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CHAPTER 1

Introduction

Materials such as bone and wood are highly performant: although they are
made from soft biological polymers, they are strong and lightweight (Fig. 1.1a) —
which enables birds to fly [1] and trees to withstand the wind [2]. This remarkable
performance is due to their specific internal structures (Fig. 1.1b and c). We can
find more extreme examples in the deep sea. Cuttlefish can survive in the high wa-
ter pressure of about 20 atmospheres because of their internal biomineralised shell,
known as cuttlebone (Fig. 1.1d). Another example is the deep-sea glass sponges
known for their remarkably complex skeletons (Fig. 1.1e). Inspired by the advan-
tages of these superior natural materials, metamaterials are human-made materials
that exploit a similar concept. For instance, one can apply the shell-like design of
cuttlebone to create metamaterials with high stiffness and damage tolerance [3]
and use the diagonal reinforcement strategy in sponge skeletons to develop meta-
materials with high buckling resistance [4]. Buckling commonly occurs in cellular
materials and metamaterials since they usually consist of slender trusses, beams, and
shells. Over the past two decades, buckling has undergone a paradigm shift in the
design of metamaterials—from being avoided as a failure mode to being intentionally
harnessed [5]. When the components in materials or metamaterials are not highly
slender, the buckling of components is usually accompanied by plastic deformation.
How does plasticity from the based materials couple to buckling in metamaterials?
How can we harness such interplay to enhance the mechanical performances of meta-
materials? This thesis attempts to address these questions. Before we get there, we
begin this introduction by reviewing the various manifestations of elastic buckling
and an interesting phenomenon in buckling: negative stiffness.
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Figure 1.1: Natural materials and mechanical properties. a, Ashby plot for natural materials
with respect to their stiffness and tensile strength. (Reproduced from [6]). b, Hornbill bird beak
with internal structure [1]. c, Scanning electron micrographs showing cross-section of cedar [2].
d, A 3D µ-CT reconstructed wall–septa structure. The walls have wavier top profiles (green)
compared to the bottom profiles (red) [3]. e, Progressively magnified views of the sponge’s
skeletal system, showing the entire skeletal tube (left) and its alternating arrangement of open
and closed cells (right). (Adopted from [4]).

1.1 Elastic buckling and negative stiffness

The buckling behaviour of a single column has been studied for more than
280 years. Euler (in 1744) first studied the buckling behaviour of a slender bar
under uniaxial loading and found that the bifurcation load (known as Euler load) is
proportional to the elastic modulus E and inversely proportional to the slenderness
of the column (Fig. 1.2a top). For a pin-ended column, Fcr = π2EI/L2, in which I

is the second moment of the cross-section area, L is the length of the column. The
stress linearly distributes across the section at the buckling moment (Fig. 1.2a, inset
black line) and in postbuckling (Fig. 1.2a, inset green line). The compressive area
with a stress increase is slightly larger than the stretching area, leading to a positive
stiffness in postbuckling [7–9] (Fig. 1.2a).

