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1
Introduction
In part motivated by the spectacular advances in realizing cold-atom experiments
(see Ref. [9] and references therein), the study of relaxation in isolated manybody quantum systems has attracted much theoretical interest during the past
decade. The two basic questions concern the dynamics and equilibration after a
system is brought far out of equilibrium. What are efficient ways of describing the
time evolution of physical observables for large systems and what does this tell
us about the underlying physics? And do isolated out-of-equilibrium quantum
systems evolve towards an equilibrium and, if so, what determines and predicts
this equilibrium?
This thesis addresses these questions from the perspective of one-dimensional
quantum integrable systems. In particular, it aims to describe a new, powerful
method, coined the quench action (QA) approach, that purports to give an exact
description of the time evolution and the equilibrium of local observables in
infinitely large systems after a so-called quantum quench. We present a detailed
introduction to the method, the first successful implementations of it and the
interesting fundamental questions their results have initiated.

1.1

Quantum integrability out of equilibrium

For more than half a century the subject of quantum integrable systems has
been a very active field of research, in particular by means of Bethe Ansatz
techniques [10]. Examples of integrable models are the Lieb-Liniger model, the
(an)isotropic Heisenberg spin chains, the Hubbard model, the Kondo and Anderson impurity models and the class of Richardson-Gaudin models. Important
topics were (and still are) the spectra of integrable models, the structure of the
ground state and low-energy excitations, the computation of matrix elements of
physical observables and the limit of large system size. There is excellent literature covering all these topics, see for example Refs [11, 12, 13, 14, 15, 16] and
references therein. It should be noted that, unlike classical integrability [17], a
precise definition of quantum integrability is still subject of debate. Many essential properties characterize quantum integrable systems. They are for example
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exactly solvable, display nondi↵ractive scattering, have a large number of local
conserved charges and obey the Yang-Baxter relation. We will not delve into this
discussion and restrict our analysis to models that are unequivocally considered
quantum integrable. For details about the discussion of quantum integrability,
see Ref. [18]. What is important for this thesis is that the quantum integrable
models we consider are Bethe Ansatz solvable and contain an infinite set of local
conserved charges in the limit of infinite system size. Other powerful approaches
to the above topics include (non)linear Luttinger liquids [14, 19] and the quantum
transfer matrix method [20, 21, 22, 23].
To some extent triggered by a number of seminal papers, both experimental
[24] and theoretical [25, 26, 27, 28], during the past decade the study of onedimensional isolated many-body systems has somewhat shifted towards their
out-of-equilibrium properties. The reason why in particular quantum integrable
models are suitable for the study of out-of-equilibrium phenomena is twofold.
First, the exact knowledge of the spectrum by means of Bethe Ansatz is a very
powerful theoretical tool. Second, current experimental realizations are in good
approximation described by quantum integrable models.
In Ref. [24] a one-dimensional gas of
bosons 87 Rb atoms in an optical lattice,
confined by a shallow harmonic trap, is excited by a specific protocol of two laser pulses.
As a consequence the gas splits in two approximately equal clouds with opposite momenta, which both start to oscillate in the
harmonic trapping potential and collide with
each other twice every cycle. The time evolution of the momentum distribution during
the first full cycle is shown in Fig. 1.1. It is
found that the momentum distribution does
not relax to a thermal equilibrium. Instead,
the momentum distribution averaged over an
oscillation cycle does not change over time (up
to changes that can be attributed to loss processes), even after more than 40 oscillation cycles and thousands of collisions per particle
have taken place. This is in strong contrast
with two- and three-dimensional analogues.
A three-dimensional gas typically thermalizes
within two oscillation cycles and after 2.7 collisions on average [29].
Figure 1.1: The time evolution
Whether the absence of thermalization is of the momentum distribution durdue to integrability or simply because of con- ing the first full cycle after the
servation of energy and momentum is still an pulse protocol. Image taken from
issue of debate. Note that integrability is bro- Ref. [24].
12

