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To engage in challenging tasks, students need to feel
some autonomy and competence. Providing structure
within the task can help to meet these needs. This study
investigates the influence of structure within a modelling task on mathematical creativity among 79 eleventh-grade groups of students. Two versions of the task
were developed and the groups were randomly assigned
within their classroom to one of these. The analysis explored: (i) the level of mathematical creativity in groups
solutions and (ii) if they were dependent on the amount
of structure. The results were not statistically significant
and, therefore, the question remains open. Additional
results and implication of this study to mathematics
education are further discussed.
Keywords: Integral calculus, creativity, modelling,
collaborative learning, structure.

,1752'8&7,21
Researchers express diﬀerent views with regard to
creativity and its connection with the learning environment. Some claim that creativity can be seen
as a disposition towards mathematical activity and
therefore it can be fostered through speciﬁc instruction, such as problem-solving (Silver, 1997). Others see
creativity as characteristic of extraordinary individuals (Weisberg, 1988) and thus, not likely to be strongly
inﬂuenced by the learning environment. Also, several researchers connect creativity to self-regulated
learning (Feldhusen & Goh, 1995) and psychological
characteristics such as task commitment and motivation (Renzulli, 1978). In our research we share the
view that mathematical creativity can be fostered by
adequate instruction and we study the relationship
between aspects of the learning environment (e.g.,
task characteristics) and mathematical creativity.

CERME9 (2015) – TWG07

This study is part of a longitudinal intervention research in which we investigate how aspects of the
learning environment inﬂuences students’ motivation, self-regulation and academic performance in
mathematics. We developed a learning arrangement
in which we used diﬀerentiated tasks with a deeper
and broader content and method to create a more authentic and challenging learning context. The participants are 16/17 years old students in pre-university
education in The Netherlands. Part of our research is
to investigate which amount of structure is optimal
for the students. We developed two versions of the
same learning arrangement. One version consists
of low-structured (LS) tasks and provides more open
tasks, more choice and initiative for students. The other version contains more high-structured (HS) tasks,
which still provide some choice but also hints, more
sub-questions and guidance.
In this paper we discuss our ﬁndings with regard to a
modelling-task: the parachute jump (Figure 1), which
was used within the topic Introduction to Integral
Calculus. Modelling-tasks as problem-posing tasks
have been seen by several researchers as excellent
opportunities for mathematical creativity (Kim &
Kim, 2010; Chamberlin & Moon, 2005). The research
questions that guided our study were:
―

What can we say about the mathematical creativity of students’ productions with regard to the
parachute jump task?

―

In which way does variation in the amount of
structure in the parachute jump task inﬂuences
students’ mathematical creativity?
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7+(25(7,&$/)5$0(:25.
0DWKHPDWLFDOUHDVRQLQJDQGFUHDWLYLW\
Mathematical creativity can be seen as the ability of
students to create useful and original solutions in
authentic problem-solving situations (Chamberlin &
Moon, 2005). The core activity of the parachute task is
to build a model that can be applied in the particular
example and other situations. The students’ products
can then be evaluated in terms of mathematical creativity. In the literature, mathematical creativity is
often deﬁned in terms of three components: flexibility,
fluency and originality (Silver, 1997; Yuan & Sriraman,
2001). Flexibility can be seen as the ability to generate
multiple solutions to a given problem. Fluency can be
seen as the ability to use several relevant ideas to solve
the task and, in problem-situation tasks it is connected
to many interpretations, methods, or answers Silver
(1997). Originality concerns diﬀerent solutions or
innovative ways to approach a problem.

of the task. At level 3, the product is nearly ready to
be used; it is useful for the speciﬁc data or sharable
or reusable. At level 4, no changes are needed and at
level 5, others can use it as tool in similar situations.
+LJKDQG/RZVWUXFWXUHG
WDVNV +6DQG/6WDVNV
According to Silver (1997) problem-oriented instruction can assist students to develop more creative approaches to mathematics by increasing their capacity
with respect to the core dimensions of creativity: ﬂuency, ﬂexibility, and originality. For instance, ill-structured problems require problem posing and conjecturing, which can foster the generation of novel conjectures. Silver (1997) stated: “It is in this interplay of
formulating, attempting to solve, reformulating, and
eventually solving a problem that one sees creative activity” (p. 76). However, engaging in problem-solving
activity also requires certain ability and disposition
to deal with uncertainty and challenge. Aspects of
the learning environment that have been found to
support the development of such disposition are autonomy support and structure provision (Deci & Ryan,
2000). According to these authors, in autonomy supportive environments students are allowed to make
own decisions and are encouraged to solve problems.
This can be achieved by providing authentic tasks and
opportunities for taking initiative and minimize the
use of controlling behaviour. Also, the provisions of
structure contributes for students’ feeling of competence and therefore is important for motivation.
Providing structure involves communicating clear
expectations, set limits to students’ behaviour and
provide help.