When a column is not very slender, buckling may couple with material nonlin-
earity when the buckling critical stress in the column’s cross-section is equivalent
to or higher than the material’s linear elastic limit. For example, a wide beam
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Figure 1.2: Elastic Buckling and negative stiffness. a, Euler buckling in a slender column of
length L and width t under a uniaxial load and its force-displacement curve, unless indicated
otherwise. The inset describes the stress distributions in the column’s section at the buckling
moment (black) and a state of postbuckling (green). The stress on the concave side is positive.
The force F , stress σ, and displacement u are normalised by the critical load Fcr, critical
stress σcr, and length L, respectively. (Adapted from [8]). b, Buckling in a wide beam (pink)
made of a hyperelastic material and the force-displacement curve and stress distribution profile.
(Adapted from [8]). c, Buckling behaviours in a bi-layer beam at slow (green curves) and
fast (red curves) loading conditions where half layer of the beam is made from a hyperelastic
material (blue) and the other layer is made from a viscoelastic material (green). (Adapted
from [10]). d, Buckling in a slender meta-beam (top). The force-displacement curves and the
stress distribution profiles of a meta-beam with low porosity (green) and high porosity (red).
(Adapted from [8]). e, Snap-through buckling in a Von Mises truss. (Adapted from [9]). f,
Buckling in an axially loading cylindrical shell with different imperfections. (Adapted from [9]).
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made of a hyperelastic material shows the interplay between buckling and hypere-
lasticity (Fig. 1.2b). The stress nonlinearly distributes across the beam section in
postbuckling with stiffening in the compressive part and softening in the stretching
part (Fig. 1.2b bottom inset, black curve). The asymmetric distribution leads to a
subcritical buckling and negative stiffness at the onset of buckling (Fig. 1.2b bot-
tom) [8, 11, 12]. Viscoelasticity exhibits nonlinear behaviours in a rate-dependent
way where the material’s stiffness increases as the loading rate. By combining the
properties of viscoelasticity and hyperelasticity, one can make a relatively slender
bi-beam where half layer beam is made from a hyperelastic material and half layer
is made from a viscoelastic material [10] (Fig. 1.2c top). The buckling behaviour
and the postbuckling stiffness of the bi-beam are rate-dependent. Under slow load-
ing, the layer of hyperelastic material (Fig. 1.2c blue layer) exhibits a slightly larger
stiffness compared to that of the viscoelastic layer (Fig. 1.2c green layer), leading to
a buckling to the bottom side and a positive stiffness in postbuckling (Fig. 1.2c bot-
tom green curves). Under fast loading, the stiffness of the viscoelastic layer highly
increases and becomes much larger than the hyperelastic layer, and the bi-beam
buckles to the top side (Fig. 1.2c top). In postbuckling, the unloading rate of the
viscoelastic layer on the convex side of the bi-beam is larger than the loading rate of
the hyperelastic layer on the concave side, resulting in an asymmetric stress profile
across the beam section and a negative stiffness in postbuckling (Fig. 1.2c bottom
red curves).

We can also achieve such negative stiffness in postbuckling with geometric non-
linearity in slender structures. In the first example, we introduce a slender meta-
beam where a beam is made from a metamaterial [8] (Fig. 1.2d top). In postbuck-
ling, the ligaments of the metamaterial on the convex side of the meta-beam are
stretched (stiffening), and the small squares of the metamaterial on the concave side
of the meta-beam undergo rotation (softening), leading to asymmetric stress distri-
bution in the section of the meta-beam and a negative stiffness (Fig. 1.2d bottom
red curves). As the porosity of the metamaterial becomes smaller, the buckling be-
haviour of the meta-beam gets closer to Euler buckling and the postbuckling stiffness
becomes positive. Thus, the postbuckling stiffness of the meta-beam can be tuned
from positive to negative by varying the porosity of the metamaterial. Instead of
using the complex internal structure in the beam, one can achieve the negative stiff-
ness in a simple two-bar truss (Von Mises truss, Fig. 1.2e top). When the Euler
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load of each bar is so large, and the bars never buckle, the Von Mises truss exhibits
snap-through buckling under certain loading conditions due to elastic shortening of
the bars. The snap-through buckling is inherently nonlinear and leads to a nega-
tive stiffness at the onset of buckling [9] (Fig. 1.2e bottom). A similar nonlinearity
can also be found in the buckling of an axially loaded cylindrical shell (Fig. 1.2f
top). Shell structures are imperfection-sensitive and exhibit a positive postbuck-
ling stiffness in the presence of large imperfections. As the imperfection reduces,
postbuckling stiffness gradually becomes negative. When the imperfection is small
enough, a snap-back buckling (both load and displacement decrease at the onset of
buckling) may happen (Fig. 1.2f bottom).

We have introduced the buckling behaviours in various structures and found
that the negative stiffness at the onset of buckling can be triggered either by the
interplay between buckling and material nonlinearity or geometric nonlinearity. But
how do we harness such negative stiffness in the design of metamaterials?

