
UvA-DARE is a service provided by the library of the University of Amsterdam (https://dare.uva.nl)

UvA-DARE (Digital Academic Repository)

Towards the architectures of macromolecules: Modeling of multi-dimensional
polymer chain distributions

Yaghini, N.

Publication date
2015
Document Version
Final published version

Link to publication

Citation for published version (APA):
Yaghini, N. (2015). Towards the architectures of macromolecules: Modeling of multi-
dimensional polymer chain distributions. [Thesis, fully internal, Universiteit van Amsterdam].

General rights
It is not permitted to download or to forward/distribute the text or part of it without the consent of the author(s)
and/or copyright holder(s), other than for strictly personal, individual use, unless the work is under an open
content license (like Creative Commons).

Disclaimer/Complaints regulations
If you believe that digital publication of certain material infringes any of your rights or (privacy) interests, please
let the Library know, stating your reasons. In case of a legitimate complaint, the Library will make the material
inaccessible and/or remove it from the website. Please Ask the Library: https://uba.uva.nl/en/contact, or a letter
to: Library of the University of Amsterdam, Secretariat, Singel 425, 1012 WP Amsterdam, The Netherlands. You
will be contacted as soon as possible.

Download date:24 May 2023

https://dare.uva.nl/personal/pure/en/publications/towards-the-architectures-of-macromolecules-modeling-of-multidimensional-polymer-chain-distributions(c8856061-3452-4639-a9ed-841db877a4c4).html


 1 

1 
Control of end-use properties of polymers produced at industrial scale at the molecular level 
is difficult as experimental techniques fail to detect most of the decisive microstructural 
properties. Therefore, mathematical models have become increasingly important in 
predicting the interesting microstructural properties such as chain length distribution. 
Though, other properties of a polymer chain such as number of branch points, number of 
combination points, number of radical sites, number of terminal double bonds, etc., provide 
added valuable microstructural information, and hence are of great interest for industrial 
applications besides chain length.  

To obtain reliable models of polymerization mechanisms and to interpret results 
appropriately, the outcome of all model assumptions should be followed closely. For 
example scission type (linear or random) and (dis)allowing for gelation are two key 
assumptions that require specific interpretations. To clarify the role of the influencing 
mechanisms in free radical polymerization process of branched molecules such as low-
density Polyethylene (ldPE), the reminder of this chapter has been devoted mostly to an 
extensive explanation of the decisive reactions and the modeling assumptions to be made. 
Furthermore, the potential modeling schemes are briefly introduced; finally, the aims and the 
outline of the thesis are highlighted.  
 
1.1 Decisive mechanisms and issues 
 
1.1.1 Degree of branching 
 
Knowledge of branched architectures improves the predictability of the end-use, and 
processability properties. Branching architectures are strongly correlated to rheology and 
contraction of the radius of gyration, important for characterization. For instance, for ldPE, 
the branched structure in relation to rheology and melt strength has been discussed recently 
in Science (Read et al., 2012). As branching is concerned, although no direct experimental 
method is capable of determining polymer branching architectures, it is possible to predict 
the architectures (Iedema and Hoefsloot, 2004a). Experimental studies of long chain 
branching of ldPE have been performed (Tackx and Tacx, 1998), employing Size Exclusion 
Chromatography-Multi Angle Laser Light Scattering (SEC-MALLS), and establishing a way 
to relate the radius of gyration and the molecular architecture of a polymer to its molar mass.  

