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7 
 
 
The focus of this chapter is especially on the role of combination termination in the context 
of 3-Dimensional (3D) population balance modeling. Termination by combination is a well-
known termination mechanism in radical polymerization and regarding low-density 
Polyethylene (ldPE) many authors (for instance Krallis et al., 2007) have assumed this 
mechanism to be present. The ratio between disproportionation and combination 
termination that is assumed in these studies varies, but usually the two mechanisms are 
thought of equal importance. 

Full 3D Population Balance Equations (PBEs) are solved by a combination of the 
(2D) Galerkin–Finite Element Method (FEM) and the pseudo-distributions method to 
estimate the trivariate chain length/branching/number of combination points distribution. 
Termination by combination is treated in a scheme different than the ones employed for 
other kinetic reactions. Good agreement with Monte Carlo (MC) results has been observed 
for ldPE –like kinetics. 
 
7.1 Introduction 
 
Chain length, number of branch points and number of combination points are the important 
attributes of a polymer chain that together define the topological architecture of the polymer 
molecule. The importance of trivariate Chain Length Distribution/Degree of Branching 
Distribution/Combination Points Distribution (CLD/DBD/CPD) in modeling the 
topological architectures of polymer molecules in the presence of termination by 
combination and transfer to polymer in radical polymerization has been clarified previously 
(Iedema and Hoefsloot, 2005).  Despite of the decisive effect of the trivariate 
CLD/DBD/CPD on the generated polymer chain architectures, to our knowledge Iedema 
and Hoefsloot are the only ones, who have addressed it. They have applied a combination of 
the method of moments and deterministic 1-Dimensional (1D) approach to 3D population 
balance equations to estimate the overall distributions without presenting the actual full 3D 
distributions.  

The focus of this chapter will be on providing a solution that is one step further than 
Iedema and Hoefsloot (2005). We present full 2D distributions of chain length and degree of 
branching for a free radical polymerization with transfer to polymer, topological scission and 
termination by combination as the most affecting reactions in ldPE polymerization, and 
employ the moments of combination points to cast the effect of the third dimension. The 
numerical implementation in the Galerkin scheme that proved to be successful in the 2D 

Modeling of 3D molecular 
weight/branching/combination 
points distribution  
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model discussed in the previous chapter is applied here as well. However, the combination 
termination reaction introduces a non-linearity in the system that will be dealt with in a 
different scheme than the other kinetic mechanisms. In addition, a serious problem is 
encountered by the 2D convolution arising from the combination termination reaction as 
implemented in the Galerkin framework.  

Furthermore, as has been noticed by many authors on radical polymerization before 
and has been discussed in Chapter 3, this polymerization system with transfer to polymer 
and combination termination may lead to gelation. The question then rises whether the 2D 
model developed also would work in the gel regime. This problem has been treated in the 
same manner as it was realized for the 1D problem in Chapter 3. 

 
7.2 Reaction and Population balance equations in full 3 dimensions 
 
7.2.1 Reaction equations and 3D formulation 
 
The 3D reaction equations and 3D population balances with regard to chain length ( n ), 
number of branch points ( i ) and number of combination points ( k ) have to be defined on 
the basis of the reaction equations. Table 7.1 shows the entire reaction equations system for 
ldPE free radical polymerization. 
 

Initiator dissociation I2
kd! →! 2I  

Initiation I +M ki! →! R1,0,0  
Propagation Rn,i ,k +M

kp! →! Rn+1,i ,k  

Random scission Rn,i ,k + Pm, j ,l
krs! →! Pn,i ,k + Pm−r , j−t ,k−s + Rr ,t ,s  

Termination by disproportionation  Rn,i ,k + Rm, j ,l
ktd! →! Pn,i ,k + Pm, j ,l  

Termination by combination Rn,i ,k + Rm, j ,l
ktc! →! Pn+m,i+ j ,k+l+1  

Transfer to polymer Rn,i ,k + Pm, j ,l
ktpm! →!! Pn,i ,k + Rm, j+1,l  

m , n  chain length;   

i , j  number of branch points per chain  

k , l  number of combination sites per chain 
Table 7.1 3D reaction equations of ldPE free radical polymerization 

 
The general population balance equations for free radical polymerization in Continuous 
Stirred Tank Reactor (CSTR), for living chains and dead chains are indicated as below: 
 

dRn,i ,k
dt

= kpM (−Rn,i ,k + Rn−1,i ,k )− (ktd + ktc )λ0Rn,i ,k +

− krsµ1Rn,i ,k + krs mf (n,m) β b(n,m,i, j) β c (n,m,k,l)Pm, j ,l
l=k

∞

∑
j=i

∞

∑
m=n+1

∞

∑ +

+ ktp (−µ1Rn,i ,k +λ0nPn,i−1,k )−
1
τ
Rn,i ,k                 (7.1) 
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dPn,i ,k
dt

= ktdλ0Rn,i ,k + 1
2 ktc Rm, j ,lRn−m,i− j ,k−l−1

l=0

k−1

∑
j=0

i

∑
m=1

n−1

∑ +

− krsλ0nPn,i ,k + krsµ1Rn,i ,k + krs mf (n,m) β b(n,m,i, j) β c (n,m,k,l)Pm, j ,l +
l=k

∞

∑
j=i

∞

∑
m=n+1

∞

∑

+ ktp (µ1Rn,i ,k −λ0nPn,i ,k )−
1
τ
Pn,i ,k

                

(7.2) 

 
In Equations 7.1 and 7.2, chains with more than one radical site per molecule have not been 
taken into account, in other words multiradicals are supposed to be negligible. The scission 
contribution containing the 3 summations over the 3 dimensions possess the scission 

fragment length distributions f (n,m) and functions β b(n,m,i, j) and β c (n,m,k,l)  that describe 

the redistribution of branch points and combination points over scission fragments, 
respectively. The form of these will be discussed below. 
 