1.2 Mechanical metamaterials

“Metamaterials derive their properties not from the properties of the base ma-
terials, but from their newly designed structures.” This definition from Wikipedia
epitomises the dominant paradigm in metamaterial design: geometry controls func-
tionality. This is all the more true in mechanics, in which most designs exploit a
mechanical instability—buckling.

1.2.1 Sequential metamaterials

Mechanical metamaterials using Euler buckling, snap-through buckling, or shell
buckling exhibit striking properties such as negative Poisson’s ratio [13–15], non-
reciprocity [16], shape morphing [17–19], and sequential deformations [20–26]. Se-
quential deformations—whereby metamaterials deform in well-delineated sequence
of steps by using the buckling instability—have been one of the distinctive function-
alities of metamaterials and have emerged as a particularly promising mechanism
for a wide range of applications, from shock absorption [23–26, 30] and vibration
damping [31, 32] to soft robotics [27, 28, 33, 34] and mechanical computing [35–38].
The mechanism of sequential deformation in metamaterials is two-fold. First, there
is a softening mechanism that leads to the localisation of the deformations. In
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Figure 1.3: Sequential metamaterials. a, Snapshots of a 8-layered metamaterial with 5 ×
5 identical hyperelastic wide beams. The insets on the left are the undeformed and deformed
states of a single wide beam. (Adapted from [26]). b, A strip of kirigami consisting of twelve
identical unit cells made from two layers of viscoelastic materials under a fast stretching condition
exhibits a travelling kink during the stress relaxation. (Adapted from [27]). c, Snapshots of
sequential snap-through buckling in a metamaterial with multiple layers of Von Mises trusses
(Adapted from [23]). d, Snapshots of pressured metafluid that consists of capsules suspended
in a fluid. The capsules undergo sequential shell buckling under pressure. (Adapted from [28]).
e, A snapshot of a kirigami cylindrical shell undergoes a sequential pop-up process from top to
bottom in stretching. (Adapted from [29]). f, Snapshots of a three-step Euler buckling in a
hierarchical metamaterial with biaxial compression (Adapted from [20]).

metamaterials, this mechanism is typically realised using buckling with a negative
stiffness, such that the metamaterial locally buckles or snaps—since the stiffness
is negative from the onset of instability, it is more energetically favourable to in-
crease further deformations locally. As discussed in the section above, the softening
mechanism can be from Euler buckling in combination with a material’s nonlinear-
ity [8,11,26,30] (Fig. 1.3a and b), a snap-through mechanism that in essence follows
the snap-through buckling of a von Mises truss [22–25, 39] (Fig. 1.3c), shell buck-
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ling [28, 29, 40] (Fig. 1.3d and e), or even the balloon instability [41]. Second, once
the localised deformation has taken place, it is superseded by a stiffening mecha-
nism. The stiffening mechanism can be contact interactions [23,24,30,41] (Fig. 1.3a
and c), stretching (Fig. 1.3b and e) [22, 25, 29, 42], fluid incompressiblity [28, 40, 43]
(Fig. 1.3d), or magnetic repulsion [39, 44]. The repeated softening and stiffening be-
haviours lead to sequential buckling in metamaterials. Sequential deformations can
also be achieved in a hierarchical metamaterial without requiring negative stiffness
where the metamaterial buckles from the most slender components and stiffens by
self-contact until the next buckling happens [20, 45] (Fig. 1.3f). However, the num-
ber of buckling sequences of the hierarchical metamaterial is highly restricted by the
number of hierarchies.

We have shown that the negative stiffness can lead to sequential buckling in
various metamaterial architectures. However, sequential deformation has thus far
been achieved primarily in inherently compliant metamaterials, where the buckling
components are either very slender, bending-dominated, or made from soft-based
materials, which can hardly be used for load bearing and high energy dissipation.
To achieve sequential deformations in high-performance metamaterials, we need to
introduce another material nonlinearity—plasticity, a ubiquitous property that ex-
ists in most solids, particularly in hard materials such as metals. We will discuss
plasticity at the end of this section. Before we get there, one may have a question:
how do we effectively select the geometry of the building blocks to carry buckling in
metamaterials with predicted responses?