Examples of modeling studies accounting for branching are Teymour and Campbell 
(1994) as well Pladis and Kiparissides (1998), which present numerical fractionation 
techniques and the method of moments applied to each class of branched molecules to 
compute the molecular weight and degree of branching where branching is caused by chain 
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transfer to polymer. Further predictions of Degree of Branching Distribution (DBD) and 
Molecular Weight Distribution (MWD) accounting for random scission, and thereby the 
exact architectures of the branched molecules by applying Monte Carlo (MC) simulations is 
provided by Tobita (1996a, 1996b and 1998b); Tobita and Saito (1999). From this 
information, the mean square radius of gyration could be obtained by explicitly constructing 
the conformations of the branched molecules. Instead in Iedema and Hoefsloot (2001c), a 
statistical mechanical theory on the basis of a graph theoretical representation of branched 
molecules to find the radius of gyration has been used. In Versluis and Hillegers (2002), the 
contraction factor for stars with arms with a Flory (1946) distribution is calculated, and a 
proof to show that the contraction factor distribution for this type of star molecules is the 
same as for stars with uniformly distributed arms that had been provided before by “Zimm 
and Stockmayer” (1949) is given.  
 
1.1.2 Random scission  
 
As it has been put forward before (Kim et al., 2004; Kim and Iedema, 2004), the molecular 
weight distribution of low-density polyethylene in both Continuous Stirred Tank Reactor 
(CSTR) and tubular reactor is strongly affected by the scission mechanism. Hence, better 
understanding of this mechanism may lead to improvement of the industrial production of 
ldPE.  

Comprehensive studies over the impact of scission on ldPE polymerization had 
never been done before 2000. From that time on, a number of papers around this subject 
have been published and several new concepts have been provided. In the simple models of 
scission (linear scission), the length of fragments (the resulting shorter chains by scission) 
was not taken into the account for ldPE polymerization (Iedema et al., 2000). More 
advanced models made use of the “topological scission” concept, by introducing the “Fragment 
Length Distribution” (FLD) obtained from branched ldPE structures and from Monte Carlo 
simulations (Iedema and Hoefsloot, 2004a). They showed that topological scission 
(long/short scission fragments) as an attempt to account for real random scission of 
branched polymer molecules leads to a paradoxical situation (Kim et al., 2004; Kim and 
Iedema, 2008).  

Experimental studies of the MWD and branching properties of ldPE have revealed a 
bimodal MWD, in particular for the IUPAC-Alpha standard for autoclave ldPE as shown in 
Figure 1.1(Tackx and Tacx, 1998). Assuming topological scission, in the MWD of ldPE one 
observes vanishing the well-known shoulder, experimentally observed in autoclave CSTR for 
ldPE (Tackx and Tacx, 1998). Assuming random scission for ldPE polymerization, which is 
a bad model for random scission, yields better agreement with the observed bimodal shape. 
It was also demonstrated that, in contrast, assuming mechanical (mid-chain) scission would 
enhance the MWD bimodality. In comparison to Monte Carlo simulations, where it is 
possible to exactly describe random scission, the deterministic model assuming topological 
scission gave a nearly perfect agreement. Evidently, real random scission, as appears either 
from MC simulations or the model with topological scission, turns out to give long-tailed but 
no bimodal MWD. The issue of which model is most representative for ldPE, random 
(topological) or linear scission, is not yet definitively resolved. 
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Figure 1.1. Bimodal molecular weight distribution (expressed as chain length distribution) of one-zone autoclave IUPAC Alpha ldPE 
as measured by SEC-MALLS (Tackx and Tacx, 1998) and predicted by the monoradical model assuming linear scission (see Chapter 
2). For kinetic conditions, see Figure 3.2. 

 
The presented models in the current study are implemented in MATLAB® using a Galerkin 
method, a finite element method allowing for the representation of population balance 
problem on a chain length grid. It represents a model of molecular weight and branching 
distribution, which is able to show how the MWD for random scission would shift towards 
the MWD with topological scission. The implementation of a correct FLD in the Galerkin 
scheme gave rise to a serious grid refinement problem, which was adequately dealt with. The 
new model now perfectly allows implementing a proper FLD, based on branched 
architectures and the average segment length after scission, into the population balance 
equations. 
 
