an area, which can be related to the particle
size. They are however only valid for interaction with a plane wave, and do not
describe the interaction of a scatterer with a focused beam. Therefore, in the next
section, we will determine the electric field at the focus of a laser beam, and deter-
mine the interaction of a scatterer with this field, usingα, Im(α) and |α|2 as derived
in this section.

2.3.5 Interaction with a focused beam
We will now consider the situation where the scatterer is illuminated with a beam
that is focused using an input lens with opening angle βin, and light is collected
through a second lens with opening angleβout** (see Figure 2.92.9a). We follow here the
treatment of Novotny and Hecht [7878]. It has been shown before that for plasmonic
particles near-unity extinction can be obtained using tightly focused beams [8989–
9292].

We will assume that the lenses have unity transmission coefficients and the
medium surrounding the scatterer is air. For a given input field Ein

(
θ,φ

) =(
Ex,in

(
θ,φ

)
,Ey,in

(
θ,φ

)
,0

)
, the field just to the right of the reference sphere of the

focusing lens, with focal length F , is

E∞,in
(
θ,φ

)=p
cosθ

 sin2φ+cos2φcosθ sinφcosφ (cosθ−1)
sinφcosφ (cosθ−1) cos2φ+ sin2φcosθ

−cosφsinθ sinφsinθ

(
Ex,in

(
θ,φ

)
Ey,in

(
θ,φ

)) .

(2.75)

*We will also express the opening angle of objectives as a numerical aperture (NA), where NA ≡
n sinβ, with n the refractive index of the medium surrounding the lens.
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The focal field can be derived from this far field through

E
(
ρ,φ, z

)=− ikFe−ikF

2π

∫ βin

0

∫ 2π

0
E∞,in

(
θ,φ

)
e−ikz cosθe ikρ sinθcos(ϕ−φ) sinθdϕdθ.

(2.76)
In the following, we will assume the incident field is a plane wave polarized at

angle ζin with respect to the x axis, i.e. Ein
(
θ,φ

)= (Ein cosζin,Ein sinζin,0), and the
total incident power is Pin = πF 2E 2

in sin2βin. We furthermore assume the scatterer
is placed at the origin, and thus driven by the field

E0,in =− i4πε0Fe−ikF

k2 A0Ein

cosζin

sinζin

0

 , (2.77)

where

A0 = k3

4πε0

(
8

15
− 1

3
cos3/2βin − 1

5
cos5/2βin

)
. (2.78)

We consider a scatterer with a highly polarization-dependent response that is
maximum along the x axis. In other words, all tensor elements of α except αxx =
α (ω) vanish. Taking the dipolar far field and including the collection angle of the
collection lens, we find the scattered field in the output beam:

Eout,sca
(
θ,φ

)=


iαe−2ikF A0Ein cosζin
√

cosβin

 sin2φ+cos2φcosθ

sinφcosφ (cosθ−1)

0

 , θ ≤βout

0, θ >βout.

Of course, the electric field transmitted through both lenses is simply

Eout,in
(
θ,φ

)={
e−2ikF Ein

(
θ,φ

)
, θ ≤ min

{
βin,βout

}
0, θ > min

{
βin,βout

}
,

(2.79)

and hence the total power in the output beam can be found by integrating the
intensity in the output beam as

Pout = 1

2
cε0

∫ βout

0

∫ 2π

0

∣∣Eout
(
θ,φ

)∣∣2 F 2 sinθcosθdφdθ, (2.80)

where Eout
(
θ,φ

)= Eout,sca
(
θ,φ

)+Eout,in
(
θ,φ

)
. The result for βout ≤βin is

Pout = Pin

[sin2βout

sin2βin

− Im(α)A0
4

15

8−5cos3/2βout −3cos5/2βout

sin2βin
cos2 ζin

+|α|2 A 2
0

(
3+ 2

3
cosβout + 1

3
cos2βout

)
sin2

(
βout/2

)
sin2βin

cos2 ζin

]
, (2.81)
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Figure 2.10: Transmittance T for a scatterer with albedoA = 1 and lenses
withNA = 1, showing the increase in contrast when adding an analyzer after
the collection objective. Red line: no output polarizer. Blue line: with output
polarizer. The curves are plotted as a function of detuning ∆ = ω−ω0,normalized to linewidth γ. The beam incident on the first lens is a plane
wave.

where we recognize an extinction term scaling linearly with Im(α) and a scattering
term scaling linearly with |α|2. Together with ∂Im(α)/∂x and ∂ |α|2 /∂x, which were
found in Section 2.3.32.3.3, one can now predict the transduction of displacement to
optical output power ∂Pout

∂x by the scatterer.

2.3.6 Using an output polarizer
We furthermore consider the scenario where a polarizer is added in the output
beam, and the intensity is recorded after this analyzer. By choosing the angles
between input polarization, scatterer and analyzer, we can achieve strong sup-
pression of the portion of the transmitted power that does not interact with the
scatterer. If the albedo is low, suppressing this background can improve the signal-
to-noise ratio.

For input polarization angle ζin between the input field polarization and the
x axis, and analyzer angle ζout with respect to the x axis, as shown in Figure 2.92.9b,
the output power is given by

Pout =
∫ βout

0

∫ 2π

0

∣∣Eout
(
θ,φ

) · (x̂ cosζout + ŷ sinζout
)∣∣2 F 2 sinθcosθdφdθ. (2.82)
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We again give the result for βout ≤βin:

Pout = Pin

[sin2βout

sin2βin
cos2 (ζin −ζout)

− Im(α)A0
4

15

8−5cos3/2βout −3cos5/2βout

sin2βin
cosζin cosζout cos(ζin −ζout)

+|α|2 A 2
0

sin2
(
βout/2

)
sin2βin

(3

2
+ 1

3
cosβout + 1

6
cos2βout + 5

4
cos2ζout

+ 1

3
cos

(
βout −2ζout

)+ 1

3
cos

(
βout +2ζout

)
+ 1

24
cos

(
2βout −2ζout

)+ 1

24
cos

(
2βout +2ζout

))]
. (2.83)

We note that for ζout = 0 and ζin = 0, the resulting transmitted power is
marginally different from that without an analyzer: for large albedo and strong
focusing, the extinction is increased by a few percent by adding the analyzer. This
result is shown in Figure 2.102.10, which shows the transmittance for a scatterer
with albedo A = 1 and lenses with NA = 1, both without output analyzer
(Equation (2.812.81)) and including an output analyzer (Equation (2.832.83)), which is
aligned with the input polarization and scatterer (ζin = ζout = 0). This change in
transmittance through adding an analyzer is caused by high-angle components
of the scattered dipole field that are not polarized along x̂. The extinction dip
does not go to 1 (both with and without output polarizer) due to the non-dipolar
components of the incident light field at the scatterer’s position.