1.1. Quantum integrability out of equilibrium

ken by the harmonic trap, but with some quantum version of the KAM theorem in mind one could argue that ergodic behavior is nonetheless absent due
to integrability. It is certainly true that this experimental realization of nontrivial out-of-equilibrium physics shows the importance of a deeper theoretical
understanding of these phenomena. (In Chapter 6 we will present a microscopic
description of the above experiment in terms of a Bragg pulse in the Lieb-Liniger
model, partly by means of the QA approach, and we will relate our findings to
the actual experiment.)
In Refs [25, 26] an important theoretical concept concerning quantum physics
out of equilibrium was developed, namely the global quantum quench (we will
often skip the word ‘global’). Consider a system that is prepared in an eigenstate
(usually the ground state) of some Hamiltonian Ĥ 0 , after which a parameter (or
more than one) of the Hamiltonian is instantaneously altered (quenched) such
that the postquench time evolution is governed by the Hamiltonian Ĥ. The system is no longer in an eigenstate and observables will evolve in time. Although it
was not the first example of a global quantum quench (see Ref. [30] for example),
the authors of Refs [25, 26] importantly related postquench dynamics of a onedimensional CFT to its properties close to equilibrium in terms of excitations
above the ground state. This sparked a huge interest in the physics of quantum
quenches in integrable models, which is still present today (see Ref. [31] and
references therein).
However, problems involving the postquench time evolution of observables
generally remain hard nuts to crack. The main reason is that brute-force computations encounter a double sum over the Hilbert space, whose number of terms
grows exponentially with system size. Prominent numerical methods such as
tDMRG [32] and TEBD (e.g. [33]) are only accurate for limited times after the
quench. More (analytical) progress can be made when the model is mappable to
a free theory such as the Tonks-Girardeau gas (e.g. Refs [34, 35]), or when Bethe
Ansatz techniques can be applied to time evolution (see Ref. [36] and references
therein).
Another important question is related to Refs [27, 28, 37] and asks whether
and how observables attain an equilibrium value long after the quench. The
relaxation is due to dephasing, as there is no external heat bath or source for
dissipation in the closed quantum systems we consider. Strictly speaking only
closed systems of infinite system size can evolve towards an equilibrium, so we
consider quench problems in the limit of large system size. For nonintegrable
systems this equilibrium is well described by a Gibbs ensemble [38]. This ensemble maximizes the entropy under the constraint that particle number and energy,
both conserved quantities, are fixed by their initial value. As said, in integrable
models many more local conserved charges are present. Inspired by an argument from information theory in Ref. [39], it was conjectured in Refs [27, 28]
that the postquench equilibrium of quantum integrable models is described by a
generalized Gibbs ensemble (GGE). Treating all local conserved charges on the
same footing as particle number and energy in the Gibbs ensemble leads to a
13
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density matrix of the GGE, with which equilibrium expectation values of local
observables can be computed. The heuristic argument is that local conserved
charges determine all local physics and therefore fix the equilibrium of local observables. Nonlocal observables (e.g. entanglement entropy) are not thought to
be described by the GGE.
The correctness of the GGE for free systems or systems mappable to free
systems, where the momentum occupation numbers can be used as conserved
charges, has been shown many times. Early examples can be found in Refs [27,
28, 40, 41, 42]. A first confirmation of the GGE for quenches to a truly interacting
theory was given in Ref. [43] in the context of integrable field theories. There
are also examples of very specific quenches where the GGE fails, namely when
translational invariance of the initial state is broken [44, 45]. A generalized
thermodynamic Bethe Ansatz associated with the GGE was derived in Refs [46,
47]. Implementating and testing the GGE for interacting theories is challenging
however, as it is difficult to obtain the generalized chemical potentials from the
conserved charges on the initial state. In this thesis we will use the QA approach
to perform highly nontrivial and very accurate checks of the GGE for truly
interacting integrable models.
Recently, a first experimental observation of the GGE was made public in
Ref. [48]. A one-dimensional Bose gas is brought out of equilibrium by splitting it in transverse direction into two equal halves, which can be viewed as a
global quantum quench. Under unitary time evolution the correlations of phase
fluctuations between the two clouds decay towards a steady state. Using the
occupation numbers of phononic excitations as conserved quantities, the GGE
predicts the equilibrium correlation functions very well. The prediction by the
usual Gibbs ensemble characterized by a single e↵ective temperature turns out
to be much worse, see Fig. 1.2.
Notice that we use the terms equilibrium and steady state interchangeably,
as in this thesis out-of-equilibrium steady states do not occur (with a minor
exception in Section 7.1).
The reader should keep in mind that, besides global quantum quenches, other
interesting and powerful approaches to probe out-of-equilibrium phenomena in
one-dimensional many-body quantum systems exist. For example, there are
driven quantum systems (e.g. the laser), there is a subclass of periodically driven
systems which can be described in terms of Floquet eigenstates [49], there are
local [50] and slow [51] quantum quenches, and there is the theory of many-body
localization, where it has been suggested that emerging many-body localized
states can be identified as a GGE [52]. Without further ado, in this thesis we
will restrict ourselves to global quantum quenches.
The logic of the quench action approach was initially developed in Ref. [53]
and is completely di↵erent from conventional numerical or GGE methods. Contrary to for example the GGE, it is a method based on first principles. It predicts
the exact postquench expectation values of typical physical operators at any time
after a global quantum quench to a Bethe Ansatz solvable model in the strict
14
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Figure 1.2: Time evolution and steady state of the two-point phase correlation function
after the gas is split into two halves. In panel B the experimental (top row) and
theoretical results based on the GGE (middle row) agree very well. The agreement is
quantified with a 2 analysis (bottom row of panel B). In panel C the noticeably worse
agreement with the usual Gibbs ensemble is given. Image taken from Ref. [48].