1.2.2 Combinatorial metamaterials

To answer this question, we turn toward the zero modes (floppy modes) in
combinatorial metamaterials. A zero mode is a set of deformations that costs zero
energy in an elastic frame consisting of a discrete set of nodes connected by elastic
bars. For a given frame with N nodes and NB bars in d dimensions, we can determine
a compatibility matrix C of NB×dN dimension, which encodes the relation between
the displacements of the nodes u and the elongations of the bars ε, as ε = CU . The
number of zero modes NM can be counted from the Maxwell-Calladine criterion [46]:

NM −NS = dN −NB −NR (1.1)
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where NS = NB − r(C) is the states of self-stress, r(C) is the rank of C, NR is
the number of rigid motion (NR = 3 in d = 2 dimensions and NR = 6 in d = 3

dimensions). The simplest mechanism is a four-bar-linkage mechanism. Based on
the Maxwell-Calladine counting, we find that NM = 1, NS = 0. Each rigid bar in
the four-bar-linkage can be replaced by a small square to make a building block of
metamaterials (Fig. 1.4a top left). The building block can freely rotate into a large
square under compression (Fig. 1.4a top). One can repeat such a building block to
create a metamaterial with the same single zero mode. A rubber sheet with periodic
circular holes displays such a rotating-squares mechanism and an auxetic response
under compression [13,15,47] (Fig. 1.4 bottom). In combinatorial metamaterials, the
response of metamaterials is typically controlled by the orientation of the building
blocks and the geometry complexity of metamaterials is reduced to a discrete design
space that is relatively easier to explore [49]. Let’s consider the four-bar-linkage
mechanism again. This time, we break the rotating symmetry by replacing two
connected rigid bars with two equilateral triangles and create a larger triangular
building block with a single zero mode and two states of deformation [48] (Fig. 1.4b
top left). Each building block has three different orientations in the combinatorial
tiling. The compatible design of deformation (Fig. 1.4b top right) of each building
block in metamaterials enables a single zero mode with a specific shape (a loop shown
in Fig. 1.4b bottom). A tiling space can also be extended to three dimensions through
a 3D four-bar-linkage mechanism [50] (Fig. 1.4c top left). Each bar can be replaced
by a right triangle as a 3D building block that supports one zero mode (Fig. 1.4c top
left). The 3D building block has three orientations and six deformation states in the
tiling (Fig. 1.4c top right). Following a local stacking rule, the deformation of each
building block can fit together. One can create a three-dimensional metamaterial
that shows a smiley face under compression (Fig. 1.4c bottom).

So far, the building blocks based on the four-bar-linkage mechanism only sup-
port a maximum of a single zero mode in combinatorial metamaterials. Can we
design a combinatorial metamaterial with more than one zero mode? To this end,
here, we introduce a building block with two zero modes. This building block comes
from a five-bar-linkage mechanism (NM = 2) where three rigid bars are replaced
with three right triangles [49] (Fig. 1.4d top left). The building block can be tiled in
four different orientations in a square lattice of a n×n tiling and 4n

2 possible config-
urations. To reduce this extremely large design space, one can take a 2× 2 supercell
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Figure 1.4: Combinatorial metamaterials. a, A sketch of the four-bar-linkage mechanism
and the corresponding building block and metamaterial at the states of rest and compressed.
(Adapted from [15]). b, A triangular building block with the four-bar-linkage mechanism at the
two states of deformation (top left) and competitive deformations in two connected building
blocks (top right). The single zero modes with a loop can be designed in a hexagonal metama-
terial (bottom) (Adapted from [48]). c, A sketch of a 3D four-bar-linkage mechanism and the
corresponding building block (top left). The deformed building block has six different orienta-
tions in a tiling space and the competitive deformations of two building blocks (top right). A
10 × 10 × 10 cube that compresses to show a smiley on the cube’s face (bottom). The inset
shows the cube before compression. (Adapted from [28]). d, A square unit cell made from a
five-bar-linkage mechanism with two zero modes and a building block made from 2 × 2 unit
cells with different orientations (top left). Number of zero modes NM in metamaterials made
from the repeated building block scaling with the number of unit cells n (bottom left). Three
types of tilings of the building block are shown in the scaling: the rotating-squares mechanism
of monomodal tilings (red), spatially extended mode typical of oligomodal tilings (green), and
line localised mode typical of plurimodal tilings (blue). (Adapted from [49]).