Of course, for other angles the effect is pronounced: the two polarizers can
strongly suppress either the non-scattered background field or the scattered field,
leading to a strongly polarizer-angle dependent transmittance. Figure 2.112.11a shows
the transmittance as a function of detuning for scatterers with an albedo of 1. The
crossed-polarizer transmission is at ζin = −π/4, ζout = +π/4. At ζ = 0.20π, the
scattering and extinction are exactly matched, so neither an extinction dip nor a
scattering peak are visible. The height of the scattering peak for ζout = −ζin = π/4
is exactly four times smaller than the depth of the extinction dip for ζout = ζin =
0. In the situation we are describing now, a factor of 2 is due to the 45◦ angle
between input polarizer and scatterer, and another factor of 2 is due to the 45◦
between the scattered light and the analyzer. We see that T and |∂T /∂x| show
different scaling with polarizer angles, indicating that, depending on the properties
of the scatterer, carefully choosing polarizer angles can improve the sensitivity of
motion transduction, as the measured signal will scale with ∂T /∂x but various
noise contributions with T .

In Figure 2.112.11b, we show the change in transmittivity T and the absolute value
of the change in transmittivity |∂T /∂x| for δx = 1 nm as a function of polarizer
angles −ζin = ζout, for a scatterer with A = 1 at optimum detuning ∆ = 1

2
p

3
γ, with

G = 2π× 1 THz/nm and NA = 1. In Figure 2.112.11c, we again plot T and |∂T /∂x|,
this time for a scatterer with a low albedo A = 0.05. We can see that |∂T /∂x| has a
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Figure 2.11: (a): Transmittance as a function of detuning for a range of
polarizer angles, indicated along the right vertical axis. Albedo A = 1,
polarizer angles range from 0 to ±π/4 in steps of 0.05π. The top dark
blue curve is for ζin = ζout = 0, the bottom orange line is for crossed
polarizers with ζin = −π/4 and ζout = ±π/4. (b): Transmittance T (blue)
and derivative ∂T

∂x (purple) for a scatterer with A = 1 and optimum
detuning. (c): Transmittance T (blue) and derivative ∣∣∣ ∂T∂x

∣∣∣ (purple) plotted
on a logarithmic scale, for A = 0.05 and optimum detuning. Note the
different scaling of T and ∣∣∣ ∂T∂x

∣∣∣ with polarizer angles: for the low albedo
scatterer, |∂T /∂x| has a much slower decrease with increasing ζ than the
transmittivity T .

weaker reduction with increasing polarizer angle ζ than T : the difference between
|∂T /∂x| and T , indicated by the black arrow, becomes smaller. Therefore, for
scatterers with low albedo, using crossed polarizers can increase sensitivity. We will
also later show, in Figure 2.162.16, that measuring transduction from scatterers with
non-optimal detuning can benefit from using crossed polarizers.

2.4 Transduction & conversion
We next calculate how the spectral density of motion, Sth

xx, is converted to PESA, the
power we measure on an electronic spectrum analyzer, and describe the various
noise sources that are added to this signal. These noise sources, taken together,
cause an imprecision background, which imposes a limit on the sensitivity of the
measurement. In this section, we will identify the relevant contributions to the
imprecision in this implementation of motion transduction and the scaling of these
contributions with optical power.

The laser beam that is modulated by the plasmon-mechanical transducer is not
free of noise: it has laser classical noise and quantum shot noise components. The
total optical signal, modulated by mechanical fluctuations and noise fluctuations,
is converted to a photocurrent in a photodiode, amplified in a transimpedance
amplifier, where electronic amplifier noise is added to the total signal, and then
converted to an electronic power in an electronic spectrum analyzer. In this sec-
tion, we will show the transfer functions for each of these steps and determine the
noise power spectral densities.

31



2 Principles of plasmonic transduction

2.4.1 Transduction of mechanical motion
To convert the displacement spectral density to an (optical) power spectral den-
sity, we have to find the transduction function as defined in Equation (2.332.33). This
transduction function is determined by the change in transmittance as a function
of x:

δPout = Pin
∂T

∂x
δx. (2.84)

The power spectral density of the transmitted light due to mechanical fluctuations
is thus:

Sx
PP = P 2

in

(
∂T

∂x

)2

Sth
xx(Ω), (2.85)

where the subscript P refers to (fluctuations of) the optically transmitted power
Pout. To calculate ∂T

∂x , we start from Equation (2.832.83). The only terms that have a
dependence on x in this equation are the Im(α) and the |α|2 terms. By replacing
these with their derivatives, which are shown in Equations (2.662.66) and (2.672.67), we
obtain ∂T

∂x .

2.4.2 Noise sources
We identify three major sources of noise in our experiment: electrical noise, clas-
sical laser noise and quantum shot noise of the detected laser light. These have
different power and frequency depencies, which implies that there is an optimum
choice for detection schemes to reduce the noise contributions. We will add the
three contributions in the optical power spectral density, as

Stot
PP (Ω) =∑

i
Si

PP(Ω) (2.86)

= Sx
PP(Ω)+SSN

PP +Sclass
PP (Ω)+Sel

PP. (2.87)

In this section, we will determine the magnitude of these noise contributions.

Shot noise
Shot noise is an intrinsic effect related to quantum fluctuations of the light field. We
can quantify its amplitude by considering a stream of photons arriving at random
times:

Ṅ (t ) =∑
j
δ(t − t j ) (2.88)

where t j are the random arrival times of the photons. If we detect N photons in a
time T :

N =
∫ T

0
dt Ṅ (t ), (2.89)

32



2.4 Transduction & conversion

defining an average number arriving per unit time as ¯̇N , the autocorrelation func-
tion of the photon flux Ṅ is

〈
Ṅ (t )Ṅ (0)

〉= lim
T→∞

1

T

∑
j

∑
j ′

∫ T /2

−T /2
dt ′δ(t ′− t j )δ(t ′− t j ′ + t ) (2.90)

= lim
T→∞

1

T

∑
j

∑
j ′
δ(t j − t j ′ + t ). (2.91)

If T is large, the autocorrelation becomes
〈

Ṅ (t )Ṅ (0)
〉 = ¯̇Nδ(t ): only those terms

for which j = j ′ contribute to the summation, for a total of Nδ(t ) = ¯̇N Tδ(t ). The
Wiener–Khinchin theorem then gives the spectral density of photon numbers:

SṄṄ = ¯̇N , (2.92)

with units Hz2/Hz, which we can convert to a power P (t ) =ħωṄ (t ). We then obtain
a shot noise power spectral density:

SSN
PP = (ħω)2SṄṄ(Ω) =ħωPout. (2.93)

Electrical noise
Electrical noise is generated in the photodiode’s transimpedance amplifier, and
is independent of optical power and detection frequency. The amplifier noise is

defined as a noise-equivalent-power: NEP ≡
√

Sel
P =

√
2Sel

PP. Sel
PP is the optical

power spectral density which, after conversion to electrical current spectral density,
is equal in amplitude to the electrical noise (signal-to-noise ratio is 1). For the pho-
todiode we use (Femto HCA-S-200M-IN) we determined a NEP of -138.5 dBm/Hz
on the electronic spectrum analyzer.

Using the inverse of equations (2.1022.102) and (2.1042.104) along with the experimental
parameters ξdet and ξamp we can determine a NEP of 4.38 pW/

p
Hz, to get a power

spectral density
Sel

PP = 2 NEP2. (2.94)

Note that while this is expressed as an optical power spectral density, the electronic
noise is not actually present until after the transimpedance amplifier.