7.2.2 3D pseudo-distributions of combination points distribution-moments  
 
With respect to the full 3-dimensional CLD/DBD/CPD-problem, the pseudo-distribution 
method is employed in such a way that a full solution in two distribution variables, chain 
length n and number of branch points i  is computed, while computing only the moments of 
the third variable, number of combination points k . The usual moments λ0 and µ1 and the 2-

dimensional moments in number of combination points (including the ‘zeroth’ moments Rn,i
and Pn,i ) are defined as: 

 

λ0 = Rn,i ,k
k=0

∞

∑
i=0

∞

∑
n=1

∞

∑  µ1 = nPn,i ,k
k=0

∞

∑
i=0

∞

∑
n=1

∞

∑  

Rn,i = Rn,i ,k
k=0

∞

∑  , Pn,i = Pn,i ,k
k=0

∞

∑  

Rn,k = Rn,i ,k
i=0

∞

∑  , Pn,k = Pn,i ,k
i=0

∞

∑                   (7.3) 

Φn,i
c1 = kRn,i ,k

k=0

∞

∑ ,            Φn,i
c2 = k 2Rn,i ,k

k=0

∞

∑ ,              ...        ,Φn,i
cN = k NRn,i ,k

k=0

∞

∑  

Ψ n,i
c1 = kPn,i ,k

k=0

∞

∑ ,            Ψ n,i
c2 = k 2Pn,i ,k

k=0

∞

∑ ,              ...        ,Ψ n,i
cN = k NPn,i ,k

k=0

∞

∑  

 

The combination point density at given chain length n and number of branches i , ρn,i
c , is 

defined in terms of the zeroth and first moments: ρn,i
c =Ψ n,i

c1 / Pn,i , while the polydispersity Dn,i
c  

follows from moments 0 , 1  and 2 : Dn,i
c =Ψ n,i

c2Pn,i / Ψ n,i
c1( )

2
. 
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7.2.3 Zeroth CPD-moment: CLD/DBD-balances 
 
The 2D combination points pseudo-distribution problem is solved for the case of random 
scission, either linear or topological scission, which determines the shape of the fragment 
length distribution f (n,m) (Yaghini and Iedema, 2014a). In the previous chapter the issue of 
redistribution of branch points on scission fragments has been extensively discussed. In this 
3D formulation, the additional concern is with redistribution of combination points over 
scission fragments. In Yaghini and Iedema (2014a), it is argued that for branch points 
redistribution a hypergeometric distribution is the best model, thus the number of branch 
points on a scission fragments is proportional to its length. The same reasoning is valid for 
combination points. Hence, both β -functions in the population balances should be 
hypergeometric distributions. 

However, as discussed in the previous chapter accounting for the full 
hypergeometric distribution in the branch points dimension leads to a grid refinement 
problem that could not be solved using the present numerical strategy. Therefore, for 
branching, as before, the assumption is made that the redistribution of branch points on 

scission fragments is independent of fragment length, hence β b =1 i +1( ) . In contrast, since 

the pseudo-distributions method will be employed for the combination points dimension, 
only the implement of combination moment expression arising from a hypergeometric 
combination points distribution assumption is required. This proceeds in the same manner 
exactly as for branching in the pseudo-distribution approach discussed in Yaghini and 
Iedema (2014a), yielding similar expressions. The 2D balances describing the Chain Length 
Distribution/Degree of Branching Distribution (CLD/DBD) are obtained by taking the 
sums over the number of combination points index, k . In the zeroth combination moment 

expression, the β c -function, would disappear. 

 

dRn,i
dt

= kpM (−Rn,i + Rn−1,i )− (ktd + ktc )λ0Rn,i + ktp (−µ1Rn,i +λ0nPn,i−1)+

−krsµ1Rn,i + krs
1
j +1

"

#
$

%

&
' f (n,m)mPm, j

j=i

∞

∑
m=n+1

∞

∑ −
1
τ
Rn,i

                        

(7.4) 

 
dPn,i
dt

= ktdλ0Rn,i + 1
2 ktc Rm, jRn−m,i− j

j=0

i

∑
m=1

n−1

∑ + ktp (µ1Rn,i −λ0nPn,i )+

+krsµ1Rn,i − krsλ0nPn,i + krs
1
j +1

#

$
%

&

'
( f (n,m)mPm, j

j=i

∞

∑
m=n+1

∞

∑ −
1
τ
Pn,i

                         (7.5) 

 
Note that the shift of the second index in the CLD/DBD balances (denoting the number of 
branches) is located in the transfer to polymer production term in the living chain equation, 
Equation 7.3. This obviously reflects that this mechanism is responsible for the branch 
formation. Evidently, in these equations all information about the number of combination 
points is lost.  
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7.2.4 First and second CPD-moments  
 
Population balances of 2D distributions of the leading moments in the combination points 

could be obtained by performing multiplications with k and k 2 , and summing up over the 
number of combination points index k . With the assumptions concerning the branch points 

and combination points redistribution functions, β b =1 i +1( )  and β c as hypergeometric 

functions, in the expressions for the first and second combination moments, the followings 
are obtained for scission terms:  
 

k mf (n,m) β b(n,m,i, j) β c (n,m,k,l)Pm, j ,l
l=k

∞

∑
j=i

∞

∑
m=n+1

∞

∑
k=0

∞

∑ =

1
j +1

#

$
%

&

'
( f (n,m)nmΨ m, j

c1

j=i

∞

∑
m=n+1

∞

∑
              (7.6) 

 

k 2 mf (n,m) β(n,m,i, j) Pm, j ,l
l=k

∞

∑
j=i

∞

∑
m=n+1

∞

∑
k=0

∞

∑ =

f (n,m) 1
j +1

#

$
%

&

'
(

1
m−1
#

$
%

&

'
( n(n−1)Ψ m, j

c2 + n(m− n)Ψ m, j
c1{ }

j=i

∞

∑
m=n+1

∞

∑
             (7.7) 

