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5 
In this1chapter we propose a set of models to calculate contraction factor, the kinetics of a 
radical polymerization with transfer to polymer and combination termination to maximum 
extent are accounted for. The models are alternatives to the Zimm and Stockmayer’s (1949) 

analytical expression of contraction factor for molecules with terminal branching. The results, 
being representative for molecules such as low-density Polyethylene (ldPE), show 
significantly stronger contraction than predicted by the model of Zimm and Stockmayer. In 
the case of termination by disproportionation only, molecular sizes turn out to be smaller by 
a factor of almost two. In presence of combination termination molecules are less compact. 
It is shown that the interpretation of contraction factors as measured by the Size Exclusion 
Chromatography – Multi Angle Laser Light Scattering to find the branchedness of ldPE, 
with the new model leads to a considerably lower estimate of branching than by using the 
standard Zimm and Stockmayer’s model.    
 
5.1 Introduction 
 
It is well known that the degree of branching and thus radius of gyration has a strong effect 
on microstructural properties of polymer (Tackx and Tacx, 1998), such as rheology and melt 
strength (Read et al., 2011). The question we desire to answer in this chapter is essentially the 
same as Zimm and Stockmayer’s in 1949: how could we relate long chain branching to radius 
of gyration contraction factors (Zimm and Stockmayer, 1949)? This has obvious practical 
relevance in characterization of branched polymers by Size Exclusion Chromatography-Multi 
Angle Laser Light Scattering (SEC-MALLS), since up until today the theory of Zimm and 
Stockmayer is used to estimate branching from the observed contraction factor. Note that 
Zimm and Stockmayer just claimed the validity of their model for a simple end-to-end 
branching structure. After more than 60 years with powerful computers and good 
mathematical models we are now able to predict branched architectures based on the real 
polymerization kinetics. Applying the same concepts as Zimm and Stockmayer, it is shown 
in this chapter that these more realistic architectures give rise to different contraction factors 
than those from the old model and exemplified for an ldPE radical polymerization with 
transfer to polymer and combination termination. The latter mechanism introduces an extra 
connectivity element, since parts of a molecule are not only connected by branch points, but 
also by combination points. It is shown that absence or presence of combination termination 
is strongly influencing the compactness of the molecules. 
 

                                                        
1 This chapter is based on N. Yaghini, P. D. Iedema, Polymer (2015), 59 166-179 

Branching determination from 
radius of gyration contraction factor  
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5.2 Zimm and Stockmayer revisited 
 
Here we briefly discuss the early paper by Zimm and Stockmayer (1949). They provided a 
classical estimation to the branching by using the radius of gyration. According to the usual 
definition (see Figure 5.1), the radius of gyration is defined as the sum of the distances 
between each monomer unit, rk , and the center of mass, r . For larger molecules, they adopt 

Kramers theorem (Kramers, 1946): 
 

Rg = n1cn2c n = n1cn2c
c=1

n

∑ n2                              (5.1)             

 
According to this concept a (branched) molecule of n  monomeric units is considered being 

cut into two parts of n1c and n2c , where n1c + n2c = n , and n1cn2c  represents the average value 

of the product of n1c and n2c obtained by averaging over all possible ways, c , of cutting the 

molecule. This situation is represented in Figure 5.1, where the size of the molecule is n , 
while the fragments are n1c =m  and n2c = n−m . For a large linear molecule, Equation 5.1 is 

easily shown to reproduce the well-known result for such chains, again with n1c =m  and 

n2c = n−m , since: 

 

Rg ,linear = n1cn2c
c=1

n→∞

∑ n2 = m(n−m)dm
0

∞

∫ n2 = n / 6 ,                   (5.2) 

 
For a population of molecules of size n  with different architectures the fragment sizes have 
to be multiplied with the probabilities p(n1c )  and  according to which the fragment sizes 

occur, such that: 
 

Rg = p(n1c )n1c p(n2c )n2c
c=1

n

∑ n2                                                                            (5.3) 

 

  
Figure 5.1. Radius of gyration from distances to center of mass and from products of distances between monomer units.  
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Zimm and Stockmayer apply this concept to an example introduced by them as: “…. we 
study only an idealized example, which may, however, not be so different from actuality as to 
be useless” (Zimm and Stockmayer, 1949). This example refers to a branched structure 
created by linear segments connected at their end points with connection probability β  at 
either side, Iedema (2012) has referred to earlier as ‘terminal branching’, see Figure 5.2. 
Regarding the probability distribution of numbers of branch points in the part of the 
network connected at one side of an arbitrary unit in the whole molecule, they employ an 
expression, derived earlier by Flory (1946):   
 

pi =
(2i)!

(i +1)!(i)!
β i (1− β )i+1                               (5.4) 

 
where i  denotes the number of branch points. For a molecule with i  branch points, where 
the segment lengths follow the most probable distribution, Zimm and Stockmayer use 
another result obtained by Flory (1946): 
 

pn|i =
(n−1)!(1−α )2i+2α n−2i−2

(n− 2i − 2)!(2i + 2)!
                   (5.5)  

 
Here, α  is the Flory parameter:  
 

α =1−1/ ns                          (5.6) 

 
with ns  the number average segment length. Equation 5.1 now used to form the product of 

probabilities in Equation 5.3, yielding Equation 5.7. This product is dependent on both the 
numbers of monomer units on fragments, m  and n−m , as on the numbers of branch points 
on fragments, j  and i − j . Here n  and i  represent the overall numbers of monomer units 
of a molecule and the number of branch points, respectively.  
 