Laser classical noise
The laser classical noise can be split into two contributions: intensity fluctuations
and phase fluctuations. While the intensity fluctuations can be directly measured,
the phase fluctuations require e.g. an optical cavity or a scatterer to be converted
to observable intensity fluctuations.

The main source of classical intensity laser noise in the laser used for most of the
experiments (NKT Koheras E15 EDFL) is relaxation oscillations in the laser, where
power is exchanged between the laser cavity and the gain medium. This noise is
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Figure 2.12: Measured laser classical noise caused by relaxation oscillations
between the gain medium (Er3+ ions) and the laser fiber cavity. The laser
classical noise is expressed as relative intensity noise (RIN). The different
curves are for different drive powers. An attenuator was used to keep
the laser power on the photodiode constant at 50 µW. The black solid line
indicates the electrical noise, the dashed black line indicates the shot noise.

strongly peaked around 300 kHz, tailing off at higher frequencies. This also drove
the choice of length of our oscillators: we designed the length to give a mechanical
resonance frequency much higher than the typical laser noise band. The classical
noise on the spectrum analyzer scales as P 2

out:

Sclass
PP = (PoutRIN)2 = P 2

inT 2RIN2, (2.95)

where RIN is the relative intensity noise, with units of 1/Hz. The RIN can also
be converted to a log scale, and then has units of dBc/Hz (decibels relative to the
carrier per Hertz bandwidth).

The laser classical noise is also dependent on the drive power of the laser [33].
The measured laser classical noise for our laser is shown in Figure 2.122.12. The figure
also shows the electrical noise caused by the amplifier and the photon shot noise.
The electrical noise was measured by blocking the laser beam from the photodiode.

The shot noise has an optical power spectral density
√

SSN
PP = √ħωPout, which for

the detected power of 50 µW is calculated to be
√

SSN
PP = 2.58×10−12 W/

p
Hz . The

resulting noise floor of SSN
PP +Sel

PP was subtracted from the other traces. For all the
measurements, the drive power was attenuated by rotating a linear polarizer to
achieve a detected power of 50µW. Note that for constant detector power it is better
to have the laser running at full power with an attenuator rather than setting a lower
power on the laser.
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2.4 Transduction & conversion

Laser classical phase noise
The laser also has phase fluctuations. We can express the laser light field as [9393],

a(t ) =
√

I (t )e i(ωt+φ(t )), (2.96)

where I (t ) is the fluctuating intensity and φ(t ) is the fluctuating phase, where we
set

〈
φ(t )

〉 = 0. Then the spectral density of phase fluctuations is, by the Wiener–
Khinchin theorem,

Sφφ = 1

2π

∫ ∞

−∞
e iωt 〈

φ(t )φ(0)
〉

dt . (2.97)

The instantaneous laser frequency can be determined from the instantaneous
phase:

ω(t ) = d
[
φ0 +φ(t )

]
dt

= φ̇(t ), (2.98)

leading to an expression for the frequency noise spectral density:

Sωω(Ω) = Sφ̇φ̇(Ω) =ω2Sφφ(Ω) (2.99)

This expresses the frequency noise as an angular frequency. The equivalent expres-
sion for frequency, expressed in Hertz, is Sνν = Sφφ/(4π2). The frequency noise is
converted to optical power spectral density by the scatterer:

SωPP(Ω) = P 2
in

(
1

G

∂T

∂x

)2

Sωω(Ω). (2.100)

The factor of 1/G is included due to our definition of ∂T
∂x , with P 2

in

(
∂T
∂x

)2
the trans-

duction function between Sxx and SPP. The optomechanical frequency shift G links
the displacement spectral density to the scatterer’s central frequency spectral den-
sity: Sxx =G2Sωω. Therefore, we divide by 1/G2 in Equation (2.1002.100) to calculate the
transduction function between Sωω and SPP.

This also allows us to calculate the imprecision spectral density due to laser
phase fluctuations:

Simp,φ
xx (Ω) = 1

G2 Sωω(Ω) = Ω2

G2 Sφφ(Ω). (2.101)

By using the parameters shown in Table 2.32.3, we can compare the power spectral
density of transduced phase noise to the electrical noise of the photodiode. We will

assume optimal detuning for the optimal scatterer defined earlier, and find
√

SφPP =
6.6 fW/

p
Hz for an input power Pin = 500µW. This is 3 orders of magnitude smaller

than the electrical noise-equivalent-power (see Table 2.32.3). Therefore, we will in the
remainder of this thesis assume that laser phase noise can be neglected compared
to the other noise sources described in this section.
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2 Principles of plasmonic transduction

We note that for many cavity optomechanical experiments, laser phase noise
can be a limiting factor [2222, 9494, 9595]. In these experiments, G is much smaller, but
the cavity loss rate κ is also much smaller, leading to a much stronger transduction
of frequency fluctuations.

In other words, our experimental geometry strongly transduces mechanical dis-
placements to frequency fluctuations, while having a much weaker transduction of
frequency fluctuations to intensity fluctuations. In the cavity optomechanical case,
this is usually reversed, with much weaker transduction from displacement to fre-
quency, and very strong transduction of frequency fluctuations to intensity fluctu-
ations. This strong frequency-to-intensity transduction necessarily also transduces
the laser phase noise.

2.4.3 Electrical conversion
The photodiode converts the optical power to a photocurrent, Iout = ξdetPout. The
conversion efficiency ξdet (in A/W) includes the quantum efficiency and the photon
energy, and is therefore wavelength dependent. The total current spectral density
is then

SII(Ω) = ξ2
det

[
Sx

PP(Ω)+SSN
PP +Sclass

PP (Ω)+Sel
PP

]
.

The photodiode has a built-in transimpedance amplifier, which converts the pho-
tocurrent to a voltage:

SVV(Ω) = ξ2
ampSII(Ω),

in V2/Hz. Finally, the voltage spectral density is read out on a spectrum analyzer
with impedance R to produce power

PESA = V 2

R
=
ξ2

ampξ
2
det

R
SPP. (2.102)

This electrical power V (t ) is filtered around Ω by the ESA’s resolution bandwidth
(RBW). If the signal is flat on the scale of the RBW, the displayed power is

PESA = RBW
Stotal

V

R
= RBW

2Stotal
VV

R
. (2.103)

This is typically displayed on a dBm scale:

PESA(dBm) = 10log10 (PESA(W ) ·1000) . (2.104)

Table 2.32.3 shows the relevant parameters for equipment used in the experiments
described in this thesis.
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2.5 Displacement sensitivity

device parameter symbol value units
laser: NKT
Koheras Adjustik
E15

relative intensity noise RIN 7.4×10−8 1/Hz (@ 10 MHz)
frequency noise S1/2

νν (Ω) 13 Hz/
p

Hz (@ 1 MHz)
spectral density

photodiode:
Femto
HCA-S-200M-IN

conversion efficiency ξdet 0.95 A/W (λ= 1550 nm)
transimpedance gain ξamp 2×104 V/A
noise-equivalent-power NEP 4.38 pW/

p
Hz

ESA: Rohde &
Schwarz FSV-3

impedance R 50 Ω

resolution bandwidth RBW 300 (typ) Hz

Table 2.3: Experimental parameters for conversion of power spectral
density SPP to electronic spectrum analyzer power PESA.