 
Thus, the full population balance expression in the pseudo-distribution formulation is: 
 

dΦn,i
c1

dt
= kpM (−Φn,i

c1 +Φn−1,i
c1 )− (ktd + ktc )λ0Φn,i

c1 + ktp (−µ1Φn,i
c1 +λ0nΨ n,i−1

c1 )

−krsµ1Φn,i
c1 + krs

1
j +1

"

#
$

%

&
' f (n,m)mnΨ m, j

c1

j=i

∞

∑
m=n+1

∞

∑ −
1
τ
Φn,i
c1

             (7.8) 

 

dΨ n,i
c1

dt
= ktdλ0Φn,i

c1 + ktp (µ1Φn,i
c1 −λ0nΨ n,i

c1 )+

ktc Φm, j
c1 Rn−m,i− j

j=0

i

∑
m=1

n−1

∑ + 1
2 Rm, jRn−m,i− j

j=0

i

∑
m=1

n−1

∑
#

$
%%

&

'
((

+krsµ1Φn,i
c1 − krsλ0nΨ n,i

c1 + krs
1
j +1

#

$
%

&

'
( f (n,m)mnΨ m, j

c1

j=i

∞

∑
m=n+1

∞

∑ −
1
τ
Ψ n,i

c1

             (7.9) 

dΦn,i
c2

dt
= kpM (−Φn,i

c2 +Φn−1,i
c2 )− (ktd + ktc )λ0Φn,i

c2 + ktp (−µ1Φn,i
c2 +λ0nΨ n,i−1

c2 )+

−krsµ1Φn,i
c2 + krs

1
j +1

"

#
$

%

&
'

1
m−1
"

#
$

%

&
' n(n−1)Ψ m, j

c2 + n(m− n)Ψ m, j
c1{ }

j=1

∞

∑
m=n+1

∞

∑ −
1
τ
Φn,i
c2

           (7.10) 
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dΨ n,i
c2

dt
= ktdλ0Φn,i

c2 + ktp (µ1Φn,i
c2 −λ0nΨ n,i

c2 )+ ktc Φm, j
c2 Rn−m,i− j +

j=0

i

∑
m=1

n−1

∑
#

$
%%

Φm, j
c1Φn−m,i− j

c1

j=0

i

∑
m=1

n−1

∑ + 2 Φm, j
c1 Rn−m,i− j

j=0

i

∑
m=1

n−1

∑ + 1
2 Rm, jRn−m,i− j

j=0

i

∑
m=1

n−1

∑
&

'
(( +

+krs
1
j +1

#

$
%

&

'
(

1
m−1
#

$
%

&

'
(

m=n+1

∞

∑ n(n−1)Ψ m, j
c2 + n(m− n)Ψ m, j

c1{ }+

+krsµ1Φn,i
c2 − krsλ0nΨ n,i

c2 −
1
τ
Ψ n,i

c2

                       (7.11) 

 
7.2.5 Model validation in the gel regime  
 
The combination of transfer to polymer and termination by combination is known to 
possibly give rise to gel formation. This problem will be treated in the 2D problem in the 
same manner as it was realized in the 1D multiradical model (Yaghini and Iedema, 2014b). It 
was considered that the simplest manner of addressing gel is assuming that its reactive 
groups in the gel behave in an identical way as these groups in the sol molecules. An identical 
assumption is underlying in the Monte Carlo simulations to which the outcomes of the 2D 
model will be compared.  
 The same as the 1D model, the involved reactive groups are assumed to be the 

radical sites and the monomer units in the polymer. λ0
*

 is defined as the total amount of 

radicals in sol and gel, and µ1
*

 is defined as the total amount of monomer units in the 

polymer material in sol and gel. Changing λ0  and µ1  respectively in the population balance 

equations, Equation 7.5 to Equation 7.10 to λ0
*  and µ1

* , equations are obtained that are cable 

of covering the gel regime by definition. Note that λ0
* and µ1

* could be larger than the 

moments in Equation 7.3. In fact, the following conditions are posed by gelation possibility: 
 

λ0
* ≥ λ0 = Rn,i ,k

k=0

∞

∑
i=0

∞

∑
n=1

∞

∑   µ1
* ≥ µ1 = nPn,i ,k

k=0

∞

∑
i=0

∞

∑
n=1

∞

∑             (7.12) 

 
By solving balance equations including creation and termination of radical sites: 
 

dλ0
*

dt
= kiMI − (ktd + ktc ) λ0

*( )
2
− 1

τ
λ0
* = 0                (7.13) 

λ1
* =M 0 −M                    (7.14)  

 

Employing λ0
*  and λ1

*  in the 2D population balance equations indicates that all the radical 

sites in sol and gel, react with the monomer units of the polymer chains in the sol, with 
concentration distribution Pn,i ,k , and that all the monomer units react with radicals in the sol, 

with concentration distribution Rn,i ,k . Note that in the multiradical model, dead and living 

chains are not separated as in the 2D model, but with the number of radical sites per 
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molecule as an extra dimension. This implies a slightly different definition of the moments 
addressed above. However, the principle of allowing the total monomer units and radical 
sites in the polymer to be shared between sol and gel in the 2D formulation is fully 
equivalent. 
 