P(n,m,i, j) = (1− β )2
β(1− β ){ }

i
m( f −1) j (n−m)( f −1)(i− j )α n (1−α ) α{ }

( f −1)i+2

j!(i − j)! ( f − 2) j +1{ }! ( f − 2)(i − j)+1{ }!
             (5.7) 

 
Thus, formulating the radius of gyration of the branched molecule according to Equation 5.3 
by taking the sum and normalizing and subsequently dividing by the radius of gyration of a 

linear molecule, n 6 , Zimm and Stockmayer find the radius of gyration contraction factor as: 

 

g f (n,i) =
6
n

P(n,m,i, j)m(n−m) / n
j=0

∞

∑
m=1

∞

∑

P(n,m,i, j)
j=0

∞

∑
m=1

∞

∑
                            (5.8) 

By an elaborate algebraic procedure, they are able to derive the famous expression for the 
radius of gyration contraction factor for a molecule with i  branch points: 
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 g f (i) =
3

( f −1)i +3
1+ ( f −1) j i − k

( f −1)i + 2− kk=0

j

∏
j=1

i

∑
$

%
&
&

'

(
)
)

                          (5.9) 

 
where, f  is the branching functionality of a molecule with i  branch points. (Note that the 
original publication by Zimm and Stockmayer uses n  for the number of branch points and 
N  for the number of monomer units). The both number of monomer units, n , and the 
connection probability, β , are absent in Equation 5.9, so that under the prevailing 
assumptions the contraction factor exclusively depends on the number of branch points. 
Equation 5.9, obtained in 1949, is still widely used in characterization of branched polymers 
– in spite of the modest claim of the authors cited above! 
 It is instructive to see the result of Equation 5.9 practically reproduced by directly 
enumerating Equation 5.8, Equation 5.9 for the case of i = 250  branch points and for 
n = 5000  underestimates the g f by 2%  and for n =100,000  by 0.2% . Thus, the fact that the 

radius of gyration contraction factor is practically independent on the size of the molecule, 
for the case of terminal branching under the conditions considered, is confirmed.  
 

 
Figure 5.2. Construction of one-sided branched polymer architecture distributions, β is defined as in Equation 5.4. 

 
5.3 Radius of gyration distribution for terminal branching 
 
Obviously, Equations 5.8 and 5.9 predict the average of all possible topologies within 
populations of terminally branched molecules of given dimensions, n and i . It should be 
realized that such populations possess a wide variety of different topologies (see Figure 5.2) 
for the given dimensions, having varying contraction factors as well. In this paragraph we 
will present a Monte Carlo algorithm to find the distribution of radius of gyration 
contraction factors for terminal branching using identical assumptions as in Zimm and 
Stockmayer’s derivation (Zimm and Stockmayer, 1949).  
The task of the algorithm is to find explicit architectures for polymer molecules with 
terminal branch points given the number of branch points, i , and the branching probability,  
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β , as defined above. Again, the number of branch points distribution is given by Equation 
5.4. The first step of the algorithm is shown in Figure 5.3. An arbitrary free dangling segment 
(not connected on one end) is picked, which as a part of a molecule with i  branch points is 
certainly connected to two other fragments at its other end. The numbers of branch points 
on either of the fragments, j  and i − j −1 , may vary between 0  and i −1 . Obviously, these 
numbers are complementary adding up to i −1 , since neither fragment contains the first 
branch point (black dot in Figure 5.3). Because of the self-similar nature of the architecture, 
Equation 5.4 also holds for the fragments. This implies that the conditional probability of 
finding j  given i , ℜ( j | i) , is given by: 

 

ℜ( j | i) = p( j)p(i − j −1)

p( j)p(i − j −1)
j=0

i

∑
                 (5.10) 

Here, p( j)  and p(i − j −1) are given by Equation 5.4. Inspection of the product of 

probabilities p( j)p(i − j −1)  indicates that the factors containing β  lead to a product that is 

independent of j : β j (1− β ) j+1β i− j−1(1− β )i− j = β i−1(1− β )i+1 . In Equation 5.10 this 

constant term appears in both numerator and denominator, so it will be canceled out upon 
division. The interesting consequence is that the conditional probability function, Equation 
5.10, becomes independent of β ! Hence, the shape of the function that is symmetrical 

around j = i 2  and has the maxima at j = 0  and j = i −1  is identical for all β -values and only 

depends on i .  Note that a similar independency of the contraction factor (Equation 5.9) 
had already been observed in the discussion about the Zimm and Stockmayer model (Zimm 
and Stockmayer, 1949), where Equation 5.7 expresses a similar operation as Equation 5.10. 
This outcome may seem logical, if one realizes that irrespective of the average connectivity 
value β  imposed on a system of segments, an architecture of given number of branch points, 

i , always possesses i  connected ends and i +1 non-connected ends. Hence, the average 

connection probability simply equals i 2i +1 . 

