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Chapter 1

Introduction

This thesis is based on three articles in the field of complex analysis: the study of
functions of complex variables, that are in some sense compatible to the structure
of the complex numbers.

Such functions come in many shapes and forms, which is reflected in this thesis.
While the first article concerns pluripotential theory, the other two articles fall
within the field of complex dynamics. These different fields are not completely
unrelated, though; pluripotential theory provides tools that can be very useful in
complex dynamics as well.

One of the main themes in complex analysis is the difference between Cm and
the underlying space R2m. The introduction of complex numbers gives additional
structure to the space, which allows us to study new properties. The primary
example here is the definition of complex differentiability. This concept turns out
to be much, much stronger than its real equivalent. In particular, if a function
f : U → C with U an open subset of Cm is complex differentiable (or holomor-
phic), then so is its derivative. This property definitely does not hold for real
differentiability. And while real C∞ functions can have compact support, Liou-
ville’s Theorem states that a global holomorphic function on Cm cannot even be
bounded, unless it is constant.

As a consequence, holomorphic functions are scarce in comparison to their real
differentiable counterparts. Recall for example the following basic fact, which will
be useful later on:

Proposition 1.1. The only automorphisms of C are the affine linear maps.

In contrast, diffeomorphisms of R2 are ubiquitous, even the C∞ ones. And while
Cm does have more automorphisms than just the affine linear ones when m > 1,
the gap between holomorphic automorphisms and diffeomorphisms is striking in
any dimension.

Another important theme in complex analysis is the interplay between the
one-dimensional and the multidimensional setting. Many things that are well-

9



10 Chapter 1. Introduction

understood in one complex dimension cannot easily be generalized. Take for ex-
ample the following well-known result in C:

Theorem 1.2. A proper open subset U ( C is not biholomorphic to C.

In fact, the Riemann mapping theorem states that any simply connected open
subset U ( C is biholomorphic to the unit disc D(0, 1).

This is no longer true in Cm for m ≥ 2: In the 1920s, Fatou and Bieberbach
constructed their famous examples of proper subdomains U ⊆ Cm that allowed a
holomorphic map f : U → Cm with a holomorphic inverse; see [15, 35, 59]. Such
domains are now called Fatou-Bieberbach domains.

Generally, all manner of interesting phenomena may occur in Cm that do not
happen in C1. The spaces C1 and R2m often serve as inspiration for topics to
study in Cm. Which concepts have analogues in Cm? And where will the analogy
break down?

1.1 Maximal plurifinely plurisubharmonic func-
tions

Chapter 2 contains a joint paper with El Kadiri [29], which treats a topic in plu-
rifine pluripotential theory: the theory of plurifinely plurisubharmonic functions.
These were defined to be the missing piece in the puzzle of subharmonic functions,
their complex analogue plurisubharmonic functions, and their generalization finely
subharmonic functions.

Subharmonic functions
generalization

generalization

complex analogue complex analogue

Finely subharmonic functions

Plurisubharmonic functions Plurifinely plurisubharmonic
functions

Subharmonic functions

Let us start this chain of definitions by discussing harmonic functions. These are
functions f : U → R for some open subset U ⊆ Rm that are twice continuously
differentiable and satisfy the Laplace Equation:

4 f =
∂2f

∂x2
1

+
∂2f

∂x2
2

+ . . .+
∂2f

∂x2
m

= 0. (1.1.1)



1.1. Maximal plurifinely plurisubharmonic functions 11

We denote the set of harmonic functions on U by H(U). One way of finding
harmonic functions is by taking the real or imaginary part of a holomorphic func-
tion on some subset of Cm. But the main inspiration comes from physics; gravity
potentials and electric potentials are harmonic except where their mass or charges
are placed, for example. Hence the name potential theory for the field that studies
harmonic and subharmonic functions.

Equation 1.1 is a rather strong condition, and gives harmonic functions some
very pleasant properties to work with. They are automatically C∞ functions, for
example, and have a Liouville-type property: if a global harmonic function on Rm
is either lower- or upperbounded, it must be constant. The harmonic functions
also satisfy the maximum principle on a bounded domain U :

If f is not constant, then f(x) < supz∈∂U
{

lim supU3y→z f(y)
}

for all x ∈ U .
In particular, for any compact subset K of U , the function f |K must assume its
maximum on ∂K. Note that as −f is another harmonic function, f will also satisfy
a minimum principle.

Another useful property for harmonic functions is the Mean Value Property :
for any ball B(x, r) ⊆ U we have

f(x) =
1

Vol(B(x, r))

∫
B(x,r)

f(y) dV =
1

Area(∂B(x, r))

∫
∂B(x,r)

f(y) dσ.

One famous problem concerning harmonic functions is the Dirichlet problem:
Given a bounded open set U ⊂ Rm and boundary values on ∂U , can we find
a harmonic function on U with these boundary values? If this problem has a
solution, it must be unique by the maximum principle. After all, the difference
between two such functions is also harmonic and its boundary values are zero.

One way of solving Dirichlet’s problem is Perron’s method, which uses subhar-
monic functions:

Definition 1.3. A function f : U → [−∞,∞) defined on a domain U ⊆ Rm is
called subharmonic if f is not identically −∞ and

(i) the function f is upper semicontinuous: {x ∈ U : f(x) < a} is open for each
a ∈ R, and

(ii) for any relatively compact open subset G ⊆ U and any h ∈ H(G) that is
continuous on Ḡ, the following implication holds

f ≤ h on ∂G =⇒ f ≤ h on G.

The set of subharmonic functions on U is denoted by SH(U).

In cases where the Dirichlet problem has a solution, this solution can be found
by taking the pointwise supremum of a collection of subharmonic functions: the
Perron process. This collection is chosen in such a way that their boundary limsups
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do not exceed the given boundary values. The Perron process is also related to
maximality, which will be discussed later on.

So subharmonic functions can be compared to harmonic functions, and lie be-
low them in some sense. They satisfy many of the properties of harmonic functions
in a one-sided way. For example, subharmonic functions satisfy the maximum prin-
ciple on bounded domains, but not the minimum principle. And while harmonic
functions have the Mean Value Property, a subharmonic function f will satisfy the
Submean Value Property: for any ball B(x, r) ⊆ U we have

f(x) ≤ 1

Vol(B(x, r))

∫
B(x,r)

f(y) dV, and

f(x) ≤ 1

Area(∂B(x, r))

∫
∂B(x,r)

f(y) dσ.

Either of the inequalities above can in fact replace property (ii) in Definition
1.3. When our function f is twice continuously differentiable rather than just
upper semicontinuous, we can also apply the Laplace operator to get another one-
sided result: f ∈ SH(U) if and only if 4f ≥ 0 on U .

Considering all these one-sided results, it will be no surprise that a functions
f : U → [−∞,∞) is harmonic if and only if both f and −f are subharmonic.

Examples of subharmonic functions can once again be found in physics. The
aforementioned gravity and electric potentials are globally subharmonic, for ex-
ample. Another famous subharmonic function is the Green’s function, which will
be used in Chapter 4.

The subharmonic functions form a convex cone: they retain their subharmonic-
ity when you add them to each other, or multiply them by a positive constant.
The maximum of two subharmonic functions stays subharmonic, and the limit of
a decreasing subsequence, or one that converges uniformly on compact subsets, is
either −∞ or a subharmonic function.

Plurisubharmonic functions

The harmonic and subharmonic functions can be defined on domains in Cm ∼= R2m,
but they do not relate well to the structure of the complex numbers. For example,
the composition f ◦g of a subharmonic function f and a holomorphic map g is not
subharmonic in general. The pluriharmonic and plurisubharmonic functions were
defined to serve as an analogue that is more compatible to the complex setting.

Definition 1.4. A function f ∈ C2(U) for a domain U ⊆ Cm is called plurihar-
monic if it has the following equivalent properties:

(i) ∂2f
∂zj∂z̄k

= 0 on U for all j, k = 1, . . . ,m.

(ii) For all a ∈ U and b ∈ Cm \ {0}, the function z 7→ f(a+ bz) of one complex
variable is harmonic whenever it is defined. In other words, f is harmonic
on all intersections of its domain with complex lines.
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The set of pluriharmonic functions on U is denoted by PH(U).

When U ⊆ C, the pluriharmonic functions coincide with the harmonic func-
tions. Otherwise, we have a strict inclusion PH(U) ⊂ H(U).

As desired, the pluriharmonic functions are strongly connected to holomor-
phic functions. Any real or imaginary part of a holomorphic function is not just
harmonic, but also pluriharmonic. Conversely, a pluriharmonic function is locally
equal to the real part of some holomorphic function. As a consequence, a pluri-
harmonic function h may indeed be composed with a holomorphic function g to
create a pluriharmonic composition h ◦ g.

Property (ii) gives pluriharmonic functions even stronger mean value properties
than their harmonic counterparts have. They have the Mean Value Property on
each complex line intersecting their domain:

f(a) =
1

Vol(B(0, 1))

∫
B(0,1)

f(a+bz)dV (z) =
1

Area(∂B(0, 1))

∫
∂B(0,1)

f(a+bz)dσ(z)

for each a ∈ U and b ∈ Cm \ {0} such that a+ bB(0, 1) ⊆ U .

The complex analogue to subharmonic functions will be the plurisubharmonic
ones. Like pluriharmonic functions, they can be defined by their behavior on
intersections with complex lines.

Definition 1.5. A function f : U → [−∞,∞) on a domain U ⊆ Cm is plurisub-
harmonic if f is not identically −∞ and

(i) the function f is upper semicontinuous, and

(ii) for each a ∈ U and b ∈ Cm \ {0}, the function z 7→ f(a + bz) is either
subharmonic or identically equal to −∞.

The set of plurisubharmonic functions on U is denoted by PSH(U).

If a function f is twice continuously differentiable, plurisubharmonicity can
also be defined using the Levi form: f is plurisubharmonic if and only if

m∑
j,k=1

∂2f

∂zj∂z̄k
(a)bj b̄k ≥ 0 for all a ∈ U and all b ∈ Cm \ {0}.

Compare this to the use of the Laplacian for subharmonic functions.

Any plurisubharmonic function is also subharmonic. It will therefore satisfy
the Maximum Principle on bounded domains and the Submean Value Property.
It will also satisfy the Submean Value Property on complex lines. And as in the
real case, a function f : U → R will be pluriharmonic if and only if both f and
−f are plurisubharmonic. In contrast to the subharmonic case, plurisubharmonic
functions have a Liouville-type property: a global plurisubharmonic function on
Cm cannot be upperbounded unless it is constant.
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Just like the pluriharmonic functions, plurisubharmonic functions may be pre-
composed by holomorphic functions without losing their plurisubharmonicity. The
holomorphic functions also create a convenient stock of examples of plurisubhar-
monic functions: If f is holomorphic, then |f | and log |f | will be plurisubharmonic.

Using sums, pointwise maxima, decreasing sequences, or sequences converging
uniformly on compact subsets, plurisubharmonic functions can be combined to
create new plurisubharmonic functions.

The field of pluripotential theory is well-developed. The interested reader can
find more information in [50] for example.

Finely subharmonic functions

While harmonic functions are necessarily C∞ functions, their subharmonic com-
panions need not even be continuous. This led H. Cartan to introduce the fine
topology : the coarsest topology on Rm that would render all subharmonic func-
tions in SH(Rm) continuous. It is a strict refinement of the Euclidean topology,
and usually denoted by f . Open sets in the fine topology will be called f -open,
finely continuous functions can be described as f -continuous, and so on.

If U ⊂ Rm is a Euclidean open subset, the fine topology on Rm will also induce
a topology on U . And even though subharmonic functions in SH(U) are rarely
equal to restrictions of functions in SH(Rm), they still turn out to be continuous
in this induced topology.

The fine topology turned out to be incredibly useful to express concepts in
potential theory. But once introduced, it also inspired Fuglede to extend results
previously known for continuous subharmonic functions to the entire class of sub-
harmonic functions. Fine continuity was the key concept here. And in 1954, Doob
[21] linked the fine topology to Brownian motions in probability theory.

This new topology has a surprisingly elegant basis to work with, consisting of
sets of the form

{x ∈ B(a, r) : ϕ(x) > 0},

where a ∈ Rm, r > 0 and ϕ ∈ SH(B(a, r)).
Like the Euclidean topology, the fine topology is Hausdorff, completely regular,

locally connected and Baire. On the other hand, it also has stranger properties.
The fine topology is not separable, for example, and points in Rm do not admit
countable neighborhood bases. As a consequence, the fine topology is not metriz-
able. And finely open sets do not need to resemble Euclidean open sets at all. The
set B(0, 1) \Q×Q ⊆ R2 is f -open, for example.

In light of this new topology, it seems somewhat artificial to consider subhar-
monic functions only on Euclidean open sets. This ties the subharmonic functions
to the Euclidean topology, after all. This led to the development of a theory of
finely (sub)harmonic functions, living on finely open subsets U ⊆ Rm. Fuglede
managed to extend a major part of classical potential theory to fine domains in
[38].
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The defining properties of harmonic and subharmonic functions cannot be eas-
ily extended to our finely open set U , though. They use derivatives or small
open balls or their boundaries, which U does not need to contain. Instead, finely
(sub)harmonic functions were defined using Mean Value properties involving cer-
tain measures on the fine boundaries of finely open sets. See for example [38, 8]
for this definition and its underlying theory.

For the purpose of this introduction, it will be more convenient to use another
defining characteristic:

Theorem-Definition 1.6. Consider a finely open set U ⊆ Rm and a finite func-
tion f : U → (−∞,∞). Then f is finely subharmonic if and only if each point
in U has a Euclidean compact, fine neighborhood K ⊆ U such that f |K is a
uniform limit of ordinary subharmonic functions fn, defined on Euclidean open
neighborhoods Vn of K.

If the function f : U → [−∞,∞) is not finite, it will be called finely subhar-
monic if and only if it is a decreasing limit of finite finely subharmonic functions.
A finely harmonic function f can now be defined by the property that both f and
−f are finely subharmonic.

Just like their Euclidean counterparts, we can add two finely subharmonic
functions, or take their maximum, to find a new finely subharmonic functions. We
may also take limits of decreasing sequences, or finely locally uniformly converging
sequences and arrive at either a finely subharmonic function or −∞.

A natural question to ask at this point is whether or not finely subharmonic
functions are finely continuous. Fortunately, there is no need to consider a fine
fine topology: Any finely subharmonic function can be finely locally represented
as a difference of two subharmonic functions. As a consequence of this powerful
theorem, any finely subharmonic function is finely continuous.

The theory of finely (sub)harmonic functions has been extensively developed.
See for example [38] for more information.

Plurifinely plurisubharmonic functions

So now the subharmonic functions have both a generalization, the finely subhar-
monic functions, and a complex analogue, given by the plurisubharmonic functions.
This looks like a puzzle with one missing piece. Is there a complex analogue of
the finely plurisubharmonic functions? Or, the other way around, a way to gener-
alize the plurisubharmonic functions to a setting where they are continuous? This
inquiry leads to the plurifinely plurisubharmonic functions.

Interest in such a plurifine analogue of plurisubharmonic functions was piqued
by research on pluripolar sets: sets where some plurisubharmonic function, de-
fined on an open neighborhood, equals −∞. In fact, Josefson showed in [47]
that any pluripolar set E ⊂ Cm also allows a global plurisubharmonic function
f ∈ PSH(Cm) such that E ⊆ {f = −∞}.
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Since a pluripolar set does not need to be equal to a set {f = −∞}, Zeriahi
introduced the notion of a pluripolar hull. If E ⊆ Cm is pluripolar, its pluripolar
hull E∗Cm is the intersection of the sets {f = −∞} for all f ∈ SH(Cm) that equal
−∞ on E.

Such pluripolar hulls are of interest in connection with graphs of holomorphic
functions. If h is a holomorphic function on a domain U ⊆ C, the plurisubhar-
monic function log |w−h(z)| on U ×C shows that the graph of f is pluripolar. Its
pluripolar hull will be an extension of this graph, defined by global plurisubhar-
monic functions on C2. What does it look like? This question, originally brought
up by Sadullaev, was studied extensively by Levenberg and Poletsky, and many
others joined in. See for example [30, 66] for some results and history of this
question.

Following this line of inquiry produced many strange examples, such as holo-
morphic functions on the unit disk D ⊆ C with no holomorphic extension, while
the pluripolar hulls of their graphs extended far and wide. Edlund and Jöricke
managed to connect this phenomenon to finely holomorphic functions in [23]: If a
holomorphic function f on D ⊆ C has a finely holomorphic extension, the pluripo-
lar hull of its graph will extend beyond D as well. So plurisubharmonic functions
somehow see finely holomorphic extensions.

This generated interest in plurifine analogues of holomorphic and plurisubhar-
monic functions.

The plurifine topology, denoted by F on Cm was defined by Fuglede to be
the coarsest topology making all plurisubharmonic functions on Cm continuous.
The suffix F will be used to denote concepts related to the plurifine topology.
Notice that as plurisubharmonic functions coincide with subharmonic functions
on subsets of C, the topologies F and f on C will also be one and the same. In
higher dimensions, not all subharmonic functions are plurisubharmonic functions.
The fine topology will be strictly finer than the plurifine one.

Just like its fine counterpart, the topology F will also make elements of PSH(U)
continuous in the induced topology on an open set U ⊆ Cm. And it allows a very
similar basis consisting of sets

{z ∈ B(a, r) : ϕ(z) > 0},

where a ∈ Cm, r > 0 and ϕ ∈ PSH(B(a, r)).

Looking for a complex analogue to the finely subharmonic functions now leads
to the following definition, first seen in [25]:

Definition 1.7. Let U ⊆ Cm be F-open. A function f : U → [−∞,∞) is called
plurifinely plurisubharmonic when

(i) the function f is F-upper semicontinuous: {z ∈ U : f(z) < a} is F-open
for each a ∈ R, and

(ii) for each a ∈ U and b ∈ Cm \ {0}, the function z 7→ f(a+ bz) is either finely
subharmonic or identically equal to −∞, on each of the finely connected
components of its domain.
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The set of plurisubharmonic functions on U is denoted by F-PSH(U).

There is a competing definition though. Starting out with plurisubharmonic
functions, it makes sense to define a plurifine analogue along the lines of Theorem
1.6; see also [27].

Definition 1.8. Let U be an F-open subset of Cm, and f : U → [−∞,∞) a
function.

(i) The function f is C-strongly F-plurisubharmonic if each point in U has
a compact F-neighborhood K ⊆ U such that f |K is the uniform limit of
a sequence of bounded continuous plurisubharmonic functions, defined on
Euclidean open neighborhoods of K.

(ii) The function f is called strongly F-plurisubharmonic if f is the pointwise
limit of a decreasing net of C-strongly F-plurisubharmonic functions.

The plurifinely plurisubharmonic functions as defined in Definition 1.7 are
also called weakly F-plurisubharmonic, to distinguish them from the strong ones.
As implied by this terminology, strongly F-plurisubharmonic functions are also
weakly F-plurisubharmonic. The converse is the big open question in the field
of plurifine potential theory. The answer is only known in C1, where weakly and
strongly F-plurisubharmonic functions are all equal to the finely subharmonic
functions.

As in the fine case, the weakly F-plurisubharmonic functions turn out to be
F-continuous. This follows from the following much stronger result: Let f : U →
[−∞,∞) be a weakly F-plurisubharmonic function on an F-open set U . Then on
{z ∈ U : f(z) > −∞} the function f can be F-locally written as a difference of
two plurisubharmonic functions, defined on some Euclidean open neighborhoods.
So once again, there is no reason to further extend the topology F .

Like the original subharmonic functions, both the strongly and the weakly
F-plurisubharmonic functions form a convex cone: they are stable under multipli-
cation by positive constants and may be added to each other. We can also take a
maximum of two such functions, and in the weak setting the limit of a decreasing
or F-locally uniformly converging sequence remains weakly F-plurisubharmonic
as well.

For more information about strongly and weakly F-plurisubharmonic func-
tions, see for example [25, 27, 28, 31, 32, 33, 66] by El Kadiri, El Marzguioui,
Fuglede and Wiegerinck.

In the article in Chapter 2, we will consider the weakly F-plurisubharmonic
setting.

Maximality in various settings

The square of theories created by subharmonic, finely subharmonic, plurisubhar-
monic and plurifinely plurisubharmonic functions sets up a hunt for analogies.



18 Chapter 1. Introduction

Any concept that makes sense for one of these settings, could very likely have an
interesting analogue in the other ones. In Chapter 2, we explore the concept of
maximality for F-plurisubharmonic functions.

The idea behind maximality is to investigate whether or not a function can be
“bumped up a little bit” while staying in the same class of functions. To be more
precize, take a look at the definition of maximality for subharmonic functions, the
most straightforward of our four classes to work with.

Definition 1.9. A subharmonic function f : U → [−∞,∞) on an open set U ⊆
Rm is considered maximal if for any bounded open subset G ⊆ Ḡ ⊆ U and any
g ∈ SH(G) that extends upper semicontinuously to Ḡ the following implication
holds:

g ≤ f on ∂G =⇒ g ≤ f on G.

G

f

g

Figure 1.1: The function f is not
maximal.

To illustrate this definition, take a look at
the picture to the right. Even though it sim-
plifies matters by depicting a one-dimensional,
continuous function rather than a more general
subharmonic one, it does show the idea behind
maximality: a maximal function in SH(U) can-
not allow a function in SH(G) to create a bump
as shown in the picture.

This definition of maximality rather resembles the definition of subharmonicity.
Plugging harmonic functions g into Definition 1.9 for a maximal subharmonic
function f immediately shows that −f satisfies property (ii) in Definition 1.3. In
fact, it turns out that a subharmonic functions is maximal if and only if it is
harmonic.

So for subharmonic functions, maximality is not a new concept but rather a
property that distinguishes the harmonic functions from the ordinary subharmonic
ones.

For plurisubharmonic functions, this is no longer true. The definition of max-
imality is entirely similar to Definition 1.9:

Definition 1.10. A plurisubharmonic function f : U → [−∞,∞) on an open set
U ⊆ Cm is considered maximal if for any bounded open subset G ⊆ Ḡ ⊂ U and any
g ∈ PSH(G) that extends upper semicontinuously to Ḡ the following implication
holds:

g ≤ f on ∂G =⇒ g ≤ f on G.

In subsets U ⊆ C1, nothing new happens. Plurisubharmonic is just subhar-
monic, and the maximal plurisubharmonic functions will equal the harmonic and
pluriharmonic functions.

But for plurisubharmonic functions in higher dimensions, pluriharmonicity is a
stronger property than maximality. In fact, a maximal plurisubharmonic function
need not even be continuous. A little smoothness does help to classify them,
though:
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Theorem 1.11. [19, 49] Let f : U → [−∞,∞) be a plurisubharmonic function
on an open subset U ⊆ Cm. Suppose that f is twice continuously differentiable.
Then f is maximal if and only if

det

[
∂2f

∂zj∂z̄k

]
= 0 on U.

Compare this to the much stronger requirement for pluriharmonic functions in
Definition 1.4. A similar defining property for locally bounded plurisubharmonic
functions followed from Bedford and Taylor’s articles [9, 10] on the Monge-Ampère
operator: f is maximal if and only if (ddcf)m = 0. The Monge-Ampère measure
(ddcf)m of f is a measure on U , and is created using currents. When f ∈ C2(U),

it is related to Theorem 1.11 by the fact that (ddcf)m = 4mm! det
[

∂2f
∂zj∂z̄k

]
dV .

For more information on maximal plurisubharmonic functions, currents and
the Monge-Ampère measure, see for example the book [50] by Klimek.

Maximal plurisubharmonic functions are the key players in the Bremermann-
Dirichlet problem, the complex analogue of the Dirichlet problem. In this problem,
one asks for a plurisubharmonic function on a domain U with given boundary val-
ues that satisfies (ddcf)m = 0. On a strongly pseudoconvex bounded domain U
with a continuous boundary function, this problem can be solved using a supre-
mum of plurisubharmonic functions, just like the Perron method for the origi-
nal Dirichlet problem. Of course, both the original Dirichlet problem and the
Bremermann-Dirichlet problem could have been formulated in terms of maximal-
ity as well.

Another example of maximal plurisubharmonic functions is given by the pluri-
complex Green’s function, which is, among other things, used in complex dynamics
to study iterates of polynomials.

In Chapter 2, we study maximality for weakly plurifinely plurisubharmonic
functions. We prove that maximality for finite F-plurisubharmonic function is
connected to the plurifine extension of the Monge-Ampère operator, as defined
by El Kadiri and Wiegerinck in [28]. Any finite F-maximal F-plurisubharmonic
function f satisfies (ddcf)m = 0. To be more precise, we prove the following
theorem:

Theorem 1.12. Let U be an F-domain in Cm and let f ∈ F-PSH(U) be finite.
Then (ddcf)m = 0 if and only if f is F-locally F-maximal on the complement of
an F-closed pluripolar subset of U .

1.2 Adaptive trains for attracting sequences of
holomorphic automorphisms

Chapter 3 contains a joint article with Han Peters. It investigates attracting
basins of compositions of functions. The basic idea comes from the autonomous
case: iterating one fixed function.
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Definition 1.13. Let f : Cm → Cm be a holomorphic function with attracting
fixed point z. The attracting basin of z is defined as

Ωf (z) = {w ∈ Cm : fn(w)→ z as n→∞}.

The connected component containing the fixed point z is called the immediate
attracting basin, and will be denoted by Ω∗f (z).

The attracting basin defined above is the set of all points that eventually con-
verge to our fixed point z. Since z is assumed to be an attracting fixed point, this
basin will contain a tiny ball B(z, r) around the point z on which f is contracting.
This allows us to see the entire basin as an increasing union of open sets:

Ωf =
⋃
n∈N

f−n
(
B(z, r)

)
.

If z is not a fixed point, we can still study the points whose orbits approach
the orbit of x:

Σsf (z) =
{
w ∈ X : d

(
fn(w), fn(z)

)
→ 0 as n→∞

}
.

w
z

f(w)
f(z)

f2(w) f2(z)

Figure 1.2: A sketch of a stable
manifold

Here, X is assumed to be a complex Rie-
mannian manifold with metric d, and f : X →
X a holomorphic map. If f is an automor-
phism, and z is part of an invariant compact
subset K ⊆ X where f acts hyperbolically, the
set Σsf (z) will be a complex manifold. It is
called the stable manifold of f through z. See
for example Section 6.2 of [48] for more infor-
mation.

The stable manifold Σsf (z) is the topic of
the Bedford Conjecture:

Conjecture 1.14. (Bedford) Under the conditions outlined above, Σsf (z) will be
biholomorphic to Cm for some m.

It was shown by Fornæss and Stensønes that the Bedford Conjecture can be
translated to a stronger conjecture involving a non-autonomous basin: the basin
of a sequence of functions. Let f0, f1, f2, . . . be a sequence of holomorphic auto-
morphisms of Cm that satisfy

C||z|| ≤ ||fn(z)|| ≤ D||z|| for all z ∈ B(0, 1) and all n ∈ N,

where 0 < C < D < 1 are uniform constants. All our functions share the origin
as an attracting fixed point, and their behavior near the origin is fairly similar.
We can define the attracting basin of this sequence much as we did it for the
autonomous case.
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Definition 1.15. Let f0, f1, f2, . . . be a sequence as described above. The attract-
ing basin of 0 is defined as

Ω(fn) = {w ∈ Cm : fn ◦ · · · ◦ f1 ◦ f0(w)→ 0 as n→∞}

Since the functions fn are automorphisms, this basin has only one connected
component. We can now formulate the stronger Bedford Conjecture:

Conjecture 1.16. For a sequence f0, f1, f2, . . . as outlined above, the basin Ω(fn)

is biholomorphic to Cm.

A positive answer to this stronger conjecture would also prove the original
Bedford Conjecture 1.14, as was shown by Fornæss and Stensønes in [37].

Like an autonomous basin, Ω(fn) can be described as an increasing union of
open sets:

Ω(fn) =
⋃
n∈N

(fn ◦ · · · ◦ f0)−1
(
B(0, 1)

)
.

Since our functions fn are assumed to be holomorphic automorphisms, each of
these open sets is in fact biholomorphic to the unit ball in Cm. In particular,
these open sets must also be diffeomorphic to unit balls. As an increasing union
of such sets, Ω(fn) must therefore be diffeomorphic to the set R2m.

But holomorphically, we know no such thing! The Bedford Conjecture remains
an open question.

The stronger Bedford Conjecture can be broken up into several pieces, each of
them giving a more accessible subquestion. One simplification would be to require
all functions fn to be equal. This moves us back to the autonomous case.

Another simplification would be to restrict the dimension m. We use such a
restriction in the article in Chapter 3; we study the case where m = 2.

A third possible way to create subquestions is to make assumptions on the
constants C and D. When these constants are close to each other, we have a
stronger assumption on the similarity of the attracting behavior of the functions
fn.

The case where D2 < C was proven by Wold in [67]. More recently, Abbondan-
dolo and Majer proved the conjecture for D2+ε < C, where ε = ε(m) converges to
zero as m increases; see [2]. This was a big improvement: when D2 < C it suffices
to study linear approximations of the functions fn. This no longer works when
D2 ≥ C, and dealing with higher order terms introduces major complications. To
deal with them, they introduce a concept called trains of functions. In Chapter 3,
we refine this concept by adapting the trains to the sequence (fn).

To illustrate some of the ideas used in our paper, let us outline what happens
when m = 1, and in the autonomous case.

Basins in C1

Restricting ourselves to the one-dimensional situation simplifies matters enor-
mously. Many interesting phenomena that may occur in higher dimensional com-
plex dynamics do not happen in a one-dimensional setting. In connection to the
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Bedford conjecture, one important difference concerns the set of holomorphic au-
tomorphisms. As noted in Proposition 1.1, the only holomorphic automorphisms
of C1 are the affine linear maps.

So if f is a holomorphic automorphism of C, then f(z) = az + b for some
a ∈ C∗ and b ∈ C. We wished to study a sequence of holomorphic automorphisms
f0, f1, f2, . . . satisfying

C||z|| ≤ ||fn(z)|| ≤ D||z|| for all z ∈ B(0, 1) and all n ∈ N,

for some uniform constants 0 < C < D < 1. This leaves us with the functions
fn(z) = anz for a constant an satisfying C < |an| < D. In this setting, it is clear
that the basin Ω(fn) must be equal to all of C1.

So in the one-dimensional case, the basin is not just biholomorphic to C1, but
equal to it. This makes perfect sense in light of Theorem 1.2 mentioned earlier:
proper subsets of C1 can never be biholomorphic to C1.

If we drop the requirement that our maps be automorphisms, we can use
Theorem 1.2 to find an attracting basin in C that is not biholomorphic to C itself.
Take for example a polynomial p of degree at least two, with attracting fixed point
x. It must have an immediate attracting basin Ω∗p as in Definition 1.13. To prove
that Ω∗p is not equal to C, it suffices to show that Ωp is bounded:

Lemma 1.17. Let p be a polynomial of degree at least two. Then there exists a
radius R > 0 such that |p(z)| ≥ 2|z| whenever |z| ≥ R.

To find this constant R, write p(z) = akz
k + · · · + a1z1 + a0 and pick R ≥ 1

large enough to ensure that |akR| > max{2(|ak−1|+ · · ·+ |a0|), 4}.
Lemma 1.17 shows that a point z outside B(0, R) can never get close to zero.

The basin Ωp is therefore bounded, and hence Ω∗p is not equal to C. By Theorem
1.2, it cannot be biholomorphic to C either.

We can use this fact to prove that the immediate basin Ω∗p must always contain
a critical point of p. This is a bit of a sidestep, but the proof will provide a
convenient introduction on reasoning with biholomorphisms and basins.

If p′(x) = 0, the promised critical point will be provided by x itself. Otherwise,
we can consider the sequence of maps ϕn(z) = p′(x)−npn(z). This sequence of
maps will converge, uniformly on compact subsets, to a limit map ϕ : Ω∗p → C,
which will be holomorphic and surjective. If p had no critical points in Ω∗p, our
map ϕ would become injective as well, hence a biholomorphism. So since Ω∗p and
C cannot be biholomorphic, Ω∗p must contain a critical point of p.

The reasoning above provides an outline on how two sets can be shown to be
biholomorphic to each other. The constructions used in the next paragraph and
the article in Chapter 3 are more complicated, but still very similar. In particular,
every time a basin is shown to be biholomorphic to Cm, this is done by explicit
construction of a biholomorphic map.



1.2. Adaptive trains for attracting sequences of holomorphic automorphisms 23

In contrast, a basin that is not biholomorphic to Cm can be exposed in multiple
ways, such as a non-zero Kobayashi metric or the existence of a non-constant up-
perbounded plurisubharmonic function. See for instance the example by Fornæss
mentioned in Section 3.2. For the basin in the stronger Bedford Conjecture,
though, the Kobayashi metric is zero, and current work by Fornæss and Wold
shows that such a basin does not allow a non-constant upperbounded plurisubhar-
monic function either.

Autonomous basins in Cm

The autonomous case deals with the situation where all maps fn are equal. In this
setting, the stronger Bedford Conjecture also holds, as was proven independently
by Sternberg in [64] and Rosay-Rudin in [59]. We will outline the proof given by
Rosay and Rudin here. Their proof consists of three steps.

