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5
Dielectric metamaterial anti-reflection coating
for stratified media

We present the use of a dielectric metamaterial as a coupling layer
to guide an incident plane wave into a planar metal-dielectric
multilayer waveguide metamaterial with 100% efficiency at a single
wavelength. We optimize the reflectivity of the interfaces between air,
dielectric coupling layer and metal-dielectric waveguide metamaterial
by properly designing and positioning the dielectric metamaterial
which forms the coupling layer, to achieve destructive interference
eliminating all reflection. Furthermore, we show how this coupling
layer is efficient for a large range of angles of incidence.

5.1 Introduction

Optical metamaterials, structures of which the effective properties are derived from
sub-wavelength elements, have attracted a lot of attention recently[68, 72]. One
example of a metamaterial geometry is a stack formed by thin/metal dielectric
multilayers. Such a geometry can be used to fabricate hyperbolic metamaterials
[28, 45, 87–89], epsilon-near-zero metamaterials [90], or materials with a negative
effective index of refraction [21, 56, 82, 91]. In many cases the special dispersive
characteristics of these multilayer metamaterials are due to surface plasmon pola-
ritons that propagate along the metal/dielectric waveguide array.
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5 Dielectric metamaterial anti-reflection coating for stratified media

While the effective optical properties of these metamaterials can be very inter-
esting, the coupling of light incident from air into the metal-dielectric waveguides
is often quite poor. This is caused by the fact that the spatial electromagnetic field
profile of the waveguide modes is not well matched to that of the incident plane
wave. Many optical systems use anti-reflection coatings to enhance transmission,
which rely on destructive interference between reflected light from the air-coating
and coating-medium interfaces. For homogeneous planar media perfect transmis-
sion is achieved when the coating has an optical path length of a quarter wave-
length and the refractive index equals n2 =p

n1n3, where the indices refer to air (1),
coating (2) and substrate material (3). However, for multilayer plasmonic wave-
guide metamaterials this approach does not apply, because using a homogeneous
layer does not solve the problem of poor mode overlap.

Here, we propose a geometry consisting of a dielectric multilayer metamaterial
oriented parallel to the incident beam, that is designed such that it enhances mode
matching to the metamaterial. Using nanoscale structures to enhance incoupling
has been demonstrated before [92, 93]; here we use the dielectric metamaterial not
only for mode matching, but also as an antireflection interference coating [94]. We
use a multilayer geometry because an analytical expression exists to determine the
waveguide modes, which are solutions to the interface boundary conditions of the
periodic unit cell. These waveguide modes have a specific propagation constant
β and field profile. Previously, there has been a lot of work studying light prop-
agation through such multilayer geometries [95–100]. In fact, a metal/air grating
was first considered to explain the observed phenomenon of extraordinary optical
transmission [101] theoretically [102].

As an example, we investigate the coupling between a plane wave incident
from free space and a single-periodic metal-dielectric waveguide array (MDWA)
that supports a single propagating, negative-index waveguide mode, to which
a plane wave cannot couple at normal incidence. By appropriately designing a
dielectric metamaterial as coupling layer we control modal overlap at the interface.
By tailoring interference in the dielectric metamaterial layer we achieve a coupling
efficiency of 100% at a single wavelength. Furthermore, we investigate how this
enhanced coupling depends on the angle of incidence.

5.2 Geometry and coupling

Figure 5.1a shows a sketch of the geometry we consider. A periodic array of thin
metal (with thickness dm and permittivity εm) and thin dielectric (with thickness dd

and permittivity εd ) layers forms our metamaterial with unit cell size a. We take the
direction of periodicity as the x direction, and x = 0 to coincide with the center of
the dielectric layer of the unit cell. The waveguides are extended in the y direction,
and interfaces between different regions are normal to z.

The transmission and reflection amplitudes of a wave impinging on an interface
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5.2 Geometry and coupling
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Figure 5.1: a, Sketch of metal-dielectric metamaterial geometry. b, Calculated
field profile due to a plane wave (λ0 = 450 nm) incident on the metal dielectric
waveguide array (dm = 45 nm, εm = −3.5, dd = 20 nm, and εd = 2.52) at normal
incidence. The spatial field profile shown is composed of 15 repetitions of the unit
cell. c, Field profile due to a plane wave at an angle of incidence of 70◦. Negative
refraction is evident in the phase fronts, indicated by θi and θr .

at z = 0 can be calculated by making use of the continuity of tangential fields [103]:

E(1)(z = 0)× n̂ = E(2)(z = 0)× n̂ (5.1a)

H(1)(z = 0)× n̂ = H(2)(z = 0)× n̂ (5.1b)

Here the superscripts refer to the two half spaces. For homogeneous media this
yields the Fresnel coefficients, however these cannot generally be applied to non-
homogeneous layers. To calculate the reflection and transmission coefficients we

expand the field in region j into its eigenmodes |ψ( j )
n 〉:

H( j )(x, z) =
∞∑

n=0
ane iβn z |ψ( j )

n 〉 (5.2)

whereβn is the propagation constant of the n th eigenmode and an is its complex
amplitude. In free space this is simply the angular spectrum representation of

plane waves: |ψ( j )
n 〉 = exp(i n 2π

a x)/
p

a. In the stratified medium the expansion is
performed using the waveguide modes of the geometry, described by a typical field

profile |ψ( j )
n 〉 = H ( j )

y,n(x). The field profile H ( j )
y,n(x) is found by solving the interface

boundary conditions in a periodic unit cell [29, 100]. These modes are defined such
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5 Dielectric metamaterial anti-reflection coating for stratified media

that they are orthonormal under the pseudo-inner product [104, 105]:

〈ψ( j )
m |ψ( j )

n 〉ε = 〈ψ( j )
n | 1

ε j (x)
|ψ( j )

m 〉 =
a∫

0

1

ε j (x)
(H ( j )

y,n(x))∗H ( j )
y,m(x)d x = δnm (5.3)

where ε j (x) is the dielectric constant. Using orthonormality, the continuity
equation for H at the interface between free space and the multilayer waveguide
can be written as (see appendix for details):

a+
k +a−

k =
∞∑

m=0
b+

m 〈ψ(1)
k |ψ(2)

m 〉 (5.4)

Here a+
k and a−

k are the incident and reflected amplitudes of the k th plane wave,
and b+

m is the amplitude of the guided mode in the multilayer structure travelling
in the forward direction. This equation has two unknowns, a−

k and b+
m . A similar

equation with the same unknowns can be found for continuity of E. Therefore,
we can set up a matrix equation [100], where we truncate the expansion to a finite
number, and solve for the unknown amplitudes by inverting the resulting matrix
(see appendix).

From Eq. 5.4 it is straightforward to see that systems supporting only an anti-
symmetric mode can not be excited by a symmetric mode such as a plane wave
under normal incidence. In this case the overlap integral is always zero, and there-
fore the amplitude of the anti-symmmetric mode will be zero. An example of this
is shown in Fig. 5.1, where we have designed a MDWA with a single propagating,
anti-symmetric waveguide mode which is characterized by a negative mode index.
Following the sketch in Fig. 5.1a, for this structure dm = 45 nm, εm =−3.5, dd = 20
nm, and εd = 2.52 forλ0 = 450 nm. All other modes are either evanescent or anoma-
lous [99, 106]. Fig. 5.1b shows the real part of the field distribution Hy (x, z) near the
interface, for an incident plane wave at normal incidence, calculated analytically
using the aforementioned method. Evanescent modes are clearly visible near the
interface; the field in the structure decays exponentially, which indicates that the
propagating mode is indeed not excited. Therefore all light is reflected, leading to
the standing wave pattern observed in the air region.

To excite an antisymmetric mode the symmetry of the incident wave has to be
broken, which can be done by coming in at oblique incidence. Fig. 5.1c shows
the calculated field distribution near the interface for a plane wave incident at 70
degrees. Two features are evident: due to a low coupling efficiency at the inter-
face the incident plane wave is partially reflected, leading to the interference pat-
tern observed in the free space region (z > 0 nm). Secondly, for this geometry
the propagating waveguide mode is excited with a significant amplitude. As the
waveguide mode has a negative mode index, the wavefronts visible in the figure
refract negatively, as is indicated by the refraction angle θr . The waveguide mode
index β1/k0 =−3.12 (k0 = 2π/λ0), leading to a refraction angle of θr =−17.5◦.
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5.3 Perfect transmission

Figure 5.2a shows the amplitude of Hy (x) along the metal-dielectric waveguide
geometry for a single unit cell. The field is antisymmetric over the 20 nm thick
dielectric core. This leads to very high field gradients, and limits the efficiency of
coupling a plane wave to this waveguide mode. The reflectivity as a function of
angle of incidence is shown in Figure 5.2b. As discussed above, R = 1 for normal
incidence, and around an angle of 70◦, incoupling is maximum at approximately
50%.
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Figure 5.2: a, Hy (x) for the negative-index waveguide mode (dm = 45 nm, εm =
−3.5, dd = 20 nm, εd = 2.52 and λ0 = 450 nm). The field profile is anti-symmetric
across the dielectric core. b, Calculated reflectivity versus angle of incidence. The
reflectivity is 1 at normal incidence as the overlap between a plane wave and the
anti-symmetric field profile is zero.