2.5 Displacement sensitivity
We can now compare the tranduced signal to the various noise sources. We can
define the imprecision displacement spectral density:

Simp
xx (Ω) = 1

P 2
in(∂T /∂x)2

Simp
PP (Ω)

= 1

P 2
in(∂T /∂x)2

(
2NEP2 +ħωPinT +RIN2P 2

inT 2)+ 1

G2 Sωω(Ω) (2.105)

which is the imprecision added to the motion transduction by the various noise
sources. This forms a limit to the sensitivity with which we can measure Sth

xx(Ω). We
can identify two major power regimes: one where the input power Pin is fixed and
one where the power at the detector Pout is fixed.

The input power can be limited because of for instance demands on the laser
power or a limited damage threshold power at the scatterer.

In other cases, one is instead constrained by the power at the detector rather
than by Pin, for instance due to photodiode or transimpedance amplifier satura-
tion. Then, the imprecision for a given value of Pout is the proper figure of merit for
the transducer’s performance.

In the figures in this section, we will not plot the phase noise imprecision contri-
bution, as shown in Equation (2.1012.101). For the phase noise as given in Table 2.32.3, with

S1/2
νν = 13 Hz/

p
Hz , we can find an imprecision

√
Simp,φ

xx = 1.3×10−20 m/
p

Hz . This
is much smaller than the thermal occupation of a typical mechanical oscillator we
will use, as shown for instance in Figure 2.52.5, and also much smaller than the other
imprecision contributions, as will be shown in the remainder of this section.

We will investigate the imprecision levels for two cases: a high-albedo scatterer
and a low-albedo scatterer. Figure 2.132.13 shows the scattering and extinction cross
sections for these scatterers. Both scatterers have optical quality factor Qopt = 10
and will be used at optimum detuning ∆=ω−ω0 = 1

2
p

3
γ, with G = 2π×1 THz/nm.

For the high-A scatterer we will use an excitation and collection NA = 1 and albedo
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Figure 2.13: Extinction (blue) and scattering (purple) cross sections for a
high-A scatterer (albedoA = 1, solid line) and a bad scatterer (albedoA =
0.1, dashed lines), with the unitary limit plotted in black. Note that for the
scatterer with albedo A = 1 the extinction and scattering cross section are
identical. Both scatterers have Qopt = 10. The gray vertical line indicates
the laser frequency ω= 2π×200 THz.

A = 1, for the low-A scatterer we will use a limited numerical aperture of NA = 0.4
and A = 0.1.

2.5.1 Imprecision for limited input power Pin

For fixed input power Pin, the imprecision is determined by Equation (2.1052.105). Fig-

ure 2.142.14 shows this fixed-input-power imprecision Simp
xx (Ω) as a function of polar-

izer angles, using the noise parameters tabulated in Table 2.32.3 and an input power
of 500 µW. The different noise contributions to the imprecision are also plotted.
Figure 2.142.14a shows the data for the scatterer with A = 1, while Figure 2.142.14b shows
the data for the scatterer with A = 0.1. First, it is obvious that the total imprecision
is much lower for the good scatterer.

Second, both scatterers show an angle where the imprecision diverges. This is
the angle where the scattering peak is exactly equal to the extinction dip, leading
to a net 0 transduction, as shown in Figure 2.112.11 for the high-A scatterer, where
in Figure 2.112.11a the line for ζ = ±0.2π is flat, and in Figure 2.112.11b the change in
transmittivity ∂T

∂x is equal to 0. As this angle depends on the scattering properties, it
is shifted for the low-A scatterer shown in Figure 2.142.14b, moving closer to ζ=±π/4.

For the high-A scatterer, using crossed polarizers does not improve sensitiv-
ity: the reduction in detected power by using crossed polarizers due to Malus’ law
increases the classical and shot noise contributions.

Near the crossed-polarizer angle (ζ = ±π/4), the laser classical noise contribu-
tion to the imprecision for the low-A scatterer is strongly suppressed, leading to a
reduction in imprecision. At these angles, the bad-scatterer-imprecision is domi-
nated by the electrical contribution, as this does not scale with the transmittance
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Figure 2.14: Imprecision for constant input power Pin as a function ofpolarizer angles, with ζin = −ζout. (a): Imprecision for a scatterer with
A = 1 and NA = 1. (b): Imprecision for a scatterer with A = 0.1 and NA =
0.4. Lines indicate the various imprecision contributions (Equation (2.1052.105));
black: total imprecision; blue: electrical imprecision; purple: shot noise
imprecision; gold: classical noise imprecision. For both panels, Qopt = 10,
G = 2π× 1 THz/nm, ω0 = 2π× 210 THz, ω = 2π× 200 THz, to achieve
optimum detuning of ∆ = ω−ω0 = 1

2
p

3
γ. Imprecisions are calculated for

Pin = 500µW.

T , which is strongly reduced at crossed polarizer angles. We note however that
with proper optical amplification (either using an EDFA or beating with a local
oscillator) could reduce its contribution significantly.

2.5.2 Imprecision for limited output power Pout

For the limited output power regime, we can rewrite Equation (2.1052.105) to reflect the
limiting output power:

Simp
xx (Ω) = 2 NEP2

P 2
out

T 2

(∂T /∂x)2 + ħω
Pout

T 2

(∂T /∂x)2 +RIN2 T 2

(∂T /∂x)2

= T 2

(∂T /∂x)2

[
2 NEP2

P 2
out

+ ħω
Pout

+RIN2

]
, (2.106)

separating out T and ∂T
∂x from the noise parameters.

Figure 2.152.15 shows the fixed-output-power imprecision for a detected power of
50 µW. As can be seen from Equation 2.1062.106, all three imprecision contributions
have the same scaling with polarizer angles, as these angles only enter into T and
∂T
∂x . Again, as in Figure 2.142.14, we plot data for an A = 1 and for an A = 0.1 scatterer.

For limiting Pout, as for limiting Pin crossed polarizers do not increase the sensi-
tivity for the high-A scatterer. For the low-A scatterer however, we see that the
imprecision is greatly reduced near the crossed-polarizer angle.
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Figure 2.15: Imprecision for constant output power Pout as a function ofpolarizer angles, with ζin = −ζout. (a): Imprecision for a scatterer with
A = 1 and NA = 1. (b): Imprecision for a scatterer with A = 0.1 and NA =
0.4. Lines indicate the various imprecision contributions (Equation (2.1062.106));
black: total imprecision; blue: electrical imprecision; purple: shot noise
imprecision; gold: classical noise imprecision. For both panels, Qopt = 10,
G = 2π× 1 THz/nm, ω0 = 2π× 210 THz, ω = 2π× 200 THz, to achieve
optimum detuning of ∆ = ω−ω0 = 1

2
p

3
γ. Imprecisions are calculated for

Pout = 50µW.

2.5.3 Imprecision as a function of detuning
So far, we have only studied the polarizer-angle dependence of the imprecision,
while setting the laser at the optimum detuning on the slope of the resonance.
In Figure 2.162.16, we calculate the imprecision as a function of detuning relative to

the peak resonance frequency. We compare the total imprecision Simp
xx for scatter-

ers with A = 1 both with constant Pin (Figure 2.162.16a) and with constant Pout (Fig-
ure 2.162.16b), for ζin = ζout = 0 and ζin = ζout = π/4, finding that for larger detunings,
using crossed polarizers has a lower imprecision than using aligned polarizers. The
crossing points are at ∆/γ=−0.4,+0.49 for constant Pin, and at ∆/γ=−0.45,+0.55
for constant Pout.