 Sampling from the probability density function, Equation 5.10, yields values for the 
numbers of branch points in one particular molecule. For each of the fragments the 
algorithm proceeds in exactly the same manner as before with the lower numbers j , 

respectively i − j −1 , each of which may split up in the next step. This is repeated until the 
last fragment is found having zero branch points, representing the last free dangling end. To 
perform this series of sampling steps, we have employed the recursive algorithm developed 
for the similar, but slightly more complex problem of branching architectures arising from 
insertion of vinyl-ended segments using Constrained Geometry Catalyst in metallocene-
based polymerization of ethylene (Hoefsloot and Iedema, 2003). The algorithm performs the 
sampling steps and generates the connectivity pattern in a graph theoretical representation, 
an incident matrix. This forms the basis to infer the radius of gyration contraction factor 
from, as will be explained in section 5.5. 
 



 90 

 
 
Figure 5.3. First step in algorithm to find architectures for a polymer molecule with terminal branching having  j  branch points. 

 
5.4 Radius of gyration contraction factor dependent on kinetics 
 
Measuring the contraction factor has been so far the best applicable method to determine 
branching in the presence of long and short chain branching together. The contraction factor 
or shrinkage of a branched polymer chain, g , is defined as the ratio of its radii of gyration to 
the radii of gyration of a linear polymer of the same mass.  

Zimm and Stockmayer (1949) have derived their well-known expression, Equation 
5.9, for the case of terminal branching. The relationship between contraction factor and 
kinetics has been discussed before (Iedema and Hoefsloot, 2004b; Iedema et al. 2007). 
Branched polyethylene made using metallocene catalysts turned out to possess less important 
contraction than radical systems with transfer to polymer as the branching mechanism. Here, 
we will focus on radical polymerization again and explore the effect of termination 
mechanism on the radius of gyration contraction: disproportionation and combination 
termination. In order to realize this we have to find the equivalents of Equations 5.4 -5.5 and 
5.7 above, especially that describing the probability distributions of numbers of monomer 
units connected to the networks at either side of an arbitrary monomer unit in the whole 
branched molecule, as shown in Figure 5.1. It will turn out that we are not able to derive an 
analytical expression like equation 5.7 for more realistic but complex kinetics. Instead, we 
have to create populations of explicit branched topologies, by Monte Carlo simulation, from 
which to derive the connectivity to the networks at either side of an arbitrary monomer unit 
in each of the branched topologies generated. In order to create the populations of 
topologies, we have employed a Monte Carlo algorithm, the ‘history backtracking’ method 
(Iedema et al., 2007), while graph theory is used to represent the connectivity pattern of the 
networks generated.  

 
5.4.1 Reaction and population balance equations, various distributions   
 
A solution for 3- Dimensional (3D) population balances describing Chain Length 
Distribution/Degree of Branching Distribution/Combination Points Distribution 
(CLD/DBD/CPD) in a Continuous Stirred Tank Reactor (CSTR) has been presented by 
Iedema and Hoefsloot (2005). This solution was obtained using a direct computation 
method, recursively enumerating the concentrations of dead and living chains at all 
combinations of the first two dimensions, chain length and number of branch points, 1, 2, 3, 
…, 300 000; and 0, 1, 2, …., 1 000, respectively. The number of combination points 
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dimension; the 3rd dimension, were found using the pseudo-distribution approach. At 
present, this computationally expensive method has been replaced by a much more efficient 
Galerkin-Finite Element Method (FEM) algorithm in the full 2 dimensions of chain length 
and number of branch points, while treating number of combination points with pseudo-
distributions. This full 2-Dimensional (2D) Galerkin-FEM approach will be presented in a 
forthcoming chapter. Under the present kinetic conditions, without random scission, the 3D 
results from the old direct computation method and the full 2D Galerkin-FEM method 
turns out to practically coincide. Therefore, the same 3D solution for CLD/DBD/CPD as 
in Iedema and Hoefsloot (2005) is used. Note that from the CPD moments obtained using 
the pseudo-distributions method (both for the direct and full 2D method) the full CPD are 
inferred assuming that this distribution obeys a binomial distribution. The reaction and 
population balance equations describing the radical polymerization process with transfer to 
polymer and termination by disproportionation and combination are presented in Table 5.1.  
Furthermore, Table 5.2 gives the kinetic parameter settings together with the reaction rates 
and the relevant concentrations.  
 

Initiator dissociation I2
kd! →! 2I  

Initiation I +M ki! →! R1,0,0  

Propagation Rn,i ,k +M
kp! →! Rn+1,i ,k  

Termination by disproportionation  Rn,i ,k + Rm, j ,l
ktd! →! Pn,i ,k + Pm, j ,l  

Termination by combination Rn,i ,k + Rm, j ,l
ktc! →! Pn+m,i+ j ,k+l+1  

Transfer to polymer Rn,i ,k + Pm, j ,l
ktpm! →!! Pn,i ,k + Rm, j+1,l  

Population balance equations: 

dRn,i ,k
dt

= kpM (−Rn,i ,k + Rn−1,i ,k )− (ktd + ktc )λ0Rn,i ,k +

+ktp (−µ1Rn,i ,k +λ0nPn,i−1,k )−
1
τ
Rn,i ,k

 

dPn,i ,k
dt

= ktdλ0Rn,i ,k + 1
2 ktc Rm, j ,lRn−m,i− j ,k−l−1

l=0

k−1

∑
j=0

i

∑
m=1

n−1

∑ +

+ktp (µ1Rn,i ,k −λ0nPn,i ,k )−
1
τ
Pn,i ,k

 

m,n      chain length   

i, j  number of branch points per chain  

k,l  number of combination sites per chain 
Table 5.1. Polymerization reactions and the associated population balance equations. 
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 Symbol Value Unity 