5.3 Perfect transmission

To improve the coupling into the MDWA for arbitrary angle of incidence, we use a
dielectric metamaterial between the air half space and the MDWA as an interme-
diate coupling layer to tailor the overlap between the incident field and the MDWA
waveguide mode. To achieve perfect transmission, we design the dielectric meta-
material to have a reflectivity at the air/coupling layer interface equal in amplitude
to the reflectivity of the coupling layer/MDWA interface. A general expression for
the reflectivity of a three layer system is:

rtotal = r12 + t12r23t21 exp(i n2k02d2)

1− r23r21 exp(i n2k02d2)
(5.5)

Here, the subscripts 12 refer to an interface between medium 1 and 2. It can be
shown that perfect destructive interference can be achieved when r12 and r23 are
equal in magnitude, and the thickness d2 is chosen correctly. Figure 5.3a shows a
sketch of the proposed geometry; a multilayer with a high-permittivity dielectric
layer with thickness dHi and permittivity εHi, combined with a low-permittivity
layer with thickness dLo and permittivity εLo. If we take εHi = 4.52 and εLo = 1, we
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5 Dielectric metamaterial anti-reflection coating for stratified media

find only one propagating mode. The field profile is shown in Fig. 5.3b. This mode
is clearly symmetric, and as a result it can be excited efficiently from free-space.
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Figure 5.3: a, Sketch of the air / dielectric metamaterial / MDWA geometry. b, Field
profile of the propagating mode in the dielectric metamaterial.

The unit cell size a of the dielectric metamaterial is matched to that of the
metal-dielectric waveguide array (a = 65 nm). The filling fraction of the high-index
dielectric: ρHi = dHi/a is varied, and the reflection coefficient of the air/dielectric
metamaterial interface is calculated for every ρHi (Fig. 5.4a). The reflectivity grad-
ually changes from R = 0 when ρHi = 0 towards the reflectivity of a homogeneous
layer with ε = 4.52 (blue line, R = 0.4) as ρHi → 1. In the following, we first take
an interface reflectivity of R = 0.2 as the desired design (gray dashed line), which
corresponds to a filling fraction of ρHi = 0.87.

Next, we consider an interface between this dielectric metamaterial in the top
half space and the aforementioned MDWA in the bottom half space. Because the
propagating mode in the top medium is symmetric, it will not excite the antisym-
metric negative index mode if the metamaterials are aligned symmetrically. How-
ever, if we introduce a displacement in the multilayer junction, the symmetry is
broken and the negative index waveguide mode can be excited. We define this
displacement ∆ as the shift between the center of the low dielectric layer of the
dielectric metamaterial with respect to the center of the dielectric slab in the MDWA
(see Fig. 5.3a). Solving this interface problem using the modal expansion technique
as in the above showed poor convergence. Gibbs oscillations at the metal-dielectric
interface cause high order waveguide modes to have an unphysical high amplitude
in the expansion. Therefore, to determine the coupling in this case, we use numer-
ical finite-difference time domain simulations (Lumerical FDTD 8.7.3) to simulate
the reflection of the propagating mode in the coupling layer from the interface.
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5.3 Perfect transmission

0 0.2 0.4 0.6 0.8 1
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

ρH

R

0 5 10 15 20 25 30
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

∆ (nm)

R

(a)

(b)

Figure 5.4: a, Reflectivity of the air/dielectric metamaterial interface as a function
of high permittivity filling fraction at normal incidence. The permittivity is εH =
4.52 and εL = 1 respectively, and the unit cell size is a = 65 nm. b, Reflectity of the
dielectric metamaterial/MWDA interface as a function of displacement.

The result is shown in Fig. 5.4b, where we plot the reflectivity R(∆) as a function
of displacement ∆. In the simulations, we use the geometry as described in the
above, but now with εm = −3.5+0.01i , where the small imaginary part is required
for the stability of the simulations. This small amount of loss in the metal does
not significantly affect the coupling process. Note that systems with significant
losses can also be treated by the modal expansion method by solving the boundary
conditions also in an adjoint system [107].

