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CHAPTER 1

Introduction

We all know that Art is not truth. Art
is a lie that makes us realize truth, at
least the truth that is given us to
understand. The artist must know the
manner whereby to convince others of
the truthfulness of his lies.

P. Picasso

The exact formulation of the modern approach to the study of natural phenom-
ena goes back to the 17th century, when Francis Bacon (1561–1626) [10] and René
Descartes (1596-1650) [11] established the scienti�cmethod’s guiding principles.
Natural sciences nowadays use the scienti�c method to answer questions and
provide explanations about natural phenomena. It is a logical process based on
observations and experimentations. Based on observations scientists generate a
hypothesis, or tentative explanation for the observed phenomena. Hypotheses
are thenwritten in formofmodels: the system is reduced to a set of variables that
are incorporated into a mathematical framework. The constructed model has to
lead to predictions. The predictions are tested using carefully designed experi-
ments. If the hypothesis is supported, further experimentation is still warranted.

The formulation of the hypotheses or the modeling of the system is the aim of
theoretical physics. Starting from some experimental evidence the theoretical
physicist is the one who makes certain guesses for the structure of a system and
perform calculations on the model using a coherent mathematical framework.
The results of these computations can then be used by experimental physicists
to test them on a real setting. Ideally a physicist is a theoretician and an experi-
mentalist at the same time so that he/she can formulate hypotheses and also be
able to test them. This is the case of many great researcher of the past centuries,
Enrico Fermi (1901-1954) being probably the last great one. However nowadays
most research topics are so specialized that it is almost impossible to have both
roles within the same person or even the same research group.

This work focuses on purely theoretical research on the structure and behavior
of non-relativistic matter. It does not formulate any new hypotheses but rather
it starts from already existing models 1 in order to obtain new predictions from

1Some notable physicists who contributed decisively to the formulation (and their solutions) of
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1. Introduction

them and interpretations of the physical systems they aim to describe: quantum
systems formed by many constituents interacting strongly among each other
(many-body systems). The study of systems of this type is amuch less developed
�eld in physics compared to its counterpart: the analysis of the single elemen-
tary constituents of matter. This is due to a longstanding tradition in natural sci-
ences, going back toDescartes and to the ancient Greek pre-Socratic philosopher
Democritus (460–370 BC), that in order to understand the processes happening
in Nature one has to �rst decompose the problems in their elementary simpler
constituents and understand their properties. This way of proceeding has lead
to a great understanding of the sub-atomic constituents of matter, leading to a
theoretical framework which classi�es its structure of the matter up to energies
of the order of 1012eV (an equivalent mass of order 10−12 Kg). The so-called Stan-
dard Model is a model of �elds (�eld theory) for fermionic and bosonic degrees
of freedom and their gauge symmetries. Besides being an optimal framework
to classify the elementary particles in terms of their internal symmetries it also
provides good predictions for their scattering amplitudes, namely the dynam-
ics of the systems of sub-atomic particles. However, since these predictions are
obtained in the limit of small interactions between the particles (perturbation
theory) in most cases, they are valid only when the energies of the particles are
much larger than their masses. On the other hand it is almost hopeless to obtain
valuable information for the dynamics of the system at lower energies in many
cases 2.

Besides the ones present at the sub-atomic scales there are many more physi-
cal processes that cannot be interpreted only with the mere knowledge of the
properties of their constituents. A notorious example is given by phase transi-
tions where the presence of a large (namely in�nite) number of particles leads to
singularities separating di�erent phases of matter. Understanding howmetallic
systems show ferromagnetism for temperatures below a certain critical temper-
ature was the aim ofWilhelm Lenz (1888-1957) when he asked his student Ernst
Ising (1900-1998) to �nd a solution for the well-known Ising model for a system
of interactingmagnetic dipoles on a lattice [12]. Despite its simplicity, thismodel
turned out to provide a very good description of how a system of classical spins
undergoes to a phase transition at the Curie temperature Tc for any dimension
larger than one 3. The exact solution of themodel in a two dimensional lattice by

themodels analyzed in this thesis are: Werner Karl Heisenberg (1901–1976), Hans Bethe (1906-2005),
Elliott Hershel Lieb, Michel Gaudin, Bill Sutherland.

2The Standard Model predicts the existence of quarks, the elementary constituents of protons
and neutrons that we observe in the nuclei of the atoms. However the understanding of how the
interaction between such elementary particles leads to stable and massive bound states is still an
open problem.

3Another striking fact emerged from the Ising model was the discovery that no long range order
is possible at �nite temperature in one dimension (which then was followed in 1966 by Mermin and
Wagner [13] proof of the absence of spontaneous symmetry breaking for continuous symmetries in
two or one dimension)

2



1.1. Equilibrium many-body physics in one dimension

Lars Onsager (1903–1976) [14] gave a solid frameworkwhere to test perturbative
�eld theory results opening the way to renormalization group theory.
In general a physical model which aims to describe certain properties leads to
tangible predictions only after certain approximations are made (weak interac-
tions, low temperatures, low energies and so on). This is the case for most phys-
ically relevant �eld theories which can give predictions only in the limit of weak
couplings around a certain free-�eld point. Since there is no direct control on
the approximations done, it is extremely hard to �x the regime of validity of
these predictions. However in some cases we can write down a model which
can be solved exactly (at least in principle) like the Ising model in one or two
dimensions. In these particular points in the space of all the possible physically
relevant models one then has direct control over the approximations needed to
solve the other models describing the same physical system. This is the main
reasonwhy exactly solvable models, despite their being non generic and usually
requiring a complex mathematical framework to be solved, play a fundamental
role in theoretical physics.

This work treats one-dimensional exactly solvable models of interacting many-
body quantum systems. In particular it focuses on computing their physically
relevant correlation functions in the limit of a large number of particles for equi-
librium and non-equilibrium situations.

1.1 Equilibrium many-body physics in one dimen-
sion

Let us consider a many-body system consisting of N interacting particles which
for simplicity we can take to be all of the same type (same mass, same spin etc).
The interaction is mediated by a local potential v which represents a simple two-
body interaction, dependent only on the relative distance between the particles.
We can then write down the Hamiltonian for a system of bosonic particles in the
continuum, namely a bosonic gas on the line [0, L]

H � −
1
2m

N∑
j�1

∂2

∂x2
j

+
∑

1≤i< j≤N

v(|xi − x j |) . (1.1.1)

Clearly any question regarding the system can be answered by �nding a basis
of eigenstates |α〉 of the model. However �nding such a basis on the continuum
line is not an easy task. Clearly we are always free to choose a lattice discretiza-
tion of the system but even by doing so the dimension of the Hilbert space, and
therefore the number of eigenstates, will grow exponentially with the number
of particles N . On the other hand we are rarely interested in the full set of eigen-
states of the systemwhen studying equilibrium properties. For examplewemay
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1. Introduction

want to determine the response of the system to a local perturbation 4 that we
can actually think to be able to perform in a laboratory. For example we can add
to the Hamiltonian (1.1.1) a term representing a laser beam that couples with
the density operator ρ̂(x) �

∑N
j�1 δ(x − x j ) of the gas

V � γ

ˆ L

0
dx cos(kx − ωt)ρ̂(x) , (1.1.2)

and compute themomentumand energy transferred from the laser to the system
per unit of time. These are given in terms of the density-density correlation of the
gas. Given the system in its ground state |GS〉 we de�ne the dynamical structure
factor of the system as the Fourier transform of the density-density correlation
[15]

S(q , ω) �
ˆ L

0
dx
ˆ
∞

−∞

dt e iqx−iωt
〈GS |ρ̂(x , t)ρ̂(0, 0) |GS〉 , (1.1.3)

which directly gives the change of energy dE
dt andmomentum dP

dt of the gas under
perturbation (1.1.2)

dP
dt

� L
(γ
2

)2
q(S(q , ω) − S(q ,−ω)) , (1.1.4)

dE
dt

� L
(γ
2

)2
ω(S(q , ω) − S(q ,−ω)) . (1.1.5)

The full knowledge of thewave function of the ground state can in principle give
direct access to the correlations (1.1.3). However the time evolution of the den-
sity operator under the interacting Hamiltonian (1.1.1) is not trivial. Therefore
one can introduce a basis of eigenstates of (1.1.1) and insert a resolution of the
identity between the two operators and obtain a Lehman’s representation of the
dynamical structure factor

S(q , ω) � 2πL
∑
α

|〈GS |ρ̂(0, 0) |α〉|2δ(ω − (Eα − EGS))δq ,Pα−PGS , (1.1.6)

where the momentum q is quantized according to the boundary conditions we
have chosen. We are again left with the complicated problem of determining all

4Wede�ne a local observable as the action of an operator Ô(x) acting on a sub-region [x , x+δx] of
the entire volume L, such that limth δx/L � 0, and with a negligible intensity, compared to the total
energy of the system limth

〈Ô〉
〈H〉 � 0. We denote the thermodynamic limit of an observable f (L,N)

on the system as limth f (L,N) ≡ limL→∞ f (L,N � Ln), which corresponds to compute the quantity
f (L,N) for a system made by an in�nite number N → ∞ of particles in a in�nite volume L → ∞
with �xed density n � N/L.

4



1.1. Equilibrium many-body physics in one dimension

the eigenstates of the system. However the sum in (1.1.6) over the whole Hilbert
space can now be reduced to a much smaller one. We can indeed physically
expect that a local operator as ρ̂ cannot couple states that are in�nitely distant
in the Hilbert space. This is the logic of the ABACUS algorithm [16], which use
informations on the typical behavior of the matrix elements of an integrable sys-
tem. This is typically a model obtained by choosing a speci�c type of potential,
like the limit v(|xi − x j |) → c δ(xi − x j ) in the Hamiltonian (1.1.1) which is de-
noted as the Lieb-Liniger model. On the other hand if one is interested only on
the low energy properties of the system the relevant set of states reduces even
more, independently of the type of potential in (1.1.1). This is the logic of the
Luttinger-Liquid theory [17–21], where the relevant low-energy excitations over
the ground state of a generic one-dimensional system are treated as particles in
a bosonic �eld theory. However, no matter what is the approach, at the end the
knowledge of somematrix elements is necessary. In the Luttinger-Liquid theory
these can be treated as few external quantities that can be used as �tting param-
eters. When the system is integrable on the other hand we can use the internal
symmetries of the model and �nd an operatorial second-quantized way to write
down all the eigenstates. Then the algebra between such operators provides us
an economic way to compute the matrix elements and therefore the sum (1.1.6)
including the relevant excitations for any energy ω and momentum q.

A logical question that one may ask is, how di�erent are the predictions for the
correlation functions when we neglect the interactions among the particles? It
is indeed well known that at least in three dimensions it is possible in most
cases to take the results from free theories and account for the interactions by
changing (renormalizing) some internal parameters of the particles (their mass
for example). However if we constrain the system to a reduced dimensionality
as in a two- or one-dimensional space, the role of the interactions is enhanced
since particles aremuch less able to avoid each other. Consequently, especially in
one dimension, any slight perturbation propagates through the whole system.
As an immediate consequence we can expect that the low momentum part of
the density-density correlation is drastically di�erent from the one of a free the-
ory. For a system of free bosons the ground state is a Bose-Einstein condensate
(BEC), namely a state where all the momenta of the particles vanish ki � 0 for
any i � 1, . . . ,N . As soon as we add a small amount of (repulsive) interaction
in one dimension two di�erent bosons are not allowed to have the same mo-
mentum anymore and the momenta {ki }

N
i�1 of the ground state form a deformed

Fermi sea (such that the density of particles as a function of momentum inside
the sea is not uniform) [22, 23]. Therefore a perturbative approach such as the
one introduced by Bogoliubov which assumes that most particles are in the con-
densate [24,25], fails to reproduce the lowmomentum excitations present inside
the Fermi seas (holes excitation) which are indeed a direct consequence of the
interactions in the system.

5



1. Introduction

What has been said so far for models on the continuum can be transposed easily
to latticemodels like spin chains. The experimental realizations of one-dimensional
materials on the other hand are not lacking. Quasi one-dimensional gases of in-
teracting particles can be realized using atomic chips with nano-wires engraved
on their surfaces or highly anisotropic optical lattices [26–28]. Analogously sys-
tems which are e�ectively constituted by arrays of one-dimensional spin chains
have been discovered in spatially anisotropic crystals that can be studied by neu-
tron scattering experiments [29–32].

1.2 Out-of-equilibrium many-body physics
When studying a physical system we �rst need to specify what is the length
scale, or analogously the energy scale, we are interested in. A condensed matter
system is usually made of ions placed on a lattice and a gas of electrons that
can hop with a certain rate from one site to another. Clearly this description is
valid only when the energy scales we are interested in are of the same order of
the mean energy of the electrons. We assume the positions of the ions on the
lattice to be �xed since the energy involved to displace them away from their
equilibrium position is much larger. For a gas of N electrons with an e�ective
mass me in a 3-dimensional volume V at zero temperature the typical energy
scale is the Fermi energy

εF �
~2

2me

(
3π2N

V

)2/3
, (1.2.1)

which in a typical 3-dimensional metallic material, with electron densities of or-
der N/V ∼ 1029m−3, is of the order of 10 eV. For a one-dimensional metal we
also have εF ∼ 1eV if we consider densities such as N/L ∼ 1029/3m−1 5.
The sub-atomic particles in the nucleus of the atoms, namely protons and neu-
trons, can also be considered as a free gas of electrons with Fermi energy of 10
MeV.Moreover the mass of the ions are typically 104 times larger then the one of
the electron. This shows that when we are interested of energies of order of the
eV, we can safely assume the ions as stable particles and �xed at each lattice po-
sition. By increasing the temperature of the electrons in the metal their average
energy increases and, even if still much smaller than the other energy scales, still
can be large enough to drastically a�ect their behavior. However one is usually
interested in temperatures T which are still comparable with the Fermi energy
kBT ∼ εF of the gas (1 eV corresponds roughly to a temperature of 103 degrees
Celsius). That is why the ground state properties are so important and they con-
stitute a valid approximation for most metallic materials.

We can however imagine exciting the system away from its ground state not
only by heating it but also by forcing it in an out-of-equilibrium condition. Let

5The typical cold atoms gases in experimental realizations have much lower densities N/L ∼
107m−1 corresponding to εF ∼ 10−5eV .
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1.2. Out-of-equilibrium many-body physics

Figure 1.1: Static structure factor S(q , ω) (1.1.6) as a function of the momen-
tum q and of the energy ω of the Lieb-Liniger Bose gas in the so-called super-
Tonks–Girardeau state, which is obtained by preparing the system in the ground
state of the strongly repulsive theory and by suddenly switching the coupling to
a large negative value c. Here each panel corresponds to a di�erent value of the
�nal interaction: from left to right c � −8, c � −16 and c � −64. This quench pro-
tocol forces the system to be in a highly excited state (the super-Tonks–Girardeau
state) with novel properties compared to the ones of the ground state as the
possibility to create bound states as excitations with negative energy and the
enhancement of the intensity associated to the umklapp excitations with mo-
mentum q � 2kF where kF is the Fermi momentum. Figure from [33].

us imagine that we are able to suddenly switch on a two-body inter-particle in-
teraction in our free electron gas in the ground state. All the particles will then
be forced to rearrange their positions according to the new energy landscape.
As a consequence of this the mean energy of the electrons will increase drasti-
cally. During this out-of-equilibrium time evolution the whole system explores
an entropically large region of its Hilbert space (which is typical of quenches
such that the initial state has an extensive energy compared to the ground state
of the post-quench theory). In order to equilibrate, which is not necessary in
general, eventually the systemwill spendmost of the time in a speci�c region of
its Hilbert space, the equilibrium sub-space which in general will contain states
with high energies which in general are very di�erent from the ones typical of
thermal equilibrium. Consequently the system will exhibit new and unknown
behaviors (see �gure 1.1).

This procedure is denoted nowadays as a quantum quench and a large commu-
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1. Introduction

nity of physicists is involved in understanding how many-body quantum sys-
tems behave under these circumstances. A quench consists in preparing the
system in a pure state |Ψ0〉 usually an eigenstate of a certain Hamiltonian H0,
and then to let it evolve with a di�erent Hamiltonian H which clearly does not
commute with H0 [34–36] (for some of the major experimental realizations of a
quantum quench see [37–45]). The time evolution is unitary and can be written
in terms of the eigenstates |α〉 of the �nal Hamiltonian H

|Ψ0(t)〉 � e−iHt
|Ψ0〉 �

∑
α

〈α |Ψ0〉e−itEα |α〉 . (1.2.2)

One may naively think that a system undergoing unitary time evolution never
shows any sign of relaxation or equilibration. This is clearly true for the density
matrix of the state |Ψ0(t)〉〈Ψ0(t) |, whose matrix elements keep oscillating with
frequencies determined by the many-body spectrum {Eα}. However the out-of-
equilibrium behavior is largely di�erent when looked at from the point of view
of local observables. Indeed a local observables, like for example themomentum
distribution of a single particle of a gas of N particles in a volume L, probes
only a thermodynamically vanishing sub-region of the whole system. Therefore
we may expect that the rest of the system acts as a bath, leading to an e�ective
equilibrium state from the point of view of expectation values of local operators
Ô(x) acting on the sub-region [x , x + δx] for any x

lim
t→∞

lim
th
〈Ψ0(t) |Ô |Ψ0(t)〉 � 〈Ô〉eq (1.2.3)

where the thermodynamic limit limth at �xed density n � N/L has to be taken
�rst in order to avoid quantum recurrences for large times and we imposed
limth δx/L � 0. The questions of how to characterize 〈Ô〉eq as a function of the
operator, the initial state and the model with Hamiltonian H driving the time
evolution, together with the time scales for the approach to the equilibrium as
well as the full dynamics towards it constitute a big challenge of modern day
physics. The answers to those questions would clarify the mechanisms guid-
ing the out-of-equilibrium relaxation of interacting quantum particles when iso-
lated. In this case we are not entitled to simply rely on the usual Gibbs assump-
tions for the equilibration of the system and we are in position to determine
the cases where the system does not thermalize in a standard Gibbs way. We
can then address the emergence of macroscopic statistical properties of many-
body systems from their microscopic interactions which, unlike in the classi-
cal case, remains up to now an open big question of fundamental importance
throughout physics, in �elds ranging from cosmology [46] and super�uid he-
lium [47], heavy-ion collisions [48] all the way to atomic-scale isolated quantum
systems [36].

The question of howequilibration ormore speci�cally thermalisation can emerge
from the unitary time evolution of equation (1.2.2) goes back to the very origins

8



1.2. Out-of-equilibrium many-body physics

of quantum mechanics. It lead John von Neumann (1903-1957) to formulate his
Quantum Ergodic Theorem [49]. Here von Neumann tries to establish a connec-
tion between the idea of ergodicity in classical mechanics with the analogous
quantum mechanical one. In classical physics, given an initial states X0 in the
phase space of the model, the time average over the position of the state X0(t)
under Hamiltonian time evolution corresponds to the microcanonical average
with uniform measure on the energy surface dµmc � δ(EX − EX0 )dX over the
phase space. This is true for most initial state X0, in other words, up to a mea-
sure zero set in the Lebesgue measure over the phase space. In order for the
same to be true in quantum mechanics it would require that given the initial
state |Ψ0〉 with energy E0 � 〈Ψ0 |H |Ψ0〉 and the time average of its density ma-
trix given by |Ψ0(t)〉〈Ψ0(t) | �

∑
α |〈α |Ψ0〉|

2
|α〉〈α | then the following should be

valid

|Ψ0(t)〉〈Ψ0(t) | �
∑
α

|〈α |Ψ0〉|
2
|α〉〈α | �

1
D(E0)

∑
{α:Eα∼E0}

|α〉〈α | , (1.2.4)

where D(E0) �
∑
{α:Eα∼E0} 1 is the dimension of the sub-space spanned by eigen-

states with energy E0 up to �nite size deviations. Equation (1.2.4) is clearly not
true for any initial state. However von Neumann proves that provided we can
decompose the Hilbert space into a set of sub-spaces {Hν } where a set of mu-
tually commuting observables {Ak } have all the same expectation values dαν for
all the states in the macrostateHν up to �nite size corrections, then the density
matrix on the left ismacroscopically equivalent to the one of the right, namely for
any Ak and in the thermodynamic limit the following holds

Tr
(
Ak |Ψ0(t)〉〈Ψ0(t) |

)
∼

1
D(E0)

Tr *.
,
Ak

∑
{α:Eα∼E0}

|α〉〈α |+/
-

(1.2.5)

However the theorem does not specify how to construct the macroscopic oper-
ators {Ak } and it is therefore not clear how to connect them with the physical
operators corresponding to the observables we can see in the lab. As shown
in [50] the theorem is valid for most decompositions {Hν } and therefore for most
Hamiltonians H (and all the operators we can construct with their eigenstates).
However the idea of most is based on an average over the ensemble of random
Hamiltonians connected by unitary uniformly distributed matrix H′ � UHU−1

(the uniform probability distribution over the unitary group is known as the
Haar measure). If a propriety is true for most Hamiltonians it means that it fails
only for some in a zero-measure set. This method of averaging over all possible
realizations belongs to a long tradition which includes also Wigner’s work on
random matrices [51]. It relies on the a-priori assumption that the vast majority
of the elements in the ensemble share the same properties. WhileWigner’s work
focused on non-local Hamiltonians describing the interactions inside the atomic
nuclei, the physical Hamiltonians for realizable condensed matter systems are
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1. Introduction

expected to be strictly local and therefore to form a subleading measure set un-
der the Haar measure.

An analogous approach to thermalisation in quantum system is provided by
the so called Eigenstate Thermalisation Hypothesis (ETH) [52,53]. It states that,
given a few-body observable Ô (namely a local observable as de�ned before),
in the thermodynamic limit its diagonal elements on the basis of eigenstates
Ôαα � 〈α |Ô |α〉 change slowly with the choice of the eigenstate |α〉 and that the
o�-diagonal elements Ôαβ � 〈α |Ô |β〉 with Eα , Eβ, are exponentially small in
the system size N (where N is the number of particles in the system). Given
these two generic hypotheses one can easily see that the time average of the ex-
pectation value of the operator Ô converges to the microcanonical distribution
given an eigenstate |αE0〉 with energy E0

〈Ψ0(t) |Ô |Ψ0(t)〉 ≡ lim
T→∞

1
T

ˆ T

0
dt 〈Ψ0(t) |Ô |Ψ0(t)〉

�

∑
α

〈α |Ô |α〉|〈α |Ψ0〉|
2
∼ 〈αE0 |Ô |αE0〉

∑
α

|〈α |Ψ0〉|
2

� 〈αE0 |Ô |αE0〉 , (1.2.6)

where we considered a non-degenerate spectrum Eα , Eβ for |α〉 , |β〉 and
overlaps |〈α |Ψ0〉|

2 which are su�ciently sharp around the energy E0 of the ini-
tial state. This corresponds to choosing initial states which satisfy the cluster
decomposition principle such that the energy �uctuations are subleading

∆E
L

�

√
〈Ψ0 |H2 |Ψ0〉 − 〈Ψ0 |H |Ψ0〉2

L
∼ L−1/2 , (1.2.7)

which is a typical feature of physically relevant states. We can easily see that
the two hypotheses both depend strongly on the locality of the Hamiltonian in
the Hilbert space (in contrast with the locality in the real space). To be more
clear, let us choose a spin model and its local spin basis. Let us consider the
one-dimensional Ising model

HI � ∆

N∑
j�1
σz

j σ
z
j+1 , (1.2.8)

where we impose period boundary conditions. TheHamiltonian HI is diagonal-
ized by the local spin basis |σ1 . . . σN〉 where σi � ±1. Therefore the expectation
value of a simple local observable as Ô � σ+N/2σ

−

N/2+1 is highly discontinuous
(it can be 1,0,-1 just choosing eigenstates with di�erent spin σN/2). Therefore a
Hamiltonian as HI cannot be expected to satisfy the requirements of ETH. We
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1.3. Out-of-equilibrium integrable models

can then consider adding terms to HI that make it to be less diagonal in this
basis. This for example can be done by adding a simple hopping term

HXXZ � J
N∑

j�1

(
σ+j σ

−

j+1 + σ
−

j σ
+
j+1

)
+ ∆

N∑
j�1
σz

j σ
z
j+1 . (1.2.9)

In this case the Hamiltonian is not exactly diagonalized by the local spin basis
|σ1 . . . σN〉. We can therefore expect that the expectation value of the operator
Ô � σ+N/2σ

−

N/2+1 is now a smoother function of the eigenstates of the system. In-
troducing less local terms that force the eigenstates to involve more local spin
states (like a next-neighbors interaction

∑N
j�1 σ

z
j σ

z
j+2) can only make the expecta-

tion values even smoother. We can try to formalize this argument by introducing
a mapping between the basis of eigenstates and the local spin basis

|Eα〉 �
∑

σ1�±1,...,σN�±1
cασ1 ,...,σN

|σ1 , . . . , σN〉 . (1.2.10)

With such a mapping we can argue that depending on the spread of the co-
e�cients cασ1 ,...,σN

(or alternatively on the Shannon entropy associated to them)
we can expect di�erent type of equilibration according to the ETH. Free mod-
els are clearly the simplest case where the sum involves only one term, inte-
grable models have non-trivial coe�cients cασ1 ,...,σN

for each eigenstate but still
in a way that there is some notion of locality in their eigenstates (the Hamilto-
nian of an integrable model commutes with N local operators). Perturbing the
system away from integrable points clearly brings more non-zero terms in the
sum (1.2.10), eventually leading to smooth expectation values of local operators
Ôαα ∼ Ôα+1α+1. It is not clear if the transition between the two behaviors, in-
tegrable and non-integrable is smooth or discontinuous although it is hard to
imagine the coe�cients in the sum (1.2.10) to not be smooth functions in the
space of possible Hamiltonians (some evidences of this fact are provided for
systems with �nite size in [54–58]). This is also supported by some analysis of
the local conserved quantities of a perturbed integrable system (see the next sec-
tion 1.3). While the transition between integrable and non-integrable systems,
and therefore between ergodic and non-ergodic systems, is well understood in
classical physics (the KAM theorem gives quantitative predictions for the break-
ing of classical integrability under nonlinear perturbations, see next section), in
quantum mechanics it still remains an unsolved problem.

1.3 Out-of-equilibrium integrable models
In the summer of 1953 Enrico Fermi, together with John Pasta, Stanislaw Ulam,
and Mary Tsingou numerically simulated a chain of N atoms coupled by an-
harmonic strings (FPU problem). Given the displacements x j (t) for any j �

1, . . . ,N from the equilibrium positions, the equations of motions for the system

11



1. Introduction

were given by

∂x j

∂t
�

(
x j+1 + x j−1 − 2x j

a2

) (
1 + α(x j+1 + x j−1)

)
j � 1, . . . ,N , (1.3.1)

with some α , 0, period boundary conditions and lattice spacing given by a.
Starting from a certain initial con�guration {x j (0)}Nj�1 the system was believed
to ergodically explore during time all its phase-space and to eventually ther-
malise in a canonical way, leading to a stationary state where each oscillatory
mode {ωk }

N
k�1 had the same energy (according to the Equipartition Theorem).

However even for long times after the start of the simulation, the system kept
a complicated quasi-periodic behavior, where localized non-dispersive waves
were traveling through it. Only after 10 years it became clear that these soliton
waves [59] were solutions of the Korteweg–de Vries equation, representing the
continuous limit α → 0, a → 0, δ � lim

√
a/(24α) with x j (t) → u(x , t) of (1.3.1)

∂2u(ξ, τ)
∂ξ∂τ

� −
∂u(ξ, τ)
∂ξ

∂2u(ξ, τ)
∂ξ2

− δ2
∂4u(ξ, τ)
∂ξ4

, (1.3.2)

where ξ � x − t and τ � tα/a. This equation represents one of the classical
integrable systems, namely it has a denumerable in�nity of integrals of mo-
tion Pn that constrain the trajectory in phase-space on hyper-tori, leading to a
non-ergodic behavior. The surprising fact is that a system as the one character-
ized by equations (1.3.1) exhibits most of the features of an integrable system
(1.3.2), despite the integrability breaking given by the lattice spacing a. This ap-
parent paradox was solved between 1962 and 1963 when Vladimir Arnold and
Jürgen Moser proved the so-called Kolmogorov–Arnold–Moser theorem [60].
This roughly states that if an integrable system is subjected to a weak nonlinear
perturbation, some of the invariant tori in the phase-space are deformed and
survive, while others are destroyed. This implies that the motion continues to
be quasiperiodic, with the independent periods changed (as a consequence of
the non-degeneracy condition). Moreover the KAM theorem speci�es quantita-
tively what level of perturbation can be applied for this to be true.

The equivalent of the FPU problem in quantum mechanics was given only re-
cently. In an experiment known as a quantum Newton’s cradle, a gas of point-
wise interacting cold atoms is prepared in a one-dimensional tube [37]. Then at
t � 0 two Bragg pulses distribute the gas in two separate cloudsmovingwith op-
posite momenta. As time passes, due to the parabolic con�ning the two clouds
scatter many times but the distribution of momenta n (t) (k) of the atoms never
relaxes to a thermal distribution nT (k) with some e�ective temperature T. On
the contrary, it keeps memory of the initial splitting of the momenta for very
large times. This experiment showed that a one-dimensional gas with point in-
teractions, despite the integrability breaking perturbation induced by the har-
monic con�ning, displays most of the features of a quantum integrable model,
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1.3. Out-of-equilibrium integrable models

namely the Lieb-Liniger gas of δ−interacting bosons 6. It became then evident
that quantum integrablility, at least in some conditions, is also as stable as its
classical counterpart.
Many e�ectively one-dimensional models that can be realized in a laboratory
are very close to quantum integrable systems. That is why studying the out-of-
equilibrium dynamics in integrable models has two great advantages: it pro-
vides a platform from which to understand how local interactions lead to ther-
malisation in a many-body quantum system and it gives solid predictions for
systems that we can realize in laboratories around the globe.

A quite widespread misconception is that if a model is integrable, then it is ex-
actly solvable and therefore it is trivial to compute any of its properties. This is
far from being true, especially for interacting integrable models. The non-linear
mapping between the basis of local operators Ak and the one of given by the
energy eigenstate makes the problem of computing even a single diagonal sum
as

〈Ψ0(t) |Ak |Ψ0(t)〉 �
∑
α

〈α |Ak |α〉|〈α |Ψ0〉|
2 , (1.3.3)

a very hard one, especially in the thermodynamic limit. Therefore a number
of hypotheses have been formulated to simplify the problem of computing the
non-equilibrium expectation values of local observables. The main ones, which
are also heavily used in this work, are the Generalized Gibbs Ensemble (GGE)
and the quench action (QA) method. The �rst one relies on the local symme-
tries of the system, namely a set of local operators {Qn } that commute with the
Hamiltonian giving the time evolution, to determine an e�ective description of
the diagonal ensemble {|cα |2} [35, 61]. Given a complete set (See section 2.1) of
local conserved quantities the GGE hypothesis states that in the thermodynamic
limit limth the diagonal ensemble can bewritten as aGibbs densitymatrixwhere
all the local conserved quantities are taken into account

lim
t→∞

lim
th
〈Ψ0(t) |Ak |Ψ0(t)〉 � Tr

(
Ak e−

∑
n βn Qn

)
. (1.3.4)

This idea, based on the maximal entropy principle, was proven to be true for
many free models (where the dynamics is one-particle reducible) [62–70] and
Luttinger liquid theories (free bosonic �eld theories) [39,71–73]. In the interact-
ing cases, the GGE ensemble has been observed numerically in the Lieb-Liniger
model [74] and analytically in the q-boson model [75]. Although it is a very ap-
pealing idea its implementation is not straightforward in interacting systems.
For an interacting system, where the trace cannot be factorized on a product of

6The lack of thermalisation could also be due to the high relative velocity of the two clouds, lead-
ing to a vanishing cross section for the scatterings between the atoms in each of them. However
the same experiment was reproduced in three dimensions, where canonical thermalisation was ob-
served [37].
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1. Introduction

traces over the single particle state, it is very hard for a generic quench to ex-
tract the values of the chemical potential from the expectations of the conserved
charges on the initial state

lim
th
〈Ψ0 |Qm |Ψ0〉 � Tr

(
Qm e−

∑
n βn Qn

)
∀m . (1.3.5)

Despite the fact that this problem has been solved in a number of cases [4,66,76],
still it is unclear if the methods used in these works can be generalized to di�er-
ent models. The more serious issue is however the determination of the relevant
charges to put into the ensemble. Indeed to determine if a set of charges {Qn }

is complete it is a very hard task even for free models [77]. A criteria based on
the locality of the charges seems to be the proper way but some recent results
showed that in some cases it is not enough [4, 78] .

The quench action approach ( introduced in [79] and applied in a number of
cases [1,4,6,78,80–83] ) on the other hand instead of involving the internal sym-
metries of the system, attempts to rewrite the overlaps into something simpler
by taking their thermodynamic limit. For initial states that overlap with an ex-
ponential number of eigenststates of the �nal Hamiltonian the overlaps are ex-
pected to scale exponentially in the system size L

〈α |Ψ0〉 ∼ e−LFα , (1.3.6)

where F ≥ 0 is a smooth function of α that does not therefore depend on the
details of the eigenstate |α〉 (and not even on the details of the initial state |Ψ0〉).
Knowing the function Fα one then calculates the sum in (1.3.3) with a saddle
point approximation, valid for large system sizes which allows to compute the
sum by evaluating it on a saddle point state

lim
t→∞

lim
th
〈Ψ0(t) |Ak |Ψ0(t)〉 � 〈αsp |Ak |αsp〉 (1.3.7)

analogously to the thermalisation mechanism predicted by the ETH (1.2.6). The
main di�culty in this approach is to determine the function Fα. Up to now it is
possible only by knowing the exact overlaps for a generic system size and then
taking their thermodynamic limit. Clearly this is a quite di�cult procedure in
many cases since the overlaps are not explicitly known in most cases and their
�nite size expressions are in general complicated. However one can imagine to
develop a method to extract the function Fα given a certain initial state without
the knowledge of the exact overlaps at �nite size. This clearly can also be done
with the help of the conserved quantities of the systemwhich impose constraints
on the overlaps.

Another consequence of the quench action approach is the possibility of extract-
ing the time evolution towards the steady state which is a very complicated non-
linear problem for an interacting system. This is given in terms of eigenstates
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1.3. Out-of-equilibrium integrable models

which are very close to the saddle point state

lim
th
〈Ψ0(t) |Ak |Ψ0(t)〉 �

1
2

∑
β∼αsp

cβ
csp

e−it(Eβ−Eαsp )
〈αsp |Ak |β〉

+
c∗β
csp

e it(Eβ−Eαsp )
〈β |Ak |αsp〉 . (1.3.8)

This expression allows to reconstruct thewhole post-quench time evolution start-
ing from their t � ∞ limit which corresponds to the steady state expectation
value. Therefore it shows that the main features of the whole time evolution
from t � 0+ after the quench are in�uenced by the saddle point state whose
structure does not only provide the physics of the system for in�nite time after
the quench. As shown in [80] it can directly provide the maximal propagation
velocity of the excitations in the system after the quench. It is well known indeed
that in a lattice system, given a two-point correlation function at distance `, there
is a maximal velocity v such that a characteristic time t∗ � `/v is needed in order
to observe a non-zero dynamical correlation between the two observables A, B
with �nite support placed at distance `

〈[A(x + `, t), B(x , 0)]〉 < const × e−`+v |t | . (1.3.9)

This expression is known as the Lieb-Robinson bound [84] and it has been tested
experimentally for the �rst time by studying the non-equilibrium dynamics of
a quantum system in [40]. It only infers the existence of the maximal velocity v
but it does not give any way to �nd it. In general it will be a function of the aver-
aging state. For free fermions on a lattice therefore will be simply given by their
Fermi velocity v � vF �

√
2mεF . The quench action approach also tells us that

when the averaging state is not an eigenstate of the system, namely the initial
state |Ψ0〉, there exists a maximal velocity vsp given by the maximal derivative
of the dispersion relation for the low-lying excitations around the saddle point
state. Note that vsp is an explicit function of the saddle point state which is de-
pendent on the initial state |Ψ0〉. Di�erent initial states therefore would lead to
a light-cone propagation of excitations with a velocity which in general is very
di�erent from the Fermi velocity.

Another consequence of formula (1.3.8) is that it allows to easily extract the time
dependence when time is large but not in�nity. Then in this case the relevant
states around the saddle point restrict to a much smaller subset. These are ob-
tained by performing simple particle-hole excitations on the saddle point state
|αsp〉 → |αsp , h → p〉, i.e. to displace one quasi-momenta from the set which
parametrizes the saddle point state from its original value h to a new value p.
These type of excitations have a dispersion relation for the particle εp � ω(p)
and one for the hole εh � −ω(h). Analogously they have an overlap with re-
spect to the saddle point state for the particle c(p) and one for the hole 1/c(h)
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and a density of states ρh (p) and ρ(h) which are all functions of the saddle point
state |αsp〉. Therefore we can rewrite the time evolution for large times as a sum
over these types of excitations

lim
th
〈Ψ0 |Ak |Ψ0〉 ∼ 〈αsp |Ak |αsp〉+

1
2

ˆ
∞

−∞

dp ρh (p)
ˆ
∞

−∞

dh ρ(h)
c(p)
c(h)

e−itω(p)+itω(h)
〈αsp |Ak |αsp , h → p〉

+ 1
2

ˆ
∞

−∞

dp ρh (p)
ˆ
∞

−∞

dh ρ(h)
c∗(p)
c∗(h)

e itω(p)−itω(h)
〈αsp , h → p |Ak |αsp〉

(1.3.10)

The integral can then be evaluated using a stationary phase approximationwhen
t is large, leading to an expansion in powers of 1/t providing the leading power
law for the approach to the steady state

〈Ψ0(t) |Ak |Ψ0(t)〉 − 〈αsp |Ak |αsp〉 ∼ t−γsp . (1.3.11)

It is worth emphasizing that the steady state expectation values of local opera-
tors, aswell as the propagation velocity vsp and the leading 1/t exponent γsp , are
expected to be very smooth functions of the initial state. In particular they are
expected to depend on amuch smaller set of information than the one needed to
reconstruct its entire initial wave-function Ψ0(x). The GGE hypothesis indeed
provides a saddle point state which is a function only of the very �rst conserved
quantities {Qn } (the energy of the initial state and some others) since the sum∑

n βnQn is expected to be absolutely convergent. The velocity vsp and as well
as the exponent γsp are therefore also expected to be dependent on few thermo-
dynamic quantities of the system. The question of which conserved charges are
more relevant to reconstruct these quantities is not fully answered yet.

Finally, after having addressed the statistical properties of an integrable system,
we may wonder how from integrable models we recover canonical (ergodic)
systems. In other words we should expect that if we perturb an integrable sys-
temwith a perturbation breaking integrability Vo , the system should thermalize
canonically, namely the late time expectation values of local operators should be
described by the Gibbs ensemble

lim
t→∞

lim
th
〈Ψ0(t) |Ak |Ψ0(t)〉Vo � Tr

(
e−βHAk

)
. (1.3.12)

One of the possible questions is if the transition between integrable and non-
integrable is smooth (as it is in classical mechanics) or exhibit a certain threshold
in the strength of the perturbation Vo , which separates the two behaviors. The
question is not easy since it may depend strongly on the considered observable
Ak , the initial state |Ψ0〉 and the type of perturbation applied to the integrable
system. The dependence on the initial state can be indeed particularly strong
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as is shown in [85]. Here the authors underline that for initial states su�ciently
"close" to most eigenstates (namely the overlaps are not exponentially vanishing
functions for large system sizes as in (1.3.6)), the systemkeepsmemory of the ini-
tial conditions even when no non-trivial conserved quantities are present. This
is also the case of a quench in the gapped XXZ model starting from a domain
wall initial state [86] which does not exhibit thermalisation due to the �nite large
overlap of the initial state with a macroscopic number of degenerate eigenstates
of the system.
Regarding perturbed integrable systems the pre-thermalisation hypothesis states
that an out-of-equilibrium perturbed integrable model reaches a steady state for
intermediate time scales described by a deformed GGE (constructed with con-
served quantities forming a mutually commuting set and which do not com-
mute with the Hamiltonian) [87] or by a time-dependent GGE [88] (when the
unperturbed system has a non-abelian set of local conserved charges) while it
thermalize to a canonical Gibbs distribution for larger time scales. Evidences for
this type of behavior have founded theoretically in [87–93] and experimentally
in [94,95]. However some numerical works shows also the existence of an order
parameter separating the integrable and the non-integrable phase of a generic
one-dimensional model [96, 97].

1.4 Outline of the thesis
The main purpose of this thesis is to present an exact computation of the one
or two-points correlation functions of integrable models (in particular the Lieb-
Liniger model [22] and the XXZ spin chain [98–100]) in equilibrium and non
equilibrium conditions and for large system sizes (thermodynamic limit). This
is done �rst by introducing the fundamental tools of the coordinate and alge-
braic Bethe ansatz in chapter 2 which allows to obtain the exact eigenfuntions
and scalar products between them. In this chapter we also address the question
of how to determine when a quantum model is integrable or not, following the
work of Jorn Mossel [101, 102]. Then in chapter 3 we move to the problem of
computing overlaps between eigenstates of di�erent models. This has a direct
application to quench problems and until now it has been poorly addressed in
the �eld of integrable systems. Chapter 4 is devoted to an extensive treatment of
the thermodynamic limit of integrablemodels. In particularwe focus on the idea
of thermodynamic Bethe states, namely how to characterize them and how to
de�ne the matrix elements between them, starting from their �nite size expres-
sions. Herewe obtain some results for equilibrium�nite temperature correlation
functions in the one-dimensional Bose gas, which represent a direct extension
of the work initiated in Miłosz Pan�l’s thesis [103]. Thereafter we concentrate
on the out-of-equilibrium aspects of the Lieb-Liniger model in chapter 5 focus-
ing in particular on the quench from the ground state of the free bosonic theory
(BEC state) to the fully interacting system. The corresponding post-quench time
evolution of weak observables, computed via the quench action method, is ad-
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dressed in chapter 6. Finally chapter 7 analyzes the quench from the Néel initial
state to the XXZ spin chain. This quench reveals unknown results on the con-
served quantities of the model, underlining the role of quasi-local operators to
reconstruct the equilibrium steady-state values of local operators even when the
spectrum of the Hamiltonian is gapped.
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CHAPTER 2

Integrability and Bethe Ansatz

There is geometry in the humming of
the strings, there is music in the
spacing of the spheres.

Pythagoras, The Mystery of Matter,
L. Young

This chapter is devoted to the problem of de�ning an integrable system and
how to compute its physical properties. The �rst is a highly non-trivial question
whose precise answer is still under investigation. It is well established that in-
tegrable systems are characterized by many symmetries, which allow to write
down their exact eigenstates and the scalar products between them. The �rst
can be done with the �rst quantization approach of the coordinate Bethe ansatz
while the secondneeds the development of a secondquantization-like approach,
the algebraic Bethe ansatz.

We �rst introduce the Bethe wave function (section 2.1), which is an exact eigen-
states of a model where particles scatter without di�raction [104, 105], namely
each n−body scattering among the constituents of the system can be factorized
in a sequence of 2−body scatterings. We will �nd out that this is possible only
in models that have a number M of conserved operators (where M is the total
number of particles). Since these are extensive conserved quantities, in the sense
of the scaling with the total number of particles, the Mazur’s inequality (section
2.1) suggests that they in�uence the out-of-equilibrium dynamics of the system,
leading to non-ergodic out-of-equilibrium dynamics.
Thenwe shall introduce the twomainmodels considered in this thesis, the Lieb-
Liniger model for a gas of δ−interacting bosons, which we diagonalize via the
coordinate Bethe ansatz (section 2.2), and the XXZ spin chain, for which we use
the tool of algebraic Bethe ansatz (section 2.3 and section 3.2.1).