7.3 The 2D Galerkin method and modeling molecular weight/ branching 

distribution 
 
7.3.1 Galerkin method 
 
The 2D model equations derived above are implemented in the Galerkin scheme in exactly 
the same manner as described in Chapter 6, with the exception of the combination 
termination that has to be treated in a different manner. This treatment is using the concepts 
and practically the same nomenclature as the 2D Galerkin scheme of the previous chapter, 
but for the sake of completeness the basics are repeated here.  
 All the 2D concentrations introduced above including the pseudo-distributions are 
represented by the discrete Chebyshev polynomials at the non-equidistant nodes of the so-
called “interval elements” (2D intervals with respect to chain length and branching). Assuming 
s  as a chain length node of the interval element MH (chain length interval M and branching 
interval H ), and !s  as a branching node of the same interval element, the 2D concentration 
at these nodes is defined as: 
 

P(s, !s ) = alM !lH

MH

!lH =0

!rH∑ TlM
M (s)

lM =1

rM∑ !T !lH

H ( !s )
                                                                      (7.15) 

 
and thus: 
 

alM !lH

MH =
1

γ lM !lH

MH
P(s, !s ) !wH ( !s )wM (s) !T H

!lH
( !s )TlM

M

!s∑ (s)
s∑ !lH = 0 : !rH ,lM = 0 : rM

 (7.16)

 

 
The variables and coefficients used in this chapter are the same as in Chapter 6. 
Replacing the 2D concentration terms in population balances by their equivalent in the 
Galerkin representation, we come up with a set of differential equations.  In the case of 
CSTR, the set of differential equations is transformed to a set of algebraic equations by 
applying the steady state assumption.  The general form of the equations for the dead chains 
is: 
 

dP(si
' ,s j )
dt

= f P(si
' ,s j ),R(si

' ,s j )( )                 (7.17) 

 

The weights corresponding to the nodes s j on a chain length interval and on a branching 

interval si! are wj andwi! . Equation 7.17 is the population balance equation at (s, !s ) . r

( N = r +1 ) and !r  ( I = !r +1 ) are the maximum order of Chebyshev polynomials for chain 
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length and branching. j  is 1: N  and i  is 1: I , k  and !k  vary as 0 : r  and 0 : !r  accordingly 

for chain length and branching dimensions.  
Applying the Chebyshev polynomials: 
 

Tk (s j )Tk '
' (si!)

dakk '
P

dt
=

k '=0

r '

∑
k=0

r

∑

akk '
R f R Tk (s j )Tk '

' (si!)( )
k '=0

r '

∑
k=0

r

∑ + akk '
P f P Tk (s j )Tk '

' (si!)( )
k '=0

r '

∑
k=0

r

∑ +bkk '

                       (7.18) 

 

Similar representations hold for the other 2D distributions: Rm, j ,Ψ n,i
c1 ,Φn,i

c1 ,Ψ n,i
c2 ,Φn,i

c2 . 

Finally, as extensively has been described in the previous chapter, the system of 2D PBEs 
after transformation results into a set of linear equations: 
 
A×a = b                                                                                                                        (7.19)  
 
with a  as the column of unknown coefficients. The structure of A contains the 
contributions of all 2D distributions. 
 In the present implementation of the 2D problem all kinetic mechanisms are accounted 
for in matrix A, except the convolution terms arising from combination termination. The 
various convolutions terms are appearing in the population balance equations associated with 
dead chains: Equations 7.5, 7.9 and 7.11.  In fact, the convolution terms will form non-linear 
terms as part of the vector b. This problem is solved as a dynamic simulation starting at zero 
conversion and proceeding by updating the vector b at each time step with new values of the 
convolution terms. The efficient computation of the convolution terms requires an elaborate 
algorithm, as is explained in the next section.  
 
7.3.2 Convolution procedure in two dimensions  
 
7.3.2.1 Principle of treating convolution in Galerkin scheme 
 
The 2D distributions are expressed in Chebyshev polynomials in the chain length and 
number of branch points dimensions and are specified by the indexes n (chain length) and i
(branch points). The maximum order of the polynomials in the chain length and branching 
dimensions are indicated as rn and ri , respectively. Accordingly, the number of intervals on 

the chain length and branch points axes are represented byMn andMi . Thus, there are 

(rn +1)Mn nodes in the chain length dimension and (ri +1)Mi in the branching dimension. 

Regarding the required convolution operation to address combination termination, the 
convolution procedure described in Yaghini and Iedema (2014a) has been extended using 
two convolution matrices. Note that a distribution, P(s) , could be convoluted with itself or 

with another distribution Q(s) , where the second distribution may or may not be equal to 

the first one. The basic idea is that at each node s , a summation of products of 

concentrations as P(s1)Q(s2 )∑ is to be performed such that s1 + s2 equals s , requiring 

function evaluations of P(s1) andQ(s2 ) . In order to reduce the number of function 
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evaluations, which may be extremely high in the 2D case, the choice of the summation grid
s1 , for each node is highly important. The summation grid for all nodes is represented by a 

‘regular’ and a ‘complementary’ convolution matrices, Z1 and Z2 , respectively. In Figure 7.1 

some parts of the convolution matrices for one dimension (chain length or number of 
branch points) are shown. Each row of the matrices corresponds to either (rn +1)Mn or 

(ri +1)Mi nodes. The column positions of Z1  (upper part of Figure 7.1) refer to the ‘regular’ 

summation nodes and the column positions Z2  (lower part of Figure 7.1) refer to the 

‘complementary’ nodes. As a starting point for the summation grid s1 , the regular nodes s

from the Galerkin procedure are taken, from which for each node the complementary nodes
s2 are calculated. As explained in Yaghini and Iedema (2014a) for broad distributions a 

refinement of the summation grid is required, by introducing extra grid points s2 at the range 

with lowest values, Right-Hand-Side (RHS) in Figure 7.1. These extra nodes s2 , invoke the 

extra nodes s1 as well, complementary to s2 . The node values s1 and s2 for all s  are then 

collected and stored in two vectors, s1 and s2 . It is obvious from Figure 7.1 that some node 

values, for instance the first node of the first interval, appear many times. To reduce the size 

of the vectors only unique values are stored. Convolution matrices Z1 andZ2  then contain 

the position numbers of the nodes in vectors s1 and s2 , such that s1(z1(i, j))+ s2 (z2 (i, j)) = s , 

where s1 and s2 are then the elements of the vectors s1 and s2 , while z1(i, j) and z2 (i, j) are the 

elements on the ith row and jth column of matrices Z1 and Z2 . The concentrations belonging 

to the regular and complementary nodes are denoted by p1(z1(i, j)) and q2 (z2 (i, j)) . For each 

node s(i) the convolution follows as a summation of products p1p2over the elements of row 

i : 

p(s(i)) = w1(i, j)p1(z1(i, j))
j=1

J

∑ p2 (z2 (i, j))                           (7.20) 