As is clear from Fig. 5.4b the reflectivity is strongly modulated with displace-
ment, with R in the range of R = 0.1 − 1. For a displacement between 5 and 7
nm, we observe very distinct variations in R. At these displacements, the interface
between the high and low index region of the dielectric metamaterial crosses the

73



5 Dielectric metamaterial anti-reflection coating for stratified media

metal/dielectric interface of the MDWA, leading to strong fluctuations in coupling.
At ∆ = 0 and 32.5 nm, the dielectric metamaterial is oriented symmetrically with
respect to the dielectric core of our MDWA. In this case the overlap between the
incident waveguide mode and the field profile of the propagating waveguide mode
in the MDWA is zero, so the antisymmetric mode will be not be excited.

By shifting the dielectric metamaterial to ∆ = 7.8 nm, we observe an interface
reflectivity of R(7.8nm) = 0.2. At this displacement, the coupling layer/MDWA in-
terface reflectivity exactly matches the reflectivity of the air/coupling layer interface
in amplitude. The phase shift upon reflection of the first interface may (and gen-
erally will) be different from the reflection at the second interface. This phase shift
can be compensated for by changing the thickness of the coupling layer. When the
reflections from both interfaces are equal in amplitude andπ out of phase, destruc-
tive interference occurs, leading to zero net reflection. All light is then transmitted
into the MDWA.
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Figure 5.5: Simulated reflectivity (at λ0 = 450 nm) of the coupling layer (εHi = 4.52,
εLo = 1, ρHi = 0.87)/ MDWA structure (dm = 45 nm, εm = −3.5+ 0.01i , dd = 20
nm, εd = 2.52) for ∆ = 7.8 nm with changing coupling layer thickness L. Clear
oscillations are visible, corresponding to a standing wave in the coupling layer.
The two peaks in reflection are not equal in amplitude due to the influence of
evanescent waves in the dielectric metamaterial.

Figure 5.5 shows the simulated reflectivity for changing coupling layer thick-
ness. A clear periodic modulation of reflectivity is observed, which is due to a
standing wave in the coupling layer, caused by the propagating waveguide mode
in the dielectric metamaterial. The amplitude of the peak in reflectivity changes
between the two local maxima because evanescent waves in the dielectric meta-
material still contribute for small coupling layer height. The propagation constant
of the waveguide mode at λ0 = 450 nm in the dielectric metamaterial is βDM =
43.85µm−1, corresponding to a periodicity in reflectivity of π/(βDM ) = 72 nm, in
agreement with what is observed in Fig. 5.5. From the figure we can determine the
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5.4 Angle dependence

required coupling layer thickness, and find a vanishing reflection coefficient: R = 0
for L = 86 nm. For such a dielectric metamaterial design, all light is coupled into
the waveguide mode of the MDWA.

5.4 Angle dependence

In the previous section we have shown how a properly designed coupling layer can
enhance the coupling into an asymmetric guided mode from 0 to 100%. Calcula-
tions were performed for normal incidence, for which no coupling into the MDWA
occurs with no coupling layer present. Next, we investigate how the reflectivity of
the structure with the coupling layer depends on angle of incidence. We use the
same layer geometry as described above.
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Figure 5.6: a, Reflectivity from the coupling layer on top of the MDWA, as a function
of angle of incidence (red). As a reference, the reflectivity of the bare MDWA is also
shown (blue). b, simulated field profile at normal incidence. As is clear, the incident
plane wave now very effectively couples to the MDWA waveguide mode. c, field
profiles for a plane wave at an angle of incidence of 70◦.

Figure 5.6a shows the simulated reflectivity as a function of angle for the
air/coupling layer/MDWA system (red). As described above, the reflectivity R = 0
for normal incidence. Interestingly, the reflection remains low for a large range of
angles; R < 0.15 for θi < 70◦. The reason for this low reflection over a broad angular
range is that the field overlap between the dielectric metamaterial and the MDWA
is unaffected by changing the angle of incidence; both field profiles experience the
same lateral phase gradient exp(i kx x) supplied by the incident plane wave. The
increase in reflection is caused by the fact that for larger angles of incidence the
condition of perfect destructive interference is no longer fulfilled as the optical
path length βDM L is changed, as βDM depends on the angle of incidence. For
comparison, the reflectivity of the bare MDWA structure is also shown as a function
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5 Dielectric metamaterial anti-reflection coating for stratified media

of angle of incidence (blue), the geometry with coupling layer shows a higher
coupling efficiency for all angles of incidence.