The main concepts and results of this chapter are contained in [105–108] and
references therein.
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2. Integrability and Bethe Ansatz

2.1 Quantum Integrability and the Bethe wave func-
tion

We consider a one-dimensional physical model of interacting particles. To be
concrete let us restrict ourselves to a spin chain where each site is separated by
a distance a � 1 and where the down spins are considered as the particles in the
theory. When only few spins are �ipped down they are free to travel on the spin
chain except when their paths cross. We can make the physical assumption that
the range of the interaction between them is very small, for example just two
sites. Therefore the Hamiltonian is the sum of the kinetic part, associated with
the hopping of the spins in the lattice, and a nearest-neighbors interaction

H �

N∑
j�1

[
σ+j σ

−

j+1 + σ
−

j σ
+
j+1

]
+

N∑
j�1

∑̀
k�1

U j, j+k , (2.1.1)

with ` � N . We then now restrict ourselves to the scattering of only two spins,
namelywe take our spin chainwith N−2 spins up and only 2 spins down. When
the two spins are spatially separated such that the interacting part of the Hamil-
tonian is zero, we can associate to each of them a free momentum ki ∈ [−π, π]
where i � 1, 2 and their energy will be simply given by the free dispersion rela-
tion for particles on a lattice ε(k) � cos(k). For simplicity we can consider only
smallmomenta such that the dispersion relation becomes quadratic ε(k) ∼ 1− k2

2 .
After scattering the two spins move freely again but with two new momenta k′i
associated to them (we assume that the Hamiltonian preserves the total spin of
the system). However by enforcing the conservation of the total momentum and
energy we obtain a complete set of constraints on the two �nal momenta

k′1 + k′2 � k1 + k2 , (2.1.2)
(k′1)2 + (k′2)2 � (k1)2 + (k2)2 . (2.1.3)

We can easily argue that the only possibility for the two �nal momenta is simply
to be a permutation of their initial values. In quantum mechanical language we
can introduce a wave function ΨOut for the two spins after the scattering with
the following form, given a normalization factorN−1

ΨOut � N
−1

(
e is1k1+is2k2 − e−iθ(k1 ,k2) e is1k2+is2k1

)
, (2.1.4)

where the index si ∈ [1, . . . ,N], i � 1, 2 labels the position of each spin in
the lattice and the wave function is supposed to be exact only in the asymptotic
domain s1 � s2 when the two spins are spatially separated again after the scat-
tering. Note that we introduced a phase factor in front of the component of the
wave function where the two spins have exchanged their momenta. We can in-
terpret this classically as a delay in the wave vectors of the two spins due to the
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2.1. Quantum Integrability and the Bethe wave function

interaction that the two particles feel when they cross each other. We can rewrite
the abovewave function in terms of a sumof permutations P ∈ S2 of the set [1, 2]

ΨOut � N
−1

∑
P∈S2

a(P)
2∏

i�1
e isi kPi , (2.1.5)

where a(P) is the phase factor which can be either 1 or −e−iθ(k1 ,k2) in this case.
By �ipping an extra spinwe nowallow a scattering involving three particles. The
mere conservation of the total momentum and energy is not enough to simply
cause a rearrangement of the spin momenta among themselves after the scatter-
ing. We can however split the �nal wave function in a term only due to two-body
scatterings and a termwhere all the possible waves with newmomenta are pro-
duced, the so called di�ractive term

ΨOut � N
−1 *.

,

∑
P∈S3

a(P)
3∏

i�1
e isi kPi +

3∏
i�1

[ ˆ
dki e isi ki

]
S(k1 , k2 , k3)+/

-
, (2.1.6)

where S(k1 , k2 , k3) is a function related to the interacting part of theHamiltonian
and the integration domain is chosen in such away that the total energy andmo-
mentum is conserved. Adding more spins to this picture extremely complicates
the problem due to the di�ractive part and �nding an analytical expression for
the wave function becomes a hopeless task.
We can therefore introduce a new assumption on the interaction potential U,
namely that it conserves a third extra additive quantity Q3 with eigenvalues
given by

∑3
i�1 q3(ki ). If this is true the set of momenta before and after the scat-

tering, besides energy andmomentum conservation, are now also related by the
following equation

3∑
i�1

q3(ki ) �
3∑

i�1
q3(k′i ) . (2.1.7)

If the function q3(k) is not proportional to a linear combination of k or ε(k) this
is enough to set the di�ractive part of the wave function to zero. 1 The wave
function is then only constituted by the part corresponding to only two-body
scatterings between particles. Keeping the same way of reasoning we can then
introduce a number M of independent constraints on theHamiltonian andwrite
down an exact wave function for M down spins valid in the asymptotic region
s1 � s2 � . . . � sM

ΨB ({s j }
M
j�1 |{k j }

M
j�1) � N−1

∑
P∈SM

(−1)[P]
M∏

i< j�1
e−

i
2 θ(kPi−kPj )

M∏
i�1

e isi kPi , (2.1.8)

1A generic symmetric polynomial of the three momenta with degree larger than two would have
the same e�ect.
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2. Integrability and Bethe Ansatz

where (−1)[P] is the sign of the permutation P. This is the Bethe wave function or
the coordinate Bethe ansatz wave function and it is an the exact eigenfunction
for each Hamiltonian like (2.1.1) with a short range interaction (such that ` � 1,
with the asymptotic region given by s1 < s2 < . . . < sM) that supports non-
di�ractive scattering, or such that it commutes with a number M − 1, with M
the total number of constituents in the system, of linearly independent, additive
conserved quantities. If we impose a certain boundary condition (for example
the period boundary conditionsΨB ({x j }

M
j�1 |{k j }

M
j�1) � ΨB ({x j + δ j,l N }Mj�1 |{k j }

M
j�1)

with l � 1, . . . ,M) then the set of quasi-momenta {k j }
M
j�1 satis�es a set of non-

linear coupled equations named Bethe equations which have the following form
(for period boundary conditions)

e iNkl � (−1)M−1
∏
i,l

e−iθ(kl ,ki ) , l � 1, . . . ,M . (2.1.9)

When the set {k j }
M
j�1 satis�es such conditions, the state |{k j }

M
j�1〉 is aBethe state and

all the possible choices of the quasi-momenta {k j }
M
j�1 form a complete basis of the

Hilbert space. The set of M conserved operators {Qn }
M
n�1, where we included the

Hamiltonian and the momentum operator, have the Bethe states as eigenvectors

Qm |{k j }
M
j�1〉 �

*.
,

M∑
j�1

qm (k j )
+/
-
|{k j }

M
j�1〉 , (2.1.10)

and therefore they all commute among each other. From the single-particle
structure of the eigenvalues we can notice that when the number of particles M
in the system grows, then the eigenvalues grows proportionally to the number
M when this is large enough

M∑
j�1

qm (k j ) ∼ M . (2.1.11)

We then denote the operators Qn as an extensive operators, referring to the ex-
tensivity of their eigenvalues in the particle number M.

We can therefore conclude that in order for the system to have Bethe wave func-
tions as eigenfunctions there must be at least a number M of extensive operators
that commute among themselves (in order to be diagonalized by the same basis
of Bethe wave functions)

[Qm ,Qn] � 0 ∀ m , n � 1, . . . ,M . (2.1.12)

andwhere theHamiltonian is proportional to one of them (for example H ∝ Q2).
We de�ne such a model as integrable. Note that the presence of the “at least”in
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2.1. Quantum Integrability and the Bethe wave function

this de�nition makes it very imprecise. Mainly because we are not specifying
all the conserved operators in the models. There could be more of them indeed,
extensive or not. In the next sectionwewill see that for any integrablemodelswe
can introduce a generating function τ(λ) (which is an operator on the Hilbert
space of the system) such that the coe�cients of it logarithmic Laurent series
give a set of M extensive conserved charges (see (2.3.22))

[τ(λ), τ(µ)] � 0 ∀λ, µ ∈ C , (2.1.13)

log τ(λ) �
∑
n�1

cnQn
(λ − λ0)n

n! such that Q2 ∝ H . (2.1.14)

These operators are indeed the ones enforcing integrability. Their extensivity is
manifest also from their representation in a local spin basis as an extensive sum
of local spin operators q (n)

j

Qn �

N∑
j�1

q̂ (n)
j , (2.1.15)

where q̂ (n)
j is a an operator acting non-trivially only on a number r(n) � N of

lattice points around j. This set of operators is enough to de�ne integrability in
the sense of non-di�ractive scattering but can easily imagine that there are more
conserved charges for the model. We can indeed think to be able to analytically
continue the operator τ(λ) in all the complex plane, where, depending on the
analytical properties of τ(λ) there may be other Laurent series for f (τ(λ)) gen-
erating new conserved charges for di�erent points λ0 in the complex plane and
di�erent choices of the function f (x).

A full de�nition of integrability which has reached a general consensus is still
missing. In the past years there have been several proposals [101, 102](and ref-
erence therein). In order to summarize let us say that we can always think in-
tegrable quantum models as theories where the evolution is reducible to a two-
particles description. Like non-interacting theories are reducible to single par-
ticle physics, integrable models are a step forward into the realm of interacting
models. The question of determining their full symmetry contents is not merely
academic. As usual in theoretical physics symmetries are extremely helpful to
characterize the system (and to compute physically relevant results in a much
more straightforward way). In particular in this case they help us understand-
ing the non-equilibrium aspects of the model, which is a complicated non-linear
problem.

Extensivity and Mazur’s inequality
We can establish a precise connection between the ergodicity of an operator (i.e.
an observable) in a quantum theory and the conserved charges present in the
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2. Integrability and Bethe Ansatz

system. The way of addressing it is still in some sense related to equilibrium
physics. We consider a lattice quantum system in a certain ensemble of states,
like the canonical ensemble, speci�ed by some density matrix ρ̂. Let us consider
an operator A which is an extensive sum of local operators

Ô �

N∑
j�1

a j , (2.1.16)

where a j is an operator with support on the lattice position j and some �nite
number of its neighbours. For example it could be the spin current operator

Ô � i
N∑

j�1

[
σ+j σ

−

j+1 − σ
−

j σ
+
j+1

]
. (2.1.17)

We perturb the system out of equilibrium by inserting the operator Ô at time
t � 0 and we measure what is the reaction of the system after some time t. We
are therefore interested in the correlation function

〈Ô(t)Ô(0)〉
N

�
1
N

Tr[ρ̂Ô(t)Ô(0)]
Tr[ρ̂] , (2.1.18)

where we included the factor 1
N in order to obtain a �nite number for the corre-

lation function in the thermodynamic limit. If the operator is ergodic the corre-
lation function should oscillate around its average such that

lim
T→∞

1
T

ˆ T

0
dt
〈Ô(t)Ô(0)〉

N
�
〈Ô〉2

N
. (2.1.19)

If it is not ergodic the expectation value relaxes to something that keepsmemory
of the initial conditions at t � 0

lim
T→∞

1
T

ˆ T

0
dt
〈∆Ô(t)∆Ô(0)〉

N
> 0 , (2.1.20)

where we have de�ned ∆Ô � Ô − 〈Ô〉. The Mazur’s inequality [109–111] states
that given a set of mutually orthogonal conserved charges {Qn }

MQ

n�1 in the system,
the long time average of the correlation function is given by

lim
T→∞

1
T

ˆ T

0
dt
〈∆Ô(t)∆Ô(0)〉

N
≥

MQ∑
n�1

|〈(∆Ô)Qn〉|
2

N 〈QnQn〉
, (2.1.21)

where the orthogonality condition corresponds to

〈QnQm〉 � δnm 〈QnQn〉 . (2.1.22)
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2.1. Quantum Integrability and the Bethe wave function

From the �rst equation we understand the relevance of extensivity for a con-
served charge to non-trivially in�uence the ergodicity of an operator. Since the
operator Ô is given by an extensive sum of local operators, its overlap with any
other operators can only be extensive (at least in for all the density matrices ρ̂
that admit cluster decomposition), therefore

|〈(∆Ô)Qn〉|
2
∼ N2 . (2.1.23)

We now see that in order to contribute to a �nite Mazur’s bound, the conserved
charge Qn has to be extensive, namely, when the system size N is large (and the
number of particles M is proportional to it) the expectation value of the charge
is proportional to N

〈QnQn〉 ∼ N . (2.1.24)

This property is clearly valid for the �rst o(N) extensive operators introduced
in (2.1.13), where o(N)/N → 0 for large N . We can indeed take a �at density
matrix ρ̂ � 1 (corresponding to an in�nite temperature Gibbs ensemble) in the
Hilbert spaceH and show that, in a spin basis |σ〉 we have

〈QnQn〉 �
Tr[QnQn]

Tr[1] �
1

dimH

dimH∑
σ

N∑
k�1

N∑
j�1
〈σ | q̂ (n)

j q̂ (n)
k |σ〉 ∝ N . (2.1.25)

The scaling with N is supposed to be the same for more complex density ma-
trices ρ̂. Therefore one would be tempted to say that the �rst o(N) extensive
operators given by (2.1.13) are the ones enforcing integrability in the system,
hence they are the only ones which constrain non-trivially the non-equilibrium
dynamics of local observables.
However recently it has been showed [112–114] that there exist also conserved
charges of the form

Zn �

N∑
j�1

N∑
k�1

z (n)
j,k (2.1.26)

which satisfy (2.1.24) and are therefore extensive . The sum over the index k
now spans a range proportional to the system size N but the norm of the op-
erators z (n)

j,k are proportional to exponential decaying functions in the extent k

z (n)
j,k ∼ e−α(n)k or a power law z (n)

j,k ∼
1

kα(n) . Charges with such a structure are
called quasi-local and how to fully characterize them for a generic integrable
model is still an open question.

In conclusion we have shown that according to Mazur’s inequality only exten-
sive conserved charges, in the sense of (2.1.24), are able to a�ect the ergodicity of
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2. Integrability and Bethe Ansatz

physical operators. The �rst M (where M is the number of particles in the sys-
tem) conserved charges of an integrable system have this property and therefore
are expected to in�uence the out-of-equilibrium physics of the model. However
it is unreasonable to expect that these are the only extensive conserved charges
present in an integrable system and there may be others able to in�uence the
physics of the model.

Extensivity and dynamics far from equilibrium: GGE
Mazur’s inequality gives a necessary condition for a certain local observable to
not fully relax after having been perturbed away from its equilibrium value.
However it is an analysis based on the linear response of a system in equilib-
rium. We are interested however in a full out-of-equilibrium dynamics, as the
one given by a quantum quench. In this case, given an initial state |Ψ0〉 of the
Hamiltonian and given a local operator Ô, we are interested in the long time
limit of its expectation value in the thermodynamic limit

〈Ô〉eq � lim
t→∞

lim
th
〈Ψ0 |e iHt Ôe−iHt

|Ψ0〉 , (2.1.27)

where the order of the two limits cannot (at least in general) be exchanged. In or-
der to study the properties of local operators it is useful to introduce the density
matrix of the problem

ρ̂(t) � |Ψ0(t)〉〈Ψ0(t) | . (2.1.28)

Let us now assume that we are interested only in operators Ô with support in-
side a region C such that its volume is much smaller than the whole system size
|C | � N . Therefore we can consider the reduced density matrix ρ̂C (t)

ρ̂C (t) � TrC̄[ρ̂(t)] , (2.1.29)

where C̄ is the complementary region of C. The time evolution after the quench
of an operator in C it is given by its expectation value on the density matrix
ρ̂C (t) and in particular the long time limit of the expectation values of all the
local operators in C is given by the statistical ensemble

ρ̂eq ,C � lim
t→∞

lim
N→∞

ρ̂C (t) . (2.1.30)

The density matrix ρ̂eq ,C is a local operator since it has support only in C. There-
fore one can argue that it must be in�uenced only by local data of the initial
state |Ψ0〉 (like the energy density for example). The Generalized Gibbs En-
semble (GGE) idea (see section 1.3) is based on the hypothesis that the density
matrix ρ̂eq ,C in the limit of a large volume |C | → ∞ for the region C, is the
one which maximizes the entanglement entropy of the sub-system C, given by
−Tr[ρ̂eq ,C log ρ̂eq ,C] under the constraints of a complete set of local charges [67]
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2.2. Coordinate Bethe ansatz for the Lieb-Liniger model

2 . This is explicit by solving the equation

δ
δρ̂

[−Tr[ρ̂ log ρ̂] − Tr[ρ̂
∑

n

βnQn]���ρ̂eq ,C
� 0 , (2.1.31)

where the set {βn } is the set of Lagrange multipliers enforcing the constraints
given by the local charges Qn . Equation (2.1.31) is solved by

lim
|C |→∞

ρ̂eq ,C �
e−

∑
n βn Qn

Tr[e−
∑

n βn Qn ]
. (2.1.32)

An open question is still how to determine a general criteria to choose the right
set of charges {Qn }n to construct a proper GGE ensemble for any type of quench.
Since the entanglement entropy of the sub-system is expected to grow as N for
large system size (this is usually the case for initial states |Ψ0〉 that are not too
close to the ground state or the most excited state of the system), we can expect
that only an extensive operator Q such that

Tr[ρ̂ Q]
Tr[ρ̂] ∼ N (∀ρ̂ : Tr[ρ̂] < ∞) , (2.1.33)

can represent a non-trivial constraints for the entanglement entropy. Therefore
we can expect that any operator satisfying (2.1.24) has to be included in the GGE
densitymatrix. This is the case of the �rst o(N) operators enforcing integrability
from (2.1.13) but also the quasi-local operators of the form (2.1.26). Themaximal
set of local charges is therefore expected to contain all of them with no known
principle telling us the order of relevance. Only for free models (transverse �eld
Ising model) there have been a proposal to use its degree of locality in space as
a criteria to set the relevance of the conserved charge [67].

A rigorous proof of the validity of the GGE ensemble in free models, after a
quench from any initial state |Ψ0〉 satisfying cluster decomposition, namely such
that, for any operators with �nite support A and B

lim
`→∞

(〈Ψ0 |A(x)B(x + `) |Ψ0〉 − 〈Ψ0 |A(x) |Ψ0〉〈Ψ0 |B(x + `) |Ψ0〉) � 0 , (2.1.34)

has been formulated in [73]. An analogous proof valid for interacting integrable
model has not been found yet.

2.2 CoordinateBethe ansatz for theLieb-Linigermodel
We now introduce one of the most important integrable model (both from the
theoretical and experimental point of view), the Lieb-Liniger model for a gas of

2A complete set of charges {Qn }
M
n�1 is such that given a Bethe state (or also a free-particle state)

|{k j }
M
j�1〉 we can uniquely determine the values of all its quasi-momenta {k j }

M
j�1 by computing the

expectation values of all the charges in the state itself {〈{k j }
M
j�1 |Qn |{k j }

M
j�1〉}

M
n�1.
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2. Integrability and Bethe Ansatz

interacting bosons. The model is diagonalized by Bethe states as in 2.1.8 and the
whole process of �nding its eigenstates is denoted as coordinate Bethe ansatz.

Let us introduce the canonical quantum Bose �eldΨ(x) with canonical equal-
time commutation relations

[Ψ(x),Ψ†(x)] � δ(x − y) , (2.2.1)
[Ψ(x),Ψ(x)] � [Ψ†(x),Ψ†(x)] � 0 . (2.2.2)

With this notation we can introduce the Hamiltonian of a Bose gas with point
contact interaction (for a discussion on the justi�cations for this type of potential
from more realistic potentials see [115,116])

H �

ˆ
dx

(
∂xΨ

†(x)∂xΨ(x) + cΨ†(x)Ψ†(x)Ψ(x)Ψ(x)
)
. (2.2.3)

The number of particles operator Q0 and themomentumoperator P are integrals
of motion and they read as

Q0 �

ˆ
dxΨ†(x)Ψ(x) , (2.2.4)

P � −
i
2

ˆ
dx

(
Ψ†(x)∂xΨ(x) − [∂xΨ

†(x)]Ψ(x)
)
. (2.2.5)

Therefore we can now look for a basis of eigenstates Ψ(x) of H, P and Q0 but
�rst is more convenient to write the Hamiltonian and the momentum operator
in the �rst-quantization form

H � −

N∑
j�1

∂2

∂x2
j

+ 2c
∑

1≤i< j≤N

δ(xi − x j ) , (2.2.6)

P �

N∑
j�1
−i

∂
∂x j

. (2.2.7)

We want to show that the eigesntates of the Hamitonian (2.2.6) are exactly given
by Bethewave functions (2.1.8). Thiswas �rst solved by E.H. Lieb andW. Liniger
in [22]. We shall show theway of addressing the problem for a restricted number
N � 2 of particles. We write the generic eigenstate by devidng the real line into
x1 < x2 and x1 > x2 sectors

Ψ(x1 , x2) � Θ(x2 − x1) f (x1 , x2) +Θ(x1 − x2) f (x2 , x1) , (2.2.8)

where we imposed bosonic symmetry on the wave function and where Θ(x)
denotes the usualHeaviside step function. We now impose a freewave functions
superposition as an ansatz on the function f (x1 , x2). This is clearlymotivated by
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2.2. Coordinate Bethe ansatz for the Lieb-Liniger model

noticing that in the regions x1 < x2 and x2 < x1 the particles are non-interacting

f (x1 , x2) � A12e ix1λ1+ix2λ2 + A21e ix1λ2+ix2λ1 (2.2.9)

We now let the Hamiltonian (2.2.6) acting on this ansatz using ∂xΘ(x) � δ(x)
and f (x)∂xδ(x) � −δ(x)∂x f (x) (valid under integral). For the kinetic part we
obtain

∂2x1Ψ(x1 , x2) � ∂2x1 f (x1 , x2)Θ(x2 − x1) + ∂2x1 f (x2 , x1)Θ(x1 − x2)

− ∂x1 f (x1 , x2)δ(x2 − x1) + ∂x1 f (x2 , x1)Θ(x1 − x2) . (2.2.10)

which leads to

HΨ � (λ2
1+λ

2
2)Ψ+2δ(x1−x2)[c(A12+A21)− i(A12−A21)(λ1−λ2)]e i(λ1+λ2)x1 .

(2.2.11)

ThereforeΨ is an eigenstate if the following constraints on the amplitudesA12 ,A21
is satis�ed

A12
A21

�
i(λ1 − λ2) + c
i(λ1 − λ2) − c

≡ −e iθ(λ1−λ2) , (2.2.12)

where θ(λ1 − λ2) is the phase shift due to the contact interaction. We have then
proved that the eigenstate for 2 particles are given by Bethe wave functions. We
can �nally write the expression for the exact eigenstate at any N as a function of
the N rapidites λ � {λ j }

N
j�1 [106]

Ψ(x |λ) � F[λ]
∑

P

e i
∑N

j�1 x jλPj
∏
j>k

(
1 −

ic sign(x j − xk )
λP j − λPk

)
, (2.2.13)

where

F[λ] �

∏N
j>k�1(λ j − λk )√

N!
∏N

j>k�1[(λ j − λk )2 + c2]
, (2.2.14)

and with the corresponding energy eigenvalue HΨ(λ) � E[λ]Ψ(λ) given by

E[λ] �
N∑

j�1
λ2

j . (2.2.15)

Up to now the rapidities λ have been treated as free parameters. Imposing peri-
odic boundary conditions we obtain a set of constraints for the wave function to
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2. Integrability and Bethe Ansatz

be periodic. These are the Bethe equations, a set of non-linear coupled equations
for the λ

e iλ j L � −

N∏
k�1

λ j − λ j + ic
λ j − λk − c

j � 1, . . .N . (2.2.16)

Taking the logarithm on both the sides of the equations we obtain the Bethe
equations in logarithm form, which allow to �x the values of the rapidites λ
given a set of quantum numbers I � {I j }

N
j�1, integers for N odd and half-integers

for N even

λ j �
2πI j

L
+ 1

L

N∑
k�1

θ(λ j − λk ) j � 1, . . .N . (2.2.17)

These equations manifestly show how the momenta (usually denoted as rapidi-
ties) λ have not to be seen as free momenta. They correspond to free momenta
λ(0)

j �
2πI j

L dressed by the e�ects of the interaction with all the particles in the
ring. The limit c → ∞ or L → ∞ makes the interaction trivial and indeed we
recover the free momenta in those limits (The limit c → ∞ is denoted as Tonk-
Girardeau limit as it was �rst introduced in [117] to study a gas of hard-core
bosons). However the total momentum of the state is independent of the inter-
action and is indeed given by

P �

N∑
j�1
λ j �

N∑
j�1

2πI j

L
. (2.2.18)

C. N. Yang and C. P. Yang proved [118] that there is a one-to-one mapping be-
tween the set of all the choices of mutually distinct quantum numbers in (2.2.17)
and all the Bethe eigenstates of the model. The states where two (or more) ra-
pidities have the same value have a zero wave function and they correspond to
choices of quantum numbers where two (or more) of them are the same.

To summarize, we obtained the exact eigenstates of the Lieb-Liniger Hamilto-
nian (2.2.6). These are given by Bethe wave functions as in (2.1.8) and therefore
the model is integrable (there must be more integral of motions than just mo-
mentum and total number of particles (2.2.4)). The eigenstates (2.2.13) are exact
but their structure is intricate due to the sum over the permutations of N mo-
menta and in order to compute simply their norm, one has to perform a number
N! of integrals. Therefore an alternative approach where the Bethe states can
be written in a second quantization form and some algebraic properties can be
used would be much more useful to compute correlation functions. This will be
the content of the next section.
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2.3. Algebraic Bethe Ansatz

2.3 Algebraic Bethe Ansatz
In the previous section we considered a speci�c model, we wrote down its ex-
act eigenstates that turn out to be given by Bethe wave functions. In general,
given a generic one-dimensional model, it is very hard to establish a priori if
this is diagonalized by Bethe wave functions (2.1.8). The algebraic Bethe ansatz
approaches the problem by doing the reverse process. Given a scattering ma-
trix between two particles with some internal degree of freedom, we build the
corresponding model (Hamiltonians) which supports non-di�ractive scattering
and is diagonalized by Bethe states. Moreover this allows to introduce a sec-
ond quantization formalism for the Bethe states: the non-di�raction condition
is transformed into a set of commutation relations between operators responsi-
ble for particle creation. With such operators we can write down a generic Bethe
state as the action of a product of creation operators over a vacuum state and use
the commutation relations to compute their norms and scalar products.

Let us consider the scattering of two spins S � 1/2 labeled by index a � 1, 2 with
momenta µ and ν. Each spin lives in its Hilbert space Va which for fundamental
spin representation is the space Va � C2. The scattering between the two can
be characterized by a scattering matrix Rab : Va × Vb → Va × Vb whose matrix
elements correspond to the amplitudes associated to each scattering process for
any given con�guration of initial spins | ↑↑〉, | ↑↓〉, | ↓↑〉, | ↓↓〉. We restrict here
to scattering processes that preserve the longitudinal spin Sz such that the most
generic scattering matrix is given by

Ra ,b (µ, ν) �
*...
,

↑↑ ↑↓ ↓↑ ↓↓

↑↑ 1 0 0 0
↑↓ 0 r(µ, ν) t(µ, ν) 0
↓↑ 0 t(µ, ν) r(µ, ν) 0
↓↓ 0 0 0 1

+///
-

×Θ(µ, ν) , (2.3.1)

where we introduced the transmission t and re�ection r coe�cient. Note that
the scattering matrix can be rewritten as a 2× 2 matrix in terms of the Pauli spin
matrices of the two spins τz

a , τ
+
a , τ

−
a where a � 1, 2 is the spin index

Ra ,b (µ, ν) � Θ(µ, ν)
(1 + τz

aτ
z
b

2 + r(λ)
1 − τz

aτ
z
b

2 + t(λ)(τ+a τ
−

b + τ−a τ+b )
)
. (2.3.2)

When adding a third spin in our system we also need to impose non-di�ractive
scattering such that any scattering process has to be a sequence of two-body
scatterings. This is clearly possible only if bymaking di�erent sequences of two-
body collisions we obtain the same �nal scattering amplitude. We can enforce
this consistency relation as a set of constraints on the two-body scattering, namely
on on the matrix Ra ,b . This is set of constraints can be written as the Yang-Baxter
equation for the R−matrix

R1,2(λ, µ)R1,3(λ, ν)R2,3(µ, ν) � R2,3(µ, ν)R1,3(λ, ν)R1,2(λ, µ) . (2.3.3)
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2. Integrability and Bethe Ansatz

This equation tells that in a scattering of three spins it does not matter which
one is the order of the scattering processes since the �nal result is the same. A
solution of this equation is given by the following expression for the coe�cients
given in term of the generic complex parameter η

t(λ, µ) ≡
1

f (λ, µ)
�

sinh(λ − µ)
sinh(λ − µ + η)

, (2.3.4)

r(λ, µ) ≡
g(λ, µ)
f (λ, µ)

�
sinh(η)

sinh(λ − µ + η)
. (2.3.5)

(2.3.6)

where we introduced two new functions f (λ, µ) and g(λ, µ) which will turn
useful later. Note that when one of the two momenta is very large λ → ∞ only
the re�ection coe�cient goes to zero while the transmission amplitude becomes
unitary. The opposite situation we have it when the two momenta are almost
equal, when re�ection is the only relevant process.
Let us now consider not only 2 or 3 spins but an entire spin chain living in the
Hilbert spaceH which is the tensor product of the Hilbert space for each site

H �

N⊗
j�1
Hj , (2.3.7)

whereHj � C2. We impose now a non-di�ractive scattering for all the spins in
the spin chain. The way we do it is simply by injecting an auxiliary spin, which
we can denote as a ghost, in the spin chain and make it interact with the spin in
each lattice position. We impose that the �nal result is a sequence of two-body
scattering of the ghost with each spin in the chain. Let us then introduce the
matrix L j,a : Hj ×Va →Hj ×Va for the scattering of a single external spin with
a generic spin in the chain at position j. We denote with λ the momentum of the
external spin and with {ξ j }

N
j�1 the set of momenta of the spin in the chain 3

L j,a (λ, ξ j ) �
1 + τz

aσ
z
j

2 + r(λ, ξ j )
1 − τz

aσ
z
j

2 + t(λ, ξ j )(τ+a σ
−

j + τ−a σ+j ) , (2.3.8)

where now we use the Pauli matrices σz
j , σ

+
j , σ

−

j for the spin in the lattice posi-
tion j � 1, . . . ,N and τz

a , τ
+
a , τ

−
a for the spin of the ghosts. The matrix L j,a is

called Lax operator. We now impose that the scatteringmatrix of the scattering of
the external spin with all the spins in the chain is simply the product of all the
matrices L j,a . We denote this matrix as the Monodromy matrix

Ta (λ) � LN,a (λ, ξN ) . . .L1,a (λ, ξN ) �
(
A(λ) B(λ)
C(λ) D(λ)

)
. (2.3.9)

3Althoughwe insist calling λ (and ξ j ) as momentum this is not to be intended as freemomentum
and therefore it is not necessarily a real parameter.
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2.3. Algebraic Bethe Ansatz

Each matrix element of the Monodromy matrix is an operator acting on the
whole spin chain and it encodes the scattering of the auxiliary spin through the
entire chain. We can indeed write Ta (λ) as

Ta (λ) �
1
2[A(λ) + D(λ)] + 1

2[A(λ) −D(λ)]τz
a + B(λ)τ+a + C(λ)τ−a , (2.3.10)

from which we can see that B and C are some spin raising/lowering operator
for the spin chain since they correspond to the process of injecting the auxiliary
spin with a certain spin and extracting it with the opposite one. Since this also
corresponds to a spin-�ip somewhere in the chain, by choosing as reference state
as the spin-up ferromagnetic state

|0〉 �
N∏

j�1
| ↑ j〉 , (2.3.11)

we can create state with M spin down in the chain as multiple actions of the
operator B

|{λ j }
M
j�1〉 �

M∏
j�1

B(λ j ) |0〉 , (2.3.12)

〈{λ j }
M
j�1 | � 〈0|

M∏
j�1

C(λ j ) . (2.3.13)

However we still do not have commutation relations between the operators A,
B, C and D and therefore we do not know if the states constructed as in 2.3.12
are eigenstates of themodel. We have imposed that the whole scattering process
given by the Monodromy matrix is a result of two-body scattering but still we
need a consistency relation for each of these scatterings. This translates into a
Yang-Baxter equation for each Lax operator L j,a where now 2 ghost spins are
involved

L j,a (λ−ξ j )L j,b (µ−ξ j )Ra ,b (λ−µ) � Ra ,b (λ−µ)L j,b (µ−ξ j )L j,a (λ−ξ j ) . (2.3.14)

Repeated use of this equation leads to a Yang-Baxter equation for the Mon-
odromy matrix

Ta (λ)Tb (µ) � Ra ,b (λ, µ)Tb (µ)Ta (λ)Ra ,b (λ, µ)−1 . (2.3.15)

By comparing the left and the right hand side of the equation above we get a set
of 16 commutation relations for the operators A, B, C,D. We write here a few of
them while the entire list can be found in [106]

A(µ)B(λ) � f (µ, λ)B(λ)A(µ) + g(λ, µ)B(µ)A(λ) , (2.3.16)
D(µ)B(λ) � f (λ, µ)B(λ)D(µ) + g(µ, λ)B(µ)D(λ) , (2.3.17)
[C(λ, B(µ)] � g(λ, µ)(A(λ)D(µ) − A(µ)D(λ)) . (2.3.18)
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2. Integrability and Bethe Ansatz

Moreover all the operators commute with themselves, for example

[B(µ), B(λ)] � 0 , ∀µ, ν ∈ C . (2.3.19)

Equation (2.3.15) allows also to �nally relate theMonodromymatrix to a physical
model (in the sense of determining the Hamiltonian explicitly). We denote the
Transfer matrix as the trace of the Monodromy matrix over the Hilbert space of
the auxiliary spin

τ(λ) � TrC2 (T (λ)) � A(λ) + D(λ) . (2.3.20)

Taking the trace corresponds to considering periodic boundary conditions for
the auxiliary spin, i.e. we are interested only in the scattering processes where
the auxiliary spin keeps the same direction. Using the cyclic property of the
trace we obtain that transfer matrices with di�erent momenta always commute

[τ(λ), τ(µ)] � 0 ∀λ, µ ∈ C . (2.3.21)

Therefore expanding the transfer matrix (and any function of it) around any
point in λ ∈ C we obtain for each term of the series a conserved quantity. In
particularwe can shift λ → λ−η/2 and choose the point λ � η/2 of the logarithm
of τ(λ) to obtain a set of extensive conserved charges as anticipated in (2.1.13)

Qn � i
(
sinh η

2

)n dn log τ(λ)
dλn

���λ�η/2 . (2.3.22)

In this way, after taking the limit of ξ j → η/2 for any j (which formally cor-
responds to taking the real momentum of each spin in the spin chain to zero),
substituting η → iη where now η � cos−1(∆), we �nd the total momentum P
and the Hamiltonian HXXZ of the XXZ spin chain model directly from the �rst
two conserved charges

P � −Q1 , (2.3.23)

HXXZ � JQ2 �
J
4

N∑
j�1

[
σx

j σ
x
j+1 + σ

y
j σ

y
j+1 + ∆

(
σz

j σ
z
j+1 − 1

) ]
. (2.3.24)

Therefore in order for the spin states (2.3.12) to be eigenstates of theHamiltonian
(2.3.24) they simply have to be eigenstates of the transfer matrix τ(λ). We have

τ(λ) |{λ j }
M
j�1〉 � (A(λ) + D(λ))

M∏
j�1

B(λ j ) |0〉 . (2.3.25)
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2.3. Algebraic Bethe Ansatz

Using the commutation relations obtained from (2.3.15) we obtain

τ(λ) |{λ j }
M
j�1〉 � Λ(λ, {λ j }

N
j�1) |{λ j }

M
j�1〉 (2.3.26)

−

M∑
l�1

g(λl , λ)a(λl )
M∏

j�1, j,l

f (λ j , λl )B(λ j )B(λ) |0〉 (2.3.27)

−

M∑
l�1

g(λl , λ)d(λl )
M∏

j�1, j,l

f (λ j , λl )B(λ j )B(λ) |0〉 , (2.3.28)

Λ(λ, {λ j }
M
j�1) � a(λ)

M∏
j�1

f (λ j , λ) + d(λ)
M∏
j�1

f (λ j , λ) , (2.3.29)

where we introduced the eigenvalues of the reference state a(λ) |0〉 � A(λ) |0〉
and d(λ) |0〉 � D(λ) |0〉 which can be obtained by applying the Monodromyma-
trix on the reference state (2.3.11)

a(λ) � 1 (2.3.30)
d(λ) � t(λ)N . (2.3.31)

All what we need to have in order for the states |{λ j }
M
j�1〉 to be eigenstates is to

set the unwanted parts in (2.3.26) to zero, namely imposing the following

g(λl , λ)a(λl )
M∏

j�1, j,l

f (λ j , λl ) + g(λl , λ)d(λl )
M∏

j�1, j,l

f (λ j , λl ) � 0 , (2.3.32)

for any l � 1, . . . ,M. This translates into a set of non-linear constraints for the
momenta {λ j }

M
j�1, the so-called Bethe equations

d(λ j )
a(λ j )

� −

M∏
l�1

f (λl , λ j )
f (λ j , λl )

j � 1, . . . ,M . (2.3.33)

Whenever the set of momenta (or rapidities) {λ j }
M
j�1 satisfy the constraints (6.1.1)

the state (2.3.12) is an eigenstate of the XXZ model with energy given by

E[{λ j }
M
j�1] � J

√

∆2 − 1
2

d
dλ

logΛ(λ, {λ j }
M
j�1)���λ�iη/2

. (2.3.34)

To summarize, given a generic scatteringmatrixRa ,b (µ, ν) of a systemwith only
two-body scattering we have found a way to write down its Hamiltonian and
eigenstates. Not only, we have also wrote down a second quantization version of
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2. Integrability and Bethe Ansatz

the coordinate Bethe ansatz which turns to be much more handy when comput-
ing norms and scalar products between them. Di�erent solutions of the Yang-
Baxter equation for the scatteringmatrix (2.3.3) lead to di�erent integrable mod-
els. For the purposes of this thesis the XXZ model is already good enough as a
playground for many physical applications. The system indeed is truly interact-
ing (its eigenstates contain bound states), it exhibits quantum phase transitions
since it has a critical regime when |∆| ≤ 1 and its zero-density limit (N → ∞
with M �xed) when ∆ → −1 [107] is the Lieb-Liniger model introduced in sec-
tion 2.2.

Moreover we obtained a set of independent conserved charges by taking the co-
e�cients of the expansion of the logarithm of the transfer matrix (2.3.22) around
the point λ � iη/2. However it is not clear if this �xes all the conserved charges
of the system or if we can construct from τ other conserved operators that are
also physically relevant.

2.3.1 Solution of the quantum inverse problem

Now that we have a handy way to write down all the eigesntates and the spec-
trum of the model we would like to do the next step which is addressing the
matrix elements of physical operators between the eigesntates. These form factors
indeed are the building blocks of any correlation function we can be interested
in. In order to obtain them we need to establish a mapping between the spin
operators, σz

j , σ
+
j , σ

−

j at any lattice position j with the operators A, B, C,D. The
problem is easily solved by following [119], �rst noticing that due to (2.3.23) the
transfer matrix is also the shift operator τ(ξ � iη/2) � e−iP , then from (2.3.9) we
obtain

(
A(ξ) B(ξ)
C(ξ) D(ξ)

)
� *

,

1+σz
1

2 σ−1
σ+1

1−σz
1

2

+
-

(A(ξ) + D(ξ)) , (2.3.35)

and using the translation operator (e−iP ) j−1 � (A(ξ) + D(ξ)) j−1 for all the other
sites we obtain

σz
j � [A(ξ) + D(ξ)] j−1(A(ξ) − D(ξ))[A(ξ) + D(ξ)]N− j , (2.3.36)

σ−j � [A(ξ) + D(ξ)] j−1B(ξ)[A(ξ) + D(ξ)]N− j , (2.3.37)

σ+j � [A(ξ) + D(ξ)] j−1C(ξ)[A(ξ) + D(ξ)]N− j , (2.3.38)

Here we used the homogeneous chain, when the limit ξ j → ξ � iη/2 is already
taken. The same problem can also be solved in the inhomogeneous case leading
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to [120]

σz
j �

j−1∏
k�1

[A(ξk ) + D(ξk )](A(ξ j ) − D(ξ j ))
N∏

k� j+1
[A(ξk ) + D(ξk )] , (2.3.39)

σ−j �

j−1∏
k�1

[A(ξk ) + D(ξk )]B(ξ j )
N∏

k� j+1
[A(ξk ) + D(ξk )] , (2.3.40)

σ+j �

j−1∏
k�1

[A(ξk ) + D(ξk )]C(ξ j )
N∏

k� j+1
[A(ξk ) + D(ξk )] . (2.3.41)

From these relations all the local operators can be reproduced and the action on
a Bethe state (2.3.12) becomes a new Bethe state where one or more rapidites are
exchanged with the anisotropy parameter ξ. Therefore now we only need an
expression for the scalar products between two generic states (2.3.12).

2.3.2 Scalar products and norms
With the new second quantization-like rewriting of the Bethe states (2.3.12) and
the commutation relations (2.3.16) we are �nally in position of computing scalar
products between Bethe states. The algebraic structure indeed allows us to avoid
the enormous complexity of computing (N!)2 integrals as an overlap between
coordinate Bethe ansatz wave functions would require.
The �nal formula for the scalar product between two states (2.3.12) where the
right state is a on-shell Bethe state 4 reads as

S[{λ j }
M
j�1 , {µ j }

M
j�1] � 〈0|

M∏
j�1
C(µ j )

M∏
j�1
B(λ j ) |0〉

�

detMi , j�1 Hi j∏
1≤i< j≤M sinh(λi − λ j )

∏
1≤i< j≤M sinh(µ j − µi )

,

(2.3.42)

Hi j �
sinh(iη)

sinh(λi − µ j )
*
,

r(µ j )
∏
l,i

sinh(λl − µ j + iη) −
∏
l,i

sinh(λl − µ j − iη)+
-
,

(2.3.43)

where C(µ) � C(µ)/a(µ) and B(µ) � C(µ)/d(µ). This fundamental result was
�rst discovered by N. Slavnov in [121]. There the expression is proved to be true

4 The Bethe state
∏M

j�1 B(λ j ) |0〉 is an on-shell Bethe statewhen the set of rapidities {λ j }
M
j�1 satis�es

the Bethe equations (6.1.1).
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by induction. The main necessary ingredient is the study of the poles that the
function S[{λ j }

M
j�1 , {µ j }

M
j�1] has when one rapidity from the the left state coin-

cides with one from the the right state λi → µ j for any i , j � 1, . . . ,M. We
can see this by noticing that when we move a single C(λM ) to the right in or-
der to annihilate the vaccum we have to exchange it with all the B(µ j ), which
generates, according to their commutation relation (2.3.16), a factor g(λM , µ j ) �
sinh(iη)/(sinh(λM − µ j )) for each operator B(µ j ). Then we are left with the op-
erators A and D that have to be shifted respectively to the left and to the right.
Taking the most singular term of this �nal expression we obtain an expression
for the residues of the function S[{λ j }

M
j�1 , {µ j }

M
j�1]

lim
λ j→µM

sinh(λ j − µM )S[{λ j }
M
j�1 , {µ j }

M
j�1] � sinh η

(∏
k, j

f (λ j , λk )
M−1∏
k�1

f (µk , µM )

−

∏
k, j

f (λk , λ j )
M−1∏
k�1

f (µM , µk )
)
× S[{λi }

M
i�1,i, j , {µi }

M−1
i�1 ] (2.3.44)

Formula (2.3.42) is therefore �xed as the the function S[{λ j }
M
j�1 , {µ j }

M
j�1] with all

its residues given by (2.3.44).

Clearly we are now in position to take the limit µ j → λ j of expression (2.3.42)
for any j � 1, . . . ,M and obtain the norm of the state

| |{λ j }
M
j�1 | |

2
� lim
{λ j→µ j }

S[{λ j }
M
j�1 , {µ j }

M
j�1]

� sinh(iη)M
M∏
j,k

sinh(λ j − λk + iη)
sinh(λ j − λk )

M
det
i , j�1
Φi j , (2.3.45)

Φi j � −
∂
∂λ j

log *
,

a(λi )
d(λi )

M∏
k,i

f (λk , λi )
f (λi , λk )

+
-
. (2.3.46)

The matrix Φi j is called the Gaudin matrix since the expression for the norm
(2.3.45) was �rst conjectured by M. Gaudin in [122]. Then V. Korepin proved
it in 1982 with the recently developed algebraic Bethe ansatz [123].
The norm of the Lieb-Liniger wave function (2.2.13) can also be computed in this
framework, leading to

| |Ψ(x |λ) | |2 �
N
det
i j�1

Gi j , (2.3.47)

where the Gaudin matrix for the Lieb-Liniger is given by

Gi j � δi j *
,
L +

N∑
k�1

K(λi , λk )+
-
− K(λi , λ j ) , (2.3.48)
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with the scattering kernel K(λ, µ) � 2c
c2+(λ−µ)2 .