as a building block and periodically tile it into metamaterials (Fig. 1.4d top). The
tiling metamaterials can be categorised into three classes based on the scaling of the
number of zero modes (Fig. 1.4d bottom). Monomodal metamaterials have a single
zero mode (rotating-squares mechanism, Fig. 1.4d bottom red); oligomodal metama-
terials have a constant zero mode number larger than one (Fig. 1.4d bottom green);
and plurimodal metamaterials have a number of zero modes that increase linearly
with n that are typically localised along lines (Fig. 1.4d bottom blue). The pluri-
modal metamaterials with line modes are particularly interesting to carry buckling
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since the number of buckling sequences can be easily tuned with the number of unit
cells. Thus, the combinatorial design can be a powerful approach to significantly
expand the design space of metamaterials. To design high-performance sequential
metamaterials with the combinatorial design, we can now introduce plasticity and
the current state of understanding of elastoplastic buckling.

1.3 Plasticity and elastoplastic buckling

The adjective“plastic”is from the classical Greek verb πλάσσειν, which means
“to shape”. It describes the shape of materials that can be easily changed by the
application of appropriately directed forces and retain their new shape upon removal
of such forces [51]. Think of what happens when you bend a steel spoon too far.
One easy way to demonstrate the property of plasticity is through a uniaxial tensile
test where the stress in the material first increases as a linear stiffness E (Fig. 1.5a).
After initial yield stress σy is exceeded, the stiffness reduces to a tangent modulus
Et, and the material undergoes a permanent deformation εp after unloading. This is
the material behaviour of bulk material. What happens now if we consider a column
that can buckle?

When a column made from elastoplastic material is very slender, it may buckle
in the elastic state with an Euler load and plastify in a large deflection, which is
not the case we are going to discuss here. When a column is not very slender,
buckling may couple to plasticity in various ways. When the material composing the
column undergoes plastic yielding before buckling, a phenomenon known as plastic
buckling. Two theories have been developed to describe this situation: Reduced
modulus theory and tangent modulus theory. To better understand their difference,
let’s consider a pin-ended column of a rectangular cross-section of area A = b × t

(Fig. 1.5b) in a bilinear elastoplastic model (Fig. 1.5a). At the start of buckling
(Fig. 1.5c), reduced modulus theory assumes that the concave side of the column
undergoes further shortening and loading with a tangent modulus Et and the convex
side undergoes extension and unloading with a modulus Eu (Eu ≈ E>Et). When
the load F1 of the loading area of the cross-section (area of the left grey triangle in
Fig. 1.5c middle) is equal to the load F2 in the unloading area (area of the right grey
triangle in Fig. 1.5c middle), a critical load is reached that is known as the reduced
modulus load Fr = π2ErI/L

2, in which Er = 4EuEt/(
√
Et +

√
Eu)

2 is the reduced
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Figure 1.5: Plasticity and plastic buckling. a, A tensile stress-strain curve of a bilinear elasto-
plastic material. b, A pin-ended column with a rectangular cross-section under compression.
c, Stress distributions at the cross-section before buckling and during buckling based on the
assumption of reduced modulus load and tangent modulus load. d, Sketches of load-deflection
curves of elastoplastic buckling. (Adapted from [9]).

modulus [9, 52, 53]. After the reduced modulus load Fr is reached, the load on the
column cannot increase further since Et < Eu (Fig. 1.5c middle). Thus, the reduced
modulus load is the upper bound for the plastic buckling load. The tangent modulus
theory assumes that the whole area of the cross-section in the column undergoes
plastic loading (Fig. 1.5d bottom) when a critical load Ft = π2EtI/L

2 is reached
(known as the tangent modulus load) [52]. The tangent load Ft is, therefore, always
smaller than the reduced modulus load Fr since Et < Er. The tangent modulus load
is the lower bound of the plastic buckling load, and the force continuously increases
in postbuckling until it reaches a maximum load Fmax < Fr (Fig. 1.5d top).