First, they identify a class of functions that is easier to work with: the lower-
triangular polynomial automorphisms.

Definition 1.18. A lower triangular polynomial automorphism of Cm is a map g
of the form

g1(z) = c1z1

g2(z) = c2z2 + h2(z1)

...

gm(z) = cmzm + hm(z1, . . . , zm−1)

where the ci are non-zero constants and the maps hi are polynomials that vanish
at the origin.

Lower-triangular polynomials behave extremely well when taking iterates. The
functions gn are still lower-triangular polynomials, and their degrees are even
uniformly bounded (which can be shown by induction). Rosay and Rudin use this
to prove the following lemma:

Lemma 1.19. If g is a lower triangular polynomial automorphism of Cm such
that |ci| < 1 for all i, then Ωg = Cm.

Apparently, the sequence (gn(z))n∈N must converge to zero for every point
z ∈ Cm. Roughly, the idea behind the proof is to look at one coordinate at a
time. As |c1| < 1, the first coordinate of gn(z) will clearly tend to zero. But then
the h2(z1) in the second coordinate will lose its relevance in gn for big values of
n, so the second coordinate will converge to zero as well. This will then imply
convergence of the third coordinate, and so on.

Hence the lower-triangular polynomial automorphisms all have Cm as their
attracting basin. An ordinary holomorphic automorphism of Cm can now be
compared to an appropriate lower-triangular polynomial automorphism:
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Lemma 1.20. Let f be a holomorphic automorphism of Cm such that C‖z‖ ≤
‖f(z)‖ ≤ D‖(z)‖ for all z ∈ B(0, 1), where 0 < C < D < 1. After a change of
coordinates to turn f ′(0) into a lower-triangular matrix, there exist

(i) a lower triangular polynomial automorphism g of Cm such that g(0) = 0 and
g′(0) = f ′(0), and

(ii) polynomial maps hk : Cm → Cm for k = 2, 3, . . . such that hk(0) = 0 and
h′k(0) = Id that satisfy

g−1 ◦ hk ◦ f − hk = O(|z|k).

This lemma can be summarized using the following diagram, which will com-
mute up to order k − 1:

Cm f−−−−→ Cmyhk yhk
Cm g−−−−→ Cm

Note that the function g does not depend on k at all. Its construction re-
sembles the construction of a linearization near a non-resonant fixed point (see
for example Section 6.6 of [48]). But here, resonances can occur between the
eigenvalues of f ′(0), so g cannot be chosen to be linear in general; it will be a
lower-triangular polynomial automorphism instead. It all comes down to solving
equations connecting the coefficients of f , g and hk degree by degree.

Rosay and Rudin now use the similarity of f and g to show that their basins
are biholomorphic:

Lemma 1.21. For k large enough, the limit

Φ(z) = lim
i→∞

(g−i ◦ hk ◦ f i)(z)

exists and defines a biholomorphic map Ωf → Ωg(= Cm).

This proves the stronger Bedford Conjecture in the autonomous setting.

Non-autonomous basins in C2

In Chapter 3, we prove the Bedford Conjecture in C2 under the additional as-
sumption that D11/5 < C, thereby improving the bound found by Abbondandolo
and Majer in [2].

In many ways, the proof still follows the basic idea of the proof given by Rosay
and Rudin for the autonomous case. But as the functions fn are now changing,
we can no longer conjugate to a fixed lower-triangular polynomial automorphism.

To deal with this, Abbondandolo and Majer introduced the concept of trains.
These trains are exponentially growing intervals [pj , pj+1). On each train, the
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composition fpj+1−1 ◦ · · · ◦fpj is conjugated to a lower-triangular polynomial com-
position gpj+1−1 ◦ · · · ◦ gpj . But to do so, they must change coordinates between
the trains.

As a commuting diagram, it looks something like this:

· · ·
fpj−2

−−−−→ C2
fpj−1

−−−−→ C2 Mj−−−−→ C2
fpj−−−−→ C2

fpj+1

−−−−→ C2
fpj+2

−−−−→ · · ·y yhj−1
pj−1

yhj−1
pj

yhjpj yhjpj+1

yhjpj+2

· · ·
fpj−2

−−−−→ C2
fpj−1

−−−−→ C2 Mj−−−−→ C2
gpj−−−−→ C2

gpj+1

−−−−→ C2
gpj+2

−−−−→ · · ·

The maps gn are still lower-triangular polynomial automorphisms, while the
maps Mj are unitary matrices.

The fact that the maps fn keep changing will introduce major complications,
as will the maps Mj . Much effort is needed to control the growth of the quadratic
coefficients of the maps gn.

The improvement made in our article in Chapter 3 stems from a definition of
adapting trains: we let the points pj , where a new train begins, depend on the
linear parts of the sequence (fn). This allowed us to create a commuting diagram
as shown above, where the quadratic coefficients in gn grow just slow enough to
still have basin C2 for the lower sequence of gn’s and Mj ’s.

1.3 Fatou components of attracting skew prod-
ucts

Chapter 4 contains another joint paper with Han Peters, where we study the
behavior of the iterates of a polynomial. As in Chapter 3 the situation is well-
known in one complex dimension, but the introduction of more variables creates
new possibilities. Let us outline the one-dimensional situation first.

Let p(z) be a polynomial on C of degree at least two. We are interested in the
sequence {pn}n∈N of iterates of p. These iterates split the set C into two kinds of
points:

• K = {z ∈ C : {pn(z)}n∈N is bounded} is the set of points with bounded
forward orbit.

• C \K; the other points of C.

The set C \K has its own more interesting description as well. Look back to the
constant R found in Lemma 1.17. We know that the forward orbit of any point
z /∈ K must leave B(0, R) eventually. Once it does, it never comes back. Instead,
it will move on towards infinity. The set C \K is the attracting basin of the fixed
point ∞.
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Figure 1.3: Douady’s Rabbit.

So the set K lives within the circle of radius
R, and usually creates a pretty picture. One
famous example is Douady’s Rabbit: p(z) =
z2 + c, where the constant c is chosen in such
a way that p3(0) = 0 and Im(c) > 0.

The grey parts in the picture are the con-
nected components of the interior K◦ of K. To-
gether with C \K, these components form the
Fatou set F of p:

Definition 1.22. The Fatou set F of a poly-
nomial p is defined as

F = K◦ ∪ (C \K) .

The connected components of F are called Fatou components. The complement
of the Fatou set is called the Julia set J .

The Fatou set can also be characterized in a rather different way:

Definition 1.23. The Fatou set F of a polynomial p is the domain of normality
for the family {pn}n∈N.

So for any point z ∈ F , we can find an open set U with z ∈ U ⊆ F such that
{pn|U} is a normal family: any subsequence of {pn|U} has a subsubsequence which
converges uniformly on compact subsets.

Definition 1.23 can also be used in a more-dimensional setting. This gives us
Fatou components for polynomials on any Cm.

The Fatou set in some sense describes the points where the iterates of p are
well-behaved. It satisfies p(F) = F = p−1(F), and the Fatou set Fpk of an
iterate of p is just Fp itself. The polynomial p will map Fatou components onto
Fatou components. A component that is mapped onto itself will be called an
invariant Fatou component. The autonomous attracting basins in Chapter 3 are
invariant Fatou components, for example. Similarly, we can identify periodic, and
preperiodic Fatou components. A Fatou component that is not preperiodic will be
called a wandering Fatou component. In Chapter 4, we investigate the existence
of such wandering Fatou components.

Fatou components for polynomials in C
In one complex dimension, the question about existence of wandering Fatou com-
ponents for polynomials has been solved by Sullivan in 1985 [65].

Theorem 1.24. (Sullivan) For any rational map q on Ĉ of degree at least two,
all Fatou components are preperiodic.
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As our polynomial map p also induces a rational map on Ĉ, it cannot have
wandering Fatou components at all.

If U is one of its Fatou components, then some pj(U) must be a periodic Fatou
component for p, and hence an invariant Fatou component for some pk. Such
invariant Fatou components have been classified by Fatou, see [34, 53]. The actual
existence of option (iii) in this classification has later been proven by Siegel [62].

Theorem 1.25. If U is an invariant Fatou component for a polynomial p on C
of degree at least two, then U must be one of the following:

(i) An immediate attracting basin of an attracting fixed point x ∈ U . We can
distinguish two possibilities here:

(a) The superattracting case: p′(x) = 0.

(b) The geometrically attracting case: 0 < |p′(x)| < 1.

(ii) A parabolic basin for a fixed point x. In this case, x ∈ ∂U and p′(x) = 1.

(iii) A Siegel disk around a fixed point x. In this setting, p′(x) has norm 1 but is
not a root of unity, and p acts as an irrational rotation.

The two theorems above give a thorough description of the behavior of Fatou
components for polynomials on C. In the broader context of rational maps q on Ĉ,
the invariant Fatou components may also be Herman rings [43]. See for example
[54] for more information on Fatou components in one-dimensional dynamics.

Skew-products

Moving from a one-dimensional setting to a multidimensional situation creates
many new possibilities. One useful way to explore what happens is to use skew-
products as a test case.

Definition 1.26. A polynomial skew-product F : C2 → C2 is a map

F (z, w) =
(
f(z, w), g(w)

)
,

where f and g are polynomials.

w = w0

w = g(w0)

w = g2(w0)

Figure 1.4: A visualization of a
skew-product

While a skew-product is a two-dimensional
map, it preserves a lot of one-dimensional
structure. The map F preserves fibers: a
fiber {w = w0} will be mapped to the fiber
{w = g(w0)}. This gives us a one-dimensional
polynomial map to study, and applying F re-
peatedly gives us a composition of different
one-dimensional polynomial maps.
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This changes if w0 is a fixed point for g: in this case F |{w=w0} provides a
one-dimensional polynomial which can be iterated and generates its own one-
dimensional dynamics. On the other hand, if we focus only on the w coordi-
nate we end up studying the one-dimensional map g, which gives us another one-
dimensional setting.

By Definition 1.23, the family {Fn}n∈N must be normal on FF . Since the w-
coordinate does not depend on z in any way, this also gives us normality of {gn}
on this set. This implies that

FF ⊆ {(z, w) : w ∈ Fg}.

So any possible wandering Fatou component U of F can be projected into
a Fatou component of g. By Theorem 1.24, any Fatou component of g must
eventually become periodic. Therefore, some image F j(U) must project into an
invariant Fatou component of the polynomial gk for some k. Notice that F k is
still a skew-product, with gk as its second coordinate. The set F j(U) will now
be a wandering Fatou component of F k which is always projected into the same
invariant Fatou component of gk.

Therefore, to investigate the existence of wandering Fatou components, we may
look at the possible invariant Fatou components of g as classified in Theorem 1.25.
For each such component V , we can ask whether or not F could have a wandering
Fatou component U whose projection to the w-coordinate lives within V . This
creates four subquestions.

The case where V is a superattracting basin has been solved by Lilov in 2004
[52]. In this setting, F has no wandering Fatou components that project into V .
On the other hand Astorg, Buff, Dujardin, Peters and Raissy found examples of
functions F with a wandering component that projects into a parabolic basin for
g [7]. So even for skew-products, C2 creates possibilities that do not exist in C1.
The Siegel disk setting is still an open question. In the article in Chapter 4, we
investigate the possibilities for the geometrically attracting case.

The attracting case

The superattracting and geometrically atracting case are obviously related. We
have a skew-product F (z, w) = (f(z, w), g(w)) and g has an attracting fixed point,
which we may assume to be 0. Suppose that U is a wandering Fatou component
and that its projection πw(U) to the w-plane falls within the attracting basin of
0. The sequence of sets πw (Fn(U)) = gn (πw(U)) must converge to the point 0.

The {w = 0}-fiber is a fixed fiber with its own one-dimensional dynamics given
by the polynomial p(z) = F (z, 0). It was remarked by Lilov in [52] that the
one-dimensional Fatou components of Fp are in fact part of Fatou components of
FF : the so-called bulging Fatou components. Since their intersections with the
{w = 0}-fiber are preperiodic by Theorem 1.24, these bulging Fatou components
must also be preperiodic themselves.
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Our hypothetical wandering Fatou component U and its forward images may
therefore never intersect any of these bulging Fatou components: if Fn(U) inter-
sected such a component, it would be equal to this component and hence preperi-
odic. On the other hand, it must move towards the {w = 0}-fiber. The only way
to remain wandering is to fit between the cracks of the bulging Fatou components.

Figure 1.5: A schematic picture
of a disk avoiding the bulging Fa-
tou components

Lilov showed that in the superattracting
case, a horizontal disk D(z0, r) × {w} cannot
shrink fast enough to avoid those bulging com-
ponents. And as our hypothetical U was an
open set, it must contain such disks. There-
fore the wandering component U cannot exist
in this case.

In the attracting case, however, such a hor-
izontal disk moves towards the {w = 0}-fiber
more slowly and has more time to shrink. In
[57] Peters and Vivas found examples of func-
tions F and disks D(z0, r)×{w} that do shrink
fast enough.

In the paper in Chapter 4, we show that these shrinking disks are not part of
wandering Fatou components. Instead, they lie in the Julia set. More precisely, we
show that in almost every fiber {w = w0} near the origin, no such fast-shrinking
disks exist. The forward images of our hypothetical wandering Fatou component
U must contain such shrinking disks in a whole range of fibers, though. So U
cannot exist.

Our proof works for a large class of maps that includes the examples with
shrinking disks that Peters and Vivas found. It involves a combination of measure
theory, some geometry, area estimates and careful tracking of critical points and
their images.

One key ingredient will be the Green’s function

Gp(z) = lim
n→∞

log+(pn(z))

dn
,

where d is the degree of the polynomial p. This is a subharmonic function, which
can also be constructed with the aid of a Perron process and is maximal (and
hence harmonic) on the basin of∞. It satisfies the functional equation Gp ◦p(z) =
d · Gp(z). Area estimates on its sublevel sets Vn = {0 ≤ G ≤ 1

dn } will provide
useful information on the rate at which points in the basin of ∞ move away from
the Julia set.

Having linked this dynamical topic to the potential theory in Chapter 2, we
end this introduction.



30 Chapter 1. Introduction

Figure 1.6: The Fatou set of p(z) = 2(z + 1)4 − 2. This polynomial equals F (z, 0)
for a map F with wandering disks found by Peters and Vivas. The grey areas
indicate how fast a point moves away from Jp and roughly correspond to sublevel
sets of Gp.



Chapter 2

Maximal plurifinely
plurisubharmonic functions

This chapter contains the article [29], jointly written with Mohamed El Kadiri. It
has been published in Potential Analysis 41 no. 4 in 2014; doi: 10.1007/s11118-
014-9421-x. Note that the references have been merged into the bibliography at
the end of this thesis.

Abstract
The main purpose of this paper is to introduce and study the notion of F-maximal
F-plurisubharmonic functions, which extends the notion of maximal plurisubhar-
monic functions on a Euclidean domain to an F-domain of Cn in a natural way.
Our main result is that a finite F-plurisubharmonic function u on a plurifine do-
main U satisfies (ddcu)n = 0 if and only if u is F-locally F-maximal outside
some pluripolar set. In particular, a finite F-maximal plurisubharmonic function
u satisfies (ddcu)n = 0.

2.1 Introduction

The plurifine topology F on a Euclidean open set Ω ⊂ Cn is the smallest topology
that makes all plurisubharmonic functions on Ω continuous. This construction
is completely analogous to the better known fine topology in classical potential
theory of H. Cartan. Good references for the latter are [4, 22]. The topology F
was introduced in [42], and studied e.g. by Bedford and Taylor in [11], and by El
Marzguioui and Wiegerinck in [31, 32], where they proved in particular that this
topology is locally connected. Notions related to the topology F are provided with
the prefix F , e.g. an F-domain is an F-open set that is connected in F .

Just as one introduces finely subharmonic functions on fine domains in Rn,
cf. Fuglede’s book [38], one can introduce plurifinely plurisubharmonic functions
on F-domains in Cn. These functions are called F-plurisubharmonic. In case
n = 1, we merely recover the finely subharmonic functions on fine domains in R2.

31
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The definition of F-plurisubharmonic functions on an F-open set of Cn was
first given in [25] and [33], where some properties of these functions were studied.
The F-continuity of the F-plurisubharmonic functions was established in [33].

In [27], the most important properties of the F-plurisubharmonic functions
were obtained. This paper included a convergence theorem, and the charac-
terization of F-plurisubharmonic functions as F-locally bounded finely subhar-
monic functions with the property that they remain finely subharmonic under
composition with C-isomorphisms of Cn. Hence the most important properties
of plurisubharmonic functions on Euclidean opens of Cn were extended to F-
plurisubharmonic functions on F-open sets of Cn.

In [28], the authors obtained a local approximation of F-plurisubharmonic
functions by plurisubharmonic functions, outside a pluripolar set. They also de-
fined the Monge-Ampère measure for finite F-plurisubharmonic functions on an
F-domain U . This construction was based on the fact (established in [33]) that
such a function can be F-locally represented as a difference between two bounded
plurisubharmonic functions defined on some Euclidean open set, and the quasi-
Lindelöf property of the plurifine topology. The local approximation property
allowed them to prove that this Monge-Ampère measure is a positive Borel mea-
sure on U which is F-locally finite and doesn’t charge the pluripolar sets. It is
σ-finite by the quasi-Lindelöf property of the plurifine topology.

In the theory of plurisubharmonic functions on a Euclidean domain, the so-
called maximal functions are the analogue of the harmonic functions in classical
potential theory. They play an important role in the resolution of the Dirichlet
problem for the Monge-Ampère operator. In this paper we introduce and study
the notion of F-maximal F-plurisubharmonic functions, extending the notion of
maximal plurisubharmonic functions on a Euclidean domain to an F-domain of
Cn in a natural way. In Section 2 we define F-maximal F-plurisubharmonic func-
tions, and look at some basic properties of these functions. In the next section
we look at the possibility of adapting plurisubharmonic functions to become F-
maximal at some F-open subset. Finally, Section 4 connects the F-maximality
of functions to the Monge-Ampère operator. In particular, we prove that a finite
F-plurisubharmonic function u on a plurifine domain U satisfies (ddcu)n = 0 if
and only if u is F-locally F-maximal outside some pluripolar set.

2.2 Maximal F-plurisubharmonic functions

In analogy with maximal plurisubharmonic functions, which play a role in pluripo-
tential theory comparable to that of harmonic functions in classical potential the-
ory, we will introduce F-maximal F-plurisubharmonic functions. These relate
similarly to finely harmonic functions and constitute the plurifine analogue of
maximal plurisubharmonic functions on Euclidean open sets.

For this article, let n be an integer ≥ 1. If A ⊆ Cn, we denote the closure

of A in the Euclidean, fine and plurifine topologies by A, Ã and A
F

respectively.
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For a function f on A with values in R, we denote by lim supx∈A,x→y f(x), f -
lim supx∈A,x→y f(x) and F-lim supx∈A,x→y f(x) the lim sup with respect to the
Euclidean topology of Cn, the fine topology of Cn ' R2n, and the plurifine topol-
ogy of Cn repectively, and likewise for other limits. The set of F-plurisubharmonic
functions on an F-open set U will be denoted by F-PSH(U).

Definition 2.1. Let U ⊂ Cn be an F-open set and let u ∈ F-PSH(U). We say
that u is F-maximal if for every bounded F-open set G of Cn such that G ⊂ U , and
for every function v ∈ F-PSH(G) that is bounded from above on G and extends

F-upper semicontinuously to G
F

, the following holds:

v ≤ u on ∂FG =⇒ v ≤ u on G.

We denote by F-MPSH(U) the set of F-maximal F-plurisubharmonic functions
on U .

Proposition 2.2. Let U ⊆ Cn be an F-domain, and let (uj) be a sequence of func-
tions in F-MPSH(U), decreasing to u. Then either u ≡ −∞, or u ∈ F-MPSH(U).

Proof. In view of [38, p. 84], it is easy to see that u ≡ −∞ or u ∈ F-PSH(U). In
this second case: let G be a bounded F-open set such that G ⊂ U , and let v ∈
F-PSH(G) be bounded from above on G, and extend F-upper semicontinuously
to ∂FG. Suppose that v ≤ u on ∂FG. Then for all j we have v ≤ u ≤ uj on ∂FG,
hence v ≤ uj on G by F-maximality of uj . This implies that v ≤ u on G, so u is
F-maximal.

The next proposition generalizes a result concerning finely subharmonic func-
tions due to Fuglede, cf. [38, Lemma 10.1], to the plurifine situation.

Proposition 2.3. Let G and U be F-open sets in Cn such that G ⊆ U . Suppose
that u ∈ F-PSH(U), v ∈ F-PSH(G), and F- lim sup

z∈G,z→ζ
v(z) ≤ u(ζ) for all ζ ∈

∂FG ∩ U . Then the function

w =

{
max(u, v) on G,

u on U \G,

is F-plurisubharmonic on U .

Proof. Let f : Cn −→ Cn be a C-affine bijection. Then

w ◦ f =

{
max(u ◦ f, v ◦ f) on f−1(G),

u ◦ f on f−1(U) \ f−1(G).

By [27, Theorem 3.1], the functions u ◦ f and v ◦ f are finely subharmonic on,
respectively, the fine open sets f−1(U) and f−1(G) in Cn ∼= R2n. In view of the
assumptions we have

f - lim sup
z→ζ

(v ◦ f)(z) ≤ F- lim sup
z→ζ

(v ◦ f)(z) ≤ (u ◦ f)(ζ)
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for all ζ ∈ ∂f (f−1(G))∩f−1(U) ⊂ ∂F (f−1(G))∩f−1(U) = f−1((∂FG)∩U), where
the fine limit is lower than or equal to the plurifine limit since the fine topology is
finer. Now Lemma 10.1 in [38] states that w ◦ f is finely subharmonic on f−1(U).
As the function w is F-locally bounded, Theorem 3.1 in [27] now shows that w is
F-plurisubharmonic on U .

Proposition 2.4. Let Ω ⊆ Cn be a Euclidean domain. A function u ∈ PSH(Ω)
is F-maximal if and only if u is maximal as a plurisubharmonic function on Ω.

Proof. Suppose that u ∈ PSH(Ω) is F-maximal. Let G be a bounded open set in
Cn such that G ⊂ Ω, and let v ∈ PSH(G) be upper semicontinuous on G with
v ≤ u on ∂G. Observe that u ∈ F-PSH(Ω) and v ∈ F-PSH(G), and that v is
bounded from above on G. Then, because ∂FG ⊂ ∂G, we have v ≤ u on ∂FG,
hence v ≤ u on G by F-maximality. In other words, u is maximal.

For the other implication, suppose that u is maximal. Let G be a bounded
F-open set with the property that G ⊂ Ω, and let v ∈ F-PSH(G) be bounded

from above on G, F-upper semicontinuous on G
F

, and satisfy v ≤ u on ∂FG. By
Proposition 2.3, the function

w =

{
max(u, v) on G,

u on Ω \G

lies in F-PSH(Ω), and by [27, Proposition 2.14] therefore also in PSH(Ω). Obvi-
ously, w ≤ u on Ω \G. Since G is compact, Cn \Ω is closed, and their intersection
is empty, these sets have a positive distance d = d(G,Cn \ Ω). (In case Ω = Cn,
just use d = 1 instead). Define W = {x ∈ Ω : d(x,G) < d

2}. Then W is Euclidean

open and G ⊆ W ⊆ W ⊆ {x ∈ Ω : d(x,G) ≤ d
2} ⊆ Ω. Now we have w ≤ u on

∂W and hence by maximality of u on Ω, we can conclude that w ≤ u on W . This
implies that v ≤ u on G, so u is F-maximal.

Proposition 2.5. Let U ⊆ Cn be an F-open set, and u ∈ F-PSH(U) a bounded
function that is F-maximal on U \ F for some pluripolar set F . Then u is F-
maximal on U .

Proof. By subtracting a constant from u, we may assume without loss of generality
that m < u < 0 for some m ∈ R−. Let G be a bounded F-open set such that
G ⊆ G ⊆ U , and let v be an F-plurisubharmonic function on G that is bounded

from above on G, extends F-upper semicontinuously to G
F

, and satisfies v ≤ u
on ∂FG. As u < 0, we see that v < 0 on ∂FG. By Proposition 2.3, the function w
defined below is F-plurisubharmonic on Cn.

w =

{
max(v, 0) on G,

0 on Cn \G,

By [27, Proposition 2.14], we see that w ∈ PSH(Cn). As G is bounded, the
maximum principle gives that w = 0, and therefore v ≤ 0 on G.
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Since F is pluripolar, we can find g ∈ PSH(Cn) such that F ⊂ {g = −∞}.
Since G is bounded, we can even pick a g that satisfies g < 0 on G. For k ∈ N,
set Gk = {z ∈ G : g(z) > km} ⊆ G. Since g is upper semicontinuous and F-
continuous, Gk is F-open and Gk ⊆ {z ∈ G : g(z) ≥ km} ⊆ U \ F . Note also
that as m < 0, we have Gk ⊆ Gk+1. As Gk = G ∩ {z ∈ Cn : g(z) > km}, we find

that ∂FGk ⊆ ∂FG ∪ ∂F{z ∈ Cn : g(z) > km}, and ∂FGk ⊆ G
F

.
The function v+ g

k is F-plurisubharmonic on Gk, bounded from above by 0 on

Gk, and F-upper semicontinuous on Gk
F

. On ∂FG we have v + g
k ≤ v + 0 ≤ u.

As ∂F{z ∈ Cn : g(z) > km} ⊆ {z ∈ Cn : g(z) = km}, we find that on

∂F{z ∈ Cn : g(z) > km} ∩ GF we have v + g
k = v + km

k ≤ 0 + m ≤ u. Hence

v + g
k ≤ u on ∂FGk. Since Gk ⊆ U \ F , we can apply the F-maximality of u on

this set to find that v + g
k ≤ u on Gk.

As the sets Gk are increasing, the above inequality also implies that v+ g
k ≤ u

on Gk0 for any k ≥ k0. Letting k tend to infinity, we find that v ≤ u on Gk0 .
Letting k0 tend to infinity shows that v ≤ u on

⋃∞
k=1Gk = G \ {g = −∞}.

Since the pluripolar set {g = −∞} has an empty F-interior and u and v are F-
continuous, this implies that v ≤ u on G. This proves the F-maximality of u on
U .

We can also define an F-local concept of F-maximality:

Definition 2.6. An F-plurisubharmonic function on an F-open set U ⊆ Cn is
said to be F-locally F-maximal if each point of U has an F-open neighborhood
V ⊆ U such that the restriction of f to V is F-maximal.

This definition can be used to formulate a corollary to Proposition 2.5:

Corollary 2.7. Let U ⊆ Cn be an F-open set, and u ∈ F-PSH(U) a finite
function that is F-maximal on U \F for some pluripolar set F . Then there exists
an increasing sequence (Vj) of F-open sets in U such that

⋃
j∈N Vj = U and u is

F-maximal on each Vj. In particular, u is F-locally F-maximal.

Proof. For each j ∈ N, set Vj = {z ∈ U : −j < u(z) < j}. By F-continuity of u,
the sets Vj are F-open. Since u is finite,

⋃
j∈N Vj = U . Since u is F-maximal on

U \F , it will be bounded and F-maximal on Vj \F . By Proposition 2.5, u has to
be F-maximal on all of Vj . As the Vj cover U , u will be F-locally F-maximal on
U .

Let f be a non-positive F-plurisubharmonic function in an F-open subset U
of Cn and A ⊂ U . We put

fA(z) = sup {u(z) : u ∈ F-PSH−(U) and u ≤ f in A} ,

where F-PSH−(U) denotes the cone of non-positive F-plurisubharmonic functions
on U . In [27, Theorem 3.9] it was shown that the F-upper semicontinuous regu-
larization f∗A of fA is an F-plurisubharmonic function in U . It will be called the
maximalized function of f in A.
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If U1 ⊂ U2 ⊂ U are two F-open subsets of U and A ⊂ U1, we denote by U1f
∗
A

and U2f
∗
A the maximalized functions on A of the restrictions of f to U1 and U2,

respectively. Then we have U2f
∗
A ≤ U1f

∗
A on U1.

This notion is somewhat similar to that of reduced and swept-out functions in
the fine setting: Let f ≥ 0 be a function on an f -open set U ⊆ Rn, and A ⊆ U a
subset, then

RAf (x) = inf{u(x) : u is finely hyperharmonic on U , u ≥ 0, and u ≥ f on A}

and R̂Af is its f -lower semicontinuous regularization. See for example [38].

Example 2.8 (An F-maximal plurisubharmonic function). Let U be a bounded
F-open set in Cn, let u ∈ PSH−(U), and let V ⊂ U be F-open. Then u∗U\V as

defined above is an element of F-MPSH(V ), as we will prove in Proposition 2.11.

In the one-dimensional case, F-maximality and F-local F-maximality are iden-
tical for finite functions:

Proposition 2.9. Let U ⊆ C be an f -open set, and let f be a finite finely sub-
harmonic function on U . Then f is F-maximal if and only if f is F-locally
F-maximal, if and only if f is finely harmonic.

Proof. Note that the fine and plurifine topologies are equal in this setting. Suppose
first that f is finely harmonic on U . Let G be a bounded f -open set such that
G ⊆ U . Let v be a finely subharmonic function on G that is bounded from above
on G, extends f -upper semicontinuously to G̃, and satisfies v ≤ f on ∂fG. Then
v − f is finely subharmonic on G, and by Proposition 2.3, the function w defined
below is finely subharmonic on C:

w =

{
max(v − f, 0) on G,

0 on C \G.

By [27, Proposition 2.14], we see that w is subharmonic on C. As G is bounded,
we can use the maximum principle to see that w = 0, and therefore v ≤ f on G.
This proves the F-maximality of f .

Now assume that f is F-maximal on U . Note that f is f -continuous. We can
find a base for the fine topology on U , consisting of bounded, regular sets V such
that V ⊆ V ⊆ U , and f is bounded on V .

Let V be a set as described above, and define v(z) =
∫
f dεCVz for z ∈ V .

Here, dεCVz is the swept-out of the Dirac measure εz on CV . See [38] for more
information. Since f is bounded on V , we can apply [38, Theorem 14.6] to see
that v is finely harmonic on V . Since V is relatively compact in U , we can
find a bounded domain D such that G ⊆ D. There exists a strictly positive
potential p on D. Since p is lower semicontinuous, p assumes a positive minimum
on V . Multiplying p by an appropriate constant will give |f | ≤ p on V , since
f is bounded on V . We can now apply [38, Theorem on page 177] to see that
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f -limy→z v(y) = f(z) for all z ∈ ∂fV , since f is finely continuous and V is regular.
The F-maximality of f now guarantees that v ≤ f on V .

Since our sets V form a base for the fine topology on U , and f is finite and
finely continuous, the function f must be finely superharmonic. Since f is also
finely subharmonic, it must be finely harmonic.

Finally, since being finely harmonic is an f -local property, we can conclude that
being F-maximal must also be an f -local property. As f -local and F-local coincide
in this setting, f is F-maximal on U if and only if f is F-locally F-maximal on
U .

Let U be a fine domain in Rn. A function f : U → R+ ∪ {+∞} is said to be
invariant if there exists a sequence (Vj) of finely open sets such that Ṽj ⊆ r(U) for

all j,
⋃
j∈N Vj = U and R̂

U\Vj
f = f for all j. Here, r(U) denotes the least regular

finely open set containing U . See [40, 26] for more details. The invariant functions
form the fine analogue of the non-negative harmonic functions in the Euclidean
case. A non-negative finely harmonic function on U is invariant, but the converse
does not hold in general when n > 2. However, an invariant function h on U will
be finely harmonic on the fine open set {h < +∞} by [38, Theorem 10.2].

Let GU be the fine Green kernel of U (see [39, 40]). Then any non-negative
finely superharmonic function u can be uniquely written as u = GµU + h, where
µ ≥ 0 is a Borel measure on U and h is an invariant function on U . So if u =
Gν1U + h1 = Gν2U + h2 for Borel measures ν1 ≥ 0 and ν2 ≥ 0 on U and invariant
functions h1 and h2, then ν1 = ν2 and h1 = h2.

Proposition 2.10. Let U ⊆ C be an f -open set, and f ≤ 0 a finely subharmonic
function on U such that −f is invariant. Then f is F-locally F-maximal on U .

Proof. Working in C, the fine and plurifine topologies are equal. Since we are
looking for an f -local result, we can cover U by bounded regular f -open subsets Ui
and prove F-local F-maximality on each Ui. By [26, Theorem 3.22], the function
−f |Ui will still be invariant. Therefore, we can assume w.l.o.g. that U is bounded
and regular.