2.4 A lattice statistical model: the 6-vertex model
In the last section we showed how to de�ne an integrable model like the XXZ
spin chain by choosing a scattering matrix between two auxiliary spins which
satis�es the Yang-Baxter equation. With the same criteria we introduced the Lax
operators for the scattering of the auxiliary spinswith each spin in the chain. The
product of all the lax operators across the chain de�nes the transfer matrix. We
shall now see how the scattering matrix can be equivalently de�ned for a statis-
tical model on a N ×L lattice, where N corresponds to the number of sites in the
original spin chain.
We consider a lattice such that each bond has a degree of freedom that can as-
sume two values. This can be graphically represented by arrows pointing to-
wards each vertex of the lattice. If we restrict to the con�gurations where the
number of incoming arrows in each vertex is the same as the outgoing ones, then
there is a total number of six con�gurations for the arrows around each vertex.
If to any con�guration is associated a Boltzmann weight {w j � e−βε j }

6
j�1, then

the partition function is the sum over all the possible con�gurations of arrows
on bonds n �

∑6
j�1 n j

Z �

∑
{nl }

exp *.
,
−β

6∑
j�1
ε j n j

+/
-
, (2.4.1)

where {nl } are the number of vertices of type l in the system. By imposing period
boundary conditions we have n5 � n6 and the symmetry under simultaneous
reversal of all the arrows leads to n1 � n2 and n3 � n4. With such conditions
we can write the partition function as a sum over all the con�gurations on the
columns of the lattice

Z �

N∑
r�1

∑
{ml }

am1+m+2bm3+m4 cm5+m6 , (2.4.2)

where a � w1 � w2, b � w3 � w4, c � w5 � w6. This can be rewritten by
considering the con�gurations on the left and on the right of each column m

Z �

∑
γ1

. . .
∑
γN

Tγ2
γ1T

γ3
γ2 . . . T

γ1
γM � Tr T M , (2.4.3)

where T β
α is a 2L

× 2L matrix with elements given by the sum over all the con-
�gurations of vertices compatible with the left and right con�gurations, α and
β

T β
α �

∑
[α,β]

am1+m2bm3+m4 cm5+m6 . (2.4.4)
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This relation can be written equivalently by introducing a scattering matrix R
of the lattice model which turns to be the same as the one in (2.3.1) for the XXZ
spin chain

T β
α (u) �

∑
γ1

. . .
∑
γL

R
γ2β1
γ1α1 (u − u1)Rγ3β2γ2α2 (u − u2) . . .Rγ1βL

γLαL (u − uL) , (2.4.5)

where the parameters {u j }
L
j�1 are related to the Boltzmannweights a , b , c in each

vertex. The matrix T β
α is the so called Quantum Transfer Matrix of the XXZ spin

chain. We shall be careful to not confusing it with the transfer matrix introduced
in (2.3.20) which is obtained by taking raw-to-raw products of the scatteringma-
trix

τ
β
α (λ) �

∑
γ1

. . .
∑
γN

R
γ2β1
γ1α1 (λ − ξ1)Rγ3β2γ2α2 (λ − ξ2) . . .Rγ1βN

γNαN (λ − ξN ) . (2.4.6)

It is obvious that the partition function of the 6-vertex model can be written also
in terms of the matrix τβα as

Z � Tr τL . (2.4.7)

The 6-vertexmodel is physically interesting partly because its direct connections
with the XXZ spin chain and also because its applications to statistical mechan-
ics. It is a member of the ice-type models which is a family of vertex models
originally introduced by Linus Pauling in 1935 to account for the residual en-
tropy of water ice. However we here limit ourselves to show how the Quantum
Transfer Matrix introduced in (2.4.5) can be used to compute exact thermody-
namic properties of the XXZ spin chain (See [124] for an introductory review on
the topic).

2.4.1 Quantum Transfer Matrix approach at �nite temperature
From equation (2.3.22) we can write down an expansion of the transfer matrix
around the point λ � iη/2 with the conserved charges of the model. Therefore
in the large N limit we have

τ(iη/2 + λ) ∼ e−iP+iλ 2
sinh η H . (2.4.8)

We can then write the partition function of a �nite temperature XXZ spin chain
with a number N of sizes as

Tr
(
e−βH

)
� lim

L→∞
ZL,N , (2.4.9)

where

ZL,N � Tr
(
τ(iη/2 + iκ)τ†(iη/2 − iκ)

)L/2
, (2.4.10)

40



2.4. A lattice statistical model: the 6-vertex model

where κ �
sinh(η)

2
β
L . It is now convenient to interpret this equation as the partition

function of a 6-vertexmodel andmove to theQuantumTransferMatrix obtained
by taking column-to-columnmultiplications of the scattering matrix. With such
an object we can write

ZL,N � Tr T N . (2.4.11)

In the thermodynamic limit N → ∞ only the largest eigenvalue Λ̄max of the
matrix T determines the trace, therefore we can write the free energy per site f
in the thermodynamic limit as the in�nite L limit of the largest eigenvalue

f �
−1
β

lim
L→∞

log Λ̄max(κ) . (2.4.12)

TheQuantumTransferMatrix T is diagonalizedwith the algebraic Bethe ansatz,
analogously to the transfer matrix τ. We introduce a reference state |Ω〉 such
that C |Ω〉 � 0 from where any state is built with multiple applications of B op-
erators, where B and C are now acting on the auxiliary space of the spin chain
instead that on the spin chain itself (or equivalently on each column of the 6-
vertex model). The expression for the eigenvalues is then equivalent to the one
in equation (2.3.29)

λ(v) ≡ Λ̄(iu |{λ}Lj�1) � α(iv)
L∏

j�1
f (λ j − iv) + β(iv)

L∏
j�1

f (iv − λ j ) , (2.4.13)

where we consider the eigenvalues of the states with L particles
∏L

j�1 B(λ j ) |Ω〉
and such that

f (v) �
sinh(v − iη)

sinh(v)
, (2.4.14)

α(v) �
(

sinh(v − iκ)
sinh(v − iκ + iη)

)L/2

, (2.4.15)

β(v) �
(

sinh(v + iκ)
sinh(v + iκ − iη)

)L/2

. (2.4.16)

Moreover, in order for the state
∏L

j�1 B(λ j ) |Ω〉 to be an eigenstate of the Quan-
tum Transfer Matrix with eigenvalue Λ̄(u |{λ}Lj�1) the rapidities have to satisfy
the Bethe equations, which can be written as

a(λ j ) � −1 ∀j � 1, . . . , L , (2.4.17)

a(v) �
φ(v − iη/2)
φ(v + iη/2)

Q(v + iη)
Q(v − iη)

, (2.4.18)
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2. Integrability and Bethe Ansatz

with φ(v) � (sinh(v− iη/2+ iκ) sinh(v+ iη/2− iκ))L/2 and Q(v) �
∏L

j�1 sinh(v−
λ j ). In the limit L → ∞ the Bethe roots remain discrete and have an accumu-
lation point at the origin of the complex plane. Introducing a contour integral¸
C

dw around the real axis we can include all of them for any L. This allows to
write down an integral equation for the function a(v)

loga(v) �
L
2 log

sinh(v − iκ) sinh(v + iη + iκ)
sinh(v + iκ) sinh(v + iη − iκ)

−

˛
C

dw K(u−w) log(1+a(w)) ,

(2.4.19)

where K(u) �
1
2π

sinh(2η)
cosh(2u)−cos(η) . In this equation the limit L → ∞ can be �nally

taken for the driving term, leading to a �nal integral equation

loga(v) � βε0(v + iη/2) −
˛
C

dw K(u − w) log(1 + a(w)) , (2.4.20)

with ε0(u) � 2 sin(η)2

cosh(2u)−cos(η) . This equation, together with the one expressing the
eigenvalue in terms of the function a(v)

log λ(v) � −
1

2πi

˛
C

dw
d

dv
log

[
sinh(v − w)

sinh(v − w − iη)

]
log(1+ loga(w)) , (2.4.21)

can be solved numerically with arbitrary precision (the contour C can be moved
on the two imaginary lines =(w) � ±η/2) leading to an exact expression for the
free energy at �nite temperature of the XXZ model.

TheQuantumTransferMatrix approach allows to determine the free energy and
all other thermodynamic properties of the XXZ chain (specif heat, magnetic sus-
ceptibility, thermal conductivity etc.) without solving the Bethe equations. On
the other hand it does not provide a direct way to compute correlation functions
(except for simple static next-neighbors spin-spin correlation) and its physical in-
terpretation is quite obscure. That is the reasonwhy in chapter 4 wewill address
again the thermodynamic limit of integrable models with a di�erent approach,
focusing on the thermodynamic limit of the Bethe eigenstates. Although this
treatment leads usually to less exact results, on the other hand it is easier to gen-
eralize to out-of-equilibrium situations and provides amore intuitive path to the
computation of the dynamical correlation functions.
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CHAPTER 3

Overlaps in integrable models

If there is no God, everything is
permitted.

Ivan Karamazov in The Brothers
Karamazov,

F. Dostoyevsky

In the previous chapter we introduced the algebraic Bethe Ansatz which pro-
vides handy expressions for the scalar products between di�erent Bethe states.
This is exactly what we need to study the properties of the system at equilibrium
(correlation functions of the ground state or of thermal states) but in order to ad-
dress out-of-equilibrium dynamics we need the overlaps between eigenstates of
di�erent Hamiltonians. For example we may consider the ground state of the
Lieb-Liniger model with a certain coupling constant c0 and study the behavior
of physical observables when this is let evolve under the same Hamiltonian but
with a di�erent coupling constant c , c0. Given the eigenstates of the latter
Hamiltonian parametrized by the rapidities λ � {λ j }

N
j�1 and the initial state, we

need to have an expression for their overlaps

〈λ |Ψ0〉 � e−SΨ0λ (3.0.1)

where SΨ0
λ is a non-trivial function of all the rapidites in the state. The knowledge

of this function, combinedwith thematrix elements of local operators computed
in the previous chapter allows to extract the time evolution of the expectation
values of physical quantities

〈Ô(t)〉 �
∑
λ

∑
µ

e−SΨ0λ e−(SΨ0 )∗µ 〈λ |Ô |µ〉e−it(E[µ]−E[λ]) . (3.0.2)

Overlaps as the one in equation (3.0.1) are not provided by the algebra of the cre-
ation/annihilation operators in (2.3.16) which involves only operators A, B, C,D
within the same model. In models which are mappable to free fermion (or bo-
son) as the transverse �eld Ising or the XY model, one can introduce generic
creation/annihilation operators for each mode {ak , a†k }k for any values of the
parameters in the Hamiltonian of the spin model. The mapping between dif-
ferent Hamiltonians corresponds to a Bogoliubov transformation {ak , a†k }k →
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3. Overlaps in integrable models

{a′k , a
†

k
′
}k [63].Therefore any initial state obtained by quenching the parameter

in the Hamiltonian takes the form of a coherent state

|Ψ0〉 ∼ e−
∑

k S(k)a†
−k
′a†k
′

|0〉 . (3.0.3)

where |0〉 is the vacuumof the post-quench theory. However in interactingmod-
els it is not possible to �nd an equivalent form for the initial states using the oper-
ators A, B, C,D whose algebra depends on the coupling. The mapping between
operators with di�erent coupling constants is not known up to now. Moreover,
since the study of out-of-equilibrium is quite recent and since the problem is
a highly non trivial task, it has been poorly addressed in the whole history of
integrable models. We provide here two cases where the overlaps can be com-
puted exactly for two di�erent models. In the Lieb-Liniger model we compute
the overlap of its eigenstate with the ground state of the free theory, namely a
Bose-Einstein condensate (section 3.1) while for the XXZ spin chain we obtain
the overlap with the Néel state, corresponding to the ground state of the Ising
model (section 3.2).

This chapter is based on the results published in [1–3].

3.1 The BEC to Lieb-Liniger overlap
We want to perform an interaction quench in the Lieb-Liniger model, namely
we want to switch suddenly the interaction parameter c ≥ 0 in the system intro-
duced in Chapter 2 with Hamiltonian

H � −

N∑
j�1

∂2

∂x2
j

+ 2c
∑

1≤i< j≤N

δ(xi − x j ) . (3.1.1)

The simplest initial state we can think of is the ground state of a N-body free
bosonic state. This is the so-called Bose Einstein Condensate (BEC) state |BEC〉
and it is described, in a ring of circumference [0, L] by the maximally �at wave
function of N variables x � {x j }

N
j�1

〈x |BEC〉 � Ψ0(x) �
1

LN/2 . (3.1.2)

The overlap of a Lieb-Liniger Bethe statewith the BEC state is simply the integral
of the Bethe wave function

〈Ψ0 |λ〉 �
1

LN/2
1

detG1/2
i j

[ N∏
j�1

ˆ L

0
dx j

]
Ψ (x|λ) , (3.1.3)
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3.1. The BEC to Lieb-Liniger overlap

where the Bethe wave function for the Lieb-Liniger model has been introduced
in section 2.2

Ψ (x|λ) �

∏N
j>k�1(λ j − λk )√

N!
∏N

j>k�1(λ j − λk )2 + c2

∑
P∈SN

N∏
j�1

e iλPj x j
N∏

j>k�1

(
1−

ic sgn(x j − xk )
λP j − λPk

)
.

(3.1.4)

Whenwe impose periodic boundary conditions in [0, L] the rapidities satisfy the
Bethe equations and the norm is given by the Gaudin determinant (see (2.3.47)
),

detGi j �
N
det
i , j�1


δi j *

,
L +

N∑
k�1

K(λi − λk )+
-
− K(λi − λ j )


K(λ) �

2c
λ2 + c2

. (3.1.5)

The integral in (3.1.3) is not hard to perform but the sum over all the permuta-
tions of the rapidites {λ j }

N
j�1 makes it impossible to have an analytical or numer-

ical evaluation when N > 6. The aim is clearly to try to understand as much as
possible from the structure of the integral for a small number of particles and
then hoping that this is enough to formulate a guess for the generic overlap.
Using the bosonic symmetry in the particle positions {x j } of (3.1.4) we can move
the integration domain to the so called principal domain P ∈ R : 0 < x1 < x2 <
. . . < xN < L

〈Ψ0 |λ〉 �
N!

LN/2
1

detG1/2
i j

ˆ
P

dx Ψ (x|λ)

�
N!

LN/2
1

detG1/2
i j

∏N
j>k�1(λ j − λk )√

N!
∏N

j>k�1(λ j − λk )2 + c2

×

∑
P∈SN

(
1 − ic

λP j − λPk

) ˆ
P

dx
N∏

j�1
e iλPj x j . (3.1.6)

We are now left with the computation of the product of plane waves in the prin-
cipal domain. This has been �rst computed in [125], under the condition that
the set {Λi j |1≥i< j≥N } does not contain any zero with

Λi j �

j∑
p�i

λp (3.1.7)

Then in this case we have
ˆ
P

dx
N∏

j�1
e iλPj x j

� iN *.
,

N∑
j�1

(−1) j e iL
∑N

i�N− j+1 λi 1
a j b j

+ 1
a0b0

+/
-
, (3.1.8)
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where

a j �

j∏
p�1

N−p+1∑
i�N− j+1

λi , b j �

N−1∏
p� j

N− j∑
i�N−p

λi . (3.1.9)

Unfortunately this expression vanishes once is inserted in (3.1.6) and the rapidi-
ties λ are constrained by the Bethe equations

e iLλ j � −

N∏
k�1

λ j − λk + ic
λ j − λk − ic

. (3.1.10)

The di�erence between an o�-shellBethe state, with generic rapidities {λ j }
N
j�1 and

an on-shell one, with all its rapidities satisfying Bethe equations (3.1.10) is a key
point to compute scalar products between Bethe wave functions. We can take as
an example the norm of the generic Bethe wave function, which for a generic set
of rapidities is also a very complicated expression in terms of a huge sumover the
permutations of the rapidites. However if one constraint the rapidities to satisfy
Bethe equations the sum over N! permutations reduces to a single determinant
with a well de�ned and simple structure. The same is expected to be true for
the integral of the wave function itself, which is some kind of half-norm. In this
case the �rst observation that one has to make is that the Bethe equations force
the Bethe state to be a parity invariant state, namely for each rapidity λ j in the
state there must exist also its opposite one −λ j . States with di�erent choices of
rapidites have the integral of their wave function equal to zero. Therefore the
important Bethe states to reproduce the BEC state do not fall in the hypothesis
of the formula (3.1.8) and this cannot be used to compute the overlaps. The proof
of this argument will be given in the next sections via a di�erent approach but
we use the conserved charges as a �rst rough argument. We can indeed show
that all the odd conserved charges of themodel (namely the charges that have an
odd charge density q2m+1(−x) � −q2m+1(x)) have a vanishing expectation value
on the BEC state

〈BEC|Q2m+1 |BEC〉 � 0 . (3.1.11)

Inserting two resolutions of identitywith Bethe states and using that Bethe states
are eigenvectors of the charge Qm with eigenvalue

∑N
j�1 λ

m
j we can express the

expectation value of the charges also as

〈BEC|Q2m+1 |BEC〉 � 0 �

∑
{λ}

���〈Ψ0 |λ〉
���
2 *.

,

N∑
j�1
λ2m+1

j
+/
-
. (3.1.12)

This relation has to be true for all m ≥ 0 (the charge Q1 corresponds to the total
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3.1. The BEC to Lieb-Liniger overlap

momentum operator) and therefore states such that

N∑
j�1
λ2m+1

j , 0 (3.1.13)

for some m cannot be included in the sum, i.e. they must have a vanishing over-
lap 〈Ψ0 |λ〉 � 0. Since the set of polynomials {λm

}m is complete we can conclude
that the conserved charges leads to new selection rules (more than momentum
and energy conservation) for the post-quench states and in particular they con-
straint the post-BEC-quench time evolution in the parity invariant sector if the
Hilbert space.

Now that we are aware that only parity invariant Bethe states are relevant still it
is not clear how to impose the Bethe equations for the rapidities {λ j ,−λ j }

N/2
j�1 in

the overlap expression (3.1.6). However, all these di�culties are overcome in the
limit L → ∞ with �xed N . In this limit the Bethe equations become trivial and
are satis�ed for any values of the rapidities λ j ∈ R. Let us consider the function
I(L), which is the not normalized overlap as a function of the system size L, and
its Laplace transform in L

I(L) �
ˆ
PD[0,L]

Ψ (x|λ) dN x , Î(s) �
ˆ
∞

0
e−sLI(L) dL . (3.1.14)

Due to the properties of the Laplace transform we obtain [125]

Î(s) �

N∏
j>k�1

(λ j − λk )√
N!

N∏
j>k�1

(
(λ j − λk )2 + c2

)

×

∑
P∈SN

N∏
j>k�1

(
1 − ic

λP j − λPk

) *.....
,

N∏
j�1

1

s − i
N∑

k� j
λPk

+/////
-

. (3.1.15)

To recover the function I(L) we need to perform the inverse Laplace transform
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which eventually reduces to the sum over all residues in the complex plane

I(L) �
∑
res

Res
(
e sL Î(s)

)

�

N∏
j>k�1

(λ j − λk )√
N!

N∏
j>k�1

(
(λ j − λk )2 + c2

)
×

∑
P∈SN

N∏
j>k�1

(
1 − ic

λP j − λPk

) ∑
res

Res *.
,

e sL

s

N∏
j�1

1
s − i

∑N
k� j λPk

+/
-
.

(3.1.16)

Since we are interested in the limit L →∞we have to isolate the leading term in
L. The highest order in L is carried by the pole at s � 0 which is of order N/2 + 1
if and only if the permutation P ∈ SN only exchanges pairs and their signs, for
example

{λ1 ,−λ1 , . . . , λ j ,−λ j , . . . , λk ,−λk , . . . , λN/2 ,−λN/2}

7→ {λ1 ,−λ1 , . . . ,−λk , λk , . . . , λ j ,−λ j , . . . , λN/2 ,−λN/2} .

In this case when j is odd
N∑

k� j
λPk � −(−1)

σP̃ j λP̃ j
, where P̃ ∈ SN/2 describes the

permutation of pairs (λ j ,−λ j ) and σ j encodes whether the pair is interchanged
or not: σ j � 0, 1 for (λ j ,−λ j ) 7→ (±λ j ,∓λ j ), respectively. Hence,

Res *.
,

e sL

s

N∏
j�1

1
s − i

∑N
k� j λPk

+/
-s�0
� Res *.

,

e sL

sN/2+1

N/2∏
j�1

1
s + i(−1)σ jλ j

+/
-s�0

�
LN/2

(N/2)!

N/2∏
j�1

1
i(−1)σ jλ j

(
1 + O(1/L)

)
, (3.1.17)

where as before λ j , j � 1, . . . ,N/2, denotes only the positive rapidity of the
pair (λ j ,−λ j ). The double product which depends on the permutation P can be
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3.1. The BEC to Lieb-Liniger overlap

written as
N∏

j>k�1

(
1 − ic

λP j − λPk

)

�

N/2∏
j>k�1

(λP̃ j
− λP̃k

)2 + c2

(λP̃ j
− λP̃k

)2
(λP̃ j

+ λP̃k
)2 + c2

(λP̃ j
+ λP̃k

)2
×

N/2∏
j�1

(
1 + (−1)σ j

ic
2λ j

)

�

N/2∏
j>k�1

(λ j − λk )2 + c2

(λ j − λk )2
(λ j + λk )2 + c2

(λ j + λk )2
×

N/2∏
j�1

(
1 + (−1)σ j

ic
2λ j

)
.

The �rst factors cancel completely with the prefactor in the wave function, and
the sum over the permutations of the pairs gives a factor (N/2)! since nothing
depends upon P̃ anymore. Only the sum over the 2N/2 sign exchanges survives:

I(L) �
LN/2
√

N!

N/2∏
j�1

(−2λ j )√
N/2∏
j�1

(
(2λ j )2 + c2

) ∑
{σ j }

N∏
j�1

1 + (−1)σ j ic
2λ j

(−1)σ j iλ j

�
(−2L)N/2
√

N!

N/2∏
j�1
λ j√

N/2∏
j�1

(
4λ2

j + c2
) N/2∏

j�1

∑
σ j�0,1

(−1)σ j + ic
2λ j

iλ j

�
(−L/c)N/2
√

N!
1

N/2∏
j�1

λ j
c

√
1
4 +

λ2
j

c2

. (3.1.18)

Eventually, we obtain for the overlap of the BEC state with a normalized parity
invariant Bethe state, denoted by |{λ j ,−λ j }

N/2
j�1 〉 in the limit L →∞ up to a trivial

sign factor

〈{λ j ,−λ j }
N/2
j�1 |0〉 �

√
(cL)−N N!

N/2∏
j�1

λ j
c

√
1
4 +

λ2
j

c2

(
1 + O(1/L)

)
. (3.1.19)

3.1.1 Derivation of the exact overlap formula for N � 2
In order to obtain a computationally e�cient expression for the overlaps we �rst
need to impose the Bethe equations. The method of the inverse Laplace trans-
form is useful since, besides providing quite easily the zero-density part of the
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overlaps, it also allows to isolate all the phases which depend on the system size
as e iLλk where the Bethe constraints

e iLλ j � −

N∏
k�1

λ j − λk + ic
λ j − λk − ic

. (3.1.20)

can be imposed. Indeed from the expression in terms of the sumover the residues

IN (L) �

∏N
j>k�1(λ j − λk )√

N!
∏N

j>k�1((λ j − λk )2 + c2)
(3.1.21)

×

∑
P∈SN

N∏
j>k�1

(
1 − ic

λP j − λPk

) ∑
res

Res *.
,

e sL

s

N∏
j�1

1
s − i

∑N
k� j λPk

+/
-
, (3.1.22)

we can isolate each pole in the s plane as s � iλ1 , s � iλ2 , . . . which carries the
factor e iLλ1 , e iLλ2 , . . ., respectively. Then we plug in the Bethe conditions and
sum over all permutations. With this technique we could compute analytical
results up to N � 6 by means of Mathematica. We show here how the process
works for N � 2. In this case there is only one independent rapidity for a parity
invariant Bethe state λ � {λ,−λ}. Up to a trivial sign factor we have

I2(L) �
2λ√

2(4λ2 + c2)
Res

[
eLs (c + 2s)
s2(s2 + λ2)

]
(3.1.23)

�
2λ√

2(4λ2 + c2)

[
−

(2λ − ic)e iλL

2λ3 −
(2λ + ic)e−iλL

2λ3 + cL + 2
λ2

]
. (3.1.24)

Now we insert the Bethe condition e iLλ �
2λ+ic
2λ−ic for the rapidity λ, and �nally

obtain

I2(L) �
√
2 cL

λ
√

(4λ2 + c2)
, (3.1.25)

which leads to the overlap function for N � 2,

〈λ,−λ |0〉 � 2 I2(L)√
L2 detG jk

�

√
2/c

λ
c

√
λ2

c2 + 1
4

1√
detG jk

. (3.1.26)

3.1.2 The exact overlap formula
One can follow the approach used for N � 2 for the more complex case of N � 4.
In this case the e�ect of inserting the Bethe equations in the formula has to be
computed with the help of Mathematica due to the computational complexity
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3.1. The BEC to Lieb-Liniger overlap

of the sum over 4! permutations. Using then the fact that the overlap is not more
than just the integral of thewave function one can expect that on-shell expression
will be of the form of a determinant of a Gaudin-like matrix (5.2.9). This indeed
proved to be the case and the �rst guess for the overlap with a generic number
of N particles in system size L is given by

〈{λ j ,−λ j }
N/2
j�1 |0〉 �

√
(cL)−N N!

N/2∏
j�1

λ j

c

√
λ2

j

c2
+ 1
4

detN/2j,k�1 GQ
jk√

detNj,k�1 G jk

. (3.1.27)

where we denotedwith |λ,−λ〉 a parity invariant Bethe state |{λ j ,−λ j }
N/2
j�1 〉. The

matrix GQ
jk is of the same form as the Gaudin matrix G jk , but with a di�erent

kernel

GQ
jk � δ jk

(
L +

N/2∑
l�1

KQ (λ j , λl )
)
− KQ (λ j , λk ) , (3.1.28)

where KQ (λ, µ) � K(λ−µ)+K(λ+µ), with K(λ) � 2c/(λ2+c2). This expression
was originally checked analytically up to N � 6 and numerically up to N � 10
as well as for any N in the limit c → ∞ obtained in [126]. In the zero density
limit L → ∞ with N �xed the ratio of the two determinants goes to 1 and we
reproduce the result of (3.1.19). When this formula was guessed, in early 2012,
there was still no rigorous derivation of it. The proof was obtained one year later
by M. Brockmann [127], starting from an exact formula for the overlaps of XXZ
spin chain Bethe states (See section 3.2).

3.1.3 Connections with Kardar-Parisi-Zhang equation
The Lieb-Liniger model, besides providing an important theoretical model of an
experimentally accessible system has also unexpected connections with a well-
known statistical physics problem. The Kardar-Parisi-Zhang equation (KPZ) is
a stochastic di�erential equation describing the non-equilibrium growth of an
interface h(x , t) in the presence of noise [128]. In one dimension it reads

∂t h(x , t) � ν∇2h(x , t) + λ0
2 (∇h(x , t))2 +

√

Dη(x , t) , (3.1.29)

where η is a centeredGaussianwhite noise 〈η(x , t)η(x′, t′)〉 � Dδ(x−x′)δ(t−t′).
Under proper rescaling of space x and time t one can choose the coupling con-
stants in equation (3.1.29) as ν � 1, λ0 � 2 and D � 2c̄ where c̄ > 0. Since
h is a �uctuating variable which satis�es a non-linear di�erential equation it is
expected to show non-trivial statistical properties. In particular one can con-
sider a set of possible universal initial conditions as the narrow wedge h(x , 0) �
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limε→0+
−|x |
ε and the �at initial condition h(x , 0) � 0 where usually x is chosen to

be the whole real axis. The non-equilibrium time evolution drives the �uctua-
tions of the interface h from being purely Gaussian to be described by newdistri-
bution functions, depending on the initial conditions. The narrow wedge initial
condition leads to a saddle point statistical distribution which is given by the
Tracy-Widom for the Gaussian Unitary Ensemble [129] while the Tracy-Widom
for theGaussianOrthogonal Ensemble [129] describes the long time distribution
of the �at initial condition. This has also been experimentally observed in [130].
In order to determine the time evolution of the probability distribution function
Pt (h) of the variable h(x , t) one has in principle to compute all the momenta
of h(x , t) for any time t. This can be done by mapping the problem to a Lieb-
Liniger gas via the replica approach. Performing the substitution Z(x , t) � eh(x ,t)

we obtain

Z(x , t) �
ˆ

dyZ(x , t |y , 0)Z(y , 0) , (3.1.30)

where Z(x , t |y , 0) is given in terms of the sumover all the paths x(τ) with x(0) �
y and x(t) � x

Z(x , t |y , 0) �
ˆ x(t)�x

x(0)�0
Dx(τ) exp *

,
−
1
2

ˆ t

0
dτ



1
2

(
dx(τ)

dτ

)2
+ 2η(x , t)


+
-
. (3.1.31)

In order to compute the distribution function Pt (Z) wemay consider all its n−th
momenta 〈Z(x , t)n

〉 for any n ∈ N

〈Z(x , t)n
〉 �



n∏
j�1

ˆ
dy j


Z(y , 0)



n∏
j�1

ˆ x j (t)�x

x j (0)�0
Dx j (τ)



exp
*..
,
−
1
2

ˆ t

0
dτ



*.
,

n∑
j�1

dx j (τ)
dτ

+/
-

2

− 2c
∑
i< j

δ
(
xi (τ) − x j (τ)

)

+//
-
, (3.1.32)

where in the last step we used the Gaussian average over all the realizations of
the potential η(x , t). This quantity can now be rewritten as

〈Z(x , t)n
〉 �



n∏
j�1

ˆ
dy j


Z(y , 0)〈y1 , . . . , yn |e−tH

|x , . . . x〉 , (3.1.33)

where H is the Lieb-Liniger Hamiltonian in the attractive regime [131,132]

H �

n∑
j�1

∂2

∂x2
j

− 2c̄
∑
i< j

δ(xi − x j ) , (3.1.34)
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and the |y1 , . . . , yn〉 are symmetric (bosonic) states. Therefore we can insert the
resolution of identity given by the Bethe basis |µ〉 ≡ |{µ j }

n
j�1〉

〈Z(x , t)n
〉 �

∑
µ

e−tE[µ] Ψ∗(x |µ)


n∏
j�1

ˆ
dy j


Z(y , 0)Ψ(y |µ) (3.1.35)

�

∑
µ

e−tE[µ] Ψ∗(x |µ)〈Z(x , 0) |µ〉 . (3.1.36)

Therefore fundamental objects to compute the momenta 〈Zn
〉 are the overlaps

〈Z(x , 0) |µ〉 between the Bethe states and the function specifying the initial con-
�guration of the interface h(x , 0) � logZ(x , 0). In particular the computation
of the momenta for the �at initial condition h(x , t) � 0 requires the overlap of
the Bethe states with the BEC states. Both for this case [133, 134] and for the
narrow wedge initial condition [135] the problem has been solved with the ex-
plicit knowledge of the overlaps and of the structure of the Bethe states in the
attractive regime [131,132].

3.2 The overlap of theNéel statewithXXZBethe states
We shall now turn the attention to the XXZ spin chain, whose Hamiltonian we
already derived in (2.3.24). We want to perform an interaction quench in the
anisotropy of the model ∆0 → ∆ and it turns out that the simplest case is when
the initial value of the anisotropy is in�nite ∆0 � +∞. In this limit the theory is
equivalent to a simple Ising chain with antiferromangetic Hamiltonian

HIsin g � J∆
N∑

j�1
(σz

j σ
z
j+1 − 1) . (3.2.1)

The ground state of this Hamiltonian is given by the symmetric combination of
the two Néel states, that we denote here as the zero momentum Néel state

|Ψ0〉 �
1
√
2
(
| ↑↓↑↓ . . .〉 + | ↓↑↓↑ . . .〉

)
. (3.2.2)

We choose this state as our initial state and we release it in a XXZ spin chain.
Note that the state (3.2.14) is very far from from being an eigenstate of the model
for �nite ∆ < ∞ and this is what makes the quench interesting (an exponentially
large number of states are involved). As it was the case for the BEC quench in the
Lieb-Liniger we need �rst to �nd the building blocks for any quench problem,
namely the overlaps of the Bethe states with the state |Ψ0〉. This will be done in
the next sections.
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3.2.1 The XXZ spin-1/2 chain
The one-dimensional spin-1/2 XXZmodel is given by theHamiltonian obtained
in (2.3.24)

H � J
N∑

j�1

(
σx

j σ
x
j+1 + σ

y
j σ

y
j+1 + ∆(σz

j σ
z
j+1 − 1)

)
. (3.2.3)

The coupling constant J > 0 �xes the energy scale and the parameter ∆ de-
scribes the anisotropy of the nearest neighbour spin-spin coupling. The length
of the chain is given by N (which we choose to be even) and we impose periodic
boundary conditions σαN+1 � σ

α
1 , α � x , y , z.

This Hamiltonian can be diagonalized by Bethe Ansatz [100]. We choose the
ferromagnetic state |↑↑ . . . ↑〉 with all spins up as a reference state and construct
interacting spin waves above this state. A state with M down spins reads

|{λ j }
M
j�1〉 �

∑
{s j }

M
j�1⊂{1,...,N }

ΨM
(
{s j }

M
j�1 |{λ j }

M
j�1

)
σ−s1 . . . σ

−

sM
| ↑↑ . . . ↑〉 (3.2.4a)

with the explicit wave function in coordinate space

ΨM
(
{s j }

M
j�1 |{λ j }

M
j�1

)
�

∑
Q∈SM

(−1)[Q] exp




−i
M∑

a�1
saP(λQa ) −

i
2

M∑
a ,b�1
b>a

θ(λQb − λQa )




.

(3.2.4b)

Here, the coordinates s j , j � 1, . . . ,M, denote the positions of the down spins,
and we assume s j < sk for j < k. The set SM is the set of all permutations of
integers 1, . . . ,M, and (−1)[Q] denotes the parity of the permutation Q. Further,
P(λ) is the momentum associated to the rapidity λ,

P(λ) � −i log
[
sin(λ + iη/2)
sin(λ − iη/2)

]
, (3.2.5a)

and θ(λ) is the scattering phase shift given by

θ(λ) � i log
(
sin(λ + iη)
sin(λ − iη)

)
. (3.2.5b)

Theparameter η is determined by the anisotropyparameter∆ � cosh(η), and the
set of rapidities {λ j }

M
j�1 in Eqs. (3.2.4) speci�es the state. The latter is an eigenstate

of the Hamiltonian (3.2.3), and it is called Bethe state if the rapidities λ j , j �

1, . . . ,M, satisfy the Bethe equations( sin(λ j + iη/2)
sin(λ j − iη/2)

)N

� −

M∏
k�1

sin(λ j − λk + iη)
sin(λ j − λk − iη)

, j � 1, . . . ,M . (3.2.6)
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In this case the rapidities λ j , j � 1, . . . ,M, are roots of the function

A(λ) � 1+a(λ) with a(λ) �
(
sin(λ + iη/2)
sin(λ − iη/2)

)N M∏
k�1

sin(λ − λk − iη)
sin(λ − λk + iη)

, (3.2.7)

and they are called Bethe roots. The energy eigenvalue is given by

E � −J sinh(η)
N∑

j�1

sinh(η)
cosh(η) − cos(2λ j )

. (3.2.8)

The norm of a Bethe state is given by [122]

‖{λ j }
M
j�1‖ �

√
〈{λ j }

M
j�1 |{λ j }

M
j�1〉 , (3.2.9a)

〈{λ j }
M
j�1 |{λ j }

M
j�1〉 � sinhM (η)

M∏
j,k�1
j,k

sin(λ j − λk + iη)
sin(λ j − λk )

detM (G jk ) , (3.2.9b)

G jk � δ jk *
,

NKη/2(λ j ) −
M∑
l�1

Kη (λ j − λl )+
-
+ Kη (λ j − λk ) ,

(3.2.9c)

where Kη (λ) �
sinh(2η)

sin(λ+iη) sin(λ−iη) is the derivative of the scattering phase shift
θ(λ).
In the following we choose N divisible by four such that M is even in the zero-
magnetization sector M � N/2, and we call a state parity-invariant, |{±λ j }

M/2
j�1 〉,

if the rapidities ful�ll the symmetry {λ j }
M
j�1 � {−λ j }

M
j�1 � {λ j }

M/2
j�1 ∪ {−λ j }

M/2
j�1 ≡

{±λ j }
M/2
j�1 .

3.2.2 The domain wall and the Néel initial state overlaps
The overlaps between the BEC state and the Lieb-Liniger Bethe states was ex-
pressed in an easy determinant formula only after having restricted the Bethe
states to parity invariant states (each rapidity λ in the state has also its opposite
−λ) and after that the Bethe state was put on-shell. Without these two restric-
tions on the states the overlap is a complicated function of the rapidities which
cannot be written in any closed form.
Working in the XXZ chain has the advantage of being able to directly use the
Slavnov formula (2.3.42) for the overlaps between two states parametrized by
two sets of rapidities (Note, only one of the two needs to satisfy Bethe equations).
For example the overlap between a Bethe state and a domainwall | ↓ . . . ↓↑ . . . ↑〉
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made of M and N −M spins is simply given by [136]

lim
{ξi }→iη/2

〈0|
∏M

j�1 C(ξ j )
∏M

j�1 B(λ j ) |0〉

| |{λ j }
M
j�1 | |

. (3.2.10)

The Néel state | ↑↓↑↓ . . .〉 is created by diluting the domain wall with a spin up
every even/odd site. Its overlaps with Bethe state are then given by

lim
{ξi }→iη/2

〈0|
∏N/2

j�1 C(ξ j )(A + D)(ξi+1)
∏N/2

j�1 B(λ j ) |0〉

| |{λ j }
M
j�1 | |

. (3.2.11)

While the domain wall formula (3.2.10) is directly given by the Slavnov formula
with the set {µ j }

M
j�1 replaced by the set {ξ j }

M
j�1, it is much more complicated to

connect the Slavnov formula with the scalar product in (3.2.11). However one
can map the problem to an open boundaries spin chain, where the B and C
operators are substituted with two new operators B and C written in terms of
the old ones as

B(u) � B(u)D(−u)r1(u) − D(u)B(−u)r2(u) , (3.2.12)
C(u) � −A(u)C(−u)r1(u) + C(u)A(−u)r2(u) , (3.2.13)

where r1 and r2 are two constants. We can therefore map the scalar product
(3.2.11) to a domain wall scalar product for an open chain such that a result ex-
pressed in a determinant expression is known [137].

Wewould like to underline �nally that the domainwall initial state and the Néel
state are very particular cases that rely basically on the fact that they are simple
product states of one-spin states (namely a free state). In order to �nd a more
generic expression for overlaps with initial states written as products of a larger
number of spins (which would reproduce an interacting state) a di�erent ap-
proach is needed [138].

3.2.3 Overlaps between parity invariant XXZ Bethe states and
the Néel state

We are interested in the overlap of the zero-momentum Néel state given by

|Ψ0〉 �
1
√
2
(
| ↑↓↑↓ . . .〉 + | ↓↑↓↑ . . .〉

)
(3.2.14)

with the XXZ Bethe states of the form (3.2.4). Therefore we only consider Bethe
states with M � N/2 �ipped spins since the Néel state lies in this sector of the
XXZ chain. We consider parity-invariant Bethe states |{±λ j }

M/2
j�1 〉 which have
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non-vanishing overlap 〈Ψ0 |{±λ j }
M/2
j�1 〉. For the total momentum of these states

we �nd

−i
N∑

j�1
log

[ sin(λ j + iη/2)
sin(λ j − iη/2)

]
� 0 , (3.2.15a)

and all other odd conserved charges Q̂2n+1 [66] evaluate to zero as well,

Q̂2n+1 |{±λ j }
M/2
j�1 〉 �

M∑
j�1

P2n+1(λ j ) |{±λ j }
M/2
j�1 〉 � 0 , (3.2.15b)

because P2n+1 is an odd function, P2n+1(λ) � i ∂2n

∂µ2n log
[ sin(λ−µ+iη/2)
sin(λ−µ−iη/2)

]
µ→0

. That
we are only interested in the overlap with parity-invariant Bethe states is mo-
tivated by the fact that the odd conserved charges, evaluated on non-parity-
invariant Bethe states, are in general non-zero whereas their expectation value
on the Néel state vanishes [66].
Let us here �rst show the �nal expression for the overlaps (whose derivationwill
be presented after): the normalized overlap of the zero-momentum Néel state
|Ψ0〉 with a parity-invariant Bethe state |{±λ j }

M/2
j�1 〉, which reads as follows:

〈Ψ0 |{±λ j }
M/2
j�1 〉

‖{±λ j }
M/2
j�1 ‖

�
√

2


M/2∏
j�1

√
tan(λ j + iη/2) tan(λ j − iη/2)

2 sin(2λ j )



√√
detM/2(G+

jk )

detM/2(G−jk )

(3.2.16a)

where

G±jk � δ jk
*.
,

NKη/2(λ j ) −
M/2∑
l�1

K+
η (λ j , λl )

+/
-
+ K±η (λ j , λk ) , j, k � 1, . . . ,M/2 ,

(3.2.16b)

K±η (λ, µ) � Kη (λ − µ) ± Kη (λ + µ), and Kη (λ) � sinh(2η)
sin(λ+iη) sin(λ−iη) . Note that here

Bethe roots can be complex numbers (string solutions). The XXZ overlap for-
mula (3.2.16) for the Néel state looks very similar to the Lieb-Liniger overlap for-
mula for a state which describes a Bose-Einstein condensate of one-dimensional
free Bosons (see section 3.1.2).
Proof of an o�-shell formula
In order to prove overlap formula (3.2.16) we start with an expression for the
overlap of the Néel state with an unnormalized o�-shell state |{λ̃ j }

M
j�1〉 of the

form (3.2.4), whichwas proven inRef. [139,140] (see Eqs. (2.26) – (2.27) inRef. [141]
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with ξ �: −iη/2). Introducing the short-hand notation sα,β � sin(α + iβ) these
equations from Ref. [139] can be written as (note that N � 2M)

〈Ψ0 |{λ̃ j }
M
j�1〉 �

√

2


M∏
j�1

sλ̃ j ,+η/2

s2λ̃ j ,0

sM
λ̃ j ,−η/2

sM
λ̃ j ,+η/2





M∏
j>k�1

sλ̃ j+λ̃k ,η

sλ̃ j+λ̃k ,0


× detM (δ jk + U jk ) , (3.2.17a)

U jk �

s2λ̃k ,η
s2λ̃k ,0

sλ̃ j+λ̃k ,0sλ̃ j−λ̃k ,η



M∏
l�1
l,k

sλ̃k+λ̃l ,0

sλ̃k−λ̃l ,0





M∏
l�1

sλ̃k−λ̃l ,−η

sλ̃k+λ̃l ,+η


*
,

sλ̃k ,+η/2

sλ̃k ,−η/2
+
-

2M

.