Dissociation kd  0.5  s−1  

Propagation kp  5000  [m3kmole−1s−1]  

Disproportionation termination ktd  5 106  [m3kmole−1s−1]  

Combination termination ktc  5 106  [m3kmole−1s−1]  

Transfer to polymer ktp  1.5  [m3kmole−1s−1]  

Average residence time CSTR τ  30  s  

Feed monomer concentration M f  16.75  [kmole.m−3]  

Feed initiator concentration I2, f  5 10−3  [kmole.m−3]  

Monomer concentration M  9.1067022  [kmole.m−3]  

Macroradical concentration λ0  5.58850 10−6  [kmole.m−3]  

Incorporated monomer concentration µ1  7.638741575  [kmole.m−3]  

Table 5.2. Kinetic and concentration data. 

 
5.4.2 Generating architectures by conditional Monte Carlo sampling 
 
Here, the main features of the ‘history backtracking’ and architectures construction 
algorithms that have been introduced in Iedema et al. (2007) are resumed. This conditional 
Monte Carlo algorithm is based on the chemistry of the radical polymerization system as 
briefly summarized in the reaction and population balance equations of Table 5.1. The 
solution of balance equations using the 2D Galerkin approach employing pseudo-
distributions (moments) for the distributions of combination points provides the 3-
dimensional chain length, n , number of branch points, i , number of combination points, k , 
distribution of dead and living chains, P(n,i,k)  and R(n,i,k) , respectively. In the algorithm 

length, n , number of primary polymers, np , and number of combined parts, nc , are used 

instead of branch points and combination points. The relations between the number of 
combination points, k , and number of branch points, i , as appearing in the population 
balances, and the number of combined parts, nc , and number of primary polymers, np , are, 

respectively: 
 

nc = k +1                    (5.11) 

 

np = i + k +1                   (5.12) 

 
5.4.2.1 The algorithm to generate architectures and branching determination 
 
5.4.2.1.1 Outline of the algorithm 

 
A branched molecule is created from linear segments, or primary polymers, that are assumed 
to grow instantaneously in a certain time order and a certain length. The algorithm first 
identifies the time sequences and lengths of the primary polymers as well as their 
connectivity to other primary polymers, and then secondly builds up the architectures. The 
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first task is performed by the history backtracking algorithm. The process of the latter task is 
schematically shown in Figure 5.4. Typically, in the case of combination termination, the 
creation of one molecule may start at more than one initial primary polymers being formed at 
different instants of time. 
 The growth history backtracking algorithm is now demonstrated on a molecular 
example as shown in Figure 5.5. The idea behind this algorithm is to consider a molecule of 
given dimensions, in this example n (not specified in this demonstration), np =15 , nc = 7 , and 

find the answer to the following question: ‘’what was the last reaction step that created the 
dead molecule of these dimensions’’? We realize that this must have been a termination 
reaction of a living chain end by either disproportionation or transfer to polymer on the one 
hand or combination on the other. The probability that the last step was combination is 

ℜc (n,np ,nc ) , the probability for one of the two other reactions is 1−ℜc (n,np ,nc ) . This 

probability is inferred from the solution of the 3D population balance, as we will see later. 

The combination test for this molecule, performed by requiring ℜc (n,np ,nc ) < r  (random 

number 0 < r <1 ), in this example revealed that the last event was a combination step indeed. 
As this combination has occurred between two fragments of the molecule, we now should 
find the fragment dimensions. This proceeds by subsequently applying three further 
Probability Density Functions (PDFs):  
 

1. ℜ(nc1 | n,np ,nc ) , probability distribution of numbers of combination parts on fragment 1, 

nc1 , given the dimensions of the whole molecule ( nc2 = nc − nc1 ). 

2. ℜ(np1 | n,np ,nc1,nc2 ) , probability distribution of numbers of primary polymers on fragment 

1, np1 , given the dimensions of the whole molecule and the numbers of combination 

parts on both fragments ( np2 = np − np1 ). 

3. ℜ(n1 | n,np1,np2 ,nc1,nc2 ) , probability distribution fragment 1 size, n1 , given the dimensions 

of the whole molecule and numbers of combination parts and primary polymer on 
fragments ( n2 = n − n1 ). 

 
These PDFs also follow from the population balance solution. The result is shown for the 
example in cartoon 2 from Figure 5.5: one fragment is a single primary polymer with length 
n1 that is now fully identified; the other fragment is a larger structure of dimensions (n2 ,14,6) . 