Since −f is invariant, we can find an increasing sequence (Vj)j∈N of f -open

sets such that
⋃∞
j=1 Vj = U , Ṽj ⊆ U for all j ∈ N, and R̂

U\Vj
−f = −f . But using [38,

Theorem 11.12], we can write R̂
U\Vj
−f = limk→∞ R̂

U\Vj
min(−f,k). As min(−f, k) is finite

and finely superharmonic, the function R̂
U\Vj
min(−f,k) is finely harmonic on Vj by [38,

Theorem 10.2]. As a consequence, the functions R̂
U\Vj
min(−f,k) and −R̂U\Vjmin(−f,k) will

both be F-maximal on Vj by Proposition 2.9 above. The function f = −R̂U\Vj−f is
therefore the limit of a decreasing sequence of F-maximal functions on Vj , hence
F-maximal on Vj by Proposition 2.2. Since the Vj cover U , f will be F-locally
F-maximal on U .
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2.3 Maximalized F-plurisubharmonic functions

As mentioned in Example 2.8, we can find examples of F-maximal functions by
studying the maximalized function

f∗A(z) = (sup{u(z) : u ∈ F-PSH−(U) and u ≤ f in A})∗

of a function f ∈ F-PSH−(U), where U is an F-open subset of Cn and A ⊆ U .

Proposition 2.11. Let U be a bounded F-open subset of Cn, f ∈ F-PSH−(U)
and V an F-open subset of U , then f∗U\V is F-maximal on V .

Proof. Let G be an F-open set such that G ⊂ V and let v ∈ F-PSH(G) be

bounded from above on G, F-upper semicontinuous on G
F

, and satisfy v ≤ f∗U\V
on ∂FG. Let us put

w =

{
max(f∗U\V , v) on G,

f∗U\V on U \G.

By Proposition 2.3, we have w ∈ F-PSH(U).
We have w = f∗U\V on U \ V because U \ V ⊂ U \ G. Since f is F-

plurisubharmonic on U , one has fU\V = f on U \V . On the other hand, it follows
from [27, Theorem 3.9] that f∗U\V = fU\V outside of a pluripolar set A ⊂ U .
As U is bounded, we can find an F-plurisubharmonic function ψ < 0 on U such
that A ⊂ {ψ = −∞}. Then for any α > 0, we have w + αψ ≤ f on U \ V ,
hence w + αψ ≤ f∗U\V on U . By letting α tend to 0, we obtain w ≤ f∗U\V on

U \ {ψ = −∞}. As we know that w ≥ f∗U\V , the functions w and f∗U\V can only
differ on a pluripolar set. However, as both are F-continuous, and pluripolar sets
have empty F-interiors, these functions must be identical on U . It follows then
that v ≤ f∗U\V . Hence the restriction of f∗U\V to V is F-maximal.

In the above proposition we have supposed that U is bounded, which guarantees
for any pluripolar subset A of U the existence of a function ψ ∈ F-PSH−(U) such
that A ⊂ {ψ = −∞}. For a general U we have:

Proposition 2.12. Let U be an F-open subset of Cn, f ∈ F-PSH−(U) and C ⊆ U
be an F-closed subset relative to U . Then f∗U\C is F-maximal on the F-interior
V of C.

Proof. Let G be an F-open set such that G ⊂ V and let v ∈ F-PSH(G) be
bounded from above on G, extend F-upper semicontinuously to ∂FG, and satisfy
v ≤ f∗U\C on ∂FG. Let us put

w =

{
max(f∗U\C , v) on G,

f∗U\C on U \G.

By Proposition 2.3, w ∈ F-PSH(U).
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As G ⊂ V ⊂ C, we have w = f∗U\C on U \C. But note that fU\C = f on U \C,

and as U \ C is F-open and f is F-upper semicontinuous, we find that f∗U\C = f

on U \C. Therefore, we have w = f on U \C, which implies that w ≤ f∗U\C on U .
It follows that v ≤ f∗U\C . Hence the restriction of f∗U\C to V is F-maximal.

In particular, if V ⊆ U is an F-open set, and f ∈ F-PSH−(U), then f∗
U\V F

and f∗
U\V are F-maximal on V .

The next proposition translates this back to information about open sets:

Proposition 2.13. Let U be an F-open subset of Cn, f ∈ F-PSH−(U) and
C ⊆ U a subset that is relatively F-closed with respect to U , with F-interior V .
Then f∗U\V = f∗U\C and is therefore F-maximal on V .

Proof. Since V ⊆ C we immediately find that fU\V ≤ fU\C . Now suppose that
u ∈ F-PSH−(U) and u ≤ f on U \ C. Since u and f are both F-continuous, the
set {u > f} will be F-open and contained in C. As V is the F-interior of C, this
means that {u > f} ⊆ V , and so u ≤ f on U \ V . This proves that fU\V = fU\C ,
hence f∗U\V = f∗U\C , which is F-maximal on V by Proposition 2.12.

For general F-open V ⊆ U , however, it is not true that f∗U\V = f∗
U\V F

:

Example 2.14. Let U = B(0, 3) ⊆ C, V = B(0, 2) \ C(0, 1), and define f ∈
F-PSH−(U) by f(z) = |z|2 − 10. Then U and V are both Euclidean open, and

V
F

= B(0, 2). Since U is Euclidean open in C, subharmonic functions and finely
subharmonic functions on U are the same, by [27, Proposition 2.14]. So we can
use the maximum principle to see that f∗

U\B(0,2)
= fU\B(0,2) = max(|z|2−10,−6).

On the other hand, fU\V ≤ −9 on C(0, 1), and by [27, Theorem 3.9] the set
{f∗U\V > fU\V } is pluripolar. Since the functions fU\V and f∗

U\B(0,2)
are unequal

on C(0, 1), and C(0, 1) is not a pluripolar set, the functions f∗U\V and f∗
U\B(0,2)

cannot be equal.

In the case where U is bounded, the argument in the proof of Proposition 2.11
can be applied to get one more equality:

Proposition 2.15. Let U ⊆ Cn be a bounded F-open set, and let A ⊆ B ⊆ U
be subsets such that B \ A is pluripolar. Then for any f ∈ F-PSH−(U) we have
f∗U\A = f∗U\B.

Proof. Since A ⊆ B we immediately find that fU\A ≤ fU\B .
On the other hand, suppose that u ∈ F-PSH(U) such that u ≤ f on U \ B.

Since B\A is pluripolar, we can find a plurisubharmonic function ψ ∈ PSH(Ω) such
that B \ A ⊆ {ψ = −∞}. Since U is bounded, we may assume that ψ < 0 on U .
Now for any α > 0 we have u+αψ ∈ F-PSH−(U) and u+αψ ≤ f on U \A. Letting
α tend to zero, we see that fU\A = fU\B outside the pluripolar set {ψ = −∞}.
By [27, Theorem 3.9], we know that {f∗U\A > fU\A} and {f∗U\B > fU\B} are also
pluripolar. As a union of three pluripolar sets is pluripolar, we see that f∗U\A
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and f∗U\B are equal outside a pluripolar set. But both these functions are F-
continuous, and a pluripolar set has an empty F-interior, so the functions must
be equal on all of U .

2.4 Maximal F-plurisubharmonic functions and
the Monge-Ampère operator

In view of [11, Corollary 3.4] the maximalized function u∗Ω\U , where U is F-open,

Ω is Euclidean open, U ⊆ Ω, and u ∈ PSH−(Ω) is locally bounded, satisfies
(ddcu∗Ω\U )n|U = 0.

This leads one to ask whether (ddcu)n = 0 holds for all finite u ∈ F-MPSH(U)?
In the next theorem we shall prove that the answer is yes when u is the restric-
tion to U of a locally bounded plurisubharmonic function on a Euclidean domain
containing U . In Theorem 2.23 we will show that the answer is yes in the general
case.

Theorem 2.16. Let U be an F-open subset of a Euclidean open set Ω. Let
u ∈ PSH(Ω) be locally bounded. If u is F-maximal in U , then (ddcu)n|U = 0.

Proof. We can cover U with sets Vi that are F-open and satisfy Vi ⊆ U and
Vi ⊆ Wi ⊆ Wi ⊆ Ω for some bounded Euclidean open set Wi. By subtracting a
constant if necessary, we may temporarily assume that u < 0 on Wi, which allows
us to look at the maximalized function

Wiu∗Wi\Vi = (sup {w ∈ PSH−(Wi) : w ≤ u in Wi \ Vi})∗ .

By [11, Corollary 3.4] we have (ddc(Wiu∗Wi\Vi))
n|Vi = 0. Because u is F-

maximal in U , we have u = Wiu∗Wi\Vi on Wi, so (ddcu)n|Vi = 0. The result follows
from the quasi-Lindelöf property of the plurifine topology and the fact that the
Monge-Ampère measure of a locally bounded plurisubharmonic function does not
charge pluripolar sets.

We denote by QB(Cn) the σ-algebra on Cn generated by the Borel sets and
the pluripolar subsets of Cn. If U is an F-open set in Cn, we denote by QB(U) the
trace of QB(Cn) on U . The elements of QB(U) are called quasi-borelian subsets
of U .

Definition 2.17. Let U be an F-open set in Cn and let (µj) and µ be measures on
(U,QB(U)) that give measure zero to pluripolar sets. We say that (µj) converges
F-locally vaguely to µ if for any z ∈ U there exists an F-open V such that
z ∈ V ⊂ U and

lim
j→+∞

∫
ϕdµj =

∫
ϕdµ

for every bounded F-continuous function ϕ with compact support on V .



2.4. Maximal F-plurisubharmonic functions and the Monge-Ampère operator 41

Remark 2.18. Let (µj), µ and ν be measures on (U,QB(U)) that give measure
zero to pluripolar sets. Suppose that (µj) converges F-locally vaguely to both µ
and ν. We will show that µ = ν.

Indeed, let z ∈ U and pick Vz such that
∫
ϕdµ = limj→+∞

∫
ϕdµj =

∫
ϕdν

for every bounded F-continuous function ϕ with compact support on Vz. Using
[11, Theorem 2.3] we can find r > 0 and ϕ1 ∈ PSH(B(z, r)) such that z ∈ {w ∈
B(z, r) : ϕ1(w) > 0} ⊆ Vz. By adapting this ϕ1, adding a continuous bump
function, and adapting a bit more, we can find an F-continuous function ϕ on Cn
with compact support within Vz such that 0 ≤ ϕ ≤ 1 and ϕ(w) ≡ 1 on an F-open
neighborhood Wz of z.

Using the quasi-Lindelöf property of the plurifine topology, we can find a se-
quence (zk) of points in U such that U =

(⋃∞
k=1Wzk

)
∪K where K is pluripolar.

Define ψ1 = ϕz1 , ψ2 = min(ϕz2 , 1−ψ1), . . . , ψk = min(ϕzk , 1− (ψ1 + . . .+ψk−1)),
. . . . These functions ψk form a partition of unity for U \K, and µ(K) = ν(K) = 0.
If η is a bounded F-continuous function ≥ 0 on U , we find that∫

U

η dµ =

∫
U\K

η dµ = Σ∞k=1

∫
U\K

ψkη dµ

= Σ∞k=1

∫
U\K

ψkη dν =

∫
U\K

η dν

=

∫
U

η dν.

This implies that µ = ν.

Recall the following result of Bedford and Taylor, [11].

Theorem 2.19 (Bedford and Taylor, [11]). Let (u1
j ),...,(u

n
j ) be monotone se-

quences of bounded plurisubharmonic functions on a Euclidean domain Ω, con-
verging respectively to bounded plurisubharmonic functions u1, ..., un. Then for
any bounded quasi F-continuous function ϕ on Ω, we have

lim
j→+∞

∫
ϕddcu1

j ∧ ... ∧ ddcunj =

∫
ϕddcu1 ∧ ...ddcun.

Theorem 2.20. Let (fj) be a monotone sequence of finite, F-plurisubharmonic
functions on an F-domain U in Cn that converge to a finite f ∈ F-PSH(U). Then
the sequence of measures (ddcfj)

n converges F-locally vaguely to (ddcf)n.

Proof. As (fj) is monotone, the function f and all of the functions fj are F-locally
uniformly bounded on U . By [27, Theorem 2.4], for every z ∈ U there exists an
open ball Bz = B(z, rz) in Cn and an F-open neighborhood Vz ⊂ Bz of z, and
functions uzj , j ∈ N, u and Φ that are plurisubharmonic and uniformly bounded
on Bz such that fj = uj −Φ, f = u−Φ on Vz and the sequence (uj) is monotone.
Recall from [28] that

(ddcfj)
n =

n∑
p=0

(−1)p
(
n

p

)
(ddcuj)

p ∧ (ddcΦ)n−p on Vz.
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Let ϕ be a bounded F-continuous function on Vz that equals 0 outside of a compact
K ⊂ Vz. Then according to Theorem 2.19

lim
j→+∞

∫
ϕ (ddcfj)

n = lim
j→+∞

n∑
p=1

(−1)p
(
n

p

)∫
ϕ (ddcuj)

p ∧ (ddcΦ)n−p

=

n∑
p=1

(−1)p
(
n

p

)∫
ϕ (ddcu)p ∧ (ddcΦ)n−p =

∫
ϕ (ddcf)n.

Hence the sequence of measures (ddcfj)
n converges F-locally vaguely to (ddcf)n.

Corollary 2.21. Let (uj) be a monotone sequence of finite, F-plurisubharmonic
functions on an F-domain U in Cn that converge to a finite u ∈ F-PSH(U). Then
(ddcu)n = 0 if (ddcuj)

n = 0 for all j.

Proof. Applying Theorem 2.20, we see that (ddcuj)
n converges F-locally vaguely

to (ddcu)n. However, by Definition 2.17 (ddcuj)
n converges F-locally vaguely to

0 as well. By Remark 2.18, this means that (ddcu)n = 0.

Lemma 2.22. Let f be an F-plurisubharmonic F-maximal function ≤ 0 on an
F-domain U in Cn. Then for any F-open subset V of U such that V ⊂ U we have
f∗U\V = f∗

U\V F
= f.

Proof. The equality f∗U\V = f is an immediate consequence of the definition of
F-maximal functions.

If we let W be the F-interior of V
F

, then Proposition 2.13 tells us that f∗
U\V F

=

f∗U\W . And as W is F-open and W = V ⊆ U , we have f∗U\W = f since f is F-
maximal.

Theorem 2.23. Let f be a finite F-maximal F-plurisubharmonic function on an
F-domain U in Cn. Then we have (ddcf)n = 0.

Proof. By [28, Theorem 2.17], there exists an F-closed pluripolar set E such that
f is C-strongly F-plurisubharmonic on U \ E. Let z be an element of U \ E,
then there is an F-neighborhood V ⊂ V ⊂ U \ E of z and a sequence (fj) of
plurisubharmonic functions on neighborhoods of V that converge uniformly to f
on V . Since f is F-continuous, we can shrink V a bit, to ensure that f is bounded
on V . By subtracting a constant from f and all fj , we may assume that f < 0 on
V .

For each j, fj is plurisubharmonic on some Euclidean open set Oj containing
V . We may assume that the sequence (Oj) is decreasing, and that fj+1 ≥ fj
on Oj+1 (use the uniform convergence to adjust the sequence (fj) to become
increasing on V , and then replace fj+1 by max(fj , fj+1) on Oj+1). Now let m
be a lower bound for f on V , and replace each fj by max(fj ,m), to make these
(upper semicontinuous) functions locally bounded. Let ε > 0, then we can find j0
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such that fj ≤ f ≤ fj + ε on V for all j ≥ j0. Let O be an F-open set such that
O ⊂ O ⊂ V , then on V we have for all j ≥ j0 (using Lemma 2.22)

f − ε ≤ fj ≤ Oj (fj)
∗
Oj\O ≤

Oj (fj)
∗
V \O ≤

V (fj)
∗
V \O ≤

V f
∗
V \O = f,

which implies that the sequence of restrictions to V of the functions Oj (fj)
∗
Oj\O

converges uniformly to f . However, we know that (ddc(Oj (fj)
∗
Oj\O))n = 0 on O

by [11, cor 3.4]. Now note that the sequence Oj (fj)
∗
Oj\O is increasing on V :

Oj (fj)
∗
Oj\O ≤

Oj (fj)
∗
Oj+1\O ≤

Oj+1(fj)
∗
Oj+1\O ≤

Oj+1(fj+1)∗Oj+1\O.

Hence we can apply Corollary 2.21 to see that (ddcf)n = 0 on O. As we can cover
all of U \E by such sets O, we can now see that (ddcf)n = 0, using the definition
of the Monge-Ampère operator for F-psh functions in [28, def 4.5].

Corollary 2.24. Let f be a finite F-plurisubharmonic function ≤ 0 on an F-
domain U in Cn, and V an F-open subset of U , then we have (ddcf∗

U\V F
)n = 0

and (ddcf∗
U\V )n = 0 on V .

Also, if U is bounded, or if V equals the F-interior of some F-closed set, we
have (ddcf∗U\V )n = 0 on V .

Proof. The result follows immediately from the above theorem and the Proposi-
tions 2.11, 2.12 and 2.13.

Question 2.25. Do we have the converse of the above theorem? The result is well-
known in the case of an Euclidean open Ω for locally bounded plurisubharmonic
functions on Ω. See for example [50, Corollary 3.7.6].

The following theorem gives an affirmative answer to this question when f
is the restriction to an F-open subset U of a locally bounded plurisubharmonic
function on a Euclidean domain Ω.

Theorem 2.26. Let f be a locally bounded plurisubharmonic function on a Eu-
clidean domain Ω. If (ddcf)n = 0 on an F-open subset U of Ω, then the restriction
of f to U is F-maximal.

Proof. Let G be an F-open set such that G ⊂ G ⊂ U and v an upper bounded
F-psh function on G such that F-lim supz∈G,z→ζ v(z) ≤ u(ζ) for any ζ ∈ ∂FG.
Let us put

g =

{
max(f, v) on G

f on Ω \G.

Then by Proposition 2.2 and [27, Proposition 2.14], g is a locally bounded psh
function on Ω. Moreover we have (ddcf)n = (ddcg)n on Ω \G and (ddcf)n = 0 on
U , hence (ddcf)n ≤ (ddcg)n. Since f = g on Ω \G, it follows from the comparison
principle [50, Corollary 4.5] that g ≤ f , and therefore f = g. We then deduce that
v ≤ f . So we have proved that u is F-maximal.
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Now let us recall the following result of B locki [16]:

Theorem 2.27 (B locki,[16]). Let Ω be a bounded Euclidean domain of Cn and
let u, h ∈ PSH∩L∞loc(Ω) such that u ≤ h and limz→∂Ω(h(z)− u(z)) = 0. Then for
R = min{r > 0 : Ω ⊂ B(z0, r) for some z0 ∈ Cn} we have

||h− u||Ln(Ω) ≤
R2

4

(∫
Ω

(ddcu)n
) 1
n

.

where ||h− u||Ln(Ω) =
(∫

Ω
|h− u|n dλ

) 1
n .

Lemma 2.28. Let U be an F-open subset of Cn, f ∈ F-PSH−(U) and (Oj) a
decreasing sequence of Euclidean open sets such that U ⊂ ∩jOj. Let (fj) be a
sequence of functions such that fj ∈ PSH−(Oj) and fj+1 ≤ fj on Oj+1 for all
j, and such that the sequence (fj |U ) converges uniformly to f on U . Let G be
F-open such that G ⊂ U , and let (ωj) be a decreasing sequence of F-open sets
such that ωj ⊂ Oj for all j and ∩jωj = G. Then the sequence of the restrictions

of Oj (fj)
∗
Oj\ωj to U is decreasing to Uf

∗
U\G.

Proof. For any j we have Oj (fj)Oj\ωj = fj on Oj \ ωj , and as fj is upper semi-

continuous, and Oj \ ωj is open, this means that Oj (fj)
∗
Oj\ωj = fj on Oj \ ωj .

On Oj+1 \ ωj+1 we therefore find that Oj+1(fj+1)
∗
Oj+1\ωj+1

= fj+1 ≤ fj , so

{Oj+1(fj+1)
∗
Oj+1\ωj+1

> fj} is an F-open set contained in ωj+1 ⊆ ωj ⊆ Oj .

Applying Proposition 2.3 allows us to glue these functions together to an F-
plurisubharmonic function

hj =

max
(
fj ,

Oj+1(fj+1)
∗
Oj+1\ωj+1

)
on
{
Oj+1(fj+1)

∗
Oj+1\ωj+1

> fj

}
,

fj on Oj \
{
Oj+1(fj+1)

∗
Oj+1\ωj+1

> fj

}
.

Note that hj ≤ Oj (fj)Oj\ωj ≤
Oj (fj)

∗
Oj\ωj , since hj is F-plurisubharmonic and

hj = fj on Oj \ ωj . Hence Oj+1(fj+1)
∗
Oj+1\ωj+1

≤ Oj (fj)
∗
Oj\ωj on Oj+1.

Since Oj (fj)
∗
Oj\ωj = fj on Oj \ ωj , this implies that limk→+∞

Ok(fk)
∗
Ok\ωk ≤

fj on U \ ωj for all j. As the fj decrease to f , and ∩jωj = G, we find that

limk→+∞
Ok(fk)

∗
Ok\ωk ≤ f on U \G.

Combining this with the fact that Oj (fj)
∗
Oj\ωj ≥ fj ≥ f on U for all j, we get

lim
j

Oj (fj)
∗
Oj\ωj = f in U \G.

As the limit of a monotonically decreasing sequence of F-plurisubharmonic func-
tions is again F-plurisubharmonic (see [38, p. 84]), we now find that

lim
j

Oj (fj)
∗
Oj\ωj ≤

Uf
∗
U\G in U.
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Before proving the inverse inequality, note that the conclusion of the lemma
only depends on G rather than G itself. Let H be the F-interior of G. Now
G ⊆ H ⊆ G, and hence H = G. So without loss of generality, we may replace G
by H and assume that G equals the F-interior of G.

Using this new assumption, the set U \G
F

has an F-open complement, whose
intersection with U is contained in G, hence in G. As G ⊆ U and G is F-open, it

follows that ∂FG ⊆ U \G ⊆ U \G
F

We can now prove the inverse inequality. For all j we have, UfU\G = f ≤ fj

on U \ G, and by F-upper semicontinuity of fj , this means that Uf
∗
U\G ≤ fj on

U \G as well. Since both these functions are in fact F-continuous, we can see that

the inequality even holds on U \G
F

, and hence on ∂FG. Then define

gj =

{
max

(
fj ,

Uf
∗
U\G

)
on G

fj on Oj \G.

By Proposition 2.3, gj is F-plurisubharmonic on Oj , and we can see that gj ≤ fj
on Oj\ωj since G ⊆ ωj . Therefore, gj ≤ Oj (fj)

∗
Oj\ωj , and so Uf

∗
U\G ≤ Oj (fj)

∗
Oj\ωj

on G. Combining this with the fact that Uf
∗
U\G ≤ fj on U \G

F
, we find that

Uf
∗
U\G ≤ Oj (fj)

∗
Oj\ωj on all of U . Therefore,

lim
j

Oj (fj)
∗
Oj\ωj ≥

Uf
∗
U\G.

Now we can prove the converse of Theorem 2.23:

Theorem 2.29. Let f be a finite F-plurisubharmonic function on an F-domain
U ⊆ Cn. If (ddcf)n = 0 then there exists an F-closed pluripolar set F ⊂ U such
that f is F-locally F-maximal on U \ F .

Proof. By [28, Theorem 2.17] there exists an F-closed pluripolar subset F of U
such that f is C-strongly F-psh on U \ F . Let z ∈ U \ F , then there exists an
F-open neighborhood Vz such that f = lim fj uniformly on Vz, where for all j,
the function fj is a continuous plurisubharmonic function on a bounded Euclidean
open set Oj containing V z. By shrinking Vz, we may assume f to be bounded on
Vz. By shrinking the Oj , we may assume that Oj+1 ⊂ Oj , and using the uniform
convergence on Vz we can ensure that fj+1 < fj on Vz for all j. Replacing Oj+1

by {w ∈ Oj+1 : fj+1(w) < fj(w)} will give us fj+1 ≤ fj on Oj+1. Finally, as f is
bounded on Vz and the fj are continuous and converge uniformly to f on Vz, we
can see that if we shrink the Oj some more, all fj will be uniformly bounded.

Now by Theorem 2.20, we find that (ddcfj |U )n converges F-locally vaguely to
(ddcf)n. So for every w ∈ Vz, we can find an F-open W such that w ∈W ⊆ Vz and
limj→+∞

∫
ϕ (ddcfj |U )n =

∫
ϕ (ddcf)n for every bounded F-continuous function

ϕ with compact support on W .



46 Chapter 2. Maximal plurifinely plurisubharmonic functions

Construct a function ϕ as in Remark 2.18: ϕ is F-continuous, has compact
support within W , satisfies 0 ≤ ϕ ≤ 1 and satisfies ϕ ≡ 1 in some F-open
neighborhood G of w.

Note that G ⊂ G ⊂ Vz, and let (ωj) be a decreasing sequence of Euclidean
open sets such that for any integer j we have ωj+1 ⊆ ωj , ωj ⊂ Oj and ∩jωj = G.

Define hj,k = Oj (fj)
∗
Oj\ωk for k ≥ j, and hj = Oj (fj)

∗
Oj\G. Note that as the

fj are uniformly bounded, and G ⊆ ωj ⊆ Oj for all j, we can use the maximum
principle to see that all hj,k and all hj are uniformly bounded by those same
bounds. By applying Lemma 2.28 to the functions hj,k, where we let k → ∞
and keep j fixed, we see that (hj,k)k decreases to hj . By applying Lemma 2.28
again (taking all ωj in the lemma to be G this time), we see that (hj) decreases

to Uf
∗
U\G.

Now by Theorem 2.27, if R = min{r > 0 : O1 ⊆ B(z0, r) for some z0 ∈ Cn},
we get

||hj,k+1 − fj ||Ln(G) ≤ ||hj,k+1 − fj ||Ln(ωk) ≤
R2

4

(∫
ωk

(ddcfj)
n

) 1
n

for all k ≥ j. Letting k →∞, we deduce that

||hj − fj ||Ln(G) ≤
R2

4

(∫
G

(ddcfj)
n

) 1
n

for all j. By letting j → +∞, we obtain ||Uf∗
U\G − f ||Ln(G) on the left-hand side,

by dominated convergence. On the right-hand side, the choice of G and the fact
that (ddcf)n = 0 imply that∫

G

(ddcfj)
n ≤

∫
W

ϕ (ddcfj)
n →

∫
W

ϕ (ddcf)n = 0.

Therefore, f = Uf∗
U\G on G. By Proposition 2.13, the function Uf∗

U\G is F-

maximal on G. This proves the F-maximality of f on G, and since all of U \ F
will be covered by such sets G, f is F-locally F-maximal on U \ F .

Theorem 2.30. Let U be an F-domain in Cn and let f ∈ F-PSH(U) be finite.
Then (ddcf)n = 0 if and only if f is F-locally F-maximal on the complement of
an F-closed pluripolar subset of U .

Proof. One half of this theorem is just Theorem 2.29. For the other implication,
combining Theorem 2.23 with the quasi-Lindelöf property of the plurifine topology
shows that U can be covered by countably many F-open sets V where (ddcf)n|V =
0 and a pluripolar set E. By the definition of the Monge-Ampère operator for F-
plurisubharmonic functions in [28, def 4.5], this means that (ddcf)n = 0.

Corollary 2.31. Let U ⊆ Cn be an F-open set, and let (uj) be a sequence of
finite F-maximal functions in F-PSH(U), increasing to a finite u ∈ F-PSH(U).
Then u is F-locally F-maximal outside some closed pluripolar set F .
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Proof. Since all uj are F-maximal, Theorem 2.23 implies that (ddcuj)
n = 0 for

all j. Applying Corollary 2.21, we see that (ddcu)n = 0. By Theorem 2.29, we
can now find a closed pluripolar set F such that u is F-locally F-maximal on
U \ F .

Question 2.32. Is an F-locally F-maximal function on an F-open set U ⊆ Cn
also F-maximal on U?

In the case of a Euclidean open set we have the following positive answer:

Proposition 2.33. Let f be a locally bounded plurisubharmonic function on a
Euclidean open set Ω. If f is F-locally F-maximal on Ω, then f is maximal.

Proof. By Theorem 2.30 we have (ddcf)n = 0, hence f is maximal by [50, Corollary
3.7.6].

When working with n = 1, we also have a positive answer for finite functions
on an F-open set U ⊆ Cn, as seen in Proposition 2.9. However, this result is not
valid when the function is not finite, as seen in the example below.

Example 2.34. Let µ be a Borel measure on the unit disc D in C, such that
µ ≥ 0, supp(µ) = K for some compact polar set K ⊆ D, and µ has no atoms.
Such a measure is mentioned in [3, Example 4.9] for example.

Let u = −GµD, then u will be a subharmonic function on D such that ddcu = µ.
Since µ(D \K) = 0, the function u is harmonic on D \K, and hence maximal on
D \K. By Proposition 2.4, u will be F-maximal on D \K as well.

Now let z ∈ K. Since K is a polar set in C, each of its points is finely isolated
(see [22, p. 58]). So we can find an F-open set V ⊆ D such that V ∩K = {z}. Since
µ has no atoms, we have µ(V ) = 0. Now note that −u = GµD =

∫
GD(·, y) dµ(y) =∫

GV (·, y) dµ(y)+
∫
R̂

D\V
GD(·,y) dµ(y). However, since µ(V ) = 0, the first integral will

vanish. So for x ∈ V we get, by Fubini’s Theorem,

−u(x) =

∫
D
R̂

D\V
GD(·,y)(x) dµ(y) =

∫
D

(∫
D
GD(·, y) dεD\Vx

)
dµ(y)

=

∫
D

(∫
D
GD(·, y) dµ(y)

)
dεD\Vx =

∫
D
GµD dε

D\V
x =

∫
D
−u dεD\Vx

= R̂
D\V
−u (x) = −u∗D\V (x).

By Proposition 2.11, we now find that u is F-maximal on V .
Combining the F-local F-maximalities, we see that u is F-locally F-maximal

on all of D.

However, u is not maximal on D, since maximal functions on D are harmonic,
and u is not harmonic as ∆u = −µ 6= 0. By Proposition 2.4, this means that
u cannot be F-maximal on D either. So we have found an F-locally F-maximal
function which is not F-maximal.
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Remark 2.35. The example above also shows that the converse to Proposition
2.10 does not hold. The function u is a finely subharmonic function on the f -
open set D ⊂ C, such that u ≤ 0 and u is F-locally F-maximal. However, −u
cannot be invariant. Otherwise, this non-negative finely superharmonic function
can be written as −u = GµD + 0 = G0

D + (−u). But then the uniqueness of such a
decomposition would imply µ = 0, which is not the case.

Let f ∈ PSH(Ω) for a Euclidean open set Ω. We denote by NP(ddcf)n the
Borel measure on Ω defined by

NP(ddcf)n(E) = lim
j→+∞

∫
E∩{f>−j}

(ddcfj)
n

for any Borel subset E of Ω, where fj = max(f,−j). The measure NP(ddcf)n

does not charge the pluripolar subsets of Ω. We have seen in [28] that (ddc(f |U))n

= NP (ddcf)n on the F-open U = {f > −∞}.
Let us recall the following result of Bedford and Taylor [11, Proposition 4.4]:

Proposition 2.36. For any compact subset K of Ω \ {f = −∞} we have

NP(ddcf)n(K) = lim
j→+∞

∫
K

(ddcfj)
n.

The following result seems to be new and gives a positive answer to a question
of [18, page 13, Problem 6] for finite plurisubharmonic functions:

Theorem 2.37. Let f ∈ PSH(Ω) be finite. If f is locally maximal, then f is
maximal.

Proof. Since f is a locally maximal psh function in Ω, it is also F-locally F-
maximal. Hence by Theorem 2.30, we find that (ddcf)n = 0. We also have
NP(ddcf)n = (ddcf)n by [28, Remark 4.7], so NP(ddcf)n = 0. Let ϕ be a non-
negative continuous function on Ω with compact support K, then we have

0 ≤
∫
ϕ (ddcfj)

n ≤ sup
x∈K

ϕ(x)

∫
K

(ddcfj)
n.

Hence, letting j → +∞, Proposition 2.36 implies that

lim
j→+∞

∫
ϕ (ddcfj)

n = 0.

We then deduce from this equality that (ddcfj)
n converges weakly to 0. From [16,

Theorem 4.4], it follows that f is maximal.
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Chapter 3

Adaptive trains for
attracting sequences of
holomorphic automorphisms

This chapter is a joint article with Han Peters. It has been accepted for publication
by Complex Analysis and its Synergies. Note that the references have been merged
into the bibliography at the end of this thesis.

Abstract
Consider a holomorphic automorphism acting hyperbolically on an invariant com-
pact set. It has been conjectured that the arising stable manifolds are all bi-
holomorphic to Euclidean space. Such a stable manifold is always equivalent to
the basin of a uniformly attracting sequence of maps. The equivalence of such a
basin to Euclidean space has been shown under various additional assumptions.
Recently Majer and Abbondandolo achieved new results by non-autonomously
conjugating to normal forms on larger and larger time intervals. We show here
that their results can be improved by adapting these time intervals to the sequence
of maps. Under the additional assumption that all maps have linear diagonal part
the adaptation is quite natural and quickly leads to significant improvements. We
show how this construction can be emulated in the non-diagonal setting.