(3.2.17b)

This expression is unhandy to perform the thermodynamic limit as well as for
parity-invariant states |{±λ j }

M/2
j�1 〉 due to zeroes of the determinant and singu-

larities in the prefactor. To perform the limit to parity-invariant states (not nec-
essarily on-shell Bethe states) we set λ̃ j � λ j + ε j for j � 1, . . . ,M/2 and λ̃ j �

−λ j−M/2+ε j−M/2 for j � M/2+1, . . . ,M. Here, the parameters λ j , j � 1, . . . ,M/2,
are arbitrary complex numbers. We shall see that the main ingredients to the
derivation of formula (3.2.16) are the limits ε j → 0, j � 1, . . . ,M/2, and the
pseudo parity invariance of the set {λ̃ j }

M
j�1 � {λ j + ε j }

M/2
j�1 ∪ {−λ j + ε j }

M/2
j�1 . We

derive then an o�-shell version of Eq. (3.2.16), which has the same form up to
correctionswhich are zerowhen the rapidities satisfy the Bethe equations (3.2.6).
If we multiply the prefactor in (3.2.17a) with αreg �

∏M/2
j�1

( s2ε j ,0

s0,η

)
and the deter-

minant by its inverse α−1reg we get regular expressions with well-de�ned limits
ε j → 0, j � 1, . . . ,M/2, as well as a well-de�ned XXX scaling limit λ → ηλ and
η→ 0 afterwards. Assuming an appropriate order of rapidities the lowest order
in {ε j }

M/2
j�1 of the regularized prefactor and of the determinant read

γ �
√

2


M/2∏
j�1

sλ j ,+η/2sλ j ,−η/2

s22λ j ,0





M/2∏
j>k�1
σ�±

sλ j+σλk ,+ηsλ j+σλk ,−η

s2λ j+σλk ,0



, (3.2.18a)

det reg � lim
{ε j→0}M/2j�1




M/2∏
j�1

s0,η
s2ε j ,0

detM (δ jk + U jk )


. (3.2.18b)

The task is now to calculate the limits ε j → 0, j � 1, . . . ,M/2, in (3.2.18b). For
this purpose we reorder the rows and columns of the matrix 1 + U under the
determinant in such a way that the pair (λk + εk ,−λk + εk ) belongs to the two
rows and two columns with indices 2k − 1 and 2k.
We consider the resulting M × M matrix as a M/2 × M/2 block matrix built of
2 × 2 blocks. Collecting all terms up to �rst order in all ε j , j � 1, . . . ,M/2, we
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obtain on the diagonal the 2 × 2 blocks

1 + U2k−1,2k−1 � 1 + δk
s2λk ,+η

s2λk ,0
ak ,

U2k−1,2k � −
s2λk ,−η

s2λk ,+η
a−1k + δkb

−

k ,

U2k ,2k−1 � −
s2λk ,+η

s2λk ,−η
ak + δkb

+
k ,

1 + U2k ,2k � 1 + δk
s2λk ,−η

s2λk ,0
a−1k , (3.2.19a)

and for the o�-diagonal blocks (1 ≤ j, k ≤ M/2, j , k)

U2 j−1,2k−1 � δk
s2λk ,+ηs0,η

sλ j+λk ,0sλ j−λk ,+η
ak ,

U2 j−1,2k � δk
s2λk ,−ηs0,η

sλk−λ j ,0sλ j+λk ,+η
a−1k ,

U2 j,2k−1 � δk
s2λk ,+ηs0,η

sλ j−λk ,0sλ j+λk ,−η
ak ,

U2 j,2k � δk
s2λk ,−ηs0,η

sλ j+λk ,0sλk−λ j ,+η
a−1k , (3.2.19b)

where we de�ned the abbreviations δk � s2εk ,0/s0,η for k � 1, . . . ,M/2 and

ak � ã(λk ) �



M/2∏
l�1
σ�±

sλk−σλl ,−η

sλk−σλl ,+η



(
sλk ,+η/2

sλk ,−η/2

)2M

. (3.2.20)

Note that the function ã is di�erent from the function a of Eq. (3.2.7) because
in the de�nition of a the parameters {λk }

M
k�1 are Bethe roots whereas here in

Eq. (3.2.20) they are arbitrary. The symbols b+k and b−k in Eq. (3.2.19a) denote the
�rst order corrections of the elements U2k ,2k−1 and U2k−1,2k , respectively. After a
short calculation we obtain up to zeroth order in δk

s2λk ,−η

s2λk ,+η
a−1k b

+
k +

s2λk ,+η

s2λk ,−η
akb
−

k (3.2.21)

� 2 cosh(η) − s0,η∂λk log
{ s2M

λk ,+η/2

s2M
λk ,−η/2

M/2∏
l�1
l, j

∏
σ�±

sλk+σλl ,−η

sλk+σλl ,+η

}
. (3.2.22)

We further de�ne αk �

√
−

s2λk ,+η
s2λk ,−η

ak and multiply the M ×M matrix 1 + U from
the left and from the right respectively with the matrices

diagM

(
α1 , α

−1
1 , . . . , αM , α

−1
M

)
, diagM

(
α−11 , α1 , . . . , α

−1
M , αM

)
. (3.2.23)
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3. Overlaps in integrable models

Since the determinants of these diagonal matrices are equal to one this transfor-
mation does not change the value of the determinant detM (1 + U). We see that
the structure of the matrix becomes

*............
,



1 − δ1
s2λ1 ,−η
s2λ1 ,0

α21 1 + δ1b−1 α
2
1

1 + δ1b+1 α
−2
1 1 − δ1

s2λ1 ,+η
s2λ1 ,0

α−21


δ2

[
a12 b12
c12 d12

]
. . .

δ1

[
a21 b21
c21 d21

] 

1 − δ2
s2λ2 ,−η
s2λ2 ,0

α22 1 + δ2b−2 α
2
2

1 + δ2b+2 α
−2
2 1 − δ2

s2λ2 ,+η
s2λ2 ,0

α−22


...

. . .

+////////////
-

,

(3.2.24)

where the elements a jk , b jk , c jk , and d jk , j, k � 1, . . .M/2, of the o�-diagonal
blocks can be calculated bymultiplying the 2×2 block (3.2.19b)with diag2(α j , α−1j )
from the left and with diag2(α−1k , αk ) from the right.

Under the determinant the matrix (3.2.24) can be further simpli�ed by replacing
column 2k − 1 by the di�erence of columns 2k − 1 and 2k for all k � 1, . . . ,M/2
and afterwards by replacing row 2 j − 1 by the di�erence of rows 2 j − 1 and 2 j
for all j � 1, . . . ,M/2. Up to �rst order in each δ1 , δ2 , . . . , δM/2 the determinant
of 1 + U becomes

detM

*...............
,

[
δ1D1 0
0 1

] [
δ2e12 0
0 0

] [
δ3e13 0
0 0

]
. . .

[
δ1e21 0
0 0

] [
δ2D2 0
0 1

] [
δ3e23 0
0 0

]

[
δ1e31 0
0 0

] [
δ2e32 0
0 0

] [
δ3D3 0
0 1

]

...
. . .

+///////////////
-

�



M/2∏
j�k

δk


detM/2



D1 e12 e13 . . .
e21 D2 e23
e31 e32 D3
...

. . .



(3.2.25)

where e jk � a jk − b jk − c jk + d jk . The diagonal elements Dk , k � 1, . . . ,M/2, are
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3.2. The overlap of the Néel state with XXZ Bethe states

given by

Dk � lim
{δk→0}M/2k�1

(
−

s2λk ,−η

s2λk ,0
α2k −

s2λk ,+η

s2λk ,0
α−2k − b

+
k α
−2
k − b

−

k α
2
k

)
�

s2λk ,+η

s2λk ,0
ak +

s2λk ,−η

s2λk ,0
a−1k + 2 cosh(η)

− s0,η∂λk log
{ s2M

λk ,+η/2

s2M
λk ,−η/2

M/2∏
l�1
l,k

∏
σ�±

sλk+σλl ,−η

sλk+σλl ,+η

}

�
s2λk ,+η

s2λk ,0
Ak +

s2λk ,−η

s2λk ,0
Āk + 2Ms0,ηKη/2(λk ) −

M/2∑
l�1
l,k

s0,ηK+
η (λk , λl ) ,

(3.2.26)

where we de�ned K+
η (λ, µ) � Kη (λ − µ) + Kη (λ + µ), Kη (λ) �

s0,2η
sλ,+ηsλ,−η

and
Ak � 1 + ak , Āk � 1 + a−1k . Using these de�nitions the o�-diagonal elements can
be simpli�ed to

e jk �

√
s2λk ,+ηs2λk ,−ηa j

s2λ j ,+ηs2λ j ,−ηak

(
s0,ηK+

η (λ j , λk ) + f jk

)
, (3.2.27)

where the symbols f jk are speci�ed below (see Eq. (3.2.28c)). We can forget about
the square roots as they cancel each other under the determinant. The factor∏M/2

k�1 δk cancel exactly the factor α−1reg �
∏M/2

j�1
s2ε j ,0

s0,η �
∏M/2

k�1 δ
−1
k in Eq. (3.2.18b).

Hence, we reduced the M dimensional determinant of overlaps with deviated
parity-invariant states in the limit of vanishing deviations to an M/2 dimensional
determinant which only depends on half of the parameters. The result can be
eventually summed up as follows:

〈Ψ0 |{±λ j }
M/2
j�1 〉 � 〈Ψ0 |{λ j + ε j }

M/2
j�1 ∪ {−λ j + ε j }

M/2
j�1 〉

����{ε j→0}M/2j�1

�

[
γ detM/2(G+

jk ) + O
(
{ε j }

M/2
j�1

)]

{ε j→0}M/2j�1

� γ detM/2(G+
jk ) ,

(3.2.28a)
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3. Overlaps in integrable models

where the prefactor γ is given by Eq. (3.2.18a) and the matrix G+
jk reads

G+
jk � δ jk

*.
,

Ns0,ηKη/2(λ j ) −
M/2∑
l�1

s0,ηK+
η (λ j , λl )

+/
-
+ s0,ηK+

η (λ j , λk )

+ δ jk
s2λ j ,+η A j + s2λ j ,−η Ā j

s2λ j ,0
+ (1 − δ jk ) f jk , j, k � 1, . . . ,M/2

(3.2.28b)

f jk � Ak

( s2λ j ,+ηs0,η
sλ j+λk ,0sλ j−λk ,+η

−
s2λ j ,−ηs0,η

sλ j−λk ,0sλ j+λk ,−η

)
+ AkĀ j

s2λ j ,−ηs0,η
sλ j−λk ,0sλ j+λk ,−η

− Ā j

( s2λ j ,−ηs0,η
sλ j−λk ,0sλ j+λk ,−η

+
s2λ j ,−ηs0,η

sλ j+λk ,0sλ j−λk ,−η

)
. (3.2.28c)

Note that here thematrix elementsG+
jk contain an additional factor s0,η � i sinh(η)

compared to the earlier de�nition of G+
jk in Eq. (3.2.16b), which is convenient for

taking the XXX limit η → 0. Formula (3.2.28) holds for arbitrary complex num-
bers λ j , j � 1, . . . ,M/2.
If we are on-shell in Eqs. (3.2.28), i. e. if the set {±λ j }

M/2
j�1 satis�es the Bethe equa-

tions (3.2.7), and if we are not in the XXX limit with rapidities at in�nity, A j and
Ā j just vanish. Together with the norm of Bethe states and using the symmetry
of the Gaudin matrix (3.2.9c) as well as the relation

detM

(
A B
B A

)
� detM/2(A + B) detM/2(A − B) (3.2.29)

for block matrices we �nally gain the overlap formula (3.2.16), where the addi-
tional factors s0,η in G+

jk , 1 ≤ j, k ≤ M/2, cancel against the prefactor
√

sM
0,η in the

norm formula (3.2.9).
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CHAPTER 4

Thermodynamic limit of integrable
models

We cannot solve our problems with
the same thinking we used when we
created them.

A. Einstein

The Bethe ansatz is a tool to obtain exact predictions from some interactingmod-
els with any number of particles N and system size L. However extracting phys-
ical quantities from the model is usually very complicated since already to com-
pute the spectrum of a generic model one needs to solve a set of N non-linear
equations, namely the Bethe equations. Not only, the matrix elements of local
operators, as well as the overlaps between di�erent states, are quite involved
functions of all the N rapidites parametrizing the Bethe state. To compute a
simple two-point correlation function of an eigenstate |λ〉 one has to perform a
sum over the whole spectrum as

〈λ |Ô(x , t)Ô(0) |λ〉 �
∑
µ

���〈λ |Ô(0) |µ〉���
2
e−i(Pµ−Pλ )x−it(Eµ−Eλ ) . (4.0.1)

In practice this requires to solve the Bethe equations for the set µ given their
quantum numbers and compute the determinant of a N × N matrix to obtain
the matrix element 〈λ |Ô(0) |µ〉. Considering that the sum in principle runs over
the whole Hilbert space this is not a trivial task. However, as usual in condensed
matter physics, things get simpler in the thermodynamic limit limth � limN,L→∞
with �xed density D � N/L where we can reduce an extensive amount of infor-
mation to a single (or more) function ρ(x) and rewrite the sum over the Hilbert
space in terms of a functional integral∑

µ

→

ˆ
DρU[ρ] (4.0.2)

with some measure U[ρ] which we can address analytically. This is already a
fundamental step in order to compute thermodynamic quantities like the free
energy of an equilibrium state. On the other hand, to access dynamical corre-
lation functions, namely a sum as in (4.0.1) we need a procedure to take the
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4. Thermodynamic limit of integrable models

thermodynamic limit of a Bethe state, namely a mapping

〈λ |Ô(0) |µ〉 → 〈ρ |Ô(0) |ρ, {ex}〉 (4.0.3)

where {ex} are thermodynamic excitations with a �xed energy ω � limth(Eµ −
Eλ) and momentum k � limth(Pµ − Pλ) which we need to properly de�ne. Due
to the locality of the operator Ô(0) we can expect that the number of relevant
excitations m is much smaller than the system size, namely it is subleading in
the thermodynamic limit limth m/N � 0. With such a procedure therefore we
can reduce the large computational complexity (of the same order as the dimen-
sion of the Hilbert space) required to compute (4.0.1) into a single function ρ(x)
characterizing the state |λ〉 → |ρ〉 and few integrals over the momenta and en-
ergy of m excitations {ex}.

Besides being an e�cient way to obtain analytical results, taking the thermody-
namic limit of a system also reveals the emerging physics for large scales. For
example we can understand the collective excitations of the system under an
external perturbation. Moreover an isolated out-of-equilibrium system strictly
thermalizes only in its thermodynamic limit, where the complementary part of
each small sub-region of the system forms an e�ective thermal bath for the de-
grees of freedom in the sub-region itself. Therefore we can hope that taking the
thermodynamic limit of integrable system leads us to a broader understanding
of the general mechanisms of equilibrations of many-body quantum systems.

We introduce here the idea of a thermodynamic Bethe state (section 4.1) restrict-
ing in particular to the Lieb-Liniger model (although generalizations to other
integrable models are quite straightforward) where we compute its equilibrium
thermodynamic quantities (section 4.2). Then we move to the computation of
dynamical correlation functions in the thermodynamic limit (section 4.3) focus-
ing on the de�nition and the expression of matrix elements of local operators
(form factors) in the thermodynamic limit (section 4.4) [7]. Then we address
out-of-equilibrium correlation functions and how to obtain their post-quench
equilibrium values from the thermodynamic limit of the overlaps, the so-called
quench action approach (section 4.5).

The idea of thermodynamic Bethe state was �rst introduced in [118], while the
quench action approach of section 4.5 has been formulated in [79].
Section 4.4 in this chapter is based on the results published in [7].

4.1 Thermodynamic Bethe states
The Bethe states are exact eigenstates of the integrable Hamiltonians. However
their structure is very intricate since each of them is associated to a set of M
rapidities {λ j }

M
j�1 which in general are complex numbers which solve the Bethe

equations. For each di�erent choice of the set of integers (or half-integers when
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4.1. Thermodynamic Bethe states

M is even) quantum numbers {ni }
M
i�1 we have therefore a di�erent Bethe state

with |λ〉 � |{λ j }
M
j�1〉. The resolution of the identity in the Hilbert space H is

therefore given in terms of the ordered sum of the quantum numbers

1H �

∑
n1<n2<...nM

|λ〉〈λ | . (4.1.1)

This gives us a tool to compute any expectation values like dynamical correlation
functions

Tr
[
Ô(x , t)Ô(0)e−βH

]

Z
�

∑
λ e−βE[λ] ∑

µ
���〈λ |O |µ〉

���
2
e−itE[µ]−ixP[µ]

Z
, (4.1.2)

where Z �
∑
µ e−βE[µ] is the partition function of the thermal trace. Performing

such summations however is far beyond analytical abilities although they can
be evaluated numerically with the ABACUS algorithm after a saddle point eval-
uation for the sum over λ [142–144] or by restricting them to speci�c sector of
the Hilbert space. For example in the low energy limit the summation simpli�es
allowing for exact treatments [145,146]. This led to a derivation of the Luttinger
liquid theory [19,20] (an e�ective theory of gapless 1Dmodels) results for corre-
lation functions directly from a microscopic (integrable) theory. Similar results
were also worked out in this direction: the phenomenological quantities enter-
ing the Luttinger liquid description of correlation functionswere connectedwith
microscopic data [147]. However the full determination of correlation functions
resisted so far the best e�orts. The main reason is the Bethe equations which is
a set of coupled non-linear equations and therefore does not allow to factorize
the sum as a product of one-particle sums as can be done in free models.

We can expect on the other hand that there is an easier way to rewrite the sum
in the thermodynamic limit N,M → ∞ with �xed M/N . In this limit we can
indeed argue that the rapidities {λ j }

M
j�1 become dense around some curve in the

complex plane where we can therefore introduce a density ρ(λ) which should
count the density of rapidities between λ and λ + dλ. For the sake of simplicity
we restrict here to the Lieb-Liniger model where, as described in chapter 2 all
the rapidites for each Bethe state are real. Therefore we can introduce on the
real line a smooth distribution ρ(λ) such that, given a number N of particles on
a ring of circumference L we have

ρ(λi ) � lim
th

1
L(λi+1 − λi )

. (4.1.3)

In terms of this function both the number of particles and the energy of the state
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4. Thermodynamic limit of integrable models

can be rewritten in an easy fashion

lim
th

N
L

� lim
th

1
L

N∑
j�1

�

ˆ
∞

−∞

dλ ρ(λ) (4.1.4)

lim
th

E
L

� lim
th

1
L

N∑
j�1
λ2

j �

ˆ
∞

−∞

dλ ρ(λ) λ2 . (4.1.5)

Since the rapidities {λi }
N
i�1 must satisfy the Bethe equations in general we cannot

expect that any positive normalizable distribution ρ can describe a Bethe state
in the thermodynamic limit. Let us consider the Bethe equations for the Lieb-
Liniger model (θ(λ) � 2 arctan(λ/c)) for any j � 1, . . . ,N

λ j +
1
L

N∑
k�1

θ(λ j − λk ) � 2π
n j

L
. (4.1.6)

In view of the thermodynamic limit we can think the ratio n j/L as a generic
number x ∈ R and we can therefore introduce the function λ(x) which satis�es

λ(x) + 1
L

N∑
k�1

θ(λ(x) − λk ) � 2πx . (4.1.7)

In the thermodynamic limit for each value of x there is a rapidity λ(x) that can be
occupied by some Bethe states. Therefore the Jacobian for the change of variable
between quantum numbers and rapidites

ρt (λ(x)) �
dx(λ)

dλ
(4.1.8)

represents the density of all the possible values of rapidities that can be in a
Bethe state. Di�erentiating (4.1.7) the latter can be written in terms of the kernel
K(λ) � 2c

λ2+c2 as

1
2π + 1

2πL

N∑
k�1

K(λ − λk ) � ρt (λ) . (4.1.9)

Finally the sum over all the rapidities in the state can be recast into an integral
as done for the density and the energy in (4.1.4) obtaining an integral equation
relating the total density with the density of rapidites

1
2π + 1

2π

ˆ
∞

−∞

dµ K(λ − µ)ρ(µ) � ρt (λ) . (4.1.10)

This equation is the thermodynamic correspondent of the Bethe equations and
it was �rst introduced in [118]. We can �nally conclude now that the set of all
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4.1. Thermodynamic Bethe states

the �lling function ϑ � ρ/ρt limited from below and above 0 ≤ ϑ(λ) ≤ 1 spans
the whole space of density of rapidities of Bethe states via the equation

2πρ(λ) � ϑ(λ)
(
1 +
ˆ +∞

−∞

dµK(λ − µ)ρ(µ)
)
. (4.1.11)

In order to have a better understanding of the microscopic states that contribute
to the same macroscopic �lling function ϑ(λ) in the thermodynamic limit let us
split the space of quantum numbers Z (or Z/2) into Nb intervals or boxes of size
n∗ ∼ N1−α such that the total numbers of quantum numbers for each box {n j }

Nb
j�1

are all extensive n j/nt
j � ϑ j + O(1/L), where nt

j is the number of vacancies for
each box j. Note that the size of each box is increasing in the thermodynamic
limit as a subleading function of N , Nb ∼ Nα with α < 1. We now �x the coef-
�cients {ϑ j }

Nb
j�1 and we look at all the states which share the same set but di�er

for di�erent choices of the quantum numbers. First of all any rearrangement of
the n j particles in the nt

j vacancies does not change the coe�cient ϑ j obviously.
We denote the sum over all such rearrangements as

∑
c j . The number of possible

rearrangement for each box is simply given by the binomial

edS j �

∑
c j

�

(
nt

j
n j

)
. (4.1.12)

Moreover we can also consider a non-extensive number m ∼ o(N) of total cre-
ation/annihilation of particles in each box which does not change the extensive
�lling numbers {ϑ j }

Nb
j�1. We denote this sum over particle-hole modi�cations as∑

{e j }. With this notation we can therefore �nally rewrite the resolution of iden-
tity (4.1.1) as

1H �
*.
,

Nb∏
j�1

1∑
ϑ j�0

∑
c j

+/
-

∑
{e j }

|{ϑ j }, {c j }, {e j }〉〈{ϑ j }, {c j }, {e j }| . (4.1.13)

Now using that the number of boxes grows in the thermodynamic limit as Nb ∼

Nα, the sum over the extensive occupation numbers ϑ j � ϑ(λ j )dλ can be recast
into a functional integral over the distributions 0 ≤ ϑ(λ) ≤ 1 in the thermody-
namic limit

lim
th

*.
,

Nb∏
j�1

1∑
ϑ j�0

∑
c j

+/
-

∑
{e j }

�

ˆ
Dϑ eSYY [ϑ]

∑
{e j }

, (4.1.14)

where the total entropy can be computed by taking the Stirling approximation
of the binomials in (4.1.12)

SYY[ϑ] �
ˆ

dS � L
ˆ +∞

−∞

dλ
(
ρt (λ) log(ρt (λ))−ρ(λ) log(ρ(λ))−ρh (λ) log(ρh (λ))

)
,
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4. Thermodynamic limit of integrable models

(4.1.15)

where we introduced the density of holes ρh (λ) � ρt (λ) − ρ(λ). Note that the
entropy associated to a distribution is extensive as we expect from a number of
states which grows exponentially in system size.

4.2 ThermodynamicBetheAnsatz for theLieb-Liniger
model

We shall show now how the new resolution of the identity introduced in (4.1.13)
allows for an immediate computation of some thermodynamic quantities like
the free energy of the model

F(β) � −β log
∑

n1<n2<...nM

e−βE[{λ j }
N
j�1] (4.2.1)

� −β log
ˆ

dh
ˆ

Dϑ(λ)e−βL
´

dλρ(λ)λ2
eSYY [ϑ]ehL(

´
dλρ(λ)−N) + const. ,

(4.2.2)

where we substituted the sum over the quantum numbers with a functional in-
tegral over all the �lling functions ϑ(λ) and the Lagrangemultiplier h enforcing
the right normalization for the density of rapidities. Note that since we are inter-
ested only in the extensive part of the free energy the e�ect of the non-extensive
sumover the particle/hole

∑
{e j } can be simply incorporated into an additive con-

stant. Since all the terms in the functional integral in (4.2.1) scale exponentially
in system size we can perform a saddle point approximation for large L leading
to

F(β) � L
(
nh −

1
2πβ

ˆ +∞

−∞

dµ log
(
1 + e−ε(µ)

))
+ const. (4.2.3)

ε(λ) � β(ε0(λ) − h) −
1
2π

ˆ +∞

−∞

dµ K(λ − µ) log
(
1 + e−βε(µ)

)
, (4.2.4)

ϑ(λ) �
1

1 + eε(λ) , (4.2.5)

where h is now the chemical potential enforcing the right particle density n �

N/L. It can be proven [106] that a solution to equation (4.2.4) exists for any β and
h and in particulr when c →∞we recover the free-fermions results

F(β) � L
(
nh −

1
2πβ

ˆ +∞

−∞

dµ log
(
1 + e−βµ

2+βh
)
+ const.

)
(4.2.6)

ε(λ) � λ2
− h , (4.2.7)

ϑ(λ) �
1

1 + eβλ2−βh
, (4.2.8)
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At zero temperature, β →∞ the previous result gives us the density of rapidities
of the ground state. Equation (4.2.4) determines a Fermi rapidity q such that

ε(q) � ε(−q) � 0 , (4.2.9)
ϑgs (λ) � 1[−q ,q] , (4.2.10)

ρh gs (λ) �
1
2π (1[−∞,−q] + 1[q ,+∞]) . (4.2.11)

Therefore the ground state distribution ρgs (λ) is non zero only in the interval
[−q , q] and it satis�es the Lieb equation [22]

ρgs (λ) �
1
2π + 1

2π

ˆ q

−q
dµ K(λ − µ)ρgs (µ) , (4.2.12)

where the Fermi rapidity q satis�es the constraint imposed by the total density
ˆ q

−q
dµ ρgs (µ) � n . (4.2.13)

4.3 Thermodynamic limit of correlation functions
Now that we introduced the notion of thermodynamic state we are back with
the problem of �nding the thermodynamic limit of correlation function for a
generic local operator O

lim
th

Z−1Tr
[
Ô(x , t)Ô(0)e−βH

]
(4.3.1)

We can introduce the new (thermodynamically exact) resolution of identity (4.1.13)
such that

Z−1Tr
[
Ô(x , t)Ô(0)e−βH

]

� Z−1
*..
,

Nb∏
j�1

1∑
ϑλj �0

∑
cλj

+//
-

∑
{e j }λ

e−βE[{ϑλj },{c
λ
j },{e j }

λ] *..
,

Nb∏
j�1

1∑
ϑ
µ
j �0

∑
cµj

+//
-∑

{e j }
µ

���〈{ϑ
λ
j }, {c

λ
j }, {e j }

λ
|O |{ϑµj }, {c

µ
j }, {e j }

µ
〉

���
2
e−it∆E−ix∆P , (4.3.2)

where we introduced the di�erence in energy and momentum between the left
and the right state

∆E � E[{ϑλj }, {c
λ
j }, {e j }

λ] − E[{ϑµj }, {c
µ
j }, {e j }

µ] , (4.3.3)

∆P � P[{ϑλj }, {c
λ
j }, {e j }

λ] − P[{ϑµj }, {c
µ
j }, {e j }

µ] . (4.3.4)
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Let us �rst introduce a more precise description of the particle-hole excitations
{e j }. We choose a set {λ−j }

n
j�1 of rapidities in the left state andwe change their val-

ues to a new set {λ+
j }

n
j�1. We denote the pair of particle-hole as {λ+

j , λ
−

j }
n
j�1, where

{λ+
j }

n
j�1 are particles. Clearly the holes {λ−j }

n
j�1 are not present in the averaging

state. With this de�nition we can derive the energy of the state in the thermo-
dynamic limit up to 1/L corrections from the �nite size expression. Using the
expression for the single-particle energy ε0(λ) � λ2 we write

E[{ϑλj }, {c
λ
j }, {e j }

λ] � E[ρ] +
N∑

j�1
[ε0(λ j + c j ) − ε0(λ j )]

+
m∑

k�1


(λ+

k )2 − (λ−k )2 +
N∑

j�1

(
ε0(λ j − F j (λ+

k , λ
−

k )) − ε0(λ j )
)
. (4.3.5)

The �rst extensive part is independent of anymicroscopic details of the state and
is given as in (4.1.4) by

E[ϑ] � L
ˆ
∞

−∞

dλ ε0(λ)ρ(λ) . (4.3.6)

The other two sums depend namely on the rearrangements for each box and
the particle-hole excitations on the states and they are not extensive sums. Note
that due to the interacting nature of the model, when performing a particle-
hole excitation in a certain box also all the other rapidities in the state shift by
a quantity F j ∼ 1/L for each box j (This can be seen directly from the Bethe

equations). This is the back-�ow function F j (λ+
k , λ

−

k ) →
F
(
λ | λ+

k ,λ
−

k

)
Lρt (λ) which in the

thermodynamic limit can be written as the solution of a linear integral equation

2πF
(
λ | λ+ , λ−

)
� θ(λ − λ+) − θ(λ − λ−)

+
ˆ
∞

−∞

dµK(λ − µ)ϑ(µ)F
(
µ | λ+ , λ−

)
. (4.3.7)

Therefore we can introduce in the thermodynamic limit a function for the rear-
rangements inside each box c j →

c(λ)
Lρt (λ) we write an expression for the energy

of the state up to corrections of order 1/L

E[{ϑλj }, {c
λ
j }, {e j }

λ] � E[ϑ] + ω[ϑ, {e j }
λ] + ω[ϑ, cλ] (4.3.8)

ω[ϑ, c] �
ˆ
∞

−∞

ε̇0(λ)ϑ(λ)c(λ) (4.3.9)

ω[ϑ, {e j }] �
m∑

k�1

[
ε0(λ+

k ) − ε0(λ−k ) −
ˆ
∞

−∞

dλ ε̇0(λ)ϑ(λ)F(λ |λ+
k , λ

−

k )
]

(4.3.10)
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4.3. Thermodynamic limit of correlation functions

where we decomposed the expression into the extensive part E[ϑ] and the non
extensive ones, ω[ϑ, c] and ω[ϑ, {e j }

λ] and we introduced the derivative with
respect to λ of a function

ḟ �
∂ f (λ)

d∂
. (4.3.11)

The same approach can be used to compute the thermodynamic limit of the
momentum of the state leading to

P[{ϑλj }, {c
λ
j }, {e j }

λ] � P[ϑ] + k[ϑ, cλ] + k[ϑ, {e j }
λ] , (4.3.12)

P[ϑ] � L
ˆ
∞

−∞

dλ p0(λ)ρ(λ) , (4.3.13)

k[ϑ, c] �
ˆ
∞

−∞

ṗ0(λ)ϑ(λ)c(λ) , (4.3.14)

k[ϑ, {e j }] �
m∑

k�1

[
p0(λ+

k ) − p0(λ−k ) −
ˆ
∞

−∞

dλ ṗ0(λ)ϑ(λ)F(λ |λ+
k , λ

−

k )
]
,

(4.3.15)

where again we used the single particle momentum p0(λ) � λ. Note that now
both energy and momentum are linear in the single particle-hole contribution

ω[ϑ, {e j }] �
m∑

j�1
ω[ϑ, λ−j → λ+

j ]

k[ϑ, {e j }] �
m∑

j�1
k[ϑ, λ−j → λ+

j ] . (4.3.16)

We are now �nally in position to simplify expression (4.3.5). The �rst thing to
notice is thatwe focus on thematrix elements ofweak operators , namely operators
that do not create an extensive number of excitations on the state (this is the case
for example of the density operator ρ̂(x), [148]). Therefore the �lling number ϑ j
in each box of the left and right state has to be the same andmoreover we cannot
have an extensive number of rearrangements {c j } from the left to the right state.
This reduce the above expression to the following, up to �nite size corrections

Z−1Tr
[
Ô(x , t)Ô(0)e−βH

]

�Z−1 *.
,

Nb∏
j�1

1∑
ϑ j�0

∑
c j

+/
-

∑
{e j }λ

e−βE[{ϑλj },{c
λ
j },{e j }

λ]
∑
{e j }

µ

���〈{ϑ j }, {c j }, {e j }
λ
|O |{ϑ j }, {c j }, {e j }

µ
〉

���
2
e−it∆E−ix∆P , (4.3.17)

71



4. Thermodynamic limit of integrable models

where now∆E and∆P are non-extensive since the extensive parts for the left and
the right state have now the same value. We use now another property of local
operators, namely that their correlation functions in the thermodynamic limit
do not depend on the microscopic details of the reference state. This means that
for any two di�erent choices of microscopic rearrangement in the boxes {c j } and
{c′j } and particle-hole excitations {e j } and {e′j } this reads as [106]

lim
th

〈{ϑ j }, {c j }, {e j }|Ô(x , t)Ô(0) |{ϑ j }, {c j }, {e j }〉

〈{ϑ j }, {c′j }, {e
′

j }|Ô(x , t)Ô(0) |{ϑ j }, {c′j }, {e
′

j }〉
� 1 , (4.3.18)

which basically states that in the thermodynamic limit the correlation function
is merely a functional of the �lling function ϑ(λ)

lim
th
〈{ϑ j }, {c j }, {e j }|Ô(x , t)Ô(0) |{ϑ j }, {c j }, {e j }〉 � 〈ϑ |Ô(x , t)Ô(0) |ϑ〉 . (4.3.19)

Using this property, together with the linearity of energy (4.3.8) andmomentum
(4.3.12)with respect to the excitations, we can change the two sums to a sumover
the relative excitations of the right state respect to the left one and a second sum
on the excitations of the left state. In particular the latter can be performed quite
easily since the matrix elements and the energy and momentum di�erences de-
pend only on the relative excitations. We can therefore bring them out and sum
only the Gibbs measure

*.
,

Nb∏
j�1

∑
c j

+/
-

∑
{e j }λ

e−βE[{ϑ j },{c j },{e j }
λ]
� Ae−βE[ϑ]+SYY [ϑ]

∑
{e j }λ

e−βω[ϑ,{e j }
λ] , (4.3.20)

where A � e−SYY [ϑ]
(∏Nb

j�1
∑

c j

)
e−βω[ϑ,c] is a non-extensive constant. We can now

therefore perform a saddle point approximation for the integral over ϑλ as done
in (4.2.1) leading to

lim
th

Z−1Tr
[
Ô(x , t)Ô(0)e−βH

]

� lim
th

∑
{e j }

���〈ϑβ |O |ϑβ , {e j }〉
���
2
e−itω[ϑβ ,{e j }]−ixk[ϑβ ,{e j }] , (4.3.21)

where we have used the same rewriting for the partition function

Z � A
ˆ

Dϑe−βE[ϑ]+SYY [ϑ]
∑
{e j }

e−βω[ϑ,{e j }] . (4.3.22)

Note that the sum
∑
{e j } e−βω[ϑ,{e j }] does not in�uence the saddle point since it

is non-extensive (that is the reason why we neglected it in the computation of
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4.4. Thermodynamic form factors

the free energy (4.2.1)). After the saddle point evaluation the �lling function ϑβ
is now given by (4.2.3) and it contains all the thermodynamic data as such as
temperature and chemical potential.
Expression (4.3.21) is valid in the thermodynamic limit and it is relatively sim-
pler than its �nite size equivalent. However we are left now with a complicated
problem, namely to determine what is the thermodynamic limit of the matrix
elements of a local operator 〈ϑβ |O |ϑβ , {e j }〉 and how to perform the sum over
the excitations. This will be the topic of the next section.

4.4 Thermodynamic form factors
In the �nal expression (4.3.21) we are left with a sum over all the possible inter-
mediate (right) states obtained byperforming a non-extensive number of particle-
holes modi�cations on the left state (averaging state). We choose therefore a set
{λ−j }

n
j�1 of rapidities in the left state state and we change their values to a new

set {µ+
j }

n
j�1. We denote the pair of particle-hole as {µ+

j , µ
−

j }
n
j�1, where {µ+

j }
n
j�1 are

particles: they are not present in the averaging state, while {µ−j }
n
j�1 are holes:

they are related to the rapidities we have changed in the averaging state {λ−}nj�1
by 1/L corrections as λ−j � µ−j +

( F(µ−)
L

)
for each j � 1, . . . , n and with the back

�ow function F(λ) is de�ned in (4.3.7). The rapidities {µ−j }
n
j�1 are clearly absent

in the excited state. A single excitation will be denoted here with µ− → µ+.
In the thermodynamic limit and for any smooth distribution ϑ(λ) on the whole
real line there is an extensive number of spots in each box [λ, λ + dλ] where
we can put particles and holes. Their densities are simply given by ρ(λ) for the
holes and ρh (λ) for the particles. Therefore the sum over the excitations {e j } in
general can be written as

∑
{e j }

f ({e j }) �
∞∑

m�0

L2m

m!2



m∏
j�1

ˆ
∞

−∞

dh j ρ(h j )
ˆ
∞

−∞

dp j ρ
h (p j )


f ({h j → p j }

m
j�1) .

(4.4.1)

Note that we have changed the notation from µ± to h → p. This to enforce that
the excitation h → p is a �nite excitation in the thermodynamic limit. In partic-
ular the momenta of the excitations are now free parameters (not constrained by
Bethe equations). This last substitution neglects corrections of order 1/L. Clearly
the substitution is valid if the integrand has the right scaling with the system
size, namely f ({µ−j , µ

+
j }

m
j�1) ∼ L−2m . Therefore we de�ne the thermodynamic form

factor of the operator Ô as thematrix element that, given a generic �lling function
ϑ, for large system size can be written as

〈ϑ |Ô |ϑ, {e j }〉 ∼ L−m
〈ϑ |Ô |ϑ, {h j → p j }

m
j�1〉 , (4.4.2)
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4. Thermodynamic limit of integrable models

where m is the number of particle-holes and 〈ϑ |Ô |ϑ, {h j → p j }
m
j�1〉 is now a func-

tion independent of the system size L.

We focus on the density operator ρ̂(x) �
∑N

j�1 δ(x j − x). Most of the result can
be extended to other weak operators like the bosonic �eld operatorΨ(x),Ψ+(x)
or �nite products of them. The form factors of the density operator are given by
the Algebraic Bethe Ansatz approach [149]

〈µ|ρ̂(0) |λ〉 �

(∑N
j�1(µ j − λ j )

)
|µ| |λ |

(4.4.3)

×

N∏
j�1

(
V+

j − V−j
) N∏

j,k

(
λ j − λk + ic
µ j − λk

) detN
(
δ jk + U jk

)
V+

p − V−p
,

where both |λ〉 and |µ〉 are Bethe states with norm |µ| given in (2.3.45). Di�erent
factors appearing in (4.4.3) are

V±j �

N∏
k�1

µk − λ j ± ic
λk − λ j ± ic

, (4.4.4)

U jk � i
µ j − λ j

V+
j − V−j

N∏
m, j

(
µm − λ j

λm − λ j

) (
K

(
λ j − λk

)
− K

(
λp − λk

) )
, (4.4.5)

and λp is an arbitrary number, not necessarily from the set λ.
The thermodynamic limit of the form factor when the reference state |λ〉 is the
ground state has been done in [145,146,150]. In this case the general form of the
matrix elements is given by

〈ϑgs |Ô |ϑgs , {e j }〉 ∼ L−m−α
〈ϑgs |Ô |ϑgs , {µ

−

j → µ+
j }

m
j�1〉 , (4.4.6)

where m is the number of particle-hole excitations and α is a non-integer num-
ber. The presence of a non-integer scaling power α is a signal that the form factor
in (4.4.6) is not yet a thermodynamic form factor and therefore its sum over the
excitations cannot be simply substituted with a product of integrals

lim
th

∑
{e j }

���〈ϑgs |Ô |ϑgs , {e j }〉
���
2
� lim

th

∞∑
m�0

[ m∏
j�1

ˆ
dp j dh jρgs (h j )ρh

gs (p j )
]

×
1

L2α |〈ϑ |Ô |ϑ, {h j → p j }
m
j�1〉|

2
� 0 , (4.4.7)

due to the left over divergent part L−2α. On the other hand the integral is not
well de�ned and it leads to divergences whenever particle and holes get closer
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4.4. Thermodynamic form factors

to the Fermi boundaries. As shown in [145, 146] it is therefore necessary to per-
form the sum over the excitations around the Fermi boundaries before taking
the thermodynamic limit. This corresponds to dividing the excitations in two
classes, the soft-mode, excitations with energy of order 1/L close to the Fermi
rapidities −q , q and dispersive excitations, such that their energy and momen-
tum is �nite in the thermodynamic limit. The proper summation to do in order
to get a �nite result in the thermodynamic limit is therefore

lim
th

∑
{e j }

���〈ϑgs |Ô |ϑgs , {e j }〉
���
2

�

∞∑
m�0

1
m!2

[ m∏
j�1

ˆ
dp j dh jρgs (h j )ρh

gs (p j )
]
lim

th

L−2α
∑
{n j }

���〈ϑgs |Ô |ϑgs , {±q → ±q + n j/L}, {h j → p j }
m
j�1〉

���
2
,

(4.4.8)

where the sum over the soft-modes
∑
{n j } cancels exactly the non integer diver-

gence L−2α coming from the matrix elements.
Let us now show how the matrix elements for the ground state have such a non-
integer power in system size. The problems come from the prefactor in front of
the determinant in the normalized form factor (4.4.3), in particular the part

M2 �

N∏
j,k�1

(
λ jkµk j

(µk − λ j )2

)1/2
, (4.4.9)

where we introduced the short-hand notation λ jk � λ j − λk . Let us consider the
rapidites µ j as the one of the left state after having created a number m � 1 of
particle-hole excitations. We can take λ− � λi− in the �nite size state such that
λ− → −q and then using the de�nition of back �ow µ j � λ j −

F(λ j )
Lρ(λ j ) we obtain

M2 �
∏
k,i−

(
1 − F(λk )

Lρ(λk )(λk − λ−)

)−1
× R , (4.4.10)

where R is the rest of the product. We can now introduce a cut-o� n∗ in the
quantum number space such that for |λ j − λ− | < n∗

Lρ(λ−) � ν∗(λ−) we can use

λk − λ
−
�

k − i−

Lρ(λk )
+ O(1/L2) , (4.4.11)

while when k > n∗ the di�erence between the two rapidites is of order 1 and
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4. Thermodynamic limit of integrable models

therefore we can write the product as the exponent of an integral

M2 �

i−+n∗∏
k�i−−n∗ ,k,i−

(
k − i− − F(λ−)

k − i−

)
× exp *

,

∑
k>n∗

F(λk )
Lρ(λk )(λk − λ−)

+
-
. (4.4.12)

The cut-o� n∗ scales with some power of the system size Lα such that n∗/L →
0 the thermodynamic limit. We can therefore take the limit neglecting all the
corrections n∗/L and 1/L and show that this part has no dependence on the cut-
o� n∗. Neglecting part which is cut-o� dependent we then obtain, using that the
holes λ− → −q in the thermodynamic limit

exp *
,

∑
k>n∗

F(λk )
Lρ(λk )(λk − λ−)

+
-
� exp

(ˆ q

−q+ν∗ (q)
dλ

F(λ)
ρ(λ)(λ + q)

)
(4.4.13)

exp
(ˆ q

−q+ν∗ (q)
dλ

F(λ)
(λ + q)

+ F(−q) log(qν∗(q)) − F(−q) log(qν∗(q))
)
(4.4.14)

� LF(−q) exp
(
PV
ˆ q

−q
dλ

F(λ)
(λ + q)

+ F(−q) log(qρ(q))
)
, (4.4.15)

where now the integral is well de�ned in the principal value sense

PV
ˆ q

−q
dλ

F(λ)
(λ + q)

� lim
δ→0

(ˆ q

−q+δ
dλ

F(λ)
(λ + q)

+ F(−q) log qδ
)
. (4.4.16)

The term M2 therefore leads to a scaling in system size which is not integer and
this is due to the possibility of creating particles and holes next to the Fermi
boundary −q and q. Let us now consider the case of a thermodynamic state
described by a smooth distribution ϑ(λ) with �nite entropy. As anticipated be-
fore there are many microscopic states with rapidities {λ j }

N
j�1 which represent

the same thermodynamic state. However we can use property (4.3.18) and use
only one single representative state, a discretization {λ j }

N
j�1 of the distribution ρ.

This distribution of rapidity ρ(λ) and of holes ρh (λ) is continuous and has sup-
port on the whole real line, namely there is an extensive number of particles and
holes in any box [λ, λ + dλ]. Therefore there is an extensive number of rapidites
around the hole λ− � λi− . In this case therefore we obtain

exp *
,



∑
k>n∗

+
∑
k<n∗



F(λk )
Lρ(λk )(λk − λ−)

+
-

� exp
( [ˆ λ−−ν∗ (λ−)

−∞

+
ˆ
∞

λ−+ν∗ (λ−)

]
dλ ϑ(λ)

F(λ)
(λ − λ−)

)
� exp

(
PV
ˆ
∞

−∞

dλ ϑ(λ)
F(λ)

(λ − λ−)

)
. (4.4.17)
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What is left is the product of the rapidites close to the hole as in (4.4.10)

i−+n∗∏
k�i−−n∗ ,k,i−

(
1 − F(λ−)

Lρ(λ−)(λk − λ−)

)
. (4.4.18)

Evaluating this product is not a trivial task since the quantum numbers of any
representative state of ϑ are not uniformly distributed as in the ground state.
However we have multiple choices for the representative set {λ j }

N
j�1 and we can

therefore choose the one where all the quantum numbers are distributed uni-
formly inside each box, leading to

λi − λ j �
i − j

Lρ(λi )
+ O(1/L2) , (4.4.19)

with this approximation we can compute the product (4.4.18) which leads us to
a result independent of the system size in the limit n∗ →∞

M2 �
sin(πF(λ−))
πF(λ−)

exp
(
PV
ˆ
∞

−∞

dλ ϑ(λ)
F(λ)

(λ − λ−)

)
. (4.4.20)

The fact that the thermodynamic limit of the density form factor (4.4.3) when
the left state is characterized by a smooth distribution of rapidites scales as a in-
teger power law L−n leads to conclude that in this case the thermodynamic limit
procedure gives directly the thermodynamic form factor in (4.4.2). However we
may wonder if, as it was the case for the form factor of the ground state, we still
have to perform a sum over the soft-modes in order to get the proper thermody-
namic form factor as (4.4.8). In this case however the sum over the soft modes
cannot produce any extra power of the system size L which leads us to assume
that the form factor is a smooth function of the soft-modes. Therefore we can
simply multiply our expression for the thermodynamic limit of the form factor
times the number of soft-modes that we have for each particle-hole excitation.
This number is given by the number of microstates with a given particle-hole
excitation h → p divided the number of states without the same excitation. This
is given in terms of the di�erential entropy δS[ϑ, h , p] (4.1.15), [151]

exp(δS[ϑ, h , p]) � exp
(ˆ
∞

−∞

dλ s[ϑ; λ] ∂
∂λ

(
F(λ |p , h)
ρt (λ)

))
. (4.4.21)

such that∑
{e j }so f t

���〈ϑsmooth |Ô |ϑsmooth , {e j }so f t , {h j → p j }
m
j�1〉

���
2

� exp *
,

m∑
k�1

δS[ϑ, pk , hk]+
-

���〈ϑgs |Ô |ϑgs , {h j → p j }
m
j�1〉

���
2
. (4.4.22)
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To have a better understanding of how the di�erential entropy emerges from the
sum over the soft modes let us de�ne a new basis of thermodynamic eigenstates
from the �nite size basis given by the mapping

|λ〉 → eSYY [ϑ] |ϑ〉 (4.4.23)

such that that the normalization of the single eigenstate maps to

〈λ |λ〉 → e2SYY [ϑ]〈ϑ |ϑ〉 . (4.4.24)

Note that this mapping does not preserve the norm. This is due to the fact that
we are moving from a description in terms of discrete states to a continuous one
and the normalization of the states does not matter as the �nal result for the
correlation functions of local operators are properly normalized. The thermal
partition function therefore rewrites as

Z �

∑
λ

e−β[λ] → e−βE[ϑβ]e2S[ϑβ]
〈ϑβ |ϑβ〉 , (4.4.25)

where ϑβ (λ) satis�es the saddle point condition for thermal states. The same
applies to expectation values of correlation functions

Tr
(
e−βH Ô(x , t)Ô(0)

)
→ e−βE[ϑβ]e2S[ϑβ]

∑
{µ−j→µ

+
j }

eδS[ϑβ ,{h j→p j }]
〈ϑβ |Ô |ϑβ , {h j → p j }〉

〈ϑβ |ϑβ〉
, (4.4.26)

where the sum over particle-holes excitation is taken to be such that for any
particle-hole there is a �nite di�erence δS[ϑβ , {h j , p j }] between the entropy of
the left state and the one of the right one. We de�ne then the matrix element
〈ϑβ |Ô |ϑβ ,{h j→p j }〉

〈ϑβ |ϑβ〉
obtained by considering a �nite size realization |λβ〉 of the saddle

point state such that any con�guration of particle-hole excitation can be realized
h → p, and taking its thermodynamic limit

〈ϑβ |Ô |ϑβ , {h j → p j }〉 ≡
〈ϑβ |Ô |ϑβ , {h j → p j }〉

〈ϑβ |ϑβ〉
� lim

th

〈λβ |Ô |λβ , {h j → p j }〉

〈λβ |λβ〉
(4.4.27)

With this notation therefore we can rewrite a thermal expectation in the thermo-
dynamic limit as

Z−1Tr
(
e−βH Ô(x , t)Ô(0)

)
→

∞∑
m�0

1
m!2

[ m∏
j�1

ˆ
dp j dh jρgs (h j )ρh

gs (p j )
] (
〈ϑβ |Ô |ϑβ , {h j → p j }〉e

δS[ϑ,{h j ,p j }
m
j�1]

)
(4.4.28)
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and we therefore de�ne
(
〈ϑβ |Ô |ϑβ , {h j → p j }〉e

δS[ϑ,{h j ,p j }
m
j�1]

)
as the thermody-

namic form factor.