Next, as shown in cartoon 3, the lengths of the last grown primary polymer, n1 , and that of 

the structure on which it grows, n2 , are determined, using the PDF ℜt1(n1 | n,np ,nc ) , fragment 

1 size distribution given the whole molecule’s dimensions. This yields a fully identified 
primary polymer again and a structure of dimensions (n2 ,13,6) . At this point the algorithm 

returns to the combination test and a new round is entered.  
As shown in cartoon 4, again the last step turns out to be combination, this time 

resulting in two larger structures of dimensions (n1,7,3)  and (n2 ,6,3) . Now, the algorithm 

branches into two paths that are worked through one after another. Figure 5.5 shows only 
one of these parts, that of structure (n2 ,6,3) . Note that ultimately as many paths are tracked 
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as there are initial primary polymers as each path should end in an initial primary polymer – 
hence the example has 5 paths. 

 

 
 

Figure 5.4. Construction of branched polymer architecture with np =15 primary polymers and nc = 6 combined parts from 5 initial 
primary polymers connected by combination and branching points. 

 
5.4.2.1.2 Probability density functions  

 

Here, it is shown how one of the probability density functions,ℜt1(n1 | n,np ,nc ) , is inferred 

from the solution of the 3D population balances. The derivation of the other PDFs is given 
in Appendix 1.  This PDF denotes the probability distribution of lengths n1  of single chains 

becoming connected to the larger fragment, given the dimensions of the whole molecule, 
which is the result of the connection process. This happens by a transfer to polymer step, where 
the living molecule (n,np ,nc )  is created from a smaller dead molecule with np −1  primary 

polymers, and a consecutive growth step producing a new primary polymer of length n1 , whose 

length is sought. In the first step from a dead chain of dimensions (n− n1,np −1,nc )  a living 

chain of the same dimensions is created with probability p1 : 

 

p1(n− n1,np −1,nc ) ~ (n− n1)P(n− n1,np −1,nc )               (5.13) 

 
Here, P  represents the solution of the 3D population balances for dead molecules. In p1 , the 

multiplication by n− n1arises from the fact that any of the n− n1units of the molecule can 

undergo this step. The second step is growth of a new arm by propagation at the new branch 
point to length n1  until termination. The probability, p2 , of creating an arm length n1  obeys 

the Flory distribution:  
 

p2 (n1) ~ pF (n1) = (1−1/ n )
(n−1) n                 (5.14) 

 
where the average primary polymer length n  is given in Iedema and Hoefsloot (2007): 
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n =
kpMI + ktpµ1λ0 + kpMλ0

λ0 (ktpµ1 + ktdλ0 + ktcλ0 +1/ τ )
                      (5.15) 

 
 

 
 
Figure 5.5. Example of history backtracking starting from np =15 and nc = 7. Cartoons through 9 only show the ‘paths’ following the 
structure (n2,6,3) ending in the two initial primary polymers shown in cartoon 9.  

 
Thus the probability of creating a dead molecule of total length n  and np primary polymers 

is simply the product of p1 and p2 , since length n1  is independent of length n− n1 . Hence, the 

normalized PDF is: 
 

ℜt1(n1 | n,np ,nc ) =
pF (n1)P(n− n1,np −1,nc )(n− n1)

pF (n1)P(n− n1,np −1,nc )(n− n1)n1=1

n−1
∑

             (5.16) 

 
Flowcharts of history backtracking and architecture algorithm are provided in Figure 5.6. 
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Figure 5.6. Flowcharts of the history backtracking algorithm (left) and the architecture generation algorithm (right). The backtracking 
algorithm provides time sequences, lengths and connectivity of the np primary polymers. The architecture algorithm selects these 
primary polymers one by one (counter N= 1:np) in proper time order and performs the connecting process. 

 
5.5 Determination of radius of gyration using graph theory 
 
Kramers theorem (Kramers, 1946) will be employed to obtain the radius of gyration from 
the sizes of molecules at either side of all the monomer units, by Equation 5.1, but now from 
representations of explicit topologies. According to these representations, any branched 
architecture is characterized by a set of branch points connected by a specific pattern as well 
as the lengths of the segments between branch points and the lengths of free dangling 
segments. A feature from graph theory is chosen, the adjacency matrix, to represent the 
connectivity of branch points A, as shown in Figure 5.7. Each element Aij that is equal to one 

represents a segment; in the example of Figure 5.7 ,10 branch points are connected by 9 
‘inner’ segments. Thus, a molecule of N  branch points generated by Conditional Monte 
Carlo (CMC) is represented by an adjacency matrix of size NxN and a list of N -1  inner 
segment lengths and N+1  lengths of free dangling segment. It should be realized that such 
representations of branched topologies are applicable to all architectures, irrespective of the 
manner in which they are created. In the present study topologies of terminally branched 
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molecules are considered and created by the CMC method fully accounting for the kinetics 
of a radical polymerization system as described above. 
 To infer the number of monomer units in the networks connected at either side of 
an arbitrary monomer unit in a branched molecule, an algorithm based on the graph 
representation and using segment ‘balances’ as shown in Figure 5.8 has been developed. 
Note that it only holds for branched architectures without cycles. Here, present vertices are 
connected by inner or by free dangling segments; former vertices represent branch points, 
latter ones terminal vertices (last monomer unit of a free dangling segment).  A branched 
structure may have branch points connected to two terminal vertices (e.g. branch point 1 in 
Figure 5.7) or to just one (e.g. branch point 5). The pairs of sizes directly follow from the 
balance of segment lengths at either side of that position. As shown in Figure 5.8, these 
balances are constructed twice for each segment, that is, in two directions. The reference 
segment is defined between two vertices α *  and β *  with length Li . One or both of the 

vertices may be branch points. Thus, we have: 
 