Measurement of mathematical creativity remains
critical. One reason is the absence of a universal deﬁnition applicable in diﬀerent academic domains (Leikin
& Lev, 2013; Kattou, Christou, & Pitta-Pantazi, 2015).
Another reason is that one person’s creativity can only
be assessed indirectly (Piﬀer, 2012). The ability of posing problems given one mathematical scenario have
been linked by several researchers to mathematical
creativity (Silver, 1997; Yuan & Sriraman, 2001). Also,
over the past years, researchers (Leikin & Lev, 2013)
developed an analytical framework that can be used
to evaluate creativity in students’ productions using
the components ﬂuency, ﬂexibility and originality.
Mathematical creativity with regard to modelling activities often includes a fourth component: usefulness, 7DVNDUUDQJHPHQW
which concerns the degree of relevance, adaptability We investigate the relationship between structure
and generality of solutions with regard to real world provision and mathematical creativity in a probsituations (Chamberlin & Moon, 2005). The criterion lem-oriented arrangement that consisted of the ‘parof usefulness has been contested by some authors. achute jump’ task (Figure 1) and small group work.
Sriraman (as cited in Yuan & Sriraman, 2001) argues Working together may enhance feelings of relatedthat mathematics creative work might not be useful in ness and a sense of autonomy (Schuitema, Peetsma,
terms of its applicability in the real world. Chamberlin & Van der Veen, 2011). And, during students’ collaband Moon (2005) propose the Quality Assurance Guide oration there is an unpredictable ﬂow of ideas and
as a reliable instrument to evaluate creativity in stu- actions that emerge from the elements of the group
dents’ products on modelling tasks. Each solution is while responding to each other. Levenson (2011) states:
scored within one of ﬁve levels. Level 1- requires redi- “Together, the group tries out various strategies and
rection- the product is on the wrong track and work- possibly produces solutions based on diﬀerent mathing harder or longer will not improve it. At level 2, the ematical properties or diﬀerent representations” (p.
product requires major extensions or reﬁnements, 230). This is tied to mathematical creativity in the
the product is a good start towards meeting the goal sense that participants must be ﬂexible, establish
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Figure 1: Parachute jump task

mathematical relations and approach the task in distinct or novel ways.

important elements of autonomy supportive tasks. It
was designed according to the following four criteria.

The ‘parachute jump’ task was entailed to provide
challenge and authentic experiences, as these are

Appealing and accessible to all students. The context
of a parachute jump and the YouTube video make the
task interesting to the students. And, the task becomes
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more accessible by providing an initial example with
concrete values and asking to compare it with the
one in the video. The pre-knowledge needed to start
working on the task was known from previous year
(functions, graphs and derivatives).
Authentic. By providing students with an authentic
task, and enough freedom of choice we expect that
students will be willing to spend thinking eﬀort on it.
Foster mathematical reasoning and creativity. The accomplishment of the task requires the use of mathematical understanding and high-level reasoning. The
students must produce at least one representation of
the integral function (table, formula, graph, words)
and describe its variation at the diﬀerent instances
of the jump. This involves high-level reasoning, as
the students must imagine the total accumulating
distance varying over time (Thompson & Silverman,
2008).
Suitable for collaborative learning. The task is complex
and it can be approached at several levels of understanding. Moreover, the students were encouraged
to discuss their ideas and communicate their ﬁndings
within the group.
Solving the task takes about two lessons of 50 minutes
each and some homework time. We agreed with the
teachers that the students would work in small groups
during one lesson on the task and that they should
ﬁnish it in their own time (not more than one week).
The ﬁnal product would have the format of a Power
Point or a short video-ﬁlm and would be delivered to
the teacher, who would send it to us.
0(7+2'
Participants and data collection
Seventy-nine groups of 3 students (16/17 years old)
from 10 classrooms in 5 schools participated in the
study. The data was collected in the spring 2014 and
consists of delivered groups products and lesson observations. The groups were formed based on a cognitive ability test. The 40 groups in the LS condition
and the 39 groups at the HS condition were, in each
classroom, random assigned to one of the conditions.