We report in the next sections the �nal result for the density operator (4.4.3), ob-
tained preceding analogously to [150] and using the hypothesis (4.4.22) (which
we are not able to prove rigorously), togetherwith a discussion on how to handle
the Fredholm determinant which emerges from the limit and the singularities
present when particle and holes coincide.

4.4.1 Density form factors for �nite entropy states
We report here the �nal expression for the thermodynamic limit of the form fac-
tors of the density operator (4.4.3) between the reference state given by a smooth
distribution ρ(λ) and a number n of particle-hole excitations. Most of the re-
maining computations can be carried out exactly as is done in [150] by simply
rescaling the shift function as F̃(λ) � ϑ(λ)F(λ). The thermodynamic form fac-
tor reads

|〈ϑ |ρ̂ |ϑ, {h j → p j }
n
j�1〉| � exp *.

,

n∑
j�1
δS[ϑ; p j , h j]+/

-
×

c
2



n∏
k�1

F(hk )
(ρt (pk )ρt (hk ))1/2

πF̃(pk )
sin πF̃(pk )

sin πF̃(hk )
πF̃(hk )



×

n∏
i , j�1

[
(p − h j + ic)2

(hi , j + ic)(pi , j + ic)

]1/2 ∏n
i< j�1 hi j pi j∏
i , j (pi − h j )

det
n

(
δi j + W (hi , h j )

)
× exp *

,
−
1
4

ˆ
dλ
ˆ

dµ
(

F̃(λ) − F̃(µ)
λ − µ

)2
−

1
2

ˆ
dµdλ

(
F̃(λ)F̃(µ)

(λ − µ + ic)2

)
+
-

× exp *
,

n∑
k�1

PV
ˆ
∞

−∞

dλ
F̃(λ)(hk − pk )

(λ − hk )(λ − pk )
+
ˆ

dλ
F̃(λ)(pk − hk )

(λ − hk + ic)(λ − pk + ic)
+
-

×

Det
(
1 + Â

)
Det

(
1 − Kϑ

2π

) , (4.4.29)

with the kernels Â and W given respectively in (4.4.47) and (4.4.56). The form
factors are now completely characterized by thermodynamic data. Knowing the
ϑ(λ) function we can �nd the density ρt (λ). Specifying the rapidities of the
excitations {h j → p j }

n
j�1 the back-�ow function F(λ |{h j → p j }

n
j�1) and the form

factor itself follows. Note that in order to have a complete resolution of identity
we need to include also the diagonal form factor with n � 0

|〈ϑ |ρ̂ |ϑ〉| � D (4.4.30)

where the density of particles can be chosen to be unity D � 1.
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4. Thermodynamic limit of integrable models

Regularization of the divergences
To compute correlation functionswe need to perform an integration over all pos-
sible values of the rapidites of the excitations. The form factors (4.4.29) have how-
ever a singularity whenever h j � µ+

k and they are �nite only when we consider
only one single particle-hole n � 1 with p → h, when the form factor becomes
indeed diagonal. Therefore we need to be careful while rewriting the sums as
integrals. The aim of this section is to show how this can be done. Let us start
with the �nite size form of the correlation function where we already neglect
sub-leading corrections

〈ρ̂(x , t)ρ̂(0)〉 �
∞∑

n�0

1
n!2

n∏
j�1



1
L

∑
p j

1
L

∑
h j


(4.4.31)

× |〈ϑ |ρ̂ |ϑ, {h j → p j }
n
j�1〉|

2e
∑n

j�1[−ix(k(p j )−k(h j ))−it(ω(p j )−ω(h j ))]. (4.4.32)

The sum over particle and holes rapidites transforms into a product of integrals
under a proper regularization. The idea, already introduced to regularize the
�eld theory form factors in [152], is to write the sum over the holes as a complex
integral over all the values that the holes rapidites can take for a �nite (but large)
L using

LQ(h) � L
(
h +
ˆ

dλθ(h − λ)ρ(λ)
)
� 2πI j , (4.4.33)

where {I j } are all the quantumnumbers of the averaging state at some large �xed
system size L. With a help of Q(h) we can write the sum of a function f (z) over
all the values of hole rapidity h as

1
L

∑
h

f (h) �
∑

I j

˛
I j

dz
2π

f (z)Q′(z)
e iLQ(z) − 1

�

(ˆ
R−iε
−

ˆ
R+iε

)
f (z)Q′(z)
e iLQ(z) − 1

dz
2π (4.4.34)

−

∑
poles(f)∈Γε

˛
dz

f (z)Q′(z)
e iLQ(z) − 1

−

∑
r j<{I j }

f (z j ), (4.4.35)

where the �rst integrals are taken on a single contour including the poles in
Q(z) � 2πI j where I j are all the possible quantum numbers of the hole. In the
second step we modi�ed the sum over all these contours in the integral over the
line above and below the real axes. In order to do that we need to subtract extra
poles that we do not want to include. One type of them are the poles of f (z) in
the strip Γε delimited by the two imaginary lines. Other poles are located at the
values z such that Q(z) � 2πr j with r j not a quantum number of the averaging
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4.4. Thermodynamic form factors

state (where holes cannot be created). When L →∞ only the integral above the
real line survives the limit (since Q(z) is monotonic in z) leading to

1
L

∑
h

f (h) �
ˆ
R+iε

f (z)ρ(z)dz − πi
∑

res(f)∈Γε

f (z)ρ(z). (4.4.36)

If now we impose that f (z) has only a double pole in z � p we can then rewrite
the sum in terms of the �nite part of the integral over h

1
L

∑
h

f (h) � lim
ε→0+

ˆ
∞

−∞

dh f (h + iε) − πires
h�p

f (h) �
?
∞

−∞

dh f (h). (4.4.37)

In order to compute the �nite part is then useful to compute the limit µ+
j → h j

of the form factors (4.4.29)

|〈ϑ |ρ̂ |ϑ, {h j → µ+
j }

n
j�1〉|

|〈ϑ |ρ̂ |ϑ, {h j → µ+
j }

n−1
j�1 〉|

�
F(hn )

ρt (hn )(pn − hn )
+ O(pn − hn ). (4.4.38)

where the back-�ow is now computed as the sum of the other back-�ows for the
residual excitations

F
(
λ | {(p j , h j )}nj�1

)
�

n−1∑
j�1

F
(
λ | p j , h j

)
. (4.4.39)

Fredholm determinant
We are left with the problem of computing the thermodynamic limit of the de-
terminant

Θ �
detN (δ jk + U jk )

V+
p − V−p

(4.4.40)

where the matrix U is given in (4.4.4) and λp is an arbitrary number. Analo-
gously to what is done in [150] we can take the limit λp →∞ leading to

Θ �
ic
2∆k

det *.
,
δ jk +

i(µ j − λ j )
V+

j − V−j

∏
m, j

µm − λ j

λm − λ j

(
2c

(λ j − λk )2 + c2
−

2
c

)
+/
-
(4.4.41)

It is useful to consider a vector

a j �
i(µ j − λ j )
V+

j − V−j

∏
m, j

µm − λ j

λm − λ j
. (4.4.42)

With this notation the determinant in (4.4.40) is expressed as

det
N

(
δi j + Ai j

)
, (4.4.43)
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4. Thermodynamic limit of integrable models

with the matrix A given by

A jk � a j

(
K(λ j − λk ) −

2
c

)
. (4.4.44)

Depending on j the vector a j has a di�erent scaling behavior with the system
size

a j ∼



O(1/L), λ j < {λ−j }
n
j�1

O(1), λ j ∈ {λ−j }
n
j�1

. (4.4.45)

We can use this property to simplify the computation of the determinant. We
denote by ã j a vector a j in which we substitute µ j by µ−j . Correspondingly we
de�ne amatrix Ã jk with ã j as a prefactor instead of a j . Thus the matrix elements
of Ã jk are all of O(1/L). By B jk we denote the di�erence of the two matrices:
B jk � A jk−Ã jk . Note that thematrix B jk has only n non-zero rows corresponding
to the excited rapidites {λ−j }

n
j�1. Using standard proprieties of the determinant

and assuming the matrix δi j + Ãi j is invertible we can recast the determinant in a
product of the determinant of an N ×N matrix and the determinant of an n × n
one

det
N

(δi j + Ãi j + Bi j ) � det
N

(δi j + Ãi j ) × det
n

*
,
δi j +

N∑
k�1

Bik

(
1 + Ã

)−1
k j

+
-
, (4.4.46)

where the indices i , j in the second determinant run only over the n excited ra-
pidities and 1 denotes here the identity matrix. We can now take the thermody-
namic limit. The �rst determinant becomes a Fredholm determinant Det(1 + Â)
with the kernel

Â(λ, µ) � ã(λ)
(
K(λ − µ) −

2
c

)
, (4.4.47)

where ã(λ j ) is the thermodynamic limit of ρ(λ j )a j . Standard computations give
[150]

ã(λ) �
ϑ(λ)F(λ)

Γ[1 + ϑ(λ)F(λ)]Γ[1 − ϑ(λ)F(λ)]

n∏
k�1
µ−k ,λ

µ+
k − λ

µ−k − λ
exp

[
−PV
ˆ

dµ
ϑ(µ)F(µ)
µ − λ

]

×


2Im *

,

n∏
k�1

µ+
k − λ + ic

µ−k − λ + ic
exp

[
−

ˆ
dµ
ϑ(µ)F(µ)
µ − λ + ic

]
+
-



−1

. (4.4.48)

where the product
∏n

k�1
µ−k ,λ

runs over all the holes (particles) except the j−th one

when λ � µ−j for any j � 1, . . . , n. With PV
´
we denoted the principal value of
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4.4. Thermodynamic form factors

the integral

PV
ˆ

dx
f (x)

x
� lim
ε→0

(ˆ
−ε

−∞

dx
f (x)

x
+
ˆ
∞

ε
dx

f (x)
x

)
. (4.4.49)

The second line of eq. (4.4.48) can be still simpli�ed. We separate the exponential
term into real and imaginary parts and for the imaginary part use the integral
equation for the back-�ow (4.3.7) to obtain

exp
(
−

ˆ
dµ
ϑ(µ)F(µ)
µ − λ + ic

)
� exp

(
−

1
2c

ˆ
dµ(µ − λ)ϑ(µ)F(µ)K(λ − µ)

)
× exp *

,
iπF(λ) −

i
2

n∑
k�1

(
θ(λ − µ+

k ) − θ(λ − µ−k )
)+

-
. (4.4.50)

From the de�nition of θ(λ) � 2atan(λ/c) and an identity

exp (2iatan(x)) �
1 + ix
1 − ix

, (4.4.51)

it follows that

Im


n∏
k

µ+
k − λ + ic

µ−k − λ + ic
exp

(
−

ˆ
dµ
ϑ(µ)F(µ)
µ − λ + ic

)
� sin πF(λ)

n∏
k�1

(K(µ−k − λ)
K(µ+

k − λ)

)1/2
× exp

(
−

1
2c

ˆ
dµ(µ − λ)ϑ(µ)F(µ)K(λ − µ)

)
. (4.4.52)

Using Euler’s re�ection formula for Γ functions

Γ(1 − z)Γ(1 + z) �
πz

sin πz
, (4.4.53)

we obtain

ã(λ) �
sin[πϑ(λ)F(λ)]
2π sin[πF(λ)]

×

∏n
k�1 µ

+
k − λ∏n

k�1
µ−k ,λ

µ−k − λ

n∏
k�1

( K(µ+
k − λ)

K(µ−k − λ)

)1/2
exp

[
c
2PV
ˆ

dµ
ϑ(µ)F(µ)K(µ − λ)

µ − λ

]
.

(4.4.54)

In the n×n determinant in (4.4.46)wenote thatwe canneglect the 1/L corrections
to B since limth

n
L � 0. We introduce the matrix W � A(1 + Ã)−1 as the solution

of the following equation

Wi j +
N∑

k�1
WikÃk j � Ai j , i , j � 1, . . . , n , (4.4.55)
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4. Thermodynamic limit of integrable models

which in the thermodynamic limit becomes a linear integral equations for the
function W (λ, µ)

W (λ, µ)+
ˆ
∞

−∞

dαW (λ, α) ã(α)
(
K(α − µ) −

2
c

)
� b(λ)

(
K(λ − µ) −

2
c

)
, (4.4.56)

with the vector b(λ) given by

b(λ) � −
sin[πϑ(λ)F(λ)]

2πϑ(λ)F(λ) sin[πF(λ)]

×

∏n
k�1 µ

+
k − λ∏n

k�1
µ−k ,λ

µ−k − λ

n∏
k�1

( K(µ+
k − λ)

K(µ−k − λ)

)1/2
exp

[
c
2PV

ˆ
dµ
ϑ(µ)F(µ)K(λ − µ)

λ − µ

]
.

(4.4.57)

Putting everything together we have then

limth det
N

(δi j + Ãi j + Bi j ) � Det(1 + Â) det
n

(
δi j + W (µ−i , µ

−

j )
)
, (4.4.58)

and the determinant part of the form factors is then expressed as

Θ �
ic
2∆k

Det(1 + Â)detn
(
δi j + W (µ−i , µ

−

j )
)
. (4.4.59)

Note that the Fredholm determinant is still a function of the excitations and not
only of the averaging state. This unfortunately poses still serious problems to
the computation of correlation functions. However from the numerical point of
view its evaluation can be e�ectively approximated with the very �rst terms of
its expansion in powers of the trace.

Dynamical structure factor in 1/c expansion

We consider here the expansion in 1/c of the dynamical structure factor, de�ned
as the Fourier transform of the density-density correlation

S(q , ω) �
ˆ

dxdt e iqx−iωt
〈ϑ |ρ̂(x , t)ρ̂(0, 0) |ϑ〉

� (2π)2
∞∑

n�0

1
n!2



n∏
j�1

ˆ
∞

−∞

dp jρh (p j )
?
∞

−∞

dh jρ(h j )

δ *.

,
q −

n∑
j�1

(k(p j ) − k(h j ))+/
-

× δ *.
,
ω −

n∑
j�1

(ω(p j ) − ω(h j ))+/
-
|〈ϑ |ρ̂ |ϑ, {h j → p j }

n
j�1〉|

2 ,

(4.4.60)
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4.4. Thermodynamic form factors

for a generic thermal state at temperature T � β−1 and density D � 1. Expanding
at the �rst order in 1/c the only relevant form factors are the ones with only 1
particle-hole excitation p , h � µ+ , µ−

|〈ϑ |ρ̂ |ϑ, h → p〉|

�
1
2π

1 + 2
c

(ρt (h)ρt (p))1/2

[
1 −

(p − h)2

πc
PV
ˆ

dλ
ϑ(λ)

(λ − p)(λ − h)

]
+ O(1/c2),

(4.4.61)

since the ones with two or more particle-hole excitations contribute at the order
1/c2 or higher. The �lling fraction for a thermal state at temperature β, including
the 1/c correction, is given by

ϑ(λ) �
1 + 2

c

1 + eβ(λ2−h)
, (4.4.62)

with h the chemical potential �xing the density D � 1 of the gas. In the 1 particle-
hole spectrum dynamical structure factor at S(q , ω) is given in terms of a single
form factor with energy ω andmomentum q times the density of states, which is
simply the Jacobian of the transformation from the rapidities of the excitations
to the energy and momentum variable

p2
− h2

� ω, (4.4.63)

p − h � q
(
1 + 2

c

)−1
, (4.4.64)

which gives a Jacobian factor ���det
∂(ω,q)
∂(p ,h)

��� � 2q(1 + 2/c)−1 with the rapidities of
the excitations given by

p �
q

2(1 + 2/c)
+ ω(1 + 2/c)

2q
, (4.4.65)

h � −
q

2(1 + 2/c)
+ ω(1 + 2/c)

2q
. (4.4.66)

We obtain then an expression for the thermal dynamical structure factor up to
1/c2 corrections

S(q , ω) � (2π)2
1 + 2

c

2q

[
ρh (p)ρ(h) |〈ϑ |ρ̂ |ϑ, h → p〉|

]

�
2
π

*
,
π
1 + 6

c

4q
+ 1
2c

PV
ˆ
ϑ(λ + p) − ϑ(λ + h)

λ
+
-
ϑ(h)

(
1 − ϑ(p)

)
+ O(1/c2).

(4.4.67)
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Using

1 − e−βω �
ϑ(h) − ϑ(p)
ϑ(h)(1 − ϑ(p))

. (4.4.68)

we obtain the same result as in [153] (where herewe have chosen unitary density
D � 1). Note that the limit T → 0 can be easily recovered from (4.4.67). The same
is believed to be true for all the orders in 1/c of the correlation functions. This is
a non-trivial statement since the procedure to obtain the form factors when the
averaging state is the ground state and when is a thermal state are manifestly
di�erent.
The example here is carried on for a thermal state, however this result can be
extended to any �lling fraction ϑ(λ) including for example the saddle point state
after a quench.
Numerical evaluation of the dynamical structure factor
Thedynamical structure factor (4.4.60) can be computed throughnumerical eval-
uations of the exact formula (4.4.29). The sum over all the possible number of
excitations n � 1, 2, . . . requires a great numerical e�ort, mainly due to the com-
plicated structure of the form factors. To simplify the problem we focus here
only on the simplest excitations (n � 1) consisting of a single particle-hole pair.
This leads to an approximate expression for the correlation function which is
shown in �gures 4.1 and 4.2. As in the 1/c section, for concreteness we limit
ourselves to thermal equilibrium correlations.
The approximation of the correlation function to a single particle-hole pair be-
comes exact in the limit of large interactions (c.f. previous section) and in the
limit of very small momentum k. As the interaction is decreased and momen-
tum is increased we expect the approximation to become worse. To quantify
how far the resulting correlation function is from the true one we compare our
results with an exact numerical evaluation of the correlation function in a �nite
system [144] via the ABACUS algorithm [16]. This shows that even for values of
c ∼ 1, which go well beyond the 1/c expansion and at �nite momentum k � kF ,
the 1 particle-hole contribution captures the essential features of the dynamic
structure factor. For c ≈ 4 the kinetic and potential energy of the ground state
of the system are equal and thus the correlation function is the most di�cult to
compute.
Additionally we consider the f-sum rule [154], an exact equality obeyed by the
dynamic structure factor for any �xed momentum q

ˆ
∞

−∞

dω
2π ωS(q , ω) � Dq2. (4.4.69)

In the limit c → ∞ or k → 0 the 1 particle-hole spectrum is the full excitation
spectrum for the density operator and consequently the f-sum rule is completely
saturated by including only these types of excitations in the sum (4.4.60). How-
ever as c decreases with k �nite we observe that the f-sum rules is saturated only
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Figure 4.1: Correlation function S(k , ω) at T � 1, unitary density D � 1 and
with c � 16 (on the left) and with c � 4 (on the right). We plot it as a function
of energy ω for �xed value of momentum k � kF . The 1 particle-hole approxi-
mation S1ph (q , ω) (blue) �ts well the ABACUS results (green) and misses only
on the correlation weight which is expected to come frommultiple particle-hole
excitations. For c � 16 we plot also the results of the 1/c expansion (red). Inset
in the right �gure shows the percentage of the f-sum rule (4.4.69) saturation for
some values of the interaction parameter c.

up to a certain precision and more excitations have to be taken into account in
order to obtain the full correlation function. Again, even at values of c ∼ 1 and
k ∼ kF the contribution of the 1 particle-hole excitations remains very signi�cant
(see insets of �gures 4.1 and 4.2).
The results of this section con�rm that the form factors (4.4.29) can be directly
used to compute the dynamic structure factor or in general the density-density
correlation on a generic state with non-zero entropy. Moreover it asserts that the
expansion in particle-hole excitation numbers is an e�ective method to compute
the correlation function.

4.5 Thermodynamic limit of overlaps andquench ac-
tion approach

In the �rst section we focused on the problem of computing dynamical corre-
lation functions at a �nite temperature T for a generic integrable model and a
weak operator O

Z−1Tr
[
Oe−βH

]
� Z−1

∑
λ

e−βE[λ]
∑
µ

���〈λ |O|µ〉
���
2
e−itE[µ]−ixP[µ] .

It is not hard to generalize the results for this case to the expectation value given
on a generic density matrix, in particular the one given by the projector on a
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Figure 4.2: Correlation function S(k , ω) at T � 1, unitary density D � 1 and
with c � 16 (on the left) and with c � 4 (on the right) as a function of energy
ω for �xed value of momentum k � kF/10. For c � 16 we plot also the result
of the 1/c expansion. The f-sum rule (as plotted inside the inset) is saturated
exactly (up to a numerical precision of ∼ 1%) since the 1 particle-hole approxi-
mation becomes exact at small momenta. Lower value of momentum allows for
development of a second peak, at negative energies, due to the detailed balance
relation S(k ,−ω) � S(k , ω) exp(−ω/T) [154]. Note that at higher momenta the
correlation function is shifted towards higher energies and the negative energy
peak becomes practically invisible (See �gure 4.1).
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pure state |Ψ0〉, which is not an eigenstate of the Hamiltonian

Z−1〈Ψ0 |e iHtOe−iHt
|Ψ0〉 � Z−1

∑
µ

∑
λ

e−it(E[µ]−E[λ]) e−SΨ0λ −SΨ0 ∗µ 〈λ |O|µ〉 ,

where now Z � 〈Ψ0 |Ψ0〉 and e−SΨ0λ � 〈Ψ0 |λ〉 are the overlaps between the initial
state and the Bethe states. This corresponds to the time evolution of the expec-
tation value of a sequence of local operator evaluated at two di�erent positions
and times. It is a complicated non-equilibriumproblem and the double sumover
the full Hilbert space is a serious bottleneck for most of the systems. However
the thermodynamic limit give us again incredible simpli�cations for weak op-
erators. The main reason is again the non-extensive number of thermodynamic
excitations {e j } that a weak operator can make in the thermodynamic limit. This
allows, as done in (4.3.17) to reduce the double sum only to an extensive single
sum over the �llings and the rearrengements of each box of left and right state
therefore arriving to the expression

〈Ψ0 |e iHtOe−iHt
|Ψ0〉

�
*.
,

Nb∏
j�1

1∑
ϑ j�0

∑
c j

+/
-

∑
{e j }λ

∑
{e j }

µ

〈{ϑ j }, {c j }, {e j }
λ
|O|{ϑ j }, {c j }, {e j }

µ
〉e−it∆E−∆SΨ0

×

(
e−2<SΨ0 [{ϑ j },{c j },{e j }

λ] + e−2<SΨ0 [{ϑ j },{c j },{e j }
µ]
)

2 , (4.5.1)

where ∆SΨ0
0 denotes the di�erence between the overlap of the left and the right

state with the initial state. The question is now if we are allowed to decompose
the overlaps with the initial state |Ψ0〉 in the same way as done for the energy
of the Bethe state (or momentum) in (4.3.8). This decomposition is based on the
assumption that the overlap decays exponentially with the system size L (or-
thogonality catastrophe) with a coe�cient which is a smooth functional of the
distribution ϑ(λ) which describe the Bethe state in the thermodynamic limit.
This is indeed the case for most of the initial states (at least for those states that
overlap with an extensive number of Bethe states) and taking the thermody-

89



4. Thermodynamic limit of integrable models

namic limit of their overlap we obtain

SΨ0 [{ϑλj }, {c
λ
j }, {e j }

λ] � S[ϑ] + δs[ϑ, {e j }
λ] + δs[ϑ, cλ] (4.5.2)

S[ϑ] � L
ˆ
∞

−∞

dλ sΨ0
0 (λ)ρ(λ) (4.5.3)

δs[ϑ, c] �
ˆ
∞

−∞

ṡΨ0
0 (λ)ϑ(λ)c(λ) (4.5.4)

δs[ϑ, {e j }] �
m∑

k�1

[
sΨ0
0 (p j ) − sΨ0

0 (hk ) −
ˆ
∞

−∞

dλ ṡΨ0
0 (λ)ϑ(λ)F(λ |pk , hk )

]
,

(4.5.5)

where the function sΨ0
0 (λ) is a generalized single-particle overlap coe�cient and

e−S[ϑ] is the quench action generalization of the Gibbs factor e−βH . This is ob-
tained by taking the extensive part of the overlap coe�cient Therefore we can
proceed analogously to what is done in the thermal case obtaining

lim
th

Z−1〈Ψ0 |e iHtOe−iHt
|Ψ0〉

�
1
2 lim

th

∑
{e j }

〈ϑsp |O|ϑsp , {e j }〉e−itω[ϑsp ,{e j }]−δs[ϑsp ,{e j }] +mirr. , (4.5.6)

where now the distribution ϑsp is still obtained as the saddle point of the gener-
alized Free energy, namely the quench action

SQ[ϑ] � 2<S[ϑ] − SYY[ϑ] , (4.5.7)

and it satis�es an integral equation simlar to the one for the thermal equilibrium
(4.2.3)

εsp (λ) � s0(λ) − h −
1
2π

ˆ +∞

−∞

dµ K(λ − µ) log
(
1 + e−εsp (µ)

)
(4.5.8)

ϑsp (λ) �
1

1 + eε(λ) , (4.5.9)

where h is again a Lagrangemultiplier in charge of keeping the density constant
(although it is not usually related to the chemical potential in (4.2.3))

ˆ
∞

−∞

dλ ρsp (λ) � n . (4.5.10)

The mirrored sum in (4.5.14) is simply the same sum where the exictations are
done on the left states instead than on the right one, namely

mirr. � 1
2 lim

th

∑
{e j }

〈ϑsp , {e j }|O|ϑsp〉e itω[ϑsp ,{e j }]−δs∗[ϑsp ,{e j }] , (4.5.11)
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4.5. Thermodynamic limit of overlaps and quench action approach

and it corresponds to the complex conjugate of (6.1.9) when O is a Hermitian
operator. These equations, together with relation (4.5.14), give the full time evo-
lution of the weak operator O after the quench. In particular one can be inter-
ested in the steady state expectation value, which is recovered by taking only
the diagonal contributes to the in�nite sum over the particle-hole excitations in
(4.5.14)

lim
t→∞

lim
th

Z−1〈Ψ0 |e iHtOe−iHt
|Ψ0〉 � 〈ϑsp |O|ϑsp〉 . (4.5.12)

Note that we have taken the two limits in the right order, namely the thermo-
dynamic limit �rst and the in�nite time limit after that. The reverse ordered
limit in principle also can exist after having introduced the time average of the
expectation value

lim
th

Z−1 lim
T→∞

1
T

ˆ T

0
dt〈Ψ0 |e iHtOe−iHt

|Ψ0〉 � 〈ϑsp |O|ϑsp〉 . (4.5.13)

It is important to underline that most of the necessary information regarding the
initial state in order to compute both post-quench equilibrium expectations and
the time evolution towards them is encoded in the function sΨ0

0 (λ) which is ob-
tained by extracting the leading term of the overlap coe�cient SΨ0

λ . What is not
contained in the leading part are the discrete symmetries of the initial state (for
example if the state is invariant under some re�ection symmetries) which may
give selection rules on the Bethe state that have to be imposed to the sum over
the Hilbert space in (4.5.1).

Provided that we have an expression for the thermodynamic form factors (4.4.2)
of the operatorO, then equation (4.5.14) gives us a compact form to write down
the time evolution, as in�nite series of integrals

lim
th

Z−1〈Ψ0 |e iHtOe−iHt
|Ψ0〉

�

∞∑
m�0

1
m!2



m∏
j�1

ˆ
∞

−∞

dj j ρ(h j )
ˆ
∞

−∞

dp j ρ
h (p j )



〈ϑsp |O|ϑsp , {h j → p j }
m
j�1〉

m∏
j�1

e−itω[ϑsp ,h j→p j ]−δs[ϑsp ,h j→p j ] +mirr.

(4.5.14)

where we also used that the di�erential overlap coe�cient δs is given by sum
over a single particle-hole overlap function, exactly like the energy and the mo-
mentum of the thermodynamic state (4.3.16). Themain di�culty on performing
the sum is therefore simply the knowledge of the thermodynamic form factor,
that is why up to now it has been done only for quenches to the Lieb-Liniger
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4. Thermodynamic limit of integrable models

model with large interaction parameter c → ∞. Otherwise the sum can be
clearly computed numerically at �nite, large system size using some discretiza-
tions of the saddle point state (a set of representative states of the distribution
ϑsp) and performing the sum with the ABACUS algorithm [16] (See Chapter 6).

4.5.1 Single-particle overlap coe�cients: a conjecture
Equation (4.5.2) shows that all the relevant information both for the saddle point
distribution and for the whole time evolution is encoded in the function sΨ0

0 (λ)
whichwedenoted as generalized single-particle overlap coe�cient. It is interest-
ing to notice that for integrable models all the thermodynamic extensive quanti-
ties (energy, momentum, �rst conserved charges) are sums of the single-particle
eigenvalues

E[λ] �
N∑

j�1
ε0(λ j ) . (4.5.15)

In order to compute the energy of a generic Bethe state therefore all what we
need to know is the single particle energy ε0(λ) and to solve the Bethe equations
for the set λ. In the thermodynamic limit the latter is encoded in the distribution
ρ which therefore gives all the information necessary for the energy of the state

E[λ] � L
ˆ

dλ ρ(λ)ε0(λ) + ω[ρ, {ex}] , (4.5.16)

where ω[ρ, {ex}] is also a functional of the distribution ρ. We could argue that
the same is valid also for the overlap-coe�cient, at least for some large class of
initial states, like the translationally invariant initial states. Therefore we may
conjecture that the overlap of a generic Bethe state with such an initial state is
given by

〈Ψ0 |λ〉 �
N∏

j�1
s0(λ j ) × R[λ] (4.5.17)

where R[λ] is a non extensive function, which therefore does not depend on the
detail of the state, such that

lim
th

R[λ]
R[µ] � 1 (4.5.18)

for states |λ〉, |µ〉 which di�er for a non-extensive number of particle-hole exci-
tations. Clearly one has to take into account that an overlap is also sensible to
discrete symmetries, (like parity invariance, see section 3.1) which may reduce
the number of independent rapidites in the Bethe state. For the case of the BEC
initial state in the Lieb-Liniger model and the Neél initial state for the XXZ spin
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4.5. Thermodynamic limit of overlaps and quench action approach

chain the parity of the state (re�ection around each particle in the system) is pre-
served in the quench. This reduces the number of independent rapidities from
N to N/2. Therefore the overlaps for both the initial states can be written as

〈Ψ0 |λ〉 �
N/2∏
j�1

s (2)
0 (λ j ) × R[λ] (4.5.19)

where s (2)
0 is now the two-particle overlap (clearly the single-particle overlap

coe�cient in this case is a trivial constant). This leads us to conjecture that the
following is valid for all the translationally invariant states

〈Ψ0 |λ〉 �
N ]∏
j�1

s]0 (λ j ) × R[λ] , (4.5.20)

where N ] � N/]with ] the dimension of the smallest irreducible representation
of the discrete symmetry of the initial state.
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CHAPTER 5

The BEC quench in the Lieb-Liniger
model

Amid the pressure of great events, a
general principle gives no help.

The Philosophy of History,
G. W. F. Hegel

We consider a gas of δ−interacting bosons in the gound state of the theory in
the limit of zero interactions. This corresponds to the ground state of the many-
body free bosonic theory, namely a Bose Einstein condensate (BEC) with a �at
wave function

〈x |BEC〉 � ψBEC (x) � L−N/2 (5.0.1)

where N is the total number of particles. At time t � 0 we suddenly switch on
interactions and we let the state |BEC〉 evolve under the Lieb-Liniger Hamilto-
nian. This corresponds to switch the coupling constant of the Lieb-Liniger gas
from c0 � 0 to a �nite c, what is usually denoted as an interaction quench.
The �rst question that one may ask is if the steady state expectation value of a
local observable Ô relaxes to an equilibrium value and how to compute it. If
the system relaxes canonically we can expect that a Gibbs ensemble reproduces
the late time expectation value of the operator Tr(e−βH Ô) where the e�ective
temperature T � 1/β is �xed by the expectation value of the post-quench Hamil-
tonian on the initial state 〈BEC |H |BEC〉 � Tr(e−βH H). On the other hand we
know that the system has more local conserved quantities than just the Hamil-
tonian which are then expected to in�uence the relaxation of local observables.
Moreover the energy �uctuations of the initial state are divergent in the limit of
the ultra-violet cut-o� of the model Λ sent to in�nity

〈BEC |H2
|BEC〉 �

∑
λ

|〈λ |BEC〉|2 *.
,

N∑
j�1
λ2

j
+/
-

2

∼

ˆ Λ
0

dλ →∞ (5.0.2)

which is another warning sign that we cannot expect to describe the relaxation
of the system with a canonical Gibbs ensemble (see discussion on the eigenstate
thermalization hypothesis in 1.2). In fact not even a Generalized Gibbs ensem-
ble for this quench can be implemented due to the divergences of the conserved
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5. The BEC quench in the Lieb-Liniger model

quantities on the initial state (which are present in any interaction quench inside
the Lieb-Liniger model). The successful approach turns out to be the quench ac-
tionmethod, based on the exact expression of the overlaps (see section 3.1). With
this approach we are then able to determine a macro-state |ρsp〉 (or equivalently
a thermodynamic Bethe state, introduced in chapter 4) which constitutes an ef-
fective steady state for all the late time expectation values of local operators

lim
t→∞
〈BEC(t) |Ô |BEC(t)〉 � 〈Ô〉eq ≡ 〈ρsp |Ô |ρsp〉 . (5.0.3)

We �rst explain the origin of the divergences of the conserved charges on the
initial state (section 5.1), then we move to the thermodynamic limit of the over-
laps (section 5.2), necessary to �nd an exact expression for the steady state after
the quench (section 5.3). This leads to predictions for the late time expectation
values of local observables that can be also compared with the ones given by an
e�ective thermal ensemble (section 5.4).

This chapter is based on the results published in [1].

5.1 The problem with the GGE
Let us imagine that we do not have the knowledge of the overlaps between the
initial state and the Bethe states. Therefore we are forced to use some other ap-
proach. The �rst one is to assume that the system for long time after the quench
is characterized by a density matrix and that this is given by the GGE assump-
tion (see section 1.3). According to this, given a local observable Ô, the in�nite
time limit of its expectation value for long times after the quench is given by

lim
t→∞

lim
th

〈Ψ0 |Ô |Ψ0〉

〈Ψ0 |Ψ0〉
�

Tr
[
e−

∑
n βn Qn Ô

]

Tr
[
e−

∑
n βn Qn

] (5.1.1)

where the set of charges {Qn } are the local (extensive) conserved charges of the
system. For the Lieb-Linigermodel there is a set of N of them,whose eigenvalues
are given by

Qn |λ〉 �
N∑

j�1
λn

j |λ〉 n � 1, . . .N . (5.1.2)

In order to �x their relative chemical potentials {βn } one has to compute their
expectation values on the BEC state which is not an eigenstate. The chemical
potentials are then �xed by the condition

〈BEC |Qn |BEC〉 �
Tr

[
e−

∑
n βn Qn Qn

]

Tr
[
e−

∑
n βn Qn

] , n � 1, . . .N (5.1.3)
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5.2. The problem with the GGE

In order to compute 〈BEC |Qn |BEC〉 we need an expression for the charges in
real space x. These are given in [155] which shows that the charges all have a
similar pattern

Qn ∼

N∑
j�1

∂n

∂xn
j
+α(1)

n c
N∑

j�1

(
∂
∂x j

)n−2 ∑
1≥i> j≥N

δ(xi − x j )

+ . . . + α(n) *.
,

c
∑

1≥i> j≥N

δ(xi − x j )
+/
-

n/2

(5.1.4)

where c is the coupling constant of the Hamiltonian H ∼ Q2. The Bethe wave
functions 2.2.13 have cusps whenever the position of two particles coincide xi �

x j for any i , j � 1, . . . ,N such that

lim
ε→0+

����∂xiΨ(x |λ)���x j−ε
− ∂xiΨ(x |λ)���x j+ε

���� � 2c . (5.1.5)

Therefore when evaluated on a Bethe state the powers of δ−functions from the
charges (5.1.4) get canceled between each other and we obtain the regular ex-
pression given in (5.1.2). However when applied to a Bethe state with di�erent
coupling constant c′ the same cancellations do not happen and the expectation
value of the charges become proportional to powers of ∼ (c − c′)δ(0) which cor-
responds to an ultra-violet (UV) divergence ∼ 1/a where a is the lattice spacing
of the model. The only way to regularize the expressions is to choose a lattice
regularization, as for example the q−bosons model [156], �nd the correspon-
dent GGE density matrix and then take the limit a → 0. However this becomes
a much harder problem to solve. Moreover it shows that in order to have a �-
nite GGE density matrix the in�nities present in the expectation values of the
charges have to cancel between each other in the �nal sum

∑
n βnQn in (5.1.1)

which makes therefore impossible to truncate the GGE to a limited amount of
conserved operators. In order to have a proper GGE ensemble one has to in-
clude all the extensive charges {Qn }

N
n�1 as proposed in [157]. However this is a

very complicated problem that up to now is not solved yet. On the other hand
it turned out that it is possible to compute the exact overlaps between the BEC
state and the Lieb-Liniger Bethe states and to use the quench action formalism
introduced in section 4.5.
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5. The BEC quench in the Lieb-Liniger model

5.2 Thermodynamic limit of the overlaps
Let us consider the expression for the overlaps at �nite size introduced in (3.1.27)

〈{λ j ,−λ j }
N/2
j�1 |0〉 �

√√√√√√ (
det N/2

j,k�1GQ
jk

)2
detNj,k�1 G jk

√
(cL)−N N!

N/2∏
j�1

λ j
c

√
λ2

j

c2 + 1
4

. (5.2.1)

In order to apply the quench action formalism we need to compute the thermo-
dynamic limit of the above formula. Therefore we follow the same approach as
in Chapter 4 to describe a generic thermodynamic Bethe state. We choose a set
{h j }

m
j�1 (holes) of rapidities in the state and we change their values to a new set

{p j }
m
j�1 (particles). Therfore in each box [λ, λ + dλ] there are Lρ(λ)dλ + np (λ) −

nh (λ) rapidites where np ,h is the number of particle or holes with rapidity λ.
Moreover we introduce the displacements c(λ) which describes particle-holes
shu�ings inside each box. With this notation we can take the thermodynamic
limit of the product in (5.2.1) analogously to how it is done for the energy of the
state (4.3.8)

limth log
N/2∏
j�1

λ j

c

√
λ2

j

c2
+ 1
4

�

N/2∑
j�1

sBEC0 (λ j ) � S[ϑ] + δs[ϑ, {h j , p j }
m
j�1] + δs[ϑ, c] (5.2.2)

S[ϑ] � L
ˆ
∞

0
dλ sBEC0 (λ)ρ(λ) (5.2.3)

δs[ϑ, c] �
ˆ
∞

0

∂sBEC0 (λ)
∂λ

ϑ(λ)c(λ) (5.2.4)

δs[ϑ, {h j , p j }
m
j�1] �

m∑
k�1

[
sBEC0 (pk ) − sBEC0 (hk )

−

ˆ
∞

0
dλ

∂sBEC0 (λ)
∂λ

ϑ(λ)F(λ |pk , hk )
]
, (5.2.5)

where the generalized single-particle overlap coe�cient (see also in 4.5.2) is given
by

sBEC0 (λ) � log λ
c

√
λ2

c2
+ 1
4 . (5.2.6)
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Note that since all the �nite size states involved in the resolution of the BEC
state are parity invariant states, the only particle-hole to consider are also parity
invariant excitations, namely

{h j , p j }
m
j�1 � {h j ,−h j , p j ,−p j }

m/2
j�1 . (5.2.7)

We now focus on the two determinants in Eq. (5.2.1).