1.1.3 Combination termination  

 
The termination by combination reaction is a well-known mechanism for radical 
polymerization in general and it is also assumed to be present under conditions of ldPE 
polymerization. Concerning branching topology, next to chain length and number of branch 
points, the number of combination points is an important attribute of a polymer molecule. 
The issue of trivariate Chain Length Distribution/Degree of Branching 
Distribution/Combination Points Distribution (CLD/DBD/CPD) in modeling the 
topological architectures of polymer molecules in the presence of termination by 
combination and transfer to polymer in radical polymerization has been clarified previously 
(Iedema and Hoefsloot, 2005).  They applied a combination of the method of moments and 
deterministic 1-Dimensional (1D) approach to 3-Dimensional (3D) population balance 
equations to estimate the overall distributions without presenting the actual full 3D 
distributions.  

Implementing termination by combination mathematically implies dealing with a 
non-linearity on the one hand and a complex convolution problem at the other. Monte Carlo 
simulations include the termination by combination reaction in the modeling scheme by 
generating the expected architectures directly (Tobita, 1989, 2003, 2013,2014; Tobita and 
Kawai, 2002; Neuhaus et al. 2014). Kim, et al. (2004), and Iedema and Hoefsloot (2005) 
utilized the so-called “pseudo-distributions method” by calculating moments over the 
number of combination points distribution. In this thesis, the focus will be on providing a 
solution that is one step further than Iedema and Hoefsloot (2005), since pseudo-distribution 
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model is now incorporated in a 2-dimensional model, with dimensions chain length and 
number of branch points.  

 
 1.1.4 Multiradicals 
 
The problem of multiradicals – chains with multiple radical sites - is often addressed in 
relation to gel formation. The multiradical issue for radical polymerization in a CSTR with 
transfer to polymer with disproportionation termination only, without scission has been 
addressed before (Iedema and Hoefsloot, 2004b). It was shown that without combination 
termination the model would not require accounting for gel formation, but multiple radical 
sites turns out to be an issue indeed, which then could be properly dealt with by employing a 
multiradical model. The slightly bimodal MWD shape predicted by the mono-radical model 
was reproduced by the multiradical model, where a better agreement to MC simulations of 
this system were obtained than with the monoradical model (Iedema and Hoefsloot, 2004b). 
More recently, Lazzari and Storti (2014) and Hamzehlou et al. (2013) dealt with multiradical 
models in crosslinking polymerization. 
 
1.1.5 Gelation 
 
Gel formation in industrial polymerization processes is usually an undesired consequence of 
certain if not all-operating conditions of the process. Fouling in reactors for ldPE is often 
ascribed to gel formation (Schmidt and Harmon Ray, 1981; Spivey et al., 2012; Zacca and 
Debling, 2001).  

Flory (1941a, 1941b, 1941c, 1942) and Stockmayer (1943, 1944), and Fox and Gratch 
(1953) were the first to address gelation in polymerization systems, followed by several 
studies (Charlesby and Pinner, 1959; Saito, 1972; Durand and Bruneau, 1982). The branching 
probability factor was used to predict the gelation behavior by applying a statistical method. 
These early statistical methods based on simplified kinetics were capable of calculating the 
gel-point and finding chain distributions in the pre-gel and post-gel regions (Zhu and 
Hamielec, 1992, 1993, 1994; Zhu, 1996; Tobita and Hamielec, 1989; Tobita, 1993; Mikos et 
al. 1986; Mullikin and Mortimer, 1970; Beasley, 1953; Bamford and Tompa, 1953; Nicolas, 
1958; Small, 1972). Zhu and Hamielec (1994) as well Teymour and Campbell (1994) studied 
the gelation mechanism in free radical polymerization systems in a comprehensive manner. It 
was observed that radical polymerization with transfer to polymer and disproportionation 
only, will never lead to gelation (Zhu and Hamielec, 1993, 1994; Zhu, 1996; Tobita, 1993; 
Tobita and Zhu, 1996; Tobita, 1994, 1998; Dias and Costa, 2003; Wulkow, 1996), but with 
combination termination gel is readily formed. In the case of crosslinking gel formation even 
may occur without combination termination being present (Tobita, 1993; Tobita and Zhu, 
1996; Tobita, 1994, 1998b). Gel formation in population balance modeling of radical 
polymerization with transfer to polymer has been addressed by introducing explicit gel 
moment terms for living and dead chains in the equations (Iedema and Hoefsloot, 2002). 
 Mathematical modeling studies of ldPE till now (Kim et al., 2004; Kim and Iedema, 
2008) have attempted to explain various issues like the typical bimodal shape of the 
molecular weight distribution of ldPE produced in an autoclave reactor. However, to the 
best of our knowledge, no studies have been devoted to the possibility of gelation in ldPE, 
which is now fully done in Chapter 3.  
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1.1.6. Tubular reactor versus continuous stirred tank reactor 
 