We see that for good scattering and optimal detuning, a very low imprecision
can be achieved without using crossed polarizers. However, when the scattering is
small or the detuning is large, the crossed polarizers can be a useful way to suppress
noise sources that scale with the transmittance T .

2.5.4 Experimental techniques to reduce noise
There are other experimental techniques to reduce noise levels and thereby
improve sensitivity. A commonly used technique is homodyne interferometry [33].
Instead of the direct transduction used in this thesis, the laser is tuned to the
center of the optical resonance. The mechanical oscillations then imprint phase
fluctuations onto the transmitted laser beam. This light is then interfered with a
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Figure 2.16: Imprecision for anA = 1, NA = 1,G = 2π×1 THz/nm scatterer
as a function of detuning. (a): Imprecision for constant Pin = 500 µW.
(b): Imprecision for constant Pout = 50 µW. Blue: ζin = ζout = 0, purple:
−ζin = ζout =π/4.

much stronger homodyne reference branch and split to two balanced photodiodes,
and the difference signal is monitored. The interference with the strong local
oscillator can effectively amplify weak signals, and the interferometer suppresses
common-mode classical noise. However, it does require a properly stabilized and
arm-length-matched Mach–Zender interferometer.

If the imprecision is limited by electrical or shot noise, an optical amplifier
(for instance an erbium-doped fiber amplifier (EDFA) when working at telecom
wavelengths) can be used after the scatterer and before the photodiode to amplify
the signal, increasing the total power at the photodiode, and thereby reducing the
electrical and shot noise imprecision. The EDFA will not improve the classical noise
imprecision, as this has the same scaling with optical power as the signal. An EDFA
also adds noise itself, with this “excess amplifier noise” typically adding on the
order of 6 dB of noise to the shot noise level, implying that it is dependent on the
ratios of the imprecision contributions whether or not using an EDFA will improve
sensitivity.

2.6 Transduction examples
In this section, we will calculate the sensitivity achievable using our plasmonic
transducer geometry. We will assume this geometry can be realized in a system
with mechanical properties demonstrated by two other groups: a low frequency,
high-Q silicon nitride string oscillator, demonstrated by Verbridge et al. [9696], and
a high frequency, low-Q silicon carbide oscillator, demonstrated by Yang et al. [9797].
Finally, we will investigate the properties of a beam similar to the beams we will
study in Chapter 66. As many imprecision contributions scale with the optical power
used, we will plot the imprecisions as a function of input power Pin.

This section will use the the high-A scatterer as seen in the previous section
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beam f (MHz) Q meff L (µm) w (nm) h (nm) T (K)

Verbridge 1.03 1.3 ·106 110 pg 275 350 110 300
Yang 190 5000 96 fg 2.3 150 100 4.2
10 MHz 10 1000 160 fg 10 120 100 300

Table 2.4: Parameters for the mechanical oscillators described in
Section 2.62.6.

for transduction, with parameters: A = 1, NA = 1, Qopt = 10, G = 2π×1 THz/nm,
ω0 = 2π× 210 THz, ω = 2π× 200 THz, operating at an optimum detuning of ∆ =
ω−ω0 = 1

2
p

3
γ.

2.6.1 Imprecision comparable to that at the standardquantum limit
We can also calculate the power needed to achieve an imprecision equal to that at
the standard quantum limit.

In an ideal, lossless, quantum-limited measurement, the total noise added by
the measurement (i.e. imprecision plus measurement back-action) reaches a min-
imum at a certain power, when

S̄imp
xx = S̄qba

xx = 1

2
S̄ZPF

xx , (2.107)

the so-called standard quantum limit (SQL). Here, S̄XX(Ω) denotes the symmetrized
spectral density: S̄XX(Ω) ≡ (SXX(Ω)+SXX(−Ω))/2. S̄ZPF

xx is the spectral displacement
density associated with the quantum-mechanical ground state. At the mechanical
resonance frequency, this is equal to

S̄ZPF
xx (Ωm) =ħ ∣∣Imχxx(Ωm)

∣∣= ħ
meffΩmΓm

. (2.108)

The (quantum) back-action S̄qba
xx is caused by the fluctuating radiation pressure

force. The force spectral density of this back-action is the force per photon squared,
(ħG)2, times the photon number spectral density:

S̄qba
FF =ħ2G2S̄NN = 4ħ2G2

γ
n̄phot, (2.109)

where the number of photons circulating in the cavity is estimated to be

n̄phot =
k

ε0

Im(α)

A0

4Pin

γħω , (2.110)

where A0 is the effective focal area from Equation (2.782.78).
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The back-action force spectral density causes additional displacement of the
mechanical resonator:

S̄qba
xx = ∣∣χxx(Ω)

∣∣2 S̄qba
FF , (2.111)

where χxx(Ω) is the mechanical susceptibility as defined in Equation (2.352.35). For
measurement at the optical cavity resonance, the quantum back-action and the
photon shot noise imprecision should be equal at the standard quantum limit in
an ideal measurement.

Our measurements are not ideal, in the sense that not all scattered light is col-
lected, we detect for non-zero detuning, and noise sources other than quantum
noise contribute. Therefore, an imprecision comparable to S̄ZPF

xx is obtained only
at higher power. For comparison, it is still interesting to see for which power such
(imprecision) noise levels can be reached. We call this power Pimp@SQL.

In Figures 2.172.17–2.192.19 we plot all noise contributions to the imprecision, includ-
ing shot noise (purple line), which can be compared to the shot noise imprecision
for an ideal measurement (purple dashed line).

2.6.2 High-Qm oscillator
In Figure 2.172.17, we show the spectral density of the low-frequency beam, with mech-
anical parameters shown in the top row of Table 2.42.4. Panel (a) shows the spectral
displacement density S̄th

xx(Ω) and the added imprecision S̄imp
xx for an input power

Pin = 10 µW. The displacement can be integrated to find a variance
〈

x2
〉 = 5.4×

10−20 m2, using Equation (2.312.31). The imprecision was calculated using the param-
eters from Table 2.32.3, multiplying the RIN by 10 to account for the increased laser
classical noise at 1 MHz (see Figure 2.122.12). Panel (b) shows the square root of the

spectral displacement density
√

S̄th
xx(Ω).

In panel (c), we plot various imprecision and displacement spectral densities
as a function of input power Pin. The red line is the total signal S̄th

xx(Ωm)+ S̄imp
xx ,

consisting of the constant thermal displacement density (blue) and the total noise
imprecision (black), which is specified in Equation (2.1052.105). We can determine that
the power for which S̄th

xx(Ωm) = S̄imp
xx , at which we can resolve the mechanical dis-

placement with a signal-to-noise ratio of 1, is the low value of Pin = 69 nW: this is
the point where the black line crosses the blue. This panel also clearly shows the
power-scaling of the different imprecisions: at low power the imprecision due to
electrical noise (blue), scaling with P−2

in dominates, and at high power the classical
noise imprecision, which is non-power dependent, dominates (gold). The shot
noise (∝ P−1

in ) is shown in purple, and the shot noise limit, which would be attained
for an ideal measurement on resonance (which would require interferometry to
convert the resulting phase fluctuation spectral density) is shown as the dashed
purple line. The quantum back-action, which scales ∝ Pin, is plotted as the green
dashed line.