R[λ,−λ] �

(
det N/2

j,k�1GQ
jk

)2
detNj,k�1 G jk

. (5.2.8)

We can rewrite the determinant of the Gaudin matrix G jk as

detNj,k�1 G jk � LN
N∏

j�1

(
1 + 1

L

N∑
l�1

K(λ j − λl )
)

× detNj,k�1 *
,
δ jk −

K(λ j − λk )

L +
∑N

l�1 K(λk − λl )
+
-
. (5.2.9)

From the Bethe equations in the thermodynamic limit, Equation (4.1.10), we
have

1 + 1
L

N∑
l�1

K(λ j − λl ) � 2π ρt (λ j ) + O(1/L) , (5.2.10)

where ρt � ρ + ρh . Furthermore, in the thermodynamic limit the matrix on the
right-hand side of Eq. (5.2.9) becomes an integral operator on the real line:

δ jk −
K(λ j − λk )

L +
∑N

l�1 K(λk − λl )
→ 1 −

K̂ρ

2π ,

where
(
K̂ρ g

)
(λ) �

ˆ
∞

−∞

dµ K(λ − µ)
ρ(µ)
ρt (µ)

g(µ) . (5.2.11)

The matrix GQ
jk can be analyzed analogously, using instead of K̂ρ the operator

K̂Q
ρ acting as(

K̂ρ g
)

(λ) � Θ(λ)

×

ˆ
∞

0
dµ

[
K(λ − µ) + K(λ + µ)

] ρ(µ)
ρt (µ)

g(µ) , (5.2.12)
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where Θ(λ) is the Heaviside step function. Putting everything together, one
�nds that in the thermodynamic limit the ratio of determinants in Eq. (5.2.1)
becomes the ratio of two Fredholm determinants [158]

limth
*..
,

detN/2j,k�1 GQ
jk√

detNj,k�1 G jk

+//
-

�
Det(1 − K̂Q

ρ

2π )√
Det(1 − K̂ρ

2π )
+ O(1/L) . (5.2.13)

Therefore the ratio of the two determinants (5.2.8) in the overlaps does not in�u-
ence the steady state and not even the time evolution towards it. Indeed since the
ratio of two Fredholmdeterminants is a non-extensive number, it is not extensive
and therefore does not in�uence the saddle point state ϑsp and it is independent
of the details of the state (namely the particle-hole excitation), therefore

limth
R[λ,−λ]
R[µ,−µ] � 1 (5.2.14)

for Bethe states |λ,−λ〉, |µ,−µ〉 which di�er up to a non-extensive number of
particle-hole excitations.
Finally, up to 1/L corrections and parts which are inessential to compute the
post-quench time evolution, the thermodydamic limit of the overlaps 5.2.1 is
given only by the thermodynamic limit of the product (5.2.2)

lim
th

log〈λ,−λ |BEC〉 � S[ϑ] + δs[ϑ, {λ+
j , λ

−

j }
m
j�1] + δs[ϑ, c] + . . . (5.2.15)

5.3 Explicit solution of the saddle point equation
The quench action now reads

SQ[ρ]/L �

ˆ
∞

0
dλ

[
ρ(λ) log

(
λ2

c2

(
1
4 + λ

2

c2

))
− ρt (λ) log ρt (λ) + ρ(λ) log ρ(λ) + ρh (λ) log ρh (λ)

]
. (5.3.1)

Note that we used a Yang-Yang entropy (4.1.15) with non-zero measure only
on the half space λ > 0 since the �lling of quantum numbers associated with
the negative rapidities is unambiguously determined by the positive ones and
thus do not contribute to the entropy of the state. To impose the normalization
condition on ρ we add a Lagrange multiplier h as in Ref. [106] which can be
viewed, in the spirit of the free energy, as a generalized chemical potential. This
corresponds to modifying our functional measure as

ˆ
D[ρ] e−SQ [ρ]

→

ˆ +i∞

−i∞
dh
ˆ
D[ρ] e−SQ [ρ]e−

Lh
2 (n−

´
∞

−∞
dλρ(λ)) . (5.3.2)
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5.3. Explicit solution of the saddle point equation

Taking the functional derivativewith respect to ρ andusingdimensionless quan-
tities x � λ/c and K(x) � 2

x2+1 , we obtain as a saddle point equation a non-linear
integral equation for the function a(x) ≡ ρ(λ)/ρh (λ),

log a(x) � log (τ2) − log
[
x2

(
x2 + 1/4

)]

+
ˆ
∞

−∞

K(x − y) log
[
1 + a(y)

] dy
2π , (5.3.3)

where τ is related to the Lagrange multiplier h via τ � eh/2. The functions a
and ρ are directly connected. Taking the derivative τ

2 ∂τ of Eq. (5.3.3) and due to
the thermodynamic form of the Bethe equations the function 2πρ(x) is given by
τ
2 ∂τa(x)/(1 + a(x)).
The non-linear integral equation (5.3.3) has an analytical solution, which can
be derived as follows. In the limit τ → 0 the driving term becomes large and
negative for all �xed x > τ and the convolution integral gives only subleading
contributions. Thus, the �rst non-trivial order of the function a(x) reads

a (0) (x) �
τ2

x2(x2 + 1/4)
. (5.3.4)

In order to calculate the next leading term, we plug this result into the convolu-
tion integral on the right hand side of the saddle point equation (5.3.3). Using
the relationˆ

∞

−∞

1/π
(x − y)2 + 1

log
[
y2 + α2

]
dy � log

[
x2 + (α + 1)2

]
, (5.3.5)

we obtain up to order τ2

log a(x) � log (τ2)

− log
[
x2

(
x2 + 1/4

) (
x2 + 1

) (
x2 + 9/4

)]

+
ˆ
∞

−∞

K(x − y) log
[
y2(y2 + 1/4) + τ2

] dy
2π . (5.3.6)

By rewriting y2(y2+1/4)+τ2 � (y2+ y2
−)(y2+ y2

+) where y± �
1
√
8

√
1 ±
√

1 − 64τ2,
using Eq. (5.3.5) again and expanding y± to lowest order in τ: y+ � 1/2 and
y− � 2τ, we get

a(x) �
τ2

(
x2 + (1 + y−)2

) (
x2 + (1 + y+)2

)
x2(x2 + 1/4)(x2 + 1)(x2 + 9/4)

�
τ2

x2(x2 + 1/4)

[
1 + 4τ(1 + τ)

x2 + 1

]
. (5.3.7)
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Hence, the function a(x)/a (0) (x) up to �rst order in τ reads

a (1) (x)
a (0) (x)

� 1 + 4τ
x2 + 1

. (5.3.8)

Repeating this procedure we can calculate higher orders in τ systematically,
leading to an expression up to generic order τN

a (N) (x)
a (0) (x)

�

N+1∑
n�1

(
2n

n − 1

) n∏
j�2

τ

x2 + ( j/2)2
. (5.3.9)

The limit N →∞ leads to the solution of the saddle point equation (5.3.3),

a(x) � lim
N→∞

a (N) (x) �
∞∑

n�1

(
2n

n − 1

) n∏
j�0

τ

x2 + ( j/2)2

�
2πτ

x sinh (2πx)
I1−2ix

(
4
√
τ
)
I1+2ix

(
4
√
τ
)
. (5.3.10)

Here, In (z) is the modi�ed Bessel function of the �rst kind of order n. We even-
tually get

2πρ(x) �
τ
2 ∂τa(x)
1 + a(x)

�
a(x)

1 + a(x)
τ∂τ
2 log a(x) . (5.3.11)

Note that the saddle point distribution ρsp is then given by ρsp(λ) � ρ(λ/c).
The computation of the dimensionless particle density N/(Lc) � n/c � 1/γ and
energy density E/(Lc3) � e/c3 by numerical integration of function (6.2.4) yields

n
c
�

ˆ
∞

−∞

ρ(x)dx � τ ,
e
c3

�

ˆ
∞

−∞

x2ρ(x)dx � τ2 , (5.3.12)

i.e. τ � 1/γ and e � cn2 � γn3, in agreement with the initial energy density

limth L−1〈BEC |HLL |BEC〉 � γn3 . (5.3.13)

5.4 Physical properties of the steady state
The saddle point distribution gives us access, in principle, to any correlation
function of operators allowed within the quench action approach. We focus on
density correlations. Following the method of [159, 160] we compute in Fig. 5.2
the static density moments g2 and g3 de�ned by

gK � 〈ρsp | : (ρ̂(0)/n)K: |ρsp〉 . (5.4.1)
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Figure 5.1: Density function ρsp(λ) in (6.2.4) for di�erent γ’s for the saddle
point state (solid lines) and for the thermal state (dashed lines). In the main
plot (resp. inset), ρsp(0) (resp. ρth (0)) is a decreasing (increasing) function of γ.
Inset: Scaled functions ρs (x) � 2√γρ(2n

√
γx) and ρths (x) which approach the

semi-circle 2
π
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1 − x2 in the limit γ → 0.
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Figure 5.2: Expectation values g2 (red, upper curve) and g3 (green, lower curve)
as function of γ on the exact saddle point state (solid lines) and on the thermal
one (dashed lines). Asymptotic behaviours (black dashed lines) g2 ∼ 8/(3γ),
g3 ∼ 32/(15γ2) for γ → ∞ as in [156] and g2 ∼ 1 − √γ/2, g3 ∼ 1 − 3√γ/2 for
γ → 0. Insets: Same plot (in logarithmic scale) for di�erent ranges of γ.
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5.5. Asymptotics of the saddle point distribution

The density operator is de�ned as ρ̂(x) �Ψ†(x)Ψ(x), where the operators ¯(x)
satis�es the canonical commutation relations [Ψ(x),Ψ†(x′)] � δ(x−x′). Results
for the saddle point state are compared with the ones obtained using a thermal
state at �xed particle density n and energy density e � n3γ. These results clearly
display the lack of thermalization long after the quench.
In Fig. 5.3 we further address static correlations by studying the static structure
factor S(x) � 〈Isp |ρ̂(x)ρ̂(0) |Isp〉 and its Fourier transform using the Lehmann
representation

S(k) � L
∑

I

|〈Isp |ρ̂(0) |I〉|2δk ,PI , (5.4.2)

where the state |Isp〉 scales to the saddle point distribution. The matrix elements
are known exactly through the method of Algebraic Bethe Ansatz [149] and
summed into correlations by the ABACUS algorithm [16] following the method
in Ref. [144].

5.5 Asymptotics of the saddle point distribution
The asymptotic expansion of the saddle point distribution 2πρ(x) in Eq. (6.2.4)
for x →∞ and arbitrary �xed 0 < τ < ∞ is given by (up to O

(
x−10

)
)

2πρ(x) ∼
τ2

x4 −
τ2 − 24τ3

4x6 + τ
2
− 120τ3 + 464τ4

16x8 . (5.5.1)

The �rst two terms were previously found within an approach using q-Bosons
[156]. The Tonks-Girardeau limit c → ∞ at �xed density n, i.e. τ → 0, can be
easily performed,

a(x) ∼ a (0) (x) �
τ2

x2(x2 + 1/4)

⇒ 2πρ(x) ∼
τ2

x2(x2 + 1/4) + τ2
. (5.5.2)

Substituting τ � n/c and x � λ/c yields 2πρsp(λ) ∼ 4n2/(λ2 + 4n2).
The limit c → 0 at �xed density n, i.e. τ → ∞, is more complicated. The �rst
observation is that the scaled density ρs (x) � 2ρ(2

√
τx)/
√
τ, calculated by using

the exact expression (5.3.10), has a proper limit,

lim
τ→∞

ρs (x) � lim
τ→∞

2ρ(2
√
τx)

√
τ

�
2
π

√

1 − x2 Θ(1 − x2)

⇒ ρ(x) ∼
√
τ

π

√
1 − x2

4τ Θ(4τ − x2) . (5.5.3)
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Figure 5.3: Density-Density correlation on the saddle point state in momentum
space k (in unit of kF � πn) and (inset) in real space x ∈ [0, L] (from top to
bottom for increasing values of γ). At x → 0 the numerical results approach
the analytical ones for g2 (open dots). Curves are obtained by joining data from
system sizes N � 64 (small k), 32 and 8 (large k). Error bars and shaded region
are respectively estimates of �nite-size discretization errors or missing intensity
based on sumrule saturation levels. At k � 0 numerical data suggest S(k) → 1/2
irrespective of the interaction, which agrees with the Bogoliubov prediction for
small γ [161].
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5.5. Asymptotics of the saddle point distribution

This can be proven by analyzing the asymptotic behavior of Bessel functions.
First of all we write

2π
2ρ(2

√
τx)

√
τ

�

√
τ∂τa(2

√
τx , τ)

1 + a(2
√
τx , τ)

�
a(2
√
τx , τ)

1 + a(2
√
τx , τ)

√
τ∂τa(2

√
τx , τ)

a(2
√
τx , τ)

, (5.5.4)

where the partial derivative is with respect to the second argument. We analyze
the two factors separately. The �rst one becomes

lim
τ→∞

a(2
√
τx , τ)

1 + a(2
√
τx , τ)

�

{
1 for |x | ≤ 1

f (x) for |x | > 1 , (5.5.5)

where f is a function with f (1) � 1, and which decays algebraically as (2x)−4
for large x. In order to analyze the second factor in Eq. (5.5.3) we set z � 4

√
τ.

Using formula (5.3.10) and the abbreviation ν � xz we obtain, due to τ∂τ � z
2∂z

and I′ν (z) � (Iν+1(z) + Iν−1(z))/2,
√
τ∂τa(2

√
τx , τ)

a(2
√
τx , τ)

�
4
z
+ I−iν (z)

I1−iν (z)
+ I2−iν (z)

I1−iν (z)
+ Iiν (z)

I1+iν (z)
+ I2+iν (z)

I1+iν (z)

� 4<
[ I−iν (z)

I1−iν (z)

]
. (5.5.6)

Note that the partial derivative acts only on the argument, but not on the order of
the modi�ed Bessel functions. Now we use the uniform asymptotic limit of the
modi�ed Bessel function of the �rst kind, which is also known as the uniform
Airy-type asymptotic expansion of Bessel functions [162]:

I−iν (νz′) ∼
eπν/2

2ν1/3
( 4ζ
1 − z′2

)1/4



[
Bi(−ν2/3ζ) + 2ie−πν sinh (πν)Ai(−ν2/3ζ)

] ∞∑
s�0

(−1)s As (ζ)
ν2s

+
[
Bi′(−ν2/3ζ) + 2ie−πν sinh (πν)Ai′(−ν2/3ζ)

] ∞∑
s�0

(−1)s Bs (ζ)
ν2s+4/3



, (5.5.7)

where 2
3ζ

3/2 � log
(
1+
√

1−z′2
z′

)
−

√

1 − z′2. Ai and Bi are Airy functions and the
lowest expansion coe�cients are given by A0 � B0 � 1. Expanding the quotient
in Eq. (5.5.6) for large z to the leading asymptotic order we have to bear in mind
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5. The BEC quench in the Lieb-Liniger model

that, in the denominator, imaginary order and argument are ν+ i and z′ν/(ν+ i),
respectively, instead of ν and z′ � 1/x as in the numerator. Using the asymptotic
expansions of Airy functions

Ai(−z) ∼
sin

(
2
3 z3/2 + π

4

)
√
πz1/4

, Bi(−z) ∼
cos

(
2
3 z3/2 + π

4

)
√
πz1/4

, (5.5.8)

we eventually obtain by putting z � νz′ � ν/x

<

[ I−ixz (z)
I1−ixz (z)

]

z→∞
�<

[ I−iν (νz′)
I1−iν (νz′)

]
ν�xz→∞
z′�1/x<∞

∼ <



1 +
√

1 − z′2

iz′

 ν�xz→∞
z′�1/x<∞

� Θ(1 − x2)
√

1 − x2 . (5.5.9)

In the last step we used that, due to the real part, the leading order is only non-
zero if the absolute value of x is less than one. For |x | > 1 the leading order
vanishes andwehave limτ→∞ ρs (x) � 0 for every �xed |x | > 1. Taking the factors
2π and 4 in Eqs. (5.5.4) and (5.5.6) into account we �nally get ρs (x) � 2

π

√

1 − x2

for |x | ≤ 1 and ρs (x) � 0 elsewhere, which proves Eq. (5.5.3).
Substituting τ � n/c � 1/γ, x � λ/c in Eq. (5.5.3) and de�ning λ∗ � 2n

√
γ, we

obtain

ρsp(λ) ∼ n
2
πλ∗

√
1 − λ

2

λ2
∗

Θ(λ∗ − |λ |) . (5.5.10)

which reproduces the leading term of the ground state distribution of the Lieb-
Liniger model in the low-γ expansion.
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CHAPTER 6

Post-quench time evolution of
integrable models

I intend to live forever, or die trying.

G. Marx

Most of the theoretical research on the relaxation of isolated quantum systems
following a quantum quench focused so far on the expectation values of local
observables at late times after the quench, when the system is in an e�ective
steady state. For example the GGE hypothesis focuses on the possibility of re-
ducing the huge complexity of the initial wave function to a reduced set of in-
formation, incorporated in the local conserved quantities of the system, which
gives the expectation values of all physical observables in the steady state. How-
ever the question of how to perform an analogous simpli�cation for the whole
post-quench time evolution, has been poorly addressed, except in a few cases 1.
In particular we would like to know if we can understand relaxation time scales,
e�ective velocity of propagation of the excitations in the system and even the
full post-quench time evolution from a reduced set of macroscopic data on the
initial state. These predictions are clearly much more interesting than late time
expectation values from the expermental point of view, since experiments are
usually limited in the range of time (the typical life time of a cold atom experi-
ments is roughly 10-100 µs). Moreover the late time dynamics is expected to be
in�uenced much more by the impurities in the system (the trap con�ning the
atoms of the gas, a spin impurity in the chain are typical examples) than the
short time one.

The quench action method introduced in section 4.5 has proved to o�er a pro-
cedure whereby one can derive, from �rst principles, not only the steady state
itself but also the actual time evolution of physical observables . In this chapter
we show that this approach is able to provide the full post-quench time evolu-
tion in terms of a reduced set of data which can be extracted from the thermo-
dynamically leading part of the overlaps. It turns out that the same function, the
generalized single-particle overlap coe�cient sΨ0

0 (λ) (see section 4.5), �xes the
steady-state expectation values and the whole time evolution from t � 0+ after
the quench. This is treated analogously to a system at thermal equilibrium with

1Some references on the topic are [34, 63, 64, 67, 68, 79–81,87, 90, 126, 163–170].
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a sub-entropic gas of independent particle-hole excitations around the steady
state constituting the whole e�ective spectrum necessary to compute the time
dependence of all physical observables. A restricted class of excitations is then
clearly seen to be the most relevant for the long-time behavior, giving a picture
reminiscent of a �eld theory description of the asymptotics of correlations in
equilibrium situations [171–173].

We �rst review (section 6.1) how the method of the quench action provides the
exact time evolution after a quench in a generic integrable model (in fact any
model where we can write down its eigenstates) and how from this we obtain
an expression for the power law decay towards equilibrium of local operators
after a generic quench [8]. Then we apply the method to compute the whole
time evolution of the static density function after a quench from the BEC state
to the Lieb-Liniger gas with �nite coupling constant c (section 6.2). Then we ad-
dress the time evolution of more complicated correlation functions in the limit
of hard-core bosons, when the coupling constant is very large c → ∞ (section
6.3).

This chapter is based on the results published in [1, 6, 8].

6.1 The quench action method and the post-quench
evolution in an integrable model

Weconsider an initial state |Ψ0〉which is not an eigenstate of the one-dimensional
integrable Hamiltonian H for N particles moving on a system size L with peri-
odic boundary conditions. In a generic integrable model each eigenstate is spec-
i�ed by a set of N quantum numbers I � {I j }

N
j�1. The set of nonlinear coupled

Bethe equations maps the mutually excluding quantum numbers in N quasi-
momenta, called rapidites, I → λ � {λ j }

N
j�1 which take value in the complex

plane. These are related to the one-particle momentum k0(λ) and the scattering
phase of the model θ(λ) [106]

k0(λi ) �
2πIi

L
−

1
L

N∑
k�1

θ(λi − λk ) i � 1, . . . ,N . (6.1.1)

All the possible di�erent choices of quantum numbers I give a complete basis
of eigenstates |λ〉 with energy E[λ] which allows, given a local operator Ô, to
resolve the time evolution of its expectation value on the initial state

〈Ψ0 |e iHt Ôe−iHt
|Ψ0〉 ≡ 〈Ô(t)〉 , (6.1.2)

〈Ô(t)〉 �
∑
λ

∑
µ

e−SΨ0λ e−(SΨ0 )∗µ 〈λ |Ô |µ〉e−it(E[µ]−E[λ]) , (6.1.3)
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where we introduced the overlap coe�cients SΨ0
λ between the initial state and

the eigenstates 〈Ψ0 |λ〉 � e−SΨ0λ . The double sum in (6.1.3) can be performed in
general when the number N of constituents of the system is small. However
one is in general interested in the thermodynamic limit limth ≡ limN,L→∞ with
�xed density n � N/L. The quench action approach introduced in [79] allows to
move from a sum over the discrete representation for the eigenstates, in terms
of the quantum numbers I to a functional integral over smooth distributions
of rapidites and simple excitations over them. Given a smooth function ρ(λ) of
rapidities on the real axis with its normalization given by the density of particles´
∞

−∞
dλ ρ(λ) � n (under the string hypothesis it can be generalized to complex

rapidities [174]), there is an entropic number ∼ eSYY [ρ] of �nite size states that
share the same expectation values of local operators [106]. The entropy is given
by [118]

SYY[ρ] � L
ˆ
∞

−∞

dλ
(
(ρ + ρh ) ln(ρ + ρh ) − ρ ln ρ − ρh ln ρh) , (6.1.4)

where the density of holes is given by the total density ρh � ρt
−ρ, related to the

density of particles by the Bethe equations (6.1.1) in the thermodynamic limit

ρt
�

1
2π

(
k̇0 + θ̇ ∗ ρ

)
, (6.1.5)

where we introduce the convolution between two functions f ∗ g �
´
∞

−∞
dµ f (λ−

µ)g(µ) and the derivative respect to λ, d f
dλ ≡ ḟ . For later convenience we also

introduce the scalar product on the real axis f · g �
´
∞

−∞
dµ f (µ)g(µ). After

restricting to the appropriate sub-Hilbert space with nonzero overlap (if dis-
crete symmetries are present), the overlaps become a smooth functional over the
eigenstates. In particular they can be written as an extensive universal part (de-
pendent only on the distribution ρ) with subleading corrections which depend
on the �nite number of particle-hole excitations {hi , pi }

m
i�1 over the distribution

ρ (which corresponds to displacing a number m of quantum numbers of one of
the �nite size state |λ〉 → |ρ〉 which discretizes the distribution ρ)

SΨ0
λ → S[ρ] + δs[ρ, {hi , pi }

m
i�1] + O(1/N) , (6.1.6)

where both quantities are given in terms of the generalized one-particle overlap
coe�cient sΨ0

0 (λ)

S[ρ] � L sΨ0
0 · ρ ,

δs[ρ, {hi , pi }
m
i�1] �

m∑
k�1

(
sΨ0
0 (pk ) − sΨ0

0 (hk ) − Fk · ṡ
Ψ0
0

)
. (6.1.7)
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The back-�ow Fk (λ) for a single particle-hole is computed in terms of the distri-
bution ρ

2πFk
ρt

ρ
�θ(λ − pk ) − θ(λ − hk ) + θ̇ ∗ Fk . (6.1.8)

Therefore in the thermodynamic limit, for any weak operator, we can write its
time-dependent expectation value (6.1.3) as

lim
th
〈Ô(t)〉 �

1
2

ˆ
Dρ e−2<S[ρ]+SYY [ρ]

∞∑
m�0

ˆ
d[h , p]m

[
e−δs[ρ,{hi ,pi }

m
i�1]−itω[ρ,{hi ,pi }

m
i�1]〈ρ |Ô |ρ, {hi , pi }

m
i�1〉

]
+mirr , (6.1.9)

with
´

d[h , p]m �
1

(m!)2
∏m

j�1
´
∞

−∞
dh jρ(h j )

´
∞

−∞
dp jρh (p j ) denoting the sum over

themacroscopic particle-hole excitations andmirr indicating the same sum as in
(6.1.9) but with excitations on the left state. The energy of a state E[λ]→ E[ρ] +
ω[ρ, {hi , pi }

m
i�1] is given in terms of the one-particle energy ε0(λ) analogously to

the overlaps (6.1.7)

E[ρ] � L ε0 · ρ ,

ω[ρ, {hi , pi }
m
i�1] �

m∑
k�1

(
ε0(pk ) − ε0(hk ) − Fk · ε̇0

)
.

The matrix elements 〈ρ |Ô |ρ〉 can be computed by choosing one of the possi-
ble (large) �nite size realizations |λ〉 → |ρ〉 of the distribution ρ(λ) and us-
ing 〈ρ |Ô |ρ〉

〈ρ |ρ〉 �
〈λ |Ô |λ〉
〈λ |λ〉

(
1 + O(1/N)

)
. The same can be done for the o� diagonal

ones. Given these ingredients the sum in (6.1.3) can be evaluated in the saddle
point δSQ [ρ]

δρ
���ρ�ρsp

� 0 of the quench action SQ[ρ] � 2<S[ρ] − SYY[ρ] leading to
an expression for the whole post-quench time evolution in the thermodynamic
limit [1, 79]

lim
th
〈Ô(t)〉 �

1
2

∞∑
m�0

ˆ
d[h , p]m

[
e−it(ω[ρsp ,{hi ,pi }

m
i�1])

× e−δs[ρsp ,{hi ,pi }
m
i�1]〈ρsp |Ô |ρsp , {hi , pi }

m
i�1〉

]
+mirr. (6.1.10)

A notable consequence of formula (6.1.10) is that all the information to recon-
struct the entire post-quench time evolution is contained in the function sΨ0

0 (λ)
which can be extracted by taking the scaling limit of the overlap coe�cients

SΨ0
λ �

N∑
j�1

(
sΨ0
0 (λ j ) + O(N−1)

)
. (6.1.11)
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The behavior of the exponent of sΨ0
0 (λ) around λ ∼ 0 determines the power law

for the large time relaxation of any physical observable. In the limit of large t we
can indeed approximate the sum in (6.1.10) with the contribution of the saddle
point itself and of the single particle-hole excitations

lim
th
〈Ô(t)〉 ∼ 〈ρsp |Ô |ρsp〉 +

1
2

ˆ
∞

−∞

dp dh ρh
sp (p)ρsp (h)

× 〈ρsp |Ô |ρsp , {h , p}〉e−itω[ρsp ,{h ,p}]−δs[ρsp ,{h ,p}] +mirr. (6.1.12)

Since the dispersion relation, aswell as the di�erential overlap coe�cient δs[ρ, {h , p}],
splits in terms of particles and holes ω[ρ, {h , p}] ≡ ω[ρ, p]−ω[ρ, h], the integrals
can be approximated by evaluating each of them in the saddle point of the single-
particle dispersion relation ω[ρ, λ] which for any smooth distribution ρ(λ) is in
λ � 0. Therefore if k is the order of the �rst non-zero derivative in λ � 0 of
e sΨ0 (λ) , the approach to the steady state value of all the local operators with a
�nite expectation value on the saddle point state (〈ρsp |Ô |ρsp〉 , 0) is given by a
power law as follows

∆Ô (t) ∼ t−(k+2)
∀k odd , ∆Ô (t) ∼ t−(k+1)

∀k even , (6.1.13)

where ∆Ô (t) ≡ 〈Ô(t)〉 − limt→∞〈Ô(t)〉. The power law decay of correlations is
a consequence of the creation, by the quench, of a �nite density of holes around
λ � 0, giving a �nite density of states for small-energy (zero velocity) particle-
hole excitations in this region [173] (See �gure 6.2, panel (b)). Therefore the
contribution of the power law is proportional to the density of holes around
λ ∼ 0 in the post-quench saddle point state which is large for distributions with
a large (extensive) entropy. Any initial state with an extensive amount of energy
〈Ψ0 |H |Ψ0〉 ∼ Le0 shows therefore a relaxation as power law although its contri-
bution to the whole time evolution becomes less and less visible as e0 decreases.
Note that up to nowwe assumed that the operator Ô conserves the total number
of particles. For operators adding (or removing) one extra particle to the system
the power law is simply replaced by t−(k+2)/2 (t−(k+1)/2 for k even).
Finally it is important to note that the same large time decay is expected also for
systems with bound states (under the string hypothesis) [4, 5, 78]. However in
this case the full time evolution from t � 0+ can only be recovered by including
other classes of high energy excitations, namely recombinations between bound
states of di�erent masses (strings of di�erent lengths [174]).

6.2 Time evolution in the interacting Bose gas
As a speci�c example of the general method, we now focus on the Lieb-Liniger
model for a δ−interacting Bose gas, de�ned by the Hamiltonian [22] (setting
~ � 2m � 1)

HLL � −

N∑
j�1

∂2

∂x2
j

+ 2c
∑
j>k

δ(x j − xk ) . (6.2.1)
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Figure 6.1: (a): Time evolution of g2(x � 0, t) as a function of time for di�er-
ent values of the post-quench interaction γ � 4, 8, 16, (from top to bottom) in
the thermodynamic limit with �xed density n � 1. The data are obtained using
equation (6.1.10) and by averaging over 10 �nite size realizations of the saddle-
point states with a system size of N � 96 particles. The lines on the right re-
spectively indicate the steady state values in the thermodynamic limit as given
in [1]. (b): Time evolution of g2(x � 0) as a function of time for γ � 4 and dif-
ferent system sizes: N � 6, 8 (red, blue line) and in the thermodynamic limit
(black line). The �nite size asymptotic values (red and blue lines on the right)
are shown. The data for N � 6 and N � 8 are obtained by performing the
full double sum over the Hilbert space (6.1.3) and dividing by their initial value
g2(x � 0, t � 0) � (1 − 1

N ). Their asymptotic values correspond to the value of

the diagonal ensemble
∑
λ e−2<S

Ψ0
λ 〈λ |: (ρ̂(0)/n)2 :|λ〉
g2 (x�0,t�0) .
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Figure 6.2: (a): Log-log plot of the time evolution of ∆g2 (t) for di�erent values
of the post quench interaction γ � 4, 8, 16 (from top to bottom). The red lines
f (t) � const(γ) − 3 log t are guide for the eyes showing the approach to the
equilibrium value as ∼ t−3 for all the considered values of the post-quench in-
teractions. (b): Schematic representations of the most relevant parity invariant
particle (�lled dots)with its respective hole (empty dot) excitations on the saddle
point �lling function (here for γ � 4). For small times the high energy excitations
corresponding to particle-holes along the tails (blue dots) need to be included.
For large times on the other hand the relevant excitations are particle-holes deep
in the center of the distribution λ ∼ 0 (red dots) which are the ones responsible
for the power law decay of the correlations towards their steady state values.
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6. Post-quench time evolution of integrable models

The initial state is chosen to be the ground state in the absence of interactions
γ0 � 0, where γ � c/n e�ectively parametrizes the coupling in the thermody-
namic limit. This state is known as the Bose-Einstein condensate (BEC) state
|BEC〉 and it is spatially structureless in all coordinates, 〈x|BEC〉 � 1

LN/2 . We con-
sider the post-quench time evolution of the static density moment g2(x � 0),
measuring the rate of two-body inelastic processes in the gas [175] which can
be experimentally accessed through the measurement of the photoassociation
rate [28]

g2(x � 0, t) � 〈BEC|e iHLL t : (ρ̂(0)/n)2: e−iHLL t
|BEC〉 . (6.2.2)

The density operator is de�ned as ρ̂(x) �Ψ†(x)Ψ(x), where the bosonic opera-
torsΨ(x),Ψ†(x) satisfy the canonical commutation relations [Ψ(x),Ψ†(x′)] �
δ(x − x′). The overlaps and in particular the generalized one-particle overlap
coe�cient have been computed in [1]

sBEC0 (λ) � log *
,
λ
c

√
λ2

c2
+ 1
4

+
-
, (6.2.3)

where the branch-cut of the logarithm is chosen such that sBEC0 (−λ) � −sBEC0 (λ).
The one-particle energy and momentum are given by k0(λ) � λ and ε0(λ) � λ2.
The function sBEC0 (λ) determines the saddle point statewhich can be analytically
written in terms of Bessel functions of the �rst kind In (z) [1]

ρsp(λ) � −
γ

4π
1

1 + asp(λ)
∂asp(λ)
∂γ

, (6.2.4)

asp(λ) �
2π/γ

λ
c sinh

(
2πλ

c

) I1−2i λc

(
4
√
γ

)
I1+2i λc

(
4
√
γ

)
.

The matrix elements between the eigenstates of the model are given in [176,
177]. The sum is performed by averaging over di�erent �nite size realizations
|λsp〉 → |ρsp〉 of the saddle point state and evaluating the relevant excitations via
an adaptation of the ABACUS algorithm [16, 143, 144] to generic highly-excited
states. In �gure 6.1 the time evolution computed via the quench action approach
(6.1.10) shows that even for values of the coupling constant that are far from the
two perturbative regimes (weak and strong coupling) we recover the initial BEC
value of the correlation limth g2(x � 0, t � 0+) ≡ g2(x � 0)BEC � 1 [175]. The
thermodynamic results allow to extract their large time decay to their steady
state values as in �gure 6.2. This follows the expected t−3 law which is a conse-
quence of (6.1.13) and of the behavior of sBEC0 (λ) around λ � 0

exp
(
sBEC0 (λ � 0)

)
� 0 ∀ γ > 0 , (6.2.5)

d exp
(
sBEC0 (λ)

)
dλ

���λ�0 , 0 ∀ γ > 0 . (6.2.6)
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This shows that the relaxation following a power law is present for any post-
quench coupling constant γ, even in the limit of small interactions. This is in
contrast to the predictions of the Bogoliubov approximation where the decay is
predicted to be exponential for small γ [161]. Note that the behavior of the over-
lap as in (6.2.5) is also independent of the initial value of the coupling constant.
It is related to the fact that for quenches from the ground state of the theory with
a coupling γ0 > 0 to the gas with a �nite coupling γ > 0 the eigenstate with the
maximal overlap e−SΨ0λ is clearly the ground state of the �nal theory. This leads to
the divergent behavior of the generalized single-particle overlap for small val-
ues of the rapidity, limλ→0 e−sΨ00 (λ)

→ ∞ which leads to (6.2.5). Therefore the
same power law t−3 is expected for any interaction quench γ0 → γ inside the
repulsive regime of the one-dimensional Bose gas (for the cases γ0 > 0→ γ � 0
see [164,178]).

6.3 Time evolution of local observables for quenches
from the BEC state to hard-core bosons

We consider again the Lieb-Liniger [22] Hamiltonian given by

HLL � −

N∑
j�1

∂2

∂x2
j

+ 2c
N∑

j>k�1
δ(x j − xk ) . (6.3.1)

In the limit c → ∞ the Bethe equations for the rapidites λ become the standard
quantization conditions for free fermionic momenta

lim
c→∞

λ j �
2πI j

L
. (6.3.2)

In this limit there is a rigorous one-to-one correspondence between the wave
function and the Slater determinant for free spinless fermions [179]. The relation
between the two is given by

lim
c→∞

ψ (x |λ) �
N∏

i< j�1
sgn(xi − x j )

detNi , j�1
(
e ixiλ j

)
√

N!
. (6.3.3)

From now on we focus on the quench from the BEC state to the c � +∞ Lieb-
Liniger model. In this limit the Bethe Ansatz wave function takes the simpler
form given in equation (6.3.3) and it can be integrated together with some static
physical operators for any �nite size N (see Appendix C in [1] and [180]). It is
then possible to extract the thermodynamic limit of the �nite size expressions
for the form factors. Also in this limit the back-�ow is zero limc→∞ F(λ |µ) � 0
and as a �rst consequence the di�erential overlaps and the energies have much
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6. Post-quench time evolution of integrable models

simpler expressions in terms of the rapidities of the excitations:

exp δs(µ) � exp(log µ/2) � µ/2 , (6.3.4)
exp(−2itδω(µ)) � exp(−2itµ2) . (6.3.5)

The saddle point distribution for this quench is given by [1, 156, 168]

ρsp (λ) �
1
2π

1
1 + (λ/2)2

, (6.3.6)

ρh
sp (λ) �

1
2π

(
1 − ρsp (λ)

)
�

1
2π

(λ/2)2

1 + (λ/2)2
. (6.3.7)

6.3.1 Time Evolution of the density-density correlations
We review here some results obtained in [1] for the two-point density-density
operator ρ̂(x)ρ̂(0) where ρ̂(x) � Ψ†(x)Ψ(x) and Ψ is the bosonic annihilation
operator.
At c � ∞ the density operator ρ̂ connects only states which di�er at most for
one particle-hole. The only non-zero form factors of ρ̂(x)ρ̂(0) are then the di-
agonal one and the two particle-hole ones corresponding to the �rst two terms
in the sum (6.1.10). The form factor for the parity-invariant two-particle hole
excitations is given by

〈ρsp |ρ̂(x)ρ̂(0) |ρsp , {h ,−h → p ,−p}〉 � 4 sin (hx) sin (px) , (6.3.8)

which is a special case of the two particle-hole form factor for generic thermo-
dynamic states |ρ〉 at c � ∞

〈ρ |ρ̂(x)ρ̂(0) |ρ, {µ−1 , µ
−

2 → µ+
1 , µ

+
2 }〉 �

(
e i xp1 − e i xp2

) (
e−i xµ−1 − e−i xµ−2

)
. (6.3.9)

Combining this with the diagonal form factor

〈ρ |ρ̂(x)ρ̂(0) |ρ〉 � 1 + δ(x) − ���
ˆ
∞

−∞

dλρ(λ)e ixλ���
2
, (6.3.10)

we can recover the whole time evolution summing over all these classes of pos-
sible excitations

〈0(t) |ρ̂(x)ρ̂(0) |0(t)〉 � 〈ρsp |ρ̂(x)ρ̂(0) |ρsp〉 (6.3.11)

+ 4
ˆ
∞

0
dhdpρsp (h)ρh

sp (p)e−2itε(p)+2itε(h)−δ(p)+δ(h) sin(px) sin(hx) ,

(6.3.12)

where we used the fact that ρ̂(x)ρ̂(0) is a self-adjoint operator to write the time
evolution only as a single sum. By substituting the expressions for the BEC
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quench overlaps (6.3.4) we can then simplify the above expression to

〈0(t) |ρ̂(x)ρ̂(0) |0(t)〉 � δ(x) + 1 − e−4|x | + 1
4

���e
2xerfc

(
8it + x
√
8it

)
− (x → −x)���

2
.

(6.3.13)

This reproduces the result of Ref. [168] but di�erently from the method used
in there. The result can be extended easily to a generic quench protocol with a
given saddle point distribution ρsp and di�erential overlaps δs. It is interesting
to consider the large time behavior of the time evolution. The approach of the
correlator to its saddle point value is indeed given by

〈0(t) |ρ̂(x)ρ̂(0) |0(t)〉 − 〈ρsp |ρ̂(x)ρ̂(0) |ρsp〉 �
1

512π
1
t

( x
t

)2
+ O(t−5) .

(6.3.14)
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Figure 6.3: Panel (a): Time evolution of one-body density matrix
〈0(t) |Ψ†(x)Ψ(0) |0(t)〉 on the time evolved BEC state ε−itHLL |0〉 � |0(t)〉 as a
function of x and for given values of time t � 10−3 , 5 × 10−3 , 10−2 , 5 × 10−2 , 10−1
(black lines) from top (t � 10−3) to bottom (t � 10−1) and for in�nite time af-
ter the quench limt→∞〈0(t) |Ψ†(x)Ψ(0) |0(t)〉 � e−2|x | (red dotted line). Panel
(b): 〈0(t) |Ψ†(x)Ψ(0) |0(t)〉 on the interval x ∈ [0, 1] and for t � 10−3(1 + 2k) for
k ∈ [0, 5] (black lines) from top (k � 0) to bottom (k � 5).
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6. Post-quench time evolution of integrable models

6.3.2 Time evolution of the one-body density matrix
In the following we derive an analytical expression for the time evolution of the
bosonic �eld-�eld operatorΨ†(x)Ψ(y) (wherewe can set y � 0 due to the trans-
lational invariance of the initial state) at c � ∞which constitutes the main result
of this section. Di�erently from the density operator, Ψ† and Ψ connect states
di�ering by an arbitrary number of particle-hole excitations. The computation
of the full time evolution then requires to perform the whole sum in (6.1.10).
The Fourier transform of the one-body density matrix gives the single particle
bosonic momentum distribution function which in general is not the same as
the fermionic one and whose exact expression even for the ground state or for a
generic thermal state is rather involved [106,181].
The necessary thermodynamic form factors are computed in [6], here we report
their expression for the parity-invariant excitations over the saddle point state
|ρsp〉 :

〈ρsp |Ψ
†(x)Ψ(0) |ρsp , {−hi , hi → −pi , pi }

n
i�1〉 (6.3.15)

� Det(1 + K′ρsp )
n
det
i , j�1

(
W′(hi , p j ) W′(hi ,−p j )

W′(−hi , p j ) W′(−hi ,−p j )

)
−Det(1 + Kρsp )

n
det
i , j�1

(
W (hi , p j ) W (hi ,−p j )

W (−hi , p j ) W (−hi ,−p j )

)
,

where K and K′ are two kernels given respectively by

K(u , v) � −4
sin x

2 (u − v)
u − v

, (6.3.16)

K′(u , v) � −4
sin x

2 (u − v)
u − v

+ e i x
2 (u+v) . (6.3.17)

The kernels W � (1+Kρsp )−1K and W′ � (1+K′ρsp )−1K′ are rigorously de�ned
as solution of the following integral equations

W (u , v) +
ˆ
∞

−∞

dz K(u , z)ρ(z)W (z , v) � K(u , v) , (6.3.18)

W′(u , v) +
ˆ
∞

−∞

dz K′(u , z)ρ(z)W′(z , v) � K′(u , v) . (6.3.19)

Given a kernel A(u , v) and a function φ(u) we denote with Det(1 + Aφ) the
Fredholm determinant (see [158]) of the kernel [Aφ](u , v) � A(u , v)φ(v). We
also introduced the short-hand notation for the minor of a kernel A(u , v)

n
det
i , j�1

A(xi , x j ) � det
*..
,

A(x1 , x1) A(x1 , x2) . . . A(x1 , xn )
...

...
A(xn , x1) A(xn , x2) . . . A(xn , xn )

+//
-
. (6.3.20)
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We can then perform the sum of the �rst term in (6.1.10) and �nally add the
mirrored part. The property of the form factors under exchange of left and right
state

〈ρ, {hi → pi }
n
i�1 |Ψ

†(x)Ψ(0) |ρ〉 �
(
〈ρ |Ψ†(x)Ψ(0) |ρ, {hi → pi }

n
i�1〉

∗
) ���x→−x

,

(6.3.21)

allows to express the mirrored sum as the complex conjugate with x → −x of
the �rst sum. Since this is a real and symmetric function of x we can just express
the time evolution of the one-body density matrix as a single sum

〈0(t) |Ψ†(x)Ψ(0) |0(t)〉 �

�

∞∑
n�0

1
n!2

×



n∏
j�1

ˆ
∞

0
dµ+

j

ˆ
∞

0
dµ−j ρsp (µ−j )ρh

sp (µ+
j )e−δs(µ+j )+δs(µ−j )−2it(δω(µ+j )−δω(µ−j ))


× 〈ρsp |Ψ

†(x)Ψ(0) |ρsp , {µ
−

j ,−µ
−

j → µ+
j ,−µ

+
j }

n
j�1〉

� Det(1 + K′ρsp )
∞∑

n�0

1
n!2

×

[ n∏
j�1

ˆ +∞

0
dµ+

j ρ
h
sp (p j )dµ−j ρsp (h j )e−2it(δω(µ+j )−δω(µ−j ))−δs(µ+j )+δs(µ−j ) ]

×

n
det
i , j�1

(
W′(hi , p j ) W′(hi ,−p j )

W′(−hi , p j ) W′(−hi ,−p j )

)
− (K′,W′

→ K,W ) . (6.3.22)

The product of the saddle point distribution times the di�erential overlaps and
energies can be rewritten as one function for particle excitations and one for
holes

ρh
sp (µ)e−2itδω(µ)−δs(µ)

� e−2itδω(µ)ϕ(0)
+ (µ) � ϕ(t)

+ (µ) , (6.3.23)

ρsp (µ)e2itδω(µ)+δs(µ)
� e2itδω(µ)ϕ(0)

− (µ) � ϕ(t)
− (µ) . (6.3.24)

Now we use the following identity [129]: consider the following multi dimen-
sional integral where µ(y) is some well-de�ned measure on a domain X ∈ R

[ n∏
α�1

ˆ
X

dµ(yα)
]

det
α�[1,2n],β�[1,n]

(
Aα (yβ) Bα (yβ)

)
. (6.3.25)
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The integration can be performed and it leads to

[ n∏
α�1

ˆ
X

dµ(yα)
]

det
α�[1,2n],β�[1,n]

(
Aα (yβ)Bα (yβ)

)
. � n!