Figure 5.6b shows the real part of Hy (x, z) for a plane wave at normal incidence.
As can be seen, strongly modulated field amplitudes are observed in the dielectric
metamaterial, which facilitate the coupling into the MDWA waveguide mode. The
waveguide mode is weakly attenuated with propagation along z, due to the small
imaginary part in εm . Figure 5.6c shows the field profile for a plane wave incident
at 70◦. Again coupling is enhanced (from 50% with no coupling layer to 85% with
coupling layer), and the negative refraction of the phase fronts in the MDWA is
clearly visible.

5.5 Conclusions

We have demonstrated a method to strongly enhance coupling between a plane
wave and a planar multilayer metal-dielectric waveguide array using a dielectric
metamaterial as a coupling layer. By optimizing the filling fraction, the relative
displacement between dielectric metamaterial and MDWA, and the coupling layer
thickness the incident plane wave was fully coupled into the waveguide mode. The
strong coupling efficiency is observed for a broad range of angles; from 100% at
normal incidence, it is as high as 85% at 70◦ angle of incidence. The concept of a
dielectric metamaterial acting as a coupling layer enables efficient light coupling in
negative index metamaterials, and can be applied generally to any geometry with a
spatial field profile mismatch between the incident radiation and the metamaterial.

5.6 Appendix: expanding plane waves and waveguide
modes

Here we describe the modal method used to numerically calculate the transmission
and reflection from an interface between a homogeneous and a stratified medium,
or between two stratified media. As in the main text of this chapter, we write the
magnetic field as an expansion of its eigenmodes:

H( j )(x, z) =
∞∑

n=0
ane iβn, j z |ψ( j )

n 〉 (5.6)

Using Ampere’s law we find for E:

E( j )(x, z) = i

ε( j )(x)

∞∑
n=0

anβn, j e iβn, j z |ψ( j )
n 〉 (5.7)
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5.6 Appendix: expanding plane waves and waveguide modes

Using the continuity equations 5.1 from the main text we then find two equations:

∞∑
m=0

(a+
m +a−

m) |ψm,1〉 =
∞∑

n=0
b+

n |ψn,2〉 (5.8a)

i

ε1(x)

∞∑
m=0

βm,1(a+
m −a−

m) |ψn,1〉 = i

ε2(x)

∞∑
n=0

b+
nβn,2 |ψn,2〉 (5.8b)

Here an and bn are the mode amplitudes in medium 1 and 2 respectively, and the
sign corresponds to forward of backward propagating amplitudes. Making use of
the orthonormality of Eq. 5.3 we can write this as equations for the amplitudes am :

a+
m +a−

m =
∞∑

n=0
b+

n 〈ψm,1| 1

ε1(x)
|ψn,2〉 (5.9a)

a+
m −a−

m =
∞∑

n=0
b+

n
βn,2

βm,1
〈ψm,1| 1

ε2(x)
|ψn,2〉 (5.9b)

To solve this system numerically we truncate the infinite series at a certain integer
l , typically around 50. This leads to the matrix equation:(−Il×l B(1)

m,n

Il×l B(2)
m,n

)(
a−
b+

)
=

(
a+
a+

)
(5.10)

where Il×l is the identity vector and the elements of the B matrices are given by:

B (1)
m,n = 〈ψm,1| 1

ε1(x)
|ψn,2〉 (5.11a)

B (2)
m,n = βn,2

βm,1
〈ψm,1| 1

ε2(x)
|ψn,2〉 (5.11b)

To solve this system for the reflected and transmitted mode amplitudes, the matrix
is simply inverted: (

a−
b+

)
=

(−Il×l B(1)
m,n

Il×l B(2)
m,n

)−1 (
a+
a+

)
(5.12)

In the case of the interface between free space and a stratified medium, these
equations simplify to:

B (1)
m,n = 〈ψm,1|ψn,2〉 (5.13a)

B (2)
m,n = βn,2

k(m)
z

〈ψm,1| 1

ε2(x)
|ψn,2〉 (5.13b)
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5 Dielectric metamaterial anti-reflection coating for stratified media

where k(m)
z is the component of the free space wave vector along the z-direction for

the mth diffracted order. The free space eigenmodes are given by:

|ψm,1〉 = exp(i (kx +m
2π

a
)x) (5.14)

In this case the summation runs over negative indices as well, such that one sums
from m =−l/2 to m = l /2 (for even l ).
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