thermodynamic limit. The problem of the exponentially large number of terms
in the Hilbert space sums is overcome by means of a saddle-point approximation.
The basic input of the method are the overlaps between the initial state and the
eigenstates of the postquench Hamiltonian. Due to an interplay between overlaps and entropy, a single Hamiltonian eigenstate dominates the time evolution
of typical physical operators while all other states are suppressed exponentially
in system size. Postquench equilibrium expectation values are reproduced by
expectation values on this representative state, while the full time evolution is
recovered via summation solely over excitations in the vicinity of the representative state. This solves the problem of the exponentially diverging number of
terms in the sum. Note that this logic is fundamentally di↵erent from the usual
description in terms of a statistical ensemble, where a mixed state specified by a
density matrix %̂ predicts all macroscopic properties of the postquench stationary
state.
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1. Introduction

A first full-fledged implementation of the QA approach was given in Ref. [1] in
the context of an interaction quench in the Lieb-Liniger model (supplemented by
the time evolution of specific observables in Refs [54, 55]). Later, the approach
was extended to specific quenches in the spin-1/2 XXZ chain [4, 5, 56, 57], the
quantum sine-Gordon model [58], the free-fermion spin chain [59] and the Kondo
model [60]. In this thesis, all the above realizations of the quench action approach
will be discussed.

1.2

Models and experimental realizations

Most of this thesis is focussed on two quantum integrable models: the LiebLiniger model and the spin-1/2 XXZ spin chain. In Chapter 2 we introduce
them in great detail. Here, we briefly discuss their experimental realizations.
The one-dimensional Bose gas
In the field of ultra-cold atoms one way of realizing a one-dimensional (nearly)
homogeneous gas of bosons with point-like contact interactions is by means of
optical lattices, where atomic particles are e↵ectively trapped by the use of
lasers. This so-called optical trapping works as follows (see Ref. [9] and references therein). Two counterprogating laser beams at the same frequency create a
standing wave in the light field (of half the wavelength of the individual beams).
Superposing this wave with a second standing wave orthogonal to the first, created with two more laser beams, produces a two-dimensional lattice, called an
optical lattice. In the direction orthogonal to both standing waves (we call this
the z-direction) the light intensity is (approximately) constant.
Due to the AC Stark shift and for sufficiently large detuning from atomic
resonance the atoms see a conservative potential that is proportional to the
intensity of the light. One has thus created an array of typically thousands of
one-dimensional tubes, each filled with order one hundred atoms. If ~!?
µ
and ~!?
kB T , where µ is the chemical potential of the gas of atoms, T is the
temperature and !? is the trapping frequency (i.e. the frequency associated with
the motion of the atoms in the directions transverse to the gas), then only the
lowest energy mode in the direction parallel to the laser beams is accessible [61].
The only e↵ective degree of freedom of the atoms is therefore in the direction of
constant intensity, the z-direction. We thus have created a 2D array of e↵ectively
one-dimensional gases of bosons.
The absence of long-range interactions between the atoms makes it possible
to approximate the interaction potential by a delta function. It can be shown
that the strength of this potential is related to the system parameters in the
following way [62]:
V (x) =

~2
c (x) ,
2m

with

c=

1
m 2~!? a
= 2
,
a1
~ 1 Aa/`?