,QVWUXPHQWXVHGIRUWKHHYDOXDWLRQ
RIPDWKHPDWLFDOFUHDWLYLW\
The instrument that we used to evaluate the students’
solutions to the parachute jump is based on three of
the four components discussed in the theoretical section (we excluded originality because of the diﬃculty
on assessing it in our data).
Usefulness regards the creation of a model that is useful to describe a parachute jump. For each written
solution, we decided whether the model was incorrect (level 1), was in the good way but needed major
improvements (level 2) or it was ready to be used but
needed editing (level 3). Levels 4 and 5 were not observed in our data.
Fluency was seen as the ability to use several mathematical relevant ideas to solve the task. In the context
of the parachute task it should be connected to the
mathematical concept of the integral function, which
is here treated as the total accumulating distance.
Based on our theoretical framework, we deﬁne mathematical ﬂuency as the ability to (i) link integration and
diﬀerentiation as inverse processes; (ii) represent the
total accumulated distance as a process (operational
concept) and as an object (object oriented concept)
within at least one functional representation (analytical, graphical, by words or numerical in a table); (iii)
Indicate parameters that inﬂuence the model and to
explain choices made.
Flexibility refers to the ability to set up a model and to
use values that go beyond the information provided
in the examples.
$QDO\VLV
To investigate the ﬁrst research question we operationalized mathematical creativity in terms of the
three components and explored the frequencies
found in the students solutions. To investigate the
second research question we gave scores to the 3 components and sub-components. Each student solution
was then scored within 1–3 for usefulness, 0–2 for
each subcategories of ﬂuency, 0–2 for ﬂexibility. We
used the Mann-Whitney test, which is indicated
for data at ordinal level of measurement, to explore
whether the products of the two conditions diﬀered
from each other.
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5(68/76
Fifty-two of the 79 groups that worked on the task in
classroom handed in their ﬁnal product to the teacher. In the following of this section we report on these
products.
6WXGHQWVpFUHDWLYLW\LQWHUPVRI
XVHIXOQHVVƮXHQF\DQGƮH[LELOLW\
The ﬁrst research question concerned the mathematical creativity of student productions. Table 1 shows
that the majority of the groups solutions (36) were
at level 1 and therefore, not useful to model the parachute jump. Only 16 groups produced models that
could be used.
Usefulness

Groups solutions (N=52)

Level 1
Level 2
Level 3

36
15
1

(45,6%)
(19%)
(1,3%)

Table 1: Results on usefulness

The results on ﬂuency are shown in Table 2. Almost
half of the groups (22) explicitly established the link
between integration and diﬀerentiation. For instance,
one group draw both graphs, with the text diﬀerentiation and integration and two arrows pointing opposite directions. Most of the solutions (37) presented
traces of an operational- oriented conception of total
distance. This means that students can draw a total

distance graph, use formulas to calculate single values
but have diﬃculty to conceptualize the total distance
as a mathematical object on which operations can be
performed (Sfard, 1991). Very few groups (7) showed
to have an object-oriented conception of total distance.
An example of a student explanation that we consider
exemplary of object-oriented conception is: “The distance increases at the beginning very fast, during the
free fall. After 36 second, when the parachute opens
the velocity becomes more or less constant and the
distance increases linearly (…)”. In contrast, students
who would have no functional concept would not refer to distance in their explanations but describe the
changes along the jump in terms of velocity, slope of
line graphs (the line goes up or down) or in phenomenological terms. Most of the groups (34) did not consider parameters or provided choices.
The results on ﬂexibility are summarized in Table 3.
The majority of the groups (35) used only the values
from the example. Few groups (14) refer to the values
of the video and only 3 groups went beyond the information given in the task setting. Figure 2 contrast
one of these solutions (right column) with a solution
of the major group.
,QƮXHQFHRI+6DQG/6WDVNRQ
PDWKHPDWLFDOFUHDWLYLW\
The second research question investigates whether the amount of structure in the task has eﬀect on

Fluency

Criteria

Groups solutions (N=52)

link between integration and
diﬀerentiation

Not visible
Unclear
Explicit

24
6
22

(30,4%)
(7,6%)
(27,8%)

Conceptions of accumulating
distance function

No functional concept
Operational concept
Object oriented concept

8
37
7

(10,1%)
(46,8%)
(8,9%)