 
Here, w1(i, j) is the weight belonging to the node s1(z1(i, j)) of the summation grid and it is 

calculated in an identical way as the regular weights of the Galerkin approach (Yaghini and 

Iedema, 2014a). The number of rows in convolution matricesZ1 and Z2 always equals to the 

total number of nodes, (rn +1)Mn or (ri +1)Mi . In the absence of grid refinement the number 

of columns is the same, while with grid refinement is roughly twice as many; then the rows 

of Z1 and Z2 are practically mirrored images of each other. The values of p1(z1(i, j)) and

q2 (z2 (i, j)) are calculated using the proper coefficients at each interval and as well as the 

values of the Chebyshev polynomials of various order. The latter are stored in matricesT1
and T2with elements t1(z1(i, j),1: r +1)  and t2 (z2 (i, j),1: r +1) , having the same sequence and 

length in the direction of the rows as the vectors s1 and s2 . In contrast to the row positions, 

the column positions correspond to order of the polynomials. 
 



 146 

7.3.2.2 Extension of convolution algorithm to 2 dimensions  
 
Without further debate, it is stated that for a 2D convolution all the possible combinations 
of summation nodes for chain length and number of branch points have to be evaluated. 
This would imply that the sizes of the 2D convolution matrix equivalents are 
(rn +1)Mn (ri +1)Mi × 2(rn +1)Mn (ri +1)Mi . In a realistic case for ldPE with orders of rn = 7,ri = 2 , 

and numbers of intervals Mn =15,Mi =14 , the size of Z1 and Z2 is 5 040×10 080 . As 

explained above, for the function evaluations that are required for all the elements of the 
matrices p1(z1) and q2 (z2 ) , (rn +1)(ri +1)number of Chebyshev polynomial values for each 

point has to be evaluated; in the provided example this number is equal to 24 . In the case of 

a 1D convolution these polynomial values are calculated just once, and are stored in T1 and 

T2 , since during the necessary integration procedure to solve the dynamic population 

balances, these values could be reused as long as the grid of Galerkin nodes is not changed. 

However, in the 2D case one would have to store 2(rn +1)
3(Mn )

2(ri +1)
3(Mi )

2 function values, 

in the example 2 1010  numbers, which requires 20GB of internal memory storage space for 

the 2D equivalents of T1 andT2 . Since this is not feasible, the idea of calculating the 

Chebyshev polynomials beforehand was abandoned and an alternative procedure was taken. 
 
7.3.2.3 Saving of storage requirement in convolution procedure 
 

Instead of storing the 2D equivalents of T1 andT2 , the 2D Chebyshev elements are 

calculated at each time step of the integration for the elements in the whole series of regular 
and complementary blocks for each node. 
 In the 2D convolution procedure, the function evaluations are performed for all the 
nodes per interval elements, as shown in Figure 7.2. 2D summation grids are constructed on 
nodes in interval blocks, yet a series of ‘regular’ and a series of ‘complementary’ blocks. The 
convolution matrices, summation node vectors and Chebyshev polynomial matrices are 
calculated separately for chain length and branch points 

Z1
n ,Z2

n ,Z1
i ,Z2

i ,s1
n ,s2

n ,s1
i ,s2

i ,T1
n ,T2

n ,T1
i ,T2

i . These values are stored, while the 2D Chebyshev 

elements are calculated at each time step of the integration for the elements in the whole 
series of regular and complementary blocks for each node by multiplying elements from

T1
n ,T1

i andT2
n ,T2

i , respectively. For each interval block (rn +1)(ri +1)nodes are selected from 

s1
n ,s2

n ,s1
i ,s2

i and for each node all the combinations are taken, (rn +1)  selected rows from

Z1
n ,Z2

n  with (ri +1)  selected rows fromZ1
i ,Z2

i . Since each combination of rows produces

2(rn +1)Mn (ri +1)Mi elements, the total size of the summation grid amounts to

2(rn +1)
2Mn (ri +1)

2Mi , which is equal to 483 840  points for both the regular and 

complementary part in the example. Since for each summation grid point the multiplication 
of Chebyshev elements has to be carried out, each block of nodes requires around one 
million multiplications.  
 In order to reduce the number of multiplications even further, the fact that a large part 
of the multiplications within one interval element turned out to be identical has been 
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considered. An algorithm has been constructed that strictly restricts the number of 
multiplications to the uniquely different ones. The values of all selected summation nodes on 
the chain length axis are multiplied by the values of those on the branch points axis. Before 
multiplication an arbitrary high number is added to either chain length or branch point node 

values. This produces a series of additional 2(rn +1)
2Mn (ri +1)

2Mi numbers that are equal for 

equal multiplications. These numbers are stored in a vector called v . Using the MATLAB® 
routine “unique.m” both the unique multiplications are identified and stored in a new vector,
!v , which is much shorter if many repetitions are present, as well as a vector u  with the 

same length as v containing the positions in !v , at which the values should appear in the 
original vector v . This allows calculating the uniquely different Chebyshev products just 
once, while u is used to assign multiple products to the proper positions in the summation 
grid. The multiplication of the Chebyshev elements with the proper coefficients is also 
subjected to this procedure. This requires similar vectors as !v and u , where the interval 
numbers of the summation grid nodes are stored. The example shows that instead of one 
million, just around 80 000  function evaluations are required. Since for a fixed summation 

grid the positions of multiple products remains unaltered, the reduction algorithm has to be 

carried out just once for each dynamic simulation. This requires the storage of the vectors u1
and !v1 ,u2 and !v2 for the regular and complementary nodes from each interval block. The 

vectors u1 andu2 have the full length of 2(rn +1)
2Mn

2 (ri +1)
2Mi

2 , which is 4 108  in the example 

and requires in total 0.8  GB of internal storage capacity. 
 