(1.1)

where m is the mass of the bosonic particles, c is called the interaction param1/2
~
eter and `? = m!
is the oscillation length associated with the transverse
?
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trapping potential. The numbers a and a1 are, respectively, the three- and onedimensional scattering length and they are related via a1 = 12 (`? )2 /a A`? ,
where A = 1.036 is a numerical factor. This relation is valid for arbitrary values
of a/`? .
Interestingly, Feshbach resonances make it possible to tune the scattering
length with an external magnetic field, thereby e↵ectively varying the interaction strength of the delta function potential over a wide range (tuning the
trapping frequency !? or the density of the gas are alternative ways to vary c).
Furthermore, both positive and negative delta-function potentials are accessible, corresponding to the repulsive and attractive regime respectively, with the
transition at a = `? /A (around a Feshbach resonance also the regime a < 0 is
accessible).
Associated with this delta-function potential is the Lieb-Liniger model [63,
64, 65, 66], which is a quantum integrable model and whose Hamiltonian in
first-quantized form is given by
H=

N
X
X
@2
+
2c
(xj
@x2j
j=1

xk ) ,

(1.2)

j>k

where we have used dimensions such that ~ = 2m = 1. Unless specified otherwise, we will use these dimensions throughout the thesis. Here, N is the number
of particles and xj denote the 1D positions of the bosons. At c = 0 it is a
model of free bosons. An interesting limit is when the dimensionless interaction
parameter = c/n, where n = N/L is the average particle density, goes to infinity. The particles become impenetrable, or hard-core, bosons. This so-called
Tonks-Girardeau regime [67] is attainable in experimental setting [68].
Note that the array structure is a considerable disadvantage of this method.
Since quantities like particle number and confining potential are not the same in
every one-dimensional tube, in typical experiments one averages over the tubes
and this is a source of uncertainty in the measurements.
Another method to create one-dimensional Bose gases is via magnetic microtraps (see e.g. [69, 70, 71, 72]). A chip with straight electrical wires of width 1 100 µm is fabricated. Running a current through the wires creates an inhomogeneous magnetic field above the chip, in which paramagnetic particles can be
trapped. This is due to the coupling of the magnetic moments µ of the particles
with the magnetic field (Zeeman e↵ect), which results for slow-moving particles
~
in a space-dependent potential U (~x) s |µ||B(x)|.
The geometry of the wires on
the chip determines the geometry of the confining potential; straight wires lead
to one-dimensional trapping potentials. An advantage of this method over optical trapping is that single tubes filled with typically thousands of 87 Rb atoms
can be realized. This makes very precise measurements possible. A disadvantage
is the low values of interaction strength that can be achieved, typically . 1.
The main discrepancy between the experimental setups and the theoretical
Hamiltonian in Eq. (1.2) comes from the potential in the direction along the
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gas. In practice it is impossible to have a completely flat longitudinal potential. The laser beams are not perfectly isotropic in this direction, causing an
approximately Gaussian potential profile. It is also undesirable to have no confinement in this direction, because without confining potential the gas would
escape from the experimental setup. The oscillator length of the longitudinal
potential is much bigger than the transverse oscillator length, `k
`? , and the
longitudinal trap is well approximated by a harmonic potential. To give an idea,
for typical experiments the trapping frequency in the z-direction is between 10
and 200 Hz, whereas in the x, y-directions the trapping frequency can be as high
as 100 kHz. The gas is still e↵ectively one-dimensional, but a relatively small
integrability-breaking potential term is added to the Hamiltonian. It nonetheless has been found that to good approximation such systems exhibit integrable
behavior [73, 71], making the Lieb-Liniger Hamiltonian a viable description of
ultracold atoms in 1D optical lattices. More recently, also ring-like geometries
[74] and box-like potentials [75] have becomes accessible in experiments.
Nowadays, there are several quench-like protocols for these experimental settings. We have already mentioned the experiments in Refs [24, 48]. Other notable
examples can be found in Refs [76, 77, 78, 79].
The spin-1/2 XXZ chain
One way to observe 1D magnets in experimental setting is by means of neutron
scattering on crystals. Electrons in certain crystals form bonding patterns that
are e↵ectively one-dimensional. A crystal in the tight-binding regime has electrons that are located around the nuclei. Their Coulomb repulsion and hopping
between nuclei is well described by the Hubbard model. At half filling and at
very strong repulsion, electrons can only interchange positions (superexchange)
and this leads to the 3D antiferromagnetic Heisenberg model [80]:
X
Ĥ = J3D
Ŝ i · Sˆj .
(1.3)
<ij>