Tubular reactor represents the most modern reactor type for polymerization of low-density 
polyethylene. Although the autoclave reactors are still employed especially in ldPE film 
production, in the near future this older technology is expected to vanish. An important issue 
regarding the tubular reactors is to improve this technology in order to reproduce the desired 
properties of specific autoclave film grades of ldPE. Therefore, controlling molecular weight 
distribution and branching through better understanding the relation between kinetics and 
branching topology of tubular ldPE is of utmost importance (Larson, 2011).  

Several authors have studied the modeling tubular reactors for ldPE, among them 
Goldstein and Amundson (1965), Zabisky et al. (1991) and Kiparissides (2010) studied the 
bivariate molecular weight, and branching for tubular ldPE polymerization. They applied the 
method of moments to model the molecular weight averages and branching frequency. To 
solve bivariate polymerization problems in autoclave and extend it to batch reactors Krallis 
et al. (2007, 2008), Krallis and Kiparissides (2007) applied 2-dimensional fixed pivot 
technique. Asteasuain and Brandolin (2009) proposed a comprehensive model for tubular 
polymerization of ethylene.  

In chemical engineering, compartment models have been used earlier to investigate 
the influence of non-ideally mixed reactors on ldPE polymerization (Wells and Ray, 2005a, 
2005c, 2005b; Villa et al., 1998). In compartment models, two or more CSTRs in series are 
considered altogether in such a way that the flow from the first reactor continues to the 
second reactor and eventually exits the final reactor. In general, compartment models 
provide an opportunity to model the polymerization systems without thermal runaway by 
adjusting the type and amount of the initiators for each reactor element (Villa et al., 1998). 
These models are very beneficial to study the residence time distribution since having more 
than one reactor enables the investigation of the effect of residence time variations in a wider 
range. For this purpose, Marini and Georgakis (1984) used three CSTRs in series to model an 
autoclave reactor. As well as, Pladis and Kiparissides (1998) applied a numerical fractionation 
technique to find a joint molecular weight and long chain branching distribution in a series of 
2 CSTRs and investigated the effect of residence time on MWD.  
 
1.2 Methods 
 
1.2.1 Population balance modeling 
  
Population balance modeling is one of the widely applicable methods to keep track of 
number of different entities in industrial processes, especially those that include entities of 
particle birth and death phenomena (Ramkrishna and Mahoney, 2002). Note that each entity 
in the population balances system could be a function of discrete or continuous variable(s). 
In deriving physical properties of polymers usually we deal with discrete variables (chain 
length, number of branch points, number of combination points, etc.).  

Among chemical reactions, modeling polymerization reactions by population 
balances is favorable over many other methods as clarified in Yaghini and Iedema (2014a), 
although a very hard task even in one dimension. The challenge is in relation to the 
difficulties in population balance equations formulation, and their numerical solutions, which 
are excessively complex to be employed in more than two independent dimensions (Schutte 
and Wulkow, 2010). For this complexity, there are no more than few instances of population 
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balance based modeling in the literature reported for bivariate/multivariate distributions of 
chemical/polymerization reactions. Though, population balance models are computationally 
affordable if one could deal appropriately with the inherent complexity.  
 