Terminal segment from right to left:  n2i = Li                                     (5.17) 

Terminal segment from left to right:  n1i = n1 j + n1k + Li                                (5.18)  

Intermediate segment from right to left:             n2i = n2m + n2 p + Li                               (5.19) 

Intermediate segment from left to right:             n1i = n1 j + n1 j + Li             (5.20) 

 
Here, n2i  is the total number of monomer units at the β * -side (right side in Figure 5.8) of 

segment I  plus the number of monomer units Li  in the segment itself, and n1i  at α * -side 

(left side in Figure 5.8). For N  branch points Equations 5.20 form a set of 2(2N +1)  linear 
equations, which we may write as: 
 
B×n = l                               (5.21) 

 
n  is a vector of size 2(2N +1)with the n1i and n2i as defined in Equations 5.21 and l  is a 

vector of the same size, where the segment lengths Lij  appear twice. Segment connectivity 

matrix B  is a matrix with elements consist of only 0  and 1  and is derived from the 
adjacency matrix A as shown in Appendix 2; this matrix B contains the connectivity 
information of the segments. Equation 5.21 may now be solved to yield the{n1i ,n2i}  pairs of 

sizes at both sides of each segment: 
 

n = B−1 × l                               (5.22) 

 
The pair of sizes at either side of a monomer unit on segment I may now be calculated from n
, since: 
 

nL2i = n2i − L                                                                                                                  (5.23) 
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nL1i = n1i − Li + L                              (5.24) 

 
Here L  denotes the position of the monomer unit with respect to vertex i :1≤ L ≤ Li . Thus, 

with the solution of Equation 5.22 for all the segments and with Equations 5.24 for all 
monomer units on segments finally the pair of sizes at either side of it has been obtained for 
each monomer unit. According to Kramer’s rule, the radius of gyration contraction factor 
then follows by summation of the products of size pairs for all monomer units, all with 
probability equal to one: 
 

g = 1
n2

n j1in j2i
j=1

Li

∑
i=1

2N+1

∑                   (5.25) 

 

 
 

Figure 5.7. Graph representation of branched molecule with N = 10 (numbered) branch points and 22 connecting ‘vertices’ 
(segments). Matrix A is the adjacency matrix based on the branch points as the vertices with Aαβ = Aβα = 1 if branch points α and β are 
connected, and zero otherwise. 
 

 
 

Figure 5.8. Segment lengths Li, etc., and vertices α, β, γ, etc. Left: terminal segment; right: intermediate segment. A branched structure 
may have branch points connected to two terminal vertices (e.g. branch point 1 in Figure 5.7) or to just one (e.g. branch point 5). 

 
5.6 Results 
 
Here, the results concerning the radius of gyration contraction factors for several cases, 
including terminal branching, and radical polymerization with transfer to polymer and 
termination by disproportionation either or not accompanied by combination termination 
are presented. 
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5.6.1 Comparison kinetic-based to terminal branching-based contraction factors 
 
Simulations are carried out with the architecture-generating algorithm for terminal branching 
presented in section 5.3 and the kinetics-based algorithm of section 5.4.  Thus populations of 
both types of architectures for the molecular dimensions, number of monomer units
n = 200 000  and number of branch points i =100  have been generated. After applying the 

procedure explained in the section 5.5 to these populations, the radius of gyration 
contraction factor distributions as shown in Figure 5.9 is ultimately found. Note that for the 
terminal branching population, the average radius of gyration coincides to that predicted by 
Equation 5.9 (Zimm and Stockmayer, 1949): c f = 0.236 . The figure clearly demonstrates that 

there is a considerable difference between the two populations. This is especially so for the 
radical polymerization case without combination termination. The chains produced with only 
disproportionation termination and transfer to polymer turn out to be much more compact 
than the ones with terminal branching. This confirms the expectation of Zimm and 
Stockmayer in their paper that their formula might not be valid for systems that go beyond 
the assumptions that they had to make to arrive at their formula. Although it does not well 
apply to a radical polymerization system with transfer to polymer, closely resembling for 
instance ldPE, it does provide a far better prediction in the case of metallocene-based 
polymerization of ethylene with Constrained Geometry Catalyst (Hoefsloot and Iedema, 
2003).  Evidently, the terminal branching model best describes the nature of the branching of 
the latter system. Finally, we may state that we have clearly shown that architectures based on 
a realistic kinetic description of radical polymerization with transfer to polymer as the 
branching mechanism are significantly more compact than architectures with terminal 
branching. However, an intuitive explanation for this finding is hard to provide, which 
implies that we indeed needed a model to show us this phenomenon. 
 