Depending on the crystal structure, the hopping can be highly anisotropic and effectively one-dimensional (first observed in Ref. [81]). This results in the Heisenberg spin chain [82] or, more generally, in the anisotropic version of it called the
spin-1/2 XXZ chain [83, 84].
Using inelastic neutron scattering one can probe the e↵ectively 1D degrees of
freedom [81, 85], since the neutral particles can penetrate deep into the crystal
and do not e↵ect the charge distribution. Nowadays there exist realizations of
the spin-1/2 XXZ chain in the gapless [86] and gapped [87] regimes and at the
isotropic point [88], where the spinon excitation spectrum can be measured. For
the gapped case this was done for a ladder of two spin chains. Neighboring
spins of the two ladders form singlet and triplet states. Tuning the external
magnetic field creates an e↵ective spin-1/2 degree of freedom formed by the
singlet state and one of the triplet states. Inelastic neutron scattering probes
the nearest-neighbor spin-spin correlators, whose theoretical prediction agrees
18
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extremely well with experiment [89, 88]. Unfortunately, the parameters of the
interactions of the 1D degrees of freedom cannot be altered with this method.
It is therefore impossible to study quenches with neutron scattering on crystals,
which is a major disadvantage of this method.
Another way to realize spin chains in experiments is by again using cold
atoms in optical lattices. The (fermionic or bosonic) atoms confined in an optical
lattice can be brought into the Mott insulator phase. It is then possible to create
e↵ective spin-spin exchange interactions by tuning the frequency, intensity and
polarization of the trapping lasers [90]. The polarization of local spins can be
measured by precision microscopy. This allows for the study of the dynamics
after both global and local quantum quenches [50, 91].
More recent attempts to build spin chains by simply placing atoms in a
straigth line on a substrate are underway (see e.g. Ref. [92]).

1.3

Outline of this thesis

The outline of this thesis is as follows. In Chapter 2 we give a detailed introduction to the coordinate Bethe Ansatz for the Lieb-Liniger model and the spin-1/2
XXZ spin chain, and a brief review of the algebraic Bethe Ansatz. Special attention is given to the thermodynamic limit of the coordinate Bethe Ansatz, as
this is essential for a careful derivation of the quench action approach. Readers
familiar with Bethe Ansatz techniques can safely skip this chapter.
In Chapter 3 we give a technical introduction to global quantum quenches and
the generalized Gibbs ensemble. Then, the quench action approach is carefully
derived from first principles. We also specify for which initial states and what
type of observables the QA method is applicable. An explicit first check of the
QA approach in the context of the transverse-field Ising chain, which is mappable
to free (Majorana) fermions, is reviewed.
The first implementation of the QA approach to a truly interacting integrable model is presented in Chapter 4 for a quench from the 1D free-boson
gas to the repulsive Lieb-Liniger model. Due to creeping infinities of the local
conserved charges the GGE is inapplicable and only the QA approach can solve
this quench problem in the thermodynamic limit. Exact overlaps are given, the
GTBA equation is derived and analytically solved, and the physical properties
of the representative state are discussed. We also compute the postquench timeevolution of the density-density correlator in the Tonks-Girardeau regime.
Chapter 5 is devoted to quenches from the Néel state to the spin-1/2 XXZ
chain in the gapped phase and at the isotropic point. We solve this problem
using the QA approach and analyze its solution in great detail. Interestingly,
we are also able to perform an exact GGE analysis for these quenches and make
(analytical) comparisons between both methods.
Modelling the Bragg pulse for the Lieb-Liniger gas in Chapter 6 brings us
closer to actual experiments, like the one in Ref. [24]. We apply the quench
action logic to instantaneous pulses on the Tonks-Girardeau ground state and
19
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use the Fermi-Bose mapping to study long Bragg pulses and pulses in a parabolic
trap, for which we identify a pre-thermalization plateau governed by the GGE.
In the concluding Chapter 7 we do three things. We summarize the main
results of this thesis, we give an overview of other applications of the QA approach
to di↵erent models than the ones considered here, and we present some pressing
open problems (to some of which we also present preliminary solutions) and
directions for future research.
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