1.2.2 The Galerkin method 
 
The Galerkin method was employed first by Wulkow (2008) to polymerization problems. As 
a finite element method, it allows for providing a solution without adding simplifying 
assumptions to the original problem in principle. Especially, it is preferred for 
polymerization reactions with chain-length-dependent rate coefficients (such as transfer to 
polymer and scission), in comparison to the method of moments. For such non-linear 
polymerization problems, the method of moments requires closure equations and hence 
introduces arbitrariness to the solution. Furthermore, the Galerkin method employs efficient 
size reduction techniques, which speeds up the calculations considerably. In this context, 
PREDICI® solves 1D population balances only accounting for chain length.  

The present study is a necessary follow-up of earlier studies by Galerkin, as they 
generated a series of serious modeling problems. Until now, the software package 
PREDICI® has been used, to construct the models. The software package is based on the 
Galerkin-hp method. In the current research, the same method but without step size 
optimization (Galerkin method) has been used. In Chapter 2 a detailed description of the 
method in 1D is given. The 2-Dimensional (2D) Galerkin follows in Chapter 6. 
 
1.2.3 Pseudo-distributions approach 
 
The pseudo-distribution concept first applied by Iedema et al. (2000) to branching (Iedema 
et al. 2000). The model was then extended to a pseudo-distribution model of multiradicals 
(Iedema and Hoefsloot, 20004b) -previously used for the cases without scission- to account 
for scission, both linear and topological. The latter model is based on the notified empirical 
scission fragment length distribution in order to properly account for the special scission 
features of highly branched polymer chains (Iedema and Hoefsloot, 2001b). 

The method of moments has also been applied to reduce the dimensions of a 2D 
problem (chain length and branching) into a 1D problem (only chain- length) and to fit it to 
the 1D algorithm of the PREDICI® by Kim et al. (2004). Using a binominal distribution for 
branching at a given chain length the authors were able to construct a full 2D distribution. 
However, the implementation of the fragment length distribution function to account for 
topological scission did not fully comply with the standard methods in the software and gave 
rise to grid refinement problems, which are being treated in the current study. Pseudo-
distributions are employed and elucidated in deep in the upcoming chapters. 
 
1.2.4 Monte Carlo simulations 
 
Tobita (1989, 2003, and 2014) applied MC simulation techniques to deal with polymerization 
problems. Regarding ldPE the same author (Tobita, 2001b) was the first to account for 
simultaneous branching and random scission (equivalent to topological scission) in a batch 
reactor. Recently, he has further extended his method to a series of CSTRs (Tobita, 2014). In 
this thesis, MC method is extended to a CSTR (Yaghini and Iedema (2014a)), and all MC 
schemes implemented as a basis benchmark for the deterministic models throughout the 
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thesis. It has been noted that comparison of the results from the deterministic model show 
fair agreement to the MC schemes. Although such comparisons form a valuable check as a 
real validation of the models should be executed using MWD measured by SEC-MALLS. 
The main drawback of the stochastic methods is observed to be the large computation time 
required when analyzing properties of largest molecules that are only scarcely generated.  
 
1.2.5 Multidimensional population balances 
 
A multi-dimensional polymerization problem necessitates the application of advanced 
numerical techniques to multi-dimensional Population Balance Equations (PBEs).  The 
known numerical methods fail in providing a solution for higher dimensional PBEs, 
especially when taking the computation time into account. Obviously, these numerical 
techniques are less developed to solve multi-dimensional PBEs in polymer reaction 
engineering field in comparison to the similar methods in other fields such as computational 
fluid dynamics. Further in this context, the nature of the properties of interest is usually 
discrete and requires a special treatment.  

Higher dimensional population balance models have been applied very rarely to 
polymer reaction engineering problems due to their complexity. This complexity increases 
tremendously for 3D problems and even becomes prohibiting in higher dimensions (Schutte 
and Wulkow, 2010). Wulkow et al. (2003) applied the method of moments to reduce a 2D 
Reversible Addition-Fragmentation chain Transfer (RAFT) polymerization problem to a 1D 
problem, which was accordingly solved in the PREDICI©. Immanuel and Doyle (2005) and 
Pinto et al. (2007, 2008) provided solutions to multi-dimensional population balances in the 
context of chemical particulate processes using the so-called two-tire hierarchical algorithm.  