 
 
Figure 7.1. Part of convolution matrix C1 for one dimension with j = 2: s nodes (encircled dots) as rows and for each node j’ =1: j-1, 
nodes on the regular summation grid (black dots). Regular nodes in C1 (upper part) are counted from left hand side, complementary 
nodes in C2 (lower part) from right hand side. Pairs of regular and complementary nodes are placed in different intervals. For last 
node (s) first complementary node (s-1) is in interval 2; interval 1 has no complementary nodes. In refined grid sufficient nodes (grey 
dots) are placed in lowest intervals (as indicated for the last 3 nodes, s-2, s-1, and s).  
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Figure 7.2. Convolution in two dimensions, for order of 3 in chain length dimension and order of 2 in branching dimension. For each 
of the 12 nodes in the upper block interval the summation grid is created from ‘regular nodes‘ and ‘complementary nodes‘. Only one 
pair of regular nodes and complementary nodes for one specific node (gray dot) is shown. The distances between nodes and the 
placement in blocks is in reality not as ordered as in this picture. 

 
7.3.3 Implementation of combination points pseudo-distribution approach 
 
Equations 7.8 through 7.11 describe the combination points pseudo-distributions. Each set 

of higher moment distributions, here Ψ n,i
c1 , Φn,i

c1 and Ψ n,i
c2 , Φn,i

c2  give rise to similar A-matrices as 

the Pn,i , Rn,i do, which is illustrated in Figure 7.3. Thus, one observes that in a pseudo- 

distribution model with N moments ( 0,1or 2 ) the size of the matrix A, being sA × sA  for N = 0

, is (N +1)sA × (N +1)sA . Furthermore, the parts of the equations, which relate Ψ n,i
cN and Φn,i

cN  to 

themselves appear as the diagonal blocks. In addition, Ψ n,i
c1 , Φn,i

c1  appear in the equations for 

Ψ n,i
c2  and Φn,i

c2 . These parts lead to a lower-left element in Figure 7.3. Note that in this pseudo-

distribution model, this term originates from the scission contribution. In fact, the 
combination terms in the higher moment population balance equations all contain lower 
moment terms too. However, since in the convolution procedure described in Section 7.3 
the combination terms are dealt with in the RHS of the equations as a part of vector b in 
equation 7.19, they do not appear at all in matrix A.  
 As the size of the complete matrix A is (N +1)sA × (N +1)sA for a 2D pseudo-

distribution approach, the dynamic solution procedure requiring the inversion of A at each 
time step might be very time consuming. It was decided to adopt a sequential solution 
procedure, where N +1dynamic simulation runs with a 0 -size matrix A(sA) is performed. 
The proper matrix A of a particular run according to the diagonal block in Figure 7.3 is 
employed, while an eventual contribution of the lower moment is transferred to the right-
hand side, and is incorporated in vector b. This is possible in the present pseudo-distribution 
problem, since the solution of lower moments does not depend on higher moments. 
Otherwise, this separation would not have been possible.  
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Figure 7.3. Structure of matrix A  in 2D pseudo-distribution approach with 2 higher moments, N = 2. If the size of one block is sA x 
sA, the overall size is 3sA x 3sA. In the dynamic simulation solution the diagonal blocks of size sA x sA are solved in 3 separate runs. 
The non-diagonal, lower-left block is incorporated in vector b , Equation 7.19. 
 

 
7.4 Results 
 
Model simulations have been performed with various values for kinetic parameters (see 
Table 7.2), without and with gel formation, both with the 2D model and with the 2D 
combination points pseudo-distribution model. The main objective of these calculations was 
to demonstrate the feasibility of the elaborate convolution procedure explained in the 
previous sections. In none of these cases random scission was assumed to take place, 
although this is technically completely possible. The results were compared to Monte Carlo 
simulations performed with a model described in Yaghini and Iedema (2014a, 2014b). The 
Monte Carlo parameters are mentioned in the captions of the figures. 
 

Name Symbol  Value Unity 
CSTR feed concentration monomer M0 16.75 kmole.m-3 

CSTR feed concentration initiator I0 5 10-3 kmole.m-3 
CSTR residence time τ 30 s 
Initiator dissociation coefficient kd 0.5 s-1 

Initiation coefficient ki 5000 m3kmole-1.s-1 

Propagation coefficient kp 5000 m3kmole-1.s-1 

Disproportionation termination coefficient ktd 5 106 m3kmole-1.s-1 
Combination termination coefficient ktc 5 106 m3kmole-1.s-1 
Transfer to polymer coefficient ktp 0 – 10 m3kmole-1.s-1 
Conversion η 45.7 % 

Gel content - 0 - 44 % 
Macroradical concentration λ0 5.59 10-6 kmole.m-3 

Table7.2. Simulation data 2D model 

 
7.4.1  2D model without and with gel formation 
 
Simulations have been performed for relatively strong combination termination: ktc/kp = 
ktd/kp = 1000, while a low branching level has been assumed, ktp/kp = 0.0003. As it was 
already shown in Yaghini and Iedema (2014b), strong combination very easily leads to gel 
formation, even for relatively weak branching – the gelpoint is at around twice the present 
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branching level. The full 2D solution is shown in Figure 7.4. Obviously, there is no gel 
formation! Note that the 1D chain length distribution is a not very broad and uni-modal 
distribution (Yaghini and Iedema, 2014b). The 2D solution has been obtained using a fairly 

coarse grid of maximum chain length 3 105 and maximum branch points 500 ; number of 
chain length intervals 15; number of chain length nodes 8 ; number of branching intervals14 ; 

number of branching nodes 3 . This gives rise to a size of matrix A equal to 10 080×10 080 . 
The preparation of the convolution matrices and vectors as described in the previous section 
for a problem of this size takes around one minute CPU-time. The whole dynamic 
simulation is completed in around 30minutes of CPU-time.  
 A check of the overall chain length distribution obtained from the 2D solution 
showed perfect agreement with the 1D multiradical model (Yaghini and Iedema, 2014b) and 
with Monte Carlo simulations. Figure 7.4 shows that for the 2D solution there is a good 
agreement with the Monte Carlo simulations, especially for smaller chains. At the higher 
chain lengths and number of branch points, there is a larger discrepancy. This is completely 
to be attributed to the coarse grid used in the 2D model. Increasing grid resolution ultimately 
leads to the sharp distribution shapes for constant chain length and number of branch 
points. The shapes of the distributions in branch points dimension very closely resemble 
binomial distributions, for the case with combination termination.  
 