  
 
Figure 5.9. Radius of gyration contraction factor distribution, due to variations in branched architectures, for terminal branching 
(from Monte Carlo simulations) and for the radical polymerization case without combination termination. The average of the terminal 
branching values coincides with the Zimm and Stockmayer model, Equation 5.9. 
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5.6.2 Effect of termination mode on radius of gyration contraction factor  
 
The effect of absence and presence of combination termination on the contraction factor 
distribution are compared for molecules of the same number of monomer units and number  
of branch points; n = 255 000  and i  is chosen as a few values between 200 and 300 . As 

shown in Figure 5.10 due to the larger molecules created in presence of combination 
termination, everything else being the same, the selected point on the chain length axis in the 
tails of the chain length distributions, corresponds to a much lower concentration in the 
disproportionation only case than in the combination case. Also shown is the distribution for 
the specific chosen value of the number of branch points (270)  as obtained from the 2D 
chain length/number of branch points solutions for the case of disproportionation only. In 
the case of combination, the distribution shown is even more specific, since it holds for 270  
branch points and 135  combination points; this curve is obtained from the 2D solution with 
pseudo-distributions for the combination points, as explained in section 5.4.1. These 
distributions are much narrower having a maximum near n = 255 000 .  

 Populations of branched architectures are generated for the given number of 
monomer units, 255 000  and a few values of the numbers of branch points. In the case of  

combination termination (see Figure 5.11), a number of points are selected on the number of 
combination points axis with appreciable concentrations on a few cross sections at i  
between 200  and 300 , and 100molecules for each i,c combination using the history 
backtracking algorithm are generated. For these populations, the radius of gyration 
contraction factors is calculated using the algorithm described in section 5.5. The resulting 
distributions are shown for two values of the numbers of branch points, 210  and 270  in 
Figure 5.12. In the case of combination we have taken the concentration weighted average of 
the results originating from the various values of combination point numbers.  

Note, in Figure 5.12, that the variation in contraction factor in both cases is wholly 
due to the variations in architectures. The contraction factor distribution is at a higher range 
for the case with combination termination, so evidently, but remarkably, such molecules are 
less compact than those created in the case of disproportionation only. Concluding, the 
model clearly shows the strong effect of the termination mode on the contraction factor. 
However, again it seems hard to give an intuitive explanation – one would not on 
beforehand expect molecules only having undergone disproportionation to be more 
compact. Again, a model is required to show this effect. 

 

 
 
Figure 5.10. Molecular size distributions of dead chains (Pn) for cases with disproportionation without and with combination. Drawn 
curves represent overall distributions, linear (inset) and logarithmic concentration scales. Dashed curves represent specific size 
distribution for a sample molecule of 255 000 monomer units with 270 branch points (without combination) and 270 branch points 
and 135 combination points (with combination). 
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Figure 5.11. 2-dimensional concentration distribution of number of branch points, i, and number of combination points, c, for the 
sample molecule of 255 000 monomer units (same case as Figure 5.10). For i = 255 000 and c values with appreciable concentration, 
P(i,c), populations of 100 branched architectures are generated.  
 
   

 
 
 

Figure 5.12. Distributions of radius of contraction factors for samples of branched architectures of molecules with dimensions, n = 
255 000 and 210 or 270 branch points. For the case of combination termination populations averages over varying numbers of 
combination points were taken, using weights according to the cross sections of the 2D concentration distribution P(i,c) shown in 
Figure 5.11, at i = 210 and i = 270. 
  

  
Figure 5.13 shows the average radius of contraction factor at each number of branch points 
obtained by averaging the results from the populations with varying branching architectures 
as shown in Figure 5,12, using weights according to the concentration distribution of the 
different numbers of combination points (Figure 5.10). We see the observation confirmed 
that molecules of the same number of monomer units and branch points are less compact, if 
combination termination is occurring. Once more, as in section 5.6.1, it is clearly 
demonstrated that the Zimm and Stockmayer formula (Zimm and Stockmayer, 1949), 
Equation 5.9, applied with the numbers of branch points on the horizontal axis, under-
estimates the contraction effect. Yet, quite remarkably, the contraction factors for the 
combination case are considerably closer to the Zimm and Stockmayer outcome than those 
assuming just disproportionation.  
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In view of the fact that polymer molecules having undergone combination 
termination are less compact, it seems interesting to investigate the effect of the number of 
combination points – keeping number of monomer units and branch points constant. This is 
shown in Figures 5.14 and 5.15 for two values of the number of branch points, 210  and 
270 . Comparing the contraction factor distributions in Figure 5.14 and the average factors 
in Figure 5.15 for two different numbers of combination points in each case, we now see 
that the molecules become more compact as the number of combination points increases. 
Evidently, a higher number of connections between the various parts of the molecule make 
it more compact. 

 
 

Figure 5.13. Average radius of contraction factor as a function of number of branch points for samples of branched architectures of 
molecules with n = 255 000. Molecules of the same number of monomer units and branch points are less compact, if combination 
termination is occurring. 
  
                          

 
 
Figure 5.14. Distributions of radius of gyration contraction factors for four populations of molecules with size n = 255 000. Those 
with i = 270 branch points have either 105 or 130 combination points, those with 210 branch points 75 or 90 combination points. 
Architectures having more combination points are more compact. 
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Figure 5.15. Average radius of gyration contraction factor as a function of number of combination points for n = 255 000 and 
number of branch points, i = 210 and i  = 270. Same conditions as Figure 5.14. Molecules of given number of monomer units and 
branch points become more compact as the number of combination points increases. 