For the two scenarios discussed above, one has assumed that the column plas-
tifies before buckling (σyA < Ft < Fr). Yet, there are additional cases where the
onset of plasticity induces buckling instead. In the first case, the yield load is larger
than the tangent modulus load σy > Ft/A, there is no solution for the tangent mod-
ulus load, and the column will buckle at the yield point followed by a slight force
increase until the maximum load Fmax is reached [9] (Fig. 1.5d middle). In the sec-
ond case, the yield load is larger than the reduced modulus load σy > Fr/A [9, 54].
In this regime, which we call yield buckling, the load will strictly decrease in post-
buckling (Fig. 1.5d bottom). In conclusion, whenever the yield load is smaller than
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the reduced modulus load, σy < Fr/A, an elastoplastic column will undergo plastic
buckling and exhibit a positive postbuckling stiffness. Whenever σy > Fr/A, an
elastoplastic column will undergo yield buckling and exhibit a negative postbuckling
stiffness; this last regime has only been briefly discussed in the literature and is not
very well documented in the postbuckling regime. This regime is precisely the one
we will explore in this thesis and will allow us to address the following questions:

How does the interplay between buckling and plasticity work in metamaterials?
How do we reach the regime of yield buckling and achieve sequential yield buckling
in metamaterials? How do we tune the buckling load and buckling sequence in
metamaterials with plasticity?

1.4 Thesis Outlook

We first reviewed the buckling behaviours in various structures and their in-
terplay with material hyperelasticity and viscoelasticity in the design of sequential
metamaterials. However, the use of plasticity as a design tool has been largely over-
looked in metamaterials. The goal of this thesis is to enhance the functionality of
mechanical metamaterials by exploring the interplay between buckling and plastic-
ity.

In Chapter 2, we introduce the concept of yield buckling in a buckling unit cell
of metamaterials and distinguish between elastic buckling and plastic buckling. We
demonstrate that the combination of yield buckling and self-contact inherently leads
to an arbitrarily large number of buckling sequences when multiple unit cells are
stacked in series. We conduct numerical simulations and experiments to prove the
sequential yield buckling in various metamaterial architectures, from metamaterials
with pairs of squares and multi-layer beams to combinatorial metamaterials with
line modes. Finally, we compare the mechanical performances of the sequential
metamaterials to other advanced metamaterials.

Order of deformation plays a vital role in sequential metamaterials. In Chap-
ter 3, we study the buckling order of metamaterials in the regime of yield buckling
and introduce the yield area, the yield criterion, and loading history with work hard-
ening of plasticity as new design tools for tuning the buckling load and order in
sequential metamaterials. We numerically and experimentally demonstrate a con-
trollable buckling sequence in different metamaterial architectures with the above
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three strategies.
We have shown sequential yield buckling in various metamaterials, while the

buckling layers are always straight lines or layers. In Chapter 4, we introduce a
combinatorial approach which allows us to create metamaterials with an arbitrarily
large number of floppy modes and frustrated loops of any curvatures and shapes.
This approach relies on compound building blocks which allow us to construct floppy
modes that scale either intensively or extensively with system size, hence giving full
freedom on the number of modes. We further demonstrate that floppy modes can be
sequentially buckled by using yield buckling. We finally demonstrate that frustrated
loops can be used to achieve mechanical matrix-vector multiplication and hence pave
the way towards mechanical computing.

In Chapter 5, we present sequential buckling and self-folding behaviours in
kirigami with the interplay of buckling, plasticity and loading history. We first
demonstrate three distinct folding configurations from a single kirigami unit cell
with varying sizes of geometry and stretching value. We then experimentally study
the out-of-plane compression performance of such folding configurations. We apply
the concept of yield buckling to kirigami and explore the yield buckling regime in
kirigami. We combine the features of the self-folding unit cell and sequential kirigami
to create a sequential self-folding kirigami. Finally, we show that a series of loading
cycles in kirigami can select multiple morphing shapes of folding.