The zero-point fluctuations are shown as the dashed black line in Figure 2.172.17.
For this mechanical resonator, we find Pimp@SQL ≈ 8 µW using plasmonic trans-
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Figure 2.17: Calculated transduction for the plasmonic system in combina-
tion with a high-Q mechanical oscillator. (a): Spectral displacement density:
S̄th

xx(Ω) (blue) and S̄th
xx(Ω) + S

imp
xx (red), for Pin = 10 µW. (b): Square root

of the spectral displacement density. (c): Imprecision and displacement
spectral densities as a function of input power. The solid blue line
is the thermal spectral density S̄th

xx(Ωm), the dashed black line shows
the symmetrized zero point fluctuations S̄ZPF

xx (Ωm). The imprecision
contributions are electrical (blue), shot noise (red) and classical noise (gold),
with the black line the total imprecision. The red line shows S̄th

xx(Ωm)+S̄
imp
xx .

The green dashed line is the measurement back-action S̄
qba
xx , and thepurple dashed line is the shot noise limit: the minimum possible shot

noise-induced imprecision, for measurement on the optical resonance.
Mechanical parameters are shown in Table 2.42.4, electrical parameters in
Table 2.32.3.
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2.6 Transduction examples

duction. This is the power for which the total imprecision S̄imp,tot
xx is equal to the

zero-point fluctuations. This low Pimp@SQL shows the high sensitivity that is in
principle attainable with plasmonic transducers. If we calculate the shot-noise
limited imprecision (setting S̄class

xx = 0 and S̄el
xx = 0), we find Pimp@SQL = 66 nW.

2.6.3 High-Ωm oscillator
Next, we perform the same analysis using mechanical properties of a high-
frequency oscillator such as that of Yang et al. [9797], (see properties in second row of
Table 2.42.4), with spectral densities and imprecisions shown in Figure 2.182.18.

First, we note that, both due to the higher frequency and the much lower
temperature compared to the low-frequency beam, the thermal occupation of
the mode is much smaller than for the low-frequency oscillator; integrating the
spectral displacement density leads to a variance of

〈
x2

〉 = 5 × 10−25 m2. This
reduces the sensitivity: the thermal displacement is much lower compared to the

imprecision. We find that to achieve S̄imp
xx = S̄th

xx(Ωm) (i.e. a signal-to-noise ratio of
1), we need an input power Pin = 64 µW. This situation is plotted in panels a and

b, for S̄xx and
√

S̄xx respectively. In panel c, we again plot the power-dependence
of the imprecision. For this oscillator, we see that the classical noise imprecision

S̄imp,class
xx À S̄ZPF

xx (Ωm). We can however calculate that the shot-noise limited

imprecision is equal to the SQL (S̄imp
xx = S̄ZPF

xx ) for an input power Pimp@SQL = 5 mW.

2.6.4 10 MHz oscillator
Finally, we also plot the sensitivity curves for the 10 MHz beam, whose spectral
density is shown in Figure 2.52.5. This beam is representative of the beams we will
study in Chapter 66. The sensitivity curves are plotted in Figure 2.192.19, for both a high-
A and a low-A scatterer. Because the NA in Figure 2.192.19b is smaller (NA = 1 in panel
(a) vs NA = 0.4 in panel (b)), the difference between the shot noise imprecision and
the shot noise limit is much larger in panel (b) than it is in panel (a): fewer photons
are detected due to the smaller numerical aperture.

To obtain an imprecision equal to the thermally driven displacement,

S̄imp
xx = S̄th

xx(Ωm), we require 250 nW of power for the high-A scatterer and
22 µW for the low-A scatterer. For the current parameters, we can not attain
an imprecision equal to that at the SQL: the laser classical noise imprecision is
larger than the zero-point fluctuations. If we were to perform a shot-noise limited
measurement, Pimp@SQL would be approximately 120 µW for the good scatterer,
and approximately 900 mW for the bad scatterer.

In this section, we have investigated the different noise imprecisions as a func-
tion of measurement power, using three different mechanical systems. In all three
cases, the laser classical noise is the limiting factor in achieving measurement im-
precisions at the standard quantum level. For the 10 MHz beam, the classical laser
noise imprecision is larger than the spectral density of the zero-point fluctuations.
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Figure 2.18: Calculated transduction for the plasmonic system in combina-
tion with a high-frequency mechanical oscillator. (a): Spectral displacement
density: S̄th

xx(Ω) (blue) and S̄th
xx(Ω)+ S

imp
xx (red), for Pin = 65 µW, attaining

a signal-to-noise ratio of 1. (b): Square root of the spectral displacement
density. (c): Imprecision and displacement spectral densities as a function of
input power. The solid blue line is the thermal spectral density S̄th

xx(Ωm), the
dashed black line shows the symmetrized zero point fluctuations S̄ZPF

xx (Ωm).
The imprecision contributions are electrical (blue), shot noise (red) and
classical noise (gold), with the black line the total imprecision. The red
line shows S̄th

xx(Ωm) + S̄
imp
xx . The green dashed line is the measurement

back-action S̄
qba
xx , and the purple dashed line is the shot noise limit: theminimum possible shot noise-induced imprecision, for measurement on the

optical resonance. Mechanical parameters are shown in Table 2.42.4, electrical
parameters in Table 2.32.3.
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Figure 2.19: Calculated transduction for the plasmonic system in combina-
tion with a 10 MHz mechanical oscillator with Qm = 1000. (a): Transduction
by A = 1, NA = 1 scatterer. (b): Transduction by A = 0.1, NA = 0.4
scatterer. The solid blue line is the thermal spectral density S̄th

xx(Ωm), the
dashed black line shows the symmetrized zero point fluctuations S̄ZPF

xx (Ωm).
The imprecision contributions are electrical (blue), shot noise (red) and
classical noise (gold), with the black line the total imprecision. The red
line shows S̄th

xx(Ωm) + S
imp
xx . The green dashed line is the measurement

back-action S̄
qba
xx , and the purple dashed line is the shot noise limit: theminimum possible shot noise-induced imprecision, for measurement on the

optical resonance. Mechanical parameters are shown in Table 2.42.4, electrical
parameters in Table 2.32.3.

Because the classical laser noise has the same scaling with input power as the trans-
duction of mechanical fluctuations, increasing the measurement power does not
reduce the relative contribution of the classical laser noise to the imprecision. We
do note that the classical laser noise is a technical limitation, and there are several
methods to reduce this noise, several of which are described in Section 2.5.42.5.4.

For the good scatterer, very low powers to measure at the SQL are obtained,
especially for the high-Qm beam. We do note that the good scatterer is the ulti-
mate limit, using two NA = 1 objectives and a non-absorbing scatterer. Therefore,
we have also plotted the sensitivity for the low-A scatterer for the 10 MHz beam,
showing a more experimentally feasible scenario.