 
 
Figure 7.4. 2-dimensional chain length/branching distribution from combinations moments pseudo-distribution model for weak 
branching (ktp/kp = 0.0003), equal combination and disproportionation, ktc/kp = ktd/kp = 1000, without scission. Further kinetic data: 
standard from Table 7.2. Numerical parameters: chain length range: 1 – 3 105; branching range: 0 – 500; number of chain length 
intervals: 15; number of chain length nodes: 8; number of branching intervals: 14; number of branching nodes: 3. Size of matrix A: 

10 080 x 10 080. Dots from Monte Carlo simulation, ρb = 0.000251; Pb = 0.17; Pc = 0.415; npp = 677; sample size: 500 000. No gel 

formation. Good agreement between deterministic 2D model and MC simulations.  

 
A case of strong gel formation has been studied assuming strong branching: ktp/kp = 0.002, 
at the same level of combination termination as before. The same numerical parameters 
determining the grid resolution have been applied. Also CPU- and storage requirements were 
similar as in the case without gelation. Note, interestingly, the Monte Carlo simulations took 
much more time in the gelation case. This is due to the fact that the individual molecules that 
turn out to be part of the gel first have to be very large in order to make decision about if they 
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belong to gel. Both the Monte Carlo simulation and the 2D model reveal a gel fraction of 
0.44.  The overall chain length distribution obtained from the 2D solution is in perfect 
agreement with the 1D solution of the multiradical model and with Monte Carlo results. The 
full 2D solution is shown in Figure 7.5. Good agreement is again observed. The same 
remarks concerning the limited accuracy of the solution shown due to the fairly coarse grid 
as made before for the no-gel case do apply here as well.  

It is concluded that the 2D model with the elaborated convolution procedure as 
explained previously works well and within reasonable CPU-time and storage requirements. 
 
 
 

 
 
Figure 7.5. 2-dimensional chain length/branching distribution from combinations moments pseudo-distribution model for weak 
branching (ktp/kp = 0.0003), equal combination and disproportionation, ktc/kp = ktd/kp = 1 000, without scission. Further kinetic data: 
standard from Table 7.2. Numerical parameters: chain length range: 1 – 3 105; branching range: 0 – 500; number of chain length 
intervals: 15; number of chain length nodes: 8; number of branching intervals: 14; number of branching nodes: 3. Size of matrix A: 

10 080 x 10 080. Dots from Monte Carlo simulation, ρb = 0.00168; Pb = 0.578; Pc = 0.211; npp = 345; sample size: 70 000. Strong gel 

formation: 44 %. Good agreement between deterministic 2D model and MC simulations.  

 
7.4.2  2D model with combination points pseudo-distribution approach 
 
The case without gel formation that was discussed in section. 7.4.1 has been used to 
demonstrate the combination points pseudo-distribution approach. Simulations have been 
performed for the non-gelling conditions as in Section. 7.4.1 with weak branching and strong 
combination. The full 2D distribution Pn,i , shown in Figure 7.4, has already been discussed. 

The availability of solutions of the first and second combination points moments, 

Ψ n,i
c1 ,Φn,i

c1 ,Ψ n,i
c2 ,Φn,i

c2  at each combination of chain length n  and number of branch points i  
allows for computing various combination point related properties. Figure 7.6 shows the 

combination point density versus chain length, calculated from the first moment, Ψ n,i
c1 , and 

averaged over all numbers of branch points. The lowest plot shows the ratio of numbers of 
combination points to numbers of branch points as a function of chain length. From this 
plot one may conclude that the largest molecules are so large because of being strongly 
branched rather than having undergone combination. 
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The full 3-dimensional distribution of chain length, number of branch points and number of 

combination points of dead chain may be reconstructed from the moments Pn,i ,Ψ n,i
c1 ,Ψ n,i

c2  

assuming a certain shape for the combination points distribution at given n  and i  .To do 
this a 3-parameter distribution has been taken (Iedema and Hoefsloot, 2005). In Chapter 2 
we have seen that the branching distribution for constant chain length practically coincides 
to a binomial distribution around the average number of branch points at that chain length. 
It is expected that this also would hold for the combination points distribution. However, 
since the task is to reconstruct this distribution at certain fixed values of both chain length 
and number of branch points, there are two options possible to perform it. The first is to 
take the probability of a monomer unit of being a combination point, ρc , on a chain of given 

length, n , and apply the binomial distribution with these parameters: pB (n,ρc (n)) . Note that 

ρc (n)  is shown as the 3rd plot in Figure 7.6. The second option is based on the consideration 

that a molecule with i  branch points consists of i −1 linear chains that each has either been 
created by disproportionation or by combination. The average probability of a linear chain of 
carrying a combination point as a function of i, !ρc (i) , is directly linked to the ratio of 

combination and branch points inferred from the branching and combination point density 
as a function of n , as shown in the bottom plot of Figure 7.6. The corresponding binomial 
distribution then would possess parameters: pB (i −1, "ρc (i)) . The latter option seems to be the 

most correct, since the theoretical maximum number of combination points in this case 
correctly equals i −1 , whereas in the first option it might exceed i −1 . Thus, one might expect 
the distribution in the latter case to be narrower, which indeed turns out to be the case from 
a comparison of the two options for chain length n =123 650 . 