3.1 Introduction

Let X be a complex manifold equipped with a Riemannian metric, and let f : X →
X be an automorphism that acts hyperbolically on some invariant compact subset
K ⊂ X. Let p ∈ K and write Σsf (p) for the stable manifold of f through p. Σsf (p)
is a complex manifold, say of complex dimension m. In the special case where p
is a fixed point it is known that Σsf (p) is biholomorphically equivalent to Cm. It
was conjectured by Bedford [12] that this equivalence holds for any p ∈ K.
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Conjecture 3.1 (Bedford). The stable manifold Σsf (p) is always equivalent to
Cm.

The usual approach towards this problem is to translate it to a non-autonomous
setting. Let f0, f1, . . . be a sequence of automorphisms of Cm satisfying

C‖z‖ ≤ ‖fn(z)‖ ≤ D‖z‖,

for all n ∈ N and all z lying in the unit ball B, where the constants 1 > D > C > 0
are independent of n. We will call a sequence (fn) satisfying condition (3.1)
uniformly attracting. We define the basin of attraction of the sequence (fn) as

Ω = Ω(fn) = {z ∈ Ck | fn ◦ · · · ◦ f0(z)→ 0}.

It was shown by Fornæss and Stensønes that a positive answer to the following
conjecture implies a positive answer to Conjecture 3.1.

Conjecture 3.2. The basin Ω is always biholomorphic to Cm.

Here we present the following new results, both giving positive answers to
Conjecture 3.2 under additional hypotheses.

Theorem 3.3. Let (fn) be a uniformly attracting sequence of automorphisms of
C2, and suppose that the maps fn all have order of contact k. Assume further that
the linear part of each map fn is diagonal and that

Dk+1 < C.

Then the basin of attraction Ω(fn) is biholomorphic to C2.

Theorem 3.4. Let (fn) be a uniformly attracting sequence of automorphisms of
C2, and suppose that

D11/5 < C.

Then the basin of attraction Ω(fn) is biholomorphic to C2.

In the next section we will place these two results in a historical perspective.
While Theorems 3.3 and 3.4 are significant improvements over previously known
results, our main contribution lies in a new way of thinking about trains, as intro-
duced by Abbondandolo and Majer in [2].

The authors would like to thank Alberto Abbondandolo, Leandro Arosio, John
Erik Fornæss, Jasmin Raissy, Pietro Majer and Liz Vivas for many stimulating
discussions. The first author was supported by a SP3-People Marie Curie Action-
sgrant in the project Complex Dynamics (FP7-PEOPLE-2009-RG, 248443).
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3.2 A short history

Let f be an automorphism of a complex manifold X of dimension m, and let p ∈ X
be an attracting fixed point. Define the basin of attraction by

Ω = {z ∈ X | fn(z)→ p}.

The following result was proved independently by Sternberg [64] and Rosay-Rudin
[59].

Theorem 3.5 (Sternberg, Rosay-Rudin). The basin Ω is biholomorphic to Cm.

If p is not attracting but hyperbolic, one considers the restriction of f to the
stable manifold. This restriction is an automorphism of Σsf (p) with an attracting
fixed point at p. Moreover, its basin of attraction is equal to the entire stable
manifold, which is therefore equivalent to Cm. This naturally raised Conjecture
3.1. Equivalence to Cm of generic stable manifolds was proved by Jonsson and
Varolin in [46].

Theorem 3.6 (Jonsson-Varolin). Let X, f and K be as in Conjecture 3.1. For
a generic point p ∈ K the stable manifold through p is equivalent to Cm.

Here generic refers to a subset of K which has full measure with respect to
any invariant probability measure on K. In fact, Jonsson and Varolin showed that
Conjecture 3.1 holds for so-called Oseledec points. The results of Jonsson and
Varolin were extended by Berteloot, Dupont and Molino in [14]. More recently
the following was shown in [1]:

Theorem 3.7 (Abate-Abbondandolo-Majer). The existence of Lyapunov expo-
nents is enough to guarantee Σsf (p) ∼= Cm.

Shortly after the positive result of Jonsson and Varolin, Fornæss proved in [36]
the following negative result, which led many people to believe that Conjectures
3.1 and 3.2 must be false. Consider a sequence of maps (fn)n≥0 given by

fn : (z, w)→ (z2 + anw, anz),

where |a0| < 1 and |an+1| ≤ |an|2.

Theorem 3.8 (Fornæss). The basin Ω(fn) is not biholomorphic to C2. Indeed
there exists a bounded plurisubharmonic function on Ω(fn) which is not constant.

We note that this result does not give a counterexample to Conjecture 3.2, as
the sequence (fn) violates the condition

C‖z‖ ≤ ‖fn(z)‖ ≤ D‖z‖

on any uniform neighborhood of the origin. In Theorem 3.8 the rate of contraction
is not uniformly bounded from below.

If the bounds C and D satisfy D2 < C then it was shown by Wold in [67] that
the basin of attraction is biholomorphic to Cm. This result was generalized by
Sabiini [60] to the following statement.
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Theorem 3.9. Let (fn) be a sequence of automorphisms which satisfies the con-
ditions in Conjecture 3.2, and suppose that Dk < C for some k ∈ N. Suppose
further that the maps fn all have order of contact k. Then the basin of attraction
Ω(fn) is biholomorphic to Cm.

Here a map f has order of contact k if f(z) = l(z) + O(‖z‖k), where l(z) is
linear.

The following was recently shown in [2]:

Theorem 3.10 (Abbondandolo-Majer). There exists a constant ε = ε(m) > 0
such that the following holds: For any sequence (fn) which satisfies the conditions
in Conjecture 3.2 with

D2+ε < C,

the basin Ω(fn) is biholomorphic to Cm.

It was noted in [2] that for maps with order of contact k, one should be able
to obtain the same result if Dk+ε < C, where ε = ε(m, k).

While this result only seems marginally stronger (indeed, ε-stronger), it is in
fact a much deeper result. If Dk < C one can ignore all but the linear terms;
see Lemma 3.16 in the next section. But if Dk ≥ C, one has to deal with the
terms of order k, which is a major difficulty. In fact, looking at more classical
results in local complex dynamics, the major difficulty in describing the behavior
near a fixed point usually lies in controlling the lowest order terms which are
not trivial. Theorems 3.10 and 3.3 may therefore be important steps towards a
complete understanding of Conjecture 3.2.

Now that techniques have been found to deal with these terms of degree k, it
is natural to ask whether the condition Dk+ε < C can be pushed to the condition
Dk+1 < C, since as long as Dk+1 < C is satisfied one can ignore terms of degree
strictly greater than k. In Theorem 3.3 we show that we can indeed weaken
the requirement to Dk+1 < C, at least in 2 complex dimensions and under the
additional assumption that the linear parts of all the maps fn are diagonal.

Whether diagonality is a serious extra assumption or merely simplifies the
computations remains to be seen, but we will see that some of the techniques we
introduce to prove Theorem 3.3 can be applied without the diagonality assumption
as well, leading to Theorem 3.4.

Since the computations in the general case are much more intensive than in
the diagonal case, we have chosen not to prove Theorem 3.4 for maps with higher
order of contact. We expect that the interested reader will be able to generalize
Theorem 3.4 to maps with higher order of contact.

We conclude our historical overview with the following two results. The first
was proved in [58].

Theorem 3.11 (Peters-Wold). Let (fj) be a sequence of automorphism of Cm,
each with an attracting fixed point at the origin. Then there exists a sequence of
integers (nj) such that the attracting basin of the sequence (f

nj
j ) is equivalent to

Cm.
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The next result, from [55], will be important to us not so much for the statement
itself but for the ideas used in the proof. See also the more technical Lemma 3.17,
which will be discussed in the next section.

Theorem 3.12 (Peters). Let F be an automorphism of Cm. Then there exists an
ε > 0 such that for any sequence (fn) of automorphisms of Cm which all fix the
origin and satisfy ‖fn − F‖B < ε for all n, one has that Ω(fn)

∼= Cm.

The combination of Theorems 3.11 and 3.12 provides a good idea for the tech-
niques used to prove Theorems 3.3 and 3.4: If, after applying suitable changes
of coordinates, we can find sufficiently long stretches in the sequence (fn) that
behave similarly, then we can show that the basin will be biholomorphic to Cm.
What is meant by behave similarly will be made more precise in later sections.

3.2.1 Applications

The theorems described above have been used to prove a number of results which
are at first sight unrelated. The first example of such an application is of course
the classical result of Fatou and Bieberbach which states that there exists a proper
subdomain of C2 which is biholomorphic to C2. Indeed, it is not hard to find an
automorphism of C2 with an attracting fixed point, but whose basin of attraction
is not equal to the entire C2. Proper subdomains of C2 that are equivalent to C2

are now called Fatou-Bieberbach domains.
It should be no surprise that for the construction of Fatou-Bieberbach domains

with specific properties, it is useful to work with non-autonomous basins. Working
with sequences of maps gives much more freedom than working with a single
automorphism. Using Theorem 3.9 it is fairly easy to construct a sequence of
automorphisms satisfying various global properties, while making sure that the
attracting basin is equivalent to C2. We give two examples of results that have
been obtained in this way.

Theorem 3.13 (Wold). There exist countably many disjoint Fatou-Bieberbach
domains in C2 whose union is dense.

The question of whether such Fatou-Bieberbach domains exist was raised by
Rosay and Rudin in [59].

Theorem 3.14 (Peters-Wold). There exists a Fatou-Bieberbach domain Ω in C2

whose boundary has Hausdorff dimension 4, and positive Lebesgue measure.

Here we note that Fatou-Bieberbach domains with Hausdorff dimension equal
to to any h ∈ (3, 4) were constructed by Wolf [69] using autonomous attracting
basins. Hausdorff dimension 3 (and in fact C∞-boundary) was obtained earlier
by Stensønes in [63], who also used an iterative procedure involving a sequence of
automorphisms of C2. See [68] for another application of non-autonomous basins
to the theory of Fatou-Bieberbach domains.

The last application we would like to mention is the Loewner partial differen-
tial equation. The link with non-autonomous attracting basins was made in [5],
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where Arosio used a construction due to Fornæss and Stensønes (see Theorem 3.20
below) to prove the existence of solutions to the Loewner PDE. See also [6] for the
relationship between the Loewner PDE and non-autonomous attracting basins.

3.3 Techniques

3.3.1 The autonomous case

Essentially the only available method for proving that a domain Ω is equivalent
to Cm, is by explicitly constructing a biholomorphic map from Ω to Cm. Let us
first review how this is done for autonomous basins, before we look at how this
proof can be adapted to the non-autonomous setting. We follow the proof in the
appendix of [59], but see also the survey [13] written by Berteloot.

Given an automorphism F of Cm with an attracting fixed point at the origin,
one can find a lower triangular polynomial map G, and for any k ∈ N, a polynomial
mapXk of the formXk = Id+h.o.t., biholomorphic in a neighborhood of the origin,
such that

Xk ◦ F = G ◦Xk +O(‖z‖k+1). (3.3.1)

Here a polynomial map G = (G1, . . . , Gm) is called lower triangular if

Gi = λizi +Hi(z1, . . . zi−1)

for i = 1, . . . ,m. Now consider the sequence of holomorphic maps from ΩF to Cm
given by

Φn = G−n ◦Xk ◦ Fn.

Important here is that the lower triangular polynomial maps behave very similarly
to linear maps. For example, it follows immediately by induction on m that the
degrees of the iterates Gn are uniformly bounded. One can also easily see that the
basin of attraction of a lower triangular map with an attracting fixed point at the
origin is always equal to the whole set Cm.

Lemma 3.15. Let G be a lower triangular. Then there exists a β > 0 such that

‖G−1(z)−G−1(w)‖ ≤ β‖z − w‖

for all z, w ∈ B.

Now let D > 0 be such that ‖F (z)‖ < D‖z‖ for z ∈ B. Then there exists a
k ∈ N such that Dk+1 · β < 1. It follows from Equation (3.3.1) that, with this
choice of k, the maps Φn converge, uniformly on compact subsets of ΩF , to a
biholomorphic map from ΩF to Cm.

While the proof outlined above works elegantly, in the non-autonomous case
it will often not be easy to control the maps Xk for arbitrarily high k. However,
it turns out that with a little more care it is sufficient to work with a much lower
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k, that really only depends on the eigenvalues of DF (0). Let 0 < C < D < 1 be
such that

C‖z‖ < ‖F (z)‖ ≤ D‖z‖,

and let k be such that Dk+1 < C. It turns out that it is sufficient to work with
the maps Xk. To see this, let C ′ < C be such that Dk+1 < C ′. Then there exist
an r > 0 sufficiently small such that for z, w ∈ B(0, r) one has

‖G−1(z)−G−1(w)‖ ≤ (C ′)−1‖z − w‖.

Let K be a relatively compact subset of the attracting basin. Then there exists
an N such that FN (K) ⊂ B(0, r2 ). If r is chosen sufficiently small then we easily
see that for any m ≥ N and j ≤ m−N we have that

G−j ◦Xk ◦ Fm(K) ⊂ B(0, r).

It follows that
‖Φn+1 − Φn‖K ≤ βNC ′

−n+N
D(n−N)(k+1),

which is summable over n. Hence the sequence (Φn) forms a Cauchy sequence
and converges to a limit map Φ. Since DΦn(0) = Id for all n, it follows that Φ is
biholomorphic onto its image. To prove the surjectivity of Φ, one shows that for
each B(R) ⊂ Cm there exists a compact K ⊂ ΩF such that Φn(K) ⊃ B(R) for all
n ∈ N. The fact that Φ(K) ⊃ B(R) follows since we are dealing with open maps.

3.3.2 Non-autonomous conjugation

In the non-autonomous setting it is very rare that a single change of coordinates
simplifies the sequence of maps. Instead we use a sequence of coordinate changes.

Lemma 3.16. Let (fn) be a sequence of automorphisms that satisfies the hypothe-
ses of Conjecture 3.2 with Dk < C, and suppose that there exist uniformly bounded
sequences (gn) and (hn), with hn = Id + h.o.t., such that the diagram

Cm f0−−−−→ Cm f1−−−−→ Cm f2−−−−→ · · ·yh0

yh1

yh2

Cm g0−−−−→ Cm g1−−−−→ Cm g2−−−−→ · · ·

(3.3.2)

commutes as germs of order k. Then Ω(fn)
∼= Ω(gn).

If the maps (gn) are all lower triangular polynomials then one still has that
the basin of the sequence (gn) is equal to Cm. This simple fact was used in [55]
to prove the following lemma, which for simplicity we state in the case m = 2.

Lemma 3.17. Let (fn) be a sequence of automorphisms satisfying the conditions
in Conjecture 3.2, and suppose that the linear part of each map fn is of the form

(z, w) 7→ (anz, bnw + cnz),
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with |bn|2 < ξ|an| for some uniform constant ξ < 1. Then we can find bounded
sequences (gn) and (hn) as in Lemma 3.16. Moreover, the maps gn can be chosen
to be lower triangular polynomials, and hence Ω(fn)

∼= C2.

As was pointed out in [55], we can always find a non-autonomous change of
coordinates such that the linear parts of the maps fn all become lower triangular.
Let us explain the technique in the 2-dimensional setting, where a matrix is lower
diagonal if and only if [0, 1] is an eigenvector. Using QR-factorization we can find,
for any vector v0, a sequence of unitary matrices (Un) such that U0v0 = [0, 1] and

Un+1 ·D(fn ◦ · · · ◦ f0)(0)v0 = λn · [0, 1],

with λn ∈ C. Then by defining gn = Un+1 ◦ fn ◦ U−1
n , we obtain a new sequence

(gn) whose basin is equivalent (by the biholomorphic map U0) to the basin of
the sequence (fn). Notice that the linear parts of all the maps (gn) are lower
triangular. In this construction we are free to choose the initial tangent vector v0.

But while we may always assume that the linear parts are lower triangular, the
condition that |bn|2 < ξ|an| for all n ∈ N in Lemma 3.17 is a strong assumption. In
particular there is no reason to think that one can change coordinates to obtain a
sequence of lower triangular polynomial maps. Instead we could aim for obtaining
lower triangular polynomials on sufficiently large time-intervals. Let us be more
precise. Suppose that one can find an increasing sequence of integers p1, p2, . . .
and change coordinates as in Lemma 3.16 to obtain that Ω(fn) is equivalent to the
basin of a sequence

g0, . . . , gp1−1, U1, gp1 , . . . , gp2−1, U2, . . . , (3.3.3)

where the Uj are unitary matrices and the maps gn are all lower triangular. In
the spirit of Theorem 3.11 one would expect that the basin of this new sequence is
equal to C2 as long as the sequence (pj) is sparse enough. Indeed this is the case,
as follows from the following Lemma, proved by Abbondandolo and Majer in [2].

Lemma 3.18. Suppose that the maps gn in the sequence given in Equation (3.3.3)
are uniformly bounded lower triangular polynomials of degree k, and that∑ pj+1 − pj

kj
= +∞. (3.3.4)

Then the basin of the sequence in Equation 3.3.3 is equal to C2.

The proof of Theorem 3.10 from [2] can now be sketched as follows. Define
pj+1 = kj + pj , and on each interval find a tangent vector vj which is contracted
most rapidly by the maps Dfpj+1,pj . Next, find the non-autonomous change of
coordinates by unitary matrices such that the maps gn as defined above all have
lower triangular linear part. Then on each interval Ij = [pj , pj+1] the maps gn
satify the conditions of Lemma 3.17 “on average”. This is enough to find another
non-autonomous change of coordinates after which the maps gn are lower trian-
gular polynomial maps on each interval Ij . Then it follows from Lemma 3.18 that
the basin of the sequence (fn) is equivalent to C2.
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Now we arrive at one of the main points presented in this article. In the
argument of Abbondandolo and Majer the intervals [pj , pj+1] are chosen without
taking the maps (fn) into consideration; it is sufficient to make a simple choice
such that Equation (3.3.4) is satisfied. In the last section of this article we will
show that we can obtain stronger results if we instead let the intervals [pj , pj+1]
depend on the maps (fn), or to be more precise, on the linear parts of the maps
(fn).

3.3.3 Abstract Basins

Let us discuss a construction due to Fornæss and Stensønes [37]. Let (fn) now be
a sequence of biholomorphic maps from the unit ball B into B, satisfying

C‖z‖ ≤ ‖fn(z)‖ ≤ D‖z‖

for some uniform 1 > D > C > 0 as usual. We define the abstract basin of
attraction of the sequence (fn) as follows. Consider all sequences of the form

(xk, xk+1, . . .), with xn+1 = fn(xn) for all n ≥ k.

We say that
(xk, xk+1, . . .) ∼ (yl, yl+1, . . .)

if there exists a j ≥ max(k, l) such that xj = yj . This gives an equivalence relation
∼, and we define

Ω(fn) = {(xk, xk+1, . . .) | fn(xn) = xn+1} / ∼

We refer to Ω(fn) as the abstract basin of attraction, sometimes also called the tail
space. We have now used the notation Ω(fn) for both abstract and non-autonomous
basins, but thanks to the following lemma this will not cause any problems.

Lemma 3.19. Let (fn) be a sequence of automorphisms of Cm which satisfy the
conditions in Conjecture 3.2. Then the basin of attraction of the sequence (fn) is
equivalent to the abstract basin of the sequence (fn|B).

Hence from now on we allow ourselves to be careless and write Ω(fn) for both
kinds of attracting basins. Abstract basins were used by Fornæss and Stensønes
to prove the following.

Theorem 3.20 (Fornæss-Stensønes). Let f and p be as in Conjecture 3.1. Then
Σsf (p) is equivalent to a domain in Cm.

Remark 3.21. Working with abstract basins can be very convenient. For exam-
ple, Lemma 3.16 also holds for abstract basins which, in conjunction with Lemma
3.19, implies that in Diagram 3.3.2 we do not need to worry about whether the
maps hn and gn are globally defined automorphisms. From the fact that the se-
quences (gn) and (hn) are uniformly bounded it follows that their restrictions to
some uniform neighborhood of the origin are biholomorphisms, which is all that
is needed.
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3.4 Definition of the trains

Let us go back to the proof of 3.10 by Abbondandolo and Majer. Instead of
conjugating to lower triangular maps on the entire sequence (fn), they introduced
a partition of N into intervals of rapidly increasing size, and on each interval
changed coordinates to either lower or upper triangular maps. These intervals
were referred to as trains, and we will build on this terminology.

The main difference between the proof by Abbondandolo and Majer and the
technique introduced in this paper is that we let the trains be determined by the
sequence (fn), or rather, by the linear parts of the maps. We will describe an
algorithm to construct the partition

N =
⋃

[pj , pj+1).

Each train [pj , pj+1) will be headed by an interval [pj , qj) which we will call the
engine. On the engine we will have very good estimates of the linear maps. Our
estimates are not nearly as strong on the interval [qj , pj+1), but the good estimates
on the engine will be used as a buffer to deal with estimates on the rest of the
train. In fact, as soon as the buffer from the engine fails to be sufficient, we start
a new train.

We proceed to define the trains explicitly, both in the diagonal and the general
case.

3.4.1 The diagonal case

We assume here that the linear part of each map fn is of the form[
an 0
0 bn

]
We then define

fm,n = fm−1 ◦ · · · ◦ fn,
am,n = am−1 · · · · · an, and

bm,n = bm−1 · · · · · bn.

We will define an increasing sequence p0, q0, p1, . . . as follows. We set p0 = 0 and
q0 = 2. We define the rest of the sequence recursively. Suppose that we have
already defined pj and qj . We consider all pairs pj+1, qj+1 satisfying qj ≤ pj+1 ≤
qj+1 and ∣∣∣∣aqj+1,pj+1

bqj+1,pj+1

∣∣∣∣(−1)j

≥ D−k
j+1

. (3.4.1)

Out of all such pairs we choose qj+1 minimal, and then pj+1 such that∣∣∣∣aqj+1,pj+1

bqj+1,pj+1

∣∣∣∣(−1)j
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is maximal. We will write Ij = [pj , pj+1) and refer to this interval as the j’th-train.
The interval [pj , qj) we will call the engine of the train Ij .

In the diagonal case we can immediately deduce several properties of the trains
Ij . First of all, from equation (3.4.1) it is clear that∑ |Ij |

kj
=∞,

which will later allow us to apply Lemma 3.18.

Proposition 3.22. On the engine of the train we have∣∣∣∣an,pjbn,pj

∣∣∣∣(−1)j+1

≥ 1 and

∣∣∣∣aqj ,nbqj ,n

∣∣∣∣(−1)j+1

≥ 1, (3.4.2)

for qj ≥ n ≥ pj, and moreover

D−k
j

C
≥
∣∣∣∣aqj ,pjbqj ,pj

∣∣∣∣(−1)j+1

≥ D−k
j

. (3.4.3)

Furthermore, for pj+1 ≥ n ≥ m ≥ qj we have∣∣∣∣an,mbn,m

∣∣∣∣(−1)j+1

> Dkj+1

and

∣∣∣∣apj+1,qj

bpj+1,qj

∣∣∣∣(−1)j+1

≥ 1. (3.4.4)

All three properties follow immediately from the definitions.

3.4.2 The general case

Our goal is now to emulate the above construction while dropping the assumption
that the linear parts of the maps fn are diagonal. In the diagonal case we eventually
will obtain a sequence (gn) where each map gn is either lower triangular or upper
triangular, depending on whether n lies in an odd or even train. In the general
case this will be generalized as follows: for each train [pj , pj+1) there will be a unit
vector vj with respect to which the maps gn will be lower triangular. Let us be
more precise. Suppose that the linear part of a map g has an eigenvector v. Let
U be a 2× 2 unitary matrix such that

Uv =

[
0
1

]
.

We say that g is lower triangular with respect to v if UgU−1 is a lower triangular
polynomial. Note that this definition is independent of the choice of U .

Looking back, we see that in the diagonal case our maps gn are all lower
triangular with respect to either [0, 1] or [1, 0]. In the general case we allow the
vector v to be any unit vector in C2, but v must remain constant on each train.
This motivates the following definition.
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Definition 3.23. For k > x > 1, recursively define an increasing sequence of
integers p1, q1, p2, q2, . . . and a sequence of unit-vectors v1, v2, . . . as follows:

Set p0 = 0, q0 = d 2
k−xe and v0 = (1, 0). Define the rest of the sequences by

induction:
Given pj , qj and vj , consider all possible pairs of integers pj+1 and qj+1 such

that qj+1 > pj+1 ≥ qj and for which

|detDfqj+1,pj+1(0)| · |dfpj+1,pj (vj)|x+1

|dfqj+1,pj (vj)|x+1
≤ D2j+1

.

Out of all possible choices for pj+1 and qj+1, we choose qj+1 minimal, and then
pj+1 such that

|detDfqj+1,pj+1
(0)| · |dfpj+1,pj (vj)|x+1

|dfqj+1,pj (vj)|x+1

is minimal.

We can choose a unitary matrix Uj+1 such that dfpj+1,pj (vj) is an eigenvector
of Uj+1 ◦ Dfqj+1,pj+1

. Let vj+1 be the other unit-length eigenvector of Uj+1 ◦
Dfqj+1,pj+1

(unique up to multiplication by a unit-length scalar). This vector

must exist, since the eigenvector dfpj+1,pj (vj) has eigenvalue
|dfqj+1,pj

(vj)|
|dfpj+1,pj

(vj)| and we

have ( |dfqj+1,pj (vj)|
|dfpj+1,pj (vj)|

)2

≥
(

1

D

)(2j+2)/(x+1)

· |detDfqj+1,pj+1
(0)|2/(x+1)

> 1 · |detDfqj+1,pj+1
(0)|

since |detDfqj+1,pj+1
(0)| ≤ D2(qj+1−pj+1) < 1. This implies that Uj+1 ◦Dfqj+1,pj+1

has two distinct eigenvalues, and hence two distinct eigenvectors.

Our strategy to prove inequalities like those in Proposition 3.22 on an engine
[pj , qj), is the following. We will work not only with the diagonal entries an and
bn in the current coordinates, but first with the entries αn and βn, which are the
diagonal entries in the coordinates that were used for the previous train. By the
recursive definition of the train, we first obtain estimates for αn and βn, and then
translate these to estimates on an and bn in the new coordinates. In the translation
from old to new coordinates the off-diagonal entries, denoted by cn and γn, will
play an important role.

Given (pj), (qj) and (vj) as defined above, we now apply a non-autonomous
conjugation such that within each train [pj , pj+1) all linear parts have [0, 1] as
an eigenvector. We know that vj is an eigenvector of Uj ◦ Dfqj ,pj (0). Pick a
unitary matrix Vj that transfers vj into [0, 1]. Then [0, 1] will be eigenvector of
Vj ◦Uj ◦Dfqj ,pj (0) ◦V −1

j . Next, for i = pj + 1, . . . , pj+1, pick a unitary matrix Wi

such that [0, 1] is an eigenvector of Wi◦Dfi,pj (0)◦V −1
j . We can pick Wqj = Vj ◦Uj .

Define

f̃i =

{
Wi+1 ◦ fi ◦W−1

i if pj < i < pj+1,

Wpj+1 ◦ fpj ◦ V −1
j if i = pj .
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Now the composition fpj+1,pj = fpj+1−1 ◦ · · · ◦ fpj can also be written as

fpj+1,pj = W−1
pj+1
◦ f̃pj+1−1 ◦ . . . ◦ f̃pj ◦ Vj . (3.4.5)

We know that [0, 1] is an eigenvector of each Df̃n,m(0) for pj ≤ m ≤ n ≤ pj+1. So

these linear maps are lower-triangular: write Df̃n,m(0) =
(
an,m 0
cn,m bn,m

)
.

Then we have

|bn,m| =
|df̃n,pj ([0, 1]) |
|df̃m,pj ([0, 1]) |

=
|dfn,pj (vj)|
|dfm,pj (vj)|

, (3.4.6)

and
|an,m| = |detDf̃n,m(0)|/|bn,m| = |detDfn,m(0)|/|bn,m|. (3.4.7)

Write an = an+1,n, bn = bn+1,n and cn = cn+1,n. Note that an,m =
∏n−1
i=m ai and

bn,m =
∏n−1
i=m bi as in the diagonal case, and

cn,m =

n−1∑
i=m

bn,i+1ciai,m.

Since all Vj and Wi are unitary matrices, we still have that C‖z‖ ≤ ‖f̃n(z)‖ ≤
D‖z‖ for z ∈ B, and hence we know that C ≤ ai ≤ D, C ≤ bi ≤ D and ci ≤ D for
all i.

Lemma 3.24. In this new notation, our trains have the following properties:

(i) On the engine of train j we know that∣∣∣∣axqj ,pjbqj ,pj

∣∣∣∣ ≥ D−2j .

(ii) On the wagons of the train we have:∣∣∣∣an,mbxn,m

∣∣∣∣ > D2j+1

, and

∣∣∣∣∣apj+1,qj

bxpj+1,qj

∣∣∣∣∣ ≥ 1.

for qj ≤ m ≤ n ≤ pj+1.

(iii) And for all j ≥ 0 we have an estimate for the length of the j’th engine:

qj − pj ≥
2j

k − x
.

Proof. To prove the first statement, note that by (3.4.6), (3.4.7) and the fact that
Uj is unitary we have∣∣∣∣axqj ,pjbqj ,pj

∣∣∣∣ =
|detDfqj ,pj (0)|x

|bqj ,pj |x+1
=
|detDfqj ,pj (0)|x

|dfqj ,pj (vj)|x+1
=
|det(Uj ◦Dfqj ,pj (0))|x

|(Uj ◦ dfqj ,pj )(vj)|x+1
.
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Since vj and dfpj ,pj−1
(vj−1) are distinct eigenvectors of Uj ◦Dfqj ,pj (0), we obtain

|det(Uj ◦Dfqj ,pj (0))|x

|(Uj ◦ dfqj ,pj )(vj)|x+1
=

|dfqj ,pj−1
(vj−1)|x+1

|detDfqj ,pj (0)| · |dfpj ,pj−1
(vj−1)|x+1

.

And by definition of qj and pj , we know that

|dfqj ,pj−1(vj−1)|x+1

|detDfqj ,pj (0)| · |dfpj ,pj−1
(vj−1)|x+1

≥ D−2j ,

which completes (i).
For qj ≤ m ≤ n ≤ pj+1 we have:∣∣∣∣an,mbxn,m

∣∣∣∣ =
|detDfn,m(0)| · |dfm,pj (vj)|x+1

|dfn,pj (vj)|x+1
> D2j+1

by minimality of qj+1. The second half of statement (ii) follows from our choice
of pj+1.

Finally, use part (i) to see that

D−2j ≤
∣∣∣∣axqj ,pjbqj ,pj

∣∣∣∣ ≤ (Dqj−pj )x

Cqj−pj
≤
(
Dx

Dk

)qj−pj
= D−(k−x)(qj−pj),

which implies that qj − pj ≥ 2j

k−x . The case j = 0 holds by definition.

Since dfpj ,pj−1
(vj−1) is another eigenvector of Uj ◦Dfqj ,pj , we now introduce

notation that emphasizes the role of this vector. Pick a unitary matrix Sj which
maps dfpj ,pj−1

(vj−1) to [0, 1]. Then pick unitary matrices Ti for i = pj + 1, . . . qj
such that [0, 1] is an eigenvector of Ti ◦ Dfi,pj ◦ S−1

j . Note that we can take
Tqj = Sj ◦ Uj .

As before, define

f̂i =

{
Ti+1 ◦ fi ◦ T−1

i if pj < i < qj

Tpj+1 ◦ fpj ◦ S−1
j if i = pj

Then we have fqj ,pj = W−1
qj ◦ f̃qj ,pj ◦ Vj = T−1

qj ◦ f̂qj ,pj ◦ Sj .
We know that [0, 1] is an eigenvector of each Df̂n,m(0) for pj ≤ m ≤ n ≤ qj .

Therefore we can write Df̂n,m(0) =
(
αn,m 0
γn,m βn,m

)
.

Then we have for pj ≤ m ≤ n ≤ qj :

|βn,m| =
|dfn,pj (dfpj ,pj−1(vj−1))|
|dfm,pj (dfpj ,pj−1

(vj−1))|
=
|dfn,pj−1

(vj−1)|
|dfm,pj−1

(vj−1)|
,

and
|αn,m| = |detDfn,m|/|βn,m|.
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Writing αn = αn+1,n, βn = βn+1,n and γn = γn+1,n as before, we again have

γn,m =

n−1∑
i=m

βn,i+1γiαi,m,

and
γi ≤ D

for all i.
Note that |an ·bn| = |detDfn| = |αn ·βn| for all n. Since βqj ,pj and bqj ,pj are the

eigenvalues of U ◦Dfqj ,pj for two distinct eigenvectors, we must have βqj ,pj ·bqj ,pj =
detDfqj ,pj , which implies that |βqj ,pj | = |aqj ,pj | and |αqj ,pj | = |bqj ,pj |.

This new notation allows us to derive additional inequalities for the engines of
the trains:

Lemma 3.25. For pj ≤ m ≤ n ≤ qj we have:

(i)

∣∣∣∣αqj,nβxqj,n

∣∣∣∣ ≤ 1,

(ii)

∣∣∣∣αn,pjβxn,pj

∣∣∣∣ ≤ 1, and

(iii) D2jDk−x <
∣∣∣αn,mβxn,m

∣∣∣ < D−2j .