Krallis et al. (2007) have applied the so-called fixed pivot technique to PBEs in order 
to model the evolution of molecular weight-long chain branching distributions of ldPE. 
Krallis and Kiparissides (2007) applied the same technique as Krallis et al. (2007) to PBEs to 
find the bivariate molecular weight/long chain branching distribution for branched 
molecules and presented 2D distributions, this time only for polyvinyl acetate with maximum 
of 8 branch points, certainly not realistic enough for the ldPE case.  

Meimaroglou et al. (2011) have applied a combined kinetic/topology MC method to 
model the ldPE bivariate chain length-long chain branching/short chain branching 
distributions. Iedema (2012) has followed a MC sampling technique to model the 2D chain 
length/number of branching points distribution of terminally branched polymers when 
scission reaction takes place.  

Therefore, the main goal in this thesis is providing a reasonable solution for multi-
dimensional PBEs in the framework of ldPE kinetics. 

 
1.3 Aims and outline 
 
In Chapter 2 on modeling MWD in CSTR (Yaghini and Iedema, 2014a), a recent overview 
about ldPE molecular weight and Long Chain Branching distribution modeling is given. 
Modeling MWD with the Galerkin is of main concern, which allows a direct comparison to 
SEC-MALLS data, and MC simulations.  
The focus of Chapter 3 is on possible gel formation, using a new model predicting the shape 
of the MWD under gelation or near-gelation conditions and allowing for multiradicals. For 
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the first time the possible occurrence and implications of multiradicals and gelation under 
circumstances that are typical for the ldPE process has been discussed. It has been shown in 
the context of full chain length distribution modeling, that assuming the overall moments of 
the general model to include gel is an effective manner of dealing with gel, as has already 
been shown for the moments-based study for batch and continuous reactors by Teymour 
and Campbell (1994). This assumption is also fully equivalent to the treatment of gel in MC 
simulations. In both model types, MC and deterministic, this treatment of gel implies that 
reactive groups in sol and gel (radical sites and backbone monomer units) are chemically 
behaving identically. The present study has also revealed a very important and elegant feature 
of the topological scission model regarding the difficult problem of gel undergoing scission.  

Chapter 4 is concerned with modeling MWD in various reactor configurations; 
from CSTR to series of CSTRs and tubular reactors. To our knowledge CSTR compartment 
models have not been used in combination with deterministic methods to estimate molecular 
weights and to investigate the effect of multiradicals on different reactor configurations (a 
bivariate model), so far. In Chapter 4, for the first time a deterministic model of several 
CSTRs in series is provided as a model for a tubular reactor.   

In Chapter 5 the famous Zimm and Stockmayer’s (1949) model of branching is 
revisited. Using the same concepts as Zimm and Stockmayer, it is demonstrated that more 
realistic architectures give rise to different contraction factors than those from the Zimm and 
Stockmayer’s model. This is exemplified by a radical polymerization system resembling ldPE 
with transfer to polymer as the branching mechanism and combination termination.  

Chapter 6 reveals an advanced technique to solve full 2D population balance 
equations deterministically. The 2D Galerkin method is developed by extending the original 
1D method to model the full 2D molecular weight CLD/DBD of ldPE, accounting for 
transfer to polymer and topological scission. 2D fragment length distribution functions are 
applied to model the topological scission. Further the limitations of implementing 
hypergeometric function to account for the distribution of branch points on the scission 
fragments are discussed. 

Chapter 7 is indeed an extension to Chapter 6 by employing 3-dimensional pseudo-
distributions along with 2D Galerkin to model the moment of combination points and to 
estimate the trivariate CLD/DBD/CPD. 2-dimensional convolution procedure in the 
modeling scheme is discussed in length. 

 
 
  
 
 
 