 
5.6.3 Consequences for interpreting measured contraction factors 
 
The differences in contraction factors due to branching type and kinetic conditions has 
significant consequences as regards the interpretation of measured contraction factors (e.g. 
by SEC-MALLS) to find the degree of branching of a polymer.  In Table 5.3 for a 
contraction factor of g f = 0.08 , with the value falling in the range of typical values measured 

for ldPE, the branching density is found to be between 0.00082  and 0.0025 , depending on 
the type of branching and kinetic conditions. If hitherto the measured contraction factor has 
been interpreted using the Zimm and Stockmayer model giving a certain branching density, 
then with the presented model we would see that this branching density might be no less 
than a factor of 3  too high! Assuming the occurrence of combination termination, the over-
estimation is still more than a factor of 2 . It should be noted that in the present kinetic 
example transfer to monomer and chain transfer agent reactions have not been taken into 
account. As such reactions imply a termination mechanism resembling that of 
disproportionation, their presence is therefore expected to reduce the impact of combination 
termination. Finally, as regards ldPE, a polymer for which finding the branching density is an 
important issue indeed, it should be noted that one essential kinetic feature is still missing in 
presented architecture prediction model: the random scission mechanism. Implementing this 
in the model is though possible. 
 

Branching type Number of branch points, i Branching density, i/n 

Terminal (Zimm and Stockmayer, 1949) 645  0.00253    

Disproportionation termination 210 0.00082 

Disproportionation + combination termination 290 0.00114 

Table 5.3. Interpretation of a measured contraction factor gf = 0.08 for a molecular size of n = 255 000 according to various models. 

 
5.6.4 Computational considerations 
 
It should be realized that the computational procedure followed to obtain samples of 
populations that are sufficiently large to infer distributions caused by topological variation 
only, as shown in the last figures, is apparently complex, but yet highly efficient. This is due 
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to the ‘conditional’ character of the procedure to generate architectures, meaning that the 
computational effort is fully spent on molecules of the desired dimensions: number of 
monomer units, number of branch points and number of combination points. Using 
alternative Monte Carlo methods to detect the effect of topological variation would require 
the generation of whole populations of molecules, very few of which satisfy the predefined 
dimensions. This may be quantified by exploring the Figure 5.9, where we see that the 

concentration of the sample molecule of 255 000monomer units is a factor 4 108  lower than 

the maximum concentration (small molecules), which implies that a Monte Carlo (MC) 
method would have to generate the same number of molecules to obtain just one of the 
desired size. Since furthermore, in the example, samples of 100  molecules were generated 
for each of the combinations of branch and combination points ( i and c ) – also around 100 

– 10 000 molecules are required at n = 255 000 , hence 4 1012 in total, which is virtually 

impossible.  
Even in a chain length weighted MC procedure, like those introduced by Tobita (1995), 

generating 1010 molecules is necessary. As the implementation of Tobita’s MC method here 
on average requires 0.0075 s per molecule for the kinetic conditions displayed in Table 5.1, 
without accounting for the time needed to construct graphs, the generation of such a sample 
would take a year of CPU-time. Limiting the radius of gyration calculation to a selection of 
molecules of the desired dimensions would still imply a post-processing procedure for the 
construction of the graphs similar to the one explained in section 5.3.2. As all the steps of 
the procedure introduced in the present chapter may be performed in a few hours CPU-time, 
it is possible to conclude that the described procedure is very efficient indeed. 
 
5.7 Conclusions 
 
The fundamental work of Zimm and Stockmayer (1949) on the relation between branching 
and radius of gyration contraction factor has been reviewed by acknowledging that they 
intended it to apply to an ‘idealized example’ only. This example in fact turns out to be a very 
specific type of branching architecture, namely terminal or end-to-end branching. In this 
chapter it has been demonstrated that the Zimm and Stockmayer theory, nowadays still 
widely in use for characterization of branched polymers, is indeed limited to this type of 
branching only. At the same time it has been shown how to exploit a kinetically realistic 
model predicting the required microstructural properties in order to arrive at better estimates 
of the radius of gyration contraction factor for the case of radical polymerization with 
transfer to polymer as the branching mechanism, a model more or less representative for 
low-density Polyethylene.  

 A number of modeling tools have been applied to provide descriptions of branched 
architectures based on realistic kinetics using Monte Carlo simulations, the ‘growth history 
backtracking’ method. The architectures thus generated are represented with the help of 
graph theory, allowing to apply the ‘Kramers rule’ (Kramers, 1946)– the same concept as 
employed by Zimm and Stockmayer – to find the radius of gyration contraction factor.  
The first important finding is that molecules with architectures as predicted by the presented 
model are significantly compacter than Zimm and Stockmayer’s theory would predict – based 
on a comparison between molecules with identical numbers of branch points. This leads to 
the conclusion that evidently the type of branching assumed is decisive in determining the 
contraction level. Furthermore, the effect of the termination mode, disproportionation or 
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combination, has been investigated. It turns out, unexpectedly, that molecules having 
undergone termination by disproportionation only are most compact, while combination 
termination leads to less compact molecules. Both the higher compactness of the molecules 
generated assuming realistic kinetics as compared to the terminal branched structures 
according to Zimm and Stockmayer, and the difference in compactness caused by the 
termination mechanism seem to be unattainable by intuitive reasoning. Finally, within the 
class of polymers made under combination circumstances those with a higher number of 
combination points are more compact. This seems to be in line with intuitive expectations. 
 
 
 
 
 
 
 
 
 
 
 
 

 
 