√
2n
det
α,β�1

aαβ � n!Pf2n
α,β�1 (aαβ) ,

(6.3.26)

where Pf2n
i , j�1 is the Pfa�an of the matrix aαβ and aαβ is given by

aαβ �
ˆ

X
dµ(y)

(
Aα (y)Bβ (y) − Aβ (y)Bα (y)

)
. (6.3.27)

In our case we can choose Aα (yβ) � W (hi , p j )(W (−hi , p j )) for odd(even) α ∈
[1, . . . , 2n] andwith the same logic Bα (yβ) � W (hi ,−p j ) (Bα (yβ) � W (−hi ,−p j ))
for odd(even) α ∈ [1, . . . , 2n]. With such a choice of the index we can integrate
over the {µ+

j }
n
j�1 for each n using the identity (6.3.25)



n∏
j�1

ˆ
∞

0
dµ+

j ϕ
(t)
+ (µ+

j )


n
det
i , j�1

(
W (hi , p j ) W (hi ,−p j )

W (−hi , p j ) W (−hi ,−p j )

)

� n! Pfn
i , j�1

(
Φ(hi , h j ) Φ(hi ,−h j )
Φ(−hi , h j ) Φ(−hi ,−h j )

)
, (6.3.28)

where the new kernel Φ(u , v) is given by

Φ(u , v) �
ˆ
∞

0
dy ϕ(t)

+ (y)
(
W (u , y)W (v ,−y) −W (u ,−y)W (v , y)

)
�

ˆ
∞

−∞

dy ϕ(t)
+ (y)W (u , y)W (v ,−y) . (6.3.29)

In the last stepweused the antisymmetry of the di�erential overlapswhich leads
to ϕ(t)

+ (−y) � −ϕ(t)
+ (y). The same can be done for the function W′ leading to an

analogous result as in (6.3.28) with a di�erent kernel Φ′ given by

Φ′(u , v) �
ˆ
∞

−∞

dy ϕ(t)
+ (y)W′(u , y)W′(v ,−y) . (6.3.30)

The expression (6.3.22) then translates to

〈0(t) |Ψ†(x)Ψ(0) |0(t)〉 �

� Det(1 + K′ρsp )
∞∑

n�0

1
n!



n∏
j�1

ˆ +∞

0
dµ−j ϕ

(t)
− (µ−j )



× Pfn
i , j�1

(
Φ′(hi , h j ) Φ′(hi ,−h j )
Φ′(−hi , h j ) Φ′(−hi ,−h j )

)
− (K′,Φ′ → K,Φ) .
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We now use the de�nition of the Fredholm Pfa�an for the kernel Φ (which can
be equivalently implemented for the kernel Φ′)

∞∑
n�0

1
n!



n∏
j�1

ˆ +∞

0
dµ−j ϕ

(t)
− (µ−j )


× Pfn

i , j�1

(
Φ(hi , h j ) Φ(hi ,−h j )
Φ(−hi , h j ) Φ′(−hi ,−h j )

)

� Pf
(
J + P0Φϕ

(t)
− P0

)
�

√
Det(I − P0 JΦϕ(t)

− P0) , (6.3.31)

where we introduced the 2 × 2 matrix kernels

Φ �

(
Φ++ Φ+−
Φ−+ Φ−−

)
J �

(
0 1
−1 0

)
, (6.3.32)

where 1 denotes the identity on the kernel space as usual and the set of kernels
Φ±± are de�ned as Φ±± ≡ Φ(±u ,±v). The function P0 is the projector on the
positive real line x > 0. In the last step we used the relation between Fredholm
Pfa�an and Fredholm determinant Pf

(
J +Φ

)2
� Det(I − JΦ). The square root

of this expression produces an undetermined sign which in (6.3.31) is chosen to
be positive. This choice is purely arbitrary and its correctness is checked in the
limit t � 0+ where the expression for the time evolution recovers the one-body
density matrix of a BEC state. The antisymmetry of ϕ(t)

− (−y) � −ϕ(t)
− (y) leads

to

Det(I − P0 JΦP0ϕ
(t)
− ) � Det

(
1 − P0ϕ(t)

− Φ−+P0 −P0ϕ(t)
− Φ−−P0

P0ϕ(t)
− Φ++P0 1 + P0ϕ(t)

− Φ+−P0

)
� Det(1 + ϕ(t)

− Φ+−) , (6.3.33)

where the last Fredholm determinant is de�ned on the whole R axis. Using
the behaviour of W and W′ under inversion of its coordinates W (−u ,−v) �

W ∗(u , v) � (1 + Kρsp )−1∗K∗ (see Appendix A in [6]) the kernel Φ+− � Φ(u ,−v)
can be written in terms of the kernels K as the following product of operators

Φ+− � Wϕ(t)
+ W ∗

� (1 + Kρsp )−1Kϕ(t)
+ [(1 + Kρsp )∗]−1K∗ . (6.3.34)

Using the Cauchy-Binet formula for determinants we obtain

Det(1 + ϕ(t)
− Φ+−) � Det(1 +Φ+−ϕ

(t)
− )

�
Det(1 + Kρsp + Kϕ(t)

+ [(1 + Kρsp )∗]−1K∗ϕ(t)
− )

Det(1 + Kρsp )
�

Det
(
1 + Kρsp −Kϕ(t)

+
K∗ϕ(t)

− 1 + K∗ρsp

)
Det(1 + Kρsp )2

(6.3.35)

where in the last step we used the following property for the determinant of a
block matrix

det
(
A B
C D

)
� detD × det(A − BD−1C) . (6.3.36)
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6. Post-quench time evolution of integrable models

Then �nally we can write the full analytical result for the time evolution valid at
any time t in the thermodynamic limit

〈0(t) |Ψ†(x)Ψ(0) |0(t)〉

�

√
Det

(
1 + K′ρsp −K′ϕ(t)

+
K′∗ϕ(t)

− 1 + K′∗ρsp

)
−

√
Det

(
1 + Kρsp −Kϕ(t)

+
Kϕ(t)
− 1 + Kρsp

)
, (6.3.37)

where we used the fact that the kernel K+ � K is real and symmetric and that
the determinants of Kρsp and K′ρsp are real numbers.

The limit t → ∞ recovers the known results for the expectation value of the
�eld-�eld operator on the saddle point state [1, 156, 168]

lim
t→∞
〈0(t) |Ψ†(x)Ψ(0) |0(t)〉

�

√
Det

(
1 + K′ρsp 0

0 1 + K′∗ρsp

)
−

√
Det

(
1 + Kρsp 0

0 1 + Kρsp

)
� Det(1 + K′ρsp ) −Det(1 + Kρsp ) ≡ 〈ρsp |Ψ

†(x)Ψ(0) |ρsp〉 � e−2|x | ,
(6.3.38)

where we set the kernels K∗ϕ(t)
+ and K∗ϕ(t)

− to zero since for any smooth function
g on R the oscillating phase e−2it y2 sets the action of the two kernels to zero for
large t

lim
t→∞

[Kϕ(t)
± ]g � lim

t→∞

ˆ
∞

−∞

dz[Kϕ(t)
± ](x , z)g(z) � 0 , (6.3.39)

where the same is valid obviously also for the kernel K′.
The limit t → 0+ is more involved to recover analytically but it can be evaluated
numerically as for all other values of t. We discretized the kernels in (6.3.37)
with m points on the R axis reducing in this way the Fredholm determinant to
a determinant of an m × m matrix as is explained in [158]. With a Gaussian
quadrature method with m � 800 points in the range x ∈ [−300, 300] we obtain
the expected one-body density matrix for a BEC state at t � 0

〈0|Ψ†(x)Ψ(0) |0〉 � 1 + ε , (6.3.40)

with a constant numerical error ε ∼ 10−3. From the same numerical procedure
we obtain also the following analytical guesses for the Fredholm determinant of
the two kernels (up to the numerical precision of the evaluation procedure)

Det(1 + Kρsp ) � e−2|x | cos 2x , (6.3.41)
Det(1 + K′ρsp ) � e−2|x | (cos 2x + 1) . (6.3.42)
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We used the same numerical procedure to obtain the plots in Fig 6.3 for di�erent
values of t and x.
The limit x → 0 gives the density of the gas D and it is also easily recovered for
any time t since K → 0 and K′ → 1. We then obtain

〈0(t) |Ψ†(0)Ψ(0) |0(t)〉

�

√
Det

(
1 + ρsp −ϕ(t)

+
ϕ(t)
− 1 + ρsp

)
− 1

�

√√
Det



(
e−itδω 0

0 e itδω

) (
1 + ρsp −ϕ(0)

+
ϕ(0)
− 1 + ρsp

) (
e−itδω 0

0 e itδω

)−1 
− 1

�

√
Det

(
1 + ρsp −ϕ(0)

+
ϕ(0)
− 1 + ρsp

)
− 1

�

√(
1 +
ˆ
∞

−∞

dλρsp (λ)
)2

+
(ˆ
∞

−∞

dλϕ(0)
+ (λ)

)2
− 1

� D , (6.3.43)

where in the last steps we used that ϕ(0)
+ (λ) � ϕ(0)

− (λ) and ϕ(0)
+ (λ) � −ϕ(0)

+ (−λ).
Furthermorewe extended the followingproperty of the determinant (with {v j }

N
j�1

and {c j }
N
j�1 two di�erent vectors)

det
2N

(
δi j + v j −c j

c j δi j + v j

)
�

*.
,
1 +

N∑
j�1

v j
+/
-

2

+ *.
,

N∑
j�1

c j
+/
-

2

, (6.3.44)

to the Fredholm determinant in (6.3.43).
Approach to equilibrium for large times after the quench
We show here that the leading contribution to the time evolution, given by equa-
tion (6.3.37), for large time is only given by the parity-invariant 2 particle-hole
excitations, namely what we introduced in formula (6.1.12). In order to show
that we start from formula (6.3.33) and we expand it for large time t

Det(1 + ϕ(t)
− (y)Φ+−) , (6.3.45)

where

Φ+−(u , v) �
ˆ

dyϕ(t)
+ (y)(y)W (u , y)W ∗(v , y) �

ˆ
dy
π

ye−2it y2

4 + y2 W (u , y)W ∗(v , y).

(6.3.46)
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The procedure to follow is simply to extract the saddle point for large t of the in-
tegral over y. This is given by y � 0. Therefore we need to expand the integrand
around y � 0

W (u , y)W ∗(v , y) � W (u , 0)W ∗(v , 0)
(
1 + (g(u) + g∗(v))y

)
. (6.3.47)

Therefore we obtain for the kernel Φ+−(u , v)

Φ+−(u , v) →W (u , 0)W ∗(v , 0)
1
4π

ˆ
dye−2i y2t y2

�
1
4π

√
π
2

4(−it)3/2
W (u , 0)W ∗(v , 0)

(
g(u) + g∗(v)

)
. (6.3.48)

To determine the function g(u) we need to take the kernel W and expand it on
the second variable

W (u , v) +
ˆ

dsK(u , s)ρsp (s)W (s , v) � K(u , v) , (6.3.49)

W (u , v) +
ˆ

dsK(u , s)ρsp (s)W (s , v)

� K(u , 0)
(
1 +

v
(
iu2xe

iux
2 −

8
2 (sin(ux)) + 4

2ux(cos(ux))
)

−
8
2u(sin(ux)) + 2u2e

iux
2

)
.

(6.3.50)

We have then

W (u , v) � W (u , 0) + g(u)v , (6.3.51)

where

g(u)+
ˆ

dsρsp (s)K(u , s)g(s) � K(u , 0)
( (iu2xe

iux
2 −

8
2 (sin(ux)) + 4

2ux(cos(ux))
)

−
8
2u(sin(ux)) + 2u2e

iux
2

)
.

(6.3.52)

We can now use the following property of determinants

det(δi j + αci f j (vi + v j )) � 1 + 2α
∑

ci fi vi + O(α2) , (6.3.53)
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which allows to expand the Fredholm determinant as

Det(1 + ϕ(t)
− (y)Φ+−)

� Det
(
1 + 2 1

4π

√
π
2

4(−it)3/2
ϕ(t)
− (y)(u)W (u , 0)W ∗(v , 0)<g(u)

)
� 1 + 2 1

4π

√
π
2

4(−it)3/2

ˆ
du |W (u , 0) |2<g(u)ϕ(t)

− (y)(u) (6.3.54)

We can now expand again the integral around its saddle point for large t

|W (u , 0) |2<g(u) � |W (0, 0) |2<g(0) + u[∂u |W (u , 0) |2<g(u)���u�0] (6.3.55)

Finally we report the leading contribution for large time of the one-body density
function

〈0(t) |Ψ†(x)Ψ(0) |0(t)〉 ∼ e−2x+

1
t3

( 1
4π

√
π
2

4
)2 (

Det(1 + K′ρsp )
[
∂u |W′(u , 0) |2<g2(u)���u�0

]

−Det(1 + Kρsp )
[
∂u |W (u , 0) |2<g(u)���u�0

] )
(6.3.56)

with

g2(u) +
ˆ

dsρsp (s)K(u , s)g2(s) �
2ux cos(ux/2) − 4 sin(ux/2)

u2 + 1
2 ixe

iux
2

(6.3.57)

g(u) +
ˆ

dsρsp (s)K(u , s)g(s) �
2ux cos(ux/2) − 4 sin(ux/2)

u2 (6.3.58)

Note that this can also be rewritten as the saddle point of the following integrals

〈0(t) |Ψ†(x)Ψ(0) |0(t)〉 ∼ e−2x

+ Det(1 + K′ρsp )
(
1 + 1

2

ˆ
∞

−∞

du
ˆ
∞

−∞

dyϕ(t)
+ (y)(y) |W′(u , y) |2ϕ(t)

− (y)(u)
)

− (W′
→W ) (6.3.59)

which is the same as the two particle-hole contribute of sum (6.3.22). These two
parity invariant particle-hole excitation (whose momentum spams on the real
line [0, +∞]) can be written as an e�ective single particle-hole excitation with
momenta on thewhole real line as in equation (6.3.59).We have therefore showed
that the late time dynamics of the correlation function is only given by an e�ec-
tive one particle-hole excitation on the saddle point state.
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Time evolution of the momentum distribution
The Fourier transform of the one-body density matrix gives the momentum dis-
tribution of the gas

nt (k) �
1
2π

ˆ
∞

−∞

dy
ˆ
∞

−∞

dxe ik(x−y)
〈0(t) |Ψ†(x)Ψ(y) |0(t)〉 . (6.3.60)

This is a muchmore relevant quantity from the experimental point of view since
it can be directly accessed by releasing the trap for the gas and measuring the
position of the atoms after they have �ied freely in the experimental chamber.
As is visible in �gure 6.3 the gas keeps a long range correlation

lim
x→∞
〈0(t) |Ψ†(x)Ψ(0) |0(t)〉 � C(t) (6.3.61)

for any time after the quench, with C(t) ∼ t−3. Therefore the momentum dis-
tribution at any time has a �nite part and a condensate at k � 0 formed by a
number NC(t) of particles

nt (k) � C(t)δ(k) + n (0)
k (k) . (6.3.62)

As shown in �gure 6.4, the function relaxes quite quickly to its equilibrium value
given by

n∞(k) �
1
2π

1
1 + (k/2)2

. (6.3.63)
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Figure 6.4: Time evolution of the �nite part of the momentum distribution
n (0)

t (k) as a function of momentum πk/kF (black lines) for t � sdt, s � 0, 1, . . . , 5
and dt � 0.002 (from bottom to top). The blue line represents the momentum
distribution of the steady state. The momentum is relaxed for almost all the k at
t ∼ 0.01 which for a gas of 87Rb at density n ∼ 106/m corresponds to 10−6s.
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CHAPTER 7

Néel quench in the XXZ spin chain

Et tu, Brute?

Caesar in Julius Caesar,
W. Shakespeare

This chapter focuses on expectation values of local spin-spin operators after the
release of the zero momentum Néel state

|Ψ0〉 �
1
√
2

(| ↑↓ . . . ↑↓〉 + | ↓↑ . . . ↓↑〉) (7.0.1)

into a XXZ spin chain with anisotropy ∆ ≥ 1. For these values of ∆ the spec-
trum of the Hamiltonian is gapped, except at the point ∆ � 1, when the gap
closes. Formally it corresponds to performing an interaction quench from the
ground state of the theory with ∆0 � +∞ to the model with a �nite ∆. The ex-
act overlaps computed in section 3.2 allow to directly apply the quench action
method, which corresponds to exactly compute the diagonal ensemble of the
quench in the thermodynamic limit. As a lattice model it has a well de�ned
ultra-violet cut-o�, di�erently from the Lieb-Liniger model, and the expecta-
tion values of the conserved charges {Qm }

∞

m�1 on the initial state, as well as their
�uctuations∆Qm are all well-de�ned. Therefore a GGE prediction for the expec-
tation values of local observables in the steady state can then be extracted. The
comparison between the two approaches shows that a GGE ensemble includ-
ing all the local conserved charges enforcing integrability (the ones introduced
in (2.3.22)) does not �x properly the late times expectation values of local op-
erators. This is expected to be a generic feature of the GGE ensemble for any
quench in the XXZ model when the initial state has a �nite extensive energy
density 〈Ψ0 |H |Ψ0〉 ∼ Ne0.

We �rst introduce the string solutions (bound states) of the Bethe equations for
the XXZmodel (section 7.1), necessary to extend the thermodynamic description
of the eigenstates as done for the Lieb-Linigermodel in section 4.2. Thenwe give
an example of a correlation function of a local operator in the thermodynamic
limit (section 7.2) as a function of the densities of rapidites ρn (λ) describing the
thermodynamic state. We can thenmove to the quench from theNéel initial state
and compare the prediction of the quench action approach (section 7.4) with the
one of the GGE ensemble built with local charges (section 7.3).
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7. Néel quench in the XXZ spin chain

This chapter is based on the results published in [4, 5].

7.1 Thermodynamic Bethe Ansatz for the XXZ spin
chain

The XXZ model was introduced in 3.2.1. The Bethe equations for the rapidites
λ � {λ j }

N
j�1 read( sin(λ j + iη/2)

sin(λ j − iη/2)

)N

� −

M∏
k�1

sin(λ j − λk + iη)
sin(λ j − λk − iη)

, j � 1, . . . ,M . (7.1.1)

where η is related to the anisotropy ∆ by ∆ � cosh η. The solutions of these
equations are not all real numbers as it is the case for the repulsive Lieb-Liniger
model. In fact they form pattern in the complex plane in the form of strings

λ j � λ
n
α + ic/2( j + 1 − 2a) + δa

n ,α , a � 1, . . . , n . (7.1.2)

For most of the strings in each state the deviations δa
n ,α vanish exponentially

for large system size δa
n ,α ∼ e−Lαa

n ,α and therefore we can safely assume, for
large enough system size that all the solution of the Bethe equations are per-
fect strings (rapidities disposed as in (7.1.2) with deviations set to zero δa

n ,α � 0).
However some of the strings have deviations that decay as power laws ∼ 1/Nα

and for such states taking the limit of zero deviation δ → 0 requires particular
care. On the other hand we are interested in thermodynamic properties of the
model and therefore we can focus only on a class of states which has only perfect
strings and that is su�ciently large to reproduce most of the quantities we are
interested in 1. It has been shown indeed that considering only states with per-
fect string rapidities reproduces the thermodynamic limit at �xedmagnetization
limth M/N �

1
2 − 〈σ

z
〉 and �xed temperature T (the so called string hypothesis

[182]). This means that we can consider only states with perfect strings and re-
produce thermodynamic results for any ∆. This will be our working hypothesis
also for post-quench situations.
Under the string hypothesis a state is solely characterized by its real string cen-
ters {λn

α}α,n . The logarithmic form of the Bethe Eqs (3.2.6) can be recast into the
Bethe-Gaudin-Takahashi (BGT) equations for string centers [107,183,184],

θn
(
λn
α
)
�

2π
N

In
α + 1

N

∑
(m ,β) ,
(n ,α)

θnm
(
λn
α − λ

m
β

)
(7.1.3a)

for n ≥ 1 and α � 1, 2, . . . ,Mn . Here,

θnm (λ) � (1−δnm )θ|n−m | (λ)+2θ|n−m |+2(λ)+. . .+2θn+m−2(λ)+θn+m (λ) (7.1.3b)

1In other words, given a local observable Ô and the set of states with perfect strings |λδ�0〉, the
resolution of identity is valid up to �nite size corrections

∑
λδ�0 Ô |λδ�0〉〈λδ�0 | � Ô(1 + O(1/N)))

132



7.1. Thermodynamic Bethe Ansatz for the XXZ spin chain

and

θn (λ) � 2 arctan *
,

tan(λ)
tanh( nη

2 )
+
-
. (7.1.3c)

Note that the function θ2 is the scattering phase shift. The quantum numbers In
α

are as usual integers (half-odd integers) if N −Mn is odd (even).
We can straightforwardly generalize our way of introducing a thermodynamic
Bethe state as done in 4.1 simply moving from the complex rapidities {λi }

M
i�1 to

the set of real string centers {λn
α}

Mn
α�1 where Mn is the number of strings with

length n, such that∑
n

Mn � M (7.1.4)

where the sum runs over all the string lengths present in the state. In the gapped
regime, when ∆ ≥ 1 all the string lengths are allowed (in the gapless −1 < ∆ < 1
there are some forbidden string lengths depending on the value of∆) and due to
the periodicity of the scattering kernel we can reduce the domain of the rapidi-
ties to the Brillouin zone −π/2 < λn

α < π/2. For thermodynamic purposes we
neglect all the states which contain strings with an extensive n ∼ M dimen-
sion and we impose that the lenghth of the largest string is o(M), such that
limth o(M)/M � 0. The generalization of equation (4.1.10) reads

ρn ,t (λ) � an (λ) −
∞∑

m�1
(anm ∗ ρm )(λ) (7.1.5a)

for n ≥ 1, where ρn ,t (λ) � ρn (λ) + ρn ,h (λ) and ρn ,h is the hole density of n-
strings. Further,

anm (λ) � (1−δnm )a |n−m | (λ)+2a |n−m |+2(λ)+ . . .+2an+m−2(λ)+an+m (λ) (7.1.5b)

with

an (λ) �
1
2π

d
dλθn (λ) �

1
π

sinh(nη)
cosh(nη) − cos(2λ)

. (7.1.5c)

The convolution is de�ned by

( f ∗ g) (λ) �
ˆ π/2

−π/2
dµ f (λ − µ) g(µ) . (7.1.6)

For both numerical and analytical evaluation of the integral equations, it is of-
ten convenient to get rid of the in�nite sum over string types and to work with
the “partially decoupled” set of equations. The partially decoupled form of the
thermodynamic BGT equations can be derived [174],

ρn (1 + ηn ) � s ∗ (ηn−1ρn−1 + ηn+1ρn+1) (7.1.7a)
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for n ≥ 1, where the λ-dependence is left implicit and we use the conventions
η0(λ) � 1 and ρ0(λ) � δ(λ). The kernel in Eqs (7.1.7a) reads

s(λ) �
1
2π

∑
k∈Z

e−2ikλ

cosh(kη)
. (7.1.7b)

For each string length n � 1, 2, . . . we can divide the real line into Nn
b boxes

with �llings ϑn
k with k � 1, . . . ,Nn

b . Our (themrodynamically exact) resolution
of identity (4.1.13) therefore generalizes to

1H �

o(M)∏
n�1

*.
,

Nn
b∏

k�1

1∑
ϑn

k �0

∑
cn

k

+/
-

∑
{en

k }

|{ϑn
k }, {c

n
k }, {e

n
k }〉〈{ϑ

n
k }, {c

n
k }, {e

n
k }| (7.1.8)

The sums over the �lling fractions and the particle-hole rearrangements of all
the string lengths n are then factorized in each string, which leads to generalize
(7.1.9) to

lim
th

nmax∏
n�1

*.
,

Nn
b∏

k�1

1∑
ϑn

k �0

∑
cn

k

+/
-

∑
{en

k }

�

ˆ ∞∏
n�1

[
Dϑn eSYY [ϑn ]

] ∑
{ek

n }

(7.1.9)

where nmax ∼ o(M). Note that now the sum over the non-extensive excitations∑
{ek

n }
not only involves particle-hole creations within strings of the same lengths

but also a non-extensive number of strings creation-annihilation (for example:
two strings of length n � 1 which are transformed into a single string of length
n � 2). We can denote the set of �lling functions {ϑn (λ)}(as well as the distri-
bution ρn (λ), ρn ,h (λ)) with vectors of functions ϑ, ρ and ρh . Note also that it
is coveninent to switch from the basis of �lling functions ϑ to the basis given by
the functions η �

ρh
ρ . With this notation the free energy of a XXZ spin chain in

the gapped regime ∆ > 1 is easily expressed in the thermodynamic limit as the
saddle point of the following integral

F(β) � −β log
∑
λ

e−βE[λ]
� −β log

ˆ
dh

ˆ ∞∏
n�1

[
Dηn e−βN

´
dλρn (λ)(−π J sinh(η)an (λ))+SYY [ηn ]+βhN (n

´
dλρn (λ)−M)

]
+ const.

(7.1.10)

where

SYY[ηn] �
ˆ π/2

−π/2
dλ

[
ρn ln(1 + ηn ) + ρn ,h ln(1 + η−1n )

]
. (7.1.11)
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correlation function

This leads to a set of an in�nite number of coupled integral equations for the
functions η

log ηn (λ) � β(−π J sinh(η)an (λ) + 2nh) +
∞∑

m�1
(anm ∗ log(1 + η−1m ))(λ)

(7.1.12)

The solution of these equations gives the free energy of a gapped XXZ spin chain
at �nite temperature T

F �N
∞∑

n�1

ˆ π/2

−π/2
dλ ρn (λ)(−π J sinh(η)an (λ) + 2nh)

+ β−1
(
ρn (λ) log(1 + ηn (λ)) + ρn ,h (λ) log(1 + η−1n (λ))

)
(7.1.13)

where the density of holes ρn ,h are related to the densities ρn by the Bethe equa-
tions (7.1.7a).

Not only the free energy can be obtained but any correlation function at �nite
temperature can be in principle obtained by the set of solution η (as for the Lieb-
Liniger we can in principle write any correlation function as a functional of the
�lling function ϑ(λ) (4.3.19)). The expression of only η for a generic thermody-
namic correlation function 〈η|σ jσ j+l |η〉 is hard to obtain (one has to perform a
sum over all the eigenstates in 4.3 for the Lieb-Liniger) but some simple nearest-
neighbours correlations can be easily computedwith theHellman-Feynman the-
orem or some special symmetries of the chain. This will be the topic of the next
section.

Finally we conclude that what we have done here for the thermal case can be
generalized trivially to any driving term e−βH

→ e−F like for example the gen-
eralized Gibbs measure for quenches (see section 7.3) FGGE �

∑
n βnQn or the

driving term of the quench action approach FQ � −2 limth< log〈Ψ0 |λ〉 (see sec-
tion 7.4).

7.2 An example of thermodynamic correlation func-
tion: nearest-neighbors correlation function

The operator σz
j σ

z
j+1 can be easily obtained just by di�erentiating the Hamilto-

nian (2.3.24) respect to ∆, namely using the Hellmann-Feynman theorem [185]
〈σz

j σ
z
j+1〉 � 1 + 4

N J

〈
∂H
∂∆

〉
. A naive application of the Hellmann-Feynman theorem

on the thermodynamic Bethe state leads to a meaningless result

〈η|
1
N
∂H
∂∆
|η〉 ,

∂
∂∆
〈η|

1
N

H |η〉 �
∞∑

n�0

ˆ π/2

−π/2
dλ

∂
∂∆

(−π J sinh(η)an (λ))ρn (λ)
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(7.2.1)

The reason of this mismatch is due to the scaling of the overlaps of two Bethe
states with di�erent values of ∆ which are exponentially small in system size.
This makes the thermodynamic limit and the derivative with respect to ∆ non
interchangeable,

lim
δ→0

limth〈λ(∆) |λ(∆ + δ)〉 , limth lim
δ→0
〈λ(∆) |λ(∆ + δ)〉 . (7.2.2)

In order to apply theHellmann-Feynman theoremwe need to take the derivative
of the energy eigenvalue of a generic Bethe state at �nite size N and then take
the thermodynamic limit. Under the string hypothesis the energy eigenvalue ωλ
becomes a function only of the string centers for a large (but �nite) system size
M,

ωλ � −π J sinh(η)
∑
n ,α

an (λn
α) , (7.2.3)

We can now apply the Hellmann-Feynman theorem to this �nite size state by
taking the derivative of the energy with respect to ∆:

〈λ |σz
1σ

z
2 |λ〉 � 1 + 4

N J
dωλ
d∆

� 1 + 4
N J

1
sinh η

dωλ
dη

� 1 − 4π
N

∑
n ,α

[
cosh η
sinh η an (λn

α) + (∂ηan )(λn
α) + ∂λn

α
an (λn

α)
dλn

α

dη

]
. (7.2.4)

The quantities dλn
α

dη are obtained by deriving the reduced Bethe equations for
string centers [99, 183]

θn (λn
α) −

1
N

∑
m ,β

θnm (λn
α − λ

m
β ) �

2π
N

In
α (7.2.5)

with respect to the interaction parameter η,

N ãn (λn
α) −

∑
m ,β

ãnm (λn
α − λ

m
β ) +

∑
m ,β

G(n ,α),(m ,β)

dλm
β

dη
� 0 . (7.2.6)

Here we introduced the reduced Gaudin matrix for string centers [186]

G(n ,α),(m ,β) � δ(n ,α),(m ,β)
(
N an (λn

α)−
∑
k ,γ

ank (λn
α −λ

k
γ)

)
+ anm (λn

α −λ
m
β ) (7.2.7)

and the functions ãn and ãnm ,

ãn (λ) �
1
2π∂ηθn (λ) � −an (λ)

n sin 2λ
2 sinh nη

, (7.2.8)
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ãnm (λ) �
1
2π∂ηθnm � (1−δnm ) ã |n−m | (λ)+2ã |n−m |+2(λ)+. . .+2ãn+m−2(λ)+ãn+m (λ).

(7.2.9)

We de�ne a set of the auxiliary functions h � {hn }
∞

n�1 such that

hn (λn
α) �

∑
m ,β

(G−1)(n ,α),(m ,β)
(
N ãm (λm

β ) −
∑
k ,γ

ãmk (λm
β − λ

k
γ)

)
. (7.2.10)

In the thermodynamic limit, expression (7.2.4) can then be recast as a functional
of the distributions ρ(η) and the auxiliary functions h,

〈η|σz
1σ

z
2 |η〉 � 1−4π

∞∑
n�1

ˆ π/2

−π/2
dλ ρn (λ)

[
cosh η
sinh η an (λ) + ∂ηan (λ) − (∂λan (λ))hn (λ)

]
,

(7.2.11)

where the auxiliary functions are determined by a set of linear integral equations

ρn ,t (λ)hn (λ) +
∞∑

m�1
anm ∗ (ρm hm ) (λ) � ãn (λ) −

∞∑
m�1

ãnm ∗ ρm (λ) . (7.2.12)

To obtain the next nearest-neighbors correlations the process is more compli-
cated [187]. One needs to use special symmetries of the XXZ spin chain that have
been �rst used in the context of the Quantum Transfer Matrix approach [188].
Then, using amapping from this approach to the Thermodynamic Bethe Ansatz
[189] one can write a functional representation for the correlations 〈η|σz

1σ
z
3 |η〉

and 〈η|σz
1σ

z
4 |η〉.

7.3 The GGE for a generic quench in the XXZmodel
As already introduced before, given a quench protocol, the GGE approach to
determine the long time post-quench expectation values of local operators relies
on the possibility of constructing such an ensemble

ZGGE � Tr
[
e−

∑
n�1 βn Qn

]
(7.3.1)

where the chemical potentials {βn } have to be determined by �xing the expecta-
tion values of the charges on the initial state |Ψ0〉. In order to have an extensive
Generalized Gibbs driving term

∑
n�1 βnQn (only an extensive functional can be

a non-trivial constraint for the entanglement entropy of the post-quench reduced
densitymatrix, see section 2.1) we focus on the �rst o(M) extensive local charges
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obtained from the �rst derivatives of the logarithm of the transfer matrix (2.3.22)

Qk � i
sinhk η

2k

∂k

∂µk
log τ(µ)���µ�iη/2

k � 1, 2, . . . , o(M) . (7.3.2)

Higher order charges with k ∼ M are not local since they are extensive sum
of operators acting non-trivially on a �nite sub-region of the whole system and
therefore are not expected to in�uence the out-of-equilibrium dynamics of local
operators 2. The charges {Qn }

o(M)
n�1 are then the local charges enforcing integra-

bility in the system (see section 2.1) and therefore one can naively expect that
they provide a complete set of constraints to the GGE density matrix (7.3.1).

Finding the chemical potentials {βn } is a very complicated non-linear problem.
Let us consider the thermodynamic Bethe state obtained from the saddle point
of the GGE ensemble (7.3.1), then the set ηGGE is obtained by maximizing the
entropy under the constraints

limth
〈Ψ0 |Qm |Ψ0〉

N
�

∞∑
n�1

ˆ π/2

−π/2
dλ ρGGE

n (λ) c (n)
m (λ) ∀m � 0, 1, 2, . . . , (7.3.3)

where c (n)
m (λ) is the single-particle eigenvalue of the extensive conserved charge

Qm (for example c (n)
1 (λ) ∼ an (λ) which is the single-particle energy eigenvalue

for a string of length n). Luckily it turns out that the set of initial expectation
values of the local conserved charges {Qm }

∞

m�1 � limth{Qm }
o(M)
m�1 has a one-to-one

correspondencewith the density ρ1,h of 1-string holes. Therefore theGGEdistri-
butions ηGGE are de�ned as the onesmaximizing the entropywith the constraint
ρGGE
1,h � ρΨ0

1,h where ρΨ0
1,h is �xed by the expectation values of the local charges on

the initial state.

In order to show this let us �rst introduce a convention for the Fourier transform

f̂ (k) � FT
[

f
]
(k) �

ˆ π/2

−π/2
dλe2ikλ f (λ) , k ∈ Z , (7.3.4a)

f (λ) � FT−1
[

f̂
]
(λ) �

1
π

∑
k∈Z

e−2ikλ f̂ (k) , λ ∈ [−π/2, π/2) . (7.3.4b)

2Another argument supporting the truncation of the GGE ensemble up to the �rst o(M) charges
is the study of the truncated ensemble with di�erent number of charges {Qk }

n
k�1 with n � 2, 3, . . ..

This shows that the GGE predictions for this initial state and for local spin-spin operators acting on
` spins are already converged by including a number n ∼ ` of conserved charges [76]
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For m ≥ 1 the partial integration (m − 2 times) gives a simple expression for the
Fourier transform of c (n)

m ,

ĉ (n)
m (k) � −2π

sinhm (η)
2m (2ik)m−1

ˆ π/2

−π/2
dλ e2ikλ an (λ)

� −π sinhm (η) (ik)m−1 e−|k |nη , (7.3.5)

where we used that the Fourier transform of the XXZ kernel an in Eq. (7.1.5c) is
e−|k |nη. The eigenvalue of charge Qm can then be rewritten as

∞∑
n�1

ˆ π/2

−π/2
dλ ρΨ0

n (λ) c (n)
m (λ) �

1
π

∞∑
n�1

∑
k∈Z

ρ̂Ψ0
n (k) ĉ (n)

m (k)

� − sinhm (η)
∑
k∈Z

(ik)m−1
∞∑

n�1
ρ̂Ψ0

n (k) e−|k |nη .

(7.3.6)

The key point is now that we can perform the sum in (7.3.6) and rewrite the sum
over all string densities in terms of ρ̂Ψ0

1,h only,

∞∑
n�1

ρ̂Ψ0
n (k) e−|k |nη �

e−|k |η − ρ̂Ψ0
1,h (k)

2 cosh(kη)
. (7.3.7)

This identity (whichwas obtained already for the energy of the state in [107]) can
be derived from the Fourier transform of the partially decoupled form (7.1.7) of
the BGT equations, which is (using the convolution theorem)

ρ̂Ψ0
n ,t (k) �

1
2 cosh(kη)

[
ρ̂Ψ0

n−1,h (k) + ρ̂Ψ0
n+1,h (k)

]
(7.3.8)

for n ≥ 1, where ρ̂Ψ0
0,h (k) � 1. The one-to-one correspondence between the ex-

pectation values of the charges {Qm }
∞

m�2 and ρ̂
Ψ0
1,h is thus given by

limth

(
〈Ψ0 |Qm |Ψ0〉

N sinhm (η)

)
�

∑
k∈Z

ρ̂Ψ0
1,h (k) − e−|k |η

2 cosh(kη)
(ik)m−1 , (7.3.9)

where it should be noted that this equation holds for all m ≥ 1 and that the
total-momentum charge is excluded.
We stress that the result (7.3.9) is general, the 1-string hole density ρΨ0

1,h of the
steady state after any quench to the spin-1/2 XXZ chain is completely deter-
mined by the initial values of the local conserved charges {Qm }

∞

m�1. Note that
the sum in Eq. (7.3.9) is quickly converging due to the exponentially decaying
factor for η > 0, which ensures invertibility.
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For initial states that are product states, i.e., |Ψ0〉 � ⊗
N/a
j�1 |Ψ

( j)
0 〉where |Ψ( j)

0 〉 com-
prises a �nite number a of spins, the expectation values on the left-hand side of
equation (7.3.9) can be easily be computed in the thermodynamic limit [66]. In
this work the authors introduce a generating function (where τ(λ) is the transfer
matrix introduced in (2.3.20))

ΩΨ0 (λ) � limth
i

N
〈Ψ0 |τ−1

(
λ + iη

2

)
∂λτ

(
λ + iη

2

)
|Ψ0〉 , (7.3.10)

which has a Taylor series around λ � 0 whose coe�cients are related to the
expectation values of the local conserved charges on the initial state. Using
Eq. (7.3.9), a direct relation between the generating function and the post-quench
steady-state density ρΨ0

1,h can be established,

ρΨ0
1,h (λ) � a1(λ) + 1

2π
[
ΩΨ0

(
λ + iη

2

)
+ΩΨ0

(
λ −

iη
2

)]
, (7.3.11)

which ensures that the correspondence between the function ρΨ0
1,h (λ) and the

expectation values of the �rst o(M) extensive charges on the initial state does
not rely on the string pattern of the Bethe states and therefore is supposed to be
valid in the XXZ model for any value of ∆ (gapped and gapless regime).

We conclude by stressing that theGGE solutionwith the �rst local charges corre-
sponds to the set |η〉 which maximizes the entropy under the constraint (7.3.11)
for the distribution of the 1-holes. The choice of the distributions ρn ,h for n > 1 is
not arbitrary from the point of viewof local operators. Ifwe consider twodistinct
ρ2,h and ρ′2,h such that they both have the correct values of the local charges but
with macroscopically di�erent expectation values of local observables Ak [190]

〈ρ1,h , ρ2,h , . . . |Ak |ρ1,h , ρ2,h , . . .〉 , 〈ρ1,h , ρ
′

2,h , . . . |Ak |ρ1,h , ρ
′

2,h , . . .〉 . (7.3.12)

In order to �x a thermodynamic Bethe state (or equivalently the expectation val-
ues of the local operators) one has then to specify the whole set of distribution
ρn ,h . If a set of conserved charges is complete it is then able to �x a generic Bethe
state, namely the GGE state, given all their expectation values on the initial state.
We conclude then the set of local charges limth{Qm }

o(M)
m�1 is not a complete set in

the thermodynamic limit since it can only �x the �rst distribution of holes, ρ1,h .
The process of maximizing the entropy under the constraint of all the �rst o(M)
extensive local charges assumes that the system during its unitary time evo-
lution, explores equally all the regions of the Hilbert space with di�erent sets
{ρn ,h }

∞

n�2 and it spends most of its time in the sub-space with the largest number
of microscopic states. We will see in the next section that this turns out to be not
true: the equilibrium state is characterized by a set {ρn ,h }

∞

n�2 which is constrained
by extra conditions related to the initial state.
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7.4 The quench action approach to the Néel quench
and the (apparent) failure of the GGE

We focus now on the initial state |Ψ0〉 given by the zero momentum Néel state

|Ψ0〉 �
1
√
2

(|↑↓↑↓ . . .〉 + |↓↑↓↑ . . .〉) . (7.4.1)

With an expression for the GGE ensemble at hand we can wonder if this is the
same or di�erent than the result given by the quench action approach. Namely,
given a local observable Ô we want to know if the prediction given by the GGE
with the �rst o(M) charges is the same as the diagonal ensemble

´
Dη e−

∑
n βn 〈η|Qn |η〉+SYY [η]〈η|Ô |η〉

ZGGE

?
�

limth
∑
λ

���〈Ψ0 |λ〉
���
2
〈λ |Ô |λ〉

| |Ψ0 | |2

�

´
Dη e−SQ [η]

〈η|Ô |η〉
| |Ψ0 | |2

(7.4.2)

where the quench action SQ[η] for the Néel initial state is given analogously
as in Lieb-Liniger (5.3.1). The di�erence with the situation in here is that the
overlaps are given by the thermodynamic limit of (3.2.16) and the rapidites are
substituted with perfect strings

SQ[η]/N �

∞∑
n�0

[
−

ˆ π/2

−π/2
dλ ρn (λ)sNéel

0
(n) (λ) + SYY[ηn]

]
, (7.4.3)

where the coe�cients sNéel
0

(n) (λ) are the generalized single-particle overlap co-
e�cients for the n−th string obtained from the thermodynamic limit of the �nite
size overlap (3.2.16) (performed analogously aswhat is done for the BEC to Lieb-
Liniger overlaps in section 5.2). We obtain

sNéel
0

(n) (λ) �
n∑

a�1
sNéel
0 (λ + iη/2(n + 1 − 2a)) , (7.4.4)

where sNéel
0 (λ) � 1

4 log
( tan(λ+iη/2) tan(λ−iη/2)

sin(2λ)2

)
. We obtain then

sNéel
0

(n) (λ) � gn (λ) + 2n ln(4) , (7.4.5)

with

gn �

n−1∑
l�0

ln
[ sn−1−2l cn−1−2l s−n+1+2l c−n+1+2l

tn−2l t−n+2l

]
, (7.4.6)

tn �
sn

cn
, sn (λ) � sin

(
λ + iηn

2

)
, cn (λ) � cos

(
λ + iηn

2

)
. (7.4.7)
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Coming back to question (7.4.8) it turns out that the saddle point of the integral
on the left hand side (GGE) and the one on the right (quench action) are two
di�erent sets η. Namely

´
Dη e−

∑
n βn 〈η|Qn |η〉+SYY [η]〈η|Ô |η〉

ZGGE
� 〈ηGGE |Ô |ηGGE〉 (7.4.8)

´
Dη e−SQ [η]

〈η|Ô |η〉
| |Ψ0 | |2

� 〈ηsp |Ô |ηsp〉 (7.4.9)

with ηGGE , ηsp . This translates into two di�erent predictions for the correla-
tion functions of local operators (�gure 7.2 and 7.3). The only shared feature is
the distribution of the 1-holes ρNéel

1,h � ρGGE
1,h � ρ

sp
1,h where ρNéel

1,h is �xed by the
expectation values of all the o(M) local charges as in equation (7.3.11)

ρNéel
1,h (λ) �

π2a31 (λ) sin2(2λ)

π2a21 (λ) sin2(2λ) + cosh2(η)
. (7.4.10)

The fact that the quench action solution ηsp allows for the relation ρsp
1,h � ρNéel

1,h
to be satis�ed is a non-trivial check that the solution is actually correct since it
reproduces the correct expectation values of the conserved charges. Moreover
since the quench action approach is based on �rst principles and does not rely
on any assumption it must give the correct answer (another con�rmation of its
correctness comes also from an independent numerical simulation, see �gure
7.3).

One may notice that the zero momentum Néel state does not obey the cluster
decomposition, therefore the �uctuations of some of the local charges Qm are
not subleading for large system sizes

∆Qm

N
�

√
〈Ψ0 |Q2

m |Ψ0〉 − 〈Ψ0 |Qm |Ψ0〉2

N
→ const . (7.4.11)

However this is a mild feature of the initial state which is the ground state of
the theory when ∆ � ∞. We can imagine to perform a similar quench choosing
as initial state |Ψ0〉 the ground state of the model with 1 � ∆0 < ∞ which in-
deed satis�es the cluster decomposition. Also in this quench the local charges
is an incomplete set of constraints since they �x only the distribution ρ1,h of the
saddle point state as in equation (7.3.11), while thematrix elements depend non-
trivially on all the other distributions of holes ρh ,n with n > 1. Therefore we can
conclude that the GGE ensemble with the �rst o(M) extensive local charges will
fail to reproduce the exact steady state for any quench ∆0 → ∆ with ∆0 ,∆ > 0
(the case ∆ � 0 has not such issue since there are no bound states, namely the
eigenstate are parametrized in the thermodynamic limit by a single continuous
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function). In other words, the entropy of the GGE ensemble is too large and
more constraints are needed, namely more conserved charges have to be taken
into account in order to reproduce the correct steady state. We are then left with
an impasse, where we know that there must be more conserved charges that
do in�uence the out-of-equilibrium dynamics but we do not know how to �nd
them. It is a common belief that all the symmetries of the system are contained
in the transfer matrix τ(λ) of equation (2.3.22) which indeed gives a complete
set of conserved charges. This is true at any �nite size M where the set {Qk }

M
k�1

has all the necessary data to indeed �x any Bethe state in the spectrum. How-
ever we are here interested only in a set of local operators, a distinction can be
made only in the thermodynamic limit (there is no notion of locality for a �nite
size spin chain). In this limit only the subset {Qk }

o(M)
k�1 contains local operators

and therefore can represent a set of dynamical constraints to be included in the
GGE density matrix. It is not impossible to imagine that some combinations of
the higher order charges may lead to other local or quasi-local operators whose
thermodynamic expressions are more complicated. On the other hand results
in the �eld of spin transport [112–114] have showed the presence of more sym-
metries in the model than just the ones contained in the transfer matrix τ(λ)
(see also the discussion in section 2.1 and 2.1). Finding the unknown quasi-local
symmetries necessary to close the set {Qk }

o(M)
k�1 , even by restricting to the point

of view of local operators in quantum quenches from translationary invariant
states, is up to know an open question.
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Figure 7.1: (a) and (b): Density functions ρ1 and ρ2 for the quench to di�erent
values of ∆ > 1 of both the quench action saddle-point state (solid lines) and
the GGE equilibrium state (dashed lines). (c): Di�erence between the GGE pre-
diction for ρ1 and the quench action saddle-point result. All distributions are
symmetric functions of λ ∈ [−π/2, π/2).
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Relative di�erence between the GGE prediction and the quench action saddle-
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Figure 7.3: (a) The same as Fig. 7.2 for 〈σz
1σ

z
3〉. (b) Comparison between the

quench action, the GGE prediction, and the NLCE result close to the isotropic
point. Error-bars in the NLCE data display an interval of con�dence that in-
cludes all resummation results (except for ∆�1.015) ( See supplementary mate-
rials of [4]).
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CHAPTER 8

Conclusions and Future Directions

Louis, I think this is the beginning of
a beautiful friendship.