Parameters and choices

No parameters nor choices
Parameters or choices
Both

34
11
7

(43%)
(13,9%)
(8,9%)

Table 2:5HVXOWVRQǍXHQF\

Flexibility

Groups solutions (N=52)

Conﬁned to example or undeﬁned
Beyond example and conﬁned to ﬁlm
Beyond video and example

35
14
3

(44,3%)
(17,7%)
(3,8%)

Table 3:5HVXOWVRQǍH[LELOLW\
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Conﬁned to the example

Beyond the example and the ﬁlm
“Imagine that you want to make a parachute jump. You want
to make a free fall of 7 seconds. After opening the parachute
you have a constant velocity of 3 m/s. Opening the parachute
takes 4 seconds. After opening it you want to stay 3 minutes
in the sky . How high must be the jump?”

Figure 2:([DPSOHVRIWZROHYHOVRIǍH[LELOLW\

student’s mathematical creativity. Table 4 shows the
results on usefulness, ﬂuency, and ﬂexibility in both
conditions. A Mann-Whitney test indicated that there
was no statistically signiﬁcant diﬀerence between
the two conditions for all components and sub-components of mathematical creativity.
',6&866,21
In this paper we explored the inﬂuence of task structure on the mathematical creativity in students’ productions in the context of a modelling task. Next we
discuss our results in the light of the two research
questions.
What can we say about the mathematical creativity
of students’ productions with regard to the parachute
jump task? Overall the student solutions attained low
scores with regard to the three components of mathematical creativity. Only 52 out 79 groups delivered
their ﬁnal product, none of the groups created a general and reusable solution (levels 4 and 5) and only
16 out of 52 groups have created a model with level
2 or 3. Most students’ use of mathematical functions
involved thinking in operational views rather than
object-oriented. Also, most groups failed in considering relevant side conditions (wind, gravity, etc.) and
parameters that are necessary to present a realistic
model for the parachute jump. These diﬃculties suggest that the task as we presented to the students was
too challenging for most of them. Several researchers
(Silver, 1997; Lithner, 2008) suggest that relationships

between creativity and problem solving might be the
product of previous instructional patterns. Therefore
it is possible that students’ previous experiences
with mathematical tasks (note that the students are
not used to problem-oriented instruction) may have
limited their searching process. For instance, only few
students tried to go beyond the given examples, as it
can be seen by the low levels of usefulness and ﬂexibility. Or, they have tried to explain their choices and
present diﬀerent parameters, as most of the students
scored very low on these subcomponents of ﬂuency.
Therefore, one suggestion to improve the task is to
provide additional information on side conditions
that are not part of the mandatory curriculum or provide explicitly directions to look for them. Other suggestion involve the improvement of students’ problem-solving activity. The teacher should encourage
more the students during the solving process, e.g., to
explore diﬀerent paths, to look for other examples
and not to give up too easily. Other aspects that we
did not discuss here but also should be taken into consideration are the amount of time available to solve
the task in the classroom, the speciﬁc directions to be
provided by the teachers and assessment practices.
In which way does variation in the amount of structure in the parachute jump task influences students’
mathematical creativity? The products created by
the groups of students in the two conditions are not
statistically signiﬁcant diﬀerent with regard to mathematical creativity. Therefore, the question whether
providing more/less guidance in the mathematical

HS-task
Median

(N=27)
Range

LS-task
Median

(N=25)
Range

Mann-Whitney U test
(two tailed)

Usefulness (scores 1–3)

1

2

1

1

U=257.000, p=.066

Fluency (scores 0–2)
integration-diﬀerentiation
concept accumulating distance
parameters and choices

1
1
0

2
2
2

1
1
0

2
2
2

U=308.500, p=.559
U=304.000, p=.441
U=333.000, p=.992

Flexibility (scores 0–2)

0

2

0

1

U=272.000, p=.144

Table 4: Results on mathematical creativity within high- and low-structured tasks
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tasks have impact on students’ mathematical creativity remains open. In this paper we studied the eﬀect of
task structure on the groups products without refer
to the solution process. However the way students approach the tasks and reasoning processes might reveal
mathematical creativity aspects of the students not
revealed in the ﬁnal product (Karakok, Milos, Tang,
& El Turkey, 2015). This is one question that deserves
further investigation. Another interesting question
to be further investigated regards the collective creativity process. In our research the students work in
small groups, thus the intrapersonal creativity of one
student produces a creative product which is then
appropriated by others. In this case it is diﬃcult to
determine to what extend the ﬁnal creative ideas and
solutions are the product of particular students or
from the collective (Levenson, 2011). An interesting
question therefore is: in what extend this collective
process is mediated by the amount of structure provision in the task?