Proof. By the choice of pj and qj and the fact that

|detDfqj ,pj (0)| · |dfpj ,pj−1(vj−1)|x+1

|dfqj ,pj−1
(vj−1)|x+1

=

|detDfqj ,n(0)| · |dfn,pj−1(vj−1)|x+1

|dfqj ,pj−1
(vj−1)|x+1

·
|detDfn,pj (0)| · |dfpj ,pj−1(vj−1)|x+1

|dfn,pj−1
(vj−1)|x+1

,

we obtain (i) and (ii):∣∣∣∣∣αqj ,nβxqj ,n

∣∣∣∣∣ =
|detDfqj ,n(0)| · |dfn,pj−1(vj−1)|x+1

|dfqj ,pj−1
(vj−1)|x+1

≤ 1

and ∣∣∣∣∣αn,pjβxn,pj

∣∣∣∣∣ =
|detDfn,pj (0)| · |dfpj ,pj−1

(vj−1)|x+1

|dfn,pj−1(vj−1)|x+1
≤ 1.

Inequality (iii) is trivial if n = m. If m < n we have:∣∣∣∣αn,mβxn,m

∣∣∣∣ =

∣∣∣∣∣αn,pjβxn,pj

∣∣∣∣∣ ·
∣∣∣∣∣αm,pjβxm,pj

∣∣∣∣∣
−1

≤ 1 ·
( |detDfm,pj (0)| · |dfpj ,pj−1(vj−1)|x+1

|dfm,pj−1
(vj−1)|x+1

)−1

<
(
D2j

)−1

= D−2j ,
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since m < qj , which proves the right-hand side of inequality (iii).
By definition of qj we have∣∣∣∣∣αn−1,m

βxn−1,m

∣∣∣∣∣ =
|detDfn−1,m(0)| · |dfm,pj−1(vj−1)|x+1

|dfn−1,pj−1
(vj−1)|x+1

≥ D2j ,

since n− 1 < qj . Hence∣∣∣∣αn,mβxn,m

∣∣∣∣ =

∣∣∣∣∣αn−1,m

βxn−1,m

∣∣∣∣∣ ·
∣∣∣∣αn−1

βxn−1

∣∣∣∣ ≥ D2j · C
Dx

> D2j ·Dk−x,

which implies the left-hand side of inequality (iii).

We can now give an upper estimate for |γn,m| on the engine as well:

Lemma 3.26. For pj ≤ m ≤ n ≤ qj, we have

|γn,m| ≤ K1 ·

∣∣∣∣∣ βn,pjα
1/x
m,pj

∣∣∣∣∣ ,
where K1 = D

C(1−D1−1/x)
is a constant depending only on C, D and x.

Proof. We already know that |γi| < D for all i = pj , . . . , qj − 1, and we have:

|γn,m| ≤
n−1∑
i=m

|βn,i+1γiαi,m| =
n−1∑
i=m

|αi,pj |
|βi,pj |

·
|βi,pj | · |βn,i+1| · |γi| · |αi,m|

|αi,pj |

≤
n−1∑
i=m

|αi,pj |
|βi,pj |

· 1

|αm,pj |
·D ·

|βn,pj |
|βi|

≤ D

C
·
|βn,pj |
|αm,pj |

n−1∑
i=m

|αi,pj |
|βi,pj |

,

where we used that |γi| < D and |βi| > C.

By Lemma 3.25 we have

∣∣∣∣αi,pjβxi,pj

∣∣∣∣ ≤ 1, so |αi,pj | ≤ |βi,pj |x and |αi,pj |1/x ≤ |βi,pj |.

Hence we obtain

|γn,m| ≤
D

C
·
|βn,pj |
|αm,pj |

n−1∑
i=m

|αi,pj |
|βi,pj |

≤ D

C
·
|βn,pj |
|αm,pj |

n−1∑
i=m

|αi,pj |1−1/x

=
D

C
·
|βn,pj |
|αm,pj |1/x

n−1∑
i=m

|αi,m|1−1/x ≤ D

C
·
|βn,pj |
|αm,pj |1/x

n−1∑
i=m

(D1−1/x)i−m

≤ D

C
·
|βn,pj |
|αm,pj |1/x

· 1

1−D1−1/x
.

Using Lemmas 3.25 and 3.26, we can now find estimates for |dfn,pj (vj)| for
pj ≤ n ≤ qj , which we can use to translate our information on α and β to
information on a and b.
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Lemma 3.27. For pj ≤ n ≤ qj, we have

(i) |dfn,pj (vj)| ≤ 2 max
{
|αn,pj |,K1 · |αn,pj |1−1/x|βn,pj |

}
, and

(ii) 1
|dfn,pj (vj)| ≤ K1 · 1

|αn,pj |
.

Proof. We have

|dfn,pj (vj)| = |(Uj ◦ dfqj ,n)−1
(
Uj ◦ dfqj ,pjvj

)
| = |(Uj ◦ dfqj ,n)−1

(
bqj ,pjvj

)
|

≤ |bqj ,pj | · ||(Uj ◦ dfqj ,n)−1|| = |αqj ,pj | · ||
(
Sj ◦ Uj ◦ dfqj ,n ◦ T−1

n

)−1 ||

= |αqj ,pj | · ‖
(
αqj ,n 0
γqj ,n βqj ,n

)−1

‖

≤ |αqj ,pj | · 2 max

{
1

|αqj ,n|
,
|γqj ,n|

|αqj ,nβqj ,n|
,

1

|βqj ,n|

}
.

Using Lemma 3.26 we can now calculate that

|γqj ,n|
|αqj ,n| · |βqj ,n|

≤ K1 ·
|αn,pj |1−1/x|βn,pj |

|αqj ,pj |
.

Since

∣∣∣∣αqj,nβxqj,n

∣∣∣∣ ≤ 1 (by Lemma 3.25), we have |αqj ,n| ≤ |βqj ,n|x ≤ |βqj ,n| and

therefore 1
|αqj,n|

≥ 1
|βqj,n|

. Hence we obtain

|dfn,pj (vj)| ≤ |αqj ,pj | · 2 max

{
1

|αqj ,n|
,K1 ·

|αn,pj |1−1/x|βn,pj |
|αqj ,pj |

}
= 2 max

{
|αn,pj |,K1 · |αn,pj |1−1/x|βn,pj |

}
.

To prove inequality (ii), note that

1

|dfn,pjvj |
=
|(dfn,pj )−1(dfn,pjvj)|

|dfn,pjvj |
≤ ||dfn,pj (0)−1||

= ||
(
Tn ◦ dfn,pj (0) ◦ S−1

j

)−1 || ≤ 2 max

{
1

|αn,pj |
,

1

|βn,pj |
,
|γn,pj |

|αn,pjβn,pj |

}
.

By Lemma 3.25 we have that

∣∣∣∣αn,pjβxn,pj

∣∣∣∣ ≤ 1, which implies that we may remove

1
|βn,pj |

from the maximum. Now Lemma 3.26 implies that

1

|dfn,pjvj |
≤ max

{
1

|αn,pj |
,

1

|αn,pjβn,pj |
·K1 · |βn,pj |

}
= K1 ·

1

|αn,pj |
.
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We can now translate lemma 3.25 to the following generalization of Proposition
3.22.

Theorem 3.28. There exists a constant K2 = K2(C,D, k, x) such that for each
pj ≤ m ≤ n ≤ qj we have

(i)

∣∣∣∣ bn,pjaxn,pj

∣∣∣∣ ≤ K2D
− k−xx (n−pj),

(ii)
∣∣∣ bn,maxn,m

∣∣∣ ≤ K2D
−2j x+1

x , and

(iii)

∣∣∣∣ bqj,naxqj,n

∣∣∣∣ ≤ K2.

Proof. For part (i) we can use Lemma 3.27 and Lemma 3.25 to see that∣∣∣∣∣ bn,pjaxn,pj

∣∣∣∣∣ =
|dfn,pj (vj)|x+1

|detDfn,pj (0)|x

≤ 2x+1

|αn,pjβn,pj |x
max

{
|αn,pj |,K1|αn,pj |1−1/x|βn,pj |

}x+1

= 2x+1 ·max

{ |αn,pj |
|βn,pj |x

,Kx+1
1

|βn,pj |
|αn,pj |1/x

}
≤ 2x+1Kx+1

1 D−
k−x
x (n−pj).

Part (ii) and (iii) follow from the same lemmas:

∣∣∣∣ bn,maxn,m

∣∣∣∣ =
|dfn,pj (vj)|x+1

|detDfn,m(0)|x · |dfm,pj (vj)|x+1

≤ 2x+1

|αn,mβn,m|x
max

{
|αn,pj |,K1|αn,pj |1−1/x|βn,pj |

}x+1
(

K1

|αm,pj |

)x+1

= (2K1)x+1 max

{
|αn,m|
|βn,m|x

,Kx+1
1

|βn,pj |
|αn,pj |1/x

|βm,pj |x

|αm,pj |

}
≤ (2K1)x+1 max

{
D−2j ,Kx+1

1

(
D2j+(k−x)

)−1/x (
D2j+(k−x)

)−1
}

≤ (2K2
1 )x+1D−(k−x) x+1

x D−2j x+1
x , and∣∣∣∣∣ bqj ,naxqj ,n

∣∣∣∣∣ =
|dfqj ,pj (vj)|x+1

|detDfqj ,n(0)|x · |dfn,pj (vj)|x+1

≤
|αqj ,pj |x+1

|αqj ,nβqj ,n|x
·Kx+1

1

1

|αn,pj |x+1

= Kx+1
1

|αqj ,n|
|βqj ,n|x

≤ Kx+1
1 .
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So we can set K2 = (2K2
1 )x+1D−(k−x) x+1

x .

Remark 3.29. When we continue the proof of the general case, we will work with
the sequence f̃1, f̃2, . . . f̃p1−1, V1 ◦W−1

p1 , f̃p1 , . . . , f̃p2−1, V2 ◦W−1
p2 , f̃p2 , . . . instead of

(fn). The basins of these two sequences must be equivalent since at any time the
composed functions differ only by multiplication with one last unitary matrix.

Hence we will write fn rather than f̃n and Mj = Vj ◦W−1
pj . We will study the

basin of the sequence f0, f2, . . . , fp1−1,M1, fp1 , . . . where Dfn(0) =
(
an 0
cn bn

)
and

all Mj are unitary.

3.5 Completion of the proof in the diagonal case

Let us recall the statement of Theorem 3.3.

Theorem 3.3. Let (fn) be a sequence of automorphisms of C2 which satisfies
the conditions in Conjecture 3.2, and suppose that the maps fn all have order of
contact k. Assume further that the linear part of each map fn is diagonal. Then
if Dk+1 < C, the basin of attraction Ω(fn) is biholomorphic to C2.

The proof will be completed in two steps. In the first step we will find a non-
autonomous conjugation on each train by linear maps such that in each train the
new maps all contract the same coordinate most rapidly. This means that we can
apply Lemma 3.30 below on each train separately. In the second step we worry
about what happens at times pj where we switch from one train to the other.
After these two steps we construct the maps (gn) and (hn) on each of the trains
using the following Lemma, a special case of Lemma 3.17.

Lemma 3.30. Suppose that each map of the sequence (fn) has linear part of the
form (z, w) 7→ (anz, bnw), with |bn| ≤ |an|. Then for any k ≥ 2 we can find
bounded sequences (gn) and (hn), with the maps gn lower triangular, such that
Diagram (3.3.2) commutes up to jets of order k.

Step 1: Directing the trains.

We assume that the automorphisms f0, f1, . . . satisfy the conditions of Theorem
3.3, and that we have constructed the increasing sequence p0, q0, p1, . . . such that
Proposition 3.22 holds. We will change coordinates with a sequence of linear maps
ln of the form

ln(z, w) = (θnz, τnw).

We write f̃n = ln+1 ◦ fn ◦ l−1
n for the new maps, and we immediately see that f̃n

is of the form

f̃n(z, w) = (ãnz, b̃nw) +O(k),
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where

ãn =
θn+1

θn
an, and

b̃n =
τn+1

τn
bn.

Our goal is to define the maps (ln) in such a way that on each interval Ij =

[pj , pj+1) the maps f̃n satisfy the property ãn ≥ b̃n (if j is odd), and ãn ≤ b̃n (if

j is even). In order for the higher order terms of the maps f̃n not to blow up we
also require that

θkn ≥ τn, and θn ≤ τkn . (3.5.1)

In order to simplify the notation we let j be odd; the results are analogous for
j even. We assume that

θp ≥ D
− k
k2−1

kj

and

τp ≥ D
− 1
k2−1

kj

and that the conditions in (3.5.1) are satisfied for n = p. Then for n + 1 ∈ Ij we
recursively define

θn+1 =


θn if |an| ≥ |bn|, or

|bn|
|an|

θn if |bn| > |an|.

Similarly we define

τn+1 =


τn if |bn| ≥ |an|, or

min(
|an|
|bn|

τn, θ
k
n+1) if |an| > |bn|.

For convenience we will often write

σn,m =D−1

log

∣∣∣∣an,mbn,m

∣∣∣∣ .
Lemma 3.31. For p ≤ n ≤ q we have

τkn ≥ D−k·σn,pθn.

Proof. Follows easily by induction on n.

Note that it follows immediately from the recursive definition of τn+1 and the
fact that θn can never decrease, that τn ≤ θkn for all n ∈ [p, r].

Lemma 3.32. For p ≤ n ≤ r we have that θn ≤ τkn .
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Proof. For n ≤ q this is guaranteed by the previous lemma. From q on it follows
by induction on n that

τkn
θn
≥ D−k

j+1−σn,m ,

for all q ≤ m ≤ n for which σn,m ≤ 0. The statement in the Lemma now follows
from (3.4.4).

Finally, we need to check that θr and τr are large enough to satisfy the starting
hypothesis for the next interval Ij+1.

Lemma 3.33. We have θr ≥ D
− 1
k2−1

kj+1

and τp ≥ D
− k
k2−1

kj+1

.

Proof. The estimate on θr is immediate since θn does not decrease with n. The
estimate on τp follows from

τp ≥ τq ≥ D−σq,p ·D
− k
k2−1

kj
.

Our conclusion is the following:

Theorem 3.34. Let (f̃n) be the sequence defined by

f̃n = ln+1 ◦ fn ◦ l−1
n .

Then (f̃n) is a bounded sequence of automorphisms, and Ω(f̃n)
∼= Ω(fn). Moreover

(−1)j+1 log

(
|ãn|
|b̃n|

)
≥ 0

for all n ∈ Ij.

Proof. The condition on the coefficients of the linear parts of the maps f̃n follows
from the discussion earlier in this section. The fact that the sequence (f̃n) is
bounded follows from the facts that the linear parts stay bounded, and that the
higher order terms grow by at most a uniform constant.

To see that the two basins of attraction are biholomorphically equivalent (with
biholomorphism l0), note that f̃n,0 = ln+1 ◦ fn,0 ◦ l−1

0 . Since the entries of the
diagonal linear maps ln+1 are always strictly greater than 1, it follows that the
basin of the sequence (f̃n) is contained in the l0-image of the basin of the sequence
(fn). The other direction follows from the fact that the coefficients of the maps
ln grow at a strictly lower rate than the rate at which orbits are contracted to the
origin by the sequence (fn).

Step 2: Connecting the trains.

The following is a direct consequence of Lemma 3.17:
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Theorem 3.35. Let (fn) be a bounded sequence of automorphisms of C2 whose
linear parts are of the form (z, w) 7→ (anz, bnw) and whose order of contact is k.
Suppose that |an| ≥ |bn| for all n = 0, 1, . . .. Then there exists bounded sequences
(hn) and (gn) such that gn ◦ hn = hn+1 ◦ fn +O(k + 1) for all n. Here, the maps
gn can be chosen to be lower triangular maps, and the maps hn can be chosen to
be of the form (z, w) 7→ Id + h.o.t..

Even without the condition |an| ≥ |bn| we can always change coordinates such
that the maps fn become of the form

fn(z, w) = (anz + cnw
k, bnw + dnz

k) +O(k + 1).

Hence we may assume that our maps are all of this form. We outline the proof of
Theorem 3.35. Our goal is to find sequences (gn) and (hn) such that the following
diagram commutes up to degree k.

C2 f0−−−−→ C2 f1−−−−→ C2 f2−−−−→ · · ·yh0

yh1

yh2

C2 g0−−−−→ C2 g1−−−−→ C2 g2−−−−→ · · ·

Here, hn will be of the form

hn : (z, w) 7→ (z + αnw
k, w), (3.5.2)

and gn will be of the form

gn : (z, w) 7→ (anz, bnw + γnz
k). (3.5.3)

We need that
hn = g−1

n ◦ hn+1 ◦ fn +O(k + 1).

It is clear that given the map hn+1 we can always choose gn such that hn is of the
form (3.5.2), and that this map gn is unique. Hence we can view αn as a function
of αn+1. In fact, this function is affine and given by

αn =
bkn
an
αn+1 +

cn
an
,

or equivalently

αn+1 =
an
bkn
αn +

cn
bkn
.

Note that both coefficients of these affine maps are uniformly bounded from above
in norm, and that |an

bkn
| ≥ 1

D . It follows that there exists a unique bounded orbit

for this sequence of affine maps. In other words, we can choose a sequence (hn)
whose k-th degree terms are uniformly bounded. It follows directly that the maps
gn are also uniformly bounded, which completes the proof.
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Moreover, we note that we have much more flexibility if we have a sequence
of intervals (Ij) (with j odd) and we want to find sequences (hn) and (gn) on
each Ij that are uniformly bounded over all j. In fact for each interval Ij we can
start with any value for αrj−1 and inductively define the maps hn backwards. We
merely need to choose uniformly bounded starting values αrj−1.

The entire story works just the same for the intervals Ij with j even. In this
case we have that |an| ≤ |bn|, so we work with maps hn and gn of the form

hn : (z, w) 7→ (z, w + βnz
k),

and
gn : (z, w) 7→ (anz + δnw

k, bnw).

The only matter to which we should pay attention is what happens where the
different intervals are connected. Hence let us look at the following part of the
commutative diagram

· · ·
frj−2

−−−−→ C2
frj−1

−−−−→ C2
frj−−−−→ C2

frj+1

−−−−→ · · ·y yhrj−1

yhrj yhrj+1

· · ·
grj−2

−−−−→ C2
grj−1

−−−−→ C2
grj−−−−→ C2

grj+1

−−−−→ · · ·

We consider the case where j is odd and j + 1 even; the other is similar. Imagine
that we have constructed the maps hn and gn on the interval Ij+1. Then hrj is of
the form

hrj : (z, w) 7→ (z, w + βrjz
k).

As before we can find grj−1 such that the map hrj−1 given by g−1
rj−1 ◦ hrj ◦ frj−1

is of the form
hrj−1 : (z, w) 7→ (z + αrj−1w

k, w).

We note that while the map grj−1 does depend on the coefficient βrj , the coefficient
αrj−1 (and equivalently also the map hrj−1) only depends on the coefficients of
frj−1 and not on those of hrj . Hence we can find uniformly bounded maps hn on
each of the intervals, and therefore also uniformly bounded maps gn, which are
lower triangular for n in each interval [pj , rj) with j odd, and upper triangular
when j is even. This completes the proof of Theorem 3.3.

3.6 Proof in the general case

In what follows we drop our assumption of diagonality of the linear parts of the
maps fn. Our approach will be different this time. We will not able to use
linear maps ln as we did in the diagonal setting. The problem is that trying to
keep bounded off-diagonal terms in the linear parts of the maps f̃n places strong
restrictions on the maps ln, even if we use lower-triangular matrices instead of
diagonal matrices.
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Our solution will be to change coordinates to lower triangular maps gn imme-
diately, but this comes at severe cost. The coefficients of the maps gn and hn will
grow exponentially with n. What saves the day is that we can find sequences (gn)
and (hn) for which the coefficients are bounded at the start and end of each train.
This gives us estimates on the coefficients of all (gn) and (hn), which turn out to
be sufficient under the additional assumption that

D11/5 < C.

Our plan for proving Theorem 3.4 is the following: We use the trains defined
in Definition 3.23, where we pick k such that k < 11

5 and Dk < C, and set x = 3
2 .

Then we will analyze the conditions on the coefficients of the maps (gn) and (hn)
that arise from the commutative diagram. We prove that it is possible to chose a
specific sequence of maps for which the coefficients remain bounded at the start
and end of each train. In the rest of the paper we assume that we have made such
a choice of maps.

In the second step we find an estimate for the growth of the coefficients of
(gn) and (hn) in the middle of trains, and show that the basin of the sequence
(gn) is equal to C2. In the third step we use the usual construction of the maps
Φn. Most work goes into proving that these maps converge on compact subsets
to a holomorphic map Φ from the basin of the sequence (fn) to the basin of the
sequence Ω(gn). We end by showing that Φ is the required biholomorphism.

The choice of x we made seems rather random, but it turns out that the exact
value of x does not influence our result. The bottleneck of our estimates on the
quadratic coefficients of (gn) and (hn), depends on estimates on the wagons and
the length of the trains. When x increases, the estimates on the wagons (Lemma
3.24) get weaker while the trains get longer. These effects cancel out.

Step 1: Exploring new coordinates

Instead of first conjugating with linear maps (ln) as we did in the diagonal case,
we will immediately conjugate (on each train j) with maps hjn (for n ∈ [pj , pj+1])
of the form

hjn(z, w) = (z, w) + (jα0,2
n w2 + jα1,1

n zw + jα2,0
n z2, jβ0,2

n w2 + jβ1,1
n zw + jβ2,0

n z2)

We will obtain a diagram of the form

· · ·
fpj−2

−−−−→ C2
fpj−1

−−−−→ C2 Mj−−−−→ C2
fpj−−−−→ C2

fpj+1

−−−−→ C2
fpj+2

−−−−→ · · ·y yhj−1
pj−1

yhj−1
pj

yhjpj yhjpj+1

yhjpj+2

· · ·
gpj−2

−−−−→ C2
gpj−1

−−−−→ C2 Mj−−−−→ C2
gpj−−−−→ C2

gpj+1

−−−−→ C2
gpj+2

−−−−→ · · ·

which will commute up to degree two. We write

fn(z, w) = (anz, bnw + cnz) + (

∞∑
m=2

m∑
i=0

di,m−in ziwm−i,

∞∑
m=2

m∑
i=0

ei,m−in ziwm−i)
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as usual. The maps gn will be lower triangular of the form

gn(z, w) = (anz, bnw + cnz + dnz
2).

Fix j for now, and drop the indices j in hjn.

Note that hn(z) = g−1
n ◦ hn+1 ◦ fn(z) + O(||z||3). This gives us the following

relations between the quadratic coefficients of hn and hn+1:

α0,2
n =

b2n
an
· α0,2

n+1 + x0,2
n ,

α1,1
n = bn · α1,1

n+1 + r1,1
n (α0,2

n+1) + x1,1
n ,

α2,0
n = an · α2,0

n+1 + r2,0
n (α0,2

n+1, α
1,1
n+1) + x2,0

n ,

β0,2
n = bn · β0,2

n+1 + s0,2
n (α0,2

n+1) + y0,2
n ,

β1,1
n = an · β1,1

n+1 + s1,1
n (α0,2

n+1, α
1,1
n+1, β

0,2
n+1) + y1,1

n ,

β2,0
n =

a2
n

bn
· β2,0

n+1 + s2,0
n (α0,2

n+1, α
1,1
n+1, α

2,0
n+1, β

0,2
n+1, β

1,1
n+1) + y2,0

n −
dn
bn
.

Here the rn’s and sn’s are linear functions with coefficients bounded by 4D
2

C2 , and
the constants xn and yn have the same bound. We will usually drop the variables
in the functions rn and sn.

Given hpj+1 , we can now set

dn = a2
n · β

2,0
n+1 + bns

2,0
n (α0,2

n+1, α
1,1
n+1, α

2,0
n+1, β

0,2
n+1, β

1,1
n+1) + bny

2,0
n (3.6.1)

for pj ≤ n < pj+1. Then β2,0
n will be zero for these values of n.

The values of α0,2
n up to β1,1

n can be studied using the relations above. We know

that |an| and |bn| are at most D < 1. The value of
∣∣∣ b2nan ∣∣∣ is small on average, by

the choice of our trains. Therefore, when we start with hpj+1 and work backwards,
the quadratic constants α0,2

n up to β1,1
n should not get too big. This is made more

precise in the lemma below.

For that lemma, pick 0 < ε < min
{

11−5k
4 , 5−2k

3 , 3−k
2

}
, which is possible since

we assumed that k < 11
5 .

Lemma 3.36. For any δ > 0, there exists a constant X = X(C,D, ε, δ) inde-
pendent of j, such that if |α0,2

pj+1
|, . . . , |β1,1

pj+1
| are all bounded by X, then for all

n ∈ [pj , pj+1] we have:

|α0,2
n |, . . . , |β1,1

n | ≤ Y X max
n≤s≤t≤pj+1

{∣∣∣∣∣b2−εt,s

at,s

∣∣∣∣∣ · |as,n|1−ε
}
·max

{
δ,Dε(pj+1−n)/2

}
,

where Y = Y (C,D, ε) is a constant independent of both j and δ.
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Proof. We use backwards induction on n to prove the following slightly stronger
statements one by one:

|α0,2
n | ≤ X max

n≤t≤pj+1

{∣∣∣∣∣b2−εt,n

at,n

∣∣∣∣∣
}

max
{
δ,Dε(pj+1−n)/2

}
,

|α1,1
n |, |β0,2

n | ≤ Y1X max
n≤s≤t≤pj+1

{∣∣∣∣∣b2−εt,s

at,s

∣∣∣∣∣ · |bs,n|1−ε
}

max
{
δ,Dε(pj+1−n)/2

}
,

|α2,0
n |, |β1,1

n | ≤ Y2X max
n≤r≤s≤t≤pj+1

{∣∣∣∣∣b2−εt,s

at,s

∣∣∣∣∣ |bs,r · ar,n|1−ε
}

max
{
δ,Dε(pj+1−n)/2

}
,

where we use the constants X = 4D2

C2δ(1−Dε/2)
, Y1 = 4D2

C2C1−εDε/2(1−Dε/2)
+ 1 and

Y2 = Y1 ·
(

8D2

C2C1−εDε/2(1−Dε/2)
+ 1
)

.

The case n = pj+1 is stated in the assumptions, so we can start our backwards
induction. Suppose that the first inequality holds for n+ 1. Then we find that

|α0,2
n | =

∣∣∣∣ b2nanα0,2
n+1 + x0,2

n

∣∣∣∣
≤
∣∣∣∣ b2nan

∣∣∣∣ ·X · max
n+1≤t≤pj+1

{∣∣∣∣∣ b
2−ε
t,n+1

at,n+1

∣∣∣∣∣
}
·max

{
δ,Dε(pj+1−n−1)/2

}
+ 4

D2

C2
.

Now use that
∣∣∣ b2nan ∣∣∣ = |bn|ε ·

∣∣∣ b2−εn

an

∣∣∣ and |bn|ε ≤ Dε/2 ·Dε/2 to obtain

|α0,2
n | ≤ X max

n+1≤t≤pj+1

{∣∣∣∣∣b2−εt,n

at,n

∣∣∣∣∣
}
·max

{
δ,Dε(pj+1−n)/2

}
,

for X as stated above. The other two cases are proved similarly and are left for
the reader. For the upper bound on |α1,1

n |, |α2,0
n |, |β0,2

n | and |β1,1
n | we note that

max
n≤r≤s≤t≤pj+1

{∣∣∣∣∣b2−εt,s

at,s

∣∣∣∣∣ · |bs,r|1−ε|ar,n|1−ε
}

= max
n≤s≤t≤pj+1

{∣∣∣∣∣b2−εt,s

at,s

∣∣∣∣∣ · |as,n|1−ε
}
.

We obtain the following similar estimate on the coefficients of g.

Corollary 3.37. If the assumptions of Lemma 3.36 are satisfied, and |β2,0
pj+1
| ≤ X,

then for all n ∈ [pj , pj+1) we have that |β2,0
n | = 0, and

|dn| ≤
4D2

C2
(6Y X + 1) · max

n+1≤s≤t≤pj+1

{∣∣∣∣∣b2−εt,s

at,s

∣∣∣∣∣ · |as,n+1|1−ε
}
.
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Proof. The first statement follows directly from the choice of dn in (3.6.1). For
the second statement, we have

|dpj+1−1| = |a2
pj+1−1 · β2,0

pj+1
+ bpj+1−1s

2,0
pj+1−1 + bpj+1−1y

2,0
pj+1−1| ≤

4D2

C2
(6Y X + 1).

For n ∈ [pj , pj+1 − 1) we similarly have

|dn| ≤
4D2

C2
(5Y X + 1) max

n+1≤s≤t≤pj+1

{∣∣∣∣∣b2−εt,s

at,s

∣∣∣∣∣ · |as,n+1|1−ε
}
.

In the following lemma we will give an upper bound for

max
pj≤s≤t≤pj+1

{∣∣∣∣∣b2−εt,s

at,s

∣∣∣∣∣ · |as,pj |1−ε
}
,

which plays an important role in the above estimates. This allows us to estimate
the quadratic terms at the beginning of train j.

Lemma 3.38. We have

max
pj≤s≤t≤pj+1

{∣∣∣∣∣b2−εt,s

at,s

∣∣∣∣∣ · |as,pj |1−ε
}
≤ K3,

where K3 = K3(C,D, k, x) is a constant independent of j.

Proof. Suppose that pj ≤ s ≤ t ≤ pj+1 and look at

∣∣∣∣ b2−εt,s

at,s

∣∣∣∣ · |as,pj |1−ε. We consider

the cases t ≥ qj and t ≤ qj separately.

Case I: t ≥ qj .

We have∣∣∣∣∣b2−εt,s

at,s

∣∣∣∣∣ · |as,pj |1−ε ≤ max
qj≤i≤t

{∣∣∣∣∣b
2−ε
t,i

at,i

∣∣∣∣∣
}
· max
pj≤i≤qj

{∣∣∣∣∣b
2−ε
qj ,i

aqj ,i

∣∣∣∣∣ · |ai,pj |1−ε
}
. (3.6.2)

Now notice that ∣∣∣∣∣b
2−ε
t,i

at,i

∣∣∣∣∣ ≤ D(2−ε)(t−i)

Dk(t−i) ≤ D−(k−2+ε)(t−i), (3.6.3)

and since qj ≤ i ≤ t ≤ pj+1, Lemma 3.24(ii) gives us also∣∣∣∣∣b
2−ε
t,i

at,i

∣∣∣∣∣ =

∣∣∣∣ bxt,iat,i

∣∣∣∣ · |b2−x−εt,i | ≤ D(t−i)(2−x−ε) ·D−2j+1

. (3.6.4)

Note that when t − i increases, the first estimate will increase while the second
estimate will decrease. The estimates are equal when D−(k−x)(t−i) = D−2j+1

,
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which is when t − i = 2j+1

k−x . Using estimate (3.6.3) for t − i ≤ 2j+1

k−x and the

estimate (3.6.4) when t− i ≥ 2j+1

k−x , we get:

max
qj≤i≤t

{∣∣∣∣∣b
2−ε
t,i

at,i

∣∣∣∣∣
}
≤ D−2j+1· k−2+ε

k−x . (3.6.5)

To estimate the second term in the product in (3.6.2), use Theorem 3.28 to see that∣∣∣∣ bqj,iaxqj,i

∣∣∣∣ ≤ K2, when pj ≤ i ≤ qj . And by Lemma 3.24 we know that qj − pj ≥ 2j

k−x .

Combining these facts gives∣∣∣∣∣b
2−ε
qj ,i

aqj ,i

∣∣∣∣∣ · |ai,pj |1−ε ≤
∣∣∣∣∣ bqj ,iaxqj ,i

∣∣∣∣∣
1/x

· |bqj ,i|1−ε|ai,pj |1−ε ≤ K
1/x
2 ·D

1−ε
k−x ·2

j

.

Since ε < 5−2k
3 we obtain∣∣∣∣∣b2−εt,s

at,s

∣∣∣∣∣ · |as,pj |1−ε ≤ max
qj≤i≤t

{∣∣∣∣∣b
2−ε
t,i

at,i

∣∣∣∣∣
}
· max
pj≤i≤qj

{∣∣∣∣∣b
2−ε
qj ,i

aqj ,i

∣∣∣∣∣ · |ai,pj |1−ε
}

≤ D−2j+1· k−2+ε
k−x ·K1/x

2 ·D
1−ε
k−x ·2

j

≤ K1/x
2 .

(3.6.6)

Case II: t ≤ qj .

By Theorem 3.28 we have

∣∣∣∣ bt,pjaxt,pj

∣∣∣∣ ≤ K2D
− k−xx (t−pj), and therefore

∣∣∣∣∣b2−εt,s

at,s

∣∣∣∣∣ · |as,pj |1−ε =

∣∣∣∣∣ bt,pjaxt,pj

∣∣∣∣∣
1
2

· |at,pj |
x−1
2 ·

∣∣∣∣∣∣b
3
2−ε
t,s

a
1
2
t,s

∣∣∣∣∣∣ ·
∣∣∣∣∣a

3
2−ε
s,pj

b
1
2
s,pj

∣∣∣∣∣
≤ K

1
2
2 ·D−

k−x
2x (t−pj) ·D

x−1
2 (t−pj) · D

( 3
2−ε)(t−pj)

D(k/2)(t−pj)

≤ K
1
2
2 ,

where we used that k < x2 and ε < 3−k
2 . Setting K3 = K

1/x
2 now gives us the

desired result.