Rick Blaine in Casablanca,
M. Curtiz

Weare �nally in position to spend somewords to summarize thework presented
in this thesis. We have seen in the introduction how interacting integrable sys-
tems constitute prototype models from which one can understand many-body
quantum systems in and out of equilibrium. The computation of physically rel-
evant observables, like correlation functions of local operators, provides a solid
platform where one can test numerical or perturbative approaches and to ob-
tain controlled predictions that can be experimentally accessed. Moreover these
are tailored models where to test generic hypothesis regarding the relaxation of
isolated quantum systems after the release from an initial pure state (quantum
quench). Naively one may think that integrable models are not qualitatively dif-
ferent from free models (ideal quantum gases) since they also have large sets of
conserved quantities that allow for an exact solution. However the phenomenol-
ogy of integrable models is much richer, allowing us to draw more generic con-
clusions on the behavior of many-body quantum systems from their behavior.

The initial studies on the non-equilibriumdynamics ofmany-body systems have
been focusing on freemodels, ormodelswhich aremappable to free gases of par-
ticles (bosons or fermions). Results on the exact post-quench steady states for
an interacting many-body system (Lieb-Liniger model and the XXZ spin chain)
are provided in this thesis. Besides their intrinsic relevance, they also underline
how not only the thermal Gibbs ensemble is far from being the correct steady
state providing the late time expectation values of physical observables ans how
its simple generalization for systems with more conserved quantities, the GGE
ensemble, is in most cases much harder to implement than for free models. The
quench from a Bose-Einstein condensate to the interacting Lieb-Liniger Bose gas
displayed howan expansion of theGGEdensitymatrix in terms of the ultra-local
charges is hopeless in order to get the exact steady state, an analysis that led to
recognize the importance of quasi-local charges for models on the continuum
and for interacting �eld theories [157]. The study of the out-of-equilibrium XXZ
spin chain brought similar conclusions. There the most striking result is that
the presence of bound states in the theory, a clear feature of truly interacting
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models, appears to be related with an extra class of quasi-local symmetry which
needs to be taken into account in the thermodynamic description of the model.
A GGE ensemble which takes care of �xing only the ultra-local conserved quan-
tities fails to predict the correct distribution of bound states in the steady state
after a quench from a generic initial state with an extensive amount of energy.
Therefore the test of the GGE hypothesis on an integrable, yet interacting model
as the XXZ spin chain has shed some light on various aspects of the relaxation
of isolated quantum models that would have been hidden in free models.

The problem of �nding a complete set of relevant conserved operators for the
XXZ model, or in general for any interacting integrable lattice model, in order
to build a GGE density matrix for any initial state is one of the main open prob-
lems at the moment. It is on the other hand reasonable to expect that it will be
solved in the near future. Numerical studies [191] have underlined the presence
of quasi-local conserved charges, represented by families of mutually commut-
ing operators that extend on the whole system, that up to now where ignored
by the community of physicist working on integrable models, where the com-
mon belief has been that the logarithmic derivatives of the transfer matrix yield
a complete set of local charges. This argument is based on the idea that for any
�nite chain, with N spins and �xed magnetization 〈σz

〉 �
1
2 −

M
N , a number M

of derivatives of the transfer matrix gives enough conserved operators to �x any
Bethe state in the spectrum. This reasoning however fails in the thermodynamic
limit, where a proper distinction between local and non-local operators can be
made and where only a restricted number of conserved quantities is relevant
from the point of view of local observables.

The presence of quasi-local conserved charges in the XXZ model is on the other
hand a very exciting fact: it tells us that the integrability of the model is deeper
than we could expect. For example they are responsible for the �nite Drude
weight of the model in its gapless regime, and on the other hand they are re-
lated to exact steady states of boundary-driven spin chains [113].
Moreover as shown in [91] in the presence of a weak external potential Vext to an
integrable system with Hamiltonian H, operators that are e�ectively conserved
by the unitary time evolution e−it(H+Vext ) for long times after the quench could
exist (namely many of their matrix elements can be e�ectively treated as time
independent quantities for very long times). These charges are quasi-local op-
erators that can be represented as linear combinations of the local ones (which
are clearly not conserved under the perturbation Vext)

Q̃ �

∞∑
a�1

caQa .

We can therefore expect that if the integrable system has many quasi-local con-
served quantities as Q̃ some of its integrable properties are less likely to be bro-
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ken by the presence of a weak non-integrable perturbation. It will be then very
interesting to address the mechanism of integrability breaking involving also
quasi-local conserved quantities.

The other main point addressed in this thesis is the computation of the full post-
quench time evolution, focusing in particular on the Lieb-Linigermodel. Besides
possibly o�ering experimentally accessible results (the time evolution for small
times is much more relevant from the experimental point of view which are
usually limited in the range of time) it also undercovered the role of the emerg-
ing thermodynamic excitations as a means to characterize both equilibrium and
non-equilibrium correlations. Indeed the quench action method gives us a tool
to describe correlations of physical operators at times t � 0+ after the quench by
e�ectively decomposing the initial state as an e�ective dilute gas of macroscopic
particle-hole excitations on the saddle point state. The sumover such excitations,
weighted by their matrix elements for any local operators (form factors), leads to
the full thermodynamic time evolution of their expectation values. In the large
times limit t → +∞ all the excitations have dephased and only the pure saddle
point state e�ectively characterizes the system. On the other hand a similar sum
over the same type of excitations gives the equilibriumdynamical two-point cor-
relation functions of local operators 〈Ô(x , t)Ô(0)〉 in the thermodynamic limit.
In the case of low temperatures they can be treated with e�ective �eld theory
methods which lead to a universal description of low temperature correlation
functions in one dimensional interacting quantum systems [171]. We are then
in position to extend such universal description to the whole non-equilibrium
dynamics.

Another interesting problem is to specify the role of the initial state in determin-
ing the whole time evolution without focusing only on the in�nite time limit.
It turns out that only the leading part of the overlap coe�cients is responsible
for the full time evolution after a quench. This underlines how the thermody-
namic limit of the overlaps, aswell as thematrix elements, constitutes an optimal
coarse graining analysis of the microscopic model which allows to isolate the
relevant data that one can use to reconstruct the whole physically relevant infor-
mation on the system. The matrix elements of local operators are well-known
for any �nite size system from the algebraic Bethe ansatz and one has then to
take the thermodynamic limit of their complicated expressions. This process
is quite involved and in this thesis a �rst step in this direction was made. On
the other hand, at the moment there are no generic explicit expressions for the
overlaps of Bethe state related to di�erent scattering matrices, except for the few
cases that are treated in this thesis. Therefore the computation of the overlaps
in the Lieb-Liniger model between Bethe state with di�erent coupling constants
c or between two di�erent XXZ eigenstates with two di�erent anisotropies ∆
remains an open problem. On the other hand it seems feasible to imagine that
their thermodynamically relevant parts can be extracted by taking a zero-density
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thermodynamic limit which does not require the full knowledge of their exact
expressions valid at any �nite size. This would be an exciting and promising
direction to take in the future, together with the search for a method to gener-
alize the algebraic Bethe ansatz with a "super-algebra" connecting theories with
di�erent scattering matrices. The �rst step would be to determine the overlap
between a Bethe state and a generic spin state in the XXZ model or equivalently
the overlap of the Lieb-Liniger states with all the eigenstates of the free bosonic
theory. Such objects would form a basis to determine any other overlap.
Finally the time evolution in a lattice model as the XXZ spin chain is de�nitely
a problem to address in the future. Here the relevant macroscopic excitations
are not only particle-hole excitations but also recombinations between bound
states. This clearly makes the problem of determining the whole time evolution
computationally more di�cult, even if the general approach remains the same
as in the Lieb-Liniger model.
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Summary

Since the birth of the scienti�c method it became widespread in the physical sci-
ences the idea that natural phenomena can always be understood by studying
the physics of each of their elementary constituents. While this attitude led to
immense discoveries on the sub-atomic particles that brought to a uni�ed the-
ory of electromagnetism, weak and strong interactions inside the nuclei (the so
called standard model), on the other hand it left many big questions with no
proper answer. For example, one of the most fascinating concepts of modern-
day physics is emergence, the process whereby complex macroscopic properties
arise from the interaction of many simple-behaved constituents. For example,
when interactions among the single constituents of a system becomes large, the
properties of the whole are in general completely di�erent from the properties
of the single element. New undiscovered physics therefore emerges from the
presence of such non-trivial interactions which cannot usually be treated per-
turbatevely, namely they cannot be addressed assuming that the interactions
are small. When the constituents are con�ned to a one-dimensional geometry
for example interactions becomemore andmore e�ective. The tra�c on a single
line road can switch from �uid to jammed by slightly increasing the density of
cars above a certain critical value. In the same way the movement of many in-
teracting quantum particles in one dimension is collective and they behave as a
�uid. When prepared in an out-of-equilibrium situation they reorganize them-
selves in a unusual, hard-to-predict manner that possibly leads to new exotic
states of matter.

Quantum systems with a large number of strongly interacting constituents are
usually very hard to address. To solve a quantum mechanical problem one in-
deed has to diagonalize the Hamiltonian of the system which is a matrix of the
same size as the Hilbert space, whose dimension grows exponentially with the
number N of elementary particles in the system. The study of quantum systems
at equilibrium is based on a number of tools that either rely on the weakness of
the interaction, like perturbation theory, or on the assumption that the �uctu-
ations of physical observables around their equilibrium values are assumed to
be small, as it is done in mean-�eld approaches. These approaches are based on
assumptions that can rarely be checked with an exact solution for any number
of particles N . However if we restrict ourselves to one spacial dimension it turns
out that it is possible to �nd exact solutions for models which are truly interact-
ing andphysically relevant. Thesemodels are called integrable and the two exam-
ples addressed in this thesis are the XXZ Heisenberg spin chain 1 and the Lieb-

1With Hamiltonian H � J
∑L

j�1

(
σx

j σ
x
j+1 + σ

y
j σ

y
j+1 + ∆σ

z
j σ

z
j+1

)
with σαj the Pauli matrices associ-

ated to each spin in the lattice.
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Liniger model for point-interacting bosons 2. Like non-interacting theories are
reducible to single particle physics, in these models the many-body scatterings
among the particles are reducible to sequences of two-body processes 3. This re-
duction is enforced by a certain number of internal symmetries which also play
the role of constrains for the non-equilibrium time evolution of the density ma-
trix associated to the system. As a remarkable consequence the time evolution
from a generic initial state keeps much more memory of the initial conditions
than in a generic interacting system, where the density matrix simply relaxes to
the usual Gibbs distribution.

Figure 8.1: Experimental data for the
time evolution (from top to bottom) of
phase-phase correlations 〈Ψ+(z)Ψ(z′)〉
(with Ψ+(z),Ψ(z′) the bosonic cre-
ation/annhilation operator) as a function
of the relative distance z̄ � z − z′ of a one-
dimensional Bose gas after having being
coherently split into two parts. The green
line corresponds to the expectation value
of the operator Ψ+(z)Ψ(z′) on the steady
state, which can be described by the Gener-
alized Gibbs Ensemble. The experiment is
realized with contact interacting cold atoms
in an e�ectively one-dimensional trap such
that the quantum gas can be treated as a
Lieb-Liniger gas of bosons [41]

If the initial state is a pure state which
is not an eigenstate of the Hamiltonian
(global quantum quench) then the asymp-
totic steady state, which e�ectively de-
scribes the equilibrium expectation values
of all the local observables, is not triv-
ially characterized by a single tempera-
ture, as it is the case in the Gibbs ensem-
ble, but by many more additional data
on the initial state. A typical problem
is to determine the thermodynamically
relevant information on the initial state
that one needs to know in order to re-
produce the equilibrium expectation val-
ues of all the local observables (repre-
sented by operators that act non-trivially
only on a �nite sub-region of the system),
which are indeed the ones that we can di-
rectly observe in a laboratory 4 (see �gure
8.3).

The aim of this thesis is to develop a
method to study the non-equilibrium dy-
namics of integrable systems in their ther-

2With Hamiltonian H �
∑N

j�1
∂2

∂x2j
+ 2c

∑
1≤i< j≤N δ(xi − x j ) acting on bosonic wave functions

Ψ(x1 , . . . , xN )
3Namely there is no creation of new momenta in the scattering. If N particles scatter with initial

momenta (k1 , . . . , kN ) then the �nal state is described by a new set of momenta which is simply a
permutation P of the initial one (k′1 , . . . , k

′

N ) � P(k1 , . . . , kN ). On the other hand each particle gets
a non-trivial phase shift which forces the momenta (k1 , . . . , kN ) to satisfy a set of non-linear coupled
equations, the so called Bethe equations.

4Wede�ne a local observable as represented by an operator Ô(x) acting on a sub-region [x , x+δx]
of the entire volume L, such that limth δx/L � 0, and with a negligible intensity, compared to the
total energy of the system limth

〈Ô〉
〈H〉 � 0. We denote with limth the thermodynamic limit with a

number N →∞ of particles in a volume L →∞with �xed density D � N/L.



modynamic limit. This is the regime
where we can expect to obtain some explicit results and where we can describe
the system in terms of its thermodinamically emerging degrees of freedom. This
is usually a much easier description than the one in terms of the positions or
momenta of all the constituents. Moreover it is only in the thermodynamic limit
where we can formulate general statements on the thermalization of an isolated
system, where we observe true quantum relaxation of local observables when
we restrict to a �nite part of the whole system. In this case indeed the comple-
mentary part acts as an e�ective in�nite bathwhich induces relaxation processes
on the local observables.

In the following part we list the main results of this thesis.

Overlaps in integrable models

In order to have an exact description of the non-equilibrium time evolution given
by a quantumquench one needs to know the overlaps between the basis of eigen-
states of themodel, which is given by the Bethe states, and the initial state, which
in general is very di�erent from any of the eigenstates 5. A physically interesting
class of initial states is constituted by the eigenstates of the same model with a
di�erent coupling constant. While the algebraic approach to the exact solution
of integrable models, the algebraic Bethe ansatz, provides handy expressions
for the overlaps between Bethe states with the same coupling, an analogous re-
sult valid for states with two arbitrarily di�erent couplings has not been found
yet. In this thesis we provide the exact overlaps for two speci�c cases where the
initial state is the ground state of the free theory. For the Lieb-Liniger model
this is achieved by setting the coupling constant of the interactions between the
particles in the gas to zero c → 0, leading to a many-body free bosonic theory.
Equivalentlywe obtain the overlaps of the Bethe state of the XXZ spin chainwith
the ground state of the model in the limit of in�nite anisotropy ∆ → ∞, when
the the XXZ model reduces to the classical longitudinal Ising spin chain. These
two expressions for the overlaps are remarkably elegant in terms of the quasi-
momenta which parametrize the Bethe states and they are very similar to the
formula giving the norm of the Bethe states. This suggests that we may be able
in the future to �nd explicit expressions for more generic overlaps.

5To compute the time evolution after a quench from the initial state |Ψ0〉 of a generic operator Ô
one typically inserts two resolutions of the identity 1 �

∑
λ |λ〉〈λ | using the basis of the eigenstates

of the model such that 〈Ψ0 |Ô(t) |Ψ0〉 �
∑
µ
∑
λ 〈µ|Ô |λ〉e

it(Eµ−Eλ )
〈Ψ0 |µ〉〈λ |Ψ0〉. It is then necessary

to know the overlaps between any eigenstate and the initial state 〈Ψ0 |µ〉 ∀µ. We say that the initial
state |Ψ0〉 is far from any of the eigenstates of the system if the overlaps decay exponentially with
the number of constituents N , 〈Ψ0 |µ〉 ∼ e−Nc[µ]

∀µ with<c ≥ 0.



Post-quench steady state in the Lieb-Liniger gas and in the XXZ
spin chain
This thesis provides the �rst non-Gibbs steady states after a non-equilibrium
time evolution of truly interactingmodels. The non-equilibrium evolution is im-
plemented by letting an initial state unitarily evolve under an integrable Hamil-
tonian as the Lieb-Liniger gas for point-interacting bosons and the XXZ spin
chain, a model for interacting spins on a lattice. Due to the presence of non-
trivial conserved quantities in the models, the expectation values of local opera-
tors, as the density-density correlation or the nearest-neighbors spin-spin corre-
lation, do not relax to expectation values which are reproducible by a Gibbs-like
ensemble.
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Figure 8.2: Time evolution (black
lines from top to bottom) of phase cor-
relations 〈BEC(t) |Ψ+(x)Ψ(0) |BEC(t)〉
as a function of the relative distance
x of a one-dimensional Bose gas after
the quench from the ground state of
the free theory (Bose-Einstein conden-
sate |BEC〉) to the in�nite repulsive
regime (hard-core bosons). The red
dotted line shows the steady state
expectation values which is not given
by an e�ective thermal Gibbs ensemble
limt→∞〈BEC(t) |Ψ+(x)Ψ(0) |BEC(t)〉 ,
Tr

(
e−βHΨ+(x)Ψ(0)

)
but by the

saddle point state |ρsp〉 given
by quench action approach
limt→∞〈BEC(t) |Ψ+(x)Ψ(0) |BEC(t)〉 �

〈ρsp |Ψ
+(x)Ψ(0) |ρsp〉. This approach

also reproduces the whole time evolu-
tion towards the equilibrium with the
minimal amount of information on the
initial state. [6]

Even a generalization of it, the Gen-
eralized Gibbs Ensemble 6 which
aims to include all the other lo-
cal constraints in the system, fails
to give correct predictions. In
the case of the Lieb-Liniger model
the conserved quantities are indeed
plagued with creepy divergences
that do not allow to properly eval-
uate them on the initial state. In
the XXZ spin chain the set of lo-
cal conserved quantities turns to
not be complete and more unknown
additional constraints need to be
taken into account. We then ad-
dress the problem with an alterna-
tive approach, the so called quench
action approach, which does not rely
on any assumption on the internal
symmetries of the system but only
on the emerging form of the over-
laps between the eigenstates and the
initial state in the thermodynamic
limit. This gives a set of e�ective
constraints that are used to deter-
mine the steady state, which turns
to be the exact one. The question of

6The Gibbs ensemble is expected to reproduce the equilibrium values of the physical operators in
most interacting systems limt→∞〈Ψ0 |Ô(t) |Ψ0〉 � Tr

(
e−βH Ô

)
/Tr

(
e−βH

)
where β−1 is the e�ective

temperature of the initial state. If there are more local conserved quantities than just the single
Hamiltonian then this is expected to generalize to the GeneralizedGibbs Ensemble e−

∑
n βn Qn where

{Qn } is the maximal set of local operators that commute with the Hamiltonian H.



how to reproduce such exact steady
states with the alternative approach of the Generalized Gibbs Ensemble is not
answered yet.

Time evolution
While some facts on the steady state after a non-equilibrium time evolution are
in general established, on the contrarymuch less is known on the time evolution
towards equilibrium. This is in general a much more complicated problem. A
quite common statement for example is that in order to reproduce its whole time
evolution a larger amount of information on the initial state is needed, compared
to the one necessary to reconstruct the steady state at in�nite times. However we
show in this thesis that this is not the case in a quenched integrable model (see
�gure 8.4). The thermodynamic limit indeed selects only a restricted amount of
data on the initial state, which are responsible for the whole time evolution up
to in�nite times, when the system has relaxed to its steady state. This is a direct
consequence of the quench action approach, which also provides a general tool
to access the e�ective time scales of the non-equilibrium dynamics which are
encoded in the post-quench e�ective velocity of propagation of the excitations.
This is also a functional of the initial state and does not depend on all its details
but only on its macroscopic parameters (like its energy density for example).
Di�erent initial states therefore will lead to e�ective �eld theories with di�erent
light velocities.
Besides its theoretical relevance the whole time evolution is also much more
related to experimental realizations. Cold atoms experiments are indeed usually
limited in the range of time, making usually impossible to observe the true post-
quench steady state in a real setting (See �gure 8.3).





Samenvatting

Sinds het ontstaan van de wetenschappelijke methode is over de gehele linie
van de exacte wetenschappen het idee geaccepteerd dat om de natuur te kun-
nen begrijpen zij ontleed moet worden tot haar elementaire bestanddelen. Ook
al leidde deze overtuiging tot immense ontdekkingen op het gebied van de sub-
atomische deeltjes, waaruit een geüni�ceerde theorie van elektromagnetisme,
de zwakke en sterke krachten binnen een atoomkern (het zogeheten standaard
model) ontstond, toch kon het andere grote vraagstukken niet beantwoorden.
Neem bijvoorbeeld emergentie wat één van de meest fascinerende concepten
binnen de moderne fysica is. Emergentie is het proces waarbij ingewikkelde
macroscopische eigenschappen voortkomen uit de interacties tussen vele, zich
simpel gedragende, bestanddelen. Beschouw bijvoorbeeld een systeem waarbij
de interacties tussen de afzonderlijke bestanddelen erg grootworden, dan zullen
de eigenschappen van het gehele systeem totaal verschillen van de eigenschap-
pen van één op zichzelf staand bestanddeel. Nieuwe nog niet eerder ontdekte
natuurkunde verrijst uit de aanwezigheid van deze niet-triviale interacties die
over het algemeen niet perturbatief kunnen worden behandeld. Daarmee wordt
bedoeld dat er in de analyse niet mag worden aangenomen dat de interacties
heel klein zijn. Wanneer de bestanddelen zich bijvoorbeeld alleen maar binnen
een één-dimensionale geometrie mogen bewegen, worden de interacties meer
e�ectief, oftewel belangrijker. Het verkeer op een weg met maar één rijbaan,
kan overgaan van vloeibaar naar verstopt, door de dichtheid van auto’s net iets
groter te maken dan een bepaalde kritische waarde. Op dezelfde manier zijn
de bewegingen in één dimensie van veel quantum deeltjes bij elkaar die een on-
derlinge interactie hebben collectief en gedragen zij zich dus als een vloeistof.
Wanneer zij in een situatie buiten equilibrium worden geprepareerd, zullen zij
zich reorganiseren op een ongebruikelijke en moeilijk te voorspellen manier die
mogelijk kan leiden tot nieuwe exotische toestanden der materie.

Quantum systemen bestaande uit een groot aantal bestanddelen met sterke on-
derlinge interacties zijn over het algemeen erg moeilijk om te behandelen. Om
een quantummechanisch probleem op te lossenmoetmen theHamiltoniaan die
het systeem omschrijft diagonaliseren. DezeHamiltoniaan is eenmatrixmet de-
zelfde dimensie als de Hilbert ruimte en groeit exponentieel met het aantal ele-
mentaire deeltjes N waaruit het systeem bestaat. Het onderzoek naar quantum
systemen in equilibrium maakt gebruik van een aantal instrumenten die ofwel
gebruik maken van de zwakte van de interactie zoals bij perturbatie theorie, of-
wel van een beschrijving waarbij er wordt uitgegaan dat de �uctuaties van de
fysische observabelen rond hunwaarde in equilibrium klein zijn zoals bij mean-
�eld benaderingen.
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Deze manieren van aanpak zijn afhankelijk van zekere aannames die zelden ge-
controleerd kunnenwordenmet een exacte oplossing voor ieder mogelijk aantal
deeltjes N . Maar wanneer we slechts één-dimensionale systemen beschouwen
blijkt hetwélmogelijk te zijn omexacte oplossingen te vinden voormodellenmet
interacties en die ook nog eens fysiek relevant zijn.

Figuur 8.3: Experimentele data voor
de tijdsevolutie (van boven naar bene-
den gezien) van de fase-fasecorrelaties
〈Ψ†(z)Ψ(z′)〉 (waarbijΨ†,Ψ de bosonische
creatie/annihilatie operatoren zijn) als een
functie van de relatieve afstand z̄ � z − z′
van een één-dimensionaal Bose gas nadat
het op coherente wijze in twee delen is
opgesplitst. Het experiment wordt gere-
aliseerd met koude atomen die interactie
hebben via contact en zich bevinden in een
e�ectief één-dimensionale val zodanig dat
het quantum gas beschouwd kan worden
als een Lieb-Liniger gas van bosonen [41].

Deze modellen worden integreerbaar ge-
noemd en twee voorbeelden, die behan-
deld worden in dit proefschrift, zijn de
XXZ Heisenberg spin keten 7 en het Lieb-
Liniger model voor bosonen met punt-
interacties 8. Net zoals theorieën zon-
der interactie teruggebracht kunnen wor-
den tot één-deeltjes fysica, zo kunnen bij
deze modellen de veel-deeltjes verstrooi-
ing teruggebracht worden tot series van
twee-deeltjes interacties 9. Deze reduc-
tie wordt opgelegd door een aantal in-
terne symmetrieën. Deze spelen boven-
dien de rol van randvoorwaarden op de
niet
-equilibrium tijdsevolutie van de dicht-
heidsmatrix die bij het systeem hoort. Een
opvallende consequentie hiervan is dat de
tijdsevolutie van een generieke begintoe-
stand veel meer geheugen bezit van de
begincondities dan het geval is bij een
generiek systeem met interacties, waarbij
de dichtheidsmatrix simpelweg relaxeert
naar het gebruikelijke Gibbs ensemble. Als de begintoestand een pure toestand
is en geen eigentoestand van de Hamiltoniaan (globale quantum quench) dan
wordt de asymptotische evenwichtstoestand, welke de verwachtingswaarden
van de alle lokale observabelen in equilibrium beschrijft, niet triviaal gekarak-
teriseerd door één enkele temperatuur zoals het geval is voor het Gibbs ensem-
ble, maar door veel meer extra informatie over de begintoestand. Een standaard

7Met Hamiltoniaan H � J
∑L

j�1

(
σx

j σ
x
j+1 + σ

y
j σ

y
j+1 + ∆σ

z
j σ

z
j+1

)
, waarbij σαj de Pauli matrices zijn

die geassocieerd worden met iedere spin op het rooster.
8Met Hamiltoniaan H �

∑N
j�1

∂2

∂x2j
+ 2c

∑
1≤i< j≤N δ(xi − x j ) die werkt op bosonische gol�uncties

Ψ(x1 , . . . , xN ).
9Er is namelijk geen creatie van nieuwe momenta bij deze verstrooiingen. Als N deeltjes

verstrooien met beginmomenta (k1 , . . . , kN ) dan kan de eindtoestand beschreven worden door
een nieuwe verzameling van momenta die simpelweg een permutatie P is van de begintoestand
(k′1 , . . . , k

′

N ) � P(k1 , . . . , kN ). Aan de andere kant krijgt ieder deeltje een niet-triviale faseverschui-
ving tijdens het verstrooiingsproces wat er voor zorgt dat de momenta (k1 , . . . , kN ) aan een verza-
meling niet-lineaire gekoppelde vergelijkingen moeten voldoen, de zogeheten Bethe vergelijkingen.



vraagstuk in deze context is het vaststellen van de thermodynamische relevante
informatie over de begintoestand die men zal moeten achterhalen om de equili-
brium verwachtingswaarden van alle lokale observabelen vast te kunnen stellen
(gerepresenteerd door operatoren die niet-triviaal op slechts een eindige subre-
gion van het systeem werken). Dit zijn degene die we direct in het laboratorium
kunnen observeren 10 (zie �guur 8.3).

Het doel van dit proefschrift is om een methode te ontwikkelen om de niet-
equilibrium dynamica van integreerbare systemen te bestuderen in hun ther-
modynamische limiet. In dit regime kunnen we enkele expliciete resultaten
verwachten, aangezien we het systeem kunnen beschrijven in termen van de
thermodynamisch emergerende vrijheidsgraden. Over het algemeen is dit een
makkelijkere beschrijving dan die in termen van posities en momenta van alle
deeltjes. Bovendien kunnenwe slechts in de thermodynamische limiet algemene
opmerkingen maken over de thermalisatie van een geïsoleerd systeem. We ob-
serveren inderdaad alleen een perfecte relaxatie van de lokale observabelen als
het aantal deeltjes in het systeem naar oneindig gaat. Wanneer we in deze limiet
slechts een eindig deel van het gehele systeem bekijken, dan zal het complemen-
taire deel zich gedragen als een e�ectief oneindig bad wat relaxatie processen
van de lokalen observabelen induceert.

In het volgende deel zullen we de belangrijkste resultaten uit dit proefschrift
noemen.

Overlappen in integreerbare modellen
Om een exacte beschrijving te krijgen van de niet-equilibrium tijdsevolutie ge-
geven door een quantum quench, zal men de overlap moeten vinden tussen de
basis van eigentoestanden van het model, gegeven door de Bethe toestanden, en
de begintoestand, welke in het algemeen erg verschilt van alle eigentoestanden
11. Een fysisch interessante groep van begintoestanden zijn de eigentoestanden
van het model met verschillende koppelingsconstanten. Zoals de algebraïsche
methode om de exacte oplossing van integreerbare modellen te vinden, de alge-
braïsche Bethe ansatz, handige uitdrukkingen geeft voor de overlappen tussen

10We de�niëren een lokale observabele als de actie van een operator Ô(x) die werkt op een ge-
deelte [x , x + δx] van het gehele volume L, zodanig dat limth δx/L � 0, en met een verwaarloosbare
intensiteit in vergelijking met de totale energie van het systeem limth

〈Ô〉
〈H〉 � 0. Met limth bedoelen

we de thermodynamische limiet waarbij het aantal deeltjes N →∞ in een volume L →∞ terwijl de
dichtheid constant is D � N/L.

11Om de tijdsevolutie na een quench te berekenen van de begintoestand |Ψ0〉 van een generieke
operator Ô, zal men over het algemeen tweemaal de identiteitsoperator 1 �

∑
λ |λ〉〈λ | invullen door

gebruik te maken van de basis van eigentoestanden van het model zodanig dat 〈Ψ0 |Ô(t) |Ψ0〉 �∑
µ
∑
λ 〈µ|Ô |λ〉e

it(Eµ−Eλ )
〈Ψ0 |µ〉〈λ |Ψ0〉. Vervolgens moet men alle overlappen kennen voor iedere

eigentoestand 〈Ψ0 |µ〉∀µ. We karakteriseren de begintoestand |Ψ0〉 als ver verwijderd van alle eigen-
toestanden van het systeem als de overlappen exponentieel afnemenmet het aantal bestanddelen N ,
〈Ψ0 |µ〉 ∼ e−Nc[µ]

∀µ met<c ≥ 0.



twee arbitraire Bethe toestanden met dezelfde koppelingsconstante, zo is een
analoog resultaat voor toestanden met twee verschillende koppelingsconstan-
ten nog niet bekend. In dit proefschrift gevenwe de exacte overlappen voor twee
speci�eke gevallenwaarbij de begintoestand de grondtoestand van een vrije the-
orie is. Voor het Lieb-Liniger model wordt dit bereikt door de koppelingscon-
stante van de interacties tussen de deeltjes in het gas op nul te zetten c → 0,
wat resulteert in een veel-deeltjes vrije bosonische theorie. Op dezelfde wijze
vinden we de overlappen van de Bethe toestanden voor de XXZ spin keten met
de grondtoestand van het model in de limiet van oneindige anisotropie ∆→∞,
waarin het XXZmodel reduceert tot de klassieke longitudinale Ising spin keten.
Deze twee uitdrukkingen voor de overlappen zijn opvallend elegant in termen
van de quasimomenta die de Bethe toestanden parametriseren en ze lijken erg
op de formule die de norm van iedere Bethe toestand geeft. Dit suggereert dat
we in de toekomst wellicht expliciete formules voor meer generieke overlappen
kunnen vinden.

Post-quench evenwichtstoestand in het Lieb-Liniger gas en in de
XXZ spin keten
Dit proefschrift geeft de eerste niet-Gibbs evenwichtstoestand na een niet
-equilibrium tijdsevolutie vanmodellenmet interactie. De niet-equilibrium evo-
lutie wordt geïmplementeerd door een begintoestand op unitaire wijze te la-
ten evolueren onder een integreerbare Hamiltoniaan, zoals het Lieb-Liniger gas
voor bosonen met punt-interactie en de XXZ spin keten, een model voor spins
met interacties op een rooster. Door de aanwezigheid van niet-triviale behouden
grootheden in de modellen, relaxeren de verwachtingswaarden van lokale ope-
ratoren, zoals de dichtheids-dichtheidscorrelatie of de nearest-neighbors spin-
spincorrelatie, niet naar de verwachtingswaarden die reproduceerbaar zijn door
eenGibbs-achtig ensemble. Zelfs een generalisatie hiervan, hetGegeneraliseerde
Gibbs Ensemble 12 die probeert om al de andere lokale randvoorwaarden in het
systeem op te nemen, faalt in het geven van correcte voorspellingen. In het ge-
val van het Lieb-Liniger model zien we inderdaad dat de behouden grootheden
geplaagd worden door vervelende divergenties waardoor ze niet geëvalueerd
kunnen worden op de begintoestand. Binnen de XXZ spin keten blijkt de ver-
zameling lokale grootheden niet volledig te zijn, waardoor er meer onbekende
extra randvoorwaarden meegenomen moeten worden. We adresseren het pro-
bleem met een alternatieve aanpak, de zogeheten quench actie aanpak, die niet
afhankelijk is van enige aanname omtrent de interne symmetrieën van het sys-
teem, maar slechts van de verrijsende vorm van de overlappen tussen de eigen-

12Het Gibbs ensemble zou de equilibrium waarden van de fysische operatoren in de meeste sys-
temen met interacties moeten reproduceren limt→∞〈Ψ0 |Ô(t) |Ψ0〉 � Tr

(
e−βH Ô

)
/Tr

(
e−βH

)
waarbij

β−1 de e�ectieve temperatuur van de begintoestand is. Zodra er meer lokale behouden grootheden
zijn dan slechts de Hamiltoniaan, zal het gegeneraliseerdmoeten worden naar het Gengeneraliseerd
Gibbs Ensemble e−

∑
n βn Qn waarbij {Qn } demaximale verzameling van lokale operatoren is die com-

muteren met de Hamiltoniaan H.



toestanden en de begintoestand in de thermodynamische limiet. Dit geeft een
verzameling e�ectieve randvoorwaarden die gebruikt kunnen worden om de
evenwichtstoestand te bepalen en die blijkt dan ook exact te zijn. Hoe zo een
exacte evenwichtstoestand gereproduceerd kan worden door gebruik te maken
van het Gegeneraliseerde Gibbs Ensemble is tot dusverre niet duidelijk.

Tijdsevolutie
Terwijl sommige feiten over de evenwichtstoestand na een niet-equilibrium tijd-
sevolutie over het algemeen wel bekend zijn, is dat niet het geval voor de tijd-
sevolutie naar het equilibrium toe. Over het algemeen is dit een veel moeilijker
probleem.
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Figuur 8.4: De tijdsevolutie
(zwarte lijnen van boven naar be-
neden gezien) van fasecorrelaties
〈BEC(t) |Ψ+(x)Ψ(0) |BEC(t)〉 als een
functie van de relatieve afstand x van
een één-dimensionaal Bose gas na een
quench van de grondtoestand van de
vrije theorie (Bose-Einstein condensaat
|BEC〉) naar het regime met oneindig
sterke afstoting (hard-core bosonen). De
rode stippellijn laat verwachtingswaar-
den zien van de evenwichtstoestand.
Deze wordt niet gegeven door een
e�ectief thermaal Gibbs ensemble
limt→∞〈BEC(t) |Ψ+(x)Ψ(0) |BEC(t)〉 ,
Tr

(
e−βHΨ+(x)Ψ(0)

)
, maar

door de zadelpunt toestand
limt→∞〈BEC(t) |Ψ+(x)Ψ(0) |BEC(t)〉 �

〈ρsp |Ψ
+(x)Ψ(0) |ρsp〉 gegeven door

de quench actie aanpak limt→∞. Deze
aanpak reproduceert ook de gehele
tijdsevolutie naar het equilibrium met
de minimale hoeveelheid informatie
over de begintoestand. [6]

Een vrij gebruikelijke constatering is
bijvoorbeeld dat, om de gehele tijd-
sevolutie van een bepaalde begin-
toestand te reproduceren een veel
grotere hoeveelheid informatie over
deze toestand nodig is in vergelij-
kingmetwat er nodig is omde even-
wichtstoestands op oneindige tijd te
kennen. Desalniettemin laten we
in dit proefschrift zien dat dit niet
het geval is voor een quenched in-
tegreerbaar model (zie �guur 8.4).
De thermodynamische limiet selec-
teert inderdaad slechts een gedeelte
van alle informatie over de begintoe-
stand die verantwoordelijk is voor
de gehele tijdsevolutie tot aan de on-
eindige tijd wanneer het systeem ge-
relaxeerd is naar zijn evenwichtstoe-
stand. Dit is een direct gevolg van
de quench actie aanpak die ook voor
een algemeen hulpmiddel zorgt om
toegang te krijgen tot de e�ectieve
tijdsschalen van de niet-equilibrium
dynamica die opgeslagen zijn in the
post-quench e�ectieve snelheid van
propagatie van de excitaties. Dit is
tevens een functionaal van de begin-
toestand en is niet afhankelijk van
alle details, maar van de macroscopische parameters zoals de energiedichtheid.
Hieruit volgt dat verschillende begintoestanden zullen leiden tot e�ectieve vel-
dentheorieën met verschillende lichtsnelheden.
Naast de theoretische relevantie vande gehele tijdsevolutie is het ook gerelateerd



aan experimentele realisaties. Experimentenmet koude atomen zijn namelijk ge-
limiteerd in tijdsspanne, daaruit volgt dat het observeren van een evenwichtstoe-
stand die ontstaat na een oneindige tijd nadat de quench heeft plaatsgevonden,
hopeloos is in een echte context (zie �guur 8.3).



179





Contributions to Publications

Here I give an overview of my personal contribution to the publications this
thesis is based on.

1. [1]: Conjecture for the overlaps between the BEC state and the Lieb-Liniger
Bethe eigenstates. All the numerical results for the density-density correla-
tion function of the post-quench steady state. Exact expression for the time
evolution of the density-density correlation after the quench to hard-core
bosons.

2. [2]: Intermediate formula from which the �nal expression for the over-
laps was extracted after a joint analytical computation together with all
the other authors of the paper.

3. [3] : Analytical computation of the expression for the overlaps for an odd
number of particles.

4. [4]: Solved the problem of determining the Generalized Gibbs Ensemble
from the initial state. Computed an expression for the thermodynamic
nearest-neighbor spin-spin correlation. All the numerical results for the
spin-spin correlations after the quench and for the distribution of rapidi-
ties in the steady states.

5. [5] : Presented a general approach to �nd theGeneralizedGibbs Ensemble
from any initial state in the XXZ model.

6. [6]: Exact analytical computation of the expression for the time dependent
one-body density function and all the numerical results in the paper.

7. [7] : Exact analytical computation of the thermodynamic limit of the form
factor.

8. [8]: All the numerical results for the time evolution of the density-density
correlation. Introduced a general way to obtain the late time decay to equi-
librium after a quench to a generic integrable model.

181





Acknowledgments

The idea of writing a PhD thesis is usually overwhelming as it requires to look
back at the last four years and to summarize everything it has been done. In my
case this job has not been particularly easy since I am an awful book-keeper, my
notes are always pretty bad and I rarely write things down, with the excuse that
everything will stay forever in my mind. Well, partially it is true. For example I
remember quite vividly the �rst day I walked in Science Park, and how warmly
I was welcomed. My supervisor Jean-Sébastien accepted me from the very �rst
day as one of his students and friends, as we knew each other since long time.
Eventually I found in him an excellent teacher, a true friend, a fair colleague and
�nally a trustworthy mentor. The numerous enlightening conversations we had
in these past years showed me his admirable attitude towards physics and any
aspects of life, in�uencing me deeply. I consider having been one of his students
a big fortune. Thank you J-S.

On the other hand, the high quality of life at the Institute of Physics was also due
to the beautiful people there. Kareljan, Vladimir and Jan have always been ready
to help and give precious suggestions. It was a pleasure to be Bernard’s teaching
assistant and �nally it has been quite inspiring to meet the new young people,
Katerina, Florian, Philippe and Jasper. Anne-Marieke, Fatima, Natalie, Joost and
Yocklang made my arrival and my permanence easy and pleasant. Thank you
for having replied to all my annoying emails and always having found the time
to take care of all my issues.

I had been lucky enough to live the golden time of the one-dimensional gang. I
had such a great time together with Sebas, Thessa, Miłosz, Jorn, Bram, Rogier,
Rianne, Giuseppe, Davide, Omar, Michael and �nally Enej. I like to think of
ourselves as the "Via Panisperna Boys", eager to think always about new stu�
and creating great things together (but with di�erent consequences hopefully).
Sebas and Thessa have been great o�ce mates with whom to share frustrations
and cold summer days in the o�ce. Thank you Sebas for having told me all I
know about �eld theory and cool places in the city. Thank you Rianne for our
heroic escalades done while talking about future projects. It has been a great
pleasure to work with Bram, Enej and Michael, whose patience and order well
counterbalanced my impulsiveness and messiness. Thank you guys for having
taught me so much. Thank you Miłosz, with you I shared beautiful road trips,
loads of laughs and love for Bethe Ansatz.

Four years in Amsterdam have gone too quickly. They say that time �ies when
you are having fun. If this had been the case it is mostly due to the amazing
people I have met there: Sabrina, Shanna, Lau, Annelise, György, Milena, Nico-
las, Benedetta, Go�redo, Michael (the danish), Mathilde, Ali, Abdo, Holiday,

183



Philip, Antoine, Inge, Balazs, Daniel, Natasha, Johannes, Luciano, Marco, Ana,
Moos, Benjamin, Giulia, Peo. Arnica, youmademe live the magic of theater and
of wine-based therapy evenings, you contributed a lot to this work. Nachiket, I
think this is the beginning of a beautiful friendship (andwe’ll always have Paris).
Finally in order to properly thank Hélène I may quote Brassens: "a la compagne
de voyage, dont les yeux, charmant paysage, font paraître court le chemin".

This thesis is supposed to contain four years of life. But life is a continuous pro-
cess and it can not be easily divided into boxes. Therefore the people who have
always been inmy�ow, largely in�uencing and guiding it, must be remembered.
Claudia e Mirko, my second family, hard to say in words I much I owe you. May
you stay forever young, my beloved friends.

I own a large part of this work and of myself to my dear parents, Carla e Paolo,
to my big-big brother, Andrea with his new beautiful family and �nally to my
grandparents, the ones are gone already and the one is still here.
Questo libro è dedicato a voi, spero vi sia piaciuto.


	Introduction
	Equilibrium many-body physics in one dimension
	Out-of-equilibrium many-body physics
	Out-of-equilibrium integrable models
	Outline of the thesis

	Integrability and Bethe Ansatz
	Quantum Integrability and the Bethe wave function
	Coordinate Bethe ansatz for the Lieb-Liniger model
	Algebraic Bethe Ansatz
	Solution of the quantum inverse problem
	Scalar products and norms

	A lattice statistical model: the 6-vertex model
	Quantum Transfer Matrix approach at finite temperature


	Overlaps in integrable models 
	The BEC to Lieb-Liniger overlap
	Derivation of the exact overlap formula for N=2
	The exact overlap formula
	Connections with Kardar-Parisi-Zhang equation

	The overlap of the Néel state with XXZ Bethe states
	The XXZ spin-1/2 chain
	The domain wall and the Néel initial state overlaps
	Overlaps between parity invariant XXZ Bethe states and the Néel state


	Thermodynamic limit of integrable models
	Thermodynamic Bethe states
	Thermodynamic Bethe Ansatz for the Lieb-Liniger model
	Thermodynamic limit of correlation functions
	Thermodynamic form factors
	Density form factors for finite entropy states

	Thermodynamic limit of overlaps and quench action approach
	Single-particle overlap coefficients: a conjecture


	The BEC quench in the Lieb-Liniger model 
	The problem with the GGE 
	Thermodynamic limit of the overlaps
	Explicit solution of the saddle point equation
	Physical properties of the steady state
	Asymptotics of the saddle point distribution

	Post-quench time evolution of integrable models
	The quench action method and the post-quench evolution in an integrable model
	Time evolution in the interacting Bose gas
	Time evolution of local observables for quenches from the BEC state to hard-core bosons
	Time Evolution of the density-density correlations
	Time evolution of the one-body density matrix


	Néel quench in the XXZ spin chain
	Thermodynamic Bethe Ansatz for the XXZ spin chain 
	An example of thermodynamic correlation function: nearest-neighbors correlation function
	The GGE for a generic quench in the XXZ model
	The quench action approach to the Néel quench and the (apparent) failure of the GGE

	Conclusions and Future Directions
	Bibliography
	Summary
	Samenvatting
	Contributions to Publications
	Acknowledgments