ativity. In K. Krainer & N. Vondrová (Eds.), Proceedings of
CERME9 (this volume).
Kattou, M., Christou, C., & Pitta-Pantazi, D. (2015). Mathematical
FUHDWLYLW\RUJHQHUDOFUHDWLYLW\",Q..UDLQHU 19RQGURY£
(Eds.), Proceedings of CERME9 (this volume).
.LP6+ .LP6  7KHHǋHFWVRIPDWKHPDWLFDOPRGHOling on creative production ability and self-directed learning attitude. $VLD3DFLǌF(GXFDWLRQ5HYLHZ, 11(2), 109–120.
Leikin, R., & Lev, M. (2013). Mathematical creativity in generally
gifted and mathematically excelling adolescents: What
PDNHVWKHGLǋHUHQFH"ZDM, 45(2), 183–197.
Levenson, E. (2011). Exploring collective mathematical creativity in elementary school. The Journal of Creative Behavior,
45(3), 215–234.
/LWKQHU-  $UHVHDUFKIUDPHZRUNIRUFUHDWLYHDQGLPLWDtive reasoning. Educational Studies in Mathematics, 67(3),
255–276.
3LǋHU'  &DQFUHDWLYLW\EHPHDVXUHG"$QDWWHPSWWRFODUify the notion of creativity and general directions for future
research. Thinking Skills and Creativity, 7(3), 258–264.
5HQ]XOOL-6  :KDWPDNHVJLIWHGQHVV"5HH[DPLQLQJD

Concluding, although our study could not provide
a conclusive answer to the question whether the
amount of structure in the task inﬂuences students’
mathematical creativity, it contributes to the ﬁeld of
research and teacher education in two ways. It extends previous research on mathematical creativity
by accounting the relationship between the learning
environment and creativity and, by providing a way
to operationalize ﬂuency and ﬂexibility in conceptual mathematical terms. And it provides a practical
example (the parachute task) with potential to engage
students in problem-solving and concrete suggestions
for its implementation. The use of this kind of tasks
in the classroom and in teacher education can help
teachers to recognize mathematical creativity in their
lessons and therefore to better support it.

GHǌQLWLRQPhi Delta Kappan, 60(3), 180.
6FKXLWHPD-3HHWVPD7 9DQGHU9HHQ,  Selfregulated learning and students’ perceptions of innovative and traditional learning environments: A longitudinal
study in secondary education. Educational Studies, 38(4),
397–413.
Silver, E. A. (1997). Fostering creativity through instruction rich
in mathematical problem solving and problem posing. ZDM,
29(3), 75–80.
7KRPSVRQ3: 6LOYHUPDQ-  7KHFRQFHSWRIDFcumulation in calculus. In M. P. Carlson & C. Rasmussen
(Eds.), Making the connection: Research and teaching in
undergraduate mathematics (pp. 43–52). Washington, DC:
Mathematical Association of America.
:HLVEHUJ5:  3UREOHPVROYLQJDQGFUHDWLYLW\,Q5-
Sternberg (Ed.), The nature of creativity (pp. 148–176). New
York: Cambridge University Press.

5()5(1&(6

Yuan, X., & Sriraman, B. (2011). An exploratory study of relationships between students’ creativity and mathematical prob-

Chamberlin, S., & Moon, S. M. (2005). Model-eliciting activities

lem-posing abilities. In B. Sriraman & K. H. Lee (Eds.), The

as a tool to develop and identify creatively gifted mathe-

elements of creativity and giftedness in mathematics (pp.

maticians. Prufrock Journal, 17(1), 37–47.

5–28). Rotterdam, The Netherlands: Sense Publishers.

Deci, E. L., & Ryan, R. M. (2000). The ‘what’ and ‘why’ of goal
pursuits: Human needs and the self-determination of behaviour. Psychological Inquiry, 11, 227–268.
)HOGKXVHQ-) *RK%(  Assessing and accessing
creativity: An integrative review of theory, research, and
development. Creativity Research Journal, 8(3), 231–247.
Karakok, G, Milos, S., Tang, G., & El Turkey, H. (2015).
Mathematicians’ views on undergraduate students’ cre-

1045