Suppose we are now given hjpj and set hj−1
pj = M−1

j ◦ hjpj ◦Mj . Recall that the
Mj are unitary matrices arising from the definition of the trains. A consequence
of the fact that each map has at most 6 quadratic terms is the following.

Lemma 3.39. If the coefficients of hjpj are bounded by R > 0, then the coefficients

of hj−1
pj are bounded by 24R.
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Proof. We know that ‖hjpj (z, w) − (z, w)‖ ≤ 6R · ‖(z, w)‖2. Since Mj is unitary
we obtain

‖hj−1
pj (z, w)− (z, w)‖ = ‖

(
hjpj − id

)
(Mj(z, w))‖

≤ 6R · ‖Mj(z, w)‖2

= 6R · ‖(z, w)‖2

The lemma follows.

The following is now an immediate consequence of Lemmas 3.36, 3.38 and 3.39.

Corollary 3.40. If δ > 0 is chosen sufficiently small, and j0 is sufficiently large,
then for all j ≥ j0 we have that if the coefficients of hjpj+1

are bounded by X, then

the coefficients of hj−1
pj are bounded by X.

With this lemma, we now have all ingredients to actually define the sequence
(hn). Let S ⊂ C6 be the compact set of all second degree polynomials of the form
h = Id + O(2) with second degree coefficients bounded by X. By Lemmas 3.36,
3.39 and Corollary 3.40, a choice of hj = hjpj+1

∈ S uniquely determines a map

ψj−1(hj) := hj−1
pj . For every i we define

Vi =
⋂
j≥i

ψi ◦ . . . ψj(S).

Each Vi is a decreasing intersection of non-empty compact sets, and hence non-
empty and compact. By continuity of each ψi it follows that

Vi = ψi(Vi−1).

Therefore, there exists an inverse orbit of the sequence ψ0, ψ1, . . .. That is, a
sequence h0, h1, . . . in S with ψi(hi+1) = hi. Thus we have proved the following.

Theorem 3.41. We can find sequences (hn) and (gn) with coefficients that are
bounded by X at the start and end of every train j, where j ≥ j0.

Step 2: Properties of these new coordinates.

What remains to show is that the construction from the previous step gives a
basin Ω(gn) which is on the one hand equal to all of C2, and on the other hand
equivalent to the basin Ω(fn). In order to draw these conclusions we will need finer
estimates on the size of the coefficients of the maps hn and gn.

Lemma 3.42. For n ∈ [pj , pj+1) we have

max
n≤s≤t≤pj+1

{∣∣∣∣∣b2−εt,s

at,s

∣∣∣∣∣ · |as,n|1−ε
}
≤ K3 ·D−2n(k−2+ε),

where K3 = K3(C,D, k, x) as in Lemma 3.38.
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Proof. First, note that

max
n≤s≤t≤pj+1

{∣∣∣∣∣b2−εt,s

at,s

∣∣∣∣∣ · |as,n|1−ε
}
≤ max
n≤s≤t≤pj+1

{∣∣∣∣∣b2−εt,s

at,s

∣∣∣∣∣
}
.

Now suppose pj ≤ n ≤ s ≤ t ≤ pj+1. As in the proof of Lemma 3.38, we can
distinguish several cases:

(I) qj ≤ s ≤ t ≤ pj+1

(II) pj ≤ s ≤ qj ≤ t ≤ pj+1

(III) pj ≤ s ≤ t ≤ qj

In case (I), the proof of Lemma 3.38 gives us equation 3.6.5, which implies that∣∣∣∣∣b2−εt,s

at,s

∣∣∣∣∣ ≤ D−2j+1· k−2+ε
k−3/2 . (3.6.7)

For case (II), we can use equation 3.6.5 again to see that∣∣∣∣∣ b
2−ε
t,qj

at,qj

∣∣∣∣∣ ≤ D−2j+1· k−2+ε
k−3/2 .

Next, Theorem 3.28 shows that∣∣∣∣∣ b2−εqj ,s

aqj ,s

∣∣∣∣∣ ≤
∣∣∣∣∣ b

1/x
qj ,s

aqj ,s

∣∣∣∣∣ ≤ K1/x
2 = K3.

Combining these estimates gives∣∣∣∣∣b2−εt,s

at,s

∣∣∣∣∣ ≤ K3 ·D−2j+1· k−2+ε
k−3/2 . (3.6.8)

For the remaining case (III) we can once again apply Theorem 3.28:∣∣∣∣∣b2−εt,s

at,s

∣∣∣∣∣ =

∣∣∣∣ bt,saxt,s

∣∣∣∣1/x · |bt,s|2− 1
x−ε ≤ K1/x

2 D−2j x+1

x2 D(t−s)(2−ε− 1
x ). (3.6.9)

On the other hand, we have the easy estimate∣∣∣∣∣b2−εt,s

at,s

∣∣∣∣∣ ≤ D(t−s)(2−ε)

Ct−s
≤ D(t−s)(2−ε)

Dk(t−s) = D−(k−2+ε)(t−s). (3.6.10)
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Note that as t− s increases, estimate 3.6.9 will decrease while estimate 3.6.10 will

increase. When t− s ≤ 2j+1

k−x , we can therefore use estimate 3.6.10 to get∣∣∣∣∣b2−εt,s

at,s

∣∣∣∣∣ ≤ D−(k−2+ε)(t−s) ≤ D−
k−2+ε
k−x 2j+1

.

And when t− s ≥ 2j+1

k−x , estimate 3.6.9 shows that∣∣∣∣∣b2−εt,s

at,s

∣∣∣∣∣ ≤ K1/x
2 D−2j x+1

x2 D(t−s)(2−ε− 1
x ) ≤ K1/x

2 D−2j x+1

x2 D
2−ε−1/x
k−x 2j+1

= K
1/x
2

(
D−2j+1

) x+1

2x2
− 2−ε−1/x

k−x
= K

1/x
2

(
D−2j+1

) 5k
9
− 13

6
+ε

k−x

≤ K1/x
2 = K3,

since k < 11
5 and x = 3

2 . So we can conclude Case (III) with∣∣∣∣∣b2−εt,s

at,s

∣∣∣∣∣ ≤ K3D
− k−2+ε

k−x 2j+1

. (3.6.11)

Finally note that n ≥ pj ≥ q0 +
∑j−1
i=1 (qi − pi) ≥ 2

k−x +
∑j−1
i=1

2i

k−x = 2j

k−x by
Lemma 3.24. Combining this with equations 3.6.7, 3.6.8 and 3.6.11 proves that∣∣∣∣∣b2−εt,s

at,s

∣∣∣∣∣ ≤ K3D
−2j+1· k−2+ε

k−x ≤ K3D
−2n(k−2+ε).

Lemmas 3.42 and 3.36 and Corollary 3.37 now give us an easy estimate on the
coefficients of our maps hjn and gn.

Corollary 3.43. For n ∈ [pj , pj+1] and j ≥ j0, all quadratic coefficients of the
maps gn and hjn are bounded by

4D2K3

C2
(6Y X + 1) ·D−2n(k−2+ε).

Since there are only finitely many functions for j < j0, we can now pick a large
constant Z such that the quadratic coefficients of all maps gn and hjn are bounded
by

Z ·D−2n(k−2+ε).

Using these estimates, we can find Ω(gn):

Lemma 3.44. The basin of the sequence g1, . . . gp1−1,M1, gp1 , . . . as constructed
is equal to C2.
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Proof. Let Gj = Mj ◦ gpj+1,pj and write Gj,i = Gj−1 ◦ . . . ◦ Gi as usual. For
n ∈ [pj , pj+1), we have gn(z) = Ln(z) +

(
0, dnz

2
1

)
, where Ln is the linear part of

f . Hence we have

gpj+1,pj (z) = Lpj+1,pj (z) +

0,

pj+1−1∑
i=pj

bpj+1,i+1dia
2
i,pjz

2
1

 .

By Corollary 3.37, we know that

|di| ≤ Z max
i+1≤s≤t≤pj+1

{∣∣∣∣∣b2−εt,s

at,s

∣∣∣∣∣ |as,n|1−ε
}
,

for i ∈ [pj , pj+1). Therefore we find∣∣∣∣∣∣
pj+1−1∑
i=pj

bpj+1,i+1dia
2
i,pj

∣∣∣∣∣∣ ≤
pj+1−1∑
i=pj

Z|bpj+1,i+1|
1
2 |ai,pj |2 max

i+1≤s≤t≤pj+1


∣∣∣∣∣∣b

5
2−ε
t,s

at,s

∣∣∣∣∣∣ |as,n|1−ε


≤
pj+1−1∑
i=pj

Z|bpj+1,i+1|
1
2 |ai,pj |2

≤
pj+1−1∑
i=pj

Z

C
D

pj+1−pj
2 Di−pj

≤ Z

C(1−D)
D

2j−1

k−x ,

where the last step follows by Lemma 3.24(iii). Given z ∈ C2 we write Rj =
‖Gj,0(z)‖. Since Mj is unitary, we obtain

Rj+1 ≤ D
2j

k−xRj +
Z

C(1−D)
D

2j−1

k−x R2
j .

Hence we have the following two cases.

(a) If Rj ≤ D
2j−1

k−x : Rj+1 ≤
(

1 + Z
C(1−D)

)
D

2j

k−xRj .

(b) If Rj > D
2j−1

k−x : Rj+1 ≤
(

1 + Z
C(1−D)

)
D

2j−1

k−x R2
j .

Let j1 be such that
(

1 + Z
C(1−D)

)
D

2j1−1

k−x < 1
2 . Then we can derive from (a) that

for j ≥ j1 and Rj ≤ D
2j−1

k−x we have

Rj+1 ≤
1

2
D

2j

k−x .

Hence if Rj ≤ D
2j−1

k−x for some j ≥ j1, then the same holds for all larger j.
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Suppose for the purpose of a contradiction that Rj > D
2j−1

k−x for each j ≥ j1.
Then for j ≥ j1 we have:

Rj+1 ≤
(

1 +
Z

C(1−D)

)
D

2j−1

k−x R2
j

≤
(

1

2

)2j−j1

R2
j .

Hence for all j ≥ j1 sufficiently large we have

Rj = ‖Gj,j1 (Gj1,0(z)) ‖ ≤
(

1

2

)(j−j1)2j−1−j1

(Rj1)2j−j1 ≤ D
2j−1

k−x .

This contradicts the assumption that Rj > D
2j−1

k−x for each j ≥ j1. Hence there

exists jz ≥ j1 such that Rj ≤ D
2j−1

k−x for all j ≥ jz.
Now let n ∈ [pj , pj+1) and j ≥ jz, and recall that

gn,pj (z) = Ln,pj (z) +

0,

n−1∑
i=pj

bn,i+1dia
2
i,pjz

2
1

 .

Using Lemma 3.42 and its proof we find

|bn,i+1dia
2
i,pj | ≤ Z ·D

−2j+1 k−2+ε
k−x |ai,pj |,

and hence

|
n−1∑
i=pj

bn,i+1dia
2
i,pj | ≤

Z

1−D
D−2j+1 k−2+ε

k−x .

For j ≥ jz and n ∈ [pj , pj+1) we therefore find that

‖gn,1(z)‖ = ‖gn,pj (Gj(z)) ‖

≤ Dn−pjD
2j−1

k−x +
Z

1−D
D−2j+1 k−2+ε

k−x

(
D

2j−1

k−x

)2

≤ D
2j−1

k−x +
Z

1−D
D2j+1 −k+5/2−ε

k−x .

Since ε < 5−2k
2 , we see that ‖gn,1(z)‖ → 0 as n → ∞, which completes the

proof.

Step 3: The biholomorphism.

What is left to show is that the basins of the sequences

f0, . . . fp1−1,M1, fp1 , . . . fp2−1,M2, fp2 , . . .
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and

g0, . . . gp1−1,M1, gp1 , . . . gp2−1,M2, gp2 , . . .

are equivalent. We can simplify notation by composing the matrices Mj with
neighboring functions. Define:

f̄n =

{
fpj ◦Mj if n = pj

fn if n /∈ {p1, p2, . . .}
(3.6.12)

ḡn =

{
gpj ◦Mj if n = pj

gn if n /∈ {p1, p2, . . .}
(3.6.13)

h̄n = hjn if n ∈ [pj + 1, pj+1] (3.6.14)

Hence from now on we need to study the basins of the sequences (f̄n) and (ḡn).
We note that the sequence (f̄n) still satisfies

C‖z‖ ≤ ‖f̄n(z)‖ ≤ D‖z‖

for z ∈ B. The following diagram commutes up to degree 2:

C2 f̄0−−−−→ C2 f̄1−−−−→ C2 f̄2−−−−→ C2 f̄3−−−−→ C2 f̄4−−−−→ C2 f̄5−−−−→ · · ·yh̄0

yh̄1

yh̄2

yh̄3

yh̄4

yh̄5

C2 ḡ0−−−−→ C2 ḡ1−−−−→ C2 ḡ2−−−−→ C2 ḡ3−−−−→ C2 ḡ4−−−−→ C2 ḡ5−−−−→ · · ·

As usual we define

Φn := ḡ−1
n,0 ◦ h̄n ◦ f̄n,0.

It will also be convenient to write

φn,m = ḡ−1
n,m ◦ h̄n ◦ f̄n,m.

Our goal is to show that the sequence (Φn) converges, uniformly on compact
subsets of the basin Ω(f̄n), to an isomorphism from Ω(f̄n) to Ω(ḡn) = C2. In order
to accomplish this we need a number of estimates.

Pick a constant λ < 1 such that Dk < λC, and define the radius

rn = min

{
(1− λ)C2

2Z
D2n(k−2+ε),

1

48Z
·D2n(k−2+ε),

1

2
D

4n(k−2+ε)
3−k

}
.

All estimates for f̄n, ḡn and h̄n will be valid on B(0, rn).

Lemma 3.45. For n ∈ N and z, w ∈ B(0, rn), we have

‖ḡ−1
n (z)− ḡ−1

n (w)‖ ≤ 1

λC
‖z − w‖.
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Proof. Writing gn(z1, z2) = Ln(z1, z2) + (0, dnz
2
1), we obtain

g−1
n (z1, z2) = L−1

n (z1, z2) +

(
0,
−dn
a2
nbn

z2
1

)
.

And hence for two points z, w ∈ C2 we get

‖g−1
n (z)− g−1

n (w)‖ = ‖L−1
n (z − w) +

−dn
a2
nbn

(
0, z2

1 − w2
1

)
‖

≤ 1

C
‖z − w‖+

|dn|
C3
‖z − w‖ · ‖z + w‖

≤ 1

C
‖z − w‖ ·

(
1 +

ZD−2n(k−2+ε)

C2
‖z + w‖

)
Using our assumptions on λ < 1, ‖z‖ and ‖w‖ we have

‖g−1
n (z)− g−1

n (w)‖ ≤ 1

λC
‖z − w‖ · (λ+ λ(1− λ)) ≤ 1

λC
‖z − w‖.

Since the matrices Mj are unitary we immediate obtain the same estimates for the
maps ḡn.

Lemma 3.46. Let n ∈ N. If z ∈ B(0, rn), we have

‖h̄n(z)‖ ≤ 2‖z‖.

The proof follows immediately from our estimates on the coefficients of the
maps hn.

Lemma 3.47. There exists a constant M > 0 such that for all n ∈ N and z ∈
B(0, rn), we have

‖h̄n(z)− ḡ−1
n ◦ h̄n+1 ◦ f̄n(z)‖ ≤M · ‖z‖k.

Proof. Recall that the linear and quadratic parts of the map ḡ−1
n ◦ h̄n+1 ◦ f̄n are

exactly equal to h̄n. Therefore we need to find estimates on the higher order terms
of ḡ−1

n ◦ h̄n+1 ◦ f̄n. Since the matrices Mj are unitary, we can work with the f ’s,
g’s and h’s instead.

As the maps fn are uniformly attracting, it follows from the Cauchy-estimates
that the degree m terms of fn are bounded by D(

√
2)m.

A tedious but straightforward computation shows that the third order part is
bounded by

19D2Z2

C3
D−4n(k−2+ε)34

√
2

3
‖(z1, z2)‖3,

and the part of degree ` ≥ 4 is bounded by

28D2Z3

C3
D−6n(k−2+ε)`5

√
2
`
‖(z1, z2)‖`.

Plugging in our bound on ‖z‖ we obtain the required estimate.
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Our next goal is to combine the estimates above to prove that ϕn,m is close
to h̄m on some neighborhood of the origin. To achieve this, we need to make sure
that we can apply our estimates every step of the way. Therefore, we define a new
constant

sn =

(
M

1− Dk

λC

+ 2

)−1

rn,

to give ourselves some wiggle room.

Since k < 11
5 and ε < 11−5k

4 , we have 4(k−2+ε)
3−k < 1. Therefore sn

Dn increases

exponentially and Dsn < sn+1. So if z ∈ B(0, sn) then f̄n(z) ∈ B(0, sn+1). This is
the point where we have really used that k < 11

5 .

Write Vu = f̄−1
u,1 (B(0, 1)) for u ∈ N. Next, let v(u) ∈ N be minimal such that

Dv(u)−u < sv(u). (3.6.15)

For any m ≥ v(u) and z ∈ Vu, we now have ‖f̄m,1(z)‖ = ‖f̄m,u
(
f̄u,1(z)

)
‖ ≤

Dm−u ≤ sm.

Lemma 3.48. For all m,n ∈ N and w ∈ B(0, sm) we have

(i) ‖ϕn+m,m (w)− h̄m(w)‖ ≤
(

M

1−DkλC

)
‖w‖k,

(ii) ‖ϕn+m,m(w)‖ ≤
(

M

1−DkλC
+ 2

)
‖w‖.

Proof. We prove both statements simultaneously by induction on n. For n = 0
the first statement is trivial, and the second statement follows immediately from
lemma 3.46.

Now assume that n ∈ N is such that both statements hold for all m ∈ N and
w ∈ B(0, sm). We fix m ∈ N and w ∈ B (0, sm).

We have f̄m(w) ∈ B (0, sm+1), so by our induction hypothesis, we know that
the lemma also holds for n, m + 1 and f̄m(w). Since ‖f̄m(w)‖ ≤ sm+1, Lemma
3.46 shows that ‖h̄m ◦ f̄m(w)‖ ≤ 2sm+1 ≤ rm+1. This puts us into position to
apply Lemma 3.45:

‖ϕm+(n+1),m(w)− ḡ−1
m ◦ h̄m+1

(
f̄m(w)

)
‖

=‖ḡ−1
m

(
ϕ(m+1)+n,m+1

(
f̄m(w)

))
− ḡ−1

m

(
h̄m+1

(
f̄m(w)

))
‖

≤ 1

λC

(
M

1− Dk

λC

)
‖f̄m(w)‖k

≤D
k

λC

(
M

1− Dk

λC

)
‖w‖k.
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Since ‖w‖ ≤ sm ≤ rm, we can also apply Lemma 3.47 (and the triangle inequality)
to obtain

‖ϕm+(n+1),m(w)− h̄m(w)‖ ≤D
k

λC

(
M

1− Dk

λC

)
‖w‖k +M · ‖w‖k

≤

(
M

1− Dk

λC

)
‖w‖k.

Combining this with Lemma 3.46 we find that

‖ϕ−1
m+(n+1),m(w)‖ ≤

(
M

1− Dk

λC

+ 2

)
‖w‖.

Theorem 3.49. The sequence (Φn) converges uniformly on each Vu.

Proof. First, fix η > 0. Since the function ḡ−1
v(u),1 is uniformly continuous on

B̄(0, 1), we can find θ such that for all z, w ∈ B(0, 1):

‖z − w‖ < θ ⇒ ‖ḡ−1
v(u),1(z)− ḡ−1

v(u),1(w)‖ < η

2

Now pick N ∈ N such that

M

1− Dk

λC

(
Dk

λC

)N−v(u)

≤ θ.

Fix z ∈ Vu and n ≥ N . For any m ≥ v(u) we have f̄m,1(z) ∈ B(0, sm). In this
setting, Lemma 3.48(i) shows that

‖ϕn,N
(
f̄N,1(z)

)
− h̄N

(
f̄N,1(z)

)
‖ ≤

(
M

1− Dk

λC

)
Dk(N−u). (3.6.16)

And for m = v(u), v(u) + 1, . . . , v(u) +N , Lemma 3.48(ii) gives us

‖ḡ−1
N,m ◦ ϕn,N

(
f̄N,1(z)

)
‖ ≤

(
M

1− Dk

λC

+ 2

)
sm = rm,

and

‖ḡ−1
N,m ◦ h̄N

(
f̄N,1(z)

)
‖ ≤

(
M

1− Dk

λC

+ 2

)
sm = rm.

If we apply ḡ−1
v(u)+N−1 up to ḡ−1

v(u) in equation (3.6.16) and use Lemma 3.45 re-

peatedly we obtain:

‖ḡ−1
N,v(u) ◦ ϕn,N

(
f̄N,1(z)

)
− ḡ−1

N,v(u) ◦ h̄N
(
f̄N,1(z)

)
‖ ≤

(
Dk

λC

)N−v(u)
(

M

1− Dk

λC

)
< θ,



86
Chapter 3. Adaptive trains for attracting sequences of holomorphic

automorphisms

which means that

‖ϕn,v(u) ◦ f̄v(u),1(z)− ϕN,v(u) ◦ f̄v(u),1(z)‖ < θ.

Since both ϕn,v(u) ◦ f̄v(u),1(z) and ϕN,v(u) ◦ f̄v(u),1(z) lie in B(0, 1) by Lemma
3.48(ii), the definition of θ gives:

‖Φn(z)− ΦN (z)‖ = ‖ḡ−1
v(u),1

(
ϕn,v(u) ◦ f̄v(u),1(z)

)
− ḡ−1

v(u),1

(
ϕN,v(u) ◦ f̄v(u),1(z)

)
‖

≤ η/2.

For m,n ≥ N and z ∈ Vu we therefore have ‖Φn(z) − Φm(z)‖ < η, which
proves the uniform convergence on Vu.

Since Ω(f̄n) =
⋃
u Vu, Theorem 3.49 shows that the maps Φn converge uniformly

on compact subsets to a map Φ: Ω(f̄n) → C2. We will now prove that this limit

Φ maps Ω(f̄n) biholomorphically onto C2. The maps Φn are compositions of a

number of global biholomorphisms, plus a holomorphic map h̄n which is injective
on a small ball whose radius decreases with n. We first estimate the size of these
radii.

Lemma 3.50. For n ∈ N and ‖z‖ ≤ rn we have

(i) ‖Dh̄n − I‖ ≤ 1
2

(ii) h̄n is injective, and

(iii) ‖h̄n(z)‖ ≥ 1
2‖z‖.

Proof. All three statements follow from the estimates on the coefficients of hn
found earlier, and the fact that

rn ≤
1

8Z
D2n(k−2+ε).

Corollary 3.51. The map Φ is a biholomorphism.

Proof. Let u ∈ N and n ≥ v(u). Then for z ∈ Vu we have ‖f̄n,1(z)‖ ≤ rn. By
Lemma 3.50(ii) and the fact that all f̄m and ḡm are biholomorphisms, the map Φn
must be injective on Vu. Therefore Φ|Vu is a uniform limit of biholomorphisms, and
we know that DΦn(0) = I for all n. By Hurwitz’ theorem we can conclude that
Φ|Vu is also a biholomorphism. The statement follows since Ω(f̄n) is the increasing
union of the sets Vu.

The final ingredient in the proof of Theorem 3.4 is to show that Φ: Ω(f̄n) → C2

is surjective.

Lemma 3.52. For m,n ∈ N, we have

ϕm+n,m (B(0, sm)) ⊇ B
(

0,
1

4
sm

)
.
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Proof. By Lemmas 3.50(iii) and 3.48(i) it follows that

ϕm+n,m(z) ≥ 1

2
sm −

(
M

1− Dk

λC

)
skm ≥

1

4
sm,

for all z ∈ ∂B(0, sm). Now note that

f̄m+n,m (B(0, sm)) ⊆ B (0, smD
n) ⊆ B (0, sm+n) .

By Lemma 3.50(i) and the fact that all f̄s and ḡs are biholomorphisms, the map
ϕm+n,m has a nonzero Jacobian on B(0, sm), and therefore is an open mapping.
As ϕm+n,m(0) = 0, the lemma follows.

Lemma 3.53. The biholomorphism Φ: Ω(f̄n) → C2 is surjective.

Proof. Let w ∈ C2. We will show that w lies in the image of Φ.
Since Ω(ḡn) = C2, we can find t ∈ N such that ḡt,1(w) ∈ B(0, 1

4 ). Then we have

‖ḡv(t),1(w)‖ = ‖ḡv(t),t (ḡt,1) ‖ ≤ 1

4
Dv(t)−t ≤ 1

4
sv(t).

By Lemma 3.52 we now find that

ḡv(t),1(w) ∈ ϕv(t)+n,v(t)

(
B(0, sv(t))

)
,

for any n ∈ N. This implies that

w ∈ ḡ−1
v(t),1 ◦ ϕv(t)+n,v(t)

(
B(0, sv(t))

)
= Φv(t)+n

(
f̄−1
v(t),1

(
B(0, sv(t))

))
⊆ Φv(t)+n

(
f̄−1
v(t),1

(
B̄(0, sv(t))

))
,

for any n ∈ N. By the compactness of f̄−1
v(t),1

(
B̄(0, sv(t))

)
and the uniform conver-

gence of (Φn) on compact sets we have that

w ∈ Φ
(
f̄−1
v(t),1

(
B̄(0, sv(t))

))
.

With this lemma we have proved Theorem 3.4.
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Chapter 4

Fatou components of
attracting skew products

This chapter is a joint article with Han Peters. It has not yet been submitted for
publication. Note that the references have been merged into the bibliography at
the end of this thesis.

Abstract
We investigate the existence of wandering Fatou components for polynomial skew-
products in two complex variables. In 2004 the non-existence of wandering do-
mains near a super-attracting invariant fiber was shown in [52]. In 2014 it was
shown in [7] that wandering domains can exist near a parabolic invariant fiber. In
[57] the geometrically-attracting case was studied, and we continue this study here.
We prove the non-existence of wandering domains for a class of semi-hyperbolic
attracting skew products; this class contains the maps studied in [57]. Through
area estimates for sub-level sets of the Green’s function, we prove bounds on the
rate of escape of critical orbits in almost all fibers. Our main tool in describing
these critical orbits is a possibly singular linearization map of unstable manifolds.

4.1 Introduction

Sullivan’s No Wandering Domains Theorem [65] states that every Fatou component

of a rational function f : Ĉ→ Ĉ is either periodic or pre-periodic. It was recently
shown in [7] by Astorg, Buff, Dujardin, Raissy and the first author that Sullivan’s
Theorem does not hold for polynomial maps in C2. The maps constructed in [7]
are polynomial skew-products of the form

(z, w) 7→
(
f(z, w), g(w)

)
,

where f(z, w) = p(z) + q(w) and both polynomials p and g have a parabolic
fixed point at the origin. The wandering Fatou components are contained in the
parabolic basin of g.

89
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In the current project we investigate whether polynomial skew-products can
have wandering domains in the basin of an attracting fixed point of g as well.
Throughout the paper, we will assume that the first coordinate function f of the
skew-product has the form f(z) = zd + ad−1(w)zd−1 + . . . + a0(w). Recall that
in the paper on polynomial skew-products by Jonsson [45] a polynomial skew-
product is assumed to extend holomorphically to P2. We do not make this stronger
assumption here. We will prove the following.

Theorem 4.1. Let F : (z, w) 7→ (f(z, w), g(w)) be a polynomial skew product and
assume that 0 = g(0) is an attracting fixed point with corresponding basin Bg.
Further assume that the critical points of p(z) = f(z, 0) lie in the Julia set Jp and
are all pre-periodic. Then F has no wandering Fatou components contained in Bg.

Note that any Fatou component of a skew-product F must be contained in a
Fatou component of the polynomial g. Hence if F has a wandering Fatou com-
ponent, then by Sullivan’s Theorem there must be a wandering Fatou component
that is contained in a periodic Fatou component of g. This component must be
either attracting, parabolic or a Siegel disk. As mentioned before, the existence of
wandering domains in parabolic basins of g was shown in [7]. In [52], Lilov showed
that there can be no wandering Fatou components in a super-attracting basin of
g. In this work we will focus on the geometrically attracting case.

Without loss of generality we may assume that 0 = g(0) is an attracting fixed
point. Note that if we can rule out the existence of wandering domains in a small
neighborhood of {w = 0}, then it follows that there are no wandering domains
in the entire basin of attraction of 0. When working in a small neighborhood
of {w = 0} we can change coordinates so that g(w) = λw, with 0 < |λ| < 1.
A consequence is that the coefficients a0, . . . ad−1 of f are generally no longer
polynomials, but only depend holomorphically on w. This will not be an issue
for us, and in fact our results hold for g holomorphic as well. For simplicity of
notation we will continue to assume that F (z, w) = (f(z, w), λw) as a polynomial
skew-product.

The geometrically attracting case was recently studied by Vivas and the first
author in [57]. In order to state results from that paper, let us first recall in
greater detail what Lilov proved for the super-attracting case. Lilov first showed
that every 1-dimensional Fatou component of p(·) = f(·, 0) is contained in a Fatou
component of F , which we will refer to as a bulging Fatou component of p (by
slight abuse of language). Then, Lilov showed that the forward orbit of any nearby
horizontal disk must intersect a bulging Fatou component of p. By horizontal disk
we mean a disk contained in a fiber {w = w0}, and by nearby we mean that
w0 is contained in the basin of {w = 0}. The non-existence of wandering Fatou
components in a super-attracting basin of g follows immediately.

The bulging of Fatou components holds in the geometrically attracting case
as well. However, in [57] explicit attracting polynomial skew-products were con-
structed for which there are nearby horizontal disks whose forward orbits avoid
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the bulging Fatou components of p. What we show in the current work is that in
most fibers such disks cannot exist.

Proposition 4.2. Consider a skew-product

F (z, w) =
(
f(z, w), λw

)
satisfying the conditions of Theorem 4.1, with 0 < |λ| < 1. Then there is a set
E ⊂ C, of full measure near the origin, such that for every w0 ∈ E the forward
orbit of every disk in the fiber {w = w0} must intersect a bulging Fatou component
of p.

In particular, the set E is dense near the origin, so since any potential wan-
dering Fatou component moves towards the {w = 0}-fiber, Theorem 4.1 follows
immediately. Another stronger corollary is that the only Fatou components of F
are the bulging Fatou components of p. This follows immediately from the fact
that the topological degree of F equals the degree of p, hence the only Fatou com-
ponents that can be mapped onto the bulging Fatou components of p are those
bulging Fatou components.

The skew-products constructed in [57] are of the form

F (z, w) =
(
p(z) + q(w), λw

)
,

where p has only a single critical point which lies in the Julia set and is pre-periodic.
Hence the maps from [57] satisfy the conditions in Theorem 4.1.

Let us end this introduction by recalling that the proof of Sullivan’s No Wan-
dering Domains Theorem relies in an essential way on the Mapping Theorem for
quasiconformal maps. There is no known analogue for the Mapping theorem that
can be used to prove the non-existence of wandering domains in higher dimensions.
In light of the construction of wandering domains in [7], it seems unlikely that this
line of argument can be used even for polynomial skew-products. For general one-
dimensional polynomial or rational functions there is no alternative for the use of
quasiconformal maps to prove the non-existence of wandering domains. However,
for semi-hyperbolic polynomials alternative proofs that do not make use of quasi-
conformal maps do exist. It should therefore not be surprising that the family of
maps considered in this article are generalizations of semi-hyperbolic polynomials.

The outline of the proof of Proposition 4.2 is discussed in the next section. The
details are covered in Sections 4.3 through 4.7.

4.2 Outline and background

Throughout the rest of this paper, we work with a map

F (z, w) =
(
f(z, w), λw

)
,
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where |λ| < 1, f(z, w) = zd + ad−1(w)zd−1 + . . . + a0(w) and p(z) = f(z, 0). We
will write Fn for the n-th iterate of F , and we will use the convenient notation

Fn(z, w) =
(
Fn1 (z, w), Fn2 (z, w)

)
.

The orbits of the critical points play an important role in the existence of
horizontal disks that avoid the bulging Fatou components. Recall from [52] that
if the Julia set of p does not contain any critical points, then one can easily
deduce that F has no wandering Fatou components. Only the existence of the
critical points in Jp may cause horizontal disks to shrink fast enough to avoid the
bulging Fatou components. In order to isolate the problem of dealing with these
critical points, we assume that all critical points lie in Jp. We further assume that
the critical points of p are pre-periodic, which implies that they are all eventually
mapped onto repelling periodic points. It follows that Fp has only one component:
the basin of ∞.