2.7 Plasmonic metal-insulator-metal transduction
In Chapters 44 and 55, we measure plasmonic transduction using gold-coated beams
(Figure 1.31.3a), where the sidewalls of the gold layer support a plasmonic metal-
insulator-metal (MIM) resonance. The geometry is effectively reversed from that of
a dipolar scatterer: the gold covering layer creates a dark-field geometry, where the
only light that is transmitted is light that has been scattered through the plasmonic
aperture. In cavity optomechanics, this is equivalent to a two-sided Fabry-Pérot
cavity, where transmission is monitored.
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plasmonic geometric

x x

Figure 2.20: Geometry for plasmonic metal-insulator-metal (left) and
geometric toy model (right) transduction.

In this section, we will show how the plasmonic MIM geometry is similar to us-
ing crossed polarizers, and compare it to a simple geometric shadowing toy model
[9898]. Figure 2.202.20 sketches the plasmonic metal-insulator-metal and toy model con-
figurations.

2.7.1 Plasmonic darkfield transduction
For the transduction by the plasmonic metal-insulator-metal resonance, we use the
focused scattering model derived in Section 2.32.3, starting from Equation (2.812.81). Be-
cause the metal covering on the beams rejects all the direct transmission (reflecting
it instead); we set two of the three terms to 0: the direct transmission term and the
Im(α) term, which represents the extinction, leaving only the scattered field:

Pout = Pin

[
|α|2 A 2

0

(
3+ 2

3
cosβout + 1

3
cos2βout

)
sin2

(
βout/2

)
sin2βin

cos2 ζin

]
. (2.112)

For the comparison of the MIM geometry with the geometric toy model, we
assume a dipole scattering at the unitary limit, with γi = 0 and Q = γ/ω0 = 12.
We use G = 2π× 1 THz/nm, which is a reasonable value for a width of the gap
between the MIM sidewalls of 30 nm, a typical value used in the experiments in
Chapters 44 and 55. The transmittance T and the change in transmittance ∂T

∂x are
plotted for these parameters in Figure 2.212.21, as a function of focusing angle β and
frequency ω. Both T and ∂T

∂x are strongly dependent on these parameters, with
both improving for increasing numerical aperture. At the optimum detuning and
NA = 1, a transduction of ∂T /∂x

T = 0.05
nm is calculated.

2.7.2 Geometric model transduction
We compare the resonant MIM transmission to a geometric toy model, as sketched
in Figure 2.202.20. We assume that in the focal plane, the beam has a circular effective
area Aeff, with a power density P = Pin/Aeff, and integrate this power density over
the opening area given by the opening width x. For the area of the focused laser
beam in the focal plane, we will extract the effective area Aeff [7878, 8989] from the
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(a) (b)

Figure 2.21: Transmittivity for the MIM darkfield geometry as a function of
focusing angle β and laser frequency ω. Left panel: transmittance T (as
shown in Equation (2.1122.112), right panel: derivative of transmittance ∂T

∂x . Themesh lines normal to the β axis indicate NA = (0.1,0.2, . . . ,0.9).

focusing analysis in Section 2.3.52.3.5 as

Aeff =
Pin

2cW el
inc(O)

= λ2 sin2βin

πI0(O)2 (2.113)

using

Pin = 1

2
ε0cE 2

0πa2, (2.114)

W el
inc(O) =

(
πF E0 |I0(O)|

2λ

)2

, and (2.115)

I0(O) = 2

(
8

15
− 1

3
cos3/2βin − 1

5
cos5/2βin

)
, (2.116)

where Pin is the incident power, W el
inc(O) is the electromagnetic energy density at

the origin and I0(O) is a diffraction integral, evaluated at the origin.
We will take the power density P in the focal plane to be constant, as P =

Pin/Aeff for radial distances r within the effective focal area, r ≤ √
Aeff/π. To find

the transmitted power we integrate this power density over the opening width x,
finding the transmittance:

Tgeom = Pout

Pin
=

∫ ∞

∞

∫ x/2

−x/2
P dx ′dy (2.117)

≈ 2x√
Aeffπ

+O(x2), (2.118)
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(a) (b)

Figure 2.22: Left panel: transmittance T (Equation (2.1182.118)), right panel,
change in transittance ∂T

∂x (Equation (2.1192.119))for the geometric model, as a
function of slot width x̄ and focusing angle β. The mesh lines normal to the
β axis indicate NA = (0.1,0.2, . . . ,0.9).

assuming x ¿ r . In this limit, we can find the change in transmittance due to a
change in gap width:

∂Tgeom

∂x
= 2

√
Aeff

π
. (2.119)

In Figure 2.222.22, we plot Tgeom and
∂Tgeom

∂x , as a function of x and βin. The geometric
toy model transduction is a non-resonant effect. It is however weakly dependent
on the laser frequency in that the size of the focal spot depends on the frequency,
with higher frequencies leading to more tightly focused spots and therefore more
transmittance. We note that for very small gaps, the output power modulation can
be high:

δPout = PinTgeom
∂Tgeom

∂x
δx. (2.120)

The change in transmittance does not depend on the unmodulated gap width
x̄. However, the DC transmittance PinTgeom can be very small (as shown in
Figure 2.222.22), leading to high modulation. We note that this model is a fairly
simple approximation. The full analysis requires calculating the transmittance
through a slit in a perfectly conducting screen, as discussed by Born & Wolf
in §11.8.3 of Principles of Optics [9999].

We can now compare the imprecision attainable for the MIM transduction and
the geometric toy model transduction. We repeat Equation (2.1052.105):

Simp
xx = 2 NEP2

P 2
in

1

(∂T /∂x)2 + ħω
Pin

T

(∂T /∂x)2 +RIN2 T 2

(∂T /∂x)2 , (2.121)

filling in TMIM and ∂TMIM
∂x and Tgeom and

∂Tgeom

∂x , plotting the result in Figure 2.232.23.
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Figure 2.23: Comparison of the imprecision level for MIM transduction and
geometric transduction. (a): comparison as a function of input power Pin fora gap width of 30 nm. Solid lines: imprecisions for MIM geometry; dashed
lines: imprecisions for geometric model. Black: total; blue: electrical;
purple: shot noise; gold: classical laser imprecision. (b): Geometric model
imprecision as a function of gap width x̄, at power Pin = 500 µW, showing
low imprecision for very narrow gaps.

For the MIM transduction, we use the good-scattering parameters, as discussed in
Section 2.52.5: Qopt = 10, G = 2π×1 THz/nm, ω0 = 2π×210 THz, ω= 2π×200 THz, to
achieve optimum detuning of ∆=ω−ω0 = 1

2
p

3
γ. The gap width for the geometric

model was set to x̄ = 30 nm, with ω = 2π× 200 THz. The solid lines show the
imprecision contributions for the MIM geometry, the dashed lines those for the
geometric model. Clearly, the plasmonic geometry has a lower imprecision for all
input powers.

We can compare the sensitivity obtained at Pin = 500 µW to that for the scat-
tering plasmonic dimer as shown in Figure 2.142.14, and see a very similar impreci-

sion level for plasmonic dimer and MIM geometry:
√

Simp
xx,MIM = 8×10−16 m/

p
Hz,√

Simp
xx,dimer = 5× 10−16 m/

p
Hz at ζ = 0. The geometric transduction for a 30 nm-

wide gap is
√

Simp
xx,geom = 1×10−14 m/

p
Hz.