Choosing a binomial distribution, pB (i −1, "ρc (i)) , based on the number of linear chain 

segments in the molecule, i −1, is not necessarily the best possible approximation of the true 
distribution, since it would use only two out of the three available combination points 
moments. In fact, a 3-parameter distribution based on the binomial distribution is required. 
Therefore, a method based on Krawtchouk polynomials is adopted, similar to Iedema and 
Hoefsloot (2005).  The approximated distribution, p , is constructed as the product of the 

binomial distribution, pB  , and a linear combination of these (orthogonal) polynomials of 

order N : 
 

p = pB 1+ kN LN
N=2

Nmax
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"
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A general expression for these polynomials is: 
 

LN
ρ( )(k,i) = (−1)N−υ
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(ρN−υ (1− ρ)υ               (7.22) 

 
where N  is the order of the polynomial, k  is the number of combination points, i −1 is the 
maximum of k  and ρ  is the combination point density. The first three Krawtchouk 
polynomials are: 
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L0
ρ( )(k,i) =1

L1
ρ( )(k,i) = −(i −1)ρ + k

L2
ρ( )(k,i) = 1

2 (i −1)
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             (7.23) 

 
In view of the fact that we need just one extra parameter, the highest order of the required 
polynomials is N = 2 . Thus, the approximation in Equation 7.21 only employs the second 

order polynomial, L2
ρ( )(k,i) . The coefficient k 2  in fact represents the extra parameter sought 

after. It is obtained from the second combination points moment Ψ n,i
c2  from the definition of 

this moment in terms of the approximation:  

Ψ n,i
c2 = pB (n,i,k) 1+ k2L2( )

k=0

∞

∑ k 2               (7.24) 

 
Note that pB (n,i,k)  represents the binomial distribution for the given chain length, n , and 

number of branch points, i , using the combination points density !ρc (n,i)  as defined above. 

Thus, the approximation becomes: 
 

P(n,i,k) = pB (n,i,k) 1+ k2 (n,i)L2 (n,i,k){ }              (7.25) 

 
Figure 7.7 shows, for a chain length of n =123 650 , the 2D branch points/combination  

points distribution obtained from Equation 7.25. It was observed that the value of the 3rd 

parameter, k 2 , was so low that the distribution P(i,k)  in k -dimension was hardly 

distinguishable from a binomial distribution. However, due to the relatively coarse grid that 
has been applied (15 chain length, 14 branching intervals) the distribution in branching 
direction was fairly broad, having a polydispersity of 1.032 . The true distribution is expected 
to be, again, very close to a binomial distribution, with polydispersity of 1.0088 . In principle, 
by tracking the occurrence of combination points in Monte Carlo simulations, it should be 
possible to construct a 2D distribution like the one in Figure 7.7. However, a proper 
comparison would require excessively large populations of Monte Carlo molecules to 
suppress the scattering of such data. 
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Figure 7.6. Branching and combination point density versus chain length as extracted from combinations moments pseudo-
distribution model for weak branching, equal combination and disproportionation, without scission, same kinetic and numerical 
conditions as Figure 7.4. The lowest plot shows that largest molecules are so large because of being strongly branched rather than 
having undergone combination. 

 

 
Figure 7.7. 2D distribution of branching and combination points at chain length 123 650 as extracted from combinations moments 
pseudo-distribution model for weak branching, equal combination and disproportionation, without scission, same kinetic and 
numerical conditions as Figure 7.4. 
 

 
7.5 Conclusions 
 
The problem of finding the 3-dimensional distribution of chain length, branch points and 
combination points for conditions of ldPE polymerization has been addressed. The full 3D 
formulation has been reduced to 2D by using the pseudo-distribution approach for the 
combination points dimension, up to two higher combination points moments. The 2D 
population balance equations have been implemented using a Galerkin scheme that proved 
to be successful in a 2D model, where combination termination was not yet accounted for.  
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The implementation of the combination mechanism was the most difficult task. This is 
partly due to the fact that termination causes a non-linearity in the system that could be 
previously reduced to a linear set of equations. This could be solved, as in the 1D case, by 
using a dynamic simulation scheme and updating the combination termination term. 
However, the main difficulty turned to arise from the convolution problem, since especially 
in 2D an extremely large number of multiplication operations have to be performed. An 
algorithm to deal with the 2D convolution has been designed based on the principles of a 
1D convolution scheme as described in Chapter 2. To avoid excessive computer memory 
usage the algorithm does not store the Chebyshev polynomial term products of the 
multiplications, but rather performs the multiplications in each time step using a smaller set 
of elements. This way memory usage could be drastically reduced.  
 The pseudo-distribution model has been tested using ldPE-like kinetic data and the 
results were compared to Monte Carlo simulations. As the mix of transfer to polymer and 
combination termination is known to possibly lead to gel formation, the model was also 
tested in the gel regime. A similar approach to account for gelation has been used as for the 
1D model (Chapter 3). It turned out, for an acceptable grid resolution of 15 chain length 
intervals of 8nodes and 14 branching intervals of 3  nodes, good agreement could be 
obtained with Monte Carlo simulations. The gel content was correctly predicted and the 2D 
distributions of chain length and branching were well in line. Finally, it is demonstrated that a 
full 3-dimensional distribution of chain length/branch points and combination points could 
be generated from the solution in terms of pseudo-distributions. The combination points 
distribution was calculated from the moments using a two-parameter standard distribution. 
The results prove that the implementation of this considerable multidimensional population 
model in the Galerkin scheme was successful. The critical factor was the convolution 
operation, but this turned out to perform satisfactorily. The results shown were obtained in a 
reasonable time: 30 CPU-minutes. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 