A useful consequence of these assumptions on the critical points of p, is that
the polynomial p is then semi-hyperbolic. Recall that a polynomial is called semi-
hyperbolic if the Julia set does not contain parabolic periodic points or recurrent
critical points. It is an interesting question whether the methods introduced in this
article can be used under the more general assumption that p is semi-hyperbolic.
The existence of critical points lying in the basin of infinity or in other attracting
basins should not introduce new difficulties. However, we currently do not know
how to deal with non-recurrent critical points in Jp that are not pre-periodic.

The main idea in the proof of Proposition 4.2 is that the fibers in E are chosen
such that the critical points in the fibers {w = λnw0} escape to infinity sufficiently
fast under iterations of F . To define this idea of escaping, fix R > 0 large enough
such that

|z| > R implies that |p(z)| > 2|z|.

Let ε > 0 be such that the set

W := {(z, w) : |z| > R and |w| < ε}

is fully contained in the basin of ∞ and satisfies F (W ) ⊆ W . Fix a constant M
such that |DF | ≤M on D(0, R+ 1)×D(0, ε).

We can use Green’s function Gp to study the behavior of iterates of the one-
dimensional map p. Write Vm = {z : 0 ≤ Gp(z) ≤ d−m} for the sublevel sets
of Gp and Um = {z : Gp(z) > d−m} for their complements. By slight abuse
of notation we consider these as subsets of Cz = C × {0} ⊂ C2 as well. Since
Gp(F (z, 0)) = d ·Gp(z), points in Um must escape to W in at most N +m steps,
for some uniform N ∈ N. An elementary computation shows that the same holds
for points sufficiently close to Um:

Lemma 4.3. There exist C1 > 0 and N ∈ N such that for all m ∈ N the following
holds:

If d
(
(z, w), Um

)
< C1M

−m, then FN+m(z, w) ∈W.
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It was shown by Carleson, Jones and Yoccoz in [20] that the basin of infinity
of a semi-hyperbolic polynomial is a John domain. In Section 4.5 we will use
estimates from [20] to prove the following:

Proposition 4.10. The area of the sets Vm decreases exponentially with m.

We note that this estimate does not hold for general polynomials; for example,
it does not hold for polynomials with a parabolic periodic point. As the exponential
decay of these areas will play a crucial role in our proof, it is clear that one should
not expect our proof to work for polynomials p that are not semi-hyperbolic.

Let U ⊆ C be any neighborhood of the post-critical set of p. By using Propo-
sition 4.10 we will be able to choose fibers {w = w0} for which all critical points
in the fibers {w = λnw0} escape to infinity, with bounds on the number of steps
it takes for the orbit of such a critical point to leave U × C and land in W . As a
consequence we will obtain the following:

Proposition 4.15. There exists a set E ⊂ C, of full measure in some neigh-
borhood of the origin, with the following property: For all w ∈ E there exists a
constant C2 = C2(w,U) such that for all n ∈ N we have

#

{
z :

∂Fn1
∂z

(z, w) = 0 and Fn1 (z, w) ∈ D(0, R) \ U
}
≤ C2

√
n.

Recall that a critical point of p is eventually mapped onto a repelling periodic
point xr. Without loss of generality we may assume that xr is fixed, with multiplier
µ. The main tool for controlling the orbits of the critical points of the polynomial
skew product is a linearization map of the unstable manifold of this repelling fixed
point, given by a map Φ: C→ C that satisfies Φ(µt) = pk ◦ Φ(t) for some k ∈ N.
The construction of these linearization maps will be discussed in Section 4.3.

The bound on the number of critical points provided by Proposition 4.15 gives
us degree estimates for some proper holomorphic maps between hyperbolic Rie-
mann surfaces, which in turn can be used to obtain area-estimates, using the
following proposition, which will be proved in Section 4.7.

Proposition 4.28. There exists a uniform constant C3 > 0 such that the
following holds: Let f : D → D be a proper holomorphic map of degree d, and let
R ⊆ D have Poincaré area A. If d ·A1/2d < 1/8, then the Poincaré area of f−1(R)
will be at most C3d

3A1/d.

With these ingredients we are ready to prove our main results.

Proof of Proposition 4.2. Let E be as in Proposition 4.15, and suppose for
the purpose of a contradiction that a fiber {w = w0}, where w0 ∈ E, does contain
a disk D whose forward orbit avoids the bulging Fatou components of p. Then
the restriction of Fn to D is bounded and hence a normal family. Therefore,
there exists a subsequence Fnj such that Fnj |D converges, uniformly on compact
subsets of D, to a holomorphic map to Jp. As Jp has no interior, Fnj (D) must
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in fact converge to a point ζ ∈ Jp. After shrinking D if necessary we may assume
that the convergence of Fnj (D) to ζ is uniform.

In particular, as F (W ) ⊆ W , we know that Fn(D) will never intersect W .
It therefore follows from Lemma 4.3 that whenever |λnw0| < C1M

−m, we have
Fn1 (D) ⊆ Vm. By Proposition 4.10, we know that Area(Vm) decreases exponen-
tially. Hence there exist constants C > 1, and γ < 1 such that

Area
(
Fn(D)

)
≤ Cγn. (4.2.1)

By our assumption that the critical points in Jp are all eventually mapped
onto repelling periodic points, we may assume that ζ does not lie in the post-
critical set. So choose our open neighborhood U ⊆ Cz of the post-critical set
in such a way that ζ /∈ U , and let r > 0 be such that D(ζ, r) ∩ U = ∅. Let
J1 ∈ N be such that F

nj
1 (D) ⊆ D(ζ, r2 ) for all j ≥ J1. Define Oj to be the

connected component of (Fnj )
−1

(D(ζ, r)× {λnjw0}) that contains D. Then we
have D ⊆ Oj ⊆ D(0, R) × {w0}, and we can regard F

nj
1 : Oj → D(ζ, r) as a

one-dimensional proper holomorphic map.

Proposition 4.15 tells us that this map has at most dj = C2
√
nj critical points.

We are now in position to apply Proposition 4.28. Set Rj = F
nj
1 (D), with Poincaré

area Aj = AreaD(ζ,r)(Rj) with respect to D(ζ, r). As j ≥ J1, we have Rj ⊆
D(ζ, r2 ). Hence we can estimate Aj using our result on the Euclidean area of Rj
as found in Equation (4.2.1): Aj < C ′γnj for some uniform constant C ′. Then

djA
1/2dj
j < C2

√
nj (C ′γnj )

1/2C2
√
nj < C2(C ′)1/2C2

√
nj√njγ

√
nj/2C2 .

Since γ < 1, this expression converges to zero as j increases. Therefore we can

find J2 > J1 such that djA
1/2dj
j < 1/8 for all j > J2.

In this setting, Proposition 4.28 implies that

AreaD(0,R)(D) ≤ AreaOj (D) ≤ C3d
3
jA

1/dj
j < C3C

3
2n

3/2
j (C ′γnj )

1/C2
√
nj .

However, this last expression will also tend to zero as j increases, which gives a
contradiction. �

For the rest of this paper, our goal is to prove Propositions 4.10, 4.15 and 4.28.
First, we define the linearization map Φ that is used to describe the behavior of
the critical points. In Section 4.4 we prove our results in the special class of maps
studied by Vivas and the first author in [57]. In this setting the proof is much
shorter, and we will give a more precise description of the post-critical orbits.

In Section 4.5, we get back to the general case and prove Proposition 4.10. This
estimate will be used to prove Proposition 4.15 in the next section. And finally,
we prove Proposition 4.28 in Section 4.7.
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4.3 Linearization maps

In this section we construct the linearization map Φ that will later help us track
the orbits of the critical points of F . As F (z, w) = (f(z, w), λw) with f(z, w) =
zd + ad−1(w)zd−1 + · · · + a0(w), the critical points of F are those points where
∂f(z,w)
∂z = 0.
In a small neighborhood {|w| < ε} of the {w = 0}-fiber, these critical points

will form finitely many, possibly singular, varieties K1, . . . , Kq, each of which
intersects {w = 0} in a single point. Let K be such a variety, with intersection
(x0, 0) with {w = 0}. Then x0 must be eventually mapped to a repelling periodic
point xr = pr(x0). Without loss of generality, we may assume that xr is a fixed
point of p, and hence a saddle point for F . The variety F r(K) will pass through
this saddle point. The linearization results in this section will help us study the
orbits originating on these varieties.

Let G : (C2, 0)→ (C2, 0) be a holomorphic germ, and assume that 0 is a saddle
fixed point. Without loss of generality we may assume that the stable direction is
(0, 1) and the unstable direction is (1, 0), so that G is of the form

G : (z, w) 7→
(
µz + h.o.t., λw + h.o.t.

)
,

with |µ| > 1 and |λ| < 1. After changing coordinates we may assume that, possibly
on a smaller neighborhood of the origin, the stable and unstable manifolds are
equal to respectively Cw = {0} × C and Cz = C× {0}.

Let V be an irreducible analytic variety through the origin. We can locally
write V as

V =
{

(γ1(t), γ2(t))
}
,

where
γ1(t) = atk + h.o.t. and γ2(t) = btl + h.o.t..

Remark 4.4. When γ1 = 0, the variety V coincides with the stable variety
{z = 0} of G. In this case, (Gn(γ(t)))n∈N will converge to the origin along the line
{z = 0}, uniformly on compact subsets.

When γ1 6= 0, the order k of the parametrization is well-defined. We will prove
the following proposition:

Proposition 4.5. The maps Φn defined by

Φn(t) = Gkn
(
γ1(µ−nt), γ2(µ−nt)

)
converge uniformly on compact subsets of C to a holomorphic map

Φ: C→ Cz

of local order k that satisfies the functional equation Gk ◦ Φ(t) = Φ(µt). This
convergence is exponentially fast on compact subsets.
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Proof. Let us start with the case where γ2 = 0, as it is more straightforward. We
use the following variation to Koenigs’ Theorem.

Lemma 4.6. Let

g(z) = µkz + h.o.t.

and

h(t) = atk + h.o.t.

be holomorphic functions defined in a neighborhood of the origin, with k ≥ 1, a 6= 0
and |µ| > 1. Then the sequence of maps

ϕn(t) = gn ◦ h(µ−nt)

converges uniformly and exponentially fast on compact subsets of C.

Proof. Using Koenigs’ Theorem we can write

g(z) = ψ−1
(
µk · ψ(z)

)
,

for a germ ψ of the form

ψ(z) = z + h.o.t..

Hence gn(z) = ψ−1(µknψ(z)), and

gn ◦ h(µ−nt) = ψ−1
(
µknψ ◦ h(µ−nt)

)
.

Writing

ψ ◦ h(t) = atk + tk+1 · η(t)

we obtain

µk(n+1)ψ ◦ h(µ−(n+1)t)−µknψ ◦ h(µ−nt) = µ−ntk+1
[
µ−1η(µ−(n+1)t)− η(µ−nt)

]
.

The statement follows.

We continue the proof of Proposition 4.5. Use the notation

Gk(z, w) =
(
Gk1(z, w), Gk2(z, w)

)
for the components of the k-th iterate of G. Since G leaves both axes invariant,
we can write

Gk1(z, w) = µkz + z · f1(z, w) and Gk2(z, w) = λkw + w · f2(z, w)

where f1(0, 0) = f2(0, 0) = 0.
By our assumption that γ2 = 0, it follows that Φn(t) = (gn(γ1(µ−nt)), 0) for all

n ∈ N, where g(·) = Gk1(·, 0). By Lemma 4.6 the sequence gn(γ1(µ−nt)) converges
uniformly and exponentially fast on compact subsets of C.
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Now that we have dealt with the cases where γ1 = 0 or γ2 = 0, we tackle
the general case. Write γ1(t) = atk + tk+1γ̃1(t) with a 6= 0, and likewise γ2(t) =
btl + tl+1γ̃2(t) with b 6= 0.

Define
Φn(ζ, ξ) = Gkn

(
γ1(µ−nζ), γ2(µ−nξ)

)
,

as a function of two distinct variables. Our goal is to show that for ζ, ξ small we
have Φn(ζ, ξ) = Φn−1(ζ ′, ξ′), where ζ ′ ∼ ζ and |ξ′| << |ξ|.

We start with the trivial equation

Φn(ζ, ξ) = Gk(n−1) ◦Gk
(
γ1(µ−nζ), γ2(µ−nξ)

)
.

To unravel this, note that for ζ, ξ ∈ D(0, ε) with ε sufficiently small (independent
of n), we have

Gk1
(
γ1(µ−nζ), γ2(µ−nξ)

)
= aµ−k(n−1)ζk + µ−k(n−1)−nζk+1γ̃1(µ−nζ) + γ1(µ−nζ)f1

(
γ1(µ−nζ), γ2(µ−nξ)

)
= a(µ−(n−1)ζ)k

(
1 + µ−na−1ζγ̃1(µ−nζ)

+ µ−na−1µ−k
γ1(µ−nζ)

(µ−nζ)k
f1 (γ1(µ−nζ), γ2(µ−nξ))

µ−n

)
= γ1

(
µ−(n−1)ψn(ζ, ξ)

)
.

Here, the function ψn has the form ψn(ζ, ξ) = ζ
(
1 + µ−nψ̃n(ζ, ξ)

)
with ψ̃n

holomorphic and bounded on D(0, ε)×D(0, ε), uniformly in n.
Likewise, we can work out that

Gk2
(
γ1(µ−nζ), γ2(µ−nξ)

)
= λkbµ−lnξl + λkµ−nl−nξl+1γ̃2(µ−nξ) + γ2(µ−nξ)f2

(
γ1(µ−nζ), γ2(µ−nξ)

)
= bk(λk/lµ−nξ)l

(
1 + µ−nb−1ξγ̃2(µ−nξ)

+ µ−nb−1
k λ−k

γ2(µ−nξ)

(µ−nξ)l
f2 (γ1(µ−nζ), γ2(µ−nξ))

µ−n

)
= γ2

(
µ−(n−1)χn(ζ, ξ)

)
.

The function χn has the shape χn(ζ, ξ) = λk/lµ−1ξ
(
1 + µ−nχ̃n(ζ, ξ)

)
, once

again with χ̃n bounded on D(0, ε)×D(0, ε), uniformly in n.
Writing ϕn = (ψn, χn), we now have

Φn(ζ, ξ) = Φn−1 ◦ ϕn(ζ, ξ).

Let C be an upper bound for all |ψ̃n| and |χ̃n| on D(0, ε)×D(0, ε), and choose

N large enough to ensure that
∣∣∣ µ−NC1−|µ|−1

∣∣∣ < ε/2 and |λk/lµ−1|
(
1 + |µ|−NC

)
< 1.
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Then a straightforward induction on m shows that

ϕn ◦ · · · ◦ ϕn+m(ζ, ξ) ∈ D
(

0,
ε

2
+
|µ|−nC

1− |µ|−1

)
×D(0, ε)

for all n ≥ N , m ∈ N and (ζ, ξ) ∈ D(0, ε/2)×D(0, ε).
We can now write Φn(ζ, ξ) = ΦN (ϕN+1 ◦ · · · ◦ ϕn(ζ, ξ)). By our bounds on

|ψ̃n| and |χ̃n|, the sequence (Φn(ζ, ξ))n≥N will converge uniformly and exponen-
tially fast on D(0, ε/2)×D(0, ε).

Plugging in ζ = ξ = t now proves the proposition: (Φn(t))n∈N must converge
on D(0, ε/2). By construction, it must satisfy the functional equation

Gk ◦ Φ(t) = Φ(µt).

This equation also gives us global convergence of (Φn(t))n∈N and uniform expo-
nentially fast convergence on compact subsets. By construction, Φ must have local
order k.

Remark 4.7. Let us say a few words about the role that the linearization map
Φ will play in the rest of this paper. We have a polynomial skew-product F of the
form

F (z, w) =
(
f(z, w), λ · w

)
,

where f(z, w) = zd + ad−1(w)zd−1 + . . . + a0(w), and we write p(·) = f(·, 0).
As mentioned at the start of this section, in some small neighborhood {|w| <
ε} of the {w = 0}-fiber, the critical points of F form finitely many irreducible
critical varieties K1, . . .Kq. We may assume, shrinking ε if necessary, that each
Ki intersects {w = 0} at one unique point, which must be a critical point of p.

We study these varieties one at a time. Write K for our irreducible critical
variety, and x0 for its intersection with {w = 0}. We can locally parameterize K
by

K =
{

(γ1(t), γ2(t))
}
.

By our assumptions on p each of its critical points lies on Jp and is eventually
mapped onto a repelling cycle of p. Without loss of generality we may assume
that that pr(x0) = xr is a repelling fixed point. Write µ = p′(xr).

Then F r(K) is a variety though (xr, 0), where F has a saddle fixed point.
Let Ψ be a local change of coordinates such that G = Ψ ◦ F ◦ Ψ−1 satisfies the
conditions of Proposition 4.5: its stable and unstable manifolds are Cw and Cz
respectively. We can write G(z, w) as

G : (z, w) 7→
(
µz + zg1(z, w), λw + wg2(z, w)

)
.

Translating to our new coordinates, our variety of interest becomes Ψ (F r(K)). It
can locally be parameterized by {

Ψ (F r (γ(t)))
}
.
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If it is equal to Cw, the original variety F r(K) must lie in the stable manifold
ΣsF (xr). Otherwise, the first coordinate of Ψ (F r (γ(t))) can be written as atk +
h.o.t. where a 6= 0 and k ≥ 1.

Note that Ψ
(
F kr (γ(t))

)
= Gkr−r ◦ Ψ (F r (γ(t))) has µkr−ratk + h.o.t. as its

first coordinate; the value k did not change. We can therefore apply Proposition
4.5 to find that the maps

Φn(t) = F kn
(
γ(µ−nt)

)
= Ψ−1 ◦Gk(n−r)

(
Ψ ◦ F kr ◦ γ

(
µ−rµ−(n−r)t

))
must converge, uniformly and exponentially fast on compact subsets, to a holo-
morphic map Φ: C→ Ψ−1(Cz) = ΣuF (xr) = Cz of local order k. By construction,
Φ must satisfy the functional equation F k ◦Φ(t) = Φ(µt). This linearization map
will be used all through Sections 4.4 and 4.6 to study the orbits of critical points.

4.4 The resonant case

In this section we consider the special resonant case, which was also studied by
Vivas and the first author in [57]. In this case it is considerably easier to prove the
non-existence of wandering domains, and we will obtain a more precise description
of the critical orbits. Although the results in this section are not used in the proofs
of Proposition 4.2 and Theorem 4.1, they did serve as an inspiration.

We consider polynomial skew-products of the form

F (z, w) =
(
p(z) + q(w), λ · w

)
,

for which we now assume that the polynomial p has only a single critical point x0,
which in a finite number of steps is mapped onto a repelling fixed point xr = pr(x0).
Without loss of generality we may assume that xr = 0. As usual we write p′(0) = µ,
which satisfies |µ| > 1. To keep the study case in this section as straightforward
as possible, we assume that the critical variety K = {(x0, t)} has an image F r(K)
that is transverse to the stable variety ΣsF (0). We further assume the following
resonant condition:

µ · λ = 1.

While the resonant case is the only case for which the existence of horizontal disks
that avoid the bulging Fatou components of p has been shown, it turns out that
it is also the simplest case where we can show that most fibers {w = w0} contain
no such disks. In fact, in this case the set E of such fibers will not only have full
measure, but will also be open and dense.

We use the linearization function Φ: C→ Cz introduced in Section 4.3, given
in this resonant case by

Φ(t) = lim
n→∞

Fn (x0, λ
nt)

By Remark 4.7 and our assumption that F r(K) is transverse to ΣsF (0), we know
that Φ is a non-constant holomorphic function.
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Proposition 4.8. Let w0 ∈ C be such that Φ(w0) lies in the basin of infinity of
the polynomial p. Then the orbit of any horizontal disk in the {w = w0} fiber must
intersect the bulging Fatou component of p.

Note that under our assumptions the filled Julia set of p has empty interior,
hence the basin of infinity is open and dense. Since Φ is a non-constant holomor-
phic function, it follows that the above proposition holds for an open and dense set
of parameters w0, and in particular that F does not have wandering Fatou com-
ponents. The interested reader should have no difficulty generalizing Proposition
4.8 to the case of several critical points that are all mapped to resonant repelling
periodic points.

In preparation for the proof of Proposition 4.8, we will study the orbits of
the critical points (x0, λ

nw0) for w0 such that Φ(w0) lies in the basin of infinity
of p. More precisely, we will show that, for n ∈ N sufficiently large, the orbits
of the critical points (x0, λ

nw0) will stay uniformly away from any point in Jp \
{x0, . . . , xr}.

For n ∈ N, m ∈ Z and n+m ≥ 0 we define

an,m = Fn+m (x0, λ
nw0) .

Note that an,0 = Φn(w0) and F (an,m) = an,m+1. Since F (Φ(t)) = Φ( tλ ), we have

lim
n→∞

an,m = Φ
(w0

λm

)
= Fm (Φ(w0))

for m ≥ 0, and

lim
n→∞

an,−m = Φ(λmw0) ∈ F−m ({Φ(w0)}) .

Denote am = limn→∞ an,m. The sequence (am) satisfies

lim
m→−∞

am = 0 and lim
m→+∞

am =∞.

Recall that R > 0 was chosen such that |p(z)| ≥ 2|z| for all |z| > R. Increasing R
if necessary, we may also assume that Jp ⊆ D(0, R− 1) and

|F (z, w)| > 2|z|

for all |z| > R and |w| < |w0|. We then define

V =
{

(z, w) ∈ C2 : |z| > R and |w| < |w0|
}
.

It follows that F (V ) ⊆ V . Since limm→+∞ am = ∞ there exists an N1 > 0 such
that |am| > R for all m ≥ N1. Then for any ε > 0 we can find a natural number
Nε such that

(i) |an,m − am| < ε whenever n ≥ Nε, n+m ≥ r and m ≤ N1.
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(ii) an,m ∈ V whenever n ≥ Nε and m ≥ N1.

Recall that pr(x0) = 0, which is a repelling fixed point of p. By continuity of F
we also have that

lim
n→∞

an,j−n = pj(x0). (4.4.1)

for all j ≥ 0. With this information, we can prove the following lemma.

Lemma 4.9. Let y ∈ Jp \{x0, p(x0), . . . pr−1(x0), 0}. Then there exist δ = δ(y) >
0 and N = N(y) ∈ N such that an,m /∈ D̄(y, δ)× C for n ≥ N and n+m ≥ 0.

Proof. Note that all am lie in the Fatou set of p, and are therefore not equal to y.
Since limm→−∞ am = 0 and limm→∞ am = ∞ the points am must in fact avoid
some small disk D(y, δ1). Setting ε = δ = δ1/2, and N = Nε, the statement
follows whenever n ≥ N and n + m ≥ r. Equation 4.4.1 allows us to increase N
and shrink δ to deal with the case where 0 ≤ n+m < r.

Proof of Proposition 4.8. We follow an argument that leads back to the work
of Fatou. Suppose for the purpose of a contradiction that a horizontal disk D =
D(x, s) × {w0} converges to the Julia set of p. Since this Julia set has empty
interior, we can find a subsequence (nj) such that Fnj (D) converges to a point
y ∈ Jp. Since xr = 0 is repelling, we may assume that y /∈ {x0, . . . , xr}.

By Lemma 4.9 there exists a cylinder D̄(y, δ) × C that is avoided by an,m
whenever n ≥ N and n+m ≥ 0. To use this property, let FN (x,w0) =: (x′, λNw0)
and choose s′ > 0 such that D′ = D(x′, s′)×{λNw0} ⊆ FN (D). Then Fnj−N (D′)
will still converge to y.

For j ∈ N such that nj ≥ N , we consider the function

ψj = Fnj−N (·, λNw0) : C→ C× {λnjw0}.

Note that D′ ⊆ ψ−1
j (D(y, δ)× {λnjw0}) ⊂ D(0, R) × {λNw0} for all sufficiently

large values of j. Let Oj be the connected component of D′ in this inverse image.
Since the points an,m avoid D(y, δ)×{λnjw0}, it follows that ψj |Oj has no critical
points. It must be a biholomorphism between Oj and D(y, δ) × {λnjw0}, and
hence it preserves the Poincaré metric. This gives us the inequality

diamD(0,R)(D
′) ≤ diamOj (D

′) = diamD(y,δ)(F
nj−N (D′)).

As Fnj−N (D′) converges to y, its Poincaré diameter in D(y, δ) must tend to zero.
This proves that D′ cannot exist. �

4.5 Semi-hyperbolic polynomials and sublevel sets

Let p be a semi-hyperbolic polynomial, denote by K = Kp the set of points with

bounded orbits and let I∞ = Ĉ \K. We denote by Gp the Green’s function of the
set K. Dynamically we can define Gp by

Gp(z) = lim
n→∞

log+(fn(z))

dn
,
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where d is the degree of the polynomial f . We are interested in the area of
the sublevel sets Vm = {z ∈ I∞ : 0 ≤ Gp(z) ≤ 1

dm }. Note that under the
assumptions in Theorem 4.1, the polynomial p has only one Fatou component,
and hence Vm = {z ∈ C : 0 ≤ Gp(z) ≤ 1

dm }. We will prove the following.

Proposition 4.10. The area of the sets Vm decreases exponentially with m.

We note that this proposition certainly does not hold for any polynomial; for
example, it does not hold for the polynomial z 7→ z+z2. We leave the computation
to the reader. To prove the above proposition we will therefore make heavy use of
the fact that p is semi-hyperbolic.

First of all, the semi-hyperbolicity of p allows us to use Lemma 3.2 in [20]:

Lemma 4.11. There exist constants C,α > 0 such that whenever d
(
z,Jp

)
≤ 1,

we have
d
(
z,Jp

)
≤ CGp(z)α

for all z ∈ I∞.

Let m0 be such that Gp(z) ≥ d−m0 whenever d
(
z,Jp

)
≥ 1. Then for m ≥ m0

and z ∈ Vm we have

d
(
z,Jp

)
≤ CGp(z)α ≤ C

(
d−m

)α
= C

(
d−α

)m
.

It follows that the sets Vm = {z ∈ I∞ : 0 ≤ Gp(z) ≤ 1
dm } are contained in

δm-neighborhoods of ∂K, where δm decreases exponentially with m.

Recall from [20] that since p is semi-hyperbolic, the basin I∞ is a so-called
John domain. For a John domain in Rm, an upper bound for the Minkowski-
dimension of its boundary is given in [51]. In our circumstances, it follows that
dimM (∂K) = dimM (∂I∞) < 2. A quick consequence is the following.

Lemma 4.12. Suppose that the sequence (δm) decreases exponentially fast. Then
the area of the δm-neighborhoods of ∂K also decreases exponentially fast.

Proof. Write Nε for the number of ε-disks needed to cover ∂K. Denote the
Minkowski-dimension of ∂K by h, and let h < h′ < 2. Then the h′-dimensional
measure of ∂K is 0, hence for ε > 0 sufficiently small we have that

Nε <
1

εh′
.

Hence for m sufficiently large the δm-neighborhood of ∂K can be covered by ε−h
′

=
δ−h

′

m disks of radius 2δm, which means that the area of this neighborhood is at
most

4πδ2
m

δh′m
= 4πδ2−h′

m .

The statement follows.
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Proof of Proposition 4.10. Combining Lemma 4.12 with the fact that the sets
Vm are contained in δm-neighborhoods of ∂K with exponentially decreasing δm,
proves Proposition 4.10. �

Corollary 4.13. We have that∑
m∈N

Area(Vm) <∞.

It is not reasonable to expect this corollary to hold for arbitrary polynomi-
als, as J may have positive measure. It would be interesting to know whether∑
m∈N Area(Vm) is necessarily finite when J is assumed to have Hausdorff dimen-

sion strictly less than 2.

Note that there do exist compact subsets K ⊂ C with Hausdorff dimension
strictly smaller than 2 for which the Green’s function GK with logarithmic pole
at infinity satisfies ∑

m∈N
Area

{
GK ≤

1

2m

}
=∞.

Such a set K can for example be constructed by taking the boundaries of a nested
sequence of disks, and removing from these circles progressively smaller intervals.
We thank S lawomir Ko lodziej for pointing out this construction to us.

4.6 Forcing escape of critical points

In this section we will prove the estimate in Proposition 4.15 as mentioned in
the outline. We consider the family of forward iterates Fn restricted to a fiber
{w = w0} for a fixed w0 6= 0. Writing wn = λnw0 and fn(z) = fwn(z) = f(z, wn)
we can consider these iterates Fn as compositions of a sequence of polynomials,
i.e.,

Fn|{w=w0} = fn−1 ◦ · · · ◦ f0.

Every polynomial fwi introduces new critical points. It turns out that by choosing
w0 carefully we can make sure that all these critical points escape to ∞, and
moreover obtain some control on the rate at which the critical points escape. In
fact, we will prove the existence of a subset E ⊂ Cw of full measure for which all
critical points of maps fwn , for w ∈ E, escape to infinity at least at some moderate
rate, while most critical points escape very fast. Let us make this more precise.

As mentioned in the outline, let R > 0 be large enough to ensure that

|z| > R implies that |p(z)| > 2|z|.

Choose ε > 0 such that the set

W := {(z, w) : |z| > R and |w| < ε}
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is fully contained in the basin of ∞ and satisfies F (W ) ⊆W .

The critical points of F form a finite union of irreducible varieties in C2, as
described in Section 4.3. We will study these varieties one at a time. Given a fixed
open neighborhood U ⊆ C of the postcritical set of the polynomial p(·) = f(·, 0),
we will prove the following:

Proposition 4.14. Let K be an irreducible critical variety. Then there exists a
set EK ⊆ C, of full measure in some neighborhood of the origin, with the following
property:

For all η > 0 and w ∈ EK we have:

#
{
s ≤ n : ∃(z, λsw) ∈ K withFn−s1 (z, λsw) ∈ D(0, R) \ U

}
≤ η log n+ C4,

where C4 is a constant depending on K, η, U and w.

A consequence is the main result of this section.

Proposition 4.15. There exists a set E ⊂ C, of full measure in some neigh-
borhood of the origin, with the following property: For all w ∈ E there exists a
constant C2(w,U) such that for all n ∈ N we have

#

{
z :

∂Fn1
∂z

(z, w) = 0 and Fn1 (z, w) ∈ D(0, R) \ U
}
≤ C2

√
n.

Proof. Define E =
⋂
K EK , let w ∈ E and let η > 0. Pick ε′ > 0 such that E has

full measure in D(0, ε′). We have at most finitely many critical varieties: K1 up
to Kq. Applying Proposition 4.14 for each of them gives us:

#
{
s ≤ n : ∃(z, λsw) ∈

⋃
Ki withFn−s1 (z, λsw) ∈ D(0, R) \ U

}
≤ qη log n+ C,

where C depends only on η, U and w. As fw(z) = zd+ad−1(w)zd−1 + . . .+a0(w),
each {λsw}-fiber contains d−1 critical points of fw(z), counting with multiplicities.
Then the restricted function

Fn1 : (Fn)−1
(
(D(0, R) \ U)× {λnw}

)
→ (D(0, R) \ U)

is a composition of n holomorphic functions. At most qη log n + C of them can
each have at most d− 1 critical points. The total number of critical points of this
restricted function is therefore bounded by

dqη logn+C = dCnqη log d.

The desired result is obtained by choosing η small enough.

The rest of this section is devoted to proving Proposition 4.14. This proposition
will be proved in two parts. First, we will prove that for almost every w0 ∈ C and
all n ∈ N, all critical points of fwn escape to the set W in at most C · log(n) steps,
for some uniform C > 0. We will not be able to control the constant C though,



4.6. Forcing escape of critical points 105

hence we will not yet be able to deduce that the estimate in Proposition 4.14 holds
for any η > 0. However, we will also prove that for almost every w0 ∈ C and most
n ∈ N, the critical points of fwn escape to the set W in a number of steps that
does not depend on n. By choosing a sufficiently strong interpretation of “most
n ∈ N” it will follow that η in Proposition 4.14 can be chosen arbitrarily small.

Let K be one of the irreducible analytic varieties of critical points of F in
C ×D(0, ε), as described in Remark 4.7. Then K intersects the {w = 0}-fiber in
a single point x0 ∈ Jp × {0}, and we may assume that xr = pr(x0) is a repelling
fixed point. We define µ = p′(xr).

Since K intersects {w = 0} in a unique point, we can locally parameterize K
by

K =
{(
γ1(u), γ2(u)

)
: u ∈ D

(
0, ε1/l

)}
,

where γ2(t) = tl for some l ≥ 1.

If F r(K) is contained in the stable variety ΣsF (xr) of F at xr, then so is Fn(K)
for any n ≥ r. The points in K all converge to (xr, 0) along this stable variety. In
this setting, Proposition 4.14 follows immediately.

For the rest of this section, we will therefore assume that F r(K) * ΣsF (xr).
Remark 4.7 then gives us the linearization maps

Φj(t) = F kj
(
γ1(µ−jt), (µ−jt)l

)
that converge uniformly and exponentially fast on compact subsets, to a holomor-
phic function Φ: C→ Cz of local degree k for some k ≥ 1.