In Figure 2.232.23b, we show the geometric toy model imprecision levels as a
function of gap width. Increasing the gap width increases the power transmitted
through the slot, while keeping the change in transmittance ∂T

∂x constant.
Therefore, we see that increasing the gap width increases the shot noise and
classical noise imprecision contributions. For narrow gaps, the transmittance
goes down. This leaves the geometric transduction limited by the electrical noise
contribution to the imprecision, estimated here for the detector used in our
experiments.
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2.8 Radiation pressure force & the optical spring ef-fect
Up to now, we have only discussed how light can be used to detect mechanical
motion. However, because photons carry momentum, they can exert a force. By
exerting forces, the light field can influence the mechanical properties of the sys-
tem. In this section, we will discuss the radiation pressure force. As we will see in
Section 5.45.4, there is also another way a photon can exert a force: through absorp-
tion, light can cause heating, which can then drive the mechanical system.

In cavity optomechanics, the radiation pressure force is characterized by the
coupling factor G and the number of photons circulating in the cavity n̄cav:

F (x) =ħGn̄cav. (2.122)

This equation shows both the strength and the weakness of the plasmonic system
under study here. Because G is large, around 2π×1 THz/nm, the force per photon is
high. However, due to the low optical quality factor of plasmonic systems, the num-
ber of circulating photons n̄phot is relatively low. We assume dynamic phenomena
due to retarded radiation pressures, such as cooling and heating, are limited, as
the photon lifetime is much smaller than the mechanical oscillation period: 1/γ¿
1/Ωm. This implies that an individual photon does not ‘see’ the cavity oscillating,
but instead sees a ‘snapshot’ of the optical cavity configuration. Therefore, we will
not study these effects.

We restrict ourselves to determining static phenomena, and focus on the op-
tical spring effect: the radiation pressure mediated stiffening or softening of the
mechanical oscillator. We use the properties of scattering dipoles calculated in
this chapter to determine the optical force between the two dipoles of the dimer
antenna, and determine the magnitude of the optical spring effect.

The radiation pressure force can be derived from a potential, following the
derivation by Aspelmeyer et al. [100100]:

F (x) =−∂Vrad(x)

∂x
. (2.123)

The total potential for the mechanical oscillator is then:

V (x) = meffΩm

2
x2 +Vrad(x). (2.124)

This modified potential creates a new equilibrium position, x0 6= 0, and changes the
effective spring constant to a new value:

keff =V ′′(x0) = meffΩ
2
m +V ′′

rad(x0), (2.125)

where the prime (′) indicates differentiation with respect to x. This leads to an
expression for the change in mechanical frequency :

δΩm = 8∆
G

γ

√
ħ

2meffΩm

n̄max
cav[

1+ (2∆/γ)2
]2 . (2.126)
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Figure 2.24: (a): Frequency shift and (b) optical force as a function of
frequency for the good and bad scatterer. The scatterer is excited with
500 µWof optical power through an NA = 1 objective for theA = 1 scatterer,
and through an NA = 0.4 objective for the A = 0.1 scatterer, with coupling
rate G = 2π×1 THz/nm. The beam has a resonant frequency of 9 MHz, with
Q = 1000.

We now need to determine the number of photons circulating in our plasmonic
cavity. Using the expressions derived for the transmittance, we set the photon num-
ber to be:

n̄phot =
k

ε0

Im(α)

A0

4Pin

γħω , (2.127)

which is equal to the extinction term in Equation (2.812.81), where we have defined
n̄max

cav ≡ n̄phot(∆= 0). The resulting frequency shift and optical force, Fopt =ħGn̄phot

are shown in Figure 2.242.24a and b respectively, as a function of optical detuning. For
the dimer antennas studied in Chapter 66, we have fm ≈ 9 MHz and Q ≈ 1000. The
results in Chapter 66 show an albedo worse than that of the low-A scatterer studied
in this chapter. This implies that we will not observe an optical spring effect in
Chapter 66. However, the calculations shown in Figure 2.242.24 show that, if we improve
the experimentally observed albedo, an optical spring effect should be observable,
as the frequency shift δf calculated in Figure 2.242.24 is more than 2 times larger than
the mechanical loss rate Ωm/Q ≈ 9000 rad/s measured in Chapter 66.

2.9 Conclusion
In this chapter, we have shown the theoretical properties of the systems we will
study in the remaining chapters, investigating both the mechanical and optical
properties.

First, we derived the mechanical properties of doubly clamped beams. The
model for a uniform doubly clamped beam was expanded to include bilayer beams
and the effect of axial stress. Next, we used the fluctuation-dissipation theorem to
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√
Simp

xx (m/
p

Hz ) high-A low-A

constant Pin 5×10−16 4×10−14(ζ≈π/5)
constant Pout 6×10−16 1×10−15(ζ≈π/4)
MIM 8×10−16

geometric 1×10−14

oscillator
√

Sth
xx (m/

p
Hz ) Pimp@SQL

high-Q 5.9×10−11 66 nW
high-Ωm 1.9×10−15 5 mW
10 MHz 1.7×10−14 113µW

Table 2.5: Calculated imprecision and thermal displacement spectral
densities for the various transduction models and beams described in this
chapter. The terms “high-A ” and “low-A ” refer to the different scatterer
parameters as defined in Section 2.52.5. Mechanical parameters for the
different beams are given in Table 2.42.4. The 10 MHz beam is typical for the
beams we will study in Chapter 66. Its spectral density is plotted in Figure 2.52.5.
PSQL refers to the power needed to perform a measurement with a shot-
noise limited imprecision S̄

imp,SN
xx = S̄ZPF

xx , as discussed in Section 2.62.6.

calculate the displacement spectral density caused by the thermal occupation of
beams.

To investigate the optical properties of plasmonic antennas, we started by
analyzing the scattering properties of two coupled particles, calculating the
interparticle-spacing-dependent scattering properties of such a system. Next, we
calculated the excitation of such a system by a focused light field. We included
polarization, which allowed the investigation of the use of crossed polarizers
to improve signal-to-noise ratios. In Chapters 44 and 55, a different plasmonic
transducer is used, using not a scattering particle but an MIM slot. A model for this
system was created, and we compared this to a geometric transduction model.

The noise in the measurements is due to the fact that the laser beam and de-
tector used to measure are not noise free. We showed typical noise parameters
for the laser and detector we used in most of the experiments performed in this
thesis, and calculated how the noise spectral densities propagate through the sys-
tem, allowing a comparison of signal and noise. This is conveniently expressed

as displacement imprecision spectral densities Simp
xx (Ω), which can be compared

to a (nano)beam’s thermal spectral displacement density Sth
xx(Ω). We calculated

imprecisions both for constant input power Pin and constant output power Pout, for
both an ideal and a more realistic scatterer. We then compared these imprecisions
to thermal displacements for several different mechanical systems, and introduced
the standard quantum level as a measure for sensitivity. Table 2.52.5 gives an overview
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of these calculated values, showing the low imprecisions obtainable with optimized
plasmonic systems.
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