We wish to study the points of the critical variety K in a sequence of fibers
C × {w}, C × {λw}, C × {λ2w}, . . . where w ∈ D(0, ε). This will be easier if we
look at pre-images of these critical points under γ: pick ν ∈ C such that νl = λ
and consider the sequences u, νu, ν2u . . . for u ∈ D(0, ε1/l). By abuse of notation,
we replace the constant ε1/l by the letter ε again. For u ∈ D(0, ε), the orbit of
γ(νsu) under F can now be studied using the functions Φj and Φ:

Fn
(
γ(νsu)

)
= Fn−kj

(
Φj(µ

jνsu)
)

whenever n ≥ kj
≈ Fn−kj

(
Φ(µjνsu)

)
.

In order to use exponential estimates on the rate of convergence of Φj to Φ, we
ask that |µjνsu| ≤ ε, while having j run to infinity. We therefore define j(s) to be
the unique integer for which

|µ|−1 < |µj(s)νs| ≤ 1.

Lemma 4.3 now implies the following:

Corollary 4.16. There exist constants C5, C6 > 0 such that for all s,m ∈ N
satisfying m < C5j(s)− C6 and for all u ∈ D(0, ε), we have:

If Φ
(
µj(s)νsu

)
∈ Um, then FN+m+kj(s)

(
γ(νsu)

)
∈W.
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Proof. If Φ(µj(s)νsu) ∈ Um and j(s) is large enough to ensure that ||Φj(s) −
Φ||D(0,ε) ≤ C1M

−m, then FN+m+kj(s) (γ(νsu)) = FN+m
(
Φj(s)(µ

j(s)νsu)
)
∈ W

by Lemma 4.3. By the uniform convergence of Φj to Φ on D(0, ε), the requirement
that ||Φj(s) −Φ||D(0,ε) ≤ C1M

−m can be translated to m < C5j(s)−C6 for some
uniform constants C5 and C6.

Corollary 4.16 motivates us to take a closer look at
(
Φ|D(0,ε)

)−1
(Um).

4.6.1 All critical points escape slowly

The complement of
(
Φ|D(0,ε)

)−1
(Um) within D(0, ε) is exactly

(
Φ|D(0,ε)

)−1
(Vm).

By Proposition 4.10 the area of Vm decreases exponentially with m. As Φ is a

nonconstant holomorphic function, the area of
(
Φ|D(0,ε)

)−1
(Vm) also decreases

exponentially with m, although not necessarily at the same rate.

Using this information, we can apply Corollary 4.16 to show that given s ∈ N,
the critical point γ(νsu) moves away from the Julia set Jp fairly quickly for most
values u ∈ D(0, ε).

Lemma 4.17. There exist uniform constants C7 > 0 and α < 1 such that

Area
{
u ∈ D(0, ε) : FN+kj(s)+m

(
γ(νsu)

)
/∈W

}
≤ C7α

m

for all s,m ∈ N with m < C5j(s)− C6.

Proof. Corollary 4.16 implies the inclusion{
u ∈ D(0, ε) : FN+kj(s)+m

(
γ(νsu)

)
/∈W

}
⊆
{
u ∈ D(0, ε) : Φ

(
µj(s)νsu

)
/∈ Um

}
= D(0, ε) ∩ µ−j(s)ν−sΦ−1(Vm)

⊆ µ−j(s)ν−s
(
Φ|D(0,ε)

)−1
(Vm).

The area of this last set is at most |µ|−1Area
((

Φ|D(0,ε)

)−1
(Vm)

)
, which decreases

exponentially with m.

We will use Lemma 4.17 to find values of u ∈ D(0, ε) for which nearly all critical
points {γ(νsu)}s∈N move away from Jp fairly fast. Our strategy is to apply the
following well-known lemma:

Lemma 4.18. Let {As}n∈N be a sequence of subsets of a measure space X such
that ∑

s∈N
measure(As) <∞.

Then the set E = {u ∈ X | ∃Nu ∈ N, ∀s ≥ Nu, u /∈ As} has full measure.
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To be able to use Lemma 4.17 in the setting of Lemma 4.18, we need to pick
an appropriate value m(s) for each s ∈ N. Then we can apply Lemma 4.18 to the
sets

As =
{
u ∈ D(0, ε) : FN+kj(s)+m(s)

(
γ(νsu)

)
/∈W

}
.

To make sure that the areas of the sets As have a finite sum, we need to pick m(s)
such that ∑

s∈N
C7α

m(s) <∞.

On the other hand, it would be preferable to pick m(s) as low as possible. This
gives stronger information on the rate at which a critical point γ(νsu) (for u /∈ As)
moves towards W . And finally, m(s) needs to satisfy m(s) < C5j(s) − C6 to be
allowed to use the estimate in Lemma 4.17.

To satisfy all these requirements we define

m(s) :=

⌈
2 log s

logα
− C8

⌉
,

where the constant C8 > 0 is chosen such that m(s) < C5j(s) − C6 holds for all
s ∈ N. As α−m(s) ≤ αC8s−2, the areas of the sets As will have their finite sum.
We have now proved the following corollary:

Corollary 4.19. The set

E1(K) =
{
u ∈ D(0, ε)

∣∣∣ ∃Nu ∈ N, ∀s ≥ Nu, FN+kj(s)+m(s)
(
γ(νsu)

)
∈W

}
has full measure in D(0, ε).

For points νsu with u ∈ E1(K) and s ≥ Nu, we now have a reasonable grasp of
the behavior of Fn(γ(νsu)) when n ≥ kj(s): the point will move to W in at most
another N +m(s) applications of the function F . The next lemma will take a look
at the setting when n < kj(s). For any neighborhood U ⊆ C of the post-critical
set of p, we have the following:

Lemma 4.20. For u ∈ D(0, ε) we have

Fn1
(
γ(νsu)

)
∈ U

whenever C9 ≤ n < kj(s)− C9, for a constant C9(ε, U) that is independent of s.

Proof. Pick ρ > 0 such that D(xr, ρ) ⊆ U ∩D(0, R). Fix θ such that Φ(D(0, θ)) ⊆
D(xr,M

−kρ/2). Write n = ki+ v with 0 ≤ v < k, and note that

Fn
(
γ(νsu)

)
= F v

(
Φi(µ

iνsu)
)
.

Assume that i is small enough to have |µiνsε| < θ. On the other hand, assume that
i is large enough to ensure that ||Φi − Φ||D(0,ε) < M−kρ/2. Then for u ∈ D(0, ε)

we have d
(
Φi(µ

iνsu), xr
)
< M−kρ. As xr is a fixed point of F and v < k, this
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implies that d
(
F v(Φi(µ

iνsu)), xr
)
< ρ and hence Fn(γ(νsu)) ∈ U . Here, we used

the fact that D(xr, ρ) ⊆ D(0, R) and that M is an upper bound for |DF | on
D(0, R)×D(0, ε).

As |µj(s)νs| < 1, the requirements on i can be translated to C9 ≤ n < kj(s)−C9

for some constant C9(ε, U).

Combining Corollary 4.19 with Lemma 4.20 allows us to prove the slow escape
of the points in the critical variety K:

Proposition 4.21. For any u ∈ E1(K) and n ∈ N, we have

#
{
s ≤ n : Fn−s1

(
γ(νsu)

)
∈ D(0, R) \ U

}
≤ C10 log n+ C11,

for constants C10(u,K,U, ε) and C11(u,K,U, ε) independent of n.

Proof. Write Sn =
{
s ≤ n : Fn−s1 (γ(νsu)) ∈ D(0, R) \ U

}
. By the definition of

E1(K) and the fact that F (W ) ⊆ W , we know that s /∈ Sn when s satisfies both
s ≥ Nu and n− s ≥ N + kj(s) +m(s).

By Lemma 4.20 we know that s /∈ Sn when C9 ≤ n − s < kj(s) − C9. This
leaves us with 2C9 +Nu possible entries in Sn, plus all values s for which

kj(s) ≤ n− s < N + kj(s) +m(s).

Such a value of s must also satisfy

n ≥ s+ kj(s) > n−N −m(n), and hence

n ≥ s+ k

⌊
s

l

log |λ−1|
log |µ|

⌋
> n−N −m(n), and

n+ k ≥ s
(

1 +
k

l

log |λ−1|
log |µ|

)
> n−N −m(n).

Plugging in our formula for m(n) shows that this gives us a sequence of at most

N + k +
⌈

2 logn
logα − C8

⌉
1 + k

l
log |λ−1|

log |µ|

consecutive values of s. This proves the proposition.

4.6.2 Most critical points escape quickly

Proposition 4.21 and its proof showed that for each u ∈ E1(K) and n ∈ N, the set

Sn(u) =
{
s ≤ n : Fn−s1

(
γ(νsu)

)
∈ D(0, R) \ U

}
could contain at most C11 points, plus possibly some integers in an interval of
length C10 log n. Very little information about the dynamical system was used to
prove this. In this subsection, we will show that for almost all u ∈ E1(K), an
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arbitrarily large portion of the values s in any sufficiently large interval do not lie
in Sn.

Recall that j(s) is the unique natural number such that

|µ−1| < |µj(s)νs| ≤ 1.

The sequence {µj(s)νs}s∈N lives in the annulus {|µ−1| < |t| ≤ 1}. Multiplication
by µ allows us to identify the inner and outer boundaries of the annulus, giving
us the torus (C \ {0}) /µZ. It will be more convenient to think about this torus
additively. Write

T = C/(2πiZ + log µZ).

It does not matter which value for logµ we use, since 2πi is included in our lattice
anyway. As |µ| > 1, we know that log µ is not purely imaginary. Composing a
projection with any branche of the logarithm, we obtain a holomorphic covering
map:

Ψ: C \ {0} log−→ C π−→ C/(2πiZ + logµZ) = T.

The projection π ensures that the branche of the logarithm is irrelevant. When
restricted to {|µ−1| < |t| ≤ 1}, the map Ψ is a bijection.

Let y be any value for log ν. Then in the torus T , the sequence {Ψ(µj(s)νs)}s∈N
is represented by {sy}s∈N. We recall the following lemma from Section 1.4 of [48].

Lemma 4.22. Let T be an additive torus and y ∈ T . Then the set {sy}s∈N is a
subgroup of T , and one of the following statements must be true:

(1) The set {sy}s∈N is finite.

(2) The set {sy}s∈N is one-dimensional. It is a disjoint union of finitely many
evenly spaced lines/circles in T .

(3) The set {sy}s∈N equals T .

The torus T can be covered by cosets [a] = a + {sy}s∈N for a ∈ T . Denote
by σa the counting measure, the one-dimensional Lebesgue measure, or the two-
dimensional Lebesgue measure on [a] for cases (1), (2) or (3) respectively. The
action of x 7→ x+ y on [a] is uniquely ergodic, hence we have:

Lemma 4.23. Let η > 0, a ∈ T , and O ⊆ [a] open. Then there exists a constant
C12(η,O, T ) > 0 such that for all r ∈ N and n ≥ C12 we have

1

n
# {r < s ≤ r + n : a+ sy ∈ O} > σa(O)

σa([a])
− η.

See for example Section 4.3 in [24].

Since Jp is F -invariant and Φ satisfies the equation F k ◦ Φ(t) = Φ(µt), the
set Φ−1(Jp) must be invariant under multiplication by µ. By our assumptions
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Jp has measure zero, so since Φ is a non-constant holomorphic function, the set
Φ−1(Jp)∩D(0, 1) must also have measure zero. Note that Φ−1(Jp) is also closed.
It follows that Ψ

(
Φ−1(Jp)

)
is a compact set of measure zero.

For any a ∈ T , the set Ψ
(
Φ−1(Jp)

)
∩ [a] will be a closed subset. By Fubini’s

Theorem, it follows that σa
(
Ψ
(
Φ−1(Jp)

)
∩ [a]

)
= 0 for almost every a ∈ T .

Denote the set of these values of a by A.
Let η > 0. For each a ∈ A, we can choose an open set O(a, η) ⊆ [a] such that

σa(O) ≥ (1 − η)σa([a]) and O ∩ Ψ
(
Φ−1(Jp)

)
= ∅. By Lemma 4.23 we can find

C12(a, η) such that

1

n
# {r < s ≤ r + n : a+ sy ∈ O} > 1− 2η for all r ∈ N, n ≥ C12.

Define E2(K) = {u ∈ D(0, ε) : u 6= 0 and Ψ(u) ∈ A}. As A has full measure in
T , the set E2(K) has full measure in D(0, ε). For any u ∈ E2(K), r ∈ N, and
n ≥ C12 we can translate the above statement to:

1

n
#
{
r < s ≤ r + n : µj(s)λsu ∈ Ψ−1(O) ∩ {|µ−1u| ≤ |t| ≤ |u|}

}
> 1− 2η.

The set Ψ−1(O) ∩ {|µ−1u| ≤ |t| ≤ |u|} is closed and bounded, hence compact. Its
intersection with Φ−1(Jp) is empty. We can therefore cover Ψ−1(O) ∩ {|µ−1u| ≤
|t| ≤ |u|} by the increasing open sets {Φ−1(Um)}m∈N. By compactness, we can
find ` = `(u, η) such that Ψ−1(O) ∩ {|µ−1u| ≤ |t| ≤ |u|} ⊆ Φ−1(U`).

We can now prove the following proposition:

Proposition 4.24. For all η > 0 and u ∈ E2(K), we have:

1

n
#
{
r < s ≤ r + n : F kj(s)+N+`

(
γ(λsu)

)
∈W

}
> 1− 2η,

whenever n ≥ C12 and r ≥ C13. Here ` = `(u, η) and C12(u, η) are as defined
above and C13 depends on `.

Proof. Let η > 0, u ∈ E2(K) and n ≥ C12(u, η). We start by the observation that

1− 2η <
1

n
#
{
r < s ≤ r + n : µj(s)λsu ∈ Φ−1(U`)

}
=

1

n
#
{
r < s ≤ r + n : Φ(µj(s)λsu) ∈ U`

}
for all r ∈ N. When r is sufficiently large, j(s) will be large enough to ensure that
the latter set is included in

1

n
#
{
r < s ≤ r + n : d

(
Φj(s)(µ

j(s)λsu), U`

)
< C1M

−`
}
,

and by Lemma 4.3, this set is contained in the set

1

n
#
{
r < s ≤ r + n : FN+`

(
Φj(s)(µ

j(s)λsu)
)
∈W

}
> 1− 2η.

Combining all this with the definition of Φj(s) proves the proposition.
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Define E3(K) = E1(K)∩E2(K). This set still has full measure in D(0, ε), and
we can combine Propositions 4.21 and 4.24 to find:

Corollary 4.25. Let η > 0 and u ∈ E3(K). Then there exists a constant C14,
depending on η, u, U , ε and K, such that for all n ∈ N we have

#
{
s ≤ n : Fn−s1

(
γ(νsu)

)
∈ D(0, R) \ U

}
≤ η log n+ C14.

Proof. As in the proof of Proposition 4.21, write

Sn =
{
s ≤ n : Fn−s1

(
γ(νsu)

)
∈ D(0, R) \ U

}
.

We showed that Sn contains 2C9 +Nu entries, plus possibly the values s for which

kj(s) ≤ n− s < N + kj(s) +m(n).

The length of this interval was bounded by C10 log n, for a constant C10 depending
on u, K, U and ε. Choose θ > 0 such that 2θC10 < η and apply Proposition 4.24:

Whenever n−s ≥ kj(s)+N+` and s ≥ C13, no interval of length L ≥ C12 will
contain more than 2θL elements of Sn. We can now pick C14 to be large enough
to ensure that #Sn ≤ η log n+ C14 for all n ∈ N.

Proof of Proposition 4.14. Write Q = D(0, ε) \ E3(K), a set of measure zero.
The set Ql = {ul : u ∈ Q} still has measure zero. Define EK = D(0, εl) \ Ql.
Then for each w ∈ EK we have

#
{
s ≤ n : ∃(z, λsw) ∈ K with Fn−s1 (z, λsw) ∈ D(0, R) \ U

}
=⋃

u: ul=w

#
{
s ≤ n : Fn−s1

(
γ(νsu)

)
∈ D(0, R) \ U

}
≤ lη log n+ C4.

for a constant C4 = C4(K, η, U,w). �

4.7 Hyperbolic areas of inverse images

Only Proposition 4.28 remains to be shown. First recall the following similar result
from [61].

Lemma 4.26. For any 0 < r < 1 and any holomorphic proper map f : V → D of
degree d, with V simply connected, each connected component of f−1(Dr(0)) has
diameter at most

2d log

(
1 + r1/d

1− r1/d

)
with respect to the Poincaré metric on V .

Our goal is to prove a similar estimate regarding hyperbolic areas rather than
diameters. Our strategy will be to remove small neighborhoods of critical points,
and prove that the area of the inverse image outside of these neighborhoods must
be small. We first give an estimate on the proximity of a critical point for points
with small derivatives.
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Lemma 4.27. If f(z) : D→ D is a proper holomorphic map of degree d satisfying
f(0) = 0 and |f ′(0)| ≤ δd−1 with δ < 1/4, then f has a critical point c with
dD(c, 0) ≤ 32dδ.

Proof. Without loss of generality may write

f(z) = z

d−1∏
i=1

z − ai
1− āiz

.

We may assume that |a1| ≤ |aj | for j ≥ 2. By our assumption that δd−1 ≥
|f ′(0)| = |

∏d−1
i=1 ai|, it follows that |a1| < δ. For z = ta1 with t ∈ [0, 1] we have

f(z) = z

d−1∏
i=1

z − ai
1− āiz

= z(z − a1)

d−1∏
i=2

(z − ai)
d−1∏
i=1

1

1− āiz
, and hence

|f(z)| ≤ |a1|2

4

d−1∏
i=2

(2|ai|)
d−1∏
i=1

1

1− δ
≤
(

2δ

1− δ

)d
.

Let r =
(

2δ
1−δ

)d
. By the above estimate the set f−1 (D(0, r)) contains the

interval between 0 and a1. As both endpoints of this interval are mapped to 0
and D(0, r) is simply connected, the connected component of f−1 (D(0, r)) that
contains this interval must also contain a critical point c. By Lemma 4.26 the
Poincaré distance from c to 0 can therefore be estimated by

2d log

(
1 + r1/d

1− r1/d

)
= 2d log

(
1 + 2δ

1−δ

1− 2δ
1−δ

)
≤ 2d · 4 2δ

1− δ
≤ 32dδ

For the first inequality, we used our assumption that δ < 1/4.

Let f : D→ D be a proper holomorphic map of degree d. Suppose that x ∈ D
satisfies dD(x, ci) > 32dδ for each critical point ci. Write f(x) = y and define
the functions g(z) = z+x

1+x̄z and h(z) = z−y
1−ȳz . Since g and h preserve the Poincaré

metric, the point 0 = g−1(x) has Poincaré distance at least 32dδ to any critical
point of h ◦ f ◦ g, and Lemma 4.27 gives

δd−1 ≤ |(h ◦ f ◦ g)′(0)| = |h′(y)||f ′(x)||g′(0)| = 1− |x|2

1− |y|2
|f ′(x)|.

Proposition 4.28. Let f : D→ D be a proper holomorphic map of degree d, and
let R ⊆ D have Poincaré area A. If d ·A1/2d < 1/8, the inverse image of R under
f will have Poincaré area at most C3d

3A1/d for a uniform constant C3.

Proof. Define δ = A1/2d and let S = {z ∈ D | dD(z, ci) > 32dδ for all i}. Then
f−1(R) ⊆ f |−1

S (R)∪ (D\S) and we can estimate the areas of these sets separately.
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To estimate the area of D \ S, note that the hyperbolic area of a disk of
hyperbolic radius s is equal to 4π sinh2(s/2), which is smaller than 4πs2 whenever
s < 4. As D \ S is a union of d− 1 disks of hyperbolic radius 32dδ < 4, we find

AreaD(D \ S) ≤ (d− 1)4π210d2δ2 < 212πd3δ2.

To estimate f |−1
S (R), we use our estimate on the derivative. For any open set

U ⊆ f |−1
S (R) such that f |U is conformal, we find

AreaD(f(U)) =

∫∫
f(U)

4

(1− |w|2)2
dλ(w) =

∫∫
U

4

(1− |f(z)|2)2
|f ′(z)|2 dλ(z)

≥
∫∫
U

4

(1− |f(z)|2)2

(1− |f(z)|2)2

(1− |z|2)2
δ2d−2 dλ(z) = δ2d−2AreaD(U).

Since f has topological degree d, we can therefore estimate the Poincaré area
of f |−1

S (R) by d
δ2d−2 ·A = dδ2. Combining this with our estimate on the area of S

gives:
AreaD(f−1(R)) ≤ dδ2 + 212πd3δ2 ≤ C3d

3A1/d.
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[23] Edlund, T., Jöricke, B.: The pluripolar hull of a graph and fine analytic
continuation, Ark. Math. 44 (2006), no. 1, 39-60.

[24] Einsiedler, M., Ward, T.: Ergodic theory with a view towards number the-
ory, Graduate Texts in Mathematics 259, Springer-Verlag London, Ltd.,
London, 2011.

[25] El Kadiri, M.: Fonctions finement plurisousharmoniques et topologie plu-
rifine, Rend. Accad. Naz. Sci. XL Mem. Mat. Appl. (5) 27 (2003), 77–88.

[26] El Kadiri, M., Fuglede, B.: Martin boundary of a finely open set and
a Fatou-Naim-Doob theorem for finely superharmonic functions, preprint
(2014). Available online at arXiv:1403.0857v2.

[27] El Kadiri, M., Fuglede, B., Wiegerinck, J.: Plurisubharmonic and holomor-
phic functions relative to the plurifine topology, J. Math. Anal. Appl. 381
(2011), no. 2, 706–723.



Bibliography 117

[28] El Kadiri, M., Wiegerinck, J.: Plurifinely plurisubharmonic functions and
the Monge Ampère operator, Potential Anal. 41 (2014), no. 2, 469–485.

[29] El Kadiri, M., Smit, I.M.: Maximal plurifinely plurisubharmonic functions,
Potential Anal. 41 (2014), no. 4, 1329–1345.

[30] El Marzguioui, S.: Fine aspects of pluripotential theory, PhD Thesis, Uni-
versity of Amsterdam, 2009. Available online at http://hdl.handle.net/
11245/1.293812.

[31] El Marzguioui, S., Wiegerinck, J.: The pluri-fine topology is locally con-
nected, Potential Anal. 25 (2006), no. 3, 283–288.

[32] El Marzguioui, S., Wiegerinck, J.: Connectedness in the pluri-fine topol-
ogy, Functional Analysis and Complex Analysis, Istanbul 2007, 105-115,
Contemp. Math. 481, Amer. Math. Soc. Providence, RI, 2009.

[33] El Marzguioui, S., Wiegerinck, J.: Continuity properties of finely plurisub-
harmonic functions, Indiana Univ. Math. J. 59 (2010), no. 5, 1793–1800.
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Articles in this thesis

Chapter 2 contains the article [29], jointly written with Mohamed El
Kadiri. It has been published in Potential Analysis 41 no. 4 in 2014; doi:
10.1007/s11118-014-9421-x.

El Kadiri wrote the outline of this paper. It was originally intended as the
start of a joint paper of El Kadiri and my advisor, Jan Wiegerinck. Instead,
Wiegerinck passed it on to me.

I wrote the next draft, finding and completing proofs, sharpening definitions
(such as the definition of plurifine maximality) and adding intermediate
results and examples. Section 3 is mainly my work.

After a week of intense collaboration when El Kadiri visited Amsterdam, I
wrote the final version of this paper.

Chapter 3 contains a joint article with Han Peters: [56]. It has been ac-
cepted for publication in Complex Analysis and its Synergies.

Before starting to work on this problem, a test case was already worked out
by Peters. The general case, which turned out to be much more complicated,
is truly joint work.

Chapter 4 contains a joint article with Han Peters. It has not yet been
submitted for publication.

The research question was suggested by Peters. The article is truly joint
work.



Summary: Several Topics in
Complex Variables

This thesis is based on three articles in complex analysis, the field that studies
functions of complex variables.

We will look at functions defined on some domain U ⊆ Cm, for example. The
domain U can also be regarded as a domain in R2m, but the additional structure
offered by the complex numbers creates new properties to study for our function
f .

The holomorphic bijective functions are of particular importance here. A func-
tion f : U → V between domains in Cm is a holomorphic bijection when it creates
a pairwise correspondence between the points of U and V in a way that preserves
the complex structure. If there exists holomorphic bijection between two domains
U and V , they are identical in some sense; this concept is called biholomorphic.

One of the main topics in complex analysis is the contrast between functions
of real variables, and those depending on complex variables. Which properties
of a function f are compatible to the complex structure, and are, for example,
preserved when we consider the composition f ◦ g with a holomorphic bijection?

Another recurring theme is the comparison of the one-dimensional setting
with the case where a function f depends on multiple complex variables. One-
dimensional complex analysis is an extensively developed field, but the introduc-
tion of a second variable opens new possibilities.

The three articles contained in this theses can be regarded as part of a hunt
for analogies.

The first article concerns maximality properties in plurifine potential theory.
The words ‘pluri’ and ‘plurifine’ already indicate that this topic is part of a system
of analogies and generalizations.

The basic piece of this puzzle is given by the harmonic and subharmonic func-
tions on a domain U ⊆ Rm. When m = 1, these functions are equal to the affine
linear functions f(x) = ax+ b and the convex functions respectively.

Such a linear function can be regarded as a maximal convex function: there is
no convex function that locally exceeds a linear function.

The plurifinely pluri(sub)harmonic functions form a generalization of the com-
plex analogue to the (sub)harmonic functions. Here, maximality is much more
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interesting: not every maximal plurifinely plurisubharmonic function is plurifinely
pluriharmonic. The reverse inclusion remains valid.

In Chapter 2 we study this form of maximality, and search for analogies with
known maximality properties in the other puzzle pieces.

The second article deals with a topic in complex dynamics. Let f0, f1, f2, . . . be
a sequence of holomorphic bijections of Cm to itself, with the origin as a uniformly
attracting common fixed point:

C||z|| ≤ ||fn(z)|| ≤ D||z|| for all z ∈ Cm with ||z| ≤ 1, and for all n ∈ N,

where 0 < C < D < 1.
According to the stronger Bedford Conjecture, the set

Ω(fn) = {z ∈ Cm : fn ◦ · · · ◦ f0(z)→ 0 as n→∞}

of points that converge to the origin under compositions of the maps fn, should
be biholomorphic to Cm.

This is well-known in C1, but the question remains open in higher dimensions.
In our article in Chapter 3, we refine an argument by Abbondandolo and Majer,
and prove the stronger Bedford Conjecture in C2 under the additional assumption
that D11/5 < C. This improves the previous record, which stood at D29/14 < C.

In Chapter 4 we once again study compositions of functions, but this time
we look at the iterations of a fixed polynomial. (Think of p(z) = z2 + 2 for a
one-dimensional example). A Fatou component U of a polynomial p is a maximal
connected open set of points that remain close together when we apply iterates of
p: {pn|U} is a normal family.

For a polynomial p on C, Sullivan’s Theorem states that every Fatou component
will eventually become periodic. That is, there are natural numbers n and k ≥ 1
such that pn+k(U) = pn(U).

For a polynomial p of two variables, this is no longer true; Fatou components
can wander around forever without coming back to the same spot. In Chapter
4, we study polynomials of the form F (z, w) = (f(z, w), λw) with |λ| < 1, and
investigate whether or not this setting admits wandering Fatou components. We
identify a sizable class of functions where Sullivan’s Theorem holds: all Fatou
components will eventually become periodic.

These three topics are certainly different, but not unrelated. In both Chapters
3 and 4, we study the behavior of a set under compositions of functions. And the
subharmonic Green’s function will be a key player in the proof in Chapter 4.



Samenvatting: Several
Topics in Complex Variables

Dit proefschrift bestaat uit drie artikelen in de complexe analyse, het vakgebied
dat zich bezig houdt met functies van complexe variabelen.

We kijken bijvoorbeeld naar functies gedefinieerd op een gebied U ⊆ Cm.
Het gebied U kan eveneens als gebied in R2m worden beschouwd, maar de extra
structuur die de complexe getallen bieden, levert nieuwe eigenschappen waar de
functie f aan kan voldoen.

In het bijzonder zijn de holomorfe bijectieve functies van belang. Een functie
f : U → V tussen gebieden in Cm is een holomorfe bijectie, wanneer hij de punten
in U en V paarsgewijs aan elkaar koppelt, en daarbij de complexe structuur be-
houdt. Als er tussen U en V een holomorfe bijectie bestaat, zijn deze gebieden in
zekere zin ‘hetzelfde’; dit wordt biholomorf genoemd.

De complexe analyse houdt zich onder andere bezig met het contrast tussen
functies van reële en van complexe variabelen. Welke eigenschappen van een func-
tie f zijn goed verenigbaar met de complexe structuur, en blijven bijvoorbeeld
behouden wanneer we naar de samenstelling f ◦ g met een holomorfe bijectie g
kijken?

Een ander veelvoorkomend thema is het vergelijken van een één-dimensionale
situatie met een geval waarbij een functie f van meerdere complexe veranderlij-
ken afhangt. Over complexe analyse in één variabele is veel bekend, maar de
introductie van een tweede variabele creëert allerlei nieuwe mogelijkheden.

De drie artikelen waar dit proefschrift op berust kunnen dan ook allemaal
worden gezien als onderdeel van een jacht naar parallellen.

Het eerste artikel gaat over maximaliteitseigenschappen in plurifijne pluripo-
tentiaaltheorie. De woorden ‘pluri’ en ‘plurifijn’ zijn al een indicatie dat dit on-
derwerp deel uitmaakt van een systeem van analogieën en generalisaties.

Het basisstukje van deze puzzel wordt gevormd door de harmonische en sub-
harmonische functies op een deelverzameling U ⊆ Rm. Als m gelijk is aan 1, zijn
dit precies de (affien) lineaire functies f(x) = ax+ b en de convexe functies.

Zo’n lineaire functie kan gezien worden als een maximale convexe functie: er
is geen enkele convexe functie die lokaal een stukje boven een lineaire functie
uitsteekt.
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De plurifijn pluri(sub)harmonische functies vormen een generalisatie van een
complex analoog van deze (sub)harmonische functies. Hier is maximaliteit een stuk
interessanter: niet elke maximale plurifijn plurisubharmonische functie is plurifijn
pluriharmonisch. De omgekeerde inclusie is wel geldig.

In Hoofdstuk 2 onderzoeken we deze vorm van maximaliteit, en zoeken naar
analogiën met al bekende maximaliteitseigenschappen in de andere puzzelstukjes.

Het tweede artikel gaat over een onderwerp in de complexe dynamica. Laat
f0, f1, f2, . . . een rij holomorfe bijecties van Cm naar Cm zijn, met de oorsprong
als uniform aantrekkend gezamenlijk vast punt:

C||z|| ≤ ||fn(z)|| ≤ D||z|| voor alle z ∈ Cm met ||z| ≤ 1, en voor alle n ∈ N,

waarbij 0 < C < D < 1.
Volgens het sterkere Bedford Vermoeden moet de verzameling

Ω(fn) = {z ∈ Cm : fn ◦ · · · ◦ f0(z)→ 0 as n→∞}

van punten die onder de compositie van de afbeeldingen fn naar de oorsprong
convergeren, biholomorf zijn aan Cm.

Dit is welbekend in C1, maar in meer veranderlijken is het nog altijd een
open vraag. In ons artikel in Hoofdstuk 3 bouwen we voort op een argument
van Abbondandolo en Majer, en bewijzen het Bedford Vermoeden in C2 onder de
extra aanname dat D11/5 < C. Hiermee verbeteren we het vorige record, dat op
D29/14 < C stond.

Hoofdstuk 4 gaat opnieuw over samenstellingen van functies, maar dit keer
bekijken we de iteraties van een vast polynoom. (Denk bijvoorbeeld aan p(z) =
z2 + 2.) Een Fatou component U van zo’n polynoom p is een maximale samen-
hangende open verzameling van punten die ook na herhaald toepassen van p bij
elkaar in de buurt blijven: {pn|U}n∈N is een normale familie.

Voor een polynoom p op C zegt de Stelling van Sullivan dat elke Fatou compo-
nent op den duur periodiek wordt. Dat wil zeggen, er bestaan natuurlijke getallen
n en k ≥ 1 waarvoor pn+k(U) = pn(U).

Voor een polynoom p van twee variabelen is dit niet langer waar; nu kun-
nen Fatou componenten eeuwig ronddwalen zonder ooit op dezelfde plaats terug
te komen. In Hoofdstuk 4 kijken we naar polynomen van de vorm F (z, w) =
(f(z, w), λw) met |λ| < 1 en onderzoeken of deze situatie zwervende Fatou com-
ponenten toelaat. We identificeren een substantiële klasse van functies waarbij
Sullivan’s Stelling van toepassing is: alle Fatou componenten worden op den duur
periodiek.

Deze drie onderwerpen zijn verschillend, maar niet ongerelateerd. In Hoofd-
stukken 3 en 4 kijken we beide naar het gedrag van een verzameling onder het
herhaald toepassen van functies. En om het resultaat in Hoofstuk 4 te bewijzen,
speelt de subharmonische Green’s functie een belangrijke rol